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Introduction

This course is an first introduction to Algebraic Topology from the point of
view of Sheaf Theory. An expanded version of these Notes may be found in
(23], [24].

Algebraic Topology is usually approached via the study of of homology
defined using chain complexes and the fundamental group, whereas, here,
the accent is put on the language of categories and sheaves, with particular
attention to locally constant sheaves.

Sheaves on topological spaces were invented by Jean Leray as a tool to
deduce global properties from local ones. This tool turned out to be ex-
tremely powerful, and applies to many areas of Mathematics, from Algebraic
Geometry to Quantum Field Theory.

The functor associating to a sheaf F' on a topological space X the space
F(X) of its global sections is left exact, but not right exact in general. The
derived functors H’(X; F') encode the ¢ ‘obstructions” to pass from local to
global. Given a ring k, the cohomology groups H’(X;kx) of the sheaf kx
of k-valued locally constant functions is therefore a topological invariant of
the space X. Indeed, it is a homotopy invariant, and we shall explain how
to calculate H?(X;kx) in various situations.

We also introduce the fundamental group m(X) of a topological space
(with suitable assumptions on the space) and prove an equivalence of cate-
gories between that of finite dimensional representations of this group and
that of local systems on X. As a byproduct, we deduce the Van Kampen
theorem from the theorem on the glueing of sheaves defined on a covering.

Lectures will be organized as follows.

Chapter 1 is a brief survey of linear algebra over a ring. It serves as a
guide for the theory of additive and abelian categories which is exposed in
the subsequent chapters.

In Chapter 2 we expose the basic language of categories and functors.
A key point is the Yoneda lemma, which asserts that a category C may be
embedded in the category C” of contravariant functors on C with values in
the category Set of sets. This naturally leads to the concept of representable
functor. Next, we study inductive and projective limits in some detail and
with many examples.

Chapters 3 and 4 are devoted to additive and abelian categories. The
aim is the construction and the study of the derived functors of a left (or
right) exact functor F' of abelian categories. Hence, we start by studying
complexes (and double complexes) in additive and abelian categories. Then
we briefly explain the construction of the right derived functor by using
injective resolutions and later, by using F-injective resolutions. We apply
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these results to the case of the functors Ext and Tor.

In Chapter 5, we study abelian sheaves on topological spaces (with a
brief look at Grothendieck topologies). We construct the sheaf associated
with a presheaf and the usual internal operations (Hom and ®) and external
operations (direct and inverse images). We also explain how to obtain locally
constant or locally free sheaves when glueing sheaves.

In Chapter 6 we prove that the category of abelian sheaves has enough
injectives and we define the cohomology of sheaves. We construct resolutions
of sheaves using open or closed Cech coverings and, using the fact that the
cohomology of locally constant sheaves is a homotopy invariant, we show how
to compute the cohomology of spaces by using cellular decomposition. We
apply this technique to deduce the cohomology of some classical manifolds.

In Chapter 7, we define the fundamental groupoid 7 (X) of a locally

arcwise connected space X as well as the monodromy of a locally constant
sheaf and prove that under suitable assumptions, the monodromy functor is
an equivalence. We also show that the Van Kampen theorem may be deduced
from the theorem on the glueing of sheaves and apply it in some particular
sitations.
Conventions. In these Notes, all rings are unital and associative but not
necessarily commutative. The operations, the zero element, and the unit are
denoted by +, -, 0, 1, respectively. However, we shall often write for short ab
instead of a - b.

All along these Notes, k will denote a commutative ring. (Sometimes, k
will be a field.)

We denote by ) the empty set and by {pt} a set with one element.

We denote by N the set of non-negative integers, N ={0,1,...}.



Chapter 1

Linear algebra over a ring

This chapter is a short review of basic and classical notions of commutative
algebra.

Many notions introduced in this chapter will be repeated later in a more
general setting.
Some references: [1], [4].

1.1 Modules and linear maps

All along these Notes, k is a commutative ring.

Let A be a k-algebra, that is, a ring endowed with a morphism of rings
¢: k — A such that the image of k is contained in the center of A. Notice
that a ring A is always a Z-algebra. If A is commutative, then A is an
A-algebra.

Since we do not assume A is commutative, we have to distinguish between
left and right structures. Unless otherwise specified, a module M over A
means a left A-module.

Recall that an A-module M is an additive group (whose operations and
zero element are denoted +,0) endowed with an external law A x M — M
satisfying:

(ab)ym = a(bm)
bym = am + bm
+m') = am + am’

where a,b € A and m,m’ € M.
Note that M inherits a structure of a k-module via . In the sequel, if
there is no risk of confusion, we shall not write .

7
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We denote by A°P the ring A with the opposite structure. Hence the
product ab in A°P is the product ba in A and an A°®-module is a right A-
module.

Note that if the ring A is a field (here, a field is always commutative),
then an A-module is nothing but a vector space.

Examples 1.1.1. (i) The first example of a ring is Z, the ring of integers.
Since a field is a ring, Q, R, C are rings. If A is a commutative ring, then
Alxy, ..., ], the ring of polynomials in n variables with coefficients in A, is
also a commutative ring. It is a sub-ring of A[[z,. .., x,]], the ring of formal
powers series with coefficients in A.
(ii) Let k be a field. Then for n > 1, the ring M, (k) of square matrices of
rank n with entries in &k is non commutative.
(iii) Let k& be a field. The Weyl algebra in n variables, denoted W, (k), is the
non commutative ring of polynomials in the variables z;, 9; (1 < i,j < n)
with coefficients in k, and relations :

[z, 2;] =0, [0;,0;] =0, [0;,2:] =
where [p, ¢] = pg — gp and &’ is the Kronecker symbol.

The Weyl algebra W, (k) may be regarded as the ring of differential op-
erators with coefficients in klxy,...,z,|, and k[zq,...,z,] becomes a left
W, (k)-module: z; acts by multiplication and 0; is the derivation with re-
spect to x;.

A morphism f: M — N of A-modules is an A-linear map, i.e., f satisfies:

{ fm+m') = f(m)+ f(m') m,m € M
flam) =af(m) me M,a€ A.

A morphism f is an isomorphism if there exists a morphism g : N — M
with fog=1idy,go f =idyy.

If f is bijective, it is easily checked that the inverse map f~!: N — M
is itself A-linear. Hence f is an isomorphism if and only if f is A-linear and
bijective.

A submodule N of M is a subset N of M such that n,n’ € N implies
n+n € N and n € N,a € A implies an € N. A submodule of the
A-module A is called an ideal of A. Note that if A is a field, it has no
non trivial ideal, i.e., its only ideals are {0} and A. If A = Clz], then
I ={P € C[z]; P(0) = 0} is a non trivial ideal.

If N is a submodule of M, the quotient module M /N is characterized
by the following “universal property”: for any module L, any morphism
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h: M — L which induces 0 on N factorizes uniquely through M/N. This is
visualized by the diagram

N—=M— M/N
e
s h
L

Let I be a set, and let {M;};c; be a family of A-modules indexed by I. The
product [[, M; is the set of families {(x;);e;} with x; € M;, and this set
naturally inherits a structure of an A-module. There are natural surjective
morphisms:

e HMi—>Mk.

Note that given a module L and a family of morphisms f;: L — M;, this
family factorizes uniquely through [[, M;. This is visualized by the diagram

The direct sum €D, M; is the submodule of [[, M; consisting of families
{(z;)ier} with x; = 0 for all but a finite number of ¢ € I. In particular,
if the set I is finite, the natural injection @, M; — [[, M, is an isomorphism.
There are natural injective morphisms:

ngkﬁ@Mz

We shall sometimes identify M, to its image in @, M; by ;. Note that given
a module L and a family of morphisms f;: M; — L, this family factorizes
uniquely through €, M;. This is visualized by the diagram
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If M; = M for all i € I, one writes:
MO =P M, M =]]M.

An A-module M is free of rank one if it is isomorphic to A, and M is free
if it is isomorphic to a direct sum @ie ; Li, each L; being free of rank one.
If card (I) is finite, say r, then r is uniquely determined and one says M is
free of rank 7.

Let f: M — N be a morphism of A-modules. One sets :

Kerf = {meM; f(m)=0}
Imf = {neN; thereexists me M, f(m)=n}.

These are submodules of M and N respectively, called the kernel and the
image of f, respectively. One also introduces the cokernel and the coimage

of f:
Coker f=N/Im f, Coim f = M/ Ker f.

Since the natural morphism Coim f — Im f is an isomorphism, one shall not
use Coim when dealing with A-modules.

If (M;);es is a family of submodules of an A-module M, one denotes by
>; M; the submodule of M obtained as the image of the natural morphism
€, M; — M. This is also the module generated in M by the set [ J, M;. One
calls this module the sum of the M,’s in M.

Example 1.1.2. Let W, (k) denote as above the Weyl algebra. Consider
the left W, (k)-linear map W, (k) — k[xy,...,z,], Wy(k) > P — P(1) €
klx1,...,2,). This map is clearly surjective and its kernel is the left ideal
generated by (0y,---,0,). Hence, one has the isomorphism of left W, (k)-
modules:

(1.1) Wn(k:)/ZWn(k)aj s klx, .. a)-

1.2 Complexes

Definition 1.2.1. A complex M* of A-modules is a sequence of modules
M j € Z and A-linear maps d), : M7 — MI+! such that &}, o d’;" = 0 for
all 7.
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One writes a complex as:

. & )
M® oo — M) 25 M —

If there is no risk of confusion, one writes M instead of M*®. One also often
write d’ instead of d9,.
A morphism of complexes f : M — N is a commutative diagram:
k—1

d
_>Mk—1L>Mk_>

e

- 5 Nk—l Nk

k—1
dN

Remark 1.2.2. One also encounters finite sequences of morphisms
MY N L p i

such that d” o d* ! = 0 when it is defined. In such a case we also call such a
sequence a complex by identifying it to the complex

._>0_>Mjd_j>Mj+1_>..._>Mj+k_>o_>...
In particular, M’ LM% M s a complex if go f = 0.
Consider a sequence
(1.2) M’ LM % M7, with gof = 0. (Hence, this sequence is a complex.)
Definition 1.2.3. (i) The sequence (1.2) is exact if Im f == Ker g.

(ii) More generally, a complex MJ — ... — MJ* is exact if any sequence
Mt — M™ — M™H! extracted from this complex is exact.

(iii) An exact complex 0 — M’ — M — M"” — 0 is called a short exact
sequence.

Example 1.2.4. Let A = k[z1, x2] and consider the sequence:
0— A Li A28 0

where d°(P) = (x1 P, xoP) and d'(Q, R) = 72Q — 1 R. One checks immedi-
ately that d' o d® = 0: the sequence above is a complex.
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One defines the k-th cohomology object of a complex M* as:
H*(M*®) = Kerd*/Imd" .

Hence, a complex M* is exact if all its cohomology objects are zero, that is,
Im d*~! = Ker d* for all k.

If f*: M* — N*® is a morphism of complexes, then for each j, f’ sends
Ker d’,. to Ker d}. and sends Im d},. to Tm d’.'. Hence it defines the mor-
phism

HI(f*): H(M*) — H’(N®).
One says that f is a quasi-isomorphism (a qis, for short) if H7(f) is an
isomorphism for all 7.
As a particular case, consider a complex M* of the type:

0— ML At —o.

Then H°(M*®) = Ker f and H'(M?*) = Coker f.
To a morphism f : M — N one then associates the two short exact
sequences :

0—Kerf— M —1Imf—0,
0—Imf— N — Coker f — 0,

and f is an isomorphism if and only if Ker f = Coker f = 0. In this case one
writes :
f:M=5N.

One says f is a monomorphism (resp. epimorphism) if Ker f (resp. Coker f)
= 0.

Proposition 1.2.5. Consider an exact sequence
(1.3) 0—MLmLm o
Then the following conditions are equivalent:

(a) there exists h: M" — M such that g o h = idy»,
(b) there exists k : M — M’ such that ko f =idyy

(c) there exists h : M" — M and k : M — M’ such that such that idy, =
fok+hog,
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(d) there exists p = (k,g) : M — M'®M" and = (f+h) : M'&M" — M,
such that ¢ and i are isomorphisms inverse to each other. In other

words, the exact sequence (1.3) is isomorphic to the exact sequence 0 —
M’—>M’@M”—>M”—>O.

Proof. (a) = (c). Since g = go ho g, we get go (idyy —h o g) = 0, which
implies that idy; —h o g factors through Ker g, that is, through M’. Hence,
there exists k : M — M’ such that idy; —hog = fok.

(b) = (c). The proof is similar and left to the reader.

(¢) = (a). Since go f =0, we find g = gohog, that is (goh —idy~)og = 0.
Since ¢ is onto, this implies g o h — idy» = 0.

(¢) = (b). The proof is similar and left to the reader.

(d) & (a)&(b)&(c) is obvious. q.e.d.

Definition 1.2.6. In the above situation, one says that the exact sequence
(1.3) splits.

If A is a field, all exact sequences split, but this is not the case in general.
For example, the exact sequence of Z-modules

072237 —7/27 —0

does not split.

1.3 The functor Hom

In this section, A denotes a k-algebra and the notation M € Mod(A) means
that M is an A-module. One calls Mod(A) the category of A-modules. (A
precise definition will be given in Chapter 2.)

Let M and N be two A-modules. One denotes by Hom ,(M,N) the
set of A-linear maps f: M — N. This is clearly a k-module. In fact one
defines the action of k on Hom ,(M, N) by setting: (Af)(m) = A(f(m)).
Hence (Af)(am) = Af(am) = daf(m) = a\f(m) = a(Af(m)), and \f €
Hom ,(M, N).

We shall often set for short

Hom (M, N) = Hom (M, N).

Notice that if K is a k-module, then Hom (K, M) is an A-module.

There is a natural isomorphism Hom , (A4, M) ~ M: to u € Hom ,(A, M)
one associates u(l) and to m € M one associates the linear map A —
M,a — am. More generally, if I is an ideal of A then Hom ,(A/I, M) ~
{m € M;Im = 0}.
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Functors

Although the general definition of a functor will be given in Chapter 2, we
give it in the particular case of categories of modules.

Let A and B be two k-algebras. A functor F': Mod(A) — Mod(B) as-
sociates a B-module F'(M) to each A-module M and associates a B-linear
map F(f): F(M) — F(N) to each A-linear map f: M — N such that:

F(idys) = idpy for any A-module M,
F(go f)=F(f)o F(g) for any morphisms M LN L

A functor F': Mod(A) — Mod(B) is k-additive if it commutes to finite direct
sums, i.e., F(M @& N) ~ F(M) & F(N) and the map

F: Hom ,(M,N) — Hom 4(F (M), F(N)

is k-linear.

A contravariant functor is almost the same as a functor, with the dif-
ference that it reverses the direction of the arrows. Hence, to a morphism
f: M — N, a contravariant functor G: Mod(A) — Mod(B) associates a
morphism G(f): G(N) — G(M) and satisfies

G(go f) =G(f)oG(g)
The functors Hom , (M, +) and Hom ,(+, N)
Let M € Mod(A). The functor
Hom ,(M, «): Mod(A) — Mod(k)

associates Hom , (M, K') to the A-module K and to an A-linear map g : K —
L it associates

Hom ,(M, g) : Hom ,(M,K) %5 Hom ,(M, L)

MEK) - MEKLL)

Clearly, Hom 4, (M, «) is a functor from the category Mod(A) of A-modules
to the category Mod(k) of k-modules.
Similarly, for N € Mod(A), the contravariant functor

Hom ,(+, N): Mod(A) — Mod(k)



1.3. THE FUNCTOR HOM 15

associates Hom , (K, N) to the A-module K and to an A-linear map g : K —
L it associates

Hom ,(g, N) : Hom ,(L,N) % Hom ,(K,N)
LEN) - (KSLEN),

Clearly, the two functors Hom , (A, ) and Hom ,(+, N) commute to finite
direct sums or finite products, i.e.,

Hom ,(K @ L,N) ~ Hom ,(K,N) x Hom ,(L,N)
Hom ,(M, K x L) Hom ,(M, K) x Hom ,(M, L).

12

Hence, these functors are additive.

Exactness

Proposition 1.3.1. (a) Let 0 — M’ LM L M bea complex of A-
modules. The assertions below are equivalent.
(i) the sequence is exact,
(il) M’ is isomorphic by f to Kerg,

(i) any morphism h : L — M such that g o h = 0, factorizes uniquely
through M" (i.e., h = foh', with b’ : L — M"). This is visualized
by

(iv) for any module L, the sequence of k-modules
(14)  0— Hom 4(L,M’) — Hom ,(L, M) — Hom ,(L, M")
1S exact.

(b) Let M’ LML M —0bea complex of A-modules. The assertions
below are equivalent.

(i) the sequence is exact,

(ii) M" is isomorphic by g to Coker f,



16 CHAPTER 1. LINEAR ALGEBRA OVER A RING

(i) any morphism h : M — L such that ho f =0, factorizes uniquely
through M" (i.e., h = h" og, with k" : M" — L). This is visualized
by

M L vy ——0

N
L

(iv) for any module L, the sequence of k-modules

(1.5) 0 — Hom ,(M",L) — Hom ,(M, L) — Hom ,(M’, L)
18 exact.

Proof. (a) (i) = (ii) is obvious, as well as (ii) = (iii), since any linear map
h . L — M such that g o h = 0 factorizes uniquely through Ker g, and this
characterizes Ker g. Finally, (iii) < (iv) is tautological.

(b) The proof is similar. q.e.d.

Definition 1.3.2. (i) An additive functor F': Mod(A) — Mod(B) is left
exact if for any exact sequence 0 — M’ — M — M" in Mod(A), the
sequence 0 — F(M') — F(M) — F(M") in Mod(B) is exact.

(ii) An additive functor F': Mod(A) — Mod(B) is right exact if for any ex-
act sequence M — M — M"” — 0 in Mod(A), the sequence F'(M') —
F(M) — F(M") — 0 in Mod(B) is exact.

(iii) An additive contravariant functor G: Mod(A) — Mod(B) is left exact
if for any exact sequence M’ — M — M"” — 0 in Mod(A), the sequence
0— GM") - G(M) — G(M') in Mod(B) is exact.

(iv) An additive contravariant functor G: Mod(A) — Mod(B) is right exact
if for any exact sequence 0 — M’ — M — M" in Mod(A), the sequence
GM") - G(M) - G(M') — 0 in Mod(B) is exact.

(v) An additive functor is exact if it is both right and left exact.

Hence, the fact that (a)—(i) < (a)—(iv) and (b)—(i) < (b)—(iv)) is formu-
lated by saying that Hom ,(+, L) and Hom ,(L, +)) are left exact functors.

Note that if A = k is a field, then Hom (M, k) is the algebraic dual of
M , the vector space of linear functional on M, usually denoted by M*. If M
is finite dimensional, then M ~ M**. If u : L — M is a linear map, the map
Hom, (u, k) : M* — L* is usually denoted by "u and called the transpose of
u.
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Lemma 1.3.3. Consider an additive functor F': Mod(A) — Mod(B) and
assume that for each exact sequence 0 — M’ — M — M" — 0 in Mod(A),
the sequence 0 — F(M') — F(M) — F(M") is exact in Mod(B). Then F
is left exact.

Proof. Consider an exact sequence 0 — M’ I M = L and denote by M" the
cokernel of f. We get an exact sequence 0 — M’ — M — M" — 0, hence, by
the hypothesis, an exact sequence 0 — F(M') — F(M) — F(M"). On the
other hand, the map M — L factorizes through a map h: M"” — L which is
clearly injective. Consider the exact sequence 0 — M"” — L — Coker h — 0.
Applying the functor F, we obtain that F'(M") — F(L) is injective. Since
the map F(M) — F(L) factorizes through F(M) — F(M"), the kernel of
F(M) — F(L) is isomorphic to the kernel of F(M) — F(M"). It follows
that the sequence 0 — F(M') — F(M) — F(L) is exact. q.e.d.

There is a similar result for right exact functors and for contravariant func-
tors. Moreover:

Lemma 1.3.4. Consider an additive functor F': Mod(A) — Mod(B). The
conditions below are equivalent:

(i) F is ezxact,

(i) for any exact sequence M' — M — M" in Mod(A), the sequence
FM') — F(M) — F(M") is exact in Mod(B),

(iii) for any exact sequence 0 — M' — M — M" — 0 in Mod(A), the
sequence 0 — F(M') — F(M) — F(M") — 0 is ezact in Mod(B).

The proof is left as an exercise.

Example 1.3.5. The functors Hom ,(+, L) and Hom ,(M, +) are not right
exact in general. In fact choose A = k[z|, with %k a field, and consider the
exact sequence of A-modules:

(1.6) 0— A5 A— AJAz — 0

(where -z means multiplication by z). Apply Hom ,(-, A) to this sequence.
We get the sequence:

0 — Hom ,(A/Az,A) - A= A —0

which is not exact since z- is not surjective. On the other hand, since z- is
injective and Hom ,(«, A) is left exact, we find that Hom ,(A/Axz, A) = 0.



18 CHAPTER 1. LINEAR ALGEBRA OVER A RING

Similarly, apply Hom ,(A/Az, *) to the exact sequence (1.6). We get the
sequence:

0 — Hom ,(A/Az, A) — Hom ,(A/Az, A) — Hom ,(A/Az, A/Azx) — 0.

Since Hom ,(A/Axz, A) = 0 and Hom ,(A/Axz, A/Az) # 0, this sequence is
not exact.

Notice moreover that the functor Hom ,(e, «) being additive, it sends
split exact sequences to split exact sequences. This shows again that (1.6)
does not split.

The next result is of constant use.

Proposition 1.3.6. Let f : M — N be a morphism of A-modules. The
conditions below are equivalent:

(i) f is an isomorphism,

(ii) for any A-module L, the map Hom ,(L, M) L, Hom ,(L, N) is an iso-
morphism,

(ili) for any A-module L, the map Hom ,(N, L) o, Hom ,(M, L) is an iso-
morphism.

Proof. (i) = (ii) and (i) = (iii) are obvious.

(ii) = (i). Choose L = A.

(iii) = (i). By choosing L = M and idy; € Hom (M, M) we find that there
exists g : N — M such that go f = idy;. Hence, f is injective and moreover,
by Proposition 1.2.5 there exists an isomorphism N ~ M & P. Therefore,
Hom ,(P, L) ~ 0 for all module L, hence Hom ,(P, P) ~ 0, and this implies
P ~0. q.e.d.

Injective and projective modules

Definition 1.3.7. (i) An A-module I is injective if for any exact sequence
0 — M — M — M" in Mod(A), the sequence Hom ,(M",I) —
Hom ,(M,I) — Hom ,(M’,I) — 0 is exact in Mod(k) or, equivalently,
if the functor Hom , (¢, ) is exact.

(ii)) An A-module P is projective if for any exact sequence M’ — M —
M" — 0 in Mod(A), the sequence Hom ,(P, M') — Hom ,(P, M) —
Hom , (P, M") — 0 is exact in Mod(k) or, equivalently, if the functor
Hom , (P, +) is exact.
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Proposition 1.3.8. An A-module I is injective if and only if for any solid
diagram in which the row is exact:

0—= M —L~

+

I

the dotted arrow may be completed, making the diagram commutative.

Proof. (i) Assume that [ is injective and let M” denote the cokernel of the
map M' — M. Applying Hom , (-, I) to the sequence 0 — M’ — M — M",
one gets the exact sequence:

Hom ,(M", T) — Hom ,(M,T) <5 Hom ,(M’, T) — 0.
Thus there exists h: M — I such that ho f = k.

(ii) Conversely, consider an exact sequence 0 — M’ LM L M” = 0. Then

the sequence 0 — Hom ,(M", I) ok, Hom , (M, I) =, Hom ,(M',I) — 0 is
exact by Proposition 1.3.1 and the hypothesis.
To conclude, apply Lemma 1.3.3. q.e.d.

By reversing the arrows, we get a similar result assuming P is projective. In
other words, P is projective if and only if for any solid diagram in which the
row is exact:

P
M——=M"——0

the dotted arrow may be completed, making the diagram commutative.

A free module is projective and if A = k is a field, all modules are both
injective and projective.
Generators and relations

Suppose one is interested in studying a system of linear equations
No

(17) Zpljuj = ;, (Z: 1,,N1)
j=1

where the p;;’s belong to the ring A and u;, v; belong to some left A-module
L. Using matrix notations, one can write equations (1.7) as

(1.8) Pu=w
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where P is the matrix (p;;) with N; rows and Ny columns, defining the
A-linear map P-: L™ — L™ . Now consider the right A-linear map

(1.9) P AN s AN

where - P operates on the right and the elements of AM and AN are written
as rows. Let (ey,...,en,) and (fi,..., fn,) denote the canonical basis of AN
and AM | respectively. One gets:

No
j=1

Hence Im P is generated by the elements Zﬁvﬁl pijej fori =1,..., N;. Denote
by M the quotient module AM /ANt . P and by ¢ : AN — M the natural A-
linear map. Let (uq,...,uy,) denote the images by 9 of (e1,...,en,). Then
M is aleft A-module with generators (uy, ..., uy,) and relations Zj\f:ol Pijl; =
0 for i = 1,..., N;. By construction, we have an exact sequence of left A-
modules:

(1.11) AN B ANo B ar o,

Applying the left exact functor Hom ,(+, L) to this sequence, we find the
exact sequence of k-modules:

(1.12) 0 — Hom ,(M, L) — L™ 2 1M

Hence, the k-module of solutions of the homogeneous equations associated
to (1.7) is described by Hom 4 (M, L).

1.4 Tensor product

The tensor product, that we shall construct below, solves a “universal prob-
lem”. Namely, consider a right A-module N, a left A-module M, and a
k-module L. Let us say that a map f : N x M — L is (A, k)-bilinear if
f is additive with respect to each of its arguments and satisfies f(na,m) =
f(n,am), f(n(A),m) = X(f(n,m)) for all (n,m) € N x M and a € A\ € k.

We shall construct a k-module denoted N ®, M such that f factors
uniquely through the bilinear map N x M — N ®, M followed by a k-linear
map N ®, M — L. This is visualized by:

NxM—>N®, M

v
L
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First, remark that one may identify a set I to a subset of k() as follows: to
i € I, we associate {/;};e; € k') given by

Lif i
(1.13) =4 ITh
0if j #1.

The tensor product N ®, M is the k-module defined as the quotient of
EN>M) by the submodule generated by the following elements (where n,n’ €
N,m,m' € M,a € A\ € k and N x M is identified to a subset of k(V*M)):

(n+n';m)— (n,m) — (n',m)
(n,m+m') — (n,m) — (n,m’)
(na,m) — (n,am)
A(n,m) — (nA\,m).

The image of (n,m) in N®, M is denoted n®@m. Hence an element of N® , M
may be written (not uniquely!) as a finite sum >, n; ® my;, n; € N,m; € M
and:

(n+n)@m=n®@m+n @m

n@(m+m)=n@m+nem

na®m=nam

A(n®@m) =nA®@m=n®® Am.

Consider an A-linear map f : M — L. It defines a linear map idy X f :
N xM — N x L, hence a (A, k)-bilinear map N x M — N ®, L, and finally
a k-linear map

dy@f : No, M - N®, L.

One constructs similarly g ® id,; associated to g : N — L.
Tensor product commutes to direct sum, that is, there are natural iso-
morphisms:

(NeN)o,M ~ (Ne, M)o (N ®, M),
Ne, MeM) ~ (Ng,M)a (N, M).

Clearly, we have constructed additive functors

N ®, *: Mod(A) — Mod(k),
» ®, N: Mod(A%) — Mod(k).

Note that if A is commutative, there is an isomorphism: N ®, M ~
M ®, N, given by n ® m + m ® n and moreover the tensor product is
associative, that is, if L, M, N are A-modules, there are natural isomorphisms
Lo, (M®,N)~(L®, M)®,N. One simply writes L ®, M ®, N.
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There is a natural isomorphism A ®, M ~ M. We shall often write for
short
M&, N=M®®N.

Sometimes, one has to consider various rings. Consider two k-algebras,
Aj and Ay. Then A; ® Ay has a natural structure of a k-algebra, by setting

(al ®CL2) . (bl & bg) = a1b1 ®a2b2.

An (A; ® A3P)-module M is also called a (A;, Az)-bimodule (a left A;-module
and right As-module). Note that the actions of A; and Ay on M commute,
that is,

a1asm = asam, a1 € Ay, ag € Ay, m € M.

Let Ay, As, A3, A4 denote four k-algebras.
Proposition 1.4.1. Let ;M; be an (A; ® Aj")-module. Then

1My ®,, 2 M3 is an (A @ A3)-module,
Hom , (1 My, 1 M3) is an (Az ® A3”)-module,

and there is a natural isomorphism of Ay ® A3®-modules
(114) HOHlAl(lM4, I‘IOI’HA2 (ng, 2M3)) ~ HomA2(2M1 ®A1 1M4, 2M3).

In particular, if A is a k-algebra, M, N are left A-modules and L is a
k-module, we have the isomorphisms

(1.15) Hom ,(L ®, N,M) ~ Hom ,(N,Hom, (L, M))
Hom (L, Hom ,(N, M)).

12

Proof. We shall only prove (1.15) in the particular case where A = k. In
this case, Hom , (L ®, N, M) is nothing but the k-module of k-bilinear maps
from L x N to M, and a k-bilinear map from L x N to M defines uniquely
a linear map from L to Hom ,(N, M) and conversely. q.e.d.

Consider the functors
P(+):=L®, »: Mod(A) — Mod(A),
U(+):=Hom,(L,+): Mod(A) — Mod(A),

P'(+):=+ ®, N: Mod(k) — Mod(A),
¥'(+):=Hom ,(N, *): Mod(A) — Mod(k).
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The isomorphisms in (1.15) become:

Hom ,(®(N), M) ~ Hom , (N, ¥(M))
Hom ,(®'(N), M) ~ Hom , (N, ¥'(M))

One translates these isomorphisma (see Chapter 2 below) by saying that
(P, V) and (®', V') are pairs of adjoint functors.

Proposition 1.4.2. If M' — M — M" — 0 is an exact sequence of left A-
modules, then the sequence of k-modules N9, M" — N@, M — N®,M" — 0
1S exact.

Proof. By Proposition 1.3.1 (b), it is enough to check that for any k-module
L, the sequence

0 — Hom , (N ®, M",L) — Hom,(N ®, M, L) — Hom (N ®, M', L)
is exact. This sequence is isomorphic to the sequence

0 — Hom, (M",Hom ,(N, L)) — Hom , (M, Hom ,(N, L))
— Hom, (M',Hom ,(N, L))

and it remains to apply Proposition 1.3.1 ((b), (i) = (ii)). q.e.d.

Hence, » ®, M: Mod(A°?) — Mod(k) and N ®, *: Mod(A) — Mod(k) are
right exact functors.

Example 1.4.3. « ®, M is not left exact in general. In fact, consider the
commutative ring A = Clz] and the exact sequence of A-modules:

0—- A5 A— A/zA — 0.
Apply « ®, A/Ax. We get the sequence:
0— AJAz =5 AJAr — AJzA®, A/Az — 0
Multiplication by x is 0 on A/Azx. Hence this sequence is the same as:
0— AJAz S AJAz — AJAz @, AJAz — 0

which shows that A/Ax ®, A/Ax ~ A/Azx and moreover that this sequence
1s not exact.
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Definition 1.4.4. (i) An A°°-module N is flat if for any exact sequence
0 —- M — M — M" in Mod(A), the sequence 0 — N ®, M' —
N®,M — N®, M" is exact in Mod(k). In other words, N is flat if
and only if the functor N ®, « is exact.

(ii) If N is flat and moreover N ®, M = 0 implies M = 0, one says that N
is faithfully flat.

(iii) Similarly, an A-module N is flat if the functor » ®, N is exact and N
is faithfully flat if moreover M ®, N = 0 implies M = 0.

One proves easily that a projective module is flat (see Exercise 1.2).

1.5 Limits

Definition 1.5.1. Let I be a set.

(i) An order < on I is a relation which satisfies: (a) i <4, (b) i < j &
Jj < kimplies i <k, (c) i < j and j < implies ¢ = j.

(ii) The opposite order (I, <°P) is defined by ¢ <°P j if and only if j < 4.
(iii) An order is discrete if ¢ < j implies ¢ = j.
The following definition will be of constant use.
Definition 1.5.2. Let (I, <) be an ordered set.

(i) One says that (I,<) is filtrant (one also says “directed”) if for any
1,7 € I there exists k with ¢+ < k and 7 < k.

(ii) Assume [ is filtrant and let J C I be a subset. One says that J is
cofinal to [ if for any ¢ € I there exists 5 € J with i < j.

Let (I,<) be a ordered set and let A be a ring. A projective system
{N;,vi;} of A-modules indexed by (I, <) is the data for each i € I of an A-
module N; and for each pair 7, j with ¢ < j of an A-linear map v;; : N; — N;,
such that for all ¢, 7, k with « < j and j < k:

Vi = 1dNi
(%7 e} Uik = Vik-

Consider the “universal problem”: to find an A-module N and linear
maps v; : N — N; satisfying v;; o v; = v; for all ¢« < j, such that for any
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A-module L and linear maps g; : L — N;, satisfying v;;0g; = g; for all 7 < j,
there is a unique linear map ¢ : L. — N such that g; = v; o g for all 7. If such
a family (N, v;) exists (and we shall show below that it does), it is unique up
to unique isomorphism and one calls it the projective limit of the projective
system (NNj, vi;), denoted lim N;. This problem is visualized by the diagram:

Ni
9i /
L .......... > l%l Nk Vij

An inductive system {M;, u;;} of A-modules indexed by (1, <) is the data for
each 7 € I of an A-module M; and for each pair i, 7 with + < j of an A-linear
map uj; : M; — M;, such that for all ¢, j, k with ¢ < j and j < k:

ug; = idyy,

Ukj © Uj; = Uks-

Note that a projective system indexed by (I, <) is nothing but an inductive
system indexed by (I, <P).

Consider the “universal problem”: to find an A-module M and linear
maps u; : M; — M satisfying u; o u;; = u; for all ¢ < j, such that for any
A-module L and linear maps f; : M; — L satistying f;ou;; = f; for all ¢ < j,
there is a unique linear map f : M — L such that f; = fouw; for all i. If such
a family (M, u;); exists (and we shall show below that it does), it is unique
up to unique isomorphism and one calls it the inductive limit of the inductive
system (M;, uj;), denoted lim M;. This problem is visualized by the diagram:
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Theorem 1.5.3. (i) The projective limit of the projective system {N;,v;; }
is the A-module

The maps v; : im N; — N; are the natural ones.
J

(ii) The inductive limit of the inductive system {M;, w;;} is the A-module

l1mM @M

el

where N is the submodule of @,.; M; generated by {x; — uji(x;); x; €
M;,i < j}. The maps u; : M; — h_r)nMj are the natural ones.
J
Note that if [ is discrete, then lim M; = €. M; and lim N; = []. V;.
_4) (] <_ (2
The proof is straightforward.
The universal properties on the projective and inductive limit are better
formulated by the isomorphisms which characterize lin N; and h_r)n M;:

7 %

(1.16) HomA(L,liLnNi) = @HomA(L,NZ-),
(1.17) HomA(@Mi,L) = @HomA(Mi,L).

There are also natural morphisms

(1.18) li_'n)lHomA(L,Mi) — HomA(L,@Mi)
(1.19) lim Hom ,(N;, L) — Hom ,(lim N;, L).

% %

One should be aware that morphisms (1.18) and (1.19) are not isomorphisms
in general (see Example 1.5.7 below).

Proposition 1.5.4. Let M’ M; 25 M be a family of exact sequences of
A-modules, indexed by the set I. Then the sequences

are exact.
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The proof is left as an (easy) exercise.

Proposition 1.5.5. (i) Consider a projective system of exact sequences of
A-modules: 0 — Nj ELR VAN N{'. Then the sequence 0 — lim N; =N
lim N; % lim N is ezact.
— —
(ii) Consider an inductive system of exact sequences of A-modules: M| ELN
M; 25 M — 0. Then the sequence lim M! L tim M; 2 lim M — 0 is
— — —

ezxact.

Proof. (i) Since lim V] is a submodule of [[; NV, the fact that f is injective
follows from Proposition 1.5.4. Let {z;}; € lim NN; with g({z;};) = 0. Then

gi(x;) = 0 for all 7, and there exists a unique z; € N/ such that x; = f;(z}).
One checks immedialtely that the element {z}}; belongs to lim N;.

(ii) Let L be an A-module. The sequence

0 — Hom ,(lim A", L) — Hom ,(lim M;, L) — Hom ,(lim M, L)

7 7 i

is isomorphic to the sequence

0— llmHomA(M' L)— liLnHomA(Mi,L) — liLnHomA(Mi', L)
and this sequence is exact by (i) and Proposition 1.3.1. Then the result
follows, again by Proposition 1.3.1. q.e.d.

One says that “the functor lim is right exact”, and “the functor lim is
H %

left exact”. We shall give a precise meaning to these sentences in Chapter 2.

Remark 1.5.6. (i) If all M;’s are submodules of a module M, and if the
maps uj; : M; — M;, (i < j) are the natural injective morphisms, then

(ii) If all M;’s are submodules of a module M, and if the maps v;; : M; —
M;, (i < j) are the natural injective morphisms, then lim M; ~ (1, M;.

Example 1.5.7. Let k be a commutative ring and consider the k-algebra
A := k[z]. Denote by I = A - x the ideal generated by z. Notice that
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A/I"T ~ k[z]=", where k[z]=" denotes the k-module consisting of polyno-
mials of degree less than or equal to n.
(i) For p < n there are monomorphisms w,, : k[z]=P—k[z]=" which define an
inductive system of k-modules. One has the isomorphism

k[z] = lim kfz]=".

n

Notice that idgp,) & lim Hom  (k[z], k[z]="). This shows that the morphism

(1.18) is not an isomorphism in general.

(ii) For p < n there are epimorphisms v, : A/I"»A/I? which define a
projective system of A-modules whose projective limit is k[[x]], the ring of
formal series with coefficients in k.

(iii) For p < n there are monomorphisms I™—I? which define a projective
system of A-modules whose projective limit is 0.

(iv) We thus have a projective system of complexes of A-modules

Ly:0—-1"—>A— A/I"— 0.

Taking the projective limit, we get the complex 0 — 0 — k[z] — k[[z]] — 0
which is no more exact.

Tensor products and inductive limits

Let {M;,u;;} be an inductive system of A-modules, N a right A-module.
The family of morphisms M; — lim }M; defines the family of morphisms

N®,M;— N®, @Mi, hence the morphism

7

K3 3

Proposition 1.5.8. The morphism (1.20) is an isomorphism.

Proof. Let L be a k-module. Consider the chain of isomorphisms

Hom, (N ®, lim M;, L) ~ Hom ,(lim M;, Hom, (N, L))

12

liLHHOHlA(Mi,HOHlk(N7 L))
liilHomk(N ®y M;, L)
Hom, (lim(N ®, M;), L).

%

12

12

Then the result follows from Proposition 1.3.6. q.e.d.
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Filtrant limit

Lemma 1.5.9. Assume [ is a filtrant ordered set and let M = lim M;.

(i) Let x; € M;. Then u;(x;) = 0 < there exists k > i with ug;(x;) = 0.

(ii) Let x € M. Then there exists i € I and x; € M; with u;(z;) = x.
Proof. We keep the notations of Theorem 1.5.3 (ii). Hence, N denotes the
submodule of @&;M; generated by the elements {z; — u;;(x;); x; € M;, i < j}.

Let N’ denote the subset of ®;M; consisting of finite sums » e Tj» Tj € M;
such that there exists k > j for all j € J with > ;ug;(x;) = 0. Since [ is
filtrant, N’ is a submodule of @, M;. Let us show that N = N’. The inclusion
N C N'is obvious since uj;(z;) + uj;(—uji(z;)) = 0. Conversely, let J C [
be a finite set and let x =3, _;x; € N'. Then

doap o= ) wi— ) uglay)

jeJ jeJ jeJ
= > (& —ug;(x;)) € N
jeJ

(i) follows from the fact that € N’ N M; if and only if there exists k > i
with ug(z;) = 0.
(ii) Let z € M. There exist a finite set J C I and z; € M; such that
T = c;uj(x;). Choose i with i > j for all j € J. Then

r= Y wpug(ry) = w()_ ui(x;)).

jeJ jeJ
Setting ; = . uij(7;), the result follows. q.ed.

Example 1.5.10. Let X be a topological space, € X and denote by I, the
set of open neighborhoods of z in X. We endow [, with the order: U < V' if
V c U. Given U and V in I, and setting W =U NV, we have U < W and
V < W. Therefore, I, is filtrant.

Denote by C°(U) the C-vector space of complex valued continuous func-
tions on U. The restriction maps C°(U) — C°(V'),V C U define an inductive
system of C-vector spaces indexed by I,. One sets

(1.21) Cx, = lim C°(U).
Uel,

An element ¢ of C% , is called a germ of continuous function at 0. Such a
germ is an equivalence class (U, py)/ ~ with U a neighborhood of x, ¢y a
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continuous function on U, and (U, ¢y) ~ 0 if there exists a neighborhood V/
of x with V' C U such that the restriction of ¢y to V is the zero function.
Hence, a germ of function is zero at x if this function is identically zero in a
neighborhood of x.

Proposition 1.5.11. Consider an inductive system of exact sequences of

A-modules indexed by a filtrant ordered set I: M ELN M; L5 M. Then the
sequence

lim M L lim M; % lim M

(2 3 3

15 exact.

Proof. Let x € lim M; with g(z) = 0. There exists x; € M; with u;(x;)
)

x, and there exists j > ¢ such that u;;(g:(x;)) = 0. Hence g;(uji(z;)) =
uji( fi(z;)) = 0, which implies that there exists @, € M such that w;(z;)
fi(x}). Then o' = uj(z}) satisfies f(z') = f(u}(2})) = u;fi(}) = wjuyi(z;)
z. q.e.

x|

Proposition 1.5.12. Assume J C I and assume that I is filtrant and J is
cofinal to I.

(i) Let {M;,w;;j} be an inductive system of A-modules indexved by I. Then
the natural morphism lim M; — lim M, is an isomorphism.

(ii) Let {M;,vj;} be a projective system of A-modules indexed by I. Then
the natural morphism lim M; — lim M; is an isomorphism.
iel jed

The proof is left as an exercise.

In particular, assume I = {0,1} with 0 < 1. Then the inductive limit of
the inductive system wuyg : My — M, is My, and the projective limit of the
projective system vg : M7 — My is M;.

The Mittag-Leffler condition

Recall (Proposition 1.5.4) that a product of exact sequences of A-modules is
an exact sequence. Let us give another criterion in order that the projective
limit of an exact sequence remains exact. This is a particular case of the
so-called “Mittag-Leffler” condition (see [15]).
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Proposition 1.5.13. Let 0 — {M]} In, {M,} 2 {M"} — 0 be an exact
sequence of projective systems of A-modules indexed by N. Assume that for
each n, the map M, , — M) is surjective. Then the sequence

0 — lim M, L lim M,, & lim M — 0
P— p— p—

n n n

18 exact.

Proof. Let us denote for short by v, the morphisms M, — M,_; which define
the projective system {M,}, and similarly for v, v} .

" : i " " " ny __ "
Let {z}}, € lim M. Hence x; € M)/, and v, (z}) = x,_,.

We shall first show that v, : g '(2") — g ' (2" ) is surjective. Let
T, € g (2! ). Take x, € g;' (). Then g, 1(v.(x,) — 2,_1)) =
0. Hence v,(x,) — xp—1 = fao-1(z),_;). By the hypothesis f,_1(z]_;) =
fro—1(v)(z})) for some z/, and thus v,(z, — fu(z])) = Tn_1.

Then we can choose z,, € g, !(2”) inductively such that v,(z,) = z,_1.

q.e.d.

1.6 Koszul complexes

If L is a finite free k-module of rank n, one denotes by /\j L the k-module
consisting of j-multilinear alternate forms on the dual space L* and calls it
the j-th exterior power of L. (Recall that L* = Hom (L, k).)

Note that A'L ~ L and A" L ~ k. One sets A\’ L = k.

If (e1,...,e,) is a basis of L and I = {i; < --- <i;} C {1,...,n}, one
sets

efzeil/\---/\el-j.

For a subset I C {1,...,n}, one denotes by || its cardinal. The family of
er’s with |I| = j is a basis of the free module A’ L.

Let M be an A-module and let ¢ = (¢4, ..., ¥,) be n endomorphisms of
M over A which commute with one another:

(il =0, 1<i,5<n.

(Recall the notation [a,b] := ab — ba.) Set MY = M ® N\’ k". Hence
M© = M and M™ ~ M. Denote by (ei,...,e,) the canonical basis of k.
Hence, any element of M) may be written uniquely as a sum

m = Zm;@el.

[1]=3
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One defines d € Hom , (MW, MU+D) by:
d(m ® 61) = Z gol(m) Xe; Ner
i=1

and extending d by linearity. Using the commutativity of the ¢;’s one checks
easily that d od = 0. Hence we get a complex, called a Koszul complex and
denoted K*(M, p):

0— MO L .. p™ 0.

When n = 1, the cohomology of this complex gives the kernel and cokernel
of ¢1. More generally,

HO(K*(M,p)) ~ Kerp;N...NKerp,,
HY(K*(M, ) =~ M/(p1(M)+ -+ oun(M)).

Definition 1.6.1. (i) If for each j, 1 < j <mn, p; is injective as an endo-
morphism of M/(¢1(M) +---+¢;_1(M)), one says (¢1, ..., py) is a regular
sequence.

(ii) If for each j, 1 < j < n, ¢; is surjective as an endomorphism of
Kerp; N...NKery;_q, one says (¢1,...,p,) is a coregular sequence.

Theorem 1.6.2. (i) Assume that (@1, ..., pn) is a reqular sequence. Then
HI(K*(M, 9)) = 0 for j # n.

(i) Assume that (1, ..., pn) is a coreqular sequence. Then HI(K*(M, p))
~ 0 for j # 0.

Proof. The proof will be given in Section 4.2. Here, we restrict ourselves
to the simple case n = 2 for coregular sequences. Hence we consider the
complex:

0=MI5MxMLM-—=0

where d(x) = (¢1(x), p2(x)), d(y,2) = @2(y) — p1(2) and we assume ¢y is
surjective on M, o is surjective on Ker ;.

Let (y,2z) € M x M with po(y) = p1(2). We look for x € M solution
of p1(x) =y, @a(x) = 2. First choose 2’ € M with ¢1(2') = y. Then
p20p1(2) = 2(y) = p1(2) = p10¢pa(a’). Thus ¢1(z —¢2(2)) = 0 and there
exists t € M with p1(t) =0, ¢a(t) = z—¢o(2). Hencey = ¢ (t+2'), z=
wo(t +2') and z =t + 2’ is a solution to our problem. q.e.d.
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Example 1.6.3. Let k be a field of characteristic 0 and let A = k[xy, ..., z,].
(i) Denote by x;- the multiplication by x; in A. We get the complex:

0— A® 4 .. A

where:
E CL[®6[ E E X+ a1®e]/\61
j=1 1
The sequence (z1-,...,,) is a regular sequence in A, considered as an A-

module. Hence the Koszul complex is exact except in degree n where its
cohomology is isomorphic to k.

(ii) Denote by 0; the partial derivation with respect to x;. This is a k-linear
map on the k-vector space A. Hence we get a Koszul complex

00— A® 4, .4 40

where:
n

d(ZaI ®61) = ZZ@-(&I) ®€j Ner.

I

The sequence (0y-,...,0,) is a coregular sequence, and the above complex
is exact except in degree 0 where its cohomology is isomorphic to k. Writing
dz; instead of e;, we recognize the “de Rham complex”.

Example 1.6.4. Let W = W, (k) be the Weyl algebra introduced in Ex-
ample 1.1.2, and denote by -0; the multiplication on the right by 9;. Then
(+O1,...,-0p) is a regular sequence on W (considered as an W-module) and
we get the Koszul complex:

0—WO % .. wm g

where:
Za;@ef ZZaI 0, ®e; Ney.
j=1 1

This complex is exact except in degree n where its cohomology is isomorphic
to klx] (see Exercise 1.3).

Remark 1.6.5. One may also encounter co-Koszul complexes. For I =
(i1,...,1x), introduce

6[6 = 0 1f]¢{zla72k}
gL (—1)l+161i = (—1)l+16i1 VANPIRAN é;l VANPIRAN €iy, if€il =€j
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where e;, A... A€, A...Ae;, means that e; should be omitted in e;, A...Ae;,.
Define ¢ by:

5(m ® 61) = Z ij(m)€j |_6].
j=1
Here again one checks easily that 0 o 6 = 0, and we get the complex:
K.(M,go) 0 — M™ i) cee — MO -0,

This complex is in fact isomorphic to a Koszul complex. Consider the iso-

morphism
J n—j
* /\ k" 5 /\ k"

which associates eym ® e; to m ® ey, where I=(1,...,n)\ I and ¢; is the

signature of the permutation which sends (1,...,n) to I U I (any i € I is
smaller than any j € I). Then, up to a sign, * interchanges d and ¢.

Exercises to Chapter 1

Exercise 1.1. Consider two complexes of A-modules M| — M; — M} and
M} — My — M. Prove that the two sequences are exact if and only if the
sequence M| & M) — My & My — M & MY is exact.

Exercise 1.2. (i) Prove that a free module is projective and flat.

(ii) Prove that a module P is projective if and only if it is a direct summand
of a free module (i.e., there exists a module K such that P & K is free).
(iii) Deduce that projective modules are flat.

Exercise 1.3. Let k be a field of characteristic 0, W := W, (k) the Weyl
algebra in n variables.

(i) Denote by z;- : W — W the multiplication on the left by z; on W (hence,
the x;-’s are morphisms of right W-modules). Prove that ¢ = (z1-,...,2,")
is a regular sequence and calculate H’(K*(W,p)).

(ii) Denote -0; the multiplication on the right by d; on W. Prove that ¢ =
(01, ...,-0,) is a regular sequence and calculate H’(K*(W,)).

(iii) Now consider the left W, (k)-module O := k[zy, ..., z,]| and the k-linear
map 0; : O — O (derivation with respect to z;). Prove that A = (9y,...,9,)
is a coregular sequence and calculate H7(K*(O, \)).

Exercise 1.4. Let A = Wy (k) be the Weyl algebra in two variables. Con-
struct the Koszul complex associated to ¢ = -x1, ¢o = -0y and calculate its
cohomology.
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Exercise 1.5. If M is a Z-module, set MY = Hom (M, Q/Z).

(i) Prove that Q/Z is injective in Mod(Z).

(ii) Prove that the map Hom (M, N) — Hom ,(NV, M) is injective for any
M, N € Mod(Z).

(iii) Prove that if P is a right projective A-module, then PV is left A-injective.
(iv) Let M be an A-module. Prove that there exists an injective A-module
I and a monomorphism M — I.

(Hint: (iii) Use formula (1.15). (iv) Prove that M — M"Y is an injective
map using (ii), and replace M with MVY.)

Exercise 1.6. Let k be a field, A = k[z,y] and consider the A-module
M = @, k[z]t", where the action of z € A is the usual one and the action
of y € A is defined by y - 2"/t = 2"t/ for j > 1, y - 2"t = 0. Define the
endomorphisms of M, ¢1(m) = x-m and @o(m) = y - m. Calculate the
cohomology of the Kozsul complex K*(M, ).

Exercise 1.7. Let I be a filtrant ordered set and let M;, 7 € I be an inductive
sytem of k-modules indexed by I. Let M = | | M;/ ~ where | | denotes the
set-theoretical disjoint union and ~ is the relation M; > z; ~ y; € M; if
there exists k > i, k > j such that wg,(z;) = ug;(y;)-

Prove that M is naturally a k-module and is isomorphic to lim M;.

7

Exercise 1.8. Let I be a filtrant ordered set and let A;,7 € I be an inductive
sytem of rings indexed by I.
(i) Prove that A :=lim A; is naturally endowed with a ring structure.

(ii) Define the notion of an inductive system M; of A;-modules, and define
the A-module lim M;.

(iii) Let N; (resp. M;) be an inductive system of right (resp. left) A; modules.
Prove the isomorphism

K3 K3 3
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Chapter 2

The language of categories

In this chapter we introduce some basic notions of category theory which
are of constant use in various fields of Mathematics, without spending too
much time on this language. After giving the main definitions on categories
and functors, we prove the Yoneda Lemma. We also introduce the notions
of representable functors and adjoint functors.

Then we construct inductive and projective limits in categories by using
projective limits in the category Set of sets and give some examples. We
also analyze some related notions, in particular those of cofinal categories,
filtrant categories and exact functors. Special attention will be paid to filtrant
inductive limits in the category Set.

Some references: [21], [4], [20], [10], [18], [19].

2.1 Categories and functors

Definition 2.1.1. A category C consists of:
(i) a family Ob(C), the objects of C,

(ii) for each X,Y € Ob(C), a set Hom,(X,Y’), the morphisms from X to
Y

Y

(ili) for any X,Y,Z € Ob(C), a map, called the composition, Hom ,(X,Y") x
Hom (Y, Z) — Hom (X, Z), and denoted (f,g) — go f,

these data satisfying:

(a) o is associative,

(b) for each X € Ob(C), there exists idy € Hom (X, X) such that for all
f € Hom,(X,Y) and g € Hom (Y, X), foidx = f, idx og = g.

37
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Note that idx € Hom (X, X)) is characterized by the condition in (b).

Remark 2.1.2. There are some set-theoretical dangers, and one should men-
tion in which “universe” we are working. For sake of simplicity, we shall not
enter in these considerations here.

Notation 2.1.3. One often writes X € C instead of X € Ob(C) and f :
X — Y instead of f € Hom,(X,Y). One calls X the source and Y the
target of f.

A morphism f : X — Y is an isomorphism if there exists g : X «— Y
such that fog=1idy, go f =idx. In such a case, one writes f : X ==Y or
simply X ~ Y. Of course g is unique, and one also denotes it by f~1.

A morphism f : X — Y is a monomorphism (resp. an epimorphism) if
for any morphisms g; and gs, fo gy = fogs (resp. g1 o f = go o f) implies
g1 = g2. One sometimes writes f : X>—Y or else X — Y (resp. f: X—Y)
to denote a monomorphism (resp. an epimorphism).

Two morphisms f and g are parallel if they have the same sources and
targets, visualized by f,g: X =3 Y.

One introduces the opposite category C°P:

Ob(C®) = Ob(C), Hom g, (X, Y) = Hom (Y, X).

A category C' is a subcategory of C, denoted C' C C, if: Ob(C") C Ob(C),
Hom,(X,Y) C Hom,(X,Y) for any X,Y € C' and the composition o in C’
is induced by the composition in C. One says that C’ is a full subcategory if
for all X,Y € C’, Hom,(X,Y) = Hom,(X,Y).

A category is discrete if the only morphisms are the identity morphisms.
Note that a set is naturally identified with a discrete category.

A category C is finite if the family of all morphisms in C (hence, in par-
ticular, the family of objects) is a finite set.

A category C is a groupoid if all morphisms are isomorphisms.

Examples 2.1.4. (i) Set is the category of sets and maps, Set’ is the full
subcategory consisting of finite sets.

(ii) Rel is defined by: Ob(Rel) = Ob(Set) and Homg,(X,Y) = P(X xY),
the set of subsets of X x Y. The composition law is defined as follows. If
f:X—=Yandg:Y — Z, go f is the set

{(z,2) € X x Z; there exists y € Y with (z,y) € f, (y, 2) € g}.

Of course, idy = A C X x X, the diagonal of X x X.
Notice that Set is a subcategory of Rel, not a full subcategory.
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(iii) Let A be a ring. The category of left A-modules and A-linear maps is
denoted Mod(A). In particular Mod(Z) is the category of abelian groups.

We shall often use the notations Ab instead of Mod(Z) and Hom ,(, *)
instead of Homy; q.4y(*, *)-

One denotes by Mod/(A) the full subcategory of Mod(A) consisting of
finitely generated A-modules.
(iv) One denotes by C'(Mod(A)) the category whose objects are the complexes
of A-modules and morphisms, morphisms of such complexes.
(v) One associates to a pre-ordered set (I, <) a category, still denoted by I
for short, as follows. Ob(I) = I, and the set of morphisms from 7 to j has a
single element if 7 < j, and is empty otherwise. Note that I°P is the category
associated with I endowed with the opposite order.
(vi) We denote by Top the category of topological spaces and continuous
maps.

Definition 2.1.5. (i) An object P € C is called initial if for all X €
C,Hom (P, X) ~ {pt}. One often denotes by (¢ an initial object in C.

ii) One says that P is terminal if P is initial in C°P, s.e., for all X €
(ii) y

C,Hom (X, P) ~ {pt}. One often denotes by pt, a terminal object in
C.

(iii) One says that P is a zero-object if it is both initial and terminal. In
such a case, one often denotes it by 0. If C has a zero object, for any
object X € C, the morphism obtained as the composition X — 0 — X
is still denoted by 0: X — X.

Note that initial (resp. terminal) objects are unique up to unique isomor-
phisms.

Examples 2.1.6. (i) In the category Set, () is initial and {pt} is terminal.
(ii) The zero module 0 is a zero-object in Mod(A).

(iii) The category associated with the ordered set (Z, <) has neither initial
nor terminal object.

Definition 2.1.7. Let C and C’' be two categories. A functor F : C — ('
consists of a map F': Ob(C) — Ob(C’) and for all X,Y € C, of a map still
denoted by F: Hom,(X,Y) — Hom,,(F(X), F(Y)) such that

F(idx) =idpx), F(fog)=F(f)oF(g).

A contravariant functor from C to C’ is a functor from C°? to C’. In other
words, it satisfies F'(go f) = F(f) o F(g). If one wishes to put the emphasis
on the fact that a functor is not contravariant, one says it is covariant.
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One denotes by op : C — C° the contravariant functor, associated with
idCop.

Definition 2.1.8. (i) One says that F' is faithful (resp. full, resp. fully
faithful) if for X, Y in C

Hom ,(X,Y) — Hom,(F(X), F(Y))
is injective (resp. surjective, resp. bijective).

(ii) Ome says that F' is essentially surjective if for each Y € C’ there exists
X € C and an isomorphism F(X) ~Y.

One defines the product of two categories C and C’ by :

Ob(C x C") = Ob(C) x Ob(C)
Hom,. . ((X,X'),(Y,Y")) = Hom,(X,Y) x Hom,, (X', Y’).
A bifunctor F': CxC' — (C” is a functor on the product category. This means
that for X € Cand X' € C', F(X,+):C" — C" and F(+,X') : C — C" are
functors, and moreover for any morphisms f: X —- Y inC, g: X' — Y’ in
C’, the diagram below commutes:

FX, X)) %9 pix, vy
F(ﬁX’)l lF(ﬁY’)
F(Y, X)) —" - F(v,Y")

In faCt7 (f7 g) = (ldy,g) © (f7 idX’) = (f7 idY’) © (lang)

Examples 2.1.9. (i) Hom,(+, +) : C°® x C — Set is a bifunctor.

(i) If A is a k-algebra, » ®4 *: Mod(A°?) x Mod(4) — Mod(k) and
Hom ,(+, *): Mod(A4)° x Mod(A) — Mod(k) are bifunctors.

(iii) Let A be a ring. Then H’(+) : C'(Mod(A)) — Mod(A) is a functor.

(iv) The forgetful functor for : Mod(A) — Set associates to an A-module
M the set M, and to a linear map f the map f.

Definition 2.1.10. Let F}, F5 are two functors from C to C'. A morphism
of functors 6 : F; — F; is the data for all X € C of a morphism 0(X) :
F1(X) — F3(X) such that for all f: X — Y, the diagram below commutes:

0(X)
Fi(X) — [(X)
Fl(f)l lF2(f)
oY)

L (Y)—=FK(Y)
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A morphism of functors is visualized by a diagram:

F
TS

C\l_l/e/fcl
F>

Hence, by considering the family of functors from C to C’ and the morphisms
of such functors, we get a new category.

Notation 2.1.11. (i) We denote by Fct(C,C’) the category of functors from
C to C'. One may also use the shorter notation (C')°.

Examples 2.1.12. Let k be a field and consider the functor

* Mod(k)® — Mod(k),
V — V*=Hom,(V, k).

Then there is a morphism of functors id — * o * in Fct(Mod(k), Mod(k)).
(ii) We shall encounter morphisms of functors when considering pairs of ad-
joint functors (see (2.5)).

In particular we have the notion of an isomorphism of categories. If F' is
an isomorphism of categories, then there exists G : C' — C such that for all
X €C,Go F(X) = X. In practice, such a situation rarely occurs and is not
really interesting. There is an weaker notion that we introduce below.

Definition 2.1.13. A functor F' : C — (C’ is an equivalence of categories if
there exists G : C' — C such that: G o F' is isomorphic to id¢ and F o G is
isomorphic to ide: .

We shall not give the proof of the following important result below.

Theorem 2.1.14. The functor F : C — C' is an equivalence of categories if
and only if F is fully faithful and essentially surjective.

If two categories are equivalent, all results and concepts in one of them
have their counterparts in the other one. This is why this notion of equiva-
lence of categories plays an important role in Mathematics.

Examples 2.1.15. (i) Let & be a field and let C denote the category defined
by Ob(C) = N and Hom,(n,m) = M,, ,(k), the space of matrices of type
(m,n) with entries in a field & (the composition being the usual composition
of matrices). Define the functor F : C — Mod/ (k) as follows. To n € N,
F(n) associates k™ € Mod/ (k) and to a matrix of type (m,n), F associates
the induced linear map from k™ to k™. Clearly F' is fully faithful, and since
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any finite dimensional vector space admits a basis, it is isomorphic to k™ for
some n, hence F' is essentially surjective. In conclusion, F' is an equivalence
of categories.

(ii) let C and C’ be two categories. There is an equivalence

(2.1) Fct(C,C')P ~ Fet(CP, (C")°P).
(iii) Let I, J and C be categories. There are equivalences

(2.2) Fet(I x J,C) ~ Fet(J, Fet(1,C)) ~ Fet(I, Fet(J,C)).

2.2 The Yoneda Lemma

Definition 2.2.1. Let C be a category. One defines the categories
C" = Fct(C®,Set), C' = Fct(C, SetP),
and the functors

he : C—C", X+ Homy(+,X)
ke : C—CY, Xw— Hom,(X,>*).

Since there is a natural equivalence of categories
(2.3) CY ~ CoPIoP
we shall concentrate our study on C*.

Proposition 2.2.2. (The Yoneda lemma.) For A € C" and X € C, there
is an isomorphism Hom . (he(X), A) ~ A(X), functorial with respect to X
and A.

Proof. One constructs the morphism ¢: Hom . (h¢(X), A) — A(X) by the
chain of morphisms: Hom . (he(X), A) — Homg,, (Hom (X, X), A(X)) —
A(X), where the last map is associated with id x.

To construct ¢ : A(X) — Hom,(h(X)¢, A), it is enough to associate
with s € A(X) and Y € C a map from Hom (Y, X) to A(Y). It is defined
by the chain of maps Hom (Y, X) — Homg, (A(X),A(Y)) — A(Y) where
the last map is associated with s € A(X).

One checks that ¢ and 1) are inverse to each other. q.e.d.

Corollary 2.2.3. The functor he is fully faithful.
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Proof. For X and Y in C, one has Hom . (h¢(X),h(Y)) ~ he(Y)(X) =
Hom,(X,Y). q.e.d.

One calls he the Yoneda embedding. Hence, one may consider C as a full
subcategory of C".

Corollary 2.2.4. Let C be a category and let f : X — 'Y be a morphism in
C.

(i) Assume that for any Z € C, the map Hom ,(Z, X) EAN Hom.(Z,Y) is
bijective. Then f is an isomorphism.

(i) Assume that for any Z € C, the map Hom (Y, Z) o, Hom (X, Z) is
bijective. Then f is an isomorphism.

Proof. (i) By the hypothesis, he(f) : he(X) — he(Y) is an isomorphism in
C". Since he is fully faithful, this implies that f is an isomorphism. (See
Exercise 2.2 (ii).)

(ii) follows by replacing C with C°P. q.e.d.

Representable functors

Definition 2.2.5. (i) One says that a functor F from C°? to Set is repre-
sentable if there exists X € C and an isomorphism if F' ~ h¢(X)) in C",
or, in other words, if there exists an isomorphism F(Y') ~ Hom (Y, X),
functorially in Y € C. Such an object X is called a representative of F'.

(ii) Similarly, a functor G: C — Set is representable if there exists X € C
such that G(Y') ~ Hom (X, Y), functorially in Y € C.

It is important to notice that the isomorphisms above determine X up to
unique isomorphism.

Representable functors provides a categorical language to deal with uni-
versal problems. Let us illustrate this by an example.

Example 2.2.6. Let k£ be a commutative ring and let M, N, L be three k-
modules. Denote by B(N x M, L) the set of k-bilinear maps from N x M
to L. Then the functor F': L — B(N x M, L) is representable by N ®; M,
since F(L) = B(N x M, L) ~ Hom,(N ® M, L).
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2.3 Adjoint functors

Definition 2.3.1. Let F': C — C’ and G: C’ — C be two functors. One says
that (F,G) is a pair of adjoint functors or that F' is a left adjoint to G, or
that G is a right adjoint to F' if there exists an isomorphism of bifunctors:

(2.4) Hom,,(F(+), *) ~ Hom,(+,G(*))

If G is an adjoint to F', then G is unique up to isomorphism. In fact,
G(Y) is a representative of the functor X — Hom ,(F(X),Y).
The isomorphism (2.4) gives the isomorphisms

Hom, (F o G(+), ) ~ Hom(G(+),G(+)),
Hom,(F(+),F(+)) ~Hom,(+,Go F(*)).
In particular, we have morphisms X — G o F'(X), functorial in X € C, and
morphisms F' o G(Y) — Y, functorial in Y € C'. In other words, we have
morphisms of functors

(25) FOG—>idCI, idc—>GOF.

Example 2.3.2. Let A be a k-algebra. Let K € Mod(k) and let M, N €
Mod(A). The formula:

Hom ,(N ® K, M) ~ Hom , (N, Hom (K, M)).
tells us that the functors « ® K and Hom (K, ) from Mod(A) to Mod(A)
are adjoint.
In the preceding situation, denote by for : Mod(A) — Mod(k) the “forget-
ful functor” which, to an A-module M associates the underlying k-module.
Applying the above formula with N = A, we get

Hom , (A ® K, M) ~ Hom (K, for(M)).

Hence, the functors A ® « (extension of scalars) and for are adjoint.
Example 2.3.3. Let X,Y, Z € Set. The bijection

Homg (X x Y, Z) ~ Homg,, (X, Homg, (Y, Z))

tells us that (¢ x Y,Homg (Y, *)) is a pair of adjoint functors.
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2.4 Limits

In the sequel, I will denote a category. Let C be a category. A functor a: [ —
C (resp. B: I°® — () is sometimes called an inductive (resp. projective)
system in C indexed by I.

For example, if (I, <) is an ordered set, I the associated category, an
inductive system indexed by I is the data of a family (X;);c; of objects of
C and for all ¢ < j, a morphism X; — X, with the natural compatibility
conditions.

Assume first that C is the category Set and let us consider projective
systems. One sets

(2.6) limB={{z;}; € Hﬁ(i);ﬁ(s)(xj) — x; for all s € Hom, (4, j)}.

The next result is obvious.

Lemma 2.4.1. Let 3: I°°? — Set be a functor and let X € Set. There is a
natural isomorphism

Homg,, (X, lim 3) = lim Homg,, (X, 5),
where Hom g, (X, ) denotes the functor I°° — Set, i — Homg (X, 3(1)).

Consider now two functors 3: I°® — C and a: [ — C. For X € C, we get
functors from I°P to Set:

Hom (X, 3): I’ 3 i +— Hom,(X, (i) € Set,
Hom(a, X): I°? 5 i +— Hom,(a, X) € Set.

Definition 2.4.2. (i) Assume that the functor X + lim Hom (X, 3) is
representable. We denote by @1 [ its representative and says that the
functor # admits a projective limit in C. In particular,

(2.7) Hom (X, lim 3) ~ lim Hom (X, 3).

(ii) Assume that the functor X +— lim Hom(a, X) is representable. We
denote by lim « its representative and says that the functor a admits
an inductive limit in C. In particular,

(2.8) Hom ,(lim o, X) ~ lim Hom ; (e, X),
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When C = Set this definition of lim § coincides with the former one, in
view of Lemma 2.4.1.

Notice that both projective and inductive limits are defined using projec-
tive limits in Set.

Assume that lim o exists in C. One gets:

lim Hom (e, lim o) ~ Hom,,(lim , lim o)
and the identity of lim a defines a family of morphisms
pi: a(l) — lima.

Consider a family of morphisms {f;: a(i) — X }ss in C satisfying the com-
patibility conditions

(2.9) fi=fjo f(s) for all s € Hom (3, j).
This family of morphisms is nothing but an element of lim Hom (a(i), X),

hence by (2.8), an element of Hom (lim v, X). Therefore, lim o is character-
ized by the “universal property”:

C satisfying (2.9), all morphisms f;’s factorize uniquely through
lim a.
—

for all X € C and all family of morphisms {f;: a(i) — X }icr in
(2.10)

Similarly, assume that lim § exists in C. One gets:
llnHomC(llnﬁaﬁ) = Homc(mﬁah&lﬁ)
and the identity of lim 3 defines a family of morphisms
pi: lim 3 — B(3).

Consider a family of morphisms {f;: X — (i) }ies in C satisfying the com-
patibility conditions

(2.11) f; = fio f(s) for all s € Hom (¢, j).
This family of morphisms is nothing but an element of lim Hom (X 3(7)),

hence by (2.7), an element of Hom (X, lim 3, X ). Therefore, lim 3 is charac-
terized by the “universal property”:

for all X € C and all family of morphisms {f;: X — 5() }ier
(2.12) qin C satisfying (2.11), all morphisms f;’s factorize uniquely
through lim j.
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Inductive and projective limits are visualized by the diagrams:

a(i) B(1)
fi fi
Pi Pi
a(s) Ima - > X X T - linﬁ B(s)
Pj Pi
bg i \
a(j) ()

Ifyp:J — 1, a:1 — C and §: I’ — C are functors, we have natural
morphisms:

(213) lim (a0 ¢) — lima,
(214) lim (5o¢) « limp.

This follows immediately of (2.10) and (2.12).

Proposition 2.4.3. Let I be a category and assume that C admits induc-
tive limits indexed by I. Then for any category J, the category C’ admits
inductive limits indexed by I. Moreover, if a: I — C7 is a functor, then its
inductive limit is defined as follows. ForY € J, denote by a(Y): I — C the
functor i — a(i)(Y). Then lima € C7 is given by
(lima)(Y) =lima(Y), Y € J.
Similarly, if 3: I°° — C’ is a functor, then lim 5 € C’ is given by
(lim B)(Y) = lima(Y), Y € J
The proof is obvious.
Recall the equivalence of categories (2.2) and consider a bifunctor a: I x

J — C. It defines a functor a;: I — C’ as well as a functor a;: J — CL.
One easily checks that

(2.15) lim o ~ lim (lim ;) ~ lim (lim a7).

Similarly, if g: I x J* — (C is a bifunctor, then [ defines a functor
By: I°° — C’™ and a functor B;: J° — C!'™ and one has the isomorphisms

(2.16) lim 4 == Jimlim 8 = lim lim 4.

In other words:

(2.17) lim (7, j) = lim(lim(a (7, 5)) = lim lim(a(7, 7)),
(2%} J (2 (2 J

(2.18) lim (i, j) = lim lim(5(7, 7)) = lim lim(5(7, 7))-
(2%} J (] (] J
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If every functor from I to C admits an inductive limit, one says that C
admits inductive limits indexed by I. If this property holds for all categories
I (resp.
finite categories I), one says that C admits inductive (resp.
finite inductive) limits, and similarly when replacing I with 7°? and inductive
limits with projective limits.

2.5 Examples

Empty limits.

It I is the empty category and a: I — C is a functor, then lim « exists in C if
and only if C has an initial object ()¢, and in this case lim ov =~ (c. Similarly,
lim o exists in C if and only if C has a terminal object pte, and in this case
lim o =~ pte.

Terminal object

If I admits a terminal object, say i, and if a: I — C and 3: I°® — C are
functor, then

lima~a(i,) lmpB~pB(i).

This follows immediately of (2.10) and (2.12).

Sums and products

Consider a discrete category I.

Definition 2.5.1. (i) When the category [ is discrete, inductive and pro-
jective limits are called coproduct and products, denoted [] and ],
respectively. Hence, writing a(i) = X; or (i) = X;, we get for Y € C:

Hom (Y, [ [ Xi) ~ [ Hom (Y, X)),
Hom, (] ] X:,Y) ~ [[ Hom (X, Y).
(ii) If I is discrete with two objects, a functor I — C is the data of two

objects Xy and X; in C and their coproduct and product (if they exist)
are usually denoted by X, LI X7 and X,y x X7, respectively.
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Hence, if a: I — C is a functor and [ is discrete, one denotes by [[« or
[L;c; (i) its coproduct and one denotes by [« or HZE[ a(17) its product.

If a(i) = X for all i € I one simply denotes this limit by XU/ (resp.
XUy One also writes X and X7 instead of X! and XTI7| respectively.

Example 2.5.2. In the category Set, we have for I, X, Z € Set:
XD~ IxX,
X" ~ Homg,(I,X),

Homg, (I x X,Z) ~ Homg,(I,Homg (X, 7)),
~ Homg, (X, 2Z)".

The coproduct and product of two objects are visualized by the diagrams:

In other words, any pair of morphisms from (resp. to) X, and X; to (resp.
from) X factors uniquely through XU Xy (resp. Xox X). If C is the category
Set, XL X, is the disjoint union and Xy x X is the product of the two sets
XO and Xl.

Cokernels and kernels

Consider the category I with two objects and two parallel morphisms other
than identities, visualized by
[ s )

A functor a: I — C is characterized by two parallel arrows in C:
(2.19) fg: Xo—=X,

In the sequel we shall identify such a functor with the diagram (2.19).
Definition 2.5.3. Consider two parallel arrows f, g : Xg = X; in C.

(i) A co-equalizer (one also says a cokernel), if it exists, is an inductive
limit of this functor. It is denoted by Coker(f, g).
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(ii) An equalizer (one also says a kernel), if it exists, is a projective limit of
this functor. It is denoted by Ker(f, g).

(iii) A sequence Xg = X7 — Z (resp. Z — Xo =% Xj) is exact if Z is
isomorphic to the co-equalizer (resp. equalizer) of Xy = Xj.

(iv) Assume that the category C admits a zero-object 0. Let f: X — Y
be a morphism in C. A cokernel (resp. a kernel) of f, if it exists, is a
cokernel (resp. a kernel) of f,0: X =2 Y. It is denoted Coker(f) (resp.
Ker(f).

The co-equalizer L is visualized by the diagram:
!
g

k
Xo—=X;——

X

which means that any morphism h: X; — X such that ho f = h o g factors
uniquely through k.
Note that

(2.20) k is an epimorphism.

Indeed, consider a pair of parallel arrows a,b: L. = X such that a o k =
bok=h. Then ho f =aokof =aokog=bokog=hog. Hence h
factors uniquely through k, and this implies a = b.

Dually, the equalizer K is visualized by the diagram:

h !
K—>X0:>>X1

X

and
(2.21) h is a monomorphism.

We have seen that coproducts and co-equalizers (resp. products and equal-
izers) are particular cases of inductive (resp. projective) limits. One can show
that conversely, inductive limits (resp. finite inductive limits) can be obtained
as co-equalizer of coproducts (resp. finite coproducts) and projective limits
(resp. finite projective limits) can be obtained as equalizer of products (resp.
finite products).

In particular, a category C admits finite projective limits if and only if it
satisfies:
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(i) C admits a terminal object,
(ii) for any X,Y € Ob(C), the product X x Y exists in C,
(iii) for any parallel arrows in C, f,g: X = Y, the equalizer exists in C.

Moreover, if C admits finite projective limits, a functor F': C — C’ commutes
with such limits if and only if it commutes with the terminal object, (finite)
products and kernels.

There is a similar result for finite inductive limits, replacing a terminal
object by an initial object, products by coproducts and equalizers by co-
equalizers.

Proposition 2.5.4. The category Set admits inductive limits. More pre-
cisely, if I is a category and o: I — Set is a functor, then

lima =~ (|_| a(i))/ ~ where ~ is the equivalence relation generated by
OZI) >z ~y € a(j) if there exists s: i — j with a(s)(z) = y.
In particular, the coproduct in Set is the disjoint union, [[ = |.
Proof. Let S € Set. By the definition of the projective limit in Set we get:
lim Hom (o, S) =~ {{p(i, ) }icrweat; P(i; x) € S, p(i,2) = p(j, y)
if there exists s: i — j with «a(s)(z) = y}.
The result follows. q.e.d.

Notation 2.5.5. In the category Set one uses the notation | | rather than

1.

2.6 Exact functors

Let I,C and C’ be categories and let a: I — C, §: I°* — C and F: C — ('
be functors. Recall that if C and C’ admit inductive (resp. projective) limits
indexed by I, there is a natural morphism lim (F' o a) — F(lima) (resp.

F(lim 8) — lim (F o 3).
Definition 2.6.1. Let F': C — C’ be a functor.

(i) Let I be a category and assume that C admits inductive limits indexed
by I. One says that F' commutes with such limits if for any a: I — C,
lim (F' o @) exits in C’ and is represented by F(lim ).
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(ii) Similarly if I is a category and C admits projective limits indexed by
I, one says that ' commutes with such limits if for any §: I°® — C,
lim (F o 3) exists and is represented by F'(lim j3).

Example 2.6.2. Let k be a field, C = C’ = Mod(k), and let X € C. Then the
functor Hom, (X, «) does not commute with inductive limit if X is infinite
dimensional.

Definition 2.6.3. Let F': C — C' be a functor.

(i) Assume that C admits finite projective limits. One says that F' is left
exact if it commutes with such limits.

(ii) Assume that C admits finite inductive limits. One says that F is right
exact if it commutes with such limits.

(iii) One says that F' is exact if it is both left and right exact.
Proposition 2.6.4. Let F': C — C' be a functor. Assume that
(i) F' admits a left adjoint G: C' — C,
(ii) C admits projective limits indexed by a category I.

Then F' commutes with projective limits indexed by I, that is, F(@ B(1)) ~

lim F(5(0)). ’

7

Proof. Let 3: I°°P — C be a projective system indexed by I and let Y € C’.
One has the chain of isomorphisms

12

Hom,, (Y, F(lim 3())) =~ Hom(G(Y), lim 5(0))
@Homc(G(Y), B(1))

lim Hom, (Y, F(5(7)))

12

12

12

HZomC/A(Y, lim F(3(3)).

2

Then the result follows by the Yoneda lemma. q.e.d.

Of course there is a similar result for inductive limits. If C admits inductive
limits indexed by I and F admits a right adjoint, then F' commutes with
such limits.
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Proposition 2.6.5. Let C be a category which admits finite inductive and
finite projective limits.

(i) The functor Hom,: C°® x C — Set is left exact.

(ii) Let F': C — C' be a functor. If F' admits a right (resp. left) adjoint,
then F' is right (resp. left) exact.

(iii) Let I be a category and assume that C admits inductive (resp. projec-
tive) limits indexed by I. Then the functor lim Fct(1,C) — C (resp.
lim : Fet(1°P,C) — C) is right (resp. left) exact.

(iv) Let I be a discrete category and let A be a ring. Then the functor
IT: Mod(A)! — Mod(A) is exact.

Proof. (i) follows immediately from (1.17) and (1.16).

(ii) is a particular case of Proposition 2.6.4.

(iii) Use the isomorphism (2.15) or (2.16).

(iv) is well-known and obvious. q.e.d.

2.7 Filtrant inductive limits

We shall generalize some notions of Definition 1.5.2 as well as Lemma 1.5.9
and Proposition 1.5.11.

Definition 2.7.1. A category [ is called filtrant if it satisfies the conditions
(i)—(iii) below.

(i) I is non empty,
(ii) for any ¢ and j in I, there exists k € I and morphisms i — k, j — k,
)

(iii) for any parallel morphisms f, g: i = j, there exists a morphism h: j —
k such that ho f =hog.

One says that [ is cofiltrant if 7°P is filtrant.

The conditions (ii)—(iii) of being filtrant are visualized by the diagrams:



o4 CHAPTER 2. THE LANGUAGE OF CATEGORIES

Of course, if (I, <) is a non-empty directed ordered set, then the associated
category [ is filtrant.
We shall first study filtrant inductive limits in the category Set.

Proposition 2.7.2. Let a: I — Set be a functor, with I filtrant. Define the
relation ~ on [, a(i) by a(i) 3 x; ~ x; € a(j) if there exists s: i — k and
t: j — k such that a(s)(z;) = a(t)(x;). Then

(1) the relation ~ is an equivalence relation,
(i) lima = [T a(i)/ ~.

Proof. (i) The relation ~ is clearly symmetric and reflexive. Let us show it
is transitive. Let z; € a(i;), j = 1,2,3 with 27 ~ x5 and zy ~ x3. There
exist morphisms visualized by the diagram:

1 —>Jl

SN

ki ——1

N

3—>]2

such that a(s1)z; = a(s2)xs, a(ta)rs = a(ts)rs, and vowuy 0 S5 = v o ug o ts.
Set w1 =vowu; 081, Wy =VOUL OSg = VO Uy Oty and wz = v o uyotz. Then
a(wy)r; = a(wsy)ry = a(ws)rs. Hence z1 ~ x3.

(ii) follows from Proposition 2.5.4. q.e.d.

Corollary 2.7.3. Let a: I — Set be a functor, with I filtrant.

(i) Let S be a finite subset in lim . Then there exists i € I such that S is
contained in the image of a(z) by the natural map (i) — lim a.

(ii) Leti € I and let x and y be elements of (i) with the same image in
lima. Then there exists s: i — j such that a(s)(z) = a(s)(y) in a(j).

The proof is left as an exercise.

Corollary 2.7.4. Let A be a ring and denote by for the forgetful functor

Mod(A) — Set. Then the functor for commutes with filtrant inductive

limits. In other words, if I is filtrant and o: I — Mod(A) is a functor, then
for o (lim a(i)) = lim(for o a(i)).

—
7 %
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Inductive limits with values in Set indexed by filtrant categories commute

with finite projective limits. More precisely:

Proposition 2.7.5. For a filtrant category I, a finite category J and a func-

tor a: I x J® — Set, one has limlim a(i, ) == limlim «(7, ). In other

(3 ] ] (3
words, the functor

lim : Fct(7, Set) — Set
H
commutes with finite projective limits.

Proof. 1t is enough to prove that lim commutes with equalizers and with
finite products. This verification is left to the reader. q.e.d.

Corollary 2.7.6. Let A be a ring and let I be a filtrant category. Then the
functor lim : Mod(A)! — Mod(A) is exact.

Proof. Let a: I x J%* — Mod(A) be a functor. In order to prove that
limlim (i, j) — limlim a(7,j) is an isomorphism, it is enough to check it

) J J )
after applying the functor for: Mod(A) — Set. Then the result follows from
Corollaries 2.7.4 and 2.7.4. q.e.d.

Cofinal functors

Definition 2.7.7. Let I be a filtrant category and let ¢: J — I be a fully
faithful functor. One says that J is cofinal to I (or that ¢ : J — I is cofinal)
if for any ¢ € I there exists j € J and a morphism i — ¢(j).

Note that the hypothesis implies that J is filtrant.

Proposition 2.7.8. Assume I is filtrant, ¢: J — I s fully faithful and
J — I is cofinal. Let a: I — C (resp. 3: I°® — C) be a functor. Assume that
lima (resp. lim 3) ewists in C. Then lim (a0 @) (resp. lim (Bo¢°P)) ezists in
C and the natural morphism lim (a0 ) — lima (resp. lim 3 — lim (80 o))
s an 1somorphism.

The proof is left as an exercise.

Remark 2.7.9. In these notes, we have skipped problems related to ques-
tions of cardinality and universes, but we should have not. Indeed, the reader
will assume that all categories (C, C’ etc.) belong to a given universe Y and
that all limits are indexed by U-small categories (I, J, etc.). (We do not give
the meaning of “universe” and “small” here.)
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Let us give an example which show that, otherwise, we may have troubles.
Let C be a category which admits products and assume there exist X,Y €
C such that Hom,(X,Y) has more than one element. Set M = Mor(C),
where Mor(C) denotes the “set” of all morphisms in C, and let 7 = card(M),
the cardinal of the set M. We have Hom ,(X,Y™) ~ Hom,(X,Y)" and
therefore card(Hom,(X,Y™) > 27. On the other hand, Hom,(X,Y") C
Mor(C) which implies card(Hom,(X,Y") < .

The “contradiction” comes from the fact that C does not admit products
indexed by such a big set as Mor(C), or else, Mor(C) is not small (in general)
in the universe to which C belongs. (The remark was found in [9].)

Exercises to Chapter 2

Exercise 2.1. Prove that the categories Set and Set°” are not equivalent.
(Hint: if F': Set — Set” were such an equivalence, then F(()) ~ {pt} and
F({pt}) ~ 0. Now compare Homg, ({pt}, X) and Homg .. (F({pt}), F (X))
when X is a set with two elements.)

Exercise 2.2. (i) Let F': C — C’ be a faithful functor and let f be a mor-
phism in C. Prove that if F'(f) is a monomorphism (resp. an epimorphism),
then f is a monomorphism (resp. an epimorphism).

(i) Assume now that F' is fully faithful. Prove that if F'(f) is an isomorphism,
then f is an isomorphism.

Exercise 2.3. Prove that the category C is equivalent to the opposite cate-
gory C° in the following cases:

(i) C denotes the category of finite abelian groups,

(ii) C is the category Rel of relations.

Exercise 2.4. (i) Prove that in the category Set, a morphism f is a mono-
morphism (resp. an epimorphism) if and only if it is injective (resp. surjec-
tive).

(ii) Prove that in the category of rings, the morphism Z — Q is an epimor-
phism.

Exercise 2.5. Let C be a category. We denote by id¢: C — C the identity

functor of C and by End (id¢) the set of endomorphisms of the identity functor
ide : C — C, that is,

End (ldc) = Hom Fct(C,C)(ida ldc)

Prove that the composition law on End (id¢) is commutative.
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Exercise 2.6. In the category Top, give an example of a morphism which is
both a monomorphism and an epimorphism and which is not an isomorphism.
(Hint: consider a continuous injective map f: X — Y with dense image.)

Exercise 2.7. Let X,Y € C and consider the category D whose arrows are
triplets Z € C, f : Z — X, g : Z — Y, the morphisms being the natural one.
Prove that this category admits a terminal object if and only if the product
X XY exists in C, and that in such a case this terminal object is isomorphic
to X XY, X xY — X, X xY — Y. Deduce that if X x Y exists, it is unique
up to unique isomorphism.

Exercise 2.8. (i) Let I be a (non necessarily finite) set and (X;);e; a family
of sets indexed by I. Show that [[, X; is the disjoint union of the sets Xj.
(ii) Construct the natural map [[, Homg, (Y, X;) — Homg,, (Y, ][], X;) and
prove it is injective.

(iii) Prove that the map [[, Homg,, (X;,Y) — Homg (][, X;, Y) is not in-
jective in general.

Exercise 2.9. Let I and C be two categories and denote by A the functor
from C to C' which, to X € C, associates the constant functor A(X): I >
i— X e€C, (i—j) e Mor(l)— idx. Assume that any functor from I to C
admits an inductive limit.

(i) Prove that lim : Cl — C is a functor.

(ii) Prove the formula (for a: I — C and Y € C):

Homdli_gn a(i),Y) = Hom g ;) (o, A(Y)).

7

(iii) Replacing I with the opposite category, deduce the formula (assuming
projective limits exist):

Hom (X, lim G(i)) = Hom y, jup ¢, (A(X), G).

2

Exercise 2.10. Let C be a category which admits filtrant inductive limits.
One says that an object X of C is of finite type (resp. of finite presentation) if
for any functor a: I — C with I filtrant, the natural map lim Hom (X, a) —
Hom (X, lim «) is injective (resp. bijective).

(i) Show that this definition coincides with the classical one when C =
Mod(A), for a ring A.

(ii) Does this definition coincide with the classical one when C denotes the
category of commutative algebras?
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Exercise 2.11. Let C be a category and recall that the category C" admits
inductive limits. One denotes by “lim” the inductive limit in C". Let k be a

field and let C = Mod(k). Prove that the Yoneda functor he: C — C* does
not commute with inductive limits.

Exercise 2.12. Consider the category I with three objects {a, b, ¢} and two
morphisms other than the identities, visualized by the diagram

a<+—c—b.

Let C be a category. A functor (: I°? — C is nothing but the data of three
objects X, Y, Z and two morphisms visualized by the diagram

xLzay
The fiber product X xz Y of X and Y over Z, if it exists, is the projective
limit of 3.
(i) Assume that C admits products (of two objects) and kernels. Prove that
the sequence

XxzYVY —-X=2Y

is exact. Here, the two morphisms X = Y are given by f, g.
(ii) Prove that C admits finite projective limits if and only if it admits fiber
products and a terminal object.

Exercise 2.13. Let [ and C be two categories and let F,G : I = C be two
functors. Prove the isomorphism:

Hom Fct(I,C)(F7 G) ~
Ker(] [Hom (F(i),G(i)) =[]  Hom(F(j),G(k))).
i€l (j—k)eMor(I)
Here, the double arrow is associated with the two maps:
[ [ Hom(F (i), G(i)) — Hom(F(j), G(j)) — Hom(F(j), G(k)),
iel
[] Hom(F (i), G(:)) — Hom(F(k), G(k)) — Hom,(F(j), G(k).
iel
Exercise 2.14. Let C be a category which admits products of two objects
and a terminal object, denoted by pt,. Let A € C. Construct a functor

(2.22) ma: (Set!)P = C,

such that m4(0) ~ pte, ma({pt}) ~ A and for S a set with 2 elements,
7a(S) ~ A x A



Chapter 3

Additive categories

Many results or constructions in the category Mod(A) of modules over a
ring A have their counterparts in other contexts, such as finitely generated
A-modules, or graded modules over a graded ring, or sheaves of A-modules,
etc. Hence, it is natural to look for a common language which avoids to
repeat the same arguments. This is the language of additive and abelian
categories.

In this chapter, we give the main properties of additive categories. We
expose some basic constructions and notions on complexes such as the shift
functor, the homotopy, the mapping cone and the simple complex associated
with a double complex. We also construct complexes associated with simpli-
cial objects in an additive category and give a criterion for such a complex
to be homotopic to zero.

3.1 Additive categories

Definition 3.1.1. A category C is additive if it satisfies conditions (i)-(v)
below:

(i) for any X,Y € C, Hom,(X,Y) € Ab,

(ii) the composition law o is bilinear,

(iii) there exists a zero object in C,
)
)

(iv) the category C admits finite coproducts,

(v) the category C admits finite products.

Note that Hom,(X,Y’) # 0 since it is a group. Note that Hom (X, 0) =
Hom,(0,X) =0 for all X €C.

29
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Notation 3.1.2. If X and Y are two objects of C, one denotes by X &Y
(instead of X LIY') their coproduct, and calls it their direct sum. One denotes
as usual by X x Y their product. This change of notations is motivated by
the fact that if A is a ring, the forgetful functor Mod(A) — Set does not
commute with coproducts.

By the definition of a coproduct and a product in a category, for each
Z € C, there is an isomorphism in Mod(Z):

(3.1) Hom (X, Z) x Hom,(Y, Z) ~ Hom,(X ® Y, Z),
(3.2) Hom (7, X) x Hom,(Z,Y) ~ Homo(Z, X x Y).

Lemma 3.1.3. Let C be a category satisfying conditions (1)—(iii) in Definition
3.1.1. Consider the condition

(vi) for any two objects X and Y in C, there exists Z € C and morphisms
hW: X —>2Z,00:Y =7, p1: Z— X and py: Z — 'Y satisfying

(33) ploil :idx, plo’iQ:O
(3.4) p2oiz =Iidy, ppoi3 =0,
(3.5) i1op +ig0opy =idy.

Then the conditions (iv), (v) and (vi) are equivalent and the objects X @Y,
X XY and Z are naturally isomorphic.

Proof. (a) Let us assume condition (iv). The identity of X and the zero
morphism Y — X define the morphism p;: X @Y — X satisfying (3.3). We
construct similarly the morphism ps: X @Y — Y satisfying (3.4). To check
(3.5), we use the fact that if f: X @Y — X @Y satisfies f oi; = i and
f oig =1s, then f =idxay.

(b) Let us assume condition (vi). Let W € C and consider morphisms
f: X - Wandg:Y — W. Set h:=fop &gopy. Then h: 7 — W
satisfies hoi; = f and hoiys = g and such an A is unique. Hence Z ~ X @Y.
(c) We have proved that conditions (iv) and (vi) are equivalent and moreover
that if they are satisfied, then Z ~ X @ Y. Replacing C with C°P, we get
that these conditions are equivalent to (v) and Z ~ X x Y. q.e.d.

Example 3.1.4. (i) If A is a ring, Mod(A) and Mod/(A) are additive cate-
gories.

(ii) Ban, the category of C-Banach spaces and linear continuous maps is
additive.

(iii) If C is additive, then C°P is additive.
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(iv) Let I be category. If C is additive, the category C! of functors from I to
C, is additive.
(v) If C and C' are additive, then C x C’ are additive.

Let F': C — C’ be a functor of additive categories. One says that F' is
additive if for X,Y € C, Hom,(X,Y) — Hom,(F(X), F'(Y)) is a morphism
of groups. One can prove the following
Proposition 3.1.5. Let F': C — C' be a functor of additive categories. Then
F is additive if and only if it commutes with direct sum, that is, for X and
Y inC:

F0O) ~ 0
FXaY) ~ F(X)e F(Y).

Unless otherwise specified, functors between additive categories will be

assumed to be additive.

Example 3.1.6. Let C be an additive category. One shall be aware that the
bifunctor C? x C — Mod(Z) is separately additive with respect to each of
its argument, but is not additive as a functor on the product category.

Generalization: Let k be a commutative ring. One defines the notion of a
k-additive category by assuming that for X and Y in C, Hom,(X,Y) is a
k-module and the composition is k-bilinear.

3.2 Complexes in additive categories

Let C denote an additive category.

Definition 3.2.1. (i) A differential object (X*,d%) in C is a sequence of
objects X* and morphisms d* (k € Z):

(3.6) o xR e ke

(i) A complex is a differential object (X*, d%) such that such that d* o
d*1 =0 for all k € Z.

A morphism of differential objects f®: X* — Y* is visualized by a com-
mutative diagram:

mn

.._>Xn_X>Xn+1_>...

l fn l fn+1
dn

.._>Yﬂ_Y>Xn+1_>...
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One defines naturally the direct sum of two differential objects. Hence, we
get a new additive category, the category Dif f(C) of differential objects in
C. One denotes by C(C) the full additive subcategory of Dif f(C) consisting
of complexes.

From mow on, we shall concentrate our study on the category C(C).

A complex is bounded (resp. bounded below, bounded above) if X™ =0
for |n| >> 0 (resp. n << 0, n >> 0). One denotes by C*(C)(x = b, +, —)
the full additive subcategory of C(C) consisting of bounded complexes (resp.
bounded below, bounded above).

One considers C as a full subcategory of C?(C) by identifying an object
X € C with the complex X*® “concentrated in degree 07:

X.:: ..._)0_>X_>O_>...

where X stands in degree 0.

Shift functor
Let X € C(C) and k € Z. One defines the shifted complex X[k] by:

{ (X[E])" = X7k
Ay = (—1)rdx™

If f:X — Y is a morphism in C(C) one defines f[k] : X[k] — Y[k] by
(k)" = frrr.

The shift functor X +— X[1] is an automorphism (i.e. an invertible func-
tor) of C(C).

Homotopy

Let C denote an additive category.

Definition 3.2.2. (i) A morphism f : X — Y in C(C) is homotopic to
zero if for all k there exists a morphism s* : X* — Y*~1 such that:

k_ k+l o gk k=1 ok
ff=s"ody +dytost

Two morphisms f,g : X — Y are homotopic if f — ¢g is homotopic to
Zero.

(ii) An object X in C(C) is homotopic to 0 if idx is homotopic to zero.
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A morphism homotopic to zero is visualized by the diagram (which is not

commutative):

dk
xk-1——> Yk X X+

A A

Yk—l dkT) Yk —_— Yk-i—l
Y

Note that an additive functor sends a morphism homotopic to zero to a
morphism homotopic to zero.

Example 3.2.3. The complex 0 — X' — X' & X" — X" — 0 is homotopic
to zero.

Mapping cone

Definition 3.2.4. Let f : X — Y be a morphism in C(C). The mapping
cone of f, denoted Mc(f), is the object of C(C) defined by:

Mc(f)F = (X))o v*
Mec(f) fk+1 dl}c/

Of course, before to state this definition, one should check that dfﬂ no

(8 )8 3)
fk+2 dY+ fk-‘rl déc/
Notice that although Mc(f)* = (X[1])* @ Y*, Mc(f) is not isomorphic to

X[1]® Y in C(C) unless f is the zero morphism.
There are natural morphisms of complexes

a(f):Y — Mc(f), B(f): Me(f) — X[1].

and 3(f) o a(f) = 0.
If F:C — (' is an additive functor, then F'(Mc(f)) ~ Mc(F(f)).

The homotopy category K(C)

Let C be an additive category.
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Starting with C(C), we shall construct a new category by deciding that
a morphism of complexes homotopic to zero is isomorphic to the zero mor-
phism. Set:

Ht(X,Y)={f: X —Y; f is homotopic to 0}.

If f: X —>Y and g:Y — Z are two morphisms in C(C) and if f or g is
homotopic to zero, then g o f is homotopic to zero. This allows us to state:

Definition 3.2.5. The homotopy category K(C) is defined by:

Ob(K(C)) = Ob(C(C))
Homy(X,Y) = Homg (X,Y)/HI(X,Y)

In other words, a morphism homotopic to zero in C(C) becomes the zero
morphism in K(C) and a homotopy equivalence becomes an isomorphism.

One defines similarly K*(C), (¥ = b,+,—). They are clearly additive
categories, endowed with an automorphism, the shift functor [1] : X — X[1].

3.3 Simplicial constructions

We! shall define the simplicial category and use it to construct complexes
and homotopies in additive categories.

Definition 3.3.1. (a) The simplicial category, denoted by A, is the cate-
gory whose objects are the finite totally ordered sets and the morphisms
are the order-preserving maps.

(b) We denote by A;,; the subcategory of A such that Ob(A;,;) = Ob(A),
the morphisms being the injective order-preserving maps.

For integers n,m denote by [n,m] the totally ordered set {k € Z; n <
k< m}.

Proposition 3.3.2. (i) the natural functor A — Set? is faithful,

(i) the full subcategory of A consisting of objects {[0,n]}n>_1 is equivalent
to A,

(i) A admits an initial object, namely O, and a terminal object, namely
{0}

IThis section has not been treated in 2005/2006
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The proof is obvious.
Let us denote by

d}: [0,n]—[0,n + 1] 0<i<n+1)

the injective order-preserving map which does not take the value ¢. In other
words

an (k) = k for k <1,
S k41 for k>

One checks immediately that
(3.7) d;”l od! =d'" o dj jfor0<i<j<n+2.

Indeed, both morphisms are the unique injective order-preserving map which
does not take the values 7 and j.
The category Ay; is visualized by

—dl ........... >

(3.8) 0 —dy >{0}_d0 {0, 1}—d1»{0 2}

........... >

Let C be an additive category and F': A;,; — C a functor. We set for
n € Z:

o {F([O,n]) for n > —1,

0 otherwise,
n+1
dp: F*— F" dp = (=)' F(d)).

i=0

Consider the differential object
1 m

39)  Fime. 0Pl po g B
(3.9)

Theorem 3.3.3. (i) The differential object F'* is a complex.

(i) Assume that there exist morphisms s%: F™ — F"~! (n > 0)satisfying:

sttt o F(dR) = idpn forn>—1,
splo F(dr ) = F(d! ') ost fori>0,n>0.

Then F* is homotopic to zero.
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Proof. (i) By (3.7), we have

n+2 n+1

Gtody = 3OS () HR@ o)

j=0 i=0

= > (PR e+

0<y<i<n+1

=Y (PR e +

0<5<i<n+1

= 0.

Here, we have used

Y (R edr)

0<i<j<n+2

— Sg—kl o F(dg) + Z( )H—l n+l g

1=0

=idp + Y (1) F(d} o sp) +Z

Y (TE@ T odp)

0<i<yj<n+2

Y. (TR ed))

0<i<j<n+2

> ()R o dy)

0<i<j<n+t1

Z (_)z‘+j+1F(d;1+l o d;’L)

0<j<i<n+1

S (L o s)

dn IOSF)

F(dy) + Z

dnlOSF)
i=0

3.4 Double complexes

Let C be as above an additive category. A double complex (X** dx) in C is
the data of
{xmm A" A" (n,m) € Zox 7}

where X™™ € C and the “differentials” d'y™ : X™™ —
Xmm — Xl gatisfy:

n+1m Hnmn,m.
X ) d X .

(3.10) d% =d" =0, dod =d"od.



3.4. DOUBLE COMPLEXES 67

One can represent a double complex by a commutative diagram:

qrmm

> X m Xn,m—i—l s
d/n,m d/n,m+1

s n+lm o n+lm+1 s
X d//n+1,m X

One defines naturally the notion of a morphism of double complexes, and
one obtains the additive category C?(C) of double complexes.

There are two functors Fy, Frr : C?*(C) — C(C(C)) which associate to
a double complex X the complex whose objects are the rows (resp. the
columns) of X. These two functors are clearly isomorphisms of categories.

Now consider the finiteness condition:

(3.11) forallpeZ, {(m,n)€Z xZ;X™™ #0,m+n = p} is finite

and denote by C3(C) the full subcategory of C*(C) consisting of objects X
satisfying (3.11). To such an X one associates its “total complex” tot(X) by
setting:
tOt(X>p = @m—i-n:an’mu
By lxmm =A™ 4 (=1)"d™

This is visualized by the diagram:

o (_)nd//
X —>Xn,m+l

’

Xn-i—l,m

tot
(i.e. dﬁEZX) o dfot(X) = 0) and tot : CF(C) — C(C) is a functor of additive
categories.

Proposition 3.4.1. The differential object {tot(X)?, i, x}pez is a complex

Proof. For (n,m) € Z x Z, one has
dod(X™) = d"od"(X™)+d od(X™)
+(=)"d" o d'(X™™) + (=)"T'd o d"(X™™)
= 0.
It is left to the reader to check that tot is an additive functor. q.e.d.
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Example 3.4.2. Let f*: X* — Y* be a morphism in C(C). Consider the
double complex Z** such that Z~1* = X*, Z0* =Y* Z»* =0 fori # —1,0,
with differentials f7 : Z=1% — Z%. Then

(3.12) tot(Z*°) ~ Mc(f*).

Bifunctor

Let C,C’ and C” be additive categories and let ' : C x C" — C” be an additive
bifunctor (i.e., F'(+, ) is additive with respect to each argument). It defines
an additive bifunctor C?(F) : C(C) x C(C") — C?(C"). In other words, if
X € C(C) and X’ € C(C’) are complexes, then C*(F)(X,X’) is a double

complex.

Examples 3.4.3. (i) Consider the bifunctor Hom, : C°* x C — Mod(Z).
We shall write Hom?,* instead of C?*(Hom,). If X and Y are two objects of
C(C), one has

Hom?* (X, Y)™™ = Hom (X, Y™),
d™™ = Hom (X ™™, dy),  d"™™ =Hom/((—)"dy" ', Y™).
Note that Hom'c"(X ,Y) is a double complex in the category Ab, which
should not be confused with the group Hom (X,Y).
(ii) Consider the bifunctor « ® «: Mod(A°?) x Mod(A) — Mod(Z). We

shall simply write ® instead of C?(®). Hence, for X € C~(Mod(A°)) and
Y € C~(Mod(A)), one has

d"" =d% @Y™ d'1I" = X" @ dy.

Definition 3.4.4. Let X € C7(C) and Y € C*(C). One sets

(3.13) Hom?,(X,Y) = tot(Hom?"(X,Y)).

Exercises to Chapter 3

Exercise 3.1. Let C be an additive category and let X € C(C). By using
+d% . XP — XP*! (p € Z), construct a morphism dyx: X — X|[1] in C(C)
and prove that dx: X — X][1] is homotopic to zero.
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Exercise 3.2. Let C be an additive category, f,g: X = Y two morphisms
in C(C). Prove that f and g are homotopic if and only if there exists a
commutative diagram in C(C)

Y ——Mc(f)

H a(f) l

YWMC(f)

X[]

— X[1].

B(f)

In such a case, prove that u is an isomorphism in C(C).

Exercise 3.3. Let C be an additive category and let f: X — Y be a mor-
phism in C(C).
Prove that the following conditions are equivalent:

(a) f is homotopic to zero,

(b) f factors through a(idy): X — Mc(idy),

(c) f factors through G(idy)[—1]: Mc(idy)[—1] — Y,

(d) f decomposes as X — Z — Y with Z a complex homotopic to zero.

Exercise 3.4. A category with translation (A, T) is a category A together
with an equivalence T: A — A. A differential object (X,dx) in a cate-
gory with translation (A4, T) is an object X € A together with a morphism
dx: X — T(X). A morphism f: (X,dx) — (Y,dy) of differential objects is
a commutative diagram

X -2 1x

o
dy
Y ——TY.

One denotes by A, the subcategory of (A, T') consisting of differential objects
and morphisms of such objects. If A is additive, one says that a differential

object (X, dx) in (A,T) is a complex if the composition X &, T(X) Tex),
T?*(X) is zero. One denotes by A, the full subcategory of A, consisting of
complexes.

(i) Let C be a category. Denote by Z, the set Z considered as a discrete
category and still denote by Z the ordered set (Z, <) considered as a category.
Prove that CZ := Fct(Zg, C) is a category with translation.

(ii) Show that the category Fct(Z,C) may be identified to the category of
differential objects in CZ.



70 CHAPTER 3. ADDITIVE CATEGORIES

(iii) Let C be an additive category. Show that the notions of differential
objects and complexes given above coincide with those in Definition 3.2.1
when choosing A = C(C) and 7' = [1].

Exercise 3.5. Consider the category A and for n > 0, denote by
st [0,n]—[0,n — 1] 0<i<n-1)

the surjective order-preserving map which takes the same value at ¢ and i+ 1.
In other words

si(k) = k for k <1,
' B k—1 for k >i.

Checks the relations:

s?os?JFl:S?_los?Jrl for 0 < j <i<n,
s;.”l od! :d?_los?_l for0<i<j<n,
S?—Hod?:id[oﬂ] for0§z§n+1,Z=j,j+1,

sitlodt =di7los)  for1<j+1<i<n+]1.

Exercise 3.6. Let M be an A-module and let ¢ = (¢1,...,¢,) be n endo-
morphisms of M over A which satisfy:

w; =0 or ¢, =idy; .

Prove that the Koszul complex K*(M, ) is homotopic to zero.



Chapter 4

Abelian categories

In this chapter, we give the main properties of abelian categories and expose
some basic constructions on complexes in such categories, such as the snake
Lemma. We explain the notion of injective resolutions and apply it to the
construction of derived functors, with applications to the functors Ext and
Tor.

For sake of simplicity, we shall always argue as if we were working in a full
abelian subcategory of Mod(A) for a ring A. (See Convention 4.1.1 below.)
Some important historical references are the book [5] and the paper [14].

4.1 Abelian categories

Convention 4.1.1. In these Notes, when dealing with an abelian category
C (see Definition 4.1.4 below), we shall assume that C is a full abelian sub-
category of a category Mod(A) for some ring A. This makes the proofs
much easier and moreover there exists a famous theorem (due to Freyd &
Mitchell) that asserts that this is in fact always the case (up to equivalence
of categories).

From now on, C, C' will denote additive categories.
Let f: X — Y be a morphism in C. Recall that if Ker f exists, it is
unique up to unique isomorphism, and for any W € C, the sequence

(4.1) 0 — Hom (W, Ker f) — Hom (W, X) L Hom (W, Y)

is exact in Mod(Z).
Similarly, if Coker f exists, then for any W € C, the sequence

(4.2) 0 — Hom(Coker f, W) — Hom (Y, W) £ Hom (X, W)
is exact in Mod(Z).

71
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Example 4.1.2. Let A be a ring, I an ideal which is not finitely generated
and let M = A/I. Then the natural morphism A — M in Mod/(A) has no
kernel.

Let C be an additive category which admits kernels and cokernels. Let
f: X — Y be a morphism in C. One defines:

Coim f = Coker h, where h: Ker f — X
Imf = Kerk, where k:Y — Coker f.

Consider the diagram:

Ker f h X ! Y ¥, Coker f

Coim f > Im f

Since foh = 0, f factors uniquely through f, and ko f factors through ko f.
Since ko f = ko fos =0 and s is an epimorphism, we get that ko f = 0.
Hence f factors through Ker k& = Im f. We have thus constructed a canonical
morphism:

(4.3) Coim f = Im f.

Examples 4.1.3. (i) If A is a ring and f is a morphism in Mod(A), then
(4.3) is an isomorphism.

(ii) The category Ban admits kernels and cokernels. If f : X — Y is a
morphism of Banach spaces, define Ker f = f~1(0) and Coker f = Y/Im f
where Im f denotes the closure of the space Im f. It is well-known that there
exist continuous linear maps f: X — Y which are injective, with dense and
non closed image. For such an f, Ker f = Coker f = 0 although f is not an
isomorphism. Thus Coim f ~ X and Im f ~ Y. Hence, the morphism (4.3)
is not an isomorphism.

Definition 4.1.4. Let C be an additive category. One says that C is abelian
if:

(i) any f: X — Y admits a kernel and a cokernel,

(ii) for any morphism f in C, the natural morphism Coim f — Im f is an
isomorphism.

In an abelian category, a morphism f is a monomorphism (resp. an
epimorphism) if and only if Ker f ~ 0 (resp. Coker f ~ 0). If f is both a
monomorphism and an epimorphism, it is an isomorphism.
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Examples 4.1.5. (i) If A is a ring, Mod(A) is an abelian category.

(ii) If A is noetherian, then Mod/(A) is abelian.

(iii) The category Ban admits kernels and cokernels but is not abelian. (See
Examples 4.1.3 (ii).)

(iv) Let I be category. Then if C is abelian, the category C! of functors
from I to C, is abelian. For example, if F;G : I — C are two functors
and ¢ : ' — (G is a morphism of functors, define the functor Ker¢ by
Ker p(X) = Ker(F(X) — G(X)). Then clearly, Ker ¢ is a kernel of ¢. One
defines similarly the cokernel.

(v) If C is abelian, then the opposite category C°P is abelian.

Unless otherwise specified, we assume until the end of this chapter that
C is abelian.
One naturally extends Definition 1.2.1 to abelian categories. Consider a

sequence of morphisms X’ L X % X" with go f =0 (sometimes, one calls
such a sequence a complex). It defines a morphism Coim f — Ker g, hence,
C being abelian, a morphism Im f — Ker g.

Definition 4.1.6. (i) One says that a sequence X' L x &4 X7 with
go f=0is exact if Im f = Kerg.

(ii) More generally, a sequence of morphisms X? & X™ with d o
d' = 0foralli € [p,n—1] is exact if Im d* == Ker d"*! for all i € [p,n—1].

(iii) A short exact sequence is an exact sequence 0 — X' — X — X" — 0

Any morphism f : X — Y may be decomposed into short exact se-
quences:

0—Kerf—=X—-Imf—0
0—Imf—Y — Coker f — 0.

Proposition 4.1.7. Let 0 — X’ L X % X" = 0 be a short exact sequence
in C. Then the conditions (i) to (iii) are equivalent.

(i) there exists h: X" — X such that g o h = idxn,
(ii) there exists k : X — X' such that ko f =idx/,

(i) there exists o = (k,g) and ¢ = (f + h) such that X % X' @ X" and

X' @ X" % X are isomorphisms inverse to each other,
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The proof is similar to the case of A-modules and is left as an exercise.
If the conditions of the above proposition are satisfied, one says that the
sequence splits.
Note that an additive functor of abelian categories sends split exact se-
quences into split exact sequences.
Lemma 4.1.8. (The “five lemma”.) Consider a commutative diagram.:
a2

@Q a1

X0 X! X2 X3

f‘)l fll le f3l
0 1 2 3

Y Bo Y 51 Y B2 Y

and assume that the rows are exact sequences.

(i) If f° is an epimorphism and f', f3 are monomorphisms, then f? is a
monomorphism.

(ii) If f3 is a monomorphism, and f°, f* are epimorphisms, then fl is an
epimorphism.

According to Convention 4.1.1, we shall assume that C is a full abelian
subcategory of Mod(A) for some ring A. Hence we may choose elements in
the objects of C.

Proof. (i) Let z3 € Xy and assume that f?(x5) = 0. Then f3 o ay(z3) = 0
and f3 being a monomorphism, this implies ay(z2) = 0. Since the first row
is exact, there exists z; € X; such that ay(z1) = zy. Set y; = f!(x;). Since
By o fi(xy) = 0 and the second row is exact, there exists yy € Y such that
Bo(yo) = f'(x1). Since f° is an epimorphism, there exists zop € X such
that yo = f°(zg). Since f!o ag(zo) = fi(x;) and f! is a monomorphism,
ap(zg) = x1. Therefore, 9 = ay(z1) = 0.

(ii) is nothing but (i) in C°P. q.e.d.

Let F : C — C’ be an additive functor of abelian categories. Since F
is additive, F(0) ~ 0 and F(X @Y) ~ F(X) ® F(Y). In other words, F
commutes with finite direct sums (and with finite products).

Let F : C — C’ be an additive functor. Recall that F is left exact if and
only if it commutes with kernels, that is, if and only if for any exact sequence
inC,0 — X' — X — X" the sequence 0 — F(X') — F(X) — F(X") is
exact in C'.

Similarly, F is right exact if and only if it commutes with cokernels, that
is, if and only if for any exact sequence in C, X’ — X — X” — 0 the
sequence F(X') — F(X) — F(X") — 0 is exact.
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Lemma 4.1.9. Let FC — C' be an additive functor.

(i) F is left exact if and only if for any exact sequence 0 — X' — X —
X" — 0in C, the sequence 0 — F(X') — F(X) — F(X") is exact.

(ii) F is exact if and only if for any exact sequence X' — X — X" in C,
the sequence F(X') — F(X) — F(X") is exact.

The proof is left as an exercise.

Examples 4.1.10. (i) Let C be an abelian category. The functor Hom,
from C° x C to Mod(Z) is left exact.

(ii) Let A be a k-algebra. Let M and N in Mod(A). It follows from (i) that
the functors Hom , from Mod(A)°® x Mod(A) to Mod(k) is left exact.

The functors ®, from Mod(A°) x Mod(A) to Mod(k) is right exact.

If A is a field, all the above functors are exact.

(iii) Let I and C be two categories with C abelian. Assume that C admits
inductive limits. Recall that the functor lim : Fet(Z,C) — C is right exact.

If C = Mod(A) and [ is filtrant, then the functor lim is exact.
Similarly, if C admits projective limits, the functor lim : Fet(1°°,C) — C
is left exact. If C = Mod(A) and I is discrete, the functor lim (that is, the

functor []) is exact.

4.2 Complexes in abelian categories

We assume that C is abelian. Notice first that the categories C*(C) are clearly
abelian for x = (), +, — b. For example, if f : X — Y is a morphism in C(C),
the complex Z defined by Z" = Ker(f™ : X™ — Y™), with differential induced
by those of X, will be a kernel for f, and similarly for Coker f.

Let X € C(C). One defines the following objects of C:

(C
Z8(X) = Kerdk
BYX) = Imdi*
H*(X) = ZMX)/B*(X) (:= Coker(B*(X) — Z*¥(X)))
One calls H*(X) the k-th cohomology object of X. If f: X — Y is a mor-
phism in C(C), then it induces morphisms Z*(X) — Z*(Y') and B*(X) —
BX(Y), thus a morphism H*(f) : H*(X) — H*(Y). Clearly, H*( X ® Y) ~
HY(X)@® H*(Y). Hence we have obtained an additive functor:

H*(+):C(C) — C.
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Notice that:
H*(X) = HY(X[k]).

Lemma 4.2.1. Let C be an abelian category and let f : X — Y be a mor-
phism in C(C) homotopic to zero. Then H*(f) : H*(X) — H*(Y) is the 0
morphism.
Proof. Let f* = s*lodk +d5 'osk. Then d% = 0 on Kerd% and dy-'os* =0
on Kerd¥. /Tmd¥~'. Hence H*(f) : Kerd% /Im ds ' — Kerd¥./ Tm d5 " is the
zero morphism. q.e.d.
In view of Lemma 4.2.1, the functor H°: C(C) — C extends as a functor
H°: K(C) — C.
Definition 4.2.2. One says that a morphism f : X — Y in C(C) or in K(C)
is a quasi-isomorphism (a qis, for short) if H*(f) is an isomorphism for all
k € Z. In such a case, one says that X and Y are quasi-isomorphic.

In particular, X € C(C) is qis to 0 if and only if the complex X is exact.

Remark 4.2.3. By Lemma 4.2.1, a complex homotopic to 0 is gis to 0, but
the converse is false. For example, a short exact sequence does not necessarily
split. One shall be aware that the property for a complex of being homotopic
to 0 is preserved when applying an additive functor, contrarily to the property
of being qis to 0.

Remark 4.2.4. Consider a bounded complex X*® and denote by Y* the
complex given by Y7 = H/(X*),dj, = 0. One has:

(4.4) Y*® =@ H(X*)[—1].

The complexes X *® and Y® have the same cohomology objects. In other words,
HI)(Y*) ~ H/(X*). However, in general these isomorphisms are neither
induced by a morphism from X*® — Y*, nor by a morphism from Y* — X*,
and the two complexes X*® and Y* are not quasi-isomorphic.

There are exact sequences

X! — Kerdy, — H¥(X) — 0,
0 — H*(X) — Coker dt — Xkt

which give rise to the exact sequence:

k
(45) 0 — H*(X) — Coker(d% ) 25 Ker di! — HM1(X) — 0.
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Lemma 4.2.5. (The snake lemma.) Consider the commutative diagram in
C below with exact rows:

RN

0 X' y' Lz

Then it gives rise to an exact sequence:
Ker o — Ker 8 — Kery 2 Coker o« — Coker 3 — Coker 7.
The proof is similar to that of Lemma 4.1.8 and is left as an exercise.

Theorem 4.2.6. Let 0 — X’ L X £ X" — 0 be an ezact sequence in C(C).
(i) For each k € Z, the sequence H*(X') — H*(X) — H*(X") is exact.

(ii) For each k € Z, there exists 6* : H¥(X") — H*(X') making the
sequence:

(46) Hk(X) _ Hk(X//) i Hk-i—l(X/) N Hk+1(X)

exact. Moreover, one can construct 8% functorial with respect to short
exact sequences of C(C).

Proof. The exact sequence in C(C) gives rise to commutative diagrams with
exact rows:

Coker d%* — Coker dy ' —5 Coker d¥,' —0

d’;(,l d’)“(l dk,, l

0 —— Ker d'};?l 7 Ker d’;fl Ker dl)“;?/l

g

Then using the exact sequence (4.5), the result follows from Lemma 4.2.5.
q.e.d.

Remark 4.2.7. Let us denote for a while by §%(f,g) the map ¢* con-
structed in Theorem 4.2.6. Then one can prove that 6%(—f, g) = §*(f, —g) =

Corollary 4.2.8. In the situation of Theorem 4.2.6, if two of the complezes
X', X, X" are exact, so is the third one.



78 CHAPTER 4. ABELIAN CATEGORIES

Corollary 4.2.9. Let f : X — Y be a morphism in C(C). Then there is a
long ezact sequence

) H*(f)

= HY(X HYY) — H* (Mc(f)) — -+

Proof. There are natural morphisms Y — Mc(f) and Mc(f) — X[1] which
give rise to an exact sequence in C(C):

(4.7) 0—Y — Mc(f) — X[1] — 0.

Applying Theorem 4.2.6, one finds a long exact sequence
= HYX[1]) S HRY) = B (Me(f)) — -

One can prove that the morphism 6% : H* (X)) — H*Y(Y) is H*"(f) up
to a sign. q.e.d.

Double complexes

Let C denote as above an abelian category.

Theorem 4.2.10. Let X** be a double complex such that all rows X7* and
columns X*7 are 0 for j <0 and are exact for j > 0.

Then HP(X?*) ~ HP(X*%) ~ HP(tot(X**)) for all p.

Proof. We shall only describe the first isomorphism H?(X%*) ~ HP(X*?) in
the case where C = Mod(A), by the so-called “Weil procedure”.

Let 27° € XPY with d'z?° = 0 which represents y € HP(X*"). Define
2Pl = d"2PP. Then d'zP' = 0, and the first column being exact, there exists
2P~ b ¢ XP7L with d’aP~8! = 2P, One can iterate this procedure until
getting 297 € X, Since d'd"2°? = 0, and d’ is injective on X% for p > 0
by the hypothesis, we get d”2%? = 0. The class of 207 in HP(X%*) will be the
image of y by the Weil procedure. Of course, one has to check that this image
does not depend of the various choices we have made, and that it induces an
isomorphism.
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This can be visualized by the diagram:

dll
xovp —_— 0

@)
2 d/l
xlvp_ — xl,p—l

xp—l,l ...... >

@
"

xP70 L xpvl

2

q.e.d.

Proposition 4.2.11. Let X**® be a double complex such that all rows X7*
and columns X*7 are 0 for j < 0. Assume that all rows (resp. all columns)
of X** are exact. Then the complex tot(X**) is ezxact.

The proof is left as an exercise. Note that if there are only two rows let’s
say in degrees —1 and 0, then the result follows from Theorem 4.6.4

4.3 Application to Koszul complexes

Consider a Koszul complex, as in §1.6. Keeping the notations of this section,
set o' = {®1,...,¢n_1} and denote by d’ the differential in K*(M, ¢'). Then
¢, defines a morphism

(4.8) On KO(M, ") — K*(M, )

Proposition 4.3.1. The complex K*(M, ¢)[1] is isomorphic to the mapping
cone of —p,,.

Proof. * Consider the diagram

Me(@,,)F —— Mc(§ )P

\P l A\p+1 l

Kp+1(M 90> — Kp+2( )

!The proof has been skipped in 2005/2006
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given explicitly by:
M(® /\p+2 Zn—l) ® (M ® /\p+1 Zn—l)

—d 0
_9071 d,

id @ (id ®enA) id ®(id ®en A)

(M A 2 @ (M@ A\PZ" 1)

M@ N zn M @ N2 zn

Then

dia®e;+b@ek)=—d(a®ey)+ (d(b@ek) — pnla) @ey),
Na®e;+bReg) =a®e;+bRe, Neg.

(i) The vertical arrows are isomorphisms. Indeed, let us treat the first one.
It is described by:

(4.9) ZQJ®GJ+ZbK®6KHZQJ®6J+ZbK®€n/\€K
J K J K

with |J| = p+ 1 and |K| = p. Any element of M ® A’ Z" may uniquely
be written as in the right hand side of (4.9).
(ii) The diagram commutes. Indeed,

MNHodh (a@e;+bRek) =—d(a®ey)+e, Nd (bRek) — ¢n(a) e, Aey
=—-d(a®ey) —d(bRe, Nex) — pnla) e, Ney,
d§’<+10)\p(a®eJ+b®eK) =—dla®e;+b®e, Neg)
=—d(a®ey) —ppla)@e, Ney —d (bRe, A eg).

q.e.d.
Proposition 4.3.2. There exists a long exact sequence
(4.10) -+ — HI(K*(M, ¢)) = H/(K*(M, ")) — H " (K" (M, ¢)) — -+
Proof. Apply Proposition 4.3.1 and Corollary 4.2.9. q.e.d.

We can now give a proof to Theorem 1.6.2. Assume for example that
(p1,--.,@n) is a regular sequence, and let us argue by induction on n. The
cohomology of K*(M, ') is thus concentrated in degree n — 1 and is isomor-
phic to M/(p1(M) + -+ ¢n—1(M)). By the hypothesis, ¢, is injective on
this group, and Theorem 1.6.2 follows.



4.4. INJECTIVE OBJECTS 81

4.4 Injective objects

Definition 4.4.1. (i) An object I of C is injective if Hom,(+,I) is an
exact functor.

(ii) Ome says that C has enough injectives if for any X € C there exists a
monomorphism X—1I with I injective.

(iii) An object P is projective in C iff it is injective in C°P, i.e. if the functor
Hom (P, «) is exact.

(iv) One says that C has enough projectives if for any X € C there exists
an epimorphism P—X with P projective.

Example 4.4.2. Let A be a ring. An A-module M is called injective (resp.
projective) if it is so in the category Mod(A). If M is free then it is projective.
More generally, if there exists an A-module N such that M@ N is free then M
is projective (see Exercise 1.2). One immediately deduces that the category
Mod(A) has enough projectives. One can prove that Mod(A) has enough
injectives (see Exercise 1.5).

If k is a field, then any object of Mod(k) is both injective and projective.

Proposition 4.4.3. The object I € C is injective if and only if, for any
X, Y € C and any diagram in which the row is exact:

0—x Ly

£

I
the dotted arrow may be completed, making the solid diagram commutative.

The proof is similar to that of Proposition 1.3.8.

Lemma 4.4.4. Let 0 — X' L X % X" = 0 be an ezact sequence in C, and
assume that X' is injective. Then the sequence splits.

Proof. Applying the preceding result with & = idx/, we find h: X — X’ such
that ko f =idys,. Then apply Proposition 4.1.7. q.e.d.

It follows that if F': C — C’ is an additive functor of abelian categories, and
the hypotheses of the lemma are satisfied, then the sequence 0 — F(X') —
F(X) — F(X") — 0 splits and in particular is exact.
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Lemma 4.4.5. Let X', X" belong to C. Then X' & X" is injective if and
only if X' and X" are injective.

Proof. 1t is enough to remark that for two additive functors of abelian cat-
egories I and G, X — F(X) @ G(X) is exact if and only if F' and G are
exact. q.e.d.

Applying Lemmas 4.4.4 and 4.4.5, we get:

Proposition 4.4.6. Let 0 — X' — X — X" — 0 be an exact sequence in C
and assume X' and X are injective. Then X" is injective.

4.5 Resolutions

In this section, C denotes an abelian category and Z¢ its full additive subcat-
egory consisting of injective objects. We shall asume

(4.11) the abelian category C admits enough injectives.

Definition 4.5.1. Let J be a full additive subcategory of C. We say that
J is cogenerating if for all X in C, there exist Y € J and a monomorphism
X—Y.

Note that the category of injective objects is cogenerating iff C has enough
injectives.

Notations 4.5.2. Consider an exact sequence in C, 0 — X — J° — ... —
J" — ... and denote by J*® the complex 0 — J° — .- — J" — ... We
shall say for short that 0 — X — J* is a resolution of X. If the J*’s belong
to J, we shall say that this is a J-resolution of X. When J denotes the
category of injective objects one says this is an injective resolution.

Proposition 4.5.3. Assume J is cogenerating. Then for any X € C, there
exists a J-resolution of X.

Proof. We proceed by induction. Assume to have constructed:
0-X—-J0'—...5 J»

For n = 0 this is the hypothesis. Set B" = Coker(J""! — J") (with J~! =
X). Then J* ! — J* — B™ — 0 is exact. Embed B" in an object of J:
0 — B" — Jo"! Then J* ! — J* — J"! is exact, and the induction
proceeds. q.e.d.
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Proposition 4.5.4. (i) Let f* : X* — I* be a morphism in C*(C). As-
sume I*® belongs to CT(Z¢) and X*® is exact. Then f* is homotopic to
0.

(ii) Let I* € CT(Z¢) and assume I* is exact. Then I° is homotopic to 0.
Proof. (i) Consider the diagram:

Xk—2 —_ Xk’—l —_ Xk _— Xk+l

k—1 .- koo k+1
s _..--'fkll 5" - fkl s

]k—2/;—> ]k—l ]kz £ ]k-i-l

We shall construct by induction morphisms s* satisfying:
fF=s"odk +di o s”.

For j << 0, s/ = 0. Assume we have constructed the s’ for j < k. Define
g* = f¥ —di~' o sk, One has

gk ° d,;(_l — fk o dl;{_l . dl[f—l ° Sk o d,;(_l
_ k k—1 k—1 k—1 k—1 k—2 k—1
= ffody —dj of +dj odj "os
0.

Hence, g* factorizes through X*/Imd% . Since the complex X* is exact,
the sequence 0 — X*/Imd% ' — X**1 is exact. Consider

0— X*/Im di* — X+

k+1 .-
S
gkl

Ik “

The dotted arrow may be completed by Proposition 4.4.3.
(ii) Apply the result of (i) with X*® = I*® and f =idy. q.e.d.

Proposition 4.5.5. (i) Let f: X — Y be a morphism inC, let 0 — X —
X* be a resolution of X and let 0 — Y — J* be a complex with the
J*’s injective. Then there exists a morphism f®: X* — J* making the
diagram below commutative:

(4.12) 0—-X—X*

Lo

0O—Y —J°
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(ii) The morphism f* in C(C) constructed in (i) is unique up to homotopy.

Proof. (i) Let us denote by dx (resp. dy) the differential of the complex X*®
(resp. J*®), by dy' (resp. dy') the morphism X — X (resp. Y — JY) and
set f71=f.

We shall construct the f™’s by induction. Morphism f° is obtained by
Proposition 4.4.3. Assume we have constructed f°, ..., f". Let g" = d% o
fm X" — J*L The morphism g" factorizes through A" : X"/ Imd% ' —
JnL. Since X* is exact, the sequence 0 — X"/Imd% ' — X"+ is exact.
Since J"! is injective, A" extends as fmt1: X7l — jntl
(ii)) We may assume f = 0 and we have to prove that in this case f* is
homotopic to zero. Since the sequence 0 — X — X* is exact, this follows
from Proposition 4.5.4 (i), replacing the exact sequence 0 — Y — J*® by the
complex 0 — 0 — J°. q.e.d.

4.6 Derived functors

In this section, C and C’ will denote abelian categories and F': C — C’ a left
exact functor. We shall make the hypothesis

(4.13) the category C admits enough injectives.
Recall that Z denotes the additive category of injective objects in C.

Lemma 4.6.1. Assuming (4.13), there exists a functor \: C — K(Z¢) and
for for each X € C, a qis X — AN(X), functorially in X € C.

Proof. (i) Let X € C and let I € C*(Z¢) be an injective resolution of
X. The image of I% in K*(C) is unique up to unique isomorphism, by
Proposition 4.5.5.

Indeed, consider two injective resolutions /% and J% of X. By Propo-

sition 4.5.5 applied to idx, there exists a morphism f*®: I — J% making
the diagram 4.12 commutative and this morphism is unique up to homo-
topy, hence is unique in K*(C). Similarly, there exists a unique morphism
g*: JY — I in KT(C). Hence, f* and ¢* are isomorphisms inverse one to
each other.
(ii) Let f: X — Y be a morphism in C, let I} and I3 be injective resolutions
of X and Y respectively, and let f*: I — I3 be a morphism of complexes
such as in Proposition 4.5.5. Then the image of f* in Homy. , (1%, I})
does not depend on the choice of f* by Proposition 4.5.5.

In particular, we get that if g: Y — Z is another morphism in C and 7} is
an injective resolutions of Z, then g*o f* = (go f)* as morphisms in K*(Z¢).

q.e.d.
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Let F': C — C' be a left exact functor of abelian categories and assume
that C has enough injectives. Consider the functors

cA KN LK) L e
Definition 4.6.2. One sets
(4.14) R'F=H"oFo\
and calls R"F' the n-th right derived functor of F.
By its definition, the receipt to construct R"F(X) is as follows:

e choose an injective resolution I§ of X, that is, construct an exact
sequence 0 — X — I% with I € Ct(Z¢),

e apply F' to this resolution,

e take the n-th cohomology.

In other words, R"F(X) ~ H"(F(I%)).
Note that R™F' is an additive functor from C to C’ and

) ~ 0forn<0,
) ~ F(X),
X) =~ 0forn#0if F is exact,
) 0 for n # 0 if X is injective.

The first assertion is obvious since 1% = 0 for k& < 0, and the second one
follows from the fact that F being left exact, then Ker(F(I%) — F(I%)) ~
F(Ker(I§ — I%))~ F(X). The third assertion is clear since F' being exact,
it commutes with H7(+). The last assertion is obvious by the construction
of RF(X).

Definition 4.6.3. An object X of C such that R¥F(X) ~ 0 for all £ > 0 is
called F-acyclic.

Hence, injective objects are F-acyclic for all left exact functors F.

Theorem 4.6.4. Let 0 — X' L X % X" — 0 be an ezact sequence in C.
Then there exists a long exact sequence:

0—F(X)—=FX)— - RFX)— RFX)— RFX") - ---



86 CHAPTER 4. ABELIAN CATEGORIES

Sketch of the proof. One constructs an exact sequence of complexes 0 —
X" — X* — X" — 0 whose objects are injective and this sequence is

quasi-isomorphic to the sequence 0 — X’ Lx % X" 50 C(C). Since
the objects X" are injectice, we get a short exact sequence in C(C’):
0— F(X")— F(X*)— F(X")—0
Then one applies Theorem 4.2.6. q.e.d.
Definition 4.6.5. Let J be a full additive subcategory of C. One says that
J is F-injective if:
(i) J is cogenerating,

(ii) for any exact sequence 0 — X' — X — X" - 0inC with X' € J, X €
J, then X" € 7,

(iii) for any exact sequence 0 — X' — X — X" — 0in C with X’ € J, the
sequence 0 — F(X') — F(X) — F(X") — 0 is exact.

By considering C°?, one obtains the notion of an F-projective subcategory,
F' being right exact.

Proposition 4.6.6. Let ' : C — C' be a left exact functor and denote by
Ir the full subcategory of C consisting of F-acyclic objects. Then Lp is F'-
mjective.

Proof. Since injective objects are F-acyclic, hypothesis (4.13) implies that Zr
is co-generating. The conditions (ii) and (iii) in Definition 4.6.5 are satisfied
by Theorem 4.6.4. q.e.d.

Examples 4.6.7. (i) If C has enough injectives, the category Z of injective
objects is F-acyclic for all left exact functors F.

(ii) Let A be a ring and let N be a right A-module. The full additive
subcategory of Mod(A) consisting of flat A-modules is projective with respect
to the functor N ®, «.

Lemma 4.6.8. Assume J is F-injective and let X* € CT(J) be a complex
qis to zero (i.e. X* is exact). Then F(X*®) is qis to zero.

Proof. We decompose X*® into short exact sequences (assuming that this
complex starts at step 0 for convenience):

0—-X’—-X'"-2Z'—0
02" - X*=22=0

0—-Z"t S5 X" 2" =0
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By induction we find that all the Z7’s belong to 7, hence all the sequences:
0—F(Z")—= F(X")— F(Z")—0
are exact. Hence the sequence
0— F(X% — F(X') — -
is exact. g.e.d.

Theorem 4.6.9. Assume J is F-injective and contains the category Ie of
ingective objects. Let X € C and let 0 — X — J*® be a resolution of X with
J* € J. Then for each k, there is an isomorphism REF(X) ~ HF(F(J*®)).

Proof. Let 0 — X — J® be a J-resolution of X and let 0 — X — I°®
be an injective resolution of X. Applying Proposition 4.5.5, there exists
f+J* — I®* making the diagram below commutative

d° dt

0 X JO J Jl J

b, b
d9 di

0 X JO——=T!

Define the complex K* = Mc(f), the mapping cone of f. By the hypothesis,
K* belongs to C*(J) and this complex is gis to zero by Corollary 4.2.8. By
Lemma 4.6.8, F/(K*) is gis to zero.

On the other-hand, F'(Mc(f)) is isomorphic to Mc(F'(f)), the mapping
cone of F'(f): F(J*) — F(I*). Applying Theorem 4.2.6 to this sequence, we
find a long exact sequence

= H"(F(J*)) — H"(F(I*)) — H"(F(K®)) — -
Since F(K*) is qis to zero, the result follows. q.e.d.

By this result, one sees that in order to calculate the k-th derived functor
of I' at X, the recipe is as follows. Consider a resolution 0 — X — J*®
of X by objects of J, then apply F' to the complex J°®, and take the k-th
cohomology object.

Proposition 4.6.10. Let F': C — C' and G : C' — C" be left exact functors
of abelian categories. We assume that C and C' have enough injectives.

(i) If G is exact, then RI(Go F) ~ G o R'F.
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(i) Assume that F is exact. There is a natural morphism RI(G o F) —

(RIG)o F.

(i) Let J' be a G-injective subcategory of C' and assume that F sends the
injective objects of C in J'. If X € C satisfies RFF(X) = 0 for k # 0,
then RI(G o F)(X) ~ RIG(F(X)).

(iv) In particular, let J' be a G-injective subcategory of C' and assume that
F is exact and sends the injective objects of C in J'. Then RI(GoF) ~
R'GoF.

Proof. Let X € C and let 0 — X — I% be an injective resolution of X. Then
RI(Go F)(X)~ H/(Go F(I%)).

(i) If G is exact, the right-hand side is isomorphic to G(H(F(I%)).

(ii) Consider an injective resolution 0 — F(X) — J} x of F'(X). By Propo-
sition 4.5.5, there exists a morphism F(I%) — Jrix)- Applying G we get a
morphism of complexes: (G o F')(I%) — G(Jix,). Since HI((G o F)(I%)) =~
R/(G o F)(X) and HY(G(Jpx))) = RG(F(X)), we get the result.

(iii) By the hypothesis, F'(I%) is gis to F(X) and belongs to CT(J’). Hence
RIG(F(X)) ~ H(G(F(IX))).

(iv) is a particular case of (iii). q.e.d.

4.7 Bifunctors

Now consider an additive bifunctor F' : C xC" — C” of abelian categories, and
assume: F' is left exact with respect of each of its arguments (i.e., F'(X, *)
and F'(+,Y) are left exact).

Let Z¢ (resp. Zer) denote the full additive subcategory of C (resp. C')
consisting of injective objects.

Definition 4.7.1. (a) The pair (Z¢,C’) is F-injective if C admits enough
injective and for all I € Z¢, F(I, «) is exact.

(b) If (Z¢, C') is F-injective, we denote by R*F(X,Y") the k-th derived functor
of F(+,Y) at X, i.e., R*F(X,Y) = R*F(+,Y)(X).

Proposition 4.7.2. Assume that (Z¢,C') is F-injective.

(i) Let 0 » X' — X — X" — 0 be an exact sequence in C and let Y € C'.
Then there is a long exact sequence in C”:

= RF'FP(X"Y) - RFF(X')Y) —» RFF(X,Y) — RFF(X")Y) —
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(i) Let 0 =Y =Y =YY" — 0 be an exact sequence in C' and let X € C.
Then there is a long exact sequence in C":

= RFIP(X)Y") — RFF(X,Y') — RFF(X,Y) — RFF(X,Y") —

Proof. (i) is a particular case of Theorem 4.6.4.
(ii) Let 0 — X — I°® be an injective resolution of X. By the hypothesis, the
sequence in C(C"):

0— F(I*Y")— F(I*)Y)— F(I*,Y") =0

is exact. By Theorem 4.2.6, it gives rise to the desired long exact sequence.
q.e.d.

Proposition 4.7.3. Assume that both (Zc,C') and (C,Z¢) are F-injective.
Then for X € C and Y € C', we have the isomorphism: RFF(X,Y) =
RFE()Y)(X) =~ RFF(X, «)(Y).

Moreover if 1% is an injective resolution of X and Iy an injective resolu-
tion of Y, then RFF(X,Y) ~ totH*(F(I%, I3).

Proof. Let 0 = X — I% and 0 — Y — I3 be injective resolutions of X and
Y, respectively. Consider the double complex:

0 0 0
) ! !

0 0 F(I,Y)— F(IL,Y) —
l | |

0—F (X, Ip) = F(I%, Iy) — F(Ix, Iy) —

) ) !

0—F (X, I}) =~ F(I%, Iy) — F(Ix, Iy) —

} ! !

The cohomology of the first row (resp. column) calculates RFF(+,Y)(X)
(resp. R*F(X, «)(Y)). Since the other rows and columns are exact by the
hypotheses, the result follows from Theorem 4.2.10. q.e.d.

Example 4.7.4. Assume C has enough injectives. Then
RFHom, : C® x C — Ab

exists and is calculated as follows. Let X € C, Y € C. There exists a qis in
C*(C), Y — I°*, the I’’s being injective. Then:

RFHom (X, Y) ~ H*(Hom, (X, I*)).
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If C has enough projectives, and P* — X is a qis in C(C), the P’’s being
projective, one also has:

RFHom ,(X,Y) =~ H"Hom,(P*,Y)
~ H"tot(Hom,(P*,I*)).

If C has enough injectives or enough projectives, one sets:
(4.15) Extg(e, «) = R"Hom,(+, *).

For example, let A = k[z,y], M = k ~ A/xA+yA and let us calculate the
groups Ext?, (M, A). Since injective resolutions are not easy to calculate, it
is much simpler to calculate a free (hence, projective) resolution of M. Since
(x,y) is a regular sequence of endomorphisms of A (viewed as an A-module),
M is quasi-isomorphic to the complex:

M*:0—-A5 A5 A—0,

where u(a) = (ya, —za), v(b,c) = b+ yc and the module A on the right
stands in degree 0. Therefore, Ext’,(M, N) is the j-th cohomology object of
the complex Hom ,(M?*, N), that is:

0N N2 N o,

where v" = Hom (v, N), v’ = Hom (u, N) and the module N on the left stands
in degree 0. Since v'(n) = (zn,yn) and v'(m,l) = ym — zl, we find again a
Koszul complex. Choosing N = A, its cohomology is concentrated in degree
2. Hence, Ext’, (M, A) ~ 0 for j # 2 and ~ k for j = 2.

Example 4.7.5. Let A be a k-algebra. Since the category Mod(A) admits
enough projective objects, the bifunctor

* ® e« : Mod(A°?) x Mod(A) — Mod(k)

admits derived functors, denoted Tor?, (=, «) or else, Tor’(+, *).
If Q* — N — 0 is a projective resolution of the A°°-module N, or
P* — M — 0 is a projective resolution of the A-module M, then :

Tory (N, M) ~ HMQ*®, M)
~ H*N®, P
~ H *(tot(Q* ®, P*)).
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Exercises to Chapter 4

Exercise 4.1. Let C be an abelian category which admits inductive limits
and such that filtrant inductive limits are exact. Let {X;};,c; be a family
of objects of C indexed by a set I and let iy € I. Prove that the natural
morphism X;, — @,.; X; is a mornomorphism.

Exercise 4.2. Let C be an abelian category.

(i) Prove that a complex 0 — X — Y — Z is exact iff and only if for
any object W € C the complex of abelian groups 0 — Hom (W, X) —
Hom (W,Y) — Hom (W, Z) is exact.

(ii) By reversing the arrows, state and prove a similar statement for a complex
X—-Y—-27-0.

Exercise 4.3. Let C be an abelian category. A square is a commutative
diagram:
fl

vy
g lg
x-1-z

A square is Cartesian if moreover the sequence 0 — V — X xY — Z is
exact, that is, if V'~ X x Y (recall that X x Y = Ker(f —g), where f—g :
XY — Z). A square is co-Cartesian if the sequence V — X @Y — Z — 0
is exact, that is, if Z ~ X @y Y (recall that X @Y = Coker(f’' — ¢’), where
f'—q¢:V—-XxY).

(i) Assume the square is Cartesian and f is an epimorphism. Prove that f’
is an epimorphism.

(ii) Assume the square is co-Cartesian and f’ is a monomorphism. Prove
that f is a monomorphism.

Exercise 4.4. Let C be an abelian category and consider two sequences of
morphisms X! 25 X; % X7 i = 1,2 with g;o f; = 0. Set X' = X! & X},
and define similarly X, X” and f, g. Prove that the two sequences above are

exact if and only if the sequence X’ 1 X % X7 is exact.

Exercise 4.5. Let C be an abelian category and consider a commutative
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diagram of complexes

0 0 0
I
0—= X/ — Xy — X!

Lol

0— X —X; — X/

Lol

0— X} —> Xy — X!

Assume that all rows are exact as well as the second and third column. Prove
that all columns are exact.

Exercise 4.6. Let C be an abelian category. To X € C?(C), one associates
the new complex H*(X) = @ H(X)[—j] with 0-differential. In other words

HYX):= - = H(X)% H*Y(X) %
(i) Prove that H®: C*(C) — C*(C) is a well-defined additive functor.
(ii) Give examples which show that in general, H* is neither right nor left
exact.

Exercise 4.7. Let ¢ = (¢1,...,¢,) be n commuting endomorphisms of an
A-module M. Let ¢ = (p1,...,0n—p) and ¢" = (©On—pt1s-- -, Pn)-

Calculate the cohomology of K*(M, ) assuming that ¢’ is a regular sequence
and ¢” is a coregular sequence.

Exercise 4.8. Let A = k[z1,25]. Consider the A-modules: M’ = A/(Az; +
Axy), M = AJ(Ax? + Axyzs), M" = A/(Axy).

(i) Show that the monomorphism Ax; — A induces a monomorphism M’ —
Mand deduce an exact sequence of A-modules 0 — M’ — M — M" — 0.
(ii) By considering the action of z; on these three modules, show that the
sequence above does not split.

(iii) Construct free resolutions of M’ and M".
(iv) Calculate Ext’y (M, A) for all j .

Exercise 4.9. Let C and C’ be two abelian categories. We assume that
C' admits inductive limits and filtrant inductive limits are exact in C’. Let
{F;}icr be an inductive system of left exact functors from C to C’, indexed
by a filtrant categoryl.

(i) Prove that lim F; is a left exact functor.

(ii) Prove that for each k € Z, {R*F;}cr is an inductive system of functors

and RF(lim F}) ~ lim RFF;.
- -

)
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Exercise 4.10. Let F': C — C’ be a left exact functor of abelian categories.
Let J be an F-injective subcategory of C, and let Y* be an object of C* (7).
Assume that H*(Y*®) = 0 for all k # p for some p € Z, and let X = HP(Y®).
Prove that RFF(X) ~ H*P(F(Y®)).

Exercise 4.11. We consider the following situation: F' : C — C" and G :
C" — (" are left exact functors of abelian categories having enough injectives,
J' is an G-injective subcategory of C' and F sends injective objects of C in
J'.

(i) Let X € C and assume that there is ¢ € N with RFF(X) = 0 for k # q.
Prove that R/(G o F)(X) ~ RF79G(RYF(X)). (Hint: use Exercise 4.10.)

(ii) Assume now that R/F(X) = 0 for j # 0,1. Prove that there is a long
exact sequence:

= RMG(R'F(X)) — RH(G o F)(X) — REG(F(X)) — ---

(Hint: construct an exact sequence 0 — X — X% — X! — 0 with X°
injective and X' F-acyclic.)

Exercise 4.12. In the situation of Proposition 4.6.10, let X € C and assume
that RF(X) ~ 0 for j < n. Prove that R"(F' o F)(X) ~ F'(R"F(X)).

Exercise 4.13. Here, we shall use the notation H® introduced in Exercise
4.6. Assume that k is a field and consider the complexes in Mod(k):

x= x°Lx
o= Y'SY!
and the double complex
feid
XY = X'V’ —X'Y"
id®gl id®gl
feid

XY —= XYL

(i) Prove that tot(X°*®Y™®) and tot(H*(X*)®Y*) have the same cohomology
objects.

(ii) Deduce that tot(X*® ® Y*) and tot(H*(X*) ® H*(Y*)) have the same
cohomology objects.
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Exercise 4.14. Assume that k is a field. Let X*® and Y* be two objects of
C*(Mod(k)). Prove the isomorphism

H'(tot(X* ®Y*)) ~ P H'(X*)@H (V")

i+j=p

= QD H (X =i o @D H(Y) )

Here, we use the convention that:

(AdB)(Ce®D)~(ARC)®(A®D)® (BC)® (B®D)
Ali] @ B[j] ~ A® Bli + j].

(Hint: use the result of Exercise 4.13.)



Chapter 5

Abelian sheaves

In this chapter we expose basic sheaf theory in the framework of topological
spaces. Although we restrict our study to topological spaces, it will be con-
venient to consider morphisms of sites f: X — Y which are not continuous
maps from X to Y.

Recall that all along these Notes, k denotes a commutative unitary ring.
Some references: [12], [3], [10], [17], [18].

5.1 Presheaves

Let X be a topological space. The family of open subsets of X is ordered by
inclusion and we denote by Opy the associated category. Hence:

Hom, (U, V) = {épt} el

otherwise.

Note that the category Opy admits a terminal object, namely X, and finite
products, namely U x V =U N V. Indeed,

Homg, (W,U)x Homq, (W,V)=~Homg, (W, UNV).

Definition 5.1.1. (i) One sets PSh(X) := Fct((Opy)°P, Set) calls an ob-
ject of this category a presheaf of sets. In other words, a presheaf of
sets in a functor from (Opy)° to Set.

(ii) One denotes by PSh(ky) the subcategory of PSh(X) consisting of func-
tors with values in Mod(k) and calls an object of this category a presheaf
of k-modules.

95
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Hence, a presheaf F' on X associates to each open subset U C X a set
F(U), and to an open inclusion V' C U, a map pyy : F(U) — F(V), such
that for each open inclusions W C V' C U, one has:

puv = idy, PWU = PwWV © PvuU-

A morphism of presheaves ¢ : F' — G is thus the data for any open set U of
a map ¢(U) : F(U) — G(U) such that for any open inclusion V' C U, the
diagram below commutes:

F) 2 Law

)
l P(V) l

FV) —=G(V)

If F' is a presheaf of k-modules, then the F'(U)’s are k-modules and the maps
pvu are k-linear.

The category PSh(kx) inherits of most of the properties of the category
Mod(k). In particular it is abelian and admits inductive and projective
limits. For example, one checks easily that if F' and G are two presheaves,
the presheaf U +— F(U) @ G(U) is the coproduct of F' and G in PSh(ky). If
¢ : F — G is a morphism of presheaves, then (Ker p)(U) ~ Ker p(U) and
(Coker ) (U) ~ Coker ¢(U) where p(U) : F(U) — G(U).

More generally, if 7 — Fj, i € I is an inductive system of presheaves, one
checks that the presheaf U — lim F;(U) is the inductive limit of this system

in the category PSh(kx) and similarly with projective limits.
Note that for U € Opy, the functor PSh(kx) — Mod(k), F — F(U) is

exact.

Notation 5.1.2. (i) One calls the morphisms pyy, the restriction mor-
phisms. If s € F(U), one better writes s|y instead of pyys and calls s|y
the restriction of s to V.

(ii) One denotes by F|yy the presheaf on U defined by V — F(V'), V open in
U and calls F'|y the restriction of F' to U.

(iii) If s € F(U), one says that s is a section of F' on U, and if V' is an open
subset of U, one writes s|y instead of pyy(s).

Examples 5.1.3. (i) Let M € Set. The correspondence U +— M is a
presheaf, called the constant presheaf on X with fiber M. For example, if
M = C, one gets the presheaf of C-valued constant functions on X.

(i) Let C°(U) denote the C-vector space of C-valued continuous functions on
U. Then U +— C°(U) (with the usual restriction morphisms) is a presheaf of
C-vector spaces, denoted C%.
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Definition 5.1.4. Let x € X, and let I, denote the full subcategory of Op
consisting of open neighborhoods of x. For a presheaf F' on X, one sets:

(5.1) F, = lim F(U).

UeIl?
One calls F}, the stalk of I at x.

Let z € U and let s € F(U). The image s, € F, of s is called the germ
of s at z. Note that any s, € F is represented by a section s € F'(U) for
some open neighborhood U of z, and for s € F'(U),t € F(V), s, = t, means
that there exists an open neighborhood W of x with W C U NV such that
pwu(s) = pwv(t). (See Example 1.5.10.)

Proposition 5.1.5. The functor F' +— F, from PSh(kx) to Mod(k) is exact.
Proof. The functor F' — F), is the composition
PSh(ky) = Fct(Op%, Mod(k)) — Fet(I%, Mod(k)) 22 Mod (k).

The first functor associates to a presheaf F' its restriction to the category
IP. 1t is clearly exact. Since U,V € [, implies U NV € [, the category IP
is filtrant and it follows that the functor lim is exact (see Example 4.1.10

(iii)). ge.d.

5.2 Sheaves

Let X be a topological space and let Opy denote the category of its open
subsets. Recall that if U,V € Opy, then U NV is the product of U and V/
in Opy-.

We shall have to consider families U := {U;}ie; of open subsets of U
indexed by a set I. One says that U is an open covering of U if |J,U; = U.
Note that the empty family {U;;i € I} with I = ) is an open covering of
0 € Opy.

Let F' be a presheaf on X and consider the two conditions below.

S1 For any open subset U C X, any open covering U = |J, U;, any s,t €
F(U) satistying s; v, for all 4, one has s = ¢.

u, =t

S2 For any open subset U C X, any open covering U = | J, U;, any family
{si € F(U;),i € I} satisfying s;|y,, = s;|u,, for all 4,5, there exists
s € F(U) with s|y, = s; for all i.
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Definition 5.2.1. (i) One says that I is separated if it satisfies S1. One
says that F' is a sheaf if it satisfies S1 and S2.

(ii) Ome denotes by Sh(X) the full subcategory of PSh(X) whose objects
are sheaves.

(iii) One denotes by Mod(kyx) the full k-additive subcategory of PSh(kx)
whose objects are sheaves and by tx : Mod(kx) — PSh(kx) the for-
getful functor. If there is no risk of confusion, one writes ¢ instead of

Lx.

(iv) One writes Hom, (+, «) instead of Homy; 40 y(* ).

Note that if F'is a sheaf on X and U is open in X, then F|y is a sheaf on U.
Let U be an open covering of U € Opy and let F' € PSh(kx). One sets

(5.2) FU) = Kee(J[[FV)= [ FV'nv").
Veu VIVIeuy
Here the two arrows are associated with [], o, F'(V) — F(V') — F(V'NV")
and [[, o, F(V) = F(V") = F(V'nV").
In other words, a section s € F(U) is the data of a family of sections
{sy € F(V);V € U} such that for any V', V" € U,

syrlvinvn = synlyiyn.
Therefore, if F' is a presheaf, there is a natural map
(5.3) FU)— FU).
The next result is obvious.

Proposition 5.2.2. A presheaf F' is separated (resp. is a sheaf) if and
only if for any U € Opyx and any open covering U of U, the natural map
F(U) — F(U) is injective (resp. bijective).

One can consider U as a category. Assuming that U is stable by finite
intersection, we have

(5.4) FU) ~ lim F(V).
veu
Note that if F' is a sheaf of sets, then F()) = {pt}. If F is a sheaf of
k-modules, then F'(0) = 0. If {U;}ics is a family of disjoint open subsets,
If F'is a sheaf on X, then its restriction F|y to an open subset U is a
sheaf.
In the sequel, we shall concentrate on sheaves of k-modules.
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Notation 5.2.3. (i) Let F' be a sheaf on X. One can define its support,
denoted by supp F', as the complementary of the union of all open subsets U
of X such that F|y = 0. Note that F|x\suppr = 0.

(ii) Let s € F(U). One can define its support, denoted by supp s, as the
complementary of the union of all open subsets U of X such that s|y = 0.

The next result is extremely useful. It says that to check that a morphism
of sheaves is an isomorphism, it is enough to do it at each stalk.

Proposition 5.2.4. Let ¢ : F' — G be a morphism of sheaves.

(i) ¢ is a monomorphism if and only if, for allx € X, v, : F, — G, is
mnjective.

(i) ¢ is an isomorphism if and only if, for allx € X, ¢, : F, — G, is an
1somorphism.

Proof. (i) The condition is necessary by Proposition 5.1.5. Assume now ¢,
is injective for all x € X and let us prove that ¢ : F(U) — G(U) is injective.
Let s € F(U) with ¢(s) = 0. Then (¢(s)), = 0 = ¢.(s.), and ¢, being
injective, we find s, = 0 for all z € U. This implies that there exists an open
covering U = U;U;, with s|y, = 0, and by S1, s = 0.
(ii) The condition is clearly necessary. Assume now ¢, is an isomorphism
for all x € X and let us prove that ¢ : F(U) — G(U) is surjective. Let
t € G(U). There exists an open covering U = U;U; and s; € F(U;) such that
tlu, = SO(SZ')'

Then, ©(s:)|v,nv; = ¢(8;)|vinu;, hence by (i), si|lv,nv; = $jlv,nu; and by
S2, there exists s € F(U) with s|y, = s;. Since ¢(s)|y, = t|v,, we have
o(s) =t, by S1. q.e.d.

Examples 5.2.5. (i) The presheaf C% is a sheaf.

(ii) Let M € Mod(k). The presheaf of locally constant functions on X with
values in M is a sheaf, called the constant sheaf with stalk M and denoted
Myx. Note that the constant presheaf with stalk M is not a sheaf except if
M = 0.

(iii) Let X be a topological space in (a) below, a real manifold of class C'*
in (b)—(d), a complex analytic manifold in (e)-(h). We have the classical
sheaves:

(iii)—(a) kx: k-valued locally constant functions, (iii)—(b) C%: complex val-
ued functions of class C*°,

(iii)—(c) Dbx: complex valued distributions,

(iii)—(d) C;o’(p ): p-forms of class C*, also denoted 0%,
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(iii)—(e) Ox: holomorphic functions,

(iii)—(f) Q% holomorphic p-forms (hence, Q% = Ox).

(iv) On a topological space X, the presheaf U ngb(U ) of continuous

bounded functions is not a sheaf in general. To be bounded is not a local

property and axiom S2 is not satisfied.

(v) Let X = C, and denote by z the holomorphic coordinate. The holomor-
0

phic derivation - is a morphism from @ x to @ x. Consider the presheaf:

FiU— O(U)/(%O(U),

that is, the presheaf Coker(Z : Ox — Ox). For U an open disk, F(U) = 0

since the equation 2 f = g is always solvable. However, if U = C \ {0},

F(U) # 0. Hence the presheaf F' does not satisfy axiom S1.
(vi) If F'is a sheaf on X and U is open, then F|y is sheaf on U.

5.3 Sheaf associated with a presheaf

Consider the forgetful functor
(55) Lx . MOd(kﬁ_}() — PSh(kfx)

which, to a sheaf F' associates the underlying presheaf. In this section, we
shall rapidly construct a left adjoint to this functor.

When there is no risk of confusion, we shall often omit the symbol ¢x. In
other words, we shall identify a sheaf and the underlying presheaf.

Theorem 5.3.1. The forgetful functor vx in (5.5) admits a left adjoint
(5.6) @ Mod(ky) — PSh(ky).

More precisely, one has the isomorphism, functorial with respect to F €
PSh(kx) and G € Mod(kx)

(5.7) Hom pg), 4y (F, txG) =~ Hom,  (F*, G).

Moreover (5.7) defines a morphism of presheaves 0 : F — F® and 0, : F, —
E% is an isomorphism for all v € X.

Note that if F'is locally 0, then F'* = 0. If F is a sheaf, then 0 : I — F¢
is an isomorphism.

If F' is a presheaf on X, the sheaf F'* is called the sheaf associated with
F.
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Proof. Define:

{s:U = |, Fr; s(w) € F, such that, for all x € U,
F*(U) = there exists V 3 x, V open in U, and there exists ¢t €
F(V) with t, = s(y) for all y € V'}.

Define 0 : F' — F“ as follows. To s € F(U), one associates the section of F'*:
(x— s,) € FY(U).

One checks easily that F'® is a sheaf and any morphism of presheaves ¢ :
F — G with G a sheaf will factorize uniquely through 6. In particular,
any morphism of presheaves ¢ : F — G extends uniquely as a morphism of
sheaves ¢® : F'* — G*, and F' — F* is functorial. q.e.d.

Example 5.3.2. Let M € Mod(k). Then the sheaf associated with the
constant presheaf U +— M is the sheaf My of M-valued locally constant
functions.

Theorem 5.3.3. (i) The category Mod(kx) admits projective limits and
such limits commute with the functor vx in (5.5). More precisely, if
{F;}icr is a projective system of sheaves, its projective limit in PSh(kx)
is a sheaf and is a projective limit in Mod(ky).

(ii) The functor ® in (5.6) commutes with kernels. More precisely, let ¢ :
F — G be a morphism of presheaves and let p* : F* — G* denote the
associated morphism of sheaves. Then

(5.8) (Ker ¢)* ~ Ker ¢

(iii) The category Mod(kyx) admits inductive limits. If {F;}ier is an induc-
tive system of sheaves, its inductive limit is the sheaf associated with its
inductive limit in PSh(kx).

(iv) The functor® commutes with inductive limits (in particular, with coker-
nels). More precisely, if {F;}ier is an inductive system of of presheaves,
then

(5.9) lin (F?) =~ (lim F3)°,

3 3

where lim on the left (resp. right) is the inductive limit in the category
of sheaves (resp. of presheaves).

(v) The category Mod(kx) is abelian and the functor @ is exact.
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(vi) The functor tx : Mod(kx) — PSh(kx) is fully faithful and left exact.
(vii) Filtrant inductive limits are exact in Mod(kx).

Let ¢ : FF — G is a morphism of sheaves and let txp : 1xF — 1xG
denote the underlying morphism of presheaves. Then Kerixy is a sheaf
and coincides with tx Ker . On the other-hand, one shall be aware that
Coker tx¢ is not necessarily a sheaf. The cokernel in the category of sheaves
is the sheaf associated with this presheaf. In other words, the functor ¢ty :
Mod(kx) — PSh(ky) is left exact, but not right exact in general.

Proof. (i) Let U be an open covering of an open subset U. Since F +—
F(U) commutes with projective limits, (limF W(U) = (hmF )(U). Hence a

projective limit of sheaves in the category PSh(k:X) is a sheaf One has, for
G € Mod(kx):

@Hoka(G,E) s hmHomPSh (G, Fi)

~ Hom pg ) (G, hmF)

~ Hoka(G,mE).

It follows that lim F; is a projective limit in the category Mod(kx).

7
(ii) The commutative diagram

0——Kergp F G

L

0 — Ker(¢?) — F* — G°

defines the morphism Ker ¢ — Ker ¢®, hence, the morphism v : (Ker ¢)* —
Ker . Since the functor F' +— F, commutes both with Ker and with ¢, v,
is an isomorphism for all x and it remains to apply Proposition 5.2.4.
(iii)—(iv) Let G € Mod(kx) and let {F;}ier be an inductive system of of
presheaves. We have the chain of isomorphisms

HOka((@E)a,G) = HomPSh(kX)(hj)lFiaG)
~ lim Hom pgy, . (F3,G)
~ lim Hom, (F},G).

i
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(v) By (i) and (iii), the category Mod(kyx) admits kernels and cokernels. Let
¢ : F — G be a morphism of sheaves and denote by tx¢ the underlying
morphism of presheaves. Using (5.9) we get that Coim ¢ := Coker(Ker ¢ —
F) is isomorphic to the sheaf associated with Coim(cxp). Using (5.8) we get
that Im ¢ := Ker(F — (Coker txp)?) is isomorphic to the sheaf associated
with Im(ex¢). The isomorphism of presheaves Coim(txp) == Im(txp) yields
the isomorphism of the associated sheaves. Hence Mod(ky) is abelian.

The functor F — F® is exact since it commutes with kernels by by (5.9)
and with cokernels by (5.8).
(vi) The functor tx is fully faithful by definition. Since it admits a left
adjoint, it is left exact.
(vii) Filtrant inductive limits are exact in the category Mod(k), whence in
the category PSh(kx). Then the result follows since * is exact. q.ed.

Recall that the functor F — F?% commutes with the functors of restriction
F — F|y, as well as with the functor F' — F,.

Proposition 5.3.4. (i) Let ¢ : F' — G be a morphism of sheaves and
let x € X. Then (Kerg), ~ Kerp, and (Coker ¢), ~ Coker ¢,. In
particular the functor F — F,, from Mod(kx) to Mod(k) is ezact.

(ii) Let ' % F Y F" be a complex of sheaves. Then this complex is exact

if and only if for any x € X, the complex F! 5 F, Y, F! is exact.

Proof. (i) The result is true in the category of presheaves. Since ¢x Ker ¢ ~
Kertxp and Coker ¢ ~ (Coker tx¢)?, the result follows.

(ii) By Proposition 5.2.4, Im ¢ ~ Ker if and only if (Im¢), ~ (Ker ), for
all z € X. Hence the result follows from (i). q.e.d.

By this statement, the complex of sheaves above is exact if and only if for
each section s € F'(U) defined in an open neighborhood U of z and satisfying
¥ (s) = 0, there exists another open neighborhood V of x with V' C U and a
section t € F'(V') such that p(t) = s|y.

On the other hand, a complex of sheaves 0 — F' — F — F" is exact if
and only if it is exact as a complex of presheaves, that is, if and only if, for
any U € |Opx, the sequence 0 — F'(U) — F(U) — F"(U) is exact.

Examples 5.3.5. Let X be a real analytic manifold of dimension n. The
(augmented) de Rham complex is

(5.10) 0-Cx 04 et o
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where d is the differential. This complex of sheaves is exact. The same result
holds with the sheaf C§ replaced with the sheaf C% or the sheaf Dbx.

(ii) Let X be a complex manifold of dimension n. The (augmented) holo-
morphic de Rham complex is

(5.11) 0-5Cx >0 L. 5 QL =0
where d is the holomorphic differential. This complex of sheaves is exact.

Definition 5.3.6. Let U € Opy. We denote by I'(U; *) : Mod(kx) —
Mod(k) the functor F' +— F(U).

Proposition 5.3.7. The functor I'(U; ) is left exact.

Proof. The functor I'(U; «) is the composition

Mod(kx) 25 PSh(ky) 2% Mod(k),

where Ay is the functor F' — F(U). Since vx is left exact and Ay is exact,
the result follows. q.e.d.

The functor T'(U; «) is not exact in general. Indeed, consider Example 5.2.5
(v). Recall that X = C, z is a holomorphic coordinate and U = X \ {0}.

Then the sequence of sheaves 0 — Cxy — Ox %0 x — 0is exact. Applying
the functor T'(U; «), the sequence one obtains is no more exact.

5.4 Internal operations

1

Internal hom

Definition 5.4.1. Let F,G € PSh(kx). One denotes by Hom pg, (£, G)
or simply Hom (F,G) the presheaf on X, U +— Hom g, (F|v, Glv) and
calls it the “internal hom” of F' and G.

Proposition 5.4.2. Let F,G € Mod(kx). Then the presheaf Hom (F,G) is
a sheaf.

!The proofs in this section may be skipped
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Proof. Let U € Opy and let U be an open covering of U. Let us show that
Hom (F,G)(U) ~ Hom (F,G)(U). In other words, we shall prove that the
sequence below is exact, (in these formulas, we write Hom instead of Hom oy
W open, for short):

0 — Hom, (F|y,Gly) — ] Hom, (Flv,Glv)
Veu

j H Hoka (F|V/ﬂV”7 G|V/ﬂv//)'
VivIeld

(i) Let ¢ € Hom (F|y, G|y) and assume that ¢|y : F|ly — G|y is zero for all
V eU. Then for V e U, any W € Opy and any s € F(W), ¢(s)|wny = 0.
Since {WNV;V € U} is a covering of W, ¢(s) € G(W) is zero. This implies

¢ =0.
(ii) Let {¢v} belong to ][, o, Hom (F|y, G|v). Assume that

QOV’|V’OV” - (PV”|V’OUV”

for any V', V" € U. Let W € Opy. Then {py} defines a commutative
diagram

FW) = J[ewnv)y=s [ ¢wnvnv”)
Veu vivieu

where ay is given by F(W) 3 s — @y (slwnv). Since G is a sheaf, ay factors
uniquely as

Fov) X qw) — [ ew nv).

It is easy to see that ¢ : Opy; > W — (W) € Hom (F(W),G(W)) defines
an element of Hom, (F|v,Glv). q.e.d.

The functor Hom, _(+, *) being left exact, it follows that
Hom (=, +) : Mod(kx ) x Mod(kx) — Mod(kx)
is left exact. Note that
Hom (e, ) =T(X;«)oHom(e, *).
Since a morphism: ¢ : F — G defines a k-linear map F, — G,, we get a

natural morphism (Hom (F,G)), — Hom (F,,G,). In general, this map is
neither injective nor surjective.
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Tensor product

Definition 5.4.3. Let F, G € Mod(kx).
sh
(i) One denotes by F'@G the presheaf on X, U — F(U) @, G(U).

sh
(ii) One denotes by F'®, G the sheaf associated with the presheaf F’ ®G
(see Definition 5.4.1) and calls it the tensor product of F' and G. If
there is no risk of confusion, one writes F' ® GG instead of F’ Oy G.

Proposition 5.4.4. Let F,G,K € Mod(kx). There are natural isomor-
phisms:

Hom, (G ®F,H) ~Hom, (G, Hom (F,H)),
Hom (G ® F, H) ~ Hom (G, Hom (F, H)).

sh
Proof. (i) Let us define a map A: Hom (G, Hom (F, H)) — Hom (Fp® G,H).
For U € Opy, we have the chain of morphisms

Hom pg), (G, Hom (F, H)) — Hom, (G(U), Hom (F, H)(U))
— Hom , (G(U),Hom, (F(U),H(U)))
~ Hom (G(U)® F(U),H(U)).

Since these morphisms are functorial with respect to U, they define .

sh
Let us define a map p: Hoka(Fp®G, H) — Hom, (G, Hom (F, H)).
For V'— U in Cx, we have the chain of morphisms

sh sh
Hot pg, ., (F® G, H) — Hom, (F(V)@G(V), H(V))
~ Hom , (G(V),Hom, (F(V),

), H(V)))
—  Hom, (G(U),Hom  (F(V),

(V)))-

Since these morphism are functorial with respect to V' C U, they define p.
It is easily checked that A and p are inverse to each other.

(ii) Applying Theorem 5.3.1 and Proposition 5.4.2, we get the chain of iso-

morphisms

H(V
H(V

psh
Hom, (G ®F H) ~ Hom g, (G%F,H)
~ Hom pgy . (G, Hom (F, H))
~ Hom, (G,Hom (F,H)).

(iii) The second isomorphism follows from the first one. q.e.d.
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Example 5.4.5. Let CY denote as above the sheaf of real valued C>-
functions on a real manifold X. If V' is a finite R-dimensional vector space
(e.g., V.= C), then the sheaf of V-valued C*-functions is nothing but

C¥ P, Vx.
The functor

LS MOd(kix) X MOd(kfx) — MOd(kx)

psh
is the composition of the right exact functor ® and the exact functor ¢. This
functor is thus right exact and if k is a field, it is exact. Note that for z € X
and U € Opy:

(1) (F®G),~F,®G,,

(i) Hom (F.G)ly ~ Hom (Flv. Clo).
(iii) Hom (kx,F) ~ F,

(iv) kx @ F ~ F.

5.5 Direct and inverse images

Let f: X — Y be a continuous map. We denote by f! the inverse image of
a set by f. Hence, we set for V C Y: fi{(V):= f~1(V) and f': Opy — Opy
is a functor. Note that f' commutes with products and coverings, that is, it
satisfies

for any U,V € Opy, f(UNV) = f{(U) N fHV),
(5.12) < for any V € Opy and any covering V of V., f1(V) is a covering
of f1{(V).

Definition 5.5.1. Let U — X be an open embedding. One denotes by
7t Opy — Opy the functor Opy, 3 V +— V € Opy.

The functor j}; satisfies (5.12). It is a motivation to introduce the follow-
ing definition which extends the notion of a continuous map.

Definition 5.5.2. A morphism of sites f : X — Y is a functor f*: Op, —
Opx which satisfies (5.12).

One shall be aware that we do not ask that f' commutes with finite
projective limits. In particular, we do not ask f{(Y) = X.

Note that if f: X — Y and g : Y — Z are morphisms of sites, then
go f: X — Z is also a morphism of sites.
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Definition 5.5.3. Let f : X — Y be a morphism of sites and let F' €
PSh(kx). One defines f.F € PSh(ky), the direct image of F' by f, by
setting: f. F'(V) = F(fY(V)).

Proposition 5.5.4. Let F' € Mod(kx). Then f.F € Mod(ky). In other
words, the direct image of a sheaf is a sheaf.

Proof. Let V € Opy and let V be an open covering of V. Then f*(V) is an
open covering of f{(V) and we get

fE(V) = F(f'(V) = F(f'(V) = £LF(V).
q.e.d.
Definition 5.5.5. Let f: X — Y be a morphism of sites.
(i) Let G € PSh(ky). One defines fTG € PSh(kx) by setting for U € Opy:

fIGU) = lim G(V).

Uucri(v)

(i) Let G € Mod(ky). One defines f~'G € Mod(kx), the inverse image of
G by f, by setting

6= (o,
Note that if f is a continuous map, one has for z € X:

(5.13) (f71@)e = (f1G)s = Gy,

Example 5.5.6. Let U — X be an open embedding and let F' € Mod(kx).
Then ’LJ{]F ~ gy F is already a sheaf. Hence:

(5.14) il =it ~ gy,
Theorem 5.5.7. Let f : X — Y be a morphism of sites.

(i) The functor f~': Mod(ky) — Mod(kx) is left adjoint to the functor
f«: Mod(kx) — Mod(ky). In other words, we have for F' € Mod(kx)
and G € Mod(ky):

Hom, (f™'G,F)~Hom, (G,f.F).

(ii) The functor f. is left exact and commutes with projective limits.
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(iii) The functor f~1 is exact and commutes with inductive limits.

(iv) There are natural morphisms of functors id — f,f~' and f~'f. — id.

Proof. (i) First we shall prove that the functor f7: PSh(ky) — PSh(kx)
is left adjoint to f.: PSh(kx) — PSh(ky). In other words, we have an
isomorphism, functorial with respect to F' € PSh(kyx) and G € PSh(ky):

(5.15) Hom gy oy (fTG, F) = Hom g (G, foF).

A section ¢ € Hom pg), (G f+F) is a family of maps

{ev : G(V) = F(f'(V))}veop,

compatible with the restriction morphisms. Equivalently, this is a family of
maps

{ev 1 G(V) = F(U);U C f'(V)}veopy veopy
compatible with the restriction morphisms. Hence it gives a family of maps

{v: lim G(V) — F(U)}veopy
Uucri(v)

which defines » € Hom PSh(kx)( fTG, F). Clearly, the correspondence ¢ —
is an isomorphism.

Using the isomorphism (5.15) we get the chain of isomorphisms
Hom, (G,f.F) =~ Hom pgy,q (G, fiF') = Hom pgy (f G,F)
~ Homkx((fTG)“,F) = Hom, (f~ 1G,F).

(i) With the exception of the fact that f~! is left exact, the other assertions
follow by the adjunction property. If f is a continuous map, f~! is left exact
by (5.13). Let us give a proof in the general case. Let

(5.16) 0—-G —-G—-G"

be an exact sequence of sheaves and let U € Opy, V' € Opy, with U C f1(V).
The sequence 0 — G'(V) — G(V) — G"(V) is exact.

Consider the category (Opy )Y := {V € Opy,U C f1(V)}. The sequence
(5.16) defines an exact sequence of functors from ((Opy)Y)°P to Mod(k). The
category ((Opy)Y)°P is either filtrant or empty. Indeed, if U C f¥(V;) and
U C fY(Va), then U C f*(Vy N V3). It follows that the sequence

0— lim GV)— lim GV)— lim G"(V)
— — —
ucfi(v) ucsi(v) ucfi(v)

is exact. Hence the functor G +— fTiyG from Mod(ky) to PSh(ky) is left
exact. Since the functor ¢ is exact, the result follows. q.e.d.
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Consider morphisms of sites f: X - Y, ¢g:Y - Zandgo f: X — Z.

Proposition 5.5.8. One has natural isomorphisms of functors

g0 fi =~ (gOf)*,
flog™ =~ (gof)7h.

Proof. The functoriality of direct images is clear by its definition. The func-
toriality of inverse images follows by adjunction. q.e.d.

Note that inverse image commutes with the functor * (see Exercise 5.9) and
inverse image commutes with tensor product (see Exercise 5.10 (ii)).
Let V € Opy, set U = fY(V) and denote by fi the restriction of f to V:

f

X—Y
'R
fv

—>V

(5.17)

Proposition 5.5.9. Let F' € Mod(ky). Then i;,' f.F =~ fy,i;'F.

Proof. Consider the morphisms of presites:

(5.18) x Ly
le jvl
ULy

By Proposition 5.5.8, one has jy, f. F ~ fv ju.F. q.e.d.

We denote by ax the canonical map ax = X — {pt}. (Recall that {pt}
is the set with one element.) There is a natural equivalence of categories

Mod(kp) == Mod(k),
F — T(pt;F).

In the sequel, we shall identify these two categories.
Examples 5.5.10. (i) Let F' € Mod(kx). Then:
(X F) ~ax,F.

(ii) Let M € Mod(k). Recall that Mx denotes the sheaf associated with the
presheaf U — M. Hence:

My ~ a)_{lM{pt}.
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Let f: X — Y be a continuous map. Since ax = ay o f, we get
MX ~ f_lMy.
(iii) Let x € X and denote by i, : {z} — X the embedding. Then
i 'F o~ F,.
(iv) Let iy : U < X be the inclusion of an open subset of X and let I be a
sheaf on X. Then I'(V;i;' F) ~ T'(V; F) for V € Opy,.
(v) Let X =Y | ]Y, the disjoint union of two copies of Y. Let f: X — Y

be the natural map which induces the identity one each copy of Y. Then
fof 'G ~ G @ G. Infact, if V is open in Y, then we have the isomorphisms

LV f.f'G) ~ T(VuVv,;f1'a)
~ I'(V;G) e T(V;G).
Example 5.5.11. Let f: X — Y be a morphism of complex manifolds. To

each open subset V' C Y is associated a natural “pull-back” map:
I'(V;O0y) = I'(V; £.O0x)

defined by:
prrpof
We obtain a morphism Oy — f,Ox, hence a morphism:
10y — Oy.

For example, if X is closed in Y and f is the injection, f~1Oy will be the
sheaf on X of holomorphic functions on Y defined in a neighborhood of X. If
f is smooth (locally on X, f is isomorphic to a projection Y x Z — Y'), then
f~1Oy will be the sub-sheaf of Ox consisting of functions locally constant
in the fibers of f.

Examples 5.5.12. (i) Let ig : S < X be the embedding of a closed subset
S of X. Then the functor ig, is exact.

(ii) Let iy : U — X be the embedding of an open subset U of X. Let
F € Mod(kx) and let x € X. Then

(iv4iy' F)e ~ Iim T(U NV, F).
Vozx

Notation 5.5.13. On X x Y, we denote by ¢; and ¢y the first and second
projection, respectively. If F' € Mod(kx) and G € Mod(ky) we set:

FRG=q¢'F®q¢'G.

One can recover the functor ® from X . Denote by ¢ : X <— X x X the
diagonal embedding and let F} and F» be in Mod(kx). We have:

S PRE) =0 'R ®¢g'F)~F oK.
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5.6 Sheaves associated with a locally closed
subset

Let Z be a subset of X. One denotes by
(5.19) ig: 72— X

the inclusion morphism. One endows Z with the induced topology, and for
F € Mod(kx), one sets:

Fl; = i,'F,
(Z;F) = T(Z;F|z).

If Z := U is open, these definitions agree with the previous ones. The mor-
phism F — iz*iglF defines the morphism ax,F — aX*iZ*iglF ~ az*iglF,
hence the morphism:

(5.20) I(X; F) — I'(Z; F).

One denotes by s|z the image of a section s of F' on X by this morphism.

Replacing X with an open set U containing Z in (5.20), we get the mor-
phism I'(U; F) — I'(Z; F'). Denote by I the category of open subsets con-
taining Z (the morphisms are the inclusions). Then (Iz)°P is filtrant, F'
defines a functor (I7)°® — Mod(k) and we get a morphism

(5.21) lim I'(U; F) — I(Z; F).

UDZ

The morphism (5.21) is injective. Indeed, if a section s € I'(U; F) is zero in
[(Z; F), then s, = 0 for all z € Z, hence s = 0 on an open neighborhood
of Z. One shall be aware that the morphism (5.21) is not an isomorphism
in general. There is a classical result which asserts that if X is paracompact
(e.g., if X is locally compact and countable at infinity) and Z is closed, then
(5.21) is bijective.

A subset Z of a topological space X is relatively Hausdorff if two distinct
points in Z admit disjoint neighborhoods in X. If Z = X, one says that X
is Hausdorft.

Proposition 5.6.1. Let Z be compact subset of X, relatively Hausdorff in X
and let F' € Mod(kx). Then the natural morphism (5.21) is an isomorphism.

Proof. 2 Let s € T'(Z;F|z). There exist a finite family of open subsets
{U;}?, covering Z and sections s; € I'(U;; F') such that s;|znu, = $|znw,-

2The proof may be skipped
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Moreover, we may find another family of open sets {V;}; covering Z such
that Z N'V; C U;. We shall glue together the sections s; on a neighborhood
of Z. For that purpose we may argue by induction on n and assume n = 2.
Set Z; = Z N V. Then 81|72, = S2|zz,- Let W be an open neighborhood
of Z1 N Zy such that s1|w = sa|w and let W;(i = 1,2) be an open subset of
U; such that W; D Z; \ W and W; N W, = (). Such W;’s exist thanks to the
hypotheses. Set U,z' = VVZ U W, (’L = 1, 2) Then Sl‘U/an/2 = SQ‘U/lﬂU/2. This
defines t € I'(U'; UU'y; F) with t|z = s. q.e.d.

The case of open subsets

Let U be an open subset. Recall that we have the morphisms of sites
Jju: X—=U UDV—=VCLX,
w:U—=X, XDOV—=UNVCcU.

Hence, we have the pairs of adjoint functors (i;;', ir,) and (j; ', ju.). Clearly,
there is an isomorphism of functors ji, ~ i;;': Mod(kx) — Mod (k).

Definition 5.6.2. (i) One defines the functor iy, : Mod(ky) — Mod(kx)
by setting iy := jgl.
(ii) For F € Mod(kx), one sets Fyy := iy iy, F = ji;'ju, F.
(iii) For F' € Mod(kx), one sets I'y F := iy, i, F = iy, ju, F.
(iv) One sets kxy := (kx )y for short.
Hence, we have the functors

(4og

i51—> MOd(/{?U),

MOd(l{ix)

U %

and the pairs of adjoint functors

(il;lviU*> (iUhi[;l)'
Note that iU,il_le — F defines the morphism Fy — F and F' — iU*i{]lF

defines the morphism ' — 'y F.
Moreover

(5.22)

(Fy)., ~ F,ifzel,
0 otherwise.

It follows that the functors iy : Mod(ky) — Mod(kx ) and (*)y: Mod(kx) —
Mod(kx) are exact, and the functor I'y(+): Mod(kx) — Mod(kx) is left
exact.
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Proposition 5.6.3. Let U C X be an open subset and let F' € Mod(kx).

(i) We have Fy ~ F Qkxy .

(ii) We have I'(U; F') = Hom,_(kxu, F').
)
)

(iii) Let V' be another open subset. Then (Fy)v = Funv.

(iv) Let Uy and Uy be two open subsets of X. Then the sequence below is
exact:
(5.23) 0 — Fynu, — Fy, @ Fy, LN Foou, — 0.

Here o = (o, 0) and 3 = B1— P2 are induced by the natural morphisms
(673 FUlﬂUz — FUi (L?’Ld ﬁz . FUi — FU1UU2-

Proof. The proofs of (i), (iii), (iv) are obvious, using (5.22).
(ii) We have the isomorphisms

Hom, (kxy,F) = Hom, (j; ju.kx,F
HomkU(jU*anjU*F)
Hom,, (ku, Flv) ~ F(U).

12

12

q.e.d.

The case of closed subsets

Definition 5.6.4. Let S be a closed subset of X.
(i) For F' € Mod(kx), one sets Fg = ig*zglF.
(ii) One sets kys:= (kx)g for short.

Note that ' — ig*iglF defines the morphism F' — Fg. Moreover

(5.24)

(FS)IZ F,ifxels,
0 otherwise.

Proposition 5.6.5. Let S C X be a closed subset and let F' € Mod(kx).

(i) Set U:=X\S. Then the sequence 0 — Fy — F — Fg — 0 is exact in
Mod(ky).

(ii) The functor (*)g: Mod(kx) — Mod(kx), F' +— Fs is exact.
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(iii) We have Fs ~ F ® kxg.
(iv) Let S" be another closed subset. Then (Fs)g = Fsng.

(v) Let Sy and Sy be two closed subsets of X. Then the sequence below is
eract:

(5.25) 0 — Fsus, = Fs, @ Fs, 2 Fsng, — 0.

Here a = (aq, ) and 3 = [y — [y are induced by the natural morphisms
(673 F51U32 — ng cmd ﬁl . ng — FSlﬂSQ'

Proof. The proof is obvious, using (5.24). q.e.d.

The case of locally closed subsets

A subset Z of X is locally closed if there exists an open neighborhood U of
Z such that Z is closed in U. Equivalently, Z = SN U with U open and S
closed in X. In this case, one sets

FZ = (FU)S'

One checks easily that this definition depends only on Z, not on the choice
of U and S. Moreover, (5.24) still holds with Z instead of S.

5.7 Locally constant and locally free sheaves

Locally constant sheaves

Definition 5.7.1. (i) Let M be a k-module. Recall that the sheaf My is
the sheaf of locally constant AM-valued functions on X. It is also the
sheaf associated with the constant presheaf U — M.

(ii)) A sheaf ' on X is constant if it is isomorphic to a sheaf M, for some
M € Mod(k).

(iii) A sheaf F on X is locally constant if there exists an open covering
X =, U; such that F|y, is a constant sheaf of U;.

Recall that a morphism of sheaves which is locally an isomorphism is
an isomorphism of sheaves. However, given two sheaves F' and G, it may
exist an open covering {U, }ier of X and isomorphisms F|y, == G|y, for all
1 € I, although these isomorphisms are not induced by a globally defined
isomorphism F — G.
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Example 5.7.2. Consider X = R and consider the C-valued function ¢ +—
exp(t), that we simply denote by exp(t). Consider the sheaf Cx - exp(t)
consisting of functions which are locally a constant multiple of exp(t). Clearly
Cx -exp(t) is isomorphic to the constant sheaf Cy, hence, is a constant sheaf.

Examples 5.7.3. (i) If X is not connected it is easy to construct locally
constant sheaves which are not constant. Indeed, let X = U; U U, be a
covering by two non-empty open subsets, with U;NU, = ). Let M € Mod(k)
with M # 0. Then the sheaf which is 0 on U; and My, on U, is locally
constant and not constant.
(i) Let X =Y = C\ {0}, and let f : X — Y be the map 2z — 22, where
2 denotes a holomorphic coordinate on C. If D is an open disk in Y, f~1D
is isomorphic to the disjoint union of two copies of D. Hence, the sheaf
f«kx|p is isomorphic to k%, the constant sheaf of rank two on D. However,
LY, fukx) = T'(X;kx) = k, which shows that the sheaf f.kx is locally
constant but not constant.
(iii) Let X = C\ {0} with holomorphic coordinate z and consider the dif-
ferential operator P = z% — a, where a« € C\ Z. Let us denote by K, the
kernel of P acting on Oy.

Let U be an open disk in X centered at zg, and let A(z) denote a primitive
of a/z in U. We have a commutative diagram of sheaves on U:

Za-—Q

Ox —Z Ox
exp(—A(z»l . i;exm—A(z))
Ox 7 Ox

Therefore, one gets an isomorphism of sheaves K|y == Cx|y, which shows
that K, is locally constant, of rank one.

On the other hand, f € O(X) and Pf = 0 implies f = 0. Hence
I'(X; K,) = 0, and K, is a locally constant sheaf of rank one on C\ {0}
which is not constant.

Let us show that all locally constant sheaf on the interval [0, 1] are con-
stant.
Recall that for M € Mod(k), Mx is the constant sheaf with stalk M.

Lemma 5.7.4. Let M,n € Mod(k). Then
(1) (M@N)X ~ MX ®Nx,

(i) (Hom (M, N))x = Hom,_(My, Nx).



5.7. LOCALLY CONSTANT AND LOCALLY FREE SHEAVES 117
The proof is left as an exercise.

Lemma 5.7.5. let X = U; UUs; be a covering of X by two open sets. Let F
be a sheaf on X and assume that:

(i) Uip = Uy NUy is connected and non empty,

(i) F

v, (1 =1,2) is a constant sheaf.
Then F is a constant sheaf.

Proof. By the hypothesis, there is M; € Mod(k) and isomorphisms 6; :
Fly, =(M;)x|v, (i = 1,2). Since U; N U, is non empty and connected,
M, ~ M, and we may assume M; = M, = M. define the isomorphism
010 = 61 005" Mx|v,nv, == Mx|v,nv,-  Since Uy N Uy is connected and
non empty, I'(Uy N Uz; Hom (Mx, Mx)) ~ Hom (M, M) by Lemma 5.7.4.
Hence, 615 defines an invertible element of Hom (M, M). Using the map
Hom (M, M) — T'(X; Hom (Mx, Mx)), we find that 015 extends as an iso-
morphism 6 : My ~ My all over X. Now define the isomorphisms: «; :
Fly, =(Mx)|y, by ag = 0; and ay = 0|y, o 65. Then o and oy will glue
together to define an isomorphism F =5 My. q.e.d.

Proposition 5.7.6. Let I denote the interval [0, 1].

(i) Let F be a locally constant sheaf on I. Then F is a constant sheaf.

(i1) In particular, if t € I, the morphism T'(I; F') — F, is an isomorphism.
(iii) Moreover, if F' = My for a k-module M, then the composition

M~ Fy,&~~T(I; M) = F~M
is the identity of M.

Proof. (i) We may find a finite open covering U;, (i = 1,...,n) such that F'
is constant on U;, U; N U;31 (1 < ¢ < n) is non empty and connected and
U;NU; =0 for |i — j| > 1. By induction, we may assume that n = 2. Then

the result follows from Lemma 5.7.5.
(ii)—(iii) are obvious. q.e.d.
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Locally free sheaves

A sheaf of k-algebras (or, equivalently, a kx-algebra) A on X is a sheaf of
k-modules such that for each U C X, A(U) is endowed with a structure
of a k-algebra, and the operations (addition, multiplication) commute to the
restriction morphisms. A sheaf of Z-algebras is simply called a sheaf of rings.
If A is a sheaf of rings, one defines in an obvious way the notion of a sheaf
F of (left) A-modules (or simply, an A-module) as follows: for each open set
UcC X, F(U)is an A(U)-module and the action of A(U) on F(U) commutes
to the restriction morphisms. One also naturally defines the notion of an 4-
linear morphism of .A-modules. Hence we have defined the category Mod(.A)
of A-modules.

Examples 5.7.7. (i) Let A be a k-algebra. The constant sheaf Ay is a sheaf
of k-algebras.

(ii) On a topological space, the sheaf C% is a Cx-algebra. If X is open in R",
the sheaf C§ is a Cx-algebra. The sheaf Dby is a CF-module.

(iii) If X is open in C", the sheaf Ox is a Cx-algebra.

The category Mod(.A) is clearly an additive subcategory of Mod(kx).
Moreover, if ¢ : F' — G is a morphism of A-modules, then Ker ¢ and Coker ¢
will be A-modules. One checks easily that the category Mod(.A) is abelian,
and the natural functor Mod(A) — Mod(ky) is exact and faithful (but
not fully faithful). Moreover, the category Mod(A) admits inductive and
projective limits and filtrant inductive limits are exact. Now consider a sheaf
of rings A.

Definition 5.7.8. (i) A sheaf £ of A-modules is locally free of rank k
(resp. of finite rank) if there exists an open covering X = U;U; such
that L]y, is isomorphic to a direct sum of k copies (resp. to a finite
direct sum) of A

U;-

(ii) A locally free sheaf of rank one is called an invertible sheaf.

We shall construct locally constant and locally free sheaves by gluing
sheaves in the §5.8.

5.8 Gluing sheaves

Let X be a topological space, and let X = |J,.; U; be an open covering of
X. One sets U;; = U; N U;, Ui, = Ui; N Uy. First, consider a sheaf F' on X,
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set F;, =F

v, 0i 0 Fly, ©= F, 0;; = 0, 00;". Then clearly:
‘9“' = id on Uz’;
(526) eij @) ij = Qlk on Uz;k }

The family of isomorphisms {6;;} satisfying conditions (5.26) is called a 1-
cocycle. Let us show that one can reconstruct F' from the data of a 1-cocycle.

Theorem 5.8.1. Let X = J,.; U; be an open covering of X and let F; be
a sheaf on U;. Assume to be given for each pair (i,j) an isomorphism of
sheaves 0j; : Fi|y,; = Fjlu,;, these isomorphisms satisfying the conditions
(5.26).

Then there exists a sheaf F' on X and for each i isomorphisms 0; :
Fly, = F; such that 0; = 0;; 0 ;. Moreover, (F,{6;}icr) is unique up to
unique isomorphism.

Clearly, if the F;’s are locally constant, then F' is locally constant.

Sketch of proof. (i) Existence. For each open subset V' of X, define F'(V) as
the submodule of J],., Fi(V N U;) consisting of families {s;}; such that for
any (i,7) € I x I, 0;i(silvnu,,) = 8jlvau,,- One checks that the presheaf so
obtained is a sheaf, and the isomorphisms 6,’s are induced by the projections
[Lic; Bx(V N U:) — F(VNU;).

(ii) Unicity. Let 6; : F|y, =~ F;, and \; : G|y, => F;. Then the isomor-
phisms \; ' 06, : F|y, — G|y, will glue as an isomorphism G =% F on X, by
Proposition 5.4.2. q.e.d.

Example 5.8.2. Assume £k is a field, and recall that k> denote the multi-
plicative group k& \ {0}. Let X = S! be the 1-sphere, and consider a covering
of X by two open connected intervals U; and U,. Let U, denote the two
connected components of Uy N Us. Let a € k*. One defines a locally con-
stant sheaf L, on X of rank one over k by gluing ky, and kg, as follows. Let
‘95 : kUl‘UfQ — ]{ZU2|U162 (6 = :t) be defined by 9+ = 1, 0_ =a.

Assume that £ = C. One can give a more intuitive description of the sheaf
L, as follows. Let us identify S* with [0, 2]/ ~, where ~ is the relation which
identifies 0 and 27. Choose 5 € C with exp(if) = . If 5 ¢ Z, the function
0 +— exp(i30) is not well defined on S' since it does not take the same value
at 0 and at 2m. However, the sheaf Cx - exp(i(36) of functions which are
a constant multiple of the function exp(i(60) is well-defined on each of the
intervals U; and Us, hence is well defined on S', although it does not have
any global section.
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Example 5.8.3. Consider an n-dimensional real manifold X of class C*°, and
let { X}, f;} be an atlas, that is, the X; are open subsets of X and f; : X; = U;
is a C*°-isomorphism with an open subset U; of R™. Let Ufj = f;(X;;) and
denote by f;; the map

(5.27) fii =1

w0 7 oy < Ul = U

The maps f;; are called the transition functions. They are isomorphisms of
class C*°. Denote by Jy the Jacobian matrix of amap f:R" DU — V C
R". Using the formula Jyor(x) = J,(f(x)) o J¢(x), one gets that the locally
constant function on Xj;; defined as the sign of the Jacobian determinant
det Jy,, of the f;;’s is a 1-cocycle. It defines a sheaf locally isomorphic to Zx
called the orientation sheaf on X and denoted by ory.

Remark 5.8.4. In the situation of Theorem 5.8.1, if A is a sheaf of k-algebras
on X and if all F}’s are sheaves of A|y, modules and the isomorphisms 6;;
are Aly, -linear, the sheaf F' constructed in Theorem 5.8.1 will be naturally
endowed with a structure of a sheaf of .A-modules.

Example 5.8.5. (i) Let X = P!(C), the Riemann sphere. Then Qx := QY
is locally free of rank one over Ox. Since I'(X;x) = 0, this sheaf is not
globally free.

(ii) Consider the covering of X by the two open sets U; = C, Uy = X \ {0}.
One can glue Ox|y, and Ox|y, on U; N Uy by using the isomorphism f +—
2Pf (p € Z). One gets a locally free sheaf of rank one. For p # 0 this sheaf
is not free.

Exercises to Chapter 5

Exercise 5.1. Let S (resp. U) be a closed (resp. an open) subset of X and
let F' € Mod(kx).

(i) Prove the isomorphism I'(X; Fis) ~ T'(S; F|s).

(ii) Construct the morphism I'(X; Fy;) — ['(U; F') and prove that it is not
an isomorphism in general.

Exercise 5.2. Assume that X = R, let S be a non-empty closed interval
and let U = X'\ S.

(i) Prove that the natural map I'(X;ky) — T'(X;kxg) is surjective and
deduce that I'(X; kxy) ~ 0.

(ii) Let € R.Prove that the morphism kx — kx{,) does not split.
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Exercise 5.3. Let F € Mod(ky). Define F € Mod(kx) by F = D.cx Fray-
(Here, Fiz) € Mod(kx) and the direct sum is calculated in Mod(kx), not in
PSh(ky).) Prove that F, and F, are isomorphic for all # € X, although F
and F are not isomorphic in general.

Exercise 5.4. Let Z = Z; LU Z5 be the disjoint union of two sets Z; and Z,
in X.

(i) Assume that Z; and Zy are both open (resp. closed) in X. Prove that
kxz ~kxz @ kxz,.

(ii) Give an example which shows that (i) is no more true if one only assume
that Z; and Z; are both locally closed.

Exercise 5.5. Let X = R2, Y =R, S = {(z,y) € X;xy > 1}, and let
f: X —Y be the map (z,y) — y. calculate f.kxg.

Exercise 5.6. Let f : X — Y be a continuous map, and let Z be a closed
subset of Y. Construct the natural isomorphism f~'kyz =5 kx(y-12).

Exercise 5.7. Assume that X is a compact space and let {F}};c; be a fil-
trant inductive system of sheaves on X. Prove the isomorphism lim I'(X; F;)

=5 (X lim F).

2

Exercise 5.8. Let S be a set endowed with the discrete topology, let p : X x
S — X denote the projection and let F' € Mod(kxxs) and set Fy = F|xx{s}-
Prove that p,F' ~ Hses F,.

Exercise 5.9. Let f : X — Y be a continuous map and let G € PSh(ky).
Prove the isomorphism (fTG)* =~ f~1(G?).

Exercise 5.10. (i) Let f : X — Y be a morphism of sites, let F' € Mod(kx)
and let G € Mod(ky ). Prove that there is a natural isomorphism in Mod(ky)

Hom, (G, f.F) i>f*?-lomkx(f_lG, F).

(ii) Let G1,G2 € Mod(ky). Prove that there is a natural isomorphism in
Mod(kx)

UG @, Ga) = e Oy f1G.

Exercise 5.11. Let X = (J,U; be an open covering of X and let F' €
PSh(kyx). Assume that F|y, is a sheaf for all i € I. Prove that F' is a sheaf.

(Hint: compare F' with the sheaf constructed in Theorem 5.8.1.)
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Exercise 5.12. Let M be a k-module and let X be an open subset of R".
Let F' be a presheaf such that for any non empty convex open subsets U C X,
there exists an isomorphism F'(U) ~ M and this isomorphism is compatible
to the restriction morphisms for V' C U. Prove that the associated sheaf is
locally constant.

Exercise 5.13. Prove Lemma 5.7.4.

Exercise 5.14. Assume £k is a field, and let L be a locally constant sheaf
of rank one over k (hence, L is locally isomorphic to the sheaf ky). Set
L* =Hom (L, kx).

(i) Prove the isomorphisms L* ® L =% kx and kx =~ Hom (L, L).

(ii) Assume that k is a field, X is connected and I'(X; L) # 0. Prove that
L ~kx. (Hint: T'(X; L) ~ I'(X; Hom (kx, L).)



Chapter 6

Cohomology of sheaves

We first show that the category of abelian sheaves has enough injective ob-
jects. This allows us to derive all left exact functors we have constructed.

Then, using the tools on simplicial complexes of §3.3, we construct reso-
lutions of sheaves using open or closed Cech coverings.

Next we prove an important theorem which asserts that the cohomology
of constant sheaves is a homotopy invariant. Finally, we apply this result to
calculate the cohomology of some classical manifolds.

Some references: [12], [3], [10], [17], [18].

6.1 Cohomology of sheaves

A sheaf F' of k-modules is injective if it is an injective object in the category
Mod(ky).

Lemma 6.1.1. (i) Let X andY be two topological spaces and let f : X —
Y be a morphism of sites. Assume that F' € Mod(kx) is injective. Then
f+«F 1is injective in Mod(ky ).

(ii) Let iy : U — X be an open embedding and let F € Mod(kx) be injec-
tive. Then iy, F is injective in Mod (k).

Proof. (i) follows immediately from the adjunction formula:
Homkx(f_l(-), F)~Hom,_ (-, [.F)

and the fact that the functor f~! is exact.
(ii) follows from (i) since iy,' ~ jy,. q.e.d.

Theorem 6.1.2. The category Mod(kx) admits enough injectives.

123
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Proof. (i) When X = {pt}, the result follows from Mod(kx) ~ Mod(k).
(ii) Assume X is discrete. Then for F, G € Mod(ky), the natural morphism

Hom, (G,F)— [[ Hom, (G, Fs)

zeX

is an isomorphism. Since products are exact in Mod(k), it follows that a
sheaf F' is injective as soon as each F), is injective. For each x € X, choose
an injective module I, together with a monomorphism F,—1I, and define the

sheaf F° on X by setting I'(U, F°) = [[,cy s~ Since the topology on X is
discrete, (F), = I,. Therefore the sequence 0 — F — FY is exact and F°
is injective.

(iii) Let X denote the set X endowed with the discrete topology, and let
f: X — X be the identity map. Let F € Mod(kx). There exists an
injective sheaf G° on X and a monomorphism 0 — f~'F — G°. Then f.G°
is injective in Mod(kx) and the sequence 0 — f.f 'F — f.G° is exact. To
conclude, notice that the morphism F' — f,f~'F is a monomorphism, since
on an open subset U of X it is defined by F(U) — [[,c Fo- q.e.d.

It is now possible to derive all left exact functors defined on the category of
sheaves, as well as the bifunctors Hom, and Hom, . The derived functors

of these two bifunctors are respectively denoted by Ext]é and &mfjl'f . Recall
X X

that, for G, F' € Mod(kx), the k-module Ext]]; (G, F) is calculated as follows.
X
Choose an injective resolution F'* of F. Then

(6.1) Ext’];X(G, F) ~ H/(Hom, (G, F*)).

Let I € Mod(kx) and let U (resp. S, resp. Z) be an open (resp. a closed,
resp. a locally closed) subset of X.

As usual, one denotes by iz : Z <— X the embedding of Z in X and by
az the map Z — {pt}. Note that ay = ax oiz. Recall that for a sheaf F' on
X, we have set: ['(Z; F) =I'(Z; F|z). One sets

(6.2) HI(U;F) = RT(U;-)(F).

By (6.1), we have

(6.3) H)(U; F) ~ Extﬂl'fx(kXU,F).

Proposition 6.1.3. (i) If U is open in X, then HY(U; F) ~ H/(U; F|y).

(ii) If S is closed in X, then H(X; Fs) ~ HI(S; F|s).
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(i) If K is compact and relatively Hausdorff in X, then the natural mor-
phism lim H’(U; F) — H(K; F) is an isomorphism.
USk

Proof. (i) We have the chain of isomorphisms:

H)(U;F) =~ R(ap,i;F ~ (Ray,)ig'F
~ HI(U;F|y).

The second isomorphism follows from the fact that i;' is exact and sends
injective sheaves to injective sheaves (Lemma 4.6.10 (iv)).
(ii) We have the chain of isomorphisms:

H/(X;Fs) ~ (Rlax,)(is,ig)F ~ R/ (ax oig,)ig' F
~ H(S;F|s).
The second isomorphism follows from the fact that ig, is exact and sends
injective sheaves to injective sheaves (Lemma 4.6.10 (iv)).

(iii) The result is true for j = 0 by Proposition 5.6.1. Consider an injective
resolution F' — F'* of F'. Then

H(K; F) o~ H/(D(K;F*) ~ H(lim D(U; F*))

USK

~ lim H/(T(U; F*)) ~ lim H/(U; F).
— o
USK UDK

q.e.d.

Let 0 - F/ — F — F” — 0 be an exact sequence of sheaves. Applying
a left exact functor ¥ to it, we obtain a long exact sequence

0= U(F)—=Y(F)— - — RY(F)— RY(F") — RRTYF) — ...
For example, applying the functor I'(X;-), we get a long exact sequence
(6.4) HY(X; F") — H¥(X; F') — H*(X; F) — H*(X; F") — - --
There are similar results, replacing I'(X; -) with other functors, such as f..

Proposition 6.1.4. Let S7 and Sy be two closed subsets of X and set S5 =
S1NSy. Let F € Mod(kx). There is a long exact sequence

-+ — HY(X; Fs,us,) — H/(X; Fs,) ® H(X; Fs,) — H’(X; Fs,,)
— H'™Y(X; Fs,us,) — -+
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Proof. Apply the functor T'(X;-) to the exact sequence of sheaves 0 —
Fs,us, — Fg, @ Fs, — Fg,, — 0. q.e.d.

Proposition 6.1.5. Let Uy and Uy be two open subsets of X and set Uiy =
UyNUs,. Let F € Mod(kx). There is a long exact sequence

o — H(U UUy F) — H) (U F) @ H (Uy; F) — H(Uyy; F)
— HPN U, U Uy F) — - -

Proof. Apply the functor Hom, (+, F) to the exact sequence of sheaves 0 —
kIXU12 - k:XUl D kXUg — kUlUUQ — 0 and use (63) qed

6.2 Cech complexes for closed coverings

Let I be a finite totally ordered set. In this section, we shall follow the same
notations as for Koszul complexes. For J C I, we denote by |J| its cardinal
and for J = {ip < --- < i,}, we set

p+1

e Ao Nei, € \ 2.

Let & = {S;}icr be a family indexed by I of closed subsets of X and let
F € Mod(kx). For J C I we set

SJ::ijJSj, S:USZ
el

Ft:= @ Fs,®e;, Fs'=TFs
|J|=p+1

For J C Iyq and a € I,a ¢ J, we denote by J, = J U {a} the ordered
subset of the ordered set I and we denote by r;,: Fg, — Fg,, the natural
restriction morphism.

We set

(6.5) 0ja:=7Tja(*)Re, A *: Fs, @e; — Fs, ®eyq.

The morphisms 6, (J C I, a ¢ J) in (6.5) define the morphisms
dr: Fb — FEH

Clearly, dP*! o d? = 0 and we obtain a complex

(6.6) Fr=0—Fs S R0 pr
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Proposition 6.2.1. Consider a family S = {S;}icr of closed subsets of X
indexed by a finite totally ordered set I. Then the complex (6.6) is eract.

Proof. 1t is enough to check that the stalk of the complex (6.6) at each x € X
is exact. Hence, we may assume that x belongs to all S;’s. Set M = F,. Then
the complex (6.6) is a Koszul complex K*(M, ) where ¢ = {p;}icr and all
@; are idy;. The sequence ¢ being both regular and coregular, this complex
is exact. q.e.d.

Example 6.2.2. Assume that X = Sy U S; U Sy, where the S;’s are closed
subsets. We get the exact complex of sheaves

—1 0 1
0— F —d——> FSO D FSI D F52 i—> F512 @D F302 D F501 d—> F5012 — 0.
Let us denote by

sit ' — Fg,, s&:Fg — Fg

v

sp: Fs,, — Fso, (a,4,7,k) € {0,1,2}),

177

the natural morphisms. Then

1 2
So, 0 —S12  S12
-1 _ 0 __ 0 2 1 (o . G
d— = s, |, d°= S02 0 —3S02 d —(527_50731)'
0 1
Sy —S01 So1 0

6.3 Invariance by homotopy

In this section, we shall prove that the cohomology of locally constant sheaves
is an homotopy invariant. First, we define what it means.
In the sequel, we denote by I the closed interval I = [0, 1].

Definition 6.3.1. Let X and Y be two topological spaces.

(i) Let fo and f; be two continuous maps from X to Y. One says that f
and f; are homotopic if there exists a continuous map h: I x X — Y
such that h(0,-) = fy and h(1,-) = fi.

(ii) Let f: X — Y be a continuous map. One says that f is a homotopy
equivalence if there exists g : Y — X such that f o g is homotopic to
idy and g o f is homotopic to idx. In such a case one says that X and
Y are homotopic.

(iii) One says that a topological space X is contractible if X is homotopic
to a point {zo}.
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If fo, fi : X = Y are homotopic, one gets the diagram

(6.7) X {thx X [ X sy
p

X

where t € I, 4, : X >~ {t} x X — I x X is the embedding, p is the projection
and f; =hoi,t=0,1.

One checks easily that the relation “fy is homotopic to f;” is an equiva-
lence relation.

A topological space is contractible if and only if there exist ¢ : {xo} — X
and f : X — {0} such that f o g is homotopic to idx. Replacing xy with
g(xp), this means that there exists h : I x X — X such that h(0,z) = idx
and h(1,z) is the map = — z,. Note that contractible implies non empty.

Examples 6.3.2. (i) Let V' be a real vector space. A non empty convex set
in V as well as a closed non empty cone are contractible sets.

(i) Let X = S™! be the unit sphere of the Euclidian space R" and let
Y = R"\{0}. The embedding f: S"~! — R™\ {0} is a homotopy equivalence.
Indeed, denote by g: R"\ {0} — S"! the map = + z/||x||. Then go f = idy
and f o g is homotopic to idy. The homotopy is given by the map h(x,t) =
/|l +1 —t)=.

Statement of the main theorem

Let f: X — Y be a continuous map and let G € Mod(ky). Remark that
ax ~ ay o f. The morphism of functors id — f, o f~! defines the morphism

RjaY* - Rj(a'Y* o f* o f_l)
~ Ri(ax,of™).

Using Theorem 4.6.10, we get the morphism R (ax,o f~') — (Rlax,)o f7},
from which we deduce the natural morphisms:

(6.8) Y9 H(Y;G)— H(X; Q).
Lemma 6.3.3. Let f : X — Y and g:Y — Z be continuous maps. Then

g7 o [ =(fog)
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Sketch of proof. The morphisms of functors id — f,o f~t and id — g, 0g~!

define
-1 —1
Qzy — Az4+00x0(g = ay4« 049

—  ay, o fy of_1 og_1 ~ Axy of_1 og_l,

One checks easily that the composition

-1 -1 -1
Az, — Ay O g —>G,X*Of °g

is the same as the morphism

az. = az.ogo f,ogof T ~ax,o(gof).

Applying the functor R?(«) we find the commutative diagram:

Rlay, — Ri(ax.f'g7') —= Ri(ax.f ) og ! —=(Rlax,)o flog™)

! I

Rlaz, — R (ay.g™") (Rlay,)og™".

The composition of the arrows on the top gives the morphism (g o f)¥ and
the composition of the arrows on the bottom gives the morphism ¢%. q.e.d.

The aim of this section is to prove:

Theorem 6.3.4 (Invariance by homotopy Theorem). ! Let fo, f1 :
X =Y be two homotopic maps, and let G be a locally constant sheaf on Y .
Consider the two morphisms f¥ : HI(Y:G) — HI(X; [7'G), fort = 0,1.
Then there exists an isomorphism 67: H'(X; f;'G) — H’(X; f{'G) such
that 09 o i = f4.

If G = My for some M € Mod(k), then, identifying f, "My with My
(t =0,1), we have f¥ = f%.

Proof of the main theorem

In order to prove Theorem 6.3.4, we need several preliminary results.
For F' € Mod(k;) and a closed interval [0,¢] C I, we write H?([0,¢]; F)
instead of H7([0,t]; F'|jo4) for short.

Lemma 6.3.5. Let F' € Mod(k;). Then:

!The proof of this theorem may be skipped
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(i) Forj > 1, one has H'(I; F) = 0.
(i) If F(I) — F; is an epimorphism for all t € I, then H'(I; F) = 0.

Proof. Let 7 > 1 and let s € H/(I; F). For 0 < t; < t, < 1, consider the
morphism:

ft17t2 : Hj(]; F) - Hj([tbt?];F)

and let

J={tel0,1]; for(s)=0}.
Since H7({0}; F) = 0 for j > 1, we have 0 € J. Since fo,(s) = 0 im-
plies four(s) = 0 for 0 < ¢’ < ¢, J is an interval. Since H7([0,%o); F) =
lim H([0, ¢]; F), this interval is open. It remains to prove that .J is closed.
t>to

For 0 <t <, consider the Mayer-Vietoris sequence (Proposition 6.1.4):
= HY([0,to); F) — HY([0,4]; F) @ H'([t,to]; F) — H'({t}; F) — -

For j > 1, or else for j = 1 assuming H°(I; F) — H°({t}; F) is surjective,
we obtain:

(6.9) H7([0,to); F) =~ H'([0,1]; F) ® H’([t, to]; F)
Let to = sup {t;t € J}. Then fy,(s) =0, for all t < t5. On the other hand,

lim F9((1, 1] F) = 0.

t<to

Hence, there exists t < to with fi4,(s) = 0. By (6.9), this implies fo,(s) = 0.
Hence ty € J. q.e.d.

Recall that the maps p: I x X — X and 4;: X — I x X are defined in (6.7).
We also introduce the notation I, := I x {z}.

Lemma 6.3.6. Let G € Mod(krxx). Then (Rip,G), ~ HI(I,;G|z,).

Proof. Let G* be an injective resolution of G. We have the isomorphisms

(R'p.G)e = (H(p.G*))s = H((p.G®)2)
~ H/(lim (I x U;G*))
zelU
lim H/(I x U; G) ~ H'(I,;; G|y,).

zeU

12

where the last isomorphism follows from Proposition 6.1.3 (iii). q.e.d.
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Lemma 6.3.7. Let G € Mod(k;«x) be a locally constant sheaf. Then the
natural morphism p~'p,G — G is an isomorphism.

Proof. One has

(p_lp*G)(t,z) = (p*G>m
~ F(II,G‘II) EG(t@).

Here the last isomorphism follows from Proposition 5.7.6. q.e.d.

Lemma 6.3.8. Let F € Mod(ky). Then F % p,p~'F and (R'p,)p™*F =0
forj > 1.

Proof. Let x € X and let t € I. Using Lemma 6.3.6 one gets the isomorphism
(Rip)p™'F), ~ H/(I,;p'F|;,). Then this group is 0 for 5 > 0 by Lemma
6.3.5 and is isomorphic to (p™'F);, ~ F, for j = 0. q.e.d.

Lemma 6.3.9. Let F' € Mod(kx).
(i) The morphisms p* : HY(X; F) — HI(I x X;p~*F) are isomorphisms.
(i) The morphisms i : Hi(I x X;p~'F) — Hi(X; F) are isomorphisms
and do not depend ont € 1.

Proof. (i) We know that R/p.(p~'F) = 0 for j > 1. Applying Proposi-
tion 4.6.10 (iii) to the functors ax,,p. and the object p~'F, we get that
Riax.p.)(p7'F) ~ Riax,(p.p~'F) ~ Rax,F. Hence p¥ is an isomor-
phism.

(ii) By Lemma 6.3.3, i/ o p# is the identity, and p¥ is an isomorphism by (i).
Hence, igj which is the inverse of p¥ does not depend on t. q.e.d.

End of the proof of Theorem 6.3.4. (i) Since h™'G is locally constant, the
morphism p~!p,h'G — h7!G is an isomorphism by Lemma 6.3.7. By
Lemma 6.3.9 (ii),

i (I x X;p~'p.h ' G) — H/(X;i, 'p 'p.h ' G)
is an isomorphism. Therefore
i HI(I x X;h7'G) — H(X;i7'h716)
is an isomorphism. By Lemma 6.3.3, ftﬁ] = z'gj oh%. Set = igjiﬁrl. Then
fU =i ohy =¥ W ohl =00 fl

(i) If G = My, then h™'G ~ M;.x = p~'Mx and igj does not depend on t
by Lemma 6.3.9. q.e.d.
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Applications of Theorem 6.3.4

Corollary 6.3.10. Assume f: X — Y is a homotopy equivalence and let G
be a locally constant sheaf on'Y. Then H'(X, f7'G) ~ H/(Y;G).

In other words, the cohomology of locally constant sheaves on topological
spaces is a homotopy invariant.

Proof. Let g : Y — X be a map such that fog and go f are homotopic to the
identity of Y and X, respectively. Consider f¥ : H/(Y;G) — H/(X; f~'G)
and ¢¥ : H(X; f7'G) — H'(Y;G). Then: (fog)¥ = g¥o f¥ ~ idf‘% =id

and (go f)¥ = f¥ o g ~id¥ = id. q.e.d.

Corollary 6.3.11. If X is contractible and M € Mod(k), then I'(X; Mx) ~
M and H'(X; Mx) ~ 0 for j > 0.

We shall apply this result together with the technique of Mayer-Vietoris
sequences to calculate the cohomology of various spaces. We shall follow the
notations of Section 5.6.

Theorem 6.3.12. Let X =
satisfying the condition

i1 Zi be a finite covering of X by closed subsets

(6.10) for each non empty subset J C I, Z; is contractible or empty.

Let F' be a locally constant sheaf on X. Then H’(X; F) is isomorphic to the
j-th cohomology object of the complex

[(X;F2):=0—T(X;FY) L DX FL) — -

Proof. Recall (Proposition 6.1.3) that if Z is closed in X, then I'(X; F) ~
I'(Z; F|z). Therefore the sheaves F% (p > 0) are acyclic with respect to the
functor I'(X;-), by Corollary 6.3.11. Applying Proposition 6.2.1, the result
follows from Theorem 4.6.9. q.e.d.

Corollary 6.3.13. (A particular case of the universal coefficients formula.)
In the situation of Theorem 6.3.12, let M be a flat k-module. Then for all j
there are natural isomorphisms H?(X; Mx) ~ H)(X; kx) ® M.

Proof. The k-module H’(X; Mx) is the j-th cohomology object of the com-
plex I'(X; M2%). Clearly,

D(X; M2 ~T(X; k%) @ M
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Since M is flat we have for any bounded complex of modules N*:
HI(N*® M) ~ H'(N*) ® M.
Hence,
HY(D(X; M2)) = H (D(X; k%)) @ M
To conclude, apply Theorem 6.3.12 to both sides. q.e.d.

Proposition 6.3.14. (A particular case of the Kiinneth formula.) Let X and
Y be two topological spaces which both admit finite closed coverings satisfying
condition (6.10). Let F' (resp. G) be a locally constant sheaf on X with fiber
M, (resp. onY with fiber N). Assume that k is a field. Then there are
natural isomorphisms:

H'(X xY;FRG)~ @ H(X; F)® H(Y;G).
i+j=p

Sketch of the proof. First, notice that F' X G is locally constant on X x Y.
Next, denote by S = {S;}ier (resp. Z = {Z,},cs) a finite covering of X
(resp. Y') satisfying condition (6.10). Since the product of two contractible
sets is clearly contractible, the covering S x Z = {S; X Z;}(; j)erxs is a finite
covering of X x Y satisfying condition (6.10). Then HP(X x Y; F X G) is
the p-th cohomology object of the complex

DX XY (FRG)5yz)-

One checks that this complex is the simple complex associated with the

double complex
NX xY; FsXG%)

and this double complex is isomorphic to
[(X; F5) @ T'(Y; G%)
It remains to apply the result of Exercise 4.14. q.e.d.

It may be convenient to reformulate the Kiinneth formula by saying that
HP(X xY; FXG@) is isomorphic to the p-th cohomology object of the complex

@H’XF @HJYG 7.

(See Exercise 4.14.)
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6.4 Cohomology of some classical manifolds

Here, k denotes as usual a commutative unitary ring and M denotes a k-
module.

Example 6.4.1. Let X be the circle S! and let Z,’s be a closed covering
by intervals such that the Z;;’s are single points and Zys = (). Applying
Theorem 6.3.12, we find that if F' is a locally constant sheaf on X, the
cohomology groups H’(X; F') are the cohomology objects of the complex:

OﬁFZO@FZl@FzzﬁFle@FZzo@FZm_>O'

Recall Example 5.8.2: S! = U; U U,, U; N U, has two connected components
U, and Uy, k is a field, o € k* and L, denotes the locally constant sheaf of
rank one over k obtained by gluing ky, and ky, by the identity on U}, and
by multiplication by o € £* on Uj,.

Then for j = 0 (resp. for j = 1), H/(S'; L,) is the kernel (resp. the

0 -1 1
cokernel) of the matrix 1 0 —a | actingonk®. (See Example 6.2.2.)
-1 1 0

Note that these kernel and cokernel are zero except in case of a = 1 which
corresponds to the constant sheaf ky.

It follows that if M is a k-module, then H7(S'; Mg1) ~ M for j = 0,1
and 0 otherwise.

Example 6.4.2. Consider the topological n-sphere S™. Recall that it can
be defined as follows. Let E be an R-vector space of dimension n + 1 and
denote by E the set E \ {0}. Then

S" ~ E/RY,

where R™ denotes the multiplicative group of positive real numbers and S™ is
endowed with the quotient topology. (See Definition 7.4.4 below.) In other
words, S™ is the set of all half-lines in E. If one chooses an Euclidian norm
on [E, then one may identify S™ with the unit sphere in [E.

We have S = DTUD™, where Dt and D~ denote the closed hemispheres,
and DT N D~ ~ S !'. Let us prove that for n > 1:

; M j3=0o0rj=n

(. _ )
(6.11) H(S" M) = { 0  otherwise.
Consider the Mayer-Vietoris long exact sequence

(612) — H](D+, MD+) @ .[’.[](.D_7 MDf) — Hj(Sn_l; Mgnfl)
— Hj“(S";Mgn) — ...
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Then the result follows by induction on n since the closed hemispheres being
contractible, their cohomology is concentrated in degree 0.

Let E be a real vector space of dimension n + 1, and let X = E \ {0}.
Assume E is endowed with a norm |- |. The map = — z((1 —t) + t/|z|)
defines an homotopy of X with the sphere S”. Hence the cohomology of a
constant sheaf with stalk M on V'\ {0} is the same as the cohomology of the
sheaf Mgn

As an application, one obtains that the dimension of a finite dimensional
vector space is a topological invariant. In other words, if V and W are two
real finite dimensional vector spaces and are topologically isomorphic, they
have the same dimension. In fact, if V' has dimension n, then V' \ {0} is
homotopic to S*~1.

Notice that S™ is not contractible, although one can prove that any locally
constant sheaf on S™ for n > 2 is constant.

Example 6.4.3. Denote by a the antipodal map on S™ (the map deduced
from r +— —x) and denote by a*" the action of a on H"(S"; Mg.). Using
(6.12) and Remark 4.2.7, one deduces the commutative diagram:

(6.13) H (S Mg ) —%> H™(S"; Mgn)

aﬁnfl l/ a)jn l

H" NS Mgn-1) —= H™(S™; Mgn)

For n = 1, the map a is homotopic to the identity (in fact, it is the same as
a rotation of angle 7). By (6.13), we deduce:

(6.14) a*™ acting on H™(S™; Mgn) is (—)" 1.

Example 6.4.4. Let T" denote the n-dimensional torus, T™ ~ (S')". Using
the Kiinneth formula, one gets that (if & is a field) €@, H/(T"; kra) =~ (k ©
k[—1])®". For example, H’(T?; kp2) is k for j = 0,2, is k% for j = 1 and is 0
otherwise.

Let us recover this result (when n = 2) by using Mayer-Vietoris sequences.

One may represent T? as follows. Consider the two cylinders Zy = S* x I,
Z1 =S x Il where IO = Il = [0, ]_] Then

T? ~ (Zy U Zy)/ ~

where ~ is the relation which identifies S' x {0} C Z, with S' x {0} C Z;
and S' x {1} C Z, with S' x {1} C Z;. Then

ZOl = ZQﬂZl 281 |_|S1
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We have a short exact sequence of sheaves

0—>I{T']I~2i>k?zo@k‘zlﬁ>k‘zm—>0

Write H?(X) instead of H?(X; kx) for short. Applying the functor T'(T?;-),
we get the long exact sequence of Theorem 6.1.4:

0 — H(T?) 2% H(Zy) & H(Z,) 2 H(Zy) — HY(T?)
X HY(Zo) @ HY(Z)) 25 HY(Zo1) — HX(T?) — 0.

Although we know the groups H’(Zy), H?(Z1) and H7(Zy,) (since Zy and Z;

are homotopic to S'), this sequence does not allow us to conclude, unless we

know the morphisms « or 3. Now we remark that identifying Z, and Z; to
idg1  —idg

Cide idg ) Then one

easily recovers that H7(T?; k=) is k for j = 0,2 and k? for j = 1.

S!, the morphism 3 is given by the matrix

Exercises to Chapter 6

Exercise 6.1. Let {F;},c; be a family of sheaves on X. Assume that this
family is locally finite, that is, each z € X has an open neighborhood U such
that all but a finite number of the F|y’s are zero.

(i)Prove that ([[, ) ~ [ L;(Fi)e-

(ii) Prove that if each F; is injective, then [, F; is injective.

(iii) Let F;® be an injective resolution of F;. Prove that [ [, F;*® is an injective
resolution of [, F;.

(iv) Prove that H/(X; ][, Fi) ~ [[, H (X; F;).

Exercise 6.2. In this exercise, we shall admit the following theorem: for

any open subset U of the complex line C, one has H’(U; O¢) ~ 0 for j > 0.
Let w be an open subset of R, and let U; C U, be two open subsets of C

containing w as a closed subset.

(i) Prove that the natural map O(U; \ w)/O(Uy) — O(U; \ w)/O(Uq) is an

isomorphism. One denote by B(w) this quotient.

(ii) Construct the restriction morphism to get the presheaf w — B(w), and

prove that this presheaf is a sheaf (the sheaf Bg of Sato’s hyperfunctions on

R).

(iii) Prove that the restriction morphisms B(R) — B(w) are surjective.

(iv) Let Q an open subset of C and let P = » 7", aj(z)a%] be a holomor-

phic differential operator (the coefficients are holomorphic in €2). Recall the

Cauchy theorem which asserts that if  is simply connected and if a,,(z)
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does not vanish on €2, then P acting on O(f2) is surjective. Prove that if w is
an open subset of R and if P is a holomorphic differential operator defined
in a open neighborhood of w, then P acting on B(w) is surjective

Exercise 6.3. Let X and Y be two topological spaces, S and S’ two closed
subsets of X and Y respectively, f : S ~ S a topological isomorphism.
Define X Ug Y as the quotient space X LI'Y/ ~ where ~ is the relation
which identifies x € X and y € Yifz € S, y € " and f(z) = y. One still
denotes by X, Y, S the images of X,Y, SUS in X Ug Y.
(i) Let F' be a sheaf on X LgY. Write the long exact Mayer-Vietoris sequence
associated with X, Y S.
(ii) Application (a). Let S™ denote the unit sphere of the Euclidian space
R™*1 B the intersection of S with an open ball of radius € (0 < ¢ << 1)
centered in some point of §", ¥ its boundary in S*. Set X = §" \ B,
S = Y and let Y and S" be a copy of X and S, respectively. Calculate
H](X US Y; quSy).
(iii) Application (b). Same question by replacing the sphere S™ by the torus
T? embedded into R3.

Exercise 6.4. Let X = R* and consider the locally closed subset Z =
{(x,y,2,t) € RY: ¢ = 22 +y2 + 2%t > 0}. Denote by f : Z — X the natural
injection. Calculate (R’ f,kz)o for j > 0.

Exercise 6.5. Let p,q,n be integers > 1 with n = p+ ¢ and let X = R"
endowed with the coordinates = = (z1,...,2,). Set So = {z € X;> 1 a2 =

1}, S = {z e X;50 a7 + QZ?:pHx? =1}, S = Sy U S;. Calculate
HI(S; kg) for all j.

Exercise 6.6. Let 7 = {(z,y,2,t) € X = Ry 22 + y? + 22 = t*} and let
U=X\n~.

(i) Show that v is contractible.

(ii) Calculate H?(X;kxy) for all j. (Recall that there exists an exact se-
quence 0 — kxy — kx — kx, — 0.)

Exercise 6.7. A closed subset Z of a space X is called a retract of X if
there exists a continuous map f: X — Z which induces the identity on Z.
Show that S' is not a retract of the closed disk D in R2.

(Hint: denote by ¢: S' < D the embedding and assume that there exists a
continuous map f: D — S! such that the composition f o is the identity.
We get that the composition

HY(SY Ze1) L5 HY(D: 2p) £ H'(SY Z1)

is the identity.)
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Exercise 6.8. Consider the unit ball B, = {x € E;|z| < 1} and consider
amap f: Byiy1 — Bpy1. Prove that f has at least one fixed point. (Hint:
otherwise, construct a map ¢ : B,.1 — S™ which induces the identity on S™
and use the same argument as in Exercise 6.7.)

(Remark: the result of this exercise is known as the Brouwer’s Theorem.)



Chapter 7

Homotopy and fundamental
groupoid

In this chapter we study locally constant sheaves of sets and sheaves of k-
modules and introduce the fundamental group of locally connected topolog-
ical spaces. We define the monodromy of a locally constant sheaf and prove
the equivalence between the category of representations of the fundamental
group and that of locally constant sheaves. !

Some references: [11], [7], [13], [3], [22]. In this chapter, we shall admit
some results treated with all details in [11].

7.1 Fundamental groupoid

Let us recall some classical notions of topology. We denote as usual by I the
closed interval [0, 1] and by S! the circle. Note that topologically St ~ I/ ~
where ~ is the equivalence relation on I which identifies the two points 0
and 1. We shall also consider the space

D:=1Ix1I/n~

where ~ is the equivalence relation which identifies I x {0} to a single point
(denoted ag) and I x {1} to a single point (denoted a;). Note that topolog-
ically, D is isomorphic to the closed unit disk, or else, to I x I.

Let X denote a topological space.

Definition 7.1.1. (i) A path from zy to z; in X is a continuous map
o:1 — X, with 0(0) = 2y and ¢(1) = z;. The two points xy and x,
are called the ends of the path.

!This chapter will not be treated during the course 2005/2006

139
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(ii) Two paths oy and oy are called homotopic if there exists a continuous
function ¢ : I x I — X such that (i, t) = o0;(t) for i =0, 1.

(iii) If the two paths have the same ends, zy and z, one says they are
homotopic with fixed ends if moreover ¢(s,0) = zg, ¢(s,1) = x; for all
s. This is equivalent to saying that there exists a continuous function
¥ D — X such that (i, t) = o;(t) for : = 0, 1.

(iv) A loop in X is continuous map ~ : S' — X. One can also consider a
loop as a path 7 such that y(0) = ~(1). A trivial loop is a constant
map v : S! — {xo}. Two loops are homotopic if they are homotopic as
paths.

It is left to the reader to check that “homotopy” is an equivalence relation.

If o is a path from xg to x1 and 7 a path from x; to x5 one can define
a new path 7o (in this order) from z( to xy by setting 7o(t) = o(2t) for
0<t<1/2and 7o(t)=7(2t —1) for 1/2 <t <1.

If o is a path from ¢ to x;, one can define the path ¢~! from z; to
by setting o~ (t) = o(1 —t).

Let us denote by [o] the homotopy class of a path . It is easily checked
that the homotopy class of 70 depends only on the homotopy classes of o and
7. Hence, we can define [7][o] as [7o]. The next result is left as an exercise.

Lemma 7.1.2. The product [o][T] is associative, and [co 1] is the homotopy
class of the trivial loop at xg.

By this lemma, the set of homotopy classes of loops at zq is a group.

Definition 7.1.3. The set of homotopy classes of loops at o endowed with
the above product is called the fundamental group of X at zy and denoted
1 (X; o).

Definition 7.1.4. Let X be a topological space.

i is arcwise connected (or “path connected”) if given zg and x; in X,
i) X i i ted “path ted”) if gi dzin X
there exists a path with ends xy and x4,

(ii) X is simply connected if any loop in X is homotopic to a trivial loop,

(iii) X is locally connected (resp. locally arcwise connected, resp. locally
simply connected) if each € X has a neighborhood system consisting
of connected (resp. arcwise connected, resp. simply connected) open
subsets.
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Clearly, if X is arcwise connected, it is connected. If X is locally arcwise
connected and connected, it is arcwise connected.

Example 7.1.5. In R? denote by X the union of the graph of the function
y =sin(1l/x), > 0, the interval {(z,y);z =0, —1 <y < 1} and the interval
{(z,y);y = 0,2 > 0. Then X is arcwise connected but not locally arcwise
connected.

In the sequel, we shall make the hypothesis
(7.1) X is locally arcwise connected.

Assume (7.1). If o is a path from zy to 21 in X, then the map v +— o~ yo
defines an isomorphism

m (X5 m) = m (X 21).
Hence, if X is connected, all groups 71 (X; z) are isomorphic for z € X.

Definition 7.1.6. The fundamental groupoid II;(X) is the category given
by

Ob(II; (X)) = X,
Homy; v (x0, z1)={the set of homotopy classes of paths from
Ty to o1}

Note that for € X, Homp v (z,2) = m(X, 2).

Consider a continuous map f: X — Y. If v is a path in X, then f o~ is
a path in Y, and if two paths vy and 7, are homotopic in X, then f o~y and
f o7 are are homotopic in Y. Hence, we get a functor:

(7.2) o TL(X) — L (Y).

In particular, if i;;: U — X denotes the embedding of an open subset U of
X, we get the functor

(7.3) i TL(U) — TL(X).

Proposition 7.1.7. Let fy, fi: X — Y be two continuous maps and assume
fo and fi are homotopic. Then the two functors fo, and fi, are isomorphic.

In particular, if f : X — Y is a homotopy equivalence, then the two
groupoids 111 (Y) and 11;(X) are equivalent.

Proof. Let h : I x X — Y be a continuous map such that h(i,-) = f;(+),
t=20,1, and let v : I — X be a path. Then ho~ : I x I — Y defines a
homotopy between fy oy and f; o~. q.e.d.
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Examples 7.1.8. (i) A contractible space is simply connected. This follows
from Proposition 7.1.7.

(i) One has 7;(S') ~ Z and 1 € Z corresponds to the identity map, con-
sidered as a loop in the space X = S'. We refer to [11] a for proof. As a
corollary, one gets m (R? \ {0}) ~ Z.

Remark 7.1.9. (i) Assume (7.1) and moreover X is non empty and con-
nected. Then all objects z € II;(X) are isomorphic and after choosing
g € X, one sets m(X) = m(X;x9). One calls m(X) the fundamental
group of X.

(ii) Remark that X being arcwise connected, it is simply connected if and
only if m(X) ~ {1}.

(iii) It is easily seen that if X is simply connected, two paths v and 7 with
the same ends are homotopic.

Let X and Y be two topological spaces satisfying (7.1). Denote by p; the
projection from X X Y to X and Y respectively. These projections define
functors py, : I} (X x Y) — II;(X) and ps, : II1(X x Y) — II;(Y), hence a
functor

(74) (pl* X p2*>H1(X X Y) — Hl(X> X Hl(Y>
Proposition 7.1.10. The functor in (7.4) is an equivalence.

Proof. (i) The functor in (7.4) is obviously essentially surjective.
(i) Let xg, 21 € X, yo,y1 € Y. Let us show the isomorphism

(7.5)Hom py, (v (€0, %0), (21, 1)) == Homyy,  (x0, #1) X Hompy (4o, 41)

The map in (7.5) is surjective. Indeed, if o is a path in X and 7 is a path in
Y, the path ¢ x 7 in X x Y satisfies

(P1s X p2,)[o X 7] = [0] x [7].

(iii) The map in (7.5) is injective. Indeed, let 79 and 7; be two paths in
X x Y. Assume that p;,79 is homotopic to p;,71 and ps,7o is homotopic to
p2,7v1- The product of these two homotopies defines an homotopy from v to

Y. q.e.d.

7.2 Monodromy of locally constant sheaves

Locally constant sheaves

Remark 7.2.1. We shall work here with sheaves of k-modules, but many
results remain true without any change for sheaves of sets.
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Let M € Mod(k). Recall that a constant sheaf F' with stalk M on X is
a sheaf isomorphic to the sheaf Mx of locally constant functions with values
in M. We shall denote by LCSH(kx) (resp. CSH(ky)) the full additive
subcategory of Mod(kx) consisting of locally constant (resp. of constant)
sheaves.

Denote as usual by ax the map X — pt.

Proposition 7.2.2. (i) Assume X is connected and non empty. Then the
two functors
A X «
CSH(kx) =—— Mod(k)
a;(l
are equivalences of categories, inverse one to each other. In particular,

the category CSH(ky) is abelian and if M and N are two k-modules,
there is an isomorphism Hom, (Mx, Nx) ~ (Hom (M, N))x.

(ii) Assume X 1is locally connected. Then the category LCSH (k) is abelian.

Proof. (i) If F' is a constant sheaf on X, and if one sets M = I'(X; F'), then
F ~ M. Therefore, if M € Mod(k), then ax,ay' M ~ M and ay'ax, Mx ~
MX .

(ii) Let ¢ : F' — G is a morphism of locally constant sheaf, and let = € X. If
U is sufficiently small connected open neighborhood of x, the restriction to U
of Ker ¢ and Coker ¢ will be constant sheaves, by (i). Hence, LCSH (k) is a
full additive subcategory of an abelian category (namely Mod(kx)) admitting
kernels and cokernels. This implies it is abelian. q.e.d.

Lemma 7.2.3. Let F' be a locally constant sheaf on X =1 x I. Then F s
a constant sheaf.

Proof. Since I x [ is compact, there exists finite coverings of I by intervals
{Ui}1<i<n, and {V}1<j<n, such that |y, .y, is a constant sheaf. Since (U; x
Vi) N (Ui+1 x V;) is connected, the argument of the proof of Proposition 5.7.6
shows that F'|;.y, is a constant sheaf for all j. Since (I x V;) N (I x Vj;1)
is connected, the argument of the proof of Proposition 5.7.6 shows that F' is
constant. q.e.d.

Representations

For a group G and a ring k one defines the category Rep(G,Mod(k)) of
representations of G in Mod(k) as follows. An object is a pair (M, py) with
M € Mod(k) and pp € Hom (G, GI(M)). A morphism puy @ (M, pp) —
(N, un) is a k-linear map f : M — N which satisfies ux o f = f o upr (ie.
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un(g)o f = foun(g) for any g € G). Note that Rep(G, Mod(k)) contains
the full abelian subcategory Mod(k), identified to the trivial representations
of G.

We identify G with a category G with one object ¢, the morphisms being
given by Hom(c, c)= G. One gets that

(7.6) Rep(G, Mod(k)) ~ Fet(G, Mod(k)).

Now we shall consider the category Fct(I1;(X), Mod(k)), a generalization of
the category of representations Rep(m(X), Mod(k)). In fact, if X is con-
nected, non empty and satisfies (7.7), then all z € II;(X) are isomorphic,
and the groupoids II;(X) is equivalent to the group m (X, zo) identified to
the category with one object xg and morphisms 71 (X, zg). In this case, the
two categories Rep(m(X), Mod(k)) and Fet(I1; (X), Mod(k)) are equivalent.

Monodromy

In this section, we make the hypothesis (7.1) that we recall
(7.7) X is locally arcwise connected.

Definition 7.2.4. (i) One calls an object of Fct(II;(X), Mod(k)) a repre-
sentation of the groupoid II;(X) in Mod(k).

(ii) Let 6 € Fet(II1(X), Mod(k)). One says that 6 is a trivial representation
if 0 is isomorphic to a constant functor A,; which associates the module
M to any z € X, and idy to any [y] € Homy, (2, y).

Let Feto(II1(X), Mod(k)) be the full subcategory of Fct(II;(X), Mod(k))
consisting of trivial representations. Then the functor M — A, from
Mod(k) to Feto(IT;(X), Mod(k)) is an equivalence of categories.

Let F' be a locally constant sheaf of k-modules on X. Let v be a path
from xy to x1. We shall construct an isomorphism

p(E) () © Fag = Fay.

Since vy~ F is a locally constant sheaf on [0, 1], it is a constant sheaf. We get
the isomorphisms, which define p(F)(y):

(7.8) Fpy = (Y1 F)o =TIy F) 25 (Y ) 2 By,

Example 7.2.5. (i) Let X = I, denote by t a coordinate on I, and con-
sider the constant sheaf F' = Cyexp(at). Then p(F)(I): Fy == F) is the
multiplication by exp(a).
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(i) Let X = S' ~ [0,27]/ ~ (where ~ identifies 0 and 27) and denote
by theta a coordinate on S'. Consider the constant locally constant sheaf
F = Cxexp(if0). (See Example 5.8.2.) Let v be the identity loop. Then
w(E)(y) : Fpy =5 Fy, is the multiplication by exp(2in[3).

Lemma 7.2.6. The isomorphism pu(F)(y) depends only on the homotopy
class of v in X.

Proof. Let ¢ be a continuous function D — X such that p(i,t) = (),
i = 0,1. The sheaf ¢~ 'F is constant by Lemma 7.2.3. The isomorphisms
w(E)(y;) (i =0,1) are described by the commutative diagram:

(79> on = ((p_lF)ao ~— F(Da QO_lF) — (QO_lF)al = Frl
Fuy = (7' F)o=——T(L;7 ' F) —— (7 'Ph = I,
This shows that pu(F)(vo) = p(F)(n). q.e.d.
If 7 is another path from x; to x, then:
u(E)(y7) = p(F)(y) o p(F)(7).

Hence we have constructed a functor of u(F): I1;(X) — Mod(k) given by
w(F)(z) = Fy, u(F)([v]) = n(F)(y) where v is a representative of [y]. This
correspondence being functorial in F', we get a functor

(7.10) 4t : LCSH(ky) — Fet(I1; (X), Mod(k)).
Definition 7.2.7. The functor p in (7.10) is called the monodromy functor.

The functor u is also “functorial” with respect to the space X. More
precisely, let f : X — Y be a continuous map, and assume that both X and Y
are locally arcwise connected. We have the commutative (up to isomorphism)
diagram of categories and functors:

(7.11) LCSH(ky) ——— ~ LCSH(kx)

T

Fet(IT, (Y), Mod(k)) —— Fet(IT, (X)), Mod(k))

Theorem 7.2.8. Assume (7.7). The functor y in (7.10) is fully faithful.
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Proof. (i) u is faithful. Let ¢,% : FF — G be morphisms of locally constant
sheaves and assume that u(p) ~ p(v). This implies that ¢,, ~ ¥, : F,, —
G, for any xy € X, and the sheaf Hom (F, G) being locally constant, this
implies that ¢ = v on the connected component of xy.

(ii) p is full. Consider a morphism u : u(F') — p(G). It defines a morphism
Ozo © Foy — Gay. To each 21 € X we get a well defined morphism ¢, :
F,, — G,,, given by ¢, = u(G)(0) 0 v, o u(F)(o™1), where o is any path
from zy to x;. This isomorphism does not depend on the choice of o by
the hypothesis. Since F' and G are locally constant, each € X has an
open neighborhood U, such that the morphism ¢, : F, — G, extends as a
morphism ¢y, : F|y, — G|y,. These morphisms will glue to each other and
define a morphism ¢ : F' — G with p(¢) = u. q.e.d.

Proposition 7.2.9. Assume (7.7) and X is non empty and connected. Then
the functor p in (7.10) induces an equivalence

(7.12) o : CSH(kx) == Feto(I1 (X)), Mod(k)) ~ Mod(k).

Proof. (i) First, let us show that g takes its values in Fetg(I1; (X)), Mod(k)).
Let F' be a constant sheaf. We may assume that F' = My, for a module M,
and we shall show that po(F) is the constant functor z — M.

Let 0 : I — X be a path with g = 0(0) = o(1) = ;. It follows from
Lemma 7.2.3 (iii) that the morphism u(F)(y): M ~ F,, =5 F,, ~ M is the
identity.

(ii) By Theorem 7.2.8, g is fully faithful.
(iii) Since any M € Mod(k) defines a constant sheaf, p is essentially surjec-
tive. q.e.d.

Corollary 7.2.10. Assume that X is connected, locally arcwise connected
and simply connected. Then any locally constant sheaf F' on X s a constant

sheaf.

Proof. By the hypothesis, Fct(I1; (X), Mod(k)) ~ Mod(k). Let F' be alocally
constant sheaf. Then p(F) € Mod(k) and there exists G € CSH(kx) such
that u(F) ~ p(G). Since p is fully faithful, this implies F' ~ G. q.e.d.

7.3 The Van Kampen theorem

In this section, we shall assume (7.7) and also

(7.13) {there exists an open covering stable by finite intersec-

tions by connected and simply connected subsets.
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Theorem 7.3.1. Assume (7.7) and (7.13). The functor p in (7.10) is an
equivalence of categories.

Proof. (i) By Proposition 7.2.8, it remains to show that p is essentially sur-
jective.
(ii) By Corollary 7.2.10, the theorem is true if X is connected and simply
connected.
(iii) Let U = {U;}ier be an open covering of X as in (7.13). The func-
tors iy, : 111 (U;) — II1(X) define functors \; from Fct(Hl(X),Mod(k:)) to
Fet(I1,(U;), Mod(k)). Let G € Fet(II1(X), Mod(k)) and set G; = \(G).
Using the result in (ii) for U;, we find sheaves F; such that u(F;) = G Set-
ting \;; = Aj o A\, and using the result in (ii) for U;;, we get isomorphisms
;i : Filu,; = Fjlu,;, and the cocycle condition (5.26) will be clearly satis-
fied. Applying Theorem 5.8.1, we find a sheaf F’ on X, which will be locally
isomorphic to the F;’s, hence, will be locally constant.

It remains to show that u(F) ~ G. For any U; as above, \;(u(F)) ~ G;
and \;(G) are isomorphic in Fet(I1;(U;), Mod(k)). Hence, the result follows
from Lemma 7.3.2 below. q.e.d.

Lemma 7.3.2. Let U = {U;}ic;r be an open covering of X. Consider the
functor

A= [Nt Fet(Ii(X), Mod(k)) — ] Fet(IL (U;), Mod(k)).

i€l el
If G1,Gs € Fet(I1;(X), Mod(k)) satisfy A(G1) ~ AN(G3), then Gy ~ Gs.

Proof. (i) For each z € X, G1(z) ~ Go(x), since = € U; for some i.

(ii) Let [y] € Homp () (x,y) and let v be a path which represents [y]. Assume
7 is contained in some U;, and denote by [y/] the corresponding element in
Homp .y (2,y). Then for any G € Fet(Il; (X), Mod(k)), one has G([7]) =
Xi(G)([Y']). Hence, G1([y]) = G2([y]) in this case.

(iii) We may decompose v as y = 1 - -+ - Y, €ach v; (1 < j < n) being
contained in some U;;. By the hypothesis, for 1 < j < n, there exist isomor-
phisms G1([v;]) = Ga([y])- Since Gy ([7]) = Gu([m]) - Gu([m]) for v = 1,2,
the result follows. q.e.d.

Corollary 7.3.3. Assume (7.7)and (7.13) and X is connected. Then X is
simply connected if and only if any locally constant sheaf on X is constant.

Proof. By Theorem 7.3.1 and Proposition 7.2.9, any representation of m(X)
is trivial if and only if any locally constant sheaf is constant. It remains to
notice that if G is a group such that any representation of G is trivial, then
G = {1}. (See Exercise 7.3.) q.e.d.
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Example 7.3.4. A locally constant sheaf of C-vector spaces of finite rank
on X is called a local system. Hence, it is now possible to classify all
local systems on the space X = R?\ {0}. In fact, m(X) ~ Z, hence,
Hom (71 (X), GI(C")) = GI(C™). A local system F of rank n is determined,
up to isomorphism, by its monodromy u(F') € GI(C"™). The classification of
such sheaves is thus equivalent to that of invertible n x n matrices over C
up to conjugation, a well known theory (Jordan-Holder decomposition). In
particular, when n =1, GI(C) = C*.

Hence, a local system of rank one is determined, up to isomorphism, by
its monodromy o € C*.

We shall deduce a particular case of the Van Kampen theorem.

Theorem 7.3.5. Let X be a connected, locally arcwise connected, and locally
simply connected space. Let X = {U;}ic;r be an open covering stable by
finite intersection, the U;’s being connected. Assume that there exists x which
belongs to all U;’s and identify each groupoids 11, (U;) with the group m (U;) =
T (Ui, x). Then m(X) ~ li_H>17r1(UZ-).

iel
Sketch of proof. There is a natural morphism of groups

(7.14) lim my (U;) — m1(X).

Let M € Mod(k). One has

Hom (7, (X),GI(M) =~ lim Hom (m,(U;), GI(M))
~ Hzom(liLQ?rl(Ui),Gl(M)),

1

where the first isomorphism follows from Theorem 7.3.1. To conclude, remark
that if u: G; — G5 is a morphism of groups which induces an isomorphism
Hom (G3, GI(M)) =5 Hom (G1, GI(M)) for all M € Mod(Z), then u is an
isomorphism (see Exercise 7.3). q.e.d.

7.4 Coverings

Let S be a set. We endow it with the discrete topology. Then X x S ~
| |,eg Xs where X, = X x {s} is a copy of X, and the coproduct is taken in
the category of topological spaces. In particular each X is open.
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Definition 7.4.1. (i) A continuous map f : Z — X is a trivial covering if
there exists a non empty set .S, a topological isomorphism A : Z =5 X X
S where S is endowed with the discrete topology, and f = p o h where
p: X xS — X is the projection.

(ii) A continuous map f: Z — X is a covering ? if f is surjective and any
z € X has an open neighborhood U such that f|s-i) : [71(U) = U
is a trivial covering.

(iii) If f : Z — X is a covering, a section u of f is a continuous map
u: X — Z such that f ou = idy. A local section is a section defined
on an open subset U of X.

(iv) A morphism of coverings f : Z — X to f' : Z/ — X is a continuous
map h : Z — Z' such that f = f' o h.

Hence, we have defined the category Cov(X) of coverings above X, and
the full subcategory of trivial coverings. Roughly speaking, a covering is
locally isomorphic to a trivial covering.

Notation 7.4.2. Let f: Z — X be a covering. One denotes by Aut (f) the
group of automorphisms of this covering, that is, the group of isomorphisms
of the object (f : Z — X) € Cov(X).

The definition of a covering is visualized as follows.

UsesUs=5—f'U—=2Z

SO

U——X

If X is connected and S is finite for some z, S will be finite for all z,
with the same cardinal, say n. In this case one says that f is a finite (or an
n-)covering.

Example 7.4.3. Let Z = C\ {0, +i, +iv2}, X = C\ {0,1} and let f : Z —
X be the map z +— (22 +1)%. Then f is a 4-covering.

Many coverings appear naturally as the quotient of a topological space
by a discrete group.

Definition 7.4.4. Let X be a locally compact topological space and let GG
be a group, that we endow with the discrete topology. We denote by e the
unit in G.

2

2“revétement” in French, not to be confused with “recouvrement”.
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(i) An action p of G on X is amap p: G x X — X such that:

(a) for each g € G, u(g) : X — X is continuous,
(b) ple) =idx,
(¢) plg1092) = 1lg) © p(g2).

In the sequel, we shall often write g -  instead of u(g)(z), for g € G
and r € X.

(ii) Let z € X. The orbit of z in X is the subset G - x of X.
(iii) One says that G acts transitively on X if for any z € X, X =G - z.

(iv) One says that G acts properly on X if for any compact subset K of X,
the set G ={g € G;g9- KN K = ()} is finite.

(v) One says that G acts freely if for any = € X, the group G, = {g €
G; g -z =z} is trivial, that is, is reduced to {e}.

If a group G acts on X, it defines an equivalence relation on X, namely,
x ~ y if and only if there exists g € G with = g - y. One denotes by X/G
the quotient space, endowed with the quotient topology.

Theorem 7.4.5. Assume that a discrete group G acts properly and freely on
a locally compact space X. Then p: X — X/G is a covering. Moreover, if
X is connected, then Aut (p) = G.

For the proof, we refer to [11].

Examples 7.4.6. (i) The map p : R — R/Z (where Z acts on R by
translation) is a covering, and the map t — exp(2int) : R — S!' induces
an isomorphism h : R/Z~5S! such that exp(2imt) = h o p. Therefore,
t — exp(2int) : R — S! is a covering.

Similarly, the map p : C — C/2inZ is a covering and the map z —
exp(z) : C — C\ {0} induces an isomorphism h : C/2inZ =~ C \ {0} such
that exp(z) = h o p. Therefore, z — exp(z) : C — C\ {0} is a covering.

(ii) Consider the group H, of n-roots of unity in C, that is, the subgroup of
C* generated by exp(2im/n). Then p : S' — S'/H,, is a covering and the
map z — 2" : S' — S! induces an isomorphism & : S'/H, =~ S' such that
2" = h o p. Therefore, z +— 2" : S' — S! is an n-covering.

(iii) The projection R™ — R"™/Z" is a covering, and there is are isomorphisms
R"/Z" ~ (R/Z)" ~ (S*)™.
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Example 7.4.7. The projective space of dimension n, denoted P"(R), is
constructed as follows. Let IE be an n 4+ 1-dimensional R-vector space. Then
P™(R) is the set of lines in E, in other words,

(7.15) P"(R) = E/R*,

where £ = I\ {0}, and R* is the multiplicative group of non-zero elements
of R.

Identifying E with R"*! a point x € R"™! is written = = (xg, 21, -, T,)
and x € P"(R) may be written as © = [xg, 21, -, &), with the rela-
tion [zg,x1, -, x,] = [Axo, A\x1, -, Axy,] for any A € R*. One says that
[xo, 21, -+, x,| are homogeneous coordinates.

The map R" — P"(R) given by (y1, -+ ,ys) — [L,y1, -+ ,yn] allows
us to identify R™ to the open subset of P*(R) consisting of the set {z =
[To, 1, -+, xp]; 0 # 0}.

In the sequel, we shall often write for short P™ instead of P"(R). Since
S* = E/R*, we get P" ~ S"/a where a is the “antipodal” relation on S”
which identifies x and —z. The map a defines an action of the group Z/27Z
on S", and this action is clearly proper and free. Denote by

(7.16) v St — P
the natural map. This is a 2-covering and P" ~ S™/(Z/27Z).

Coverings and locally constant sheaves

We make hypothesis (7.1), that is, X is locally arcwise connected.

Let f: Z — X be a covering. We associates a sheaf of sets F'y on X as
follows. For U open in X, F;(U) is the set of sections of f|y: f~1(U) — U.
Since, locally, f is isomorphic to the projection U x S — U, the sheaf F' is
locally isomorphic the the constant sheaf with values in S. We have thus
constructed a functor

(7.17) ®: Cov(X) — LCSH(X).

Proposition 7.4.8. Assume (7.1). Then the functor ® in (7.17) is an equiv-
alence.

Sketch of proof of the proof. We shall construct a quasi-inverse ¥ to ®. Let
F € LCSH(X). Consider the set Zp = | |,cx F»- We endow Zp with the
following topology. A basis of open subsets for this topology is given by the
sets U x M such that U is open in X, F|y ~ My is a constant sheaf with
stalk M (hence, F, ~ M) and M is endowed with the discrete topology.
q.e.d.
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Note that the functor ® induces an equivalence between trivial coverings
and constant sheaves.

Note that Theorem 7.3.1 is also true when replacing sheaves of k-modules
with sheaves of sets. Hence, assuming (7.7) and (7.13) we get the equivalences

Cov(X) ~ LCSH(X) ~ Fct(I1;(X), Set).

Exercises to Chapter 7

Exercise 7.1. Classify all locally constant sheaves of C-vector spaces on the
space X = S x S!.

Exercise 7.2. Let v = {(z,y,2,t) € X = RY 22 +y? + 22 = *} 5 = v\ {0}.
(Classify all locally constant sheaves of rank one of C-vector spaces on 7.

(Hint: one can use the fact that 4 is homotopic to its intersection with the
unit sphere S3 of R%.)

Exercise 7.3. (i) Let G be a group and assume that all representation of G
in Mod(k) are trivial. Prove that G = {1}.

(i) Let u: G; — Gy is a morphism of groups which induces an isomorphism
Hom (G,, GI(M)) == Hom (G, GI(M)) for all M € Mod(Z). Prove that u is
an isomorphism.

(Hint: (i) use the free k-module k|G| generated over k by the element g € G.)

Exercise 7.4. Assume X satisfies (7.1), X = U; U Us,, U; and U, are con-
nected and simply connected and U; N U, is connected.

(i) Prove that X is simply connected.

(i) Deduce that for n > 1, the sphere S™ as well as R"*! \ {0} are simply
connected.
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