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1 Review of probability and statistics

1.1 Random variables

In the simplest of terms, a random variable (or RV) is a variable whose value
is determined by the outcome of a random experiment.! In what follows, we
will denote an RV by an uppercase letter (such as X or Y), and an outcome by
a lowercase letter (such as x or y).

As a simple example, consider the random experiment of rolling a single
die. Let X be the RV determined by the outcome of this experiment. In this
experiment, there are six possible outcomes: If the die lands with 1, 2, 3, 4, 5,
or 6, facing up, we assign that value to the RV X.

This example illustrates what is known as a discrete random variable:
an RV which can only take on a finite (or countably infinite) number of values.
Here, the RV X can take only take on the values only the value of 1, 2, 3, 4, 5,
or 6.

A discrete RV differs from a continuous random variable: an RV which
can take on any value in some real interval (and therefore an uncountably infinite
number of values). An example of continuous RV is a person’s height. For an
adult, this could take on any value between (say) 4 and 8 feet, depending on
the precision of measurement.

1.2 Probability functions

Associated with every RV is a probability function, which in the case of a
discrete RV, we will call a probability mass function, and in the case of a
continuous RV, we will call a probability density function (or PDF).
Consider first the discrete case. The probability mass function f(x) tells us
the probability that the discrete RV X will take on the value x. More formally,

f(z) =Prob(X = z).
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LFrom this definiton, it should be obvious that an RV differs from a constant, which is a
variable whose value is fixed.




It should be noted that a probability mass function for a discrete RV requires
that
0< flz) <1,

> fl@) =1

In our die rolling example, it should be clear that, since each outcome (1,
2, 3, 4, 5, or 6) is equally likely, the probability mass function for X, f(z), is
equal to % for each z, i.e.

and?

f(x):é, forz=1,...,6.

Such a probability mass function is said to represent a uniform distribution,
since each outcome has an equal (or uniform) probability of occurring.

For a continuous RV, the probability associated with any particular value
is zero, so we can only assign positive probabilities to ranges of values. For
example, if we are interested in the probability that the continuous RV X will
take on a value in the range between a and b, the PDF f(x) is implicitly defined
as

b
Prob(a < X <) = / f(x)dx.

As in the discrete case, a PDF for a continuous RV has certain (roughly
analogous) requirements that must be satisfied:

f(x) =0,

/m F@)de = 1.

1.3 Distribution functions

and?®

Closely related to the concept of a probability function is a distribution func-
tion (or cumulative distribution function or CDF), which tells us the
probability that an RV will take on any value less than or equal to some specific
value. That is, for an RV X (whether discrete or continuous), the CDF F(x) is
defined as

F(z) = Prob(X < z).

It should be fairly easy to see that for a discrete RV X, this implies that

F(z)=)_ f(a).

X<z

2The notation Zz is used to denote the sum over the entire range of values that the
discrete RV X can take on.

3The notation fz is used to denote the integral over the entire range of values that the
continuous RV X can take on.



In our example of rolling a single die, it should be easy to see that the CDF
of X is .
F(x) = 5 forx=1,...,6.

For a continuous RV X, the definition of a CDF implies that

Fa) = [ s,

and

dx

Finally, it should be noted that for any RV X (whether discrete or continu-
ous), the CDF F(z) must satisfy

0< F(x) <1,
F(+o00) =1,
F(—0) =0,

and
F(z1) > F(x9) for x1 > xo.

1.4 Joint probability functions

A probability function defined over more than one RV is known as a joint
probability function. For instance, in the case of two discrete RVs, X and
Y, the joint probability mass function f(x,y) tells us the probability that
the RV X will take on the value = and the RV Y will take on the value y
(simultaneously). That is,

f(z,y) = Prob(X =z,Y =y).

Similar to the requirements of a probability mass function (for a single dis-
crete RV), we must have
0< flz,y) <1,

S flay) =1

For example, consider two dice, one red and one blue. Denote by X the RV
whose value is determined by the random experiment of rolling the red die, and
by Y the RV whose value is determined by the random experiment of rolling
the blue die. It should be emphasized that these are two separate random
experiments (i.e. do not confuse this with the single random experiment of
tossing a pair of dice). However, the possible outcomes of these two random
experiments can be combined in the following manner: let (x,y) denote the
combined outcome that X takes on the value z, and Y takes on the value y.

and



For example, the combined outcome (1,5) represents rolling a 1 with the red
die, and a 5 with the blue die. In total, there are 36 such combined outcomes,
each with equal probability, :Tle' Accordingly, we can write the joint probability
mass function for X and Y as

1
f(x,y):%, forx=1,...,6 andy=1,...,36.

In the continuous case, we may be interested in the probability that the RV
X takes on some value in the range between a and b and the RV Y will take on
some value between ¢ and d (simultaneously). The joint probability density
function (or joint PDF) f(x,y) is defined so that

b pd
Probla <z <b,c<y<d) = / / f(z,y)dxdy.
a C
The requirements here are similar to that of a PDF (for a single continuous

RV):
f(z,y) =0,

/m/yf(%y)dxdy _1.

1.5 Conditional probability functions

and

Closely related to the concept of a joint probability function is a conditional
probability function. For two discrete RVs, X and Y, the conditional prob-
ability mass function, f(y|z), tell us the probability that Y takes on the value
y, given that X takes on the value z, i.e.

flylz) =Pr(Y = y|X = x),
and is equal to

Pr(Y =y, X =2)
Pr(X =x)
fly @)
fl=)

In the continuous case, a conditional probability density function (or
conditional PDF) can be used to tell us the probability that a continuous RV
takes on a value in some range, given that another continuous RV takes on some
specific value. Of course, as noted above, the probability that a continuous RV
takes on a specific outcome is zero, so we need to make some approximation to
this.

Suppose that we want to know the probability that the continuous RV Y
takes on some value in the range between a and b, given that the continuous RV
X takes on some value extremely close to . The probability that the continuous

flylz) =




RV X takes on some value extremely close to z, say in the range between x and
x + h, where h is some extremely small number, is

z+h
Prz <X <z+h) = / f(v)dv.

Now, the probability that Y takes on some value in the range between a and
b and X takes on some value in the range between = and x + h is

/ b / o)y

b
/ hf(y.)dy.

Pra<Y <bax< X <zxz+h)

Q

So, similar to the discrete case, the probability that Y takes on some value
in the range between a and b given X takes on some value in the range between
xand x + h is
Pra<Y <ba< X <zxz+h)

Pr(z < X <x+h)
b
Jo 1nf (y, x)dy
hf(x)
b
Jo fy, @)dy
f(x)

From this approximation, we implicitly define that conditional PDF f(y|z) as

Prla<Y <bz<X<z+h) =

b
Pra<Y <bX =z)= / f(ylz)dy.

1.6 Expected value

Roughly speaking, the expected value or mean of an RV, is the average value
we would expect it to take on if we were to repeat the random experiment
which determines its value many times over. It is what is known as a measure
of central tendency.* We generally use the notation E(X) when we speak of
the expected value of the the RV X, and the notation u, when we speak of its
mean. However, since these terms are interchangeable, so is the notation.

The mathematical expectation of a discrete RV X is defined as

B(X) =) zf(x),

x

40ther measures of central tendency are the median and mode. The median of the
RV X (whether discrete or continuous) is the value m such that Prob(X < m) > 0.5 and
Prob(X > m) < 0.5, while the mode of X is the value of x at which f(z) takes it maximum.



while for a continuous RV X we have
E(X)= /xf(m)dx

It should be clear that these definitions are quite similar, in that the different
possible values of the RV are weighted by the probability attached to them. In
the discrete case, these weighted values are summed, while in the continuous
case, integration is used.

It should go without saying that the expected value of a constant is the value
of the constant itself. That is, for any constant ¢, we have

E(c)=c.

On the other hand, it is not so obvious that the expected value of an RV is a
constant. Using the preceding rule, we therefore have

which might be a little less confusing if we use the notation

E(px) = px.

In our example of rolling a single die, we can calculate the expected value of
X as

E(X) = %(1) + é(2) + %(3) + %(4) + %(5) + é(6) = 3.5.

In a more general way, we can also calculate the expected value of a function
of a RV. Letting ¢g(X) be some function of the discrete RV X, the expected
value of this function is

Elg(X)] =) _g(z)f(x).

Similarly, letting g(X) be some function of a continuous RV X, the expected
value of this function is

Blg(X)] = / g(a) f(z)dz.

Note that a function of an RV is an RV itself. To see this, it might help to
imagine a new RV, call it Z, which is a function of our original RV, X (i.e.
Z = g(X)).

As an example, let’s again consider the RV X, whose value is determined
from the outcome of tossing a single die. Suppose we have g(X) = 4X (this is
what is known as a linear function). Again, it might help to imagine a new
RV called Z, where, here, Z = g(X) = 4X. The expected value of Z can be
calculated as



B(Z) = B(4X) = £(4)+ 2(8) + £(12) + ¢

(16) + é(20) + %(24) = 14.

Notice that this is just four times the expected value of X (which, as we saw
above, is 3.5).

This example illustrates an important rule: The expected value of an RV
multiplied by a constant, is the constant multiplied by the expected value of that
RV. That is, if X is an RV and c is a constant, we have

E(cX) = cBE(X).

The proof of this follows directly from the definition of the mathematical ex-
pectation of a discrete RV:®

E(cX) = Zcxf(x)
= ¢ af(x)

= cE(X).

Continuing with our random experiment of tossing a single die, consider the
function g(X) = X? (this is what is known as a nonlinear function). Once
again, it might help to imagine a new RV called Z, where Z = g(X) = X2. The
expected value of Z can be calculated as

9 1 1 1 1 1 1 91 _
E(Z)=E(X?) = 6(1)+ 6(4)+ 6(9)+ 6(16)+ 6(25)+ 6(36) =5~ 15.17.
It is important to note that E(X?2) (the expected value of the square of the RV
X) is not equal to [E(X)]? (the square of the expected value of the RV Y),
which in this case would be 3.5? = 12.25.

Quite often, we are interested in functions of more than one RV. Consider
a function, g(X,Y), of two discrete RVs, X and Y. The expected value of this

function is
Elg(X, V)] => > gz, y)f(x,y),

where f(z,y) is the joint probability mass function of X and Y.
Similarly, for two continuous RVs, X and Y, the expected value of the func-
tion g(X,Y) is

Elg(X,Y)] = / /g(x,y)f(x,y)dwdy,
zJy
where f(z,y) is the joint PDF of X and Y.

Consider now our example of rolling two separate die, one red and one blue.
Now, consider the function g(X,Y) = X + Y. As above, it might help to once

5This rule also holds for continuous RVs, and a similar proof could be made.



again imagine a new RV called Z, where Z = g(X,Y) = X +Y.% The expected
value of Z can be calculated as

E(Z) = E(X+Y)
= ) @) (1) + 25 (5) + om(6) + (1)
5 4 3 2 1
%(8) + %(9) + %(10)%(11) + —(12)
= T

Note that this is just equal to the expected value of X (3.5) plus the expected
value of Y (3.5).

This example illustrates another important rule: The expected value of the
sum of two (or more) RVs is the sum of their expected values. In general terms,
for any two RVs, X and Y, we have”

E(X+Y)=E(X)+ E(Y).

After seeing this, it might be tempting to that that the same thing holds for
the product of several RVs, (i.e. that F(XY) = E(X)E(Y)).While this is true
in a certain special case (known as statistical independence), it is not true
in general.

1.7 Conditional expectation

Often, we are interested in knowing what the expected value of an RV is, given
that another RV takes on a certain value. Consider two discrete RVs, X and Y.
The conditional expectation of Y given that X takes on the value x is

EY|X=xz) = Zf ylz).

For two continuous RVs, X and Y, the conditional expectation of Y given
that X takes on some value extremely close to = (see above) is

MWmez/?@m@

1.8 Variance

Roughly speaking, the variance of an RV, is the average squared distance from
its expected value that we would expect it to take on if we were to repeat the

SNote that, while Z can be seen as the RV whose value is determined by the outcome of
the single random experiment of rolling a pair of dice, we are defining it here as the RV whose
value is determined by a function of two separate RVs, determined by the outcomes of two
separate random experiments.

7As above, this rule also holds for continuous RVs. We omit the proof for both cases here.



random experiment which determines its value many times over. More formally,
the variance of the RV X (whether discrete or continuous), usually denoted o%
(or sometimes Var(X)), is defined as®

0% = EI(X - px)?)-

From this definition, it should be clear that the variance of a constant is
zero. The proof of this is quite trivial: for some constant ¢ we have

02 = Ellc—pe)
— Ellc—¢)
= 0.

The variance of an RV is known as a measure of dispersion. Another measure
of dispersion for an RV is its standard deviation, which is just the positive
square root root of its variance. The standard deviation of the RV X is usually
denoted ox.

Notice that the variance of an RV is just the expectation of a function of
that RV (i.e. the variance of the RV X is the expected value of the function
(X — px)?, as defined above).® Keeping this in mind, we can write the variance
of the discrete RV X as

ok =D (e —pux)*f (@),

x

while the variance of the continuous RV X can be written as
2 _ 2
7 = [(@ = nx2s ()i,

In our example of tossing a single die, the variance of X (remembering that
ux = 3.5), is calculated as

1 1 1
0% = —(1-3572+_-(2-35)2+-(3-3.5)?
6 6 6
1 1 1
(4 — 24 (5 21 2(6—35)2
+5(4=35)" + £(5-8.5)" + (6~ 3.5)
= 175,

which implies

ox = V17.5 ~ 4.18.

Before moving on, we can also consider the variance of a function of an RV.
Consider the linear function g(X) = cX where X is an RV and c is a constant.*°

8At times, it may be convenient to define the variance the RV X as 0% = E(X?) — p2. It
is a useful exercise to show that these two definitions are equivalent.

9While this function is also an RV, its expected value (i.e. its variance) is actually a
constant (just like its expected value, as we pointed out above).

10Here, we will focus on linear functions, but the analysis could be extended to more general
function. We will consider the variance of a function of more than one RV in the next section.



The variance of this function is

Var(cX) = FE[(cX — pex)?]
= E[(cX —cux)?]
= E[(X —ux)?
= PE[(X - ux)?

2 2
= Ccox

1.9 Covariance

Closely related to the concept of variance is covariance, which is a mea-
sure of association between two RVs. The covariance between the two RVs
X and Y (whether discrete or continuous), usually denoted ox y (or sometimes
Cov(X,Y)), is defined as'!

oxy = E[(X — px)(Y — py)].

This definition should make it clear that the covariance of an RV with itself
is just equal to the variance of that RV. In other words, the covariance of the
RV X with itself is

oxx = BE[X —px)(X —px)]
= E[(X —ux)’]
Iy

Just as we viewed variance as the expectation of a function of a (single) RV,
we can view covariance as the expectation of a function of two RVs. For two
discrete RVs X and Y, this means'?

oxy =Y > (x—px)(y—py)f(z.y),
Ty
while for two continuous RVs X and Y, this means

Elg(X,Y)] = / / (& — )y — ) (s y)dady.

As mentioned above, two RVs X and Y are said to be statistically indepen-
dent if
E(XY)=EX)E().

11We can also define the covariance of the RVs X and Y as ox,y = E(XY) — pxpy. As
was the case with the definitions of variance, it is a useful exercise to show that these two are
equivalent.

12Here, the expectation is taken of the function g(X,Y) = (X — ux)(Yy — py)-

10



Therefore, using the alternate definition of covariance, it can be see that if two
RVs X and Y are statistically independent, their covariance is zero:

oxy = BEXY)—uxpy
= EX)EY) — puxpy
= 0

Using the definition of covariance, we can now consider the variance of a
function of more than one RV. Consider the linear function g(X,Y) = X + Y,
where X and Y are two RVs.!® The variance of this function is

Var(X+Y) = E[(X+Y —puxsy)?
= E[(X+Y - px — py)?]
= B(X?+Y?+2XY —2Xux —2Xpuy
—2Y pux — 2Y py + 2ux py + px + 4y)
= B(X?—2Xpx +p%) + E(Y? = 2Yuy +413)
F2E(XY — Xpx — Yy + pxpy)
= a§( + Jff +20xy.
Of course, if X and Y are statistically independent,
Var(X +Y) = 0% + 0%

since ox y is equal to zero.
A similar analysis (omitted here) could be used to show that the variance of
the function g(X,Y) = X — Y is equal to

Var(X —Y) = 0% 4+ 02 —20xy,
unless X and Y are statistically independent, in which case
Var(X —Y) = 0% + 0%.

A related measure of association is correlation. The coefficient of cor-
relation between the two RVs X and Y, denoted px y, is defined as

oX,y

5

PX)Y = .
OxX0Oy

Note that if X and Y are statistically independent, the coefficient of corre-
lation is zero (since oxy = 0), in which case we would say they are said to be
uncorrelated.

13We again focus on only linear functions, but more general functions could be considered.

11



1.10 Estimators

In order to calculate the measures considered above (expected value, variance,
and covariance), it is necessary to know something about the probability func-
tion associated with the RV (or, in the case of covariance, the joint probability
function associated with the RVs) of interest. In the die rolling example, the RV
X was known a priori to be uniformly distributed. Given this, we were able to
calculate the expected value and variance of X quite easily.

However, the probability function for an RV determined by anything but
the most trivial random experiment is usually unknown. In such cases, it is
common to assume that the RV follows some theoretical distribution (such as
the uniform distribution). For example, if we assume that the continuous RV
X follows a normal distribution, we will use the PDF

1 _ _ 2
exp < (x 5X)
\/ 271'0'?( 20

which requires us to know the parameters ux and 0%.'* The problem is that
we can’t derive these parameters unless we first know the PDF (which requires
knowing the parameters). In some cases we may choose to assume values for
them, but in others, we need to estimate them using a sample of observations.'?

A random sample of n independently drawn observations on the RV X
is a set of RVs, x1,...,x,, each of which has the same distribution as X. For
this reason, we say that the RVs zi,...,x, are independent, identically
distributed (or IID).

Let’s start by considering an estimator of the mean of an RV, called the
sample mean. The usual estimator of the mean of the RV X, denoted X, is

X: %zn:l'z,

i=1

fz) =

>,for —0 <z <400,

where x4, ..., 2, is a random sample of observations on the RV X.
Next, consider an estimator of the the variance of an RV, called the sample
variance. For the RV X, the usual estimator of variance, denoted s%, is

1 n
8%( = Z(I‘l —X)Q.
i=1

n—1

It should be clear right away that both the sample mean and sample variance
of an RV are functions of RVs (the random sample), and are therefore RVs
themselves. Simply put, estimators are RVs.

141f the RV X follows a normal distribution with mean u, and variance og(, it is common
to write X ~ N(pux,0%).

15In fact, if we are not comfortable in assuming some theoretical distribution, it is even
possible that we can estimate the probability function itself using a sample of observations.
This approach is considered nonparametric, since it does not involve estimating the parameters
of some theoretical distribution (which is a parametric approach).
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As RVs, estimators have their own probability function, distribution func-
tion, expected value, variance, etc. For example, the expected value of the
sample mean of the RV X is

1=1
)
_ %[E(xl)—&— + B)]
1
= 5(Mx+-~ + px)
= Hx.

This demonstrates that the sample mean is what is a called an unbiased esti-
mator: an estimator of a parameter whose expected value is the true value of
that parameter.

The variance of the sample mean of the RV X is

Var(X) = Var <i2x1>
i=1
1 n

= ﬁVar ;xl

= % [Var(z1) + ...+ Var(z,)]

= %[0%4—...-&-0%]
7%
b

Turning to the sample variance, it turns out that this estimator is also un-
biased. The proof is a little more complicated, but it will help to begin by
rewriting the sample variance of the RV X as

1
n—1

% =

Z[(xi —px) — (X — px))?

(note that this is equivalent to our original expression since the px terms cancel).
The expected value of s% is thus

13



- Ll [ = px)® = 2X — px) (@i — px) + (X — NX)2]>

=1 i=1

~n i 1E <Z(mi —px)? —2(X - #X)Z(fi —px) +n(X — MX)2>

- B Z<xiux>2>nﬁ1E[<Xux>21

= nil [E(xl —pux)+...+ E(x, —uX)Q] - nﬁlE{[X_E(X)F}
= il(ag(—i-.. +o%) — _1Var(X')
no% n o%

I
Q
s

We won’t do so here, but it can shown that the variance of s%, if X is a
normally distributed RV, is

2 4
Var(s%) = ox

n—1

It is useful to compare the estimator s% with an alternative estimator of
variance. Another commonly used estimator of variance of the RV X, denoted
6%, is defined as

S|

n
2 c2_n—1,
0% = E ,— X)) = .
X } (@ ) X
i=1
The expected value of 6% is

B@%) = "lu)

n—1 ,
= g
n X

which implies that the estimator 6% is biased (i.e. it is not unbiased). The
bias of an estimator is equal to the expected value of the estimator minus the
parameter being estimated. For 6% , this is

Bias(6%) = E(6% —o0%)
= B(6%) - E(o%)
n—1 , 9




If X is normally distributed, we can use the variance of s% to find the
variance of 6%:

Var(6%) = Var (n — 18§(>

Note that this is less than the variance of s% , i.e.
Var(6%) < Var(s%).

Since it has a lower variance, we would say that 6% is a more efficient
estimator of variance than s%. Note that efficiency is a relative measure (i.e.
we can only speak of the efficiency of an estimator in comparison to the efficiency
of other estimators). For this reason, we often refer to the relative efficiency of
two estimators, which is just equal to the ratio of their variances. For example,

the relative efficiency of s% and 6% is

Var(s%) n \’

Var(6%) (n 1) '
However, we may say that an estimator is “efficient”, if it is more efficient than
any other estimator.

Although s% has a lower bias than 6%, it is not as efficient. This raises the
important question of which estimator is “better”. Typically (as in this case),
we see a trade-off between bias and efficiency. A commonly used measure that
takes both of these factors into consideration is the mean squared error (or
MSE) of an estimator, which is simply equal to the variance of the estimator
plus the square of the bias of the estimator.'® For s%, we have

MSE(s%) = Var(s%) + [Bias(s%)]?
20% 9
= 0
— +10]
20%
n—1

16 Actually, the MSE of an estimator is defined as its squared expected deviation from its
true value. For example, the MSE of s% is defined as E[(s% — 0%)?]. However, since this is
equivalent to the estimator’s variance plus its squared bias, we usually write it that way. It
would be a useful exercise to show this equivalence.

15



while for 6%, we have

MSE(6%) Var(6%) + [6%]?
2n—1)ok  [-1 ,7°
= =2t
2(n — 1)o% 3
( _ )ox + 9x
n
(2n —1)o%

n2

To compare the two estimators, we can use the difference in their MSEs:

4 4
MSE(s%) — MSE(6%) = ~22x _(2n=Dox

n—1 n?
2 4

= —o
n2 X

> 0,

which implies
MSE(s%) > MSE(6%).

So, on the basis of MSE, 6% would be the preferred estimator. Of course, MSE
is not the only basis on which to compare two (or more) estimators.

Before moving on, let’s consider an estimator of the covariance of two RVs,
called the sample covariance. From n observations on each of two RVs, X
and Y, the usual estimator of covariance, denoted sx,y, is defined as

LS - D) - 7).

=1

SX)y =
’ n—1

We can use the sample covariance of X and Y to calculate the sample
coefficient of correlation, denoted rx y, as

where sy, the sample standard deviation of X, is just the square root of
the sample variance of X. sy is defined similarly.

1.11 Asymptotic properties of estimators

The asymptotic properties of an estimator are based on random samples of
infinite size (i.e. where n tends towards infinity). These differ from the small
sample properties that we considered above (where n was finite). Although
working with random samples of infinite size may seem unrealistic (and it is),
asymptotic analysis provides us with an approximation of how estimators per-
form in large random samples.'”

TFor this reason, asymptotic properties are sometimes called large sample properties.
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In order to examine the asymptotic properties of estimators, it is necessary
to understand the concept of convergence in probability. We begin by
introducing some new notation. Let X,, be an RV (such as an estimator), which
depends on n. X, is said to converge in probability to a constant c¢ if

lim Prob(|X,, —¢| >¢€) =0, for e > 0.
If X,, converges in probability to ¢ (as above), we will usually write
Xn L

Alternatively, we may say that c is the probability limit (or plim) of X,, and
write
plim(X,) =c.

Using the concept of convergence in probability, we can now consider some
useful asymptotic properties of estimators.

An estimator of a parameter is said to be consistent if it converges in
probability to the true value of the parameter. A sufficient condition for an
estimator to be consistent is that its MSE tends to zero as n approaches infinity.
This condition is known as convergence in quadratic mean and always
implies convergence in probability. For example, consider the sample mean, X,
of the RV X. The MSE of X is

— 02
MSE(X) = =X,
n
since X is unbiased. So
— 0'2
lim [MSE(X)] = lim (X)
n— o0 n—oo n
= 0’
which implies that,
x5 X -

So, we can conclude that X is a consistent estimator of the mean of X, yx.
Next, consider the estimators of the variance of the RV X, s% and 6%. We
have

2 4
lim [MSE(s%)] = lim ( "X)
n—oo n—oo n—l
= 0,
and
2n — 1)ot
lim [MSE(6%)] = lim {( t 2)UX]
n— oo n—oo n



implying that
sk = 0%,
and
52 2 o2
So, both s% and 6% are consistent estimators of the variance of X, 0%.

Note that this is true even though 6% is a biased estimator of the variance
of X. If the bias of an estimator goes to zero as n approaches infinity, it is said
to be asymptotically unbiased. Recall that the bias of the estimator 63 was

Bias(6%) = _—103(.
n
As n approaches infinity, this becomes zero, and therefore, 6% is asymptotically
unbiased.

Similarly, an estimator is said to be asymptotically efficient, if, as n
approaches infinity, it is more efficient than any other estimator.

Before concluding, we should make some mention about the distribution
of estimators. Specifically, we are often interested in the asymptotic distri-
bution of estimators (i.e. the distribution of estimators which are based on
random samples of infinite size). This requires understanding of the concept of
convergence in distribution.

The RV X,,, with distribution function F,(z), is said to converge in distri-
bution to the RV X, with distribution function F(z), if

lim |F,(z) = F(z)|=0
at all continuity points of F'(z). This is usually written as
X, %X

In considering the asymptotic distribution of an estimator, a central limit
theorem (or CLT) often comes in handy. For example, the asymptotic dis-
tribution of the sample mean can be found by using the Lindeberg-Levy CLT.
This CLT states that if x4, ..., z, is a random sample of n observations on the
RV X, where X has mean px and variance 0%, then

n

n Y23 (2 - px) 5 N(0,0%).
=1

Alternatively, this can be written as

V(X - px) % N0, 0%),

since

n n
n_l/QZ(ﬂ?i —ux) = n'/? <Zﬂ?z —nux>
=1 =1

= n V20X —nux)
= V(X - px)
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where X is as defined earlier. In this case, X is said to be asymptotically
normal. What is remarkable about this theorem is that it holds true even
if the RV X does not follow a normal distribution (e.g. it may be uniformly
distributed).

2 Regression Models

2.1 Introduction

Natural and social scientists use abstract models to describe the behaviour of
the systems that they study. Typically, these models are formulated in math-
ematical terms, using one or more equations. For example, in an introductory
macroeconomics course, the aggregate expenditures model is used to describe
the behaviour of an economy. In this model, the equation

C =cD,

is used to describe how the level of consumption, C, depends on the level of
disposable income, D. Here, C is a linear function of D, whose slope is given
by the parameter ¢, called the marginal propensity to consume (which is some
arbitrary constant). Such a relationship is said to be deterministic: given the
level of D, we can determine the exact level of C.

Deterministic relationships, however, rarely (if ever) hold in observed data.
This is for two reasons: First, there will almost always be some error in mea-
suring the variables involved; and second, there will very often be some other,
non-systematic factors that affect the relationship but which cannot be easily
identified. Of course, there may be some relationship between the variables
of interest, but it will not be ezact (i.e. completely deterministic). Such a
relationship is said to be statistical.

To illustrates the difference, consider a model which posits that the variable
Y is determined by some function of the variable X, i.e.

Y = m(X). (1)

Now, suppose that we have n observations on each of the variables Y and X,
which we denote y1,...,y, and z1,...,x,, respectively. For any given pair of
observations, (y;, z;), we would like to allow the possibility that the relationship
in (1) does not hold exactly. To do this, we add in what is called a disturbance
term, denoted u;, which gives us the regression model

yi =m(x;) +uy,, 1=1,...,n. (2)

By adding this disturbance term, we are able to capture any measurement errors
or other non-systematic factors not identified in (1). On average, we would hope
that each disturbance term is zero (otherwise, the model would contain some
systematic error). However, for each pair of observations, (y;,2;), i =1,...,n
the actual size of u; will differ.
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Since the disturbance term is; by nature, unpredictable, it is treated as
an RV. Like any other RV, it has its own distribution. The most important
characteristic of this distribution is that its expected value is zero, i.e. for each
Uq,s

Typically, we assume that each u;, + = 1,...,n, is IID. This means, among
other things, that each has the same variance, i.e. for each u;,

Var(u;) = o2.

In this case, the disturbance terms are said to be homoskedastic (which liter-

ally means “same variance”). Given the IID assumption, it is common to write

u; ~ 1ID(0, 02).

Note that, since y; is a function of the RV w; (see Equation (2)), it also must
be an RV itself. Of course, y; is also dependent on z;. For this reason, y; is
usually referred to as the dependent variable, and z; is usually referred to as
the independent variable (or explanatory variable).

We haven’t yet indicated whether x; is an RV. This is because sometimes it
is, and sometimes it isn’t. If we our observations are generated by a controlled
experiment, then x1,...,x, are held constant (and are obviously not RVs). As
an example, consider an experiment where we give patients different doses of a
blood pressure medication, and measure the reduction in their blood pressures
over some period of time. Here, x1,...,x, are the doses of the medication given
to patients 1,...,n, and yi,...,¥y, are the reduction in the blood pressures of
patients 1,...,n. If we repeat this experiment several times over (with, say, a
new group of patients each time), holding x4, ..., z, constant (i.e. keeping the
doses unchanged), we would still expect that yi,...,y, would be different each
time (due to the disturbances uy,...,u,). In this case, y1, ..., y, are RVs (since
u1,...,u, are RVs), but z1,...,z, are not.

On the other hand, if our observations are generated by a field experiment,
then x1,...,x, are RVs. For example, consider an experiment where we observe
different workers’ education and income levels (perhaps we want to see if higher
levels of education result in higher levels of income). Here, x1,...,x, are the
education levels of workers 1,...,n, and yi,...,y, are the income levels of
workers 1,...,n. If we repeat this experiment several times over (with a new
group of workers each time), x1, ..., x, will be different each time, and therefore
can be considered RVs (since we don’t know their values until we complete the
experiment).

Up to this point, we have been dealing with what is called a bivariate
regression model, since it involves just two variables: y; and x;. Of course,
most regression models used in the natural and social sciences involve more
than just two variables. A model of this type, referred to as a multivariate
regression model, has one dependent variable and more than one independent
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variables. A multivariate regression model with k different independent variables
takes the form

Yi = m(T14, ... Thy) + Ui, i=1,....n,

where x11,...,21, are observations on the variable Xy, z21,...,22, are ob-
servations on the variable X5, and so on.

Aler natively, it is possible to have a univariate regression model, where
only one variable is involved. Such models are usually only relevant when the
variable involved is in the form of a time-series. An example of such a model is
what is known as an autoregressive process, where the dependent variable
is regressed on lagged values of itself. Letting yi,...,y, be observations on
the variable Y over time, a pth-order autoregressive process (or AR(p)
process) takes the form

Ye =m(Ye—1,-- - Ye—p) Tue, t=1....n

For ease of exposition, the rest of this lecture will focus on bivariate regres-
sion models, but all of the results are perfectly applicable to multivariate and
univariate regression models.

2.2 Estimation of regression models

Usually, the exact form of the function m(-) is unknown. Therefore, the task
of the statistician is to come up with some estimate of this function, which we
will denote m(-). Of course, since any estimate of m(-) will be based on the the
RVs y1,...,yn (and z1,...,2,, which also may be RVs), m(-), like any other
estimator, will also be an RV. Exactly how m(-) is estimated, and how m(-) is
distributed (which will depend on the method of estimation), will occupy us for
the remainder of the course.

Assuming we have an estimate of m(+) in hand, it can be used in the following
way. Given a specific observation z;, the estimate 7(x;) will give us an estimate
of y;, which we will denote g,, i.e.

Clearly, the estimate ¢; will not always be equal to the observed value y;.

So, we add in what is called an error term (or residual), denoted 4;, and
write

yi = 1(x;) + ;.
Rearranging, we have
a; =y —m(z;)
= Yi— Ui
That is, the error term is equal to the difference between the observed and
estimated values of y;. Clearly, any estimator of m(-) should have the property

that it minimizes such errors. This will be a guiding principle in developing the
estimators we are interested in.
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2.3 Specification of regression models

While the exact form of m(-) is usually unknown, it is common for the statis-
tician (or even the theorist) to assume some function form. If m(:) is given
a specific form, (2) is referred to as a parametric regression model (since
the function must involve some parameters). On the other hand, if m(-) is left
unspecified, the regression model in (2) is referred to as a nonparametric re-
gression model. For now, we will focus on parametric regression models, but
we will consider nonparametric regression models later in the course.

The most common form assumed for regression models involves specifying
m(-) as an affine function!®, i.e.

m(z;) = a+ fz;,
which gives use the linear regression model
Yi = a+ Bz + ;.

Here a and [ are parameters to be estimated. Denoting these estimates &
and 3, we have R

Arriving at these estimates will be the focus of the next topic.
Of course, not all parametric regression models are linear. A nonlinear
regression model is one in which m(-) is nonlinear. For example, if

m(z;) = z]
we have the nonlinear regression model
yi = x] + u;.
As above, v is a parameter to be estimated. Denoting this estimate 4, we have

:Y
3

Estimating nonlinear regression models is beyond the scope of this course.

3 Ordinary least squares

3.1 Estimating bivariate linear regression models

The most common method for estimating linear regression models (both bivari-
ate and multivariate) is the method of ordinary least squares (or OLS). This
method is based on minimizing the sum of squared residuals (or SSR) from
the estimated regression model.

18 An affine function, g(x), takes the form g(z) = a+ bz, where a and b are any real numbers.
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If we have the bivariate linear regression model
yi=a+ Bz +u;, i=1,....n (3)
then the ith residual from the estimate of this model is
;= y; — & — P,

Summing the square of each of these terms (from i = 1...,n), we have

ZUZQ = Z(yi — & — fBa;)*.
i=1 i=1

From the left hand side of this equation, it is evident that the sum of squared
residuals is a function of both & and 8. Therefore, we normally write

n

SSR(@, 8) = Y (i — & — f;)’.

i=1

Since the method of OLS is based on minimizing this function, we are faced
with a very simple optimization problem: Minimize the function SSR(&, 5) by
choosing & and g, i.e.

min SSR(&, ) = Z(yz — 4 — fz;)?
&, i=1

The first-order, necessary conditions for this optimization problem are
OSSR (&
7=—22 i — & — fx;) =0, (4)

and

OSSR(6.0) _ N~ -
o
Equation (4) implies

Carrying through the summation operator, we have

iyi fn&fiﬁxi =0.
i=1 i=1
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Finally, solving for & gives

which can be rewritten as

&=y —p, (6)
where, 7 is the sample mean of the observations y;, ..., yn, i.e.
1 n
g = - Z Yi,
[t
and Z is the sample mean of the observations x;, ..., z,, i.e.
1 n
T = — Z Z;.
[t

Moving on to Equation (5), we have

n

> (i — & — Bag)(x;) = 0.

i=1
Multiplying through by x;, we have

n

Z(yixi — Gx; — fr?) = 0.

i=1

Next, carrying through the summation operator, we have

n n n

N 5 2
g yixi—ag xi—ﬂg xz; =0.
i=1 i=1 i=1

Now, substituting for & from Equation (6) gives
Y wiwi—(F—p1) Y o~ B af=0.
i=1 i=1 i=1

Expanding the term in brackets, we have
n n n n
SUETED SRRSO SET D SE )
i=1 i=1 i=1 i=1

Finally, solving for 3, we have

Z?:l Yiliy — Y 22;1 T

3= ) :
Z?:l a7 — 7 Z?:l i
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It is often desirable to write ﬁ as

Y1 (yi — y) (@i — @)
Yz —x)2
To show that Equations (7) and (8) are equivalent, we show that the numer-

ator and denominator of each are equivalent. First, expand the numerator in
Equation (8) and rearrange:

3= (8)

n n

S wi—Pai—z) = Y (yiwi — yiT — Ja; + x)

i=1 i=1

n n n

= Zym *jzyi *2729% +nyzr
i=1 i=1 i=1
n n

= > yiwi—Ing—§ Y +ny)
=1 =1

n n
= E Yiri — Y E Ti,
i=1 i=1

which is exactly the numerator in Equation (7). Second, expand the denomina-
tor in Equation (8) and rearrange:

n n

@i—2)? = ) (¢ —2m7+7%)

i=1 i=1
n n

= E x?—?fg x; + n?
i=1 i=1

n

= g x7 — 2nz? 4+ nz?
i=1
n

= E x? — nz?
i=1
n n

_ 2 _ =

= E Ty — T E Ti,
i=1 i=1

which is exactly the denominator in Equation (7).
At other times, it will be convenient to to rewrite 3 as

2?21(331‘ —T)y;
Yo (i — T)w

To show that this is equivalent to Equation (8) (and therefore Equation (7)),
we again show that the numerator and denominator of each are equivalent. To

B= (9)
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do so, it is helpful to realize that

n n

Z(xlfzi) infnf
i=1 i=1
= NTr—nT

= 07

and similarly,
n
> wi—u) =0
i=1

Now, the numerator in Equation (8) can be expanded to give

(]
8
|
Kl
=
N
|
&
Il
]
—
8
|
)
<
—
8
Kl
S~—
=

= Z(xz - j)yw

i=1
which is the numerator in Equation (9). Similarly, the denominator in Equation

(8) can be expanded to give

n n

Z($’ — .f)2 = Z[(Z‘z — i)l‘i — (.231 — f)f]

i=1

=1 i=1
n
= Z(mi —Z)x; — 0
i=1
n
= Z(JEZ — f)xi,
1=1

which is the denominator in Equation (9).

So, we have three different (but equivalent) expressions for 3: Equations (7),
(8), and (9). We most often use Equation (8), but, as we will see in the next
section, Equation (9) will often come in handy.
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3.2 Properties of OLS estimators of bivariate linear re-
gression models

The properties of OLS estimators depend on the properties of the error terms
in the linear regression model we are estimating. For now, we will assume that,
for each u;,
2
u; ~ 1ID(0,0%).

However, as we progress, we will relax this assumption and see how the proper-
ties of OLS estimators change.

In addition, we will also assume that x;, ¢ = 1,...,n are not RVs. This
assumption does not have nearly as large an impact on the properties of OLS
estimators as the IID assumption, but will make the following analysis a little
easier.

The first question we want to ask is whether or not OLS estimators are
unbiased. Let’s start with 3. To do so, we substitute for y; in Equation (9)
from Equation (3):

Do (@i — &) (a4 B + uy)
Yo (@ — T)w '

/B =
Multiplying through, we have

B _ @ i (@i =) + B (i — D) + 30 (v — T)us
> i (x5 — )
04+ B30, (xi — 2w + 300, (v — Ty
Z;L:l(zi —Z)z;
i (@i = T)u;
Z?=1(xi —Z)z;

Next, we find the expected value of [?:

= f+ (10)

~ . Z?:l(xi — ic)uz
EB) = E|B+ S @ n)m

Z?:1(xi — 7)E(u;)
S (@ — &)

= B+
= 53

since E(u;) = 0. So, (3 is unbiased.
Let’s now move on to &. From Equation (6), we have

. IR A
a = ﬁ;yz—ﬁx
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Substituting for y; from Equation (3), we have

a = %Z(a—l-ﬁxri-ui)—ﬁi‘

i=1
n n
na+ By @ity u)| - bz
i=1 i=1

LI e
= onrﬁerE;fﬂx

S|

n

1

E(&) = E a—l—i(ﬁ—ﬁ)—k%Zui

So, & is also unbiased. .
Another important property of OLS estimators is their variance. Since 3 is

unbiased, we have

Var(8) = E[(3 - 8)°].
From Equation (10), this means
>y (i — f)ui} ’
E?:l(xi — i‘)xi

To make handling the term in brackets a little easier, let’s introduce some
new notation. Let

Var(B) = B ({

(z; — )

ki= =3
> i (@ — T)?

so that

Var(f) = E <Z k1u1>
i=1

Expanding this, we have
n

n—1 n
Var(8) = E|> kui+2) Y kikjuu,

i=1 i=1 j=i+1
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n n—1 n
SOEE@) 42> > kikjE(uiug).
i=1

i=1 j=i+1

Two things should be apparent here: First, notice that

E(uf) = o,
since
o2 = Var(u)
= E([ui — B(u)]?)
— B
Second, for all i # j, we have
E(uu;) = E(ui)E(uy)
= 0,

since we have assumed that each u; is IID (and therefore statistically indepen-
dent from one another). So,

Var(3) = aﬁZk?

Z

= JZ Y z; — )2
_ [Z(%_@Q]Q;u )
J2

Z?:1(wi —z)%
We now move on to &. Since & is unbiased, we have
Var(a) = E[(& — a)?].

From Equation (11), this means

Var(é) = F

I
=
|
v}
)
I
K
e
+
N
=
=
|
=
_l’_
MH
(7=
&
~__
[\v]

= T2E[(B - B)?] + 2% — E(B )]+ E Zu +2zzuzuj

=1 j=i+1
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Given the variance of OLS estimators, we might want to ask how efficient
they are. The Gauss-Markov theorem states that, in the class of linear,
unbiased estimators, they are in fact the most efficient. This property is often
stated as BLUE (Best Linear Unbiased Estimator). By “best”, we mean most
efficient. Here, we will prove this only for (3, but the proof for & is very similar.

Using the k; notation we introduced above, Equation (9) implies

B=> ki
i=1

This should make it clear that [3 is a linear estimator — the above function is
linear in y;. Now, let’s consider some linear, unbiased estimator of 3, call it (:

n
A=) g
i=1

where
gi = ki + w;,

and w; is some non-zero term which depends on x1,...,x,. This implies that

n

8= (ki +w)y;

i=1
= Z kiyi + Z WiYi
i=1 i=1
= BJrZwiyi- (12)
i=1
Taking expectations, we have
; E@+zm@
i=1
G4 E (z wy> |

i=1

&
=
I
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Substituting for y; from Equation (3), we have

n

> wio+ B + wi)

=1

Btad wi+BY wwi+» B(u)
i=1 i=1 i=1

5+0¢Zwi +5Zwi$i,
i=1 i=1
since E(u;) = 0. In order for B to be unbiased, we must have

n
E w; = O,
i=1

g
=
I

B+FE

and
n
E W;x; = 0,
=1

since, in general, o and (§ are non-zero. This allows us to rewrite the second
term on the left-hand side of Equation (12) as

n n
Zwiyi = sz‘(a‘FﬂM + u;)
i=1

i=1
n n n
SO M) SRS e
i=1 i=1 i=1
n
= Zwlul
i=1
Also, note that Equation (10) implies

B:ﬁ"‘Zklul

=1

Substituting these last two results into Equation (12), we have

Bo= /B+ikiui+iwiui
i=1 i=1

B4+ (ki +wi)ui.

=1

Finally, the variance of 3 is

va(h) — 5 ([5-20)])



= F Xn:(ka + w;)uy

i=1
i=1

(ki + w;)*E(u})

7

I
M:

i=1

(ki + wz)

Il
?[\3
o

Q
Il
_

(k? + 2kw; + w?)

+2022k w; + o, Zw
= Var(3) + 202 Z kiw; + o2 Z w?.
i=1 i=1

The second term on the right-hand-side of this equation is

|
§L\:>
'Ms

N
Il
-

Il
i M:

ikiwi = —Z%l(% — j,)u;
] > i (i — )

Tl: TiW; — T En, w;
Zz 1 =1
Z? (@i — T)?

= 07

since > i x;w; = 0 and >, w; = 0. Therefore, we have
Var(8) = Var(3) + o3 3w,

which implies ~ .
Var(5) > Var(5),
since w; is non-zero. This proves the Gauss-Markov theorem for B We won’t
go through it here, but the proof for & is quite similar.
3.3 Estimating multivariate linear regression models

Now consider the multivariate linear regression model'?

yi =01+ Pexai + ... + BrTr,i + ui, 1=1,....n

19Note that the bivariate linear regression model considered above is just a special case
of the multivariate linear regression model considered here. For this reason, what follows is
applicable to both bivariate and multivariate linear regression models.
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To make the analysis of such regression models much easier, we typically express
this in matrix form:2°

y=X8+u (13)
where y and u are n-vectors, X is an n X k matrix, and 3 is a k-vector, defined
as follows:

hn
y= : )
y'l’L
1 X211 oo Tk
X = . . ’
1 22, ... zkan
b1
ﬂ = )
Bk
and
Uy
u=|
Unp,

Letting 0 denote the residuals from the estimate of this model, we have
a=y—Xb
where b is an estimator of 3. The sum squared residuals is thus
SSR(b) = u'a
= (y—Xb)'(y — Xb)
= yy—-y'Xb-b'X'y +b'X'Xb
= yy-2b'X'y +b'X'Xb.

Here, we make use of the fact that y’Xb is a scalar (this can be confirmed by
checking its dimensions), and is therefore equal to its transpose, i.e.

y'Xb = (y'Xb)
= b'X'y.

As we saw in the bivariate case, the method of OLS is based on minimizing
this function. Our optimization problem is thus

mbin SSR(b) =y'y — 2b'X'y + b’X'Xb.

20In these notes, we make the assumption that the reader is reasonably well-versed in matrix
algebra.
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The first-order necessary condition for this optimization problem is

%I;(b) =-2X"y +2X'Xb =0,

which implies
X'y = X'Xb.

Finally, solving for b, we have

b = (X'X) 'X'y. (14)

3.4 Properties of OLS estimators of multivariate linear
regression models?!

In order to analyze the properties of b, we again need to make some assumptions
about the error terms. As before, we assume that each u; has mean zero. This
means that the n-vector u has the following expected value:

Uy
Eu) = FE
Un
0
0
= 0,
where 0 is a k-vector of zeros.
The variance of u is
Var(u) = E([u-E(u)]u- E)])
= E(uu)
v
= F ( wuy e Up )
L Un
ud o uguy,
= E| e
Uptty - ul

which is called the error covariance matrix. For now, we will assume that
each u; is IID with variance o2, which means that

B(u?) = o2

K3 u?

21 As noted above, what follows is also applicable to bivariate linear regression models (since
the bivariate linear regression model is just a special case of the multivariate linear regression
model).
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and, for all 7 # 7,

E(u;uj) = 0.
Therefore,
o2 0
Var(u) = :
0o --- 03
= 021,

where I,, is an n x n identity matrix.
Given these assumptions, we typically write

u ~ IID(0, 0°1,,).

Also, to make things easier, we will continue to assume that X is not a
RV. Later in the course, we will see what the consequences are if we relax this
assumption.

Let’s start the analysis by asking whether b is unbiased or not. Substituting
Equation (13) into Equation (14), we have

b = (X'’X)'X'(Xb+u)
= (X'X)'X'X3+ (X'X)"'X'u
= [+ (X'X)"'X'u (15)

Now, taking expectations we have

E() = E[f+(X'X) 'X'y]
= B+ X'X)"'X'E(u)
= /67

since E(u) = 0. So b is unbiased.
Let’s now move on to the variance of b. Given that b is unbiased, we have

Var(b) = E([b— E(b)][b— E(b)])
= E[(b-p)(b-7g)].
Substituting from Equation (15), we have
Var(b) = E([(X/X)_lxl J[(X'X)~ ' X"u ]/)

= E[(X'X)Xud'X(X'X)™]

= (X'X)"'X'E(uu)X(X'X)"!

= 2(X'X)TIX'X(X'X)7!

— XX (16)
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Having derived the variance of b, we now want to show that the Gauss-
Markov theorem holds here. Consider some other linear, unbiased estimator of
3, call it B:

B = Gy,

where
G=W+ (X'X)"IX/,

and W is some non-zero matrix which depends on X. The expected value of B
is thus

EB) = E(Gy)
= GE(y).

Note that the expected value of y is

By) = E(X3+u)
— XfB+ E(u)
Xp,
SO
EB) = GXg.

This means that, in order for B to be unbiased, we must have
GX =1,

where I is an k x k identity matrix (check the dimensions of GX to confirm
this). Given this condition, notice that

B = Gy
G(XG+u)
= GXf+ Gu
= [+ Gu,

and that

WX = [G-(X'X)"'X'|X
= GX - (X'X)"'X'X
= I —I
0.

The variance of B is therefore

Var(B) = E([B-E(B)]b- E(B)])
= E[(B+ Gu-p)(5+Gu-p)
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= E[(Gu)(Gu)]

E(Guu'G’)

GE(uu)G’

o2GG’

= o2[W + (X'X)" ' X[[W 4+ (X'X) "X

= C2[WW + WX(X'X)™! + (X'X) ' X'W' +
(X'X) ' X'X(X'X)™ 1]

= ZWW' +02(WW) L

Finally, since W is a non-zero matrix,
Var(B) > Var(b),

which proves the Gauss-Markov theorem.

Before moving on, let’s briefly consider some of the asymptotic properties
of OLS estimators.?? Arguably the most important of these is consistency.
Recall that a sufficient condition for estimator to be consistent is that its MSE
approaches zero as n approaches infinity. Since b is unbiased, its MSE is equal
to its variance, i.e.

MSE(b) = ¢2(X'X) 1.

Now, consider the matrix X’X. Since each element of this matrix is a sum
of n numbers, as n approaches infinity, we would expect that each such element
would also approach infinity. However, it would be safe to assume that % times
this times each of these elements would approach some constant. We can write
this assumption as

1
lim (X’X> = Q, (17)
n—oo \ N
where Q is a finite, non-singular matrix.

We can use this assumption to show that b is consistent by rewriting its

MSE as

1 1
MSE(b) = —02(=X'X)"!.
n “'n
Notice that this is equivalent to our previous expression for the MSE of b since

the % terms cancel each other out. Taking the limit as n approaches infinity,
we have

-1
lim [MSE(b)] = lim [103 (IX’X> ]
n—oo n—oo [N n
—1
= lim (%3) [lim <1X’X)]
n—oo \ N n—oo \ N
0)Q™"
= ()7

22We didn’t do this when we focused on the bivariate linear regression model, but, once
again, all of what follows is applicable to that special case.
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which implies
b 8.

So, b is consistent.
Finally, let’s consider the asymptotic distribution of b.2* To do so, begin by
rewriting Equation (15) as

~1
b=73+ <;X’X> (iX’u) )

Notice that, as above, the % terms cancel each other out, leaving us with Equa-
tion (15). Rearranging, we have

V(b — ) = (;X’X)l n~1/2X". (18)

Now, let X/u; be the ith row of the matrix X'u. Using a CLT, we have the
result that

n—oo n
=1

1 n
V2 [X0a; — B(Xu)] % N (0, lim [ > Var(Xju;)

The expected value of X/u; is

E(Xju) = X(E(uw)

so its variance is

Var(Xjuw;) = E[(Xju;)(Xju;)’]
= E(X,uu.X;)

— 2X/IY.
= 0, X;X,.

Using Assumption (17), we thus have
lim | Z Var(X/uw;)| = lim 1 Zn: o2 X!X;
n—oo | n P [ n—oo \ N p utheE

1
= O'Z lim (X’X)
n

n—oo
2
= 0,Q.

23In small samples, we can’t generally say anything about the distribution of b unless we
know the exact distribution of X and u. For example, if X is not an RV, and u is normally
distributed, then b is also normally distributed since it is a linear function of u (see Equation

(15)).
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Therefore, we can write
n12(Xu,) 4 N(0,02Q).

Combining this with Assumption (17), we have
1 -1
(X/X) n2(Xjw) % N(0,07Q7'QQ 7Y,
n
which, by Equation 18, means

V(b - ) % N(0,02Q7Y).

That is, b is asymptotically normal.

3.5 Estimating the variance of the error terms of linear
regression models

Even if we are willing to make the assumption that each of the error terms is IID
with mean zero and variance o2, we do not usually know the value of o2. So,

we typically would like to get some estimate of it. We start here by proposing
the following estimator o2, which we denote s2:

While it may not be immediately clear where this comes from, we can show that
it is an unbiased estimator of o2.
Let’s start by substituting Equation (14) into the definition of u:

u = y—Xb
= y-XX'X)"'X'y
= (L, - X(X'X)"'X)y
= My,
where
M = (I, - X(X'X)~'X).

It is easy to show that the matrix M is both symmetric and idempotent, i.e.
that?4
M =M,

and
MM = M.

24This proof of this will be left as an assignment question.
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Substituting Equation (13) into the above expression for G, we have

u = My

M(XS + u)
= MXg3+ Mu
= Mu,

since

MX

(I, — X(X'X)"'X")X
X - X(X'X)"'X'X
= X-X

0.

Taking expectations of s2, we have

E(u'a)
n—=k
E[(Mu)'(Mu)]
n—=k
E(uM'Mu)
n—=k
E(u'Mu)
n—k

B(s2) =

Notice that u’'Mu is a scalar (check the dimensions to confirm this), and is
therefore equal to its trace, i.e.

u'Mu = Tr(u'Mu).
So, we can write

E[Tr(u’Mu)]
n—k
E[Tr(Muu’)]
n—k
Tr[ME (uu’)]
n—k

o2Tr(M)

n—=k
_ 2
= 0,
since

(M) = Tr[I, - X(X'X)'X/]
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= Tr(I,) - Tr[X(X'X)"'X']
= n—Tr[(X'X)'X'X]

= n— TI‘(Ik)

= n—k.

So, we conclude that s2 is an unbiased estimator of o2.

Note that since the variance of b, depends on o2 (see Equation (31)), we can

use sj to get an estimate of the variance of b. This estimate, which we denote
by Var(b), is found by replacing o2 by s2 in Equation (31), i.e.
Var(b) = s2(X'X) "

Since s2 is an unbiased estimator of o2, Var(b) is an unbiased estimate of

Var(b). The square root of Var(b) is often called the standard error of b.

4 Hypothesis testing

4.1 Testing linear restrictions

Having established the properties of the OLS estimator, we now move on to
showing how this estimator can be used to test various hypotheses. For illustra-
tive purposes, let’s start by considering the following linear regression model:

Yi = B1+ Poxa; + B3z +uy,  i=1,...,m. (19)
Some examples of null hypotheses we might wish to test are:
1. Hy: B2 = P20, where (3 is some specified value (often zero); and
2. Hy:pBy=p3=0.
Both of these examples fit into the general linear framework
Hy:RpB=r,
where, here, 3= ( /1 (2 3 )/, and for

1.LR=(0 1 0),andr=/f0;and

01 0 0
2.R_<O 0 1),andr_<0>.

Written this way, it can be seen that each of these null hypotheses imposes
some linear restriction(s) to the original regression model in (19), which we will
call the unrestricted model. Each of these null hypotheses can therefore be
rewritten in terms of a restricted model:

1. Hy:ys = 1+ B2,0%2,: + B33, + u;; and
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2. Hy:y; = B1 +uy.
In general, for the linear regression model
y =Xp+u,

where X is an n X k matrix, and ( is a k-vector, R will be a ¢ x k matrix,
and r will be a g-vector, where ¢ is the number of restrictions. Note that the
first example above imposes a single restriction (i.e. ¢ = 1), while the second
imposes two restrictions (i.e. ¢ = 2).

In order to test any such linear restriction(s), we use the OLS estimator of

B,
b = (X'X)'X'y.

Recall that, if we assume that
u ~ 11D(0, ¢21,,),

then E(b) = 3 and Var(b) = ¢2(X'X)~!. Therefore, we have

E(Rb) = RE(Db)
Rﬁ’
and
Var(Rb) = E([Rb— E(Rb)][Rb— E(Rb)])
= E[(Rb - RB)(Rb—Rp3)]
= E[(Rb-Rg)(b'R — FR/)]
= E[R(b-pB) (b -3 )R]
= RE[(b-j)(b— )R/
= RVar(b)R/

= o?R(X'X)"'R.
If we make the much stronger assumption that
u~ N(0,0.1,),

then
b ~ N[B’ 03<X/X)_1]7

which implies that
Rb ~ N[Rj3, ¢’R(X'X)'R/],
or, alternatively, that

Rb — RSB ~ N[0,02R(X'X)'R/].
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Note that, under the null hypothesis, R3 = r, so we can rewrite the above
as
Rb —r ~ N[0, 0c2R(X'X)'R/].

Finally, we can rewrite this in quadratic form (see Appendix A) to get the test
statistic
(Rb — 1) [0 R(X'X) " 'R/| ' (Rb — 1) ~ X7, (20)

Unfortunately, the parameter o2 is usually unknown, so we have to estimate
it using

Replacing 02 in (20) by s2 gives
(Rb — 1)/ [R(X'X)'R/|"L(Rb — 1)
W/ (n — )

Dividing both the numerator and denominator of the above by o2, we have
(Rb —1)'[0?R(X'X)"'R/]"'(Rb — 1)
(wa/of)/(n — k) '

Due to the randomness of 4, this quantity is no longer distributed as X%q)- How-
ever, as we saw earlier, the numerator is. Furthermore, as shown in Appendix

A

(21)

A

uu

2
0_3 X(n—k)7

and is independent of the numerator in (21). Therefore, if we divide the nu-
merator in (21) by its degrees of freedom (g), then we have a quantity which is
distributed as F{4,,—)- That is,

(Rb —r)'[0iR(X'X) "R {(Rb—1)/q .
(a/o%)/(n — F) e
Eliminating the o2 terms and substituting in for the definition of s2, we have
the test statistic
(Rb —1)/[s2R(X'X) "R/ " (Rb — 1)/q ~ Flgn_p)- (22)

4.2 Testing a single restriction

Let’s now see how we can construct specific test statistics for the first example
considered above. First, note that

Rb —r =by — 320,

which is a scalar. Second, note that R(X'X) 'R’ “picks out” the 2nd diagonal
element element the 3 x 3 matrix (X’X)~!. Therefore, since

Var(b) = s2(X'X)71,
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we have
s2R(X'X) 'R’ = Var(by),

which is also a scalar (check the dimensions).
In general, if there are k parameters, and we want to test the null hypothesis
that the jth one is equal to some specified value, i.e.

Ho : B; = Bjyo,
we will have
Rb—-r= bj — ﬁj,o,
and R
s2R(X'X) 'R/ = Var(b;).
Substituting these into (22), we have the test statistic

(bj — Bj0)*

_ ~ Fin .
Var(b;) (1n=k)

Alternatively, taking the square root of this statistic, we have what is known
as a t-statistic:
b; — B0

~te,
Se(b;) (n=)

4.3 Testing several restrictions

When there is more than one restriction to test, constructing an appropriate
test statistic is not so simple. The main problem is that it will usually involve
having to estimate both the unrestricted and restricted models. To estimate
the unrestricted model, OLS can be used. However, to estimate the restricted
model, we need to use a different method of estimation.

The idea is to estimate the model

y=Xp3+u,
subject to the restriction
RG=r.

To do so, we use the restricted least squares estimator of §, which we
will denote b,. Letting ti,denote the residuals from the estimate of this model,
we have

a, =y — Xb,. (23)

The sum squared residuals is thus
SSR(b.) = u.u.
= (y —Xb.,)'(y — Xb,)
y'y — 2b/ X'y 4+ b, X'Xb..
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As with OLS, the restricted least squares estimator is based on minimizing
this function. Our (constrained) optimization problem is thus

rrtl’i*n SSR(b,) = y'y — 2b. X'y + b/ X'Xb,,
subject to
Rb, =r.
The Lagrangian for this problem is
L(b,,\) =y'y —2b/ X'y + b/, X'Xb, — 2A\(Rb, — ),
and the first-order necessary conditions are

OL(b,,\)

oh = —2X'y +2X'Xb, —2R'A =0, (24)

and
OL(by, \)

5y = ~2(Rb. —xr)=0. (25)

Equation (24) implies
X'Xb, = X'y + R'\.
Solving for b,, we have
b, = (X'X)'X'y+ (X'X)"'X'R'A
= b+ (X'X)"'X'R/), (26)
where b is the usual OLS estimator. Premultiplying by R, we have
Rb, = Rb + R(X'X)'X'R/),

which implies
Rb, — Rb = R(X'X)'X'R/),

and therefore,
[R(X'X)"'X'R/|"}(Rb, —Rb) = ), (27)

Equation (25) implies
Rb, =r.

Substituting this into Equation (27), we have
[R(X'X)"'X'R/]"!(r — Rb) = \.
Finally, substituting this into Equation (26), we have

b, =b+ (X'X)"'X'R'[R(X'X) " 'X'R']"*(r — Rb). (28)
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Let’s now focus on the residuals from restricted model. Adding and sub-
tracting Xb to Equation (23), we have

u, = y—Xb-Xb,+Xb
— 4-X(b, —b).
The sum of squared residuals from the restricted model is thus?®
@4, = [@a—X(b. —b)[a—X(b, —b)]
— & (b, — b)X][d — X(b, — b)]
— @a—0X(b, —b) - (b, — b)X'a+ (b, — b)X'X(b, —b)
@a+ (b, — b)X'X(b, — b).

Substituting for b, — b from Equation (28), we have

i = da+{XX)"'XRRXX)"'XR] r-Rb)}
X'X(X'X) "' X'RR(X'X)"'X'R']"!(r - Rb)
= wa+ (r—Rb)[RX'X)"'X'R|'RX(X'X)"!
X'X(X'X) 1 X'R'[R(X'X)'X'R’] "' (r — Rb)
= da+ (r —Rb)RX'X)'X'R]}r - Rb),
Denoting 0,0, (the sum of squared residuals from the restricted model) by

SSRR, and 0t (the sum of squared residuals from the unrestricted model) by
SSRy, we have

SSRg — SSRy = (r — Rb)'[R(X'X)"'X'R/]"!(r — Rb).

Notice that the term on the right hand side is in the numerator of (22). This
leads to what is known as the F-statistic:
(SSRr — SSRu)/q

SSRy/(n — k)

~ Flgn_p)- (29)

4.4 Bootstrapping

The test statistics considered above were built on the assumption that u is
normally distributed. However, quite often, we may be unwilling to make this
assumption. In such cases, we therefore do not know the distribution of our test
statistics.

This problem leads to a procedure known as the bootstrap.?® The basic
idea is to use the observed data to try to estimate the distribution of the relevant
test statistic. In general, this procedure requires the following steps:

25Here, we use make use of the fact that X’@i = 0. Proving this would be a useful exercise.
26Here, we present a very brief introduction to the bootstrap. A more complete introduction
can be found in Davidson and MacKinnon, (2004, Section 4.6).
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1. Using the observed data, estimate both the unrestricted and restricted
models. Save the fitted values and residuals from the restricted model.
Call these yr and ug, respectively.

2. Using the estimates from the previous step, calculate the test statistic of
interest (e.g. the ¢-statistic or the F-statistic). Cal this 7.

3. Randomly sample, with replacement, n of the residuals from the restricted
model (this is known as resampling). Call these *. Generate the boot-
strap sample as:

y'=yr+u"

4. Using the bootstrap sample, re-estimate both the unrestricted and re-
stricted models.

5. Using the estimates from the previous step, calculate the test statistic of
interest (this is known as the bootstrap test statistic, since it is based
on the bootstrap sample). Call this T}.

Finally, repeat Steps 3-5 B (some large number®?) times. What this leaves you
with is the original test statistic, T, and B different bootstrap test statistics,
Ty, b=1,...,B.

It turns out that these B bootstrap test statistics provide a fairly good esti-
mate of the distribution of the test statistic of interest. For inference purposes,
we can calculate the simulated P-value of the original test statistic , T, as

(1) =

o]

B

> 1Ty >T),

b=1

where I(-) is an indicator function, equal to one if T > T, and zero otherwise.

5 Generalized least squares

5.1 Introduction

In estimating the linear regression model
y =XG+u, (30)
by OLS, we made the (very strong) assumption that

u ~ 11D(0, ¢21,,).

27For a chosen level of significance, a, for the test, B should be chosen so that (B 4+ 1)
is an integer (see Davidson and MacKinnon, (2004, Section 4.6)). For a = 0.01, appropriate
values of B would be 99, 199, 299, and so on. Since computing costs are now so low, B is
often chosen to be 999 or even 9999.
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We would now like to relax this assumption, and consider what happens when
the error terms are not IID. While we will continue to assume that

we will now let

Var(u) = E
Up U [P u

= Q

)

where €, the error covariance matrix, is some n x n positive definite matrix.

That is, we allow the possibility that there is some E(u;u;) # 0 for ¢ # j

(and that therefore u; and u; are not independent), and that there is some

E(uf) # E(u?) for i # j (and that therefore u; and u; are not identically

distributed). In other words, we allow the possibility that each u; is not IID.
Notice that the OLS estimator is still unbiased since

E(b) = E[X'X)"'Xy]
E[(X'X)™!'X'(Xb + u)]
= E[g+ (X'X)"'X'y]
= B+ (X'X)'X'E(u)

B.

However, the variance of the OLS estimator is now different:

Var(b) = E([(X'X)"'X'u][(X'X)"'X"u]')
= E[(X'X)Xuu'X(X'X)™]
= (X'X)"'X'B(uu)X(X'X)"*
= X'X)'QXx'x)"!. (31)
It turns out (as we will see shortly), that, in this more general setting, OLS
is no longer the “best” linear unbiased estimator (BLUE). That is, there is some
other linear unbiased estimator which has a variance smaller than (32).
In deriving this “better” estimator, the basic strategy is to transform the

linear regression model in (30) so that the error terms become IID. To do so,
start by letting

Ql=vv.

where W is some n x n matrix, which is usually triangular.
Next, multiply both sides of Equation (30) by ¥':

T'y = ¥'X5 + P
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It is convenient to rewrite this as

where

and

Note that

and that

That is,

Var(u,)

y. ="y,
X, = ¥'X,

u, = ¥'u.

E(u,) = E(¥'u)
= WE(u)

E{fu. - E(u,)][u, — E(u.)]}
E(u.u)

E[(®'u)('u)

E(¥'uu'¥)

U'E(uu’)¥

¥'Var(u)®

U'Ov

V(PP
(e le

L.

u, ~ 1ID(0,I,).

(32)

Applying OLS to Equation (32), we get the generalized least squares (or

GLS) estimator

bars

X/ X)Xy,
(O X)X H('X) Py
TO'X) I X OOy

(
[
(X’
(X'Q'xX)"'xX'Q'y.
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We now want to show that bgrs is unbiased. Substituting Equation (30)
into Equation (33), we have
bars = (X'Q7'X)7'X'Q7(Xb 4 u)
= X'QX)'X'Q 'Xb+ (X'Q'X)"'X'Q u
= f+ X' X)"'X'Q ' (34)
Taking expectations we have
E(bgrs) = E[p+(X'Q'X)"'X'Q 'u]
= B+ (X'Q'X)"'X'Q'E(u)
B,

since E(u) = 0. So bgrs is unbiased.
Let’s now move on to the variance of bgrs:

Var(baLs) = E([baLs — E(bars)|[bars — F(bcrs)]’)
= E[(bews — B)(baws — 8)'].
Substituting from Equation (34), we have
Var(bgrs) = E{XQ'X)"'X'Q '[(X'Q'X)"'X'Q *u]'}

= E[(X'Q'X)"'X'Q 'ud/Q I X(X'Q7X) Y
= X'Q'X)"'X'Q !'Eud)Q ' X(X'Q'X)!

= X'Q X)X 'Var(un)Q ' X(X'Q ' X)!

= X'o'x)'xoloo'xxae'x)!

= X'Q'x)™. (35)

We now want to consider a generalization of the Gauss-Markov theorem,

which states that, if Var(u) = Q, bgrs is BLUE. The proof of this will be very
similar to the proof of the Gauss-Markov theorem for b (except that, there, we

assumed that Var(u) = ¢21,). We again consider some other linear, unbiased
estimator of 3, which we will again call B:

B = Gy,
where, here,
G=W+XQ'X)"'X'Q !,

and W is some non-zero matrix which depends on X. The expected value of B
is thus

E(B) - E(Gy)
GE(y)
GE(Xf3 4+ u)
GX( + GE(u)
= GXpg
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This means that, in order for B to be unbiased, we must have
GX =1,

where I is an k£ X k identity matrix. Given this condition, notice that

B = Gy
= G(XB+u)
= GX@+ Gu
= B+ Gu,
and that
WX = [G-XQ X)X’ X
= GX - X'o 'X)"'xX'o'x
= I, -1,
0.

The variance of B is therefore

Var(B) = E([B B)|[b—E(B)])
E[(ﬂ-i—Gu B3)(B+ Gu— )]

= E[(Gu)(Gu)]
E(Guu'G’)
GE(uu')G’
GQG’
= [W+ XQ X)"'X'Q oW+ (X'Q X)) Ix'Q )
WQ + (X'Q'X)" ' X'Q QW + Q' X(X'Q7!1X) ]
= WOW + WQQ 'X(X'Q'X)™! + (X'Q1X) ' X'W’

+X'Q'X)"I X' I X(X'Q X)) !

= WOW' 4+ (X'Q X)X’

Finally, since W is a non-zero matrix and €2 is a positive definite matrix,
Var(B) > Var(bars),

which proves our generalized Gauss-Markov theorem. It should be noted that,
if Var(u) # 021, then B includes b as a special case®®, and we have

Var(b) > Var(bgrs).

280n the other hand, bgrs includes b as a special case when Var(u) = ¢21,,. Proving this
would be a useful exercise.
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5.2 Feasible Generalized Least Squares

While the GLS estimator has some highly desirable properties, the main draw-
back with this method is that €2 is almost never actually known in practice.
That is, GLS is not usually feasible. However, we can use some estimate of €2,
which we denote €. Replacing €2 by Qin Equation (33), we have the feasible
generalized least squares (or FGLS) estimator

brars = (X'Q71X) 71 X'Q 7 ly.

How we actually go about estimating €2 depends on the particular problem.
Below, we analyze two of the most common problems encountered in practice.

5.3 Heteroskedasticity

The problem of heteroskedasticity occurs when €2 is a diagonal matrix (mean-
ing each w; is independent), but each diagonal element may not be identical
(meaning each u; is not identically distributed). That is, letting Var(u;) = o3 ,
we have

ai1 0 0
- 0 01.%2 0
0 0 o

/o2 0 0
2

01 0 1/o;, 0

0 0 1/02,
So, if we let
10w, O 0
, 0 1/ou, 0
U=y = . . )
0 0 1/ow,

then Q7! = W, as desired.
Therefore, transforming our variables as above, we have

y« = WPy
1ow, 0 -+ 0 n
0 1fow, -+ 0 n
0 0 cee 1/oy, Un

92



y1/0u1

y2/0u2
= ) ,
yn/o'un
X, = ¥'X
:[/O'u1 0 0 Z1,1 Tk,1
0 1/0’u2 0 Z1,2 Tk,2
0 0 1/ou, Tin Thom
331,1/0u1 xk,l/o’ul
$1,2/0uQ $k,2/0u2
T1n/0u, Thn/Ou,
and
u, = Yu
1/0u, 0 e 0 U
0 1/ou, - 0 Us
0 0 o 1oy, Up
ul/aul
u2/auz
Un /O,
So, in this case, the transformed model,
Y. = X f+u,,
can be written as
Y1/0u, r11/0u, Th1/0u, Uy /0w,
Yo/ Ou, T12/0u, - Th2/0u U /Oy,
. = . . 6+
Yn/Ou, m1,n/‘7un xk,n/aun Up [0,
Alternatively, for the ith observation, we have
s
: 1=1,...,n.

Oy

i i

Yo gDy gy
. Ou, Ou, O

i Uj

Estimating this model by OLS is a special case of GLS known as weighted
least squares (or WLS). Of course, this requires knowing the value of each
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oy, (i.e. knowing €), which, as mentioned above, is almost never possible.
Accordingly, we need some method to estimate 2 so that we can use FGLS (or,
in this case, what might be referred to as feasible WLS).

Typically, this is done as follows. Suppose we think that the variance of u
can be explained by Z, an n X r matrix which may or may not include some of the
columns of X. A fairly general non-linear function describing this relationship
is

BE(u?) =2+ ] i=1,...,n

i i

Letting v; denote the difference between E(u?) and u?, we have
2 _ 71 Vr A
up = a1zt oz g, 1=1,...,n,
which is in the form of a non-linear regression model. Unfortunately, we don’t
have time to cover non-linear regression models in this course, but estimating

such a model is certainly possible. However, since we can’t actually observe u?,

we would have to use the residuals from the OLS estimation of model (30) , 42,

in their place. That is, we could estimate the non-linear regression model
A2 8¢ ¥ .
Uy = oz, ..+ apz +ws, 1=1,...,n,

where w; is some error term.?® Using the parameter estimates from this model,
we could construct estimates of o2 as follows:

A2 _ AT ALY
Oy, = Q125 + ...+ QrZ,

T wg, 1=1,...,n.

Using the square root of these estimates, 6,,,, our FGLS estimators are found
by estimating
Ayl R A = Y

Uq Uq Jui Jui

by OLS.

5.4 Autocorrelation

The problem of autocorrelation (or serial correlation) occurs when the
off-diagonal elements in € are non-zero (meaning each u; is no longer indepen-
dent). Here, we will assume that the errors are homoskedastic (meaning each
diagonal element in € is identical), but it is possible that autocorrelation and
heteroskedasticity are simultaneously present.

Autocorrelation is usually encountered in time-series data, where the error
terms may be generated by some autoregressive process. For example, suppose
the error terms follow a (linear) first-order autoregressive process (or AR(1)
process):

Uy = puy_1 + vy, t=1,...,n, (36)

29This model could also be used to testing for the presence of heteroskedasticity. Here, the
null hypothesis would be Hop : 1 = ... = a, = 0 (implying homoskedasticity). An F-test
could be used to test this restriction.
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where
ol <1,
and
v ~ IID(0, 02).

The condition that |p| < 1 is imposed so that the AR(1) process in (36)
is what is known as covariance stationary. A covariance stationary process
for w, is one in which E(u;), Var(u;), and Cov(us, w—j), for any given j, are
independent of ¢.

One way to see this is to imagine that, although we only start observing it
at t = 1, the series for u; has been in existence for an infinite time. First, note
that (36) implies that

Ut—1 = PUt—2 + V¢—1,
Up—2 = PUt—3 + Vi—2,

and so on. Substituting these into (36), we have

ug = plpus—2 +vi_1) + v
= qut72 + pUi—1 + vt
= p2(PUt—3 +ve_2) + pvi—1 + vy
= pPur—z + pPvr_o + pvi_1 + vy,

and so on. Alternatively, this can be rewritten as

U = v+ pu—1 + P 2 + P V2 + PPV ..
oo
- S
i=0

Taking expectations, we have

E(uy) E (Z pivti>

=0

)
=0

since E(v:) = 0. So E(u;) is independent of t.
Next, since v; is 11D,

(o)
Var(u;) = Var <Zpivt_i>
i=0
= meVar(vt,i)
i=0
- S
i=0
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which is a infinite geometric series (since |p| < 1). Therefore, we can write

2
Ty

Var(u;) = =2
So, Var(u;) is also independent of . On the other hand, if |[p| > 1 this infinite
series would not converge (rather, it would “explode”), and therefore depend on
t (and make the process non-stationary).

Finally, let’s consider the covariance between u; and u;_;, for any given j.
First, note that

Cov(ug,us—1) = E(upui—1)
E[(pus—1 + ve)us—1]
E(pui_y + viup—1)
PE(uf—l)
= pVar(ui_1)

po;
1—p%

Similarly,

Cov(ut,up—2) = E(upui—g)

E[(pus—1 + ve)ur—o]
E(pui—1ui—2 + viup_2)
= pE(u—1ut—2)

pPo;

1—p2

Generalizing these two results, we have

j 2
_ oy
COV(Ut7Ut_j) = m,
which is also independent of ¢. Since this result depends on Var(u;) being
constant, it therefore depends on the condition |p| < 1.

Using the above results for Var(u;) and Cov(u,us—;), we have

1 p p2 “en pn_l
5 p2 1 p e pn_z
o O-’U 1 n—
1 p2? p g .
pn—l pn.—2 pn—3 1
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Inverting this matrix, we have

1 —p 0 0
—p 1+p* —p 0
Ql=g2| 0 -p 1+ p? 0
0 0 0 |

(this can be confirmed by showing that QQ! =1,,). So, if we let

Vi-p2 0 0 0
—p 1 0 0

v =0, 0 —p 1 01,
0 0 0 1

then Q! = W' as desired.
Therefore, transforming our variables as above, we have

y. = Py
1—p2 0 0 0 Y1
—p 1 0 0 Y2
0 0 0 1 Yn
y1v/1 = p?
Y2 — pY1
= Oy, Ys — pY2 ,

X, = ¥'X
1-— p2 0 O 0
i1 0 Tk
—r 1 0 T Tk
1,2 " )
= o, 0 —p 1 0
0 O 0 1 Tin = Tkn
riay/1—=p% o mpay/1 - p?
1,2 — PT1,1 Tk,2 — PTk,1
= Oy )
Tin — PTin-1 *°° Tkn — PTkn-—1
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and

u, = Y'u

1—-p2 0 O 0 (51
—p 1 0 0 U2
- o, 0 —p 1 0 ug
0 0 O 1 U,

Ui/ 1-— p2

Uz — puUy

= 0o, uz — pu2 ,

Up — PUn—1
So, in this case, the transformed model,
Y - X*ﬁ + Uy,

can be written as

nvi-—p? T/ 1—=p2 o xpan/1 - p?

Y2 — ph1

1,2 — PT1,1 e Tk,2 — PTk 1
Oy Y3 — PY2 = o, ) . 8
) Tip — PLin—1 *°° Thn — PThn—1
Yn — PYn—1
upy/1 — p?
Uz — puq
+o, Uz — pu2

Up, — PUn_1
Alternatively, for the 1st observation, we have
g1Vl = p2 = Brovri /1 — p2 + .o+ BroutiiV/1 — p? + opury/1 — p2,
and for ¢-th observation, t = 2,...,n, we have
ou(Ye—pyi—1) = Brow(@1,t—pT140-1)F. . .+ Br0w(Tht — pTr t—1) + 00 (Ut — prs—1).

Of course, since o, is a constant, we can divide it out of each side of the above
to get

yivV1—p2=iziaV1—p?+ .+ Brxr V1 — p? +ui/1—p?,
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and

Yt — pyt—1 = P1(@1e — pri—1) + ...+ Br(@ht — prri—1) + e,  t=2,...,m,

respectively. Estimating this model by OLS gives us GLS estimates.

Of course, the parameter p is not usually known in practice, so we need to
somehow estimate it (and therefore €2), and get FGLS estimates. In this case,
we need to resort to a procedure known as iterated FGLS. The steps involved
in this procedure are as follows:

1. Use OLS to estimate (30). Save the residuals, @ =y — Xb.

2. Using the residuals from the previous step, compute the jth estimate of
5(7)
Py P75 as

g Z?:Q Uy

3. Use pU) to get the jth FGLS estimate of (30), b%%LS. Save the updated

residuals, 1 =y — ngéLs.

n A A
() _ Zizz UtUt—1

Repeat Steps 2-3 until
1p) — plu=| <,

and _ _
Ibil1s — bigral <6,

where 0 is some small number (say 0.0001).

5.5 Hypothesis Testing

Hypothesis testing can be done using GLS (or FGLS) estimates in very similar
manner as it was done using OLS estimates. The only difference is that, in
testing the linear restriction imposed by

HoiRﬂ:r,

we use bagrs (or brpgrs) instead of b as an estimate of 3. For now, we will use
use bgrs, but, at the end of this section, we will discuss the effects of using

brcLs.
Note first, that
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and
Var(Rbgrs) = E([RbgLs — E(Rbgis)|[Rbgrs — E(Rbgrs)]’)
= E[(Rbgrs — RB)(RbgLs — RA)']
= E[Rbcrs — RB)(bgrsR — A'R)]
= E[R(bars — 8)(bgLs — )R]
= RE[(baLs — 3)(bars — 8)'IR/
= RVar(bgrs)R/
R(X'Q'X) 'R
Here, if we make the assumption that
u ~ N(0,9),
then
bars ~ N[3, (X'Q71X) 7],
which implies that
Rbcrs ~ N[RB, R(X'Q7'X)"'R],
or, alternatively, that
Rbgrs — R3 ~ N[O, R(X'Q'X)"'R/].
Note that, under the null hypothesis, R3 = r, so we can rewrite the above
" Rbgrs —r ~ N[O, R(X'Q'X)"'R/].
Finally, we can rewrite this in quadratic form to get the test statistic
(Rbars — ) [R(X'Q'X) " 'R/| 7' (Rbers — 1) ~ X{,)-

Note that, here, knowledge of 2 is needed not only to compute bgrs, but
also to construct the the above test statistic. Of course, since we almost never
know €2, we need to use our estimate, Q. Substituting Q for © in the above,
we have the test statistic

(Rbpgrs — ) [R(X’'Q7'X) 'R/} (Rbpars — 1),

whose distribution is very hard to ascertain (even if u is normally distributed).
As a result, it is suggested that a bootstrap procedure be used in such tests.

Appendix A

We showed these results in class. These notes will be eventually updated.

References

Davidson, R. and MacKinnon, J. G. (2004). Econometric theory and methods.
New York, Oxford University Press.

60



