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Part 1

Computability



Chapter 1

Computable Functions

Functions

The notion of computability is fundamentally about functions. Since we will be
interested in partial functions, we will not always require that each z € X have
an image under the map f. When the domain of f is all of X, we say that f is
a total function.

We will sometimes use A-notation to define a function. For instance, writing

f= )\1‘11‘2{,63.(:6% + x% + xi)

indicates that f is a function of the three variables z1, z2, and x3, whose value
on these inputs is % + 23 + 2%. More frequently we will simply write

f(.’IJh.’l?Q,CCS) = l‘% +$§ +$§

to indicate the same thing.
We will primarily study functions of the natural numbers. For the record,

N={0,1,2,...}.

We say a function is k-ary if its domain is N*.

1.1 Primitive Recursive Functions

We begin by considering a class of functions which may naturally be considered
computable. This class contains many of the commonly used functions, but we
will see that there are other functions which are intuitively computable and are
not in this class.

We will start with a collection of very simple functions which are all intu-
itively computable. We then introduce operations for forming new functions,
which preserve the property of being intuitively computable. All the functions
we introduce here will be total functions.
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Definition 1.1. The initial functions are:

1. the zero function: Z(z) = 0, and the 0-ary zero function 0. !

2. The successor function: S(z) =z + 1.

3. The projection functions: P¥(xy,...,x1) = z; for k> 1and 1 <i <k.
Definition 1.2. The primitive recursive operations are:

e (Substitution or composition) Given g : N™ — N and hy, ..., hy, : N¥ — N
with m, k > 0, we say that the function f : N¥ — N is obtained from g
and hq,...,h,, by composition if, for all z,...,z; € N we have

flxe, .. xp) =gha(zr, ..o xk), .o hm (21, oo 2)).

e (Primitive recursion) Given g : N¥* — N and h : N¥+2 — N with k > 0, we
say that the function f: N¥*1 — N is obtained from g and h by primitive
recursion if, for all y,z1,...,x; we have

fO,z1,...,2k) = g(z1, ..., 2k)
f(y+17x17~--,$k) :h(yaf(y7x15-"axk)axlw'-)mk)-

Note that primitive recursion produces a well-defined total function.

Example 1.3. A simple example of primitive recursion with & = 0 is the
factorial function f(y) = y!. Let ¢ = 1 and h(y,z) = (y + 1) - 2. Then f is
obtained from g and h using primitive recursion, as

f0)=1
fy+) =@+ =(+1) fly) =hy, fv))-

Definition 1.4. A function f : N¥ — N is primitive recursive if it can be
generated in finitely many steps from the initial functions using substitution
and primitive recursion. Equivalently, the class of primitive recursive functions
is the smallest class of functions containing the initial functions and closed
under these two operations. We let PR denote the class of primitive recursive
functions.

Formally, we can define a hierarchy of functions:

PRo = the initial functions
PR.,+1 = all functions obtained from functions in PR,
using primitive recursive operations

PR =] PR.

n>0

LA 0-ary function is one with no inputs, i.e. just a constant. This will be necessary for
technical reasons.
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The sequence of initial functions and primitive recursive operations we use
to obtain a given primitive recursive function f is called a primitive recursive
derivation of f.

Example 1.5. The following functions are all primitive recursive:

1.

. The predecessor function P(z) = {

. Restricted subtraction: x — y = {

Addition: f(z,y) = x +y. To see this, let g(y) = y = Pi(y) and
h(z,z,y) = z+ 1= 5(2). Then

f0,y) =y =g(y)
fea+ly)=z+1+y=(r+y)+1=h(z,f(r,9)y)

Multiplication:

0-y=0
(@+1)y=z-y+y

Exponentiation:

Note that we have used recursion on the second coordinate, which does
not fit our literal definition of primitive recursion; however, this is never
a problem. Formally, we could define a function with the inputs flipped,
and then recover the original function by composing the flipped function
with projections.

z—1 ifzx>0
0 ifz=0
This is given by the primitive recursion:
P(0)=0
Ply+1) =y

z—y ifax>y
0 otherwise

This is given by:
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Primitive recursive relations

We will study the computability of relations by considering their characteristic
functions. Let R be a k-ary relation on N for some k > 1, i.e. R C N¥. Then
its characteristic function y g is defined as:

(;L' x)_ 1 if(.’I}h...,xk)ER
XREEL T =00 i (21, a0) € R

We can now say what it means for a relation to be primitive recursive.

Definition 1.6. We say a relation R on N* is primitive recursive if its charac-
teristic function g is a primitive recursive function.

»

Example 1.7. The binary relation “xr = y” is primitive recursive, since its

characteristic function is
X=(z,y) =1= |z —yl.
Similarly the relations x <y, < y, etc. are primitive recursive.

We have the following closure properties of primitive recursive functions and
relations.

Lemma 1.8. The collection of primitive recursive relations is closed under
Boolean operations, i.e. if P and Q are two k-ary primitive recursive relations,
then so are the relations -P, PN\ Q, and PV Q.

Proof: Let xp and xg be the characteristic functions of P and ). Then:

x-p=1-=xp
XP/\Q = XP " XQ
xpvg = 1-(1-(xpr+xq))

O

Lemma 1.9. (lterated Sums and Products) If f(x,y,21,...,2k) iS a primitive
recursive function, then so are

y—1
g(y,zl,...,zk):Zf(ac,y,zl,...7zk) (=0ify=0)
=0

y—1
hy,z1,-..,25) = Hf(x,y,zl,...7zk) (=1ify=0)
=0

Proof: We define the function g* as

w—1
g*(w7y7zla"'azk) = Z f($,y7zl7"'azk)
=0
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Then g* is obtained by primitive recursion:

9" (0,y,21,...,2,) =0
g*<w+1,y,217...72k) :g*<w’y721>"'azk)+f(w7yazla"'7zk)

Hence g* is primitive recursive, and ¢(y, z1,...,2k) = ¢*(y,y, 21,...,2k) is as
well.
The function h is handled similarly. a

Lemma 1.10. (Bounded Conjunction and Disjunction) If R(x,y, z1,...,Tk) s
a primitive recursive relation, then so are:

y—1
Py, z1,...,2,) = /\ R(z,y,21,. ., 2k)
=0

y—1
Qy,z1,...,28) = \/ R(x,y,2z1,...,2k)
=0

Proof: Since xg is primitive recursive, the previous lemma tells us that

y—1
XP(yvzla .. '7Zk) = H XR(xayvzla .. '7Zk)
=0

is primitive recursive as well, and x¢ is handled similarly. O

Note 1.11. These are also referred to as bounded quantification since they are
true, respectively, if the relation R holds for all x between 0 and y — 1, or if
there exists an « in this range satisfying R.

Bounded quantification is useful in defining primitive recursive relations,
since we can often bound the range of values we need to search.

Example 1.12. We can see that the relation
Prime(z) = =z is a prime number

is primitive recursive, since we have

rz—1z—1
Prime(z) = (x > 1) A — \/ \/(a::u-v/\u>1/\v>1)
u=0v=0

and the relations x =y, < y, etc. are primitive recursive.
The following is a similar general principle.
Lemma 1.13. (Bounded minimization) If R(x,y,21,...,%k) is a primitive re-

cursive relation, then the function f is primitive recursive, where

the least © < ysuch that R(x,y,21,...,2;) holds
fly, 21,005 2) = if such an x exists

y otherwise
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Proof: We multiply each of the possible output values by a test for whether
this is the correct value:

y—1 z—1
f(yvzla"'vzk) = Z (x'XR(x?yazlv"' 7Zk) : H(l_ XR(w7yaZ17' azk))>
z=0 w=0
y—1
+y H(l;XR(‘r’y7Z1a"'7Zk))
=0

O

Note 1.14. The bound on the search is crucial to ensure that we produce a
primitive recursive function (in fact, to ensure that we produce a total function).
We will consider unbounded minimization later.

Example 1.15. Let p(n) = the n-th prime, i.e. p(0) = 2, p(1) = 3, p(2) = 5,
etc. Then the function p(n) is primitive recursive. To see this, we use a theorem
of Euclid which implies that p(n + 1) < p(n)! + 1. We can define

the least x < y such that x is prime and x > z
fly,z) = if such exists

y otherwise

so that f is primitive recursive. Then
p(0) =2
p(n+1) = f(p(n)! +2,p(n))

Example 1.16. We can see that the quotient and remainder functions for
integer division are primitive recursive, where

Quotient(y, z) = LgJ
x
Remainder(y,z) =y mod z
i.e. y = z - Quotient(y, ) + Remainder(y, ). This holds since

Quotient(y, x) = the least ¢ < x such that y < (¢+1) - x
Remainder(y, x) = y =~ x - Quotient(y, x)

Coding of finite sequences

We have been dealing with functions defined over N; however, often we will be
interested in dealing with other sorts of objects. We will handle this by coding
the given objects as natural numbers. Here we consider finite sequences.
As a first example, we consider a coding of ordered pairs of natural numbers.
Define
Pair(x,y) =27 - 3¥
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This allows us to code an ordered pair as a natural number (in a primitive
recursive way). What is important is that we can uncode in a primitive recursive
way as well: Given a code s for a pair, we have primitive recursive functions
which compute the coordinates of the original pair. These are:

(s)o = the exponent of 2 in the prime factorization of s
the least w < s such that Remainder(s, 2 ") # 0
(s)1 = the exponent of 3 in the prime factorization of s

(where the bound works because n < 2" for all n, etc.)
We can generalize this to sequences of arbitrary length.

Definition 1.17. Given a finite sequence (ao, ..., am—1), we define its code to
be
m—1
Code({ao, ..., am-1)) = [ p(i)**
i=0

Note that the empty sequence (with m = 0) has code 1.

Note that we really have a different coding function for each m. The ex-
ponent a; + 1 is used in order to be able to determine the length of a coded
sequence. We will generally simply use (ag, .. ., am—1) to denote the code of this
sequence.

Note that we can decode in a primitive recursive way as with the pairing
function. Let f(s,4) = (s); be as follows:

(s); = the i-th digit of the sequence coded by s
= (the exponent of p(i) in the prime expansion of s) = 1

= ( the least w < s such that Remainder(s, p(i)“ ") # 0) = 1

Most natural relations and operations on sequences are primitive recursive,
such as the relation “s codes a sequence”, Length(s) = the length of the sequence
coded by s, the concatenation of two sequences, etc.

Note 1.18. We will often use {(ag,...,am—1) to denote the code of a sequence
of arbitrary length. When we do this, we mean that we apply the m-ary coding
function consistent with the length of the given sequence. From the way we
have chosen our coding, there will always be at most one sequence coded by a
given s.
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Simultaneous recursion

Definition 1.19. We say that the functions f; and f; on N are defined by
simultaneous recursion from the functions g1, g2, b1, ho if:

f1(0, 21, ... xk) = g1(z1, ..., Tk)

f2(0, 21, ... xp) = go(1, - . -, Tk)
Hly+Lw,. o) = ha(y, iy, 21, xk), fo(y, 21,0, 20), T, -0, Tk)
foly+Lma, . mn) = ho(y, fi(y, 21, ..o 2), fo(y, 21,y 2k), 21, o0y 2g)

The class of primitive recursive functions is closed under simultaneous re-
cursion; this is left as an exercise. It is also closed under the following more
general type of recursion:

Definition 1.20. We say that a function f : N¥*1 — N is defined by course-
of-values recursion from h : NFt2 — N if:

fly,z1,...,zk) = h(y, (f(0,2),..., f(y— 1,&)),x1,...,2k)

1.2 Ackermann’s Function

We consider a function which will not be primitive recursive, yet is intuitively
computable.

Definition 1.21. We define Ackermann’s function A(n,x) as follows. First,
let:

Ap(z) = a+1
Apni(z) = ATTI()

where we mean the z + 1-th iterate. Then define Ackermann’s Function to be:
A(n,z) = A, ()
Note that these functions satisfy the following recursion:

Ao(,T) =xr+1
Ant1(0) = An(1)
Appr(z+1) = Ap(Anya())

Notice that each A, is defined from the previous by primitive recursion, hence
each A, is primitive recursive. Also note that each A, requires n iterations
of primitive recursion, and that these functions have increasing growth rates.
This suggests that A(n,z) will not be primitive recursive (as we will see), since
we would only be able to use finitely many operations of primitive recursion to
define it if it were primitive recursive.
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Example 1.22. We list the first few A,, functions:

Ap(z) = x+1

Ai(z) = 14 (x+1)=x+2

As(z) = 142x+1)=22x+3

Ag(.’b) = 2I+3 — 3

Ag(z) = 27 (x+3)—3where2Tn=2% (n times)

Another point to note is that the type of recursive definition we have given
is different from simultaneous recursion or course-of-values recursion. The dif-
ference is that we require potentially larger values of the second coordinate,
whereas in all of the types of recursion we were allowed for primitive recursive
functions would require that the second coordinate be fixed (or decrease).

Properties of Ackermann’s function

We begin with by showing a few properties of Ackermann’s function which will
be used to show that it is not primitive recursive.

Lemma 1.23. The functions A,, satisfy the following properties:
1. For all z, Ag{c)(l) >x+1.
2. Forallz, z < Ap(z) < Ap(x +1).
3. Forallz, Ap(x+1) < Apyi(x).
4. If n <m then An(x) < Ap(z) for all x.
5. For all ¥, Ap(2z) < Apia(w).
Proof: We leave (1) and (5) as exercises.

2. We use induction on n. First,
A(z+1)=z+2>2+1=A(z) >z
so this is true for n = 0. Suppose it holds for n. Then:
Api1(z+1) = A (A1 () > A () = ATV >z 4+ 1> 2
using our inductive assumption and property (1).

3. Apia(z) = A1) = A (A1) > An(z + 1) since A, is increasing
by (3) and A (1) > 2 + 1 by (1).

4. This follows from (2) and (3), since A, (z) < An(z+1) < Api1(2).
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O

Theorem 1.24. For any primitive recursive function f there is an M such that
for all x1,...,x,,

flze,...,zn) < Apyy(max{zy,...,2,})

Proof: We prove this by induction on a primitive recursive derivation of f. We
begin with the initial functions.
Z(x)=0<z+ 1= Ag(x)
Sx)=x+1<z+2=A4(x)

PF(xy,...,2) = 2 < 2 + 1 < Ag(max{zy,...,z1})

Next we consider composition. Let M and Ny,..., N,, be such that
g(x1,. o xm) < Ap(max{zi,...,Tm})
hi(zy,...,2n) < Apn,(max{zy,...,z,})

hm(21,.. 0 2n) < An,, (max{zi,...,z,})

Let N = max{Ni,..., N}, so that h;(z1,...,2,) < Axy(max{xi,...,z,}) for
all 1 <43 <m. Then

flz1,...,zy)

glhi(z1, ..., xn), .. hp(x1, ..o 2))
Ay (Ay(max{x1,...,2,}))
Ag-1(Agmax{z1,...,zn}))

where Q = max{N, M + 1}
Ag(max{zy,...,zo} +1)
Agyi(max{z1,...,zp})

IN A

IN

Finally we handle primitive recursion. Let M and N be such that

g(x1, ... xn) < Apy(max{zi,...,xn})
h(yazaxlw'wzn) < AN(maX{yazaxlw",zn})

Let @ = max{N + 1, M}. First we claim that
fly,z1,...,2n) < Ag(y + max{x1,...,z,})
This is proved by induction on y. First,

fO 21, ... x0) = glzr,...,2,) < Apyr(max{xy,...,zn})
Ag(0 + max{z1,...,2,})

IN
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Then, assuming this is true for some y,

fly+1,3) = Wy, f(y, @), 21,7) < Ay(max{y, f(y,Z), 21,...,2n})
Ag_1(max{Aqg(y + max{z1,...,Tn}), ¥ T1,--.,Tn})
Ag_1(Ag(y + max{z1,...,2n}))

since Ag(y + max{z1,...,Tn}) >y, T1,...,Tn

Ag(y + 1+ max{z1,...,2,})

IN A

Now y + max{z1,...,2,} < 2max{y,x1,...,ZTn}, SO

fly,z1,...,20) < Ag(2max{y,z1,...,2,}) < Agye(max{y,z1,...,2,})

This shows that f is bounded by Ag42 and finishes the case of primitive recur-
sion. O

Note 1.25. In particular, using the properties from the lemma, for a unary
primitive recursive function f there will be some n so that A, (z) is bigger
than f(z) for all x. We see from the proof of the theorem that this n will
roughly correspond to how many steps are needed to define f. This relationship
can be made more precise by studying the Axt Hierarchy and the Grzegorczyk
Hierarchy of primitive recursive functions.

Corollary 1.26. Ackermann’s function is not primitive recursive.

Proof: If Ackermann’s function were primitive recursive, then so would be the
function g(x) = A(x,x) = A, (z). Hence there would be some M such that, for
all z, g(z) < Ap(x). But then we would have Ay (M) = g(M) < Ay (M), a
contradiction. O

Note 1.27. We will later see that Ackermann’s function is computable in a
broader sense.

1.3 Register Machines

We present a second approach to characterizing computable functions. Our
previous approach can be considered an inductive definition: We listed several
simple functions which we asserted to be computable (the initial functions)
and then described two closure operations which produced new computable
functions from others. The next approach can be considered a machine model:
We explicitly describe a procedure for computing a function (i.e. we make
precise the notion of an algorithm), and say that a function is computable if
some such procedure computes it. Here we will consider register machines. A
number of other machine models are often studied, such as Turing Machines,
Markov Algorithms, and other formulations of register machines; all of these
turn out to give the same collection of machine-computable functions.
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Definition 1.28. A register machine consists of a finite sequence of registers
Ry, ..., Ry, and a finite sequence of instructions Iy, . .., I;. We view each register
as holding a natural number. Each instruction is of one of the three forms:

1. Increment instructions (R;+,1;): Add one to the contents of register R;
and proceed to instruction I;.

2. Decrement instructions (R;—,I;,Iy): If register R; contains 0, do not
change it and proceed to instruction I;; if R; contains a number bigger
than 0, subtract one from it and proceed to instruction I.

3. Halt instruction HALT: Stop execution of the algorithm.

A register machine operates as follows. It begins with some initial values in
its registers. It then executes instructions, starting with Iy and proceeding
according to the above rules. The machine contains running until it reaches a
HALT instruction (which need not happen) at which time it stops.

It will be clearer to present register machines using diagrams rather than
lists of instructions. To do this, we dispense with the instruction numbers
(although officially they are still numbered), only labeling Iy with “START”.
We indicate the three type of instructions as in Figure 1.1. Each arrow points to
another node, indicating the next instruction. The two arrows from a decrement
instruction are labeled = 0 and > 0, according to the cases of R; being 0 or not.

C— - e

=0

Figure 1.1: Register machine instructions

We can use register machines to compute functions of the natural numbers:

Definition 1.29. Let f be an n-ary partial function from N™ to N, and let M
be a register machine. We say that M computes f if the following hold for each
n-tuple (z1,...,2,) € N™:

1. When the machine M is started running with each register R; initially
containing x; for 1 < ¢ < n and all other registers initially blank, the
machine eventually halts if and only if the tuple (z1,...,2,) is in the
domain of f.

2. If the machine eventually halts, it halts with the register Ry containing
the value f(z1,...,2,).

We say that a partial function is register machine computable (RM-computable)
if there is some register machine M which computes it.
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Example 1.30. We show that the addition function is register machine com-
putable. That is, we find a function which, when started with z in R; and y in
R5 and all other registers blank, halts with x + y in register Ry. We describe
the machine with a diagram.

START

This machine proceeds by first adding the contents of R; to Ry, and then adding
the contents of Ry to Ry.

Note 1.31. In defining the function computed by a particular register machine,
we really need to specify the arity of the function. For instance, the machine
above computes the binary function of addition; however, it also computes the
unary identity function, since if we specify that there is only one input then it
is assumed that all other registers (in particular Rg) are initially 0. Hence, we
need to refer to the k-ary function computed by the machine, and each machine
computes k-ary functions for all k.

Example 1.32. We describe a register machine to compute the following partial
function:

f(n) =

n if n is even
undefined if n is odd

This machine successively subtracts 2 from R; and adds 1 to Ry; if it empties
Ry after an even number it halts; otherwise it goes into an infinite loop and
never halts.
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Example 1.33. We construct a register machine to compute the multiplication
function:

START

This machine repeatedly adds Rs to Ry, R; many times. The register Rj3 is
used to keep track of the original value of Ry to restore it at the end of each
repetition.

We will see that this notion of computable function properly extends the
class of primitive recursive functions. We first see that every primitive recursive
function is register machine-computable.

Lemma 1.34. FEach initial function is RM-computable.

Proof: The zero function Z(z) = 0 is computed by the trivial machine:

START

The successor function S(z) =« + 1 is computed by the machine:

START

(=)o)

>0

Each projection function Pik(asl, ..., &) = x1 is computed by the machine:
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START

(o=

>0

Lemma 1.35. The class of RM-computable functions is closed under composi-
tion.

O

Proof: Suppose the function g(z1,...,2,,) and the functions hq(x1,...,xx),

oy b (1,...,z) are computed by the register machines G and Hy, ..., Hy,
respectively. We may assume that the registers used by each machine are dis-
joint. We will assume that the input registers for machine H; are R},..., Ri
and its output register is R{; the input registers for G will be R}, ..., RJ* and its
out register is Ry. We will describe a machine with input registers Ry, ..., Ry

and output register Ry which computes the composition function

F@1 ) = g (@ @8)s s (1, ).

The idea is to copy the input registers for f into the input registers for each
of the h;’s, compute these functions using the machines H;, and then use these
results in the machine G. We illustrate this in the following diagram, where we
replace the boxes for the various machines by the corresponding instructions for
those machines, starting at each one’s START instruction, and proceeding to
the next instruction in the diagram instead of halting.

{7

START

>0
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Lemma 1.36. The class of RM-computable functions is closed under primitive
TECUTSILON.

Proof: Suppose we have functions g(z1,...,z;) computed by the machine G
with input registers RY,..., R} and output register Ry, and h(y, z,21,...,zk)
computed by the machine H with input registers R;ﬁ RZ, R}f, e Rz and output
register Rg. We will describe a machine to compute the function f(y, z1,...,zx)
obtained from g and h by primitive recursion. We will let the input registers of
this machine be Ry, Ry, ..., Ry.

We will use a “bottom-up” approach, i.e. we will begin by computing
f(0,21,...,2k), then use this to compute f(1,z1,...,z;) and so forth until
we have computed f(y,z1,...,zr). We will use a register R; to count up the
current value of y we are computing, and count down R, until we reach 0. This
is illustrated in the following diagram.

START

Copy Copy Copy
R1,...,Rg G Rg R?

‘ to g to to
Rl:"wR}c R’ZL R()

Copy
Ry
to
Rh

z

The above three lemmas immediately give us the following.

Theorem 1.37. Every primitive recursive function is RM-computable.
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We will next see that there are register machine-computable functions which
are not primitive recursive. Specifically, we will show that Ackermann’s Func-
tion is RM-computable.

The idea will be to use the recursive definition of Ackermann’s function, and
keep track of a finite sequence which stores the values we need to plug back into
(in the way that most programming languages use a stack to handle recursive
function calls). That is, when we use the recursion

Ani(z +1) = An(Anpa (@)

to compute A(n+ 1,z + 1), we will first try to calculate A(n+ 1,z), but add n
to our sequence to remember that we need to plug this value back into A,,.

We begin with a few preliminary functions for manipulating sequences, which
will essentially be pushing to and popping from a stack. We will show that sev-
eral functions are primitive recursive, and hence are RM-computable by our
previous result. Recall the following two primitive recursive functions intro-
duced in the homework:

kE+1 ifs={(ng,...,ng)
0 otherwise

Length(s) = {

R(s) = {nk if s = (ng,...,ng)

0 otherwise

The function R(s) will output the last (rightmost) number in the sequence coded
by s, and thus act as a Pop function. We need two more functions.

Lemma 1.38. The following functions are primitive recursive:
Push(s,n) = (ng,...,ng,n) if s={(ng,...,nk)
Erase(s) = (no,...,ng—1) if s = (no,...,nk)

Proof: Note that we only really care about applying these functions to s which
code legitimate sequences. We can thus define:

Push(s,n) = s - p(Length(s))"*!
Erase(s) = Quotient (s,p(Length(s) = 1)R(S)+1)

where as before p(i) is the i-th prime. O

We can thus assume that we have register machines which compute these func-
tions. We will use these to compute Ackermann’s function.

Theorem 1.39. Ackermann’s function A(n,z) is RM-computable.

Proof: Our inputs for n and x are R; and Rs, respectively. We will use R3
to hold our finite sequence (recursion stack). Note that by our conventions the
empty sequence is coded by the number 1 (this was handled slightly differently
in lecture). The diagram for our machine will be as follows.
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Copy

Push(R3, R1)
to

R3

Copy
R(R3)
to
R1

Copy

\_|Erase(R3)
to
R3

The machine proceeds as follows. We first set up our sequence in R3 to be the
empty sequence (coded by 1). We then check if n = 0, which we can compute
directly as = + 1. We do this, and then check if our sequence is empty (i.e. R3
contains 1). If so, we can simply output 4+ 1 and halt. If not, we must plug
this value into some other A,; in this case we remove the last value from the
sequence, use this as the next n value, and proceed.

If n was not 0, we check if = 0; if so, we want to calculate A,,_1(1); we set
up this computation and proceed. Otherwise we are in the recursion case; we
add n — 1 to our sequence, set up to compute A(n,z — 1) and proceed. m|

1.4 Partial Recursive Functions

We will now extend the class of primitive recursive functions in order to in-
clude more functions, such as Ackermann’s function. As with the case of RM-
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computable functions, this will involve considering partial functions.

Definition 1.40. Let f : N* — N be a partial function. We say f(z1,..., %)
converges if (z1,...,x) € dom(f) and write f(x1,...,2x) |. Similarly, we say
f(xz1,...,z) diverges if (x1,...,21) ¢ dom(f) and write f(z1,...,2x) 1.

Note 1.41. When dealing with partial functions, we need to keep track of
the domain. As usual, we have that g(hi(z1,...,2%), ..., hm(21,...,28)) |
if and only if h;(z1,...,z) | for each ¢, and g is defined at these values. For
primitive recursion, we have that f(0,x1,...,2x) | iff g(x1,...,2%) |, and f(y+

1,(E1,...,$k) l« iff f(yaxla"'vl'k) l and h(yaf(yaxla"'7mk)7$1a~~~;xk) l In
particular, for f(y + 1,21,...,2zx) to be defined we must have f(w,z1,...,xx)
defined for all 0 < w < y.

Definition 1.42 (Minimization). Let R(y,x1,...,zx) be a relation. We say
that the function f(z1,...,zx) is defined from R by minimization if
the least y such that R(y,z1,...,zx) holds
flze,...,zp) = if such a y exists

T if no such y exists

We write
flxe, o) = pylR(y, 21, - . . 7))
when f is defined from R by minimization.
Minimization is also known as p-recursion, unbounded search, and the least
number operator. Note that this is similar to bounded minimization which we
encountered earlier, except that the search can potentially go on forever, in

which case the function is undefined. We will see that even when the search
always succeeds, this is a more powerful operation than bounded minimization.

Example 1.43. Let p(y) be a polynomial, and let R(y,x) hold iff p(y) = =.

Then the function
f(x) = pylp(y) = 2]

returns the smallest natural number which satisfies p(y) = « if such exists, and
is undefined if there is no y with p(y) = =.

Definition 1.44. The class of partial recursive functions is the smallest col-
lection of partial functions containing the initial functions and closed under
composition, primitive recursion, and minimization. More precisely, we define
Ro = the initial functions
Rn+1 = all functions obtained from functions in R,, using composition
or primitive recursion, or obtained by minimization from a
relation R with xyg in R,
R=JRn
n>0

Then R is the class of partial recursive functions.
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Definition 1.45. We say that a function is (total) recursive (or just recursive)
if it is a partial recursive function which is total. We say that a relation R is
recursive if xg is a (total) recursive function. Note that xg is always a total
function. We can restate the previous definition to say that a function obtained
by minimization from a recursive relation is partial recursive.

We will see that the class of partial recursive functions coincides with the
class of RM-computable functions. This provides evidence that we have cap-
tured the intuitive notion of computability. We start by showing that each
partial recursive function is RM-computable.

Lemma 1.46. The class of RM-computable partial functions is closed under
minimization, i.e. if R is a relation such that xg is RM-computable, and f is
obtained from R by minimization, then f is RM-computable.

Proof: Let the register machine M compute x g(y, z1, ..., x) with input regis-
ters Rf‘, RE ..., RkR and output register R¥. By assumption, y g is a total func-
tion. We describe a machine to compute f(z1,...,zr) = py[R(y, x1,...,xk)]:
START
Copy Copy
RO Rl, ey Rk
to to M
RE RE .. RE

-

This machine successively computes values of x p starting with y = 0 until R is
satisfied, at which point (if ever) if halts outputting the current value of y. O

Corollary 1.47. FEvery partial recursive function is RM-computable.

Showing that each RM-computable function is partial recursive will involve
more work. This will be one consequence of a very useful result presented in
the next section.

1.5 The Enumeration Theorem

In this section we will develop a system of coding register machines, and use it to
show in particular that every RM-computable function is partial recursive. Each
register machine M will be assigned a number "M 7 called the Gddel number of
M. We will also refer to these numbers as indices for the functions computed
by the machines.
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Definition 1.48. Given a register machine instruction I, its code (or Godel
number) "1 is defined to be:

20.3%. 5 if I is an increment instruction (R;+,I;)
TI7=q21.3".57 .78 if [ is a decrement instruction (R;—, I, Ix)
22 if I is a HALT instruction

Given a register machine M with instructions I, ..., I;, its Gddel number (or
code) "M is the code of the sequence ("Iy7,...," L), i.e.

t
MO = H p(m)"lm7+1
m=0

where p(m) is the m-th prime.

We can thus deal with register machines as natural numbers via their Godel
numbers. We first see that we can effectively recognize these codes.

Lemma 1.49. The relation RM(e), where
RM(e) = e is the Gddel number of some register machine M
18 primitive recursive.

Proof: We will need to check that e codes a finite sequence, and that each term
in the sequence is a valid instruction code, i.e. any instructions to branch to are
within the sequence. We start by noting that

RM(e) = \e/ RM(e, )
1=0

where RM(e, 1) holds iff e is the Gédel number of a machine with instructions
Io, ..., I; (we can use e as an upper bound since as we have seen a code for a
sequence of length [ will be at least [). We will show that the relation RM(e, 1) is
primitive recursive; RM(e) is then primitive recursive since it is obtained using
bounded disjunction.

For this, we observe that

RM(e, 1) = Seq(e) A Length(e) =1+1A
e 1 l

l
AVVVIEm=203-5V(e)y=2"3"-5-7V () =2°]

m=0i=0 j=0 k=0

which is a bounded disjunction of primitive recursive relations. m|
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Definition 1.50. For each k£ > 0 we let @2’“ be the k-ary function computed by
the register machine with Goédel number e, or the trivial partial function with
empty domain if e is not the Godel number of any machine. More precisely:

the final value of Ry if e ="M for some register
machine M which eventually halts when started
(k) with Ry = x1,..., Ry = xp,
Pe (xlv""xk): . . .. .
T if e is not the Godel number of a machine,
or e ="M but M does not halt when started

Witthle,...7Rk:$k

If f is a k-ary partial function and e € N is such that f = wék), we say that e
is an index for f. Note that a given function will have many different indices
(infinitely many in fact), since multiple register machines will compute the same
function.

Before we present the main theorem of this section, we prove a simple but
useful technical lemma.

Lemma 1.51 (Definition by cases). Let Ry, ..., R, be k-ary primitive recur-
sive relations which are mutually exclusive and exhaustive, i.e. each (x1,...,Tk)
satisfies exactly one of these relations. Let f1,..., fn be k-ary primitive recursive
functions, and define the function f by

fl(xl,...,xk) ifR1<ﬂC1,...,£L'k)
J(xy,..,m) =4
fn(xl,...,xk) ifRn(xl,...,:Ek)

Then f is primitive recursive.
Proof: We have f(z1,...,25) = > oy fi(z1, ..., 2k) - X&, (21, ..., Tk). ]
Here is the main theorem about Godel numbering:

Theorem 1.52 (The Enumeration Theorem). For each k > 0 define the
(k + 1)-ary function Uy, as

Ur(e,z1, ... x) = o (@, ... ).
Then Uy, s partial recursive.

Note 1.53. We may view Uy as a “universal” register machine. It is computed
by some register machine, which is able to use the input e to simulate any other
register machine. This is the idea behind a programmable computer.
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Proof: The idea will be to encode the state of a register machine as it is run-
ning, i.e. the current values of the registers as well as the next instruction to
execute. Together with the Gédel number of the machine, this will be sufficient
information to continue the running of the machine. We will encode the state
using the following function:

(o)
State(e, 1, ..., zk,n) = p(0)™ - Hp(z +1)%
=0

where, after having run n steps, the register machine with Gédel number e is
about to execute instruction I,, and the value of each register R; is z;. Note
that we have an infinite product; however, as any machine will use only finitely
many register, all but finitely many of these terms will be 1 and hence it is
well-defined.

We will first show that the State function is primitive recursion. We will use
the recursion:

State(e, x1, ..., 2,0) = p(0)° - p(2)® - - - p(k + 1)
State(e, z1,...,zk,n + 1) = Step(e, State(e, z1, ..., xx, n))

where Step(e, z) will output the state of the machine with Gédel number e after
running one step (instruction) starting in state z. Note that the initial value
State(e, 1, ...,k,0) is the starting state of the machine, with instruction 0
to be executed, the registers Ry,..., Ry set equal to z1,...,z, and all other
registers equal to 0. We will show that the Step function is primitive recursive,
which will show that State is primitive recursive.

We define the Step function by cases, depending on the type of the next
instruction to be executed. Note that we will presume that e is actually the
Godel number of a register machine and z a code for a state; we will only
actually use it in this case. We set:

z-p(0)7=™ - p(i+ 1) if ((€)m)o =
2z poyim if ((€)m)o=1and (z)i41 =0
Step(e, z) = z-p(0)* ™ p(i+ 1)~ if ((€)m)o =1 and (2)i41 > 0
Py otherwise

where we have used the abbreviations

m=(2)o, i=(e)m), J=E)m)2, k=((e)m)s

and we use (n); here to denote the exponent of p(i) is n (this is slightly different
from the coordinate function for sequences, but essentially the same and prim-
itive recursive). Note that (e),, is the code of the instruction to be executed,
((e)m)o tells which type of instruction it is, and (z);+1 = z; is the value of the
register being incremented or decremented. Note that when the machine reaches
a HALT instruction the state does not change. All the conditions are primitive
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recursive and are mutually exclusive and exhaustive, so by the previous lemma
Step is primitive recursive.

We can now finish the proof by searching for the least n such that the
machine has reached a HALT instruction. Let

Stop(e, L1y 7{L‘k) = un [(e)(Statc(e,ml,..,,mk,n))o =22 A RM(B)]

i.e. the least n such that the machine has reached a HALT instruction, or
undefined if the machine never halts or e is not the Gédel number of a register
machine. Stop is thus a partial recursive function. We lastly can set

Ui(e,x1,...,x) = (State(e, z1, . .., xx, Stop(e, x1, ..., k)1

i.e. we find the value of Ry in the code of the machine state once it has halted;
the function is again undefined it the machine never halts or e does not code a
machine. This shows that Uy, is partial recursive, finishing the proof. a

Since we can substitute the Gédel number of any given register machine in
for e in Uy, we obtain the following.

Corollary 1.54. Every RM-computable function is partial recursive.

Hence the class of RM-computable functions is the same as the class of
partial recursive functions. The same sort of analysis used in the Enumeration
Theorem can be applied to other notions of computable functions, such as Turing
Machines, Markov Algorithms, etc. The idea is that any reasonable notion of
an algorithm proceeds in steps, and we can develop an analogous coding for the
state of the algorithm and the stepping function as we did above. This presents
strong evidence that the class of partial recursive functions has captured the
intuitive notion of computability. This (necessarily imprecise) idea is the content
of what is known as Church’s Thesis:

Church’s Thesis. Any intuitively algorithmically computable number-theoretic
function is partial recursive.

We will henceforth take this as our definition of a computable function, and
study the properties of the class of partial recursive functions.

Another immediate consequence of the Enumeration Theorem is the follow-
ing.

Corollary 1.55. The class of partial recursive functions is the smallest class of
partial functions containing the primitive recursive functions and closed under
composition and minimization.

Note, in fact, that we only need to apply minimization once in order to
construct a given partial recursive function.

A natural question is whether we can avoid using partial functions if we
want to study the total recursive functions. One approach would be to only
allow minimization to be applied to a relation R(y,x1,...,2x) which has the
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property that for each (x1,...,x) there is a y satisfying R(y, z1,...,zk). As
we will see in the next section, though, there will not be an effective (algorith-
mically computable) way of determining when a relation has this property. The
next example gives more evidence that the use of partial functions in studying
computability is somehow necessary.

Example 1.56. We give an example of a partial recursive function which can
not be extended to a total recursive function. Let g : N — N be a partial
function. We say that a total function f : N — N exatends g if we have f(z) =
g(x) for any x € dom(g), i.e., f simply defines values for any numbers not
originally in the domain of g.

Define the partial recursive function g by setting

9(x) = Up(z,2) + 1= i (z) + 1

where, following usual conventions, g(x) is undefined when U (z, x) is undefined.
Suppose f were a total recursive function which extended g. Let ey be an index
for f,ie. f= gag). But then

fleo) = @é? (eo) = Ui(eo, o)

so we have that g(eg) is defined, namely
g(eo) = Ui(eo, €0) + 1

contradicting that f(eg) = g(eg) since ey € dom(g). Hence g can not be ex-
tended to a total recursive function. We will use this function g later.

Note that the above is an example of diagonalization. The function g itself
is not problematic in this regard, since we can (and in fact must) have g(e) 7
when e is an index for g. But this technique shows that we can not have a
version of the enumeration theorem for the total recursive functions, i.e. there
is no function V; (e, z1) which is a total recursive function and enumerates all the
total recursive unary functions in the way that U; does for the partial recursive
functions.

Note 1.57. There is also a characterization of the primitive recursive functions
in terms of machines. We can define a Loop Program as follows. We have
a number of registers as before, and increment and decrement instructions.
These instructions do not branch, though; execution always proceeds to the
next instruction (decrementing a register with value 0 simply does nothing). In
addition, we allow loops of the form “for R; do S”, where R; is a register and S
is a sequence of instructions (possible containing other loops); this is executed
by repeating the instructions in S a number of times equal to the initial value
of R; (we can change R; within the loop, but this does not affect how many
times the loop is executed). The class of Loop-computable functions turns out
to be equal to the class of primitive recursive functions.
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1.6 Unsolvable Problems

We now turn our attention to which sets are computable.

Definition 1.58. A set A C N¥ is recursive if its characteristic function XA is
a (total) recursive function.

This is the same definition as for relations, and we will treat sets and relations
identically.

Example 1.59. The set
A={n € N:nis prime}

is recursive, since we saw earlier that its characteristic function is in fact prim-
itive recursive. Similarly the sets

{s: s codes a sequence}

and
{e : e is the Gédel number of a register machine}

are both recursive (primitive recursive, again).

There are, of course, many non-recursive sets, since there are continuum
many subsets of the natural numbers but only countably many recursive func-
tions. We are interested, though, in determining whether certain natural, ex-
plicitly defined sets are recursive. We give a first example of a non-recursive set
here.

Example 1.60. Let g be the partial function constructed earlier, and define
the set K C N as
K = dom(g) = {z : p{" (w) |}.

We claim that K is non-recursive. If it were recursive, then the function

_)g(x) ifreK
f(x){o itz ¢ K

would also be recursive, since we can produce a register machine which first
computes Y () and halts with output 0 if x ¢ K; otherwise, if x € K the
machine computes g(z) which is defined and outputs that value. But then f
would be a total recursive function extending g, a contradiction.

We will be interested in determining when certain problems can be solved
algorithmically. We introduce the following notation to make this precise.

Definition 1.61. A problem is a set A C NF for some k. We say that the
problem is solvable (or decidable) if the set is recursive; otherwise we say that it
is unsolvable (or undecidable).
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The idea is that to each such set we associate the problem of determining
whether a given number is an element of that set; e.g., the set of primes is
associated to the problem: Given a particular number, determine whether or
not it is a prime. Thus, a problem is solvable if there is an algorithm which,
when given a particular number, determines whether or not the number is an
element of the set.

Example 1.62. As we have noted above, the set of primes and the set of codes
for sequences are solvable, whereas the set K is unsolvable.

Certain natural problems occurring in mathematics have been shown to be
unsolvable; we list several here.

Example 1.63 (Hilbert’s Tenth Problem). Informally, Hilbert’s Tenth
Problem is to determine when a given Diophantine equation has a solution,
i.e. given a polynomial p(z1,...,z,) with integer coeflicients, to determine
whether there are integers aq,...,a, such that p(ai,...,a,) = 0. There are
several ways of turning this into a precise problem; the following theorem of
Matijasevi¢ shows that it is unsolvable in a very strong way.

Theorem 1.64 (Matijasevic). There is a polynomial p(xg,x1,...,29) with
integer coefficients such that the set

{n € N:p(n,ay,...,a9) =0 for some ay,...,a9 € Z}
18 not recursive.
Hence, no reasonable algorithmic solution exists.

Example 1.65 (Word Problems for Groups). Let G be a group presented
with finitely many generators and relations. The word problem for G is to
determine, given a particular word w in the generators of GG, whether or not
w = lg (the group identity element of GG). The word problem of some groups is
solvable, such as abelian groups and free groups; however, Novikov showed that
there is a finitely presented group G with an unsolvable word problem.

Example 1.66 (The Halting Problem). A problem which is particularly
relevant to our study is The Halting Problem, which we define to be the set

H={eeN:M0) 1},

Thus, the problem is to determine whether a given register machine with code
e eventually halts when started with all registers empty. We will see below that
the set H is not recursive, i.e. the Halting Problem is unsolvable.

1.7 Reducibility

We have so far seen one concrete example of a non-recursive set, the set K. We
wish to develop techniques for showing that other sets are not recursive which
avoid direct arguments. The idea will be introduce a notion of reducing one
problem to another which will give a gauge of relative complexity of problems.
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Definition 1.67. let A and B be subsets of N. We say that A is many-to-one
reducible to B (or just reducible) if there is a (total) recursive function f : N — N
such that, for all n € N, n € A if and only if f(n) € B. We write A <,, B to
indicate that A is reducible to B.

Thus, if A <,,, B then a reduction function f allows us to reduce the mem-
bership problem for A to that for B, as the next lemma makes precise.

Lemma 1.68. Suppose A <,, B. If B is recursive, then so is A. If A is not
recursive, then B is not recursive.

Proof: Let f be a recursive function so that n € A iff f(n) € B, and suppose
B is recursive, so that xp is recursive. Then xa(n) = xp(f(n)), i.e. xa xBo©
f, so that x4 and hence A is recursive. The second statement is just the
contrapositive of the first. O

Note 1.69. The relation <,, is a quasi-order, i.e. it is reflexive and transitive.
It is not a linear order, though, there are sets A and B so that A £,, B and
B £m A.

The following theorem will be a key technical tool in producing reductions.

Theorem 1.70 (The Parametrization Theorem). Let 6(zq,z1,...,z)) be
a (k + 1)-ary partial recursive function. Then there is a primitive recursive
function f(xg) such that for all xg,x1,...,2, € N we have

O(xo, 1, ..., x8) = @5«20)@17 ceey L)

Proof: Since 0 is partial recursive, there is some register machine which com-
putes it. By an easy modification, we can set up the machine so that (unlike

our normal convention) this machine uses registers Rg, R1, ..., Ry for input,
and outputs in Rg. Call this machine M. Now, given xzg we want f(xg) to
produce an index for a machine M,, which takes inputs z1, ...,z in registers
Ry, ..., Ry, sets register Ry equal to xg, and then runs machine M. Thus, My,
should look as follows:

START

. ) ) ) . M

N\ J
To times

Let the instructions of M be (Jy,...,J:). Then the instructions of M,, will be

((Ro+,11), ..., (Ro+,1It), ),y - ., J7)

T many

where the instruction J/ is the same as J; except that the branching instructions
have their indices increased by xy to account for their later position in the list,
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eg. if Jy = (Ri—,Jj,Ji) then J§ = (Ri—, Jjtaq, Jhta,). Recalling that the
code of a machine is the code for the sequence of codes for its instructions, we
have

xo—1 t
90,30 gm+1 FJa
flazo) ="My, = [] p(m) I plao +m) m
m=0 m=0
where
TJpy - b0 if J,,, is an increment instruction
CJ =<, 5% 7% if Jis a decrement instruction
" if J,,, is a HALT instruction

Note that the second product has a fixed number of terms which can be defined
explicitly, so that the function f is primitive recursive. O

With a little more care we can prove the following version of the Parametrization
Theorem, generally known as the S-M-N Theorem:

Corollary 1.71 (The S-M-N Theorem). For each m and n there is a prim-
itive recursive function si'(e,x1,...,%m) such that

P (@1 s Yy Un) = P (Y1 Un)

foralle,z1,...,%m,Y1,...,yn € N.

The idea is to apply the above idea to the function Uy, and handle several
input registers at once.

Note 1.72. We can view the Enumeration Theorem and Parametrization The-
orem as saying that our indexing of partial recursive functions satisfies certain
good properties. If we chose some arbitrary way of assigning indices to the
partial recursive functions it would not necessarily satisfy these properties, al-
though most any reasonable indexing will. These two theorems will be the chief
properties we need, and later theorems we prove about the class of partial re-
cursive functions will not need to refer to the actual coding of register machines,
just the conclusions of these two theorems.

We can now prove the unsolvability of the Halting Problem.
Theorem 1.73. The Halting Problem is unsolvable, i.e. the set
H={eeN:pM0) |}
18 not recursive.

Proof: We will show that the set K is reducible to H; since K is not recursive,
this will show that H is not recursive. Consider the function

0(x,y) = oM (2) = Uz (x, 2)
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which is partial recursive. Recall that K = {z : wél)(ﬂc) 1}. Applying the
Parametrization Theorem, there is a primitive recursive function f such that

0(a,y) = ¢!V (@) = 1) (9)

for all z and y. Then if x € K we have cp;l)(x) 1, so go;l()x)(y) ] for all y, so

gogcl()x) (0) |, i.e. f(xz) € H. Similarly, if x ¢ K then gogcl()z)(O) 1,80 f(x) ¢ H.

Thus f is a reduction of K to H. O

1.8 The Recursion Theorem

We present an important and powerful theorem due to Kleene:

Theorem 1.74 (The Recursion Theorem or Fixed Point Theorem). Let
O(e,x1,...,xk) be a partial recursive function. Then there is an index ey such
that, for all x4,...,x,

(k)

H(eo,xl,...,xk) = (peO (xl,...,xk).

The following corollary makes the name clearer:

Corollary 1.75. Let f : N — N be a total recursive function and k > 1. Then
there is an index eg such that
(k) _ (k)
Pfleo) = @go ’

Thus, if we think of f as a procedure for transforming one register machine
into another, the theorem says that there will be a machine so that the modified
machine (although it may be a different machine) will still compute the same
partial function, i.e. this function is a “fixed point” of f.

Proof of Corollary 1.75: Let 0(e,x1,...,2x) = Up(f(e),x1,...,2x). Apply-
ing the Recursion Theorem we find an index eg so that

(k)

(k)(xl,...,xk) = 9(60,.%‘1,...,.%‘k) = Uk(f(€0)7x1a---7xk) = gof(e[])(xl,...,xk)

%060
for all z4,...,xy, as desired. O

Proof of Theorem 1.74: The idea will be to consider register machines which
somehow have access to their own indices; we will then try to find such a machine
which, when given 1, ..., xk, evaluates the function 6 on its own index and the
inputs x1,...,Tk.

Applying the Parametrization Theorem to 6, we can find a primitive recur-
sive function f such that

O(w,x1,...,x5) = gogck(zu)(ml,...,xk)
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and applying it to the function Uy (U; (u,w),x1,...,2x) we can find a primitive
recursive d such that

(k) — k)
Pa(uy (@1, - k) = SD&,OE})(U)(xh cey TR)-

Let v be an index for the function f od, i.e. gp,(})(u) = f(d(u)) for all u. Then

k k
Spt(i(i))) = (PLE,)“(D) (mlv s 7xk>
k
= @;()d(v))(zla v ,Jfk)
=0(dw),z1,...,xL)

so taking ey = d(v) finishes the proof. O

Example 1.76. We can use the Recursion Theorem to give another proof that
Ackermann’s function is recursive. We can rewrite the recursive definition of
A(n,x) as follows:

Tz+1 ifn=0
Aln,z) =< A(n—1,1) ifn>0and x =0
An=1,A(n,z—1)) ifn>0and x>0

We consider a procedure which take some partial function (which is able to
correctly compute some values of A(n,x)) and improves it by computing ad-
ditional values for which the required data is available. Specifically, given a
partial function ¢ (n,x) = % (n,x), define ¢ (n,x) as

x+1 ifn=0
Y(n,z) = gof(f)(nél,l) ifn>0andz=0
gag)(né l,ga(f)(n,a:é 1)) ifn>0and x>0

Then, using the enumeration and Parametrization Theorems, there is a primitive
recursive function f(e) which computes an index for ¢ from an index e for ¢,
ie. ¥ = cpgf()e). Now let eg be a fixed point of f, i.e. 90502()%) = Lpg). Then we

have

(pg) (n,z) = ('05”2()60)(“’ z) = %02(2))(” = 1,1) ifn>0and z=0
gpgi)(n4 17@@(71,964 1)) ifn>0and x>0
ie. <p((3(2j) satisfies the recursive characterization of Ackermann’s function, so

A(n,x) = <pg) (n,x) is recursive as desired.
This same technique can be used to show that any well-defined function
defined using recursion is partial recursive.
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We next consider the distinction between a partial recursive function and its
indices, i.e. the collection of register machines which compute the function.

Definition 1.77. We say that a set I C N is an index set if there is a collection
C of partial recursive functions such that

I=Ic={e: oM eC}

i.e. I consists of all indices for functions in the class C. Equivalently, I is an
index set if and only if whenever e € I and ¢ is such that gagl) = %(1)7 theni e I

as well.
Nontrivial index sets are complicated, as the following theorem shows.

Theorem 1.78 (Rice’s Theorem). If I is an index set and I # 0 and I # N
then I is not recursive.

Proof: Since I is recursive iff N\ [ is recursive, we may assume that the function
1 with empty domain is in C so that all of its indices are in I¢. Let a be some
index for ¢. We may also assume that there is some nontrivial partial function
which is not in C, so there is some b with goz()l) # 1 with b ¢ Ic. Now consider
the function f(x,y,2) given by

1 .
F@,y,2) = 0y (2) + o () = o ().
This is partial recursive, so there is an e with <p£3) (z,y,2) = f(x,y,2). From
the S-M-N Theorem we then have

_ (D)
f(xa Y, Z) - wsé(e,l‘,y)(z).

Let h(z,y) = si(e,z,y). We then have: If gpg})(y) | then <p§bl()$ y) = wél)(z) ¢C,

and if gp&l)(y) T then gpgl()x y) = 1 € C. This reduces some question about halting
to the set Ic. We now make this precise.
Define the set H as

H={(z,y): ¢P(y) 1}.

This is a fuller version of the Halting Problem. If we define the function h'(s)
to be:

B (s) =

h((8)o, (s)1) if s codes a sequence of length 2
a otherwise

then we have s € H if and only if h/(s) ¢ Ic, i.e. k' reduces the set H to N\ Ic.
If we can show that H is not recursive, we will then have that N\ I is not
recursive, hence I is not recursive.

To see this, we reduce the Halting Problem H to H. Let f(e) = (e,0). Then
we have e € H if and only if f(e) € H, so we are done. O
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This gives us the following immediate corollary:

Corollary 1.79. The following index sets are not recursive:

Tot = {e : 1 is a total function}
Con = {e: 1 is a constant function}

Inf = {e : dom(pM) is infinite}

e

Iy ={e: o™ =}
where [ is any k-ary partial recursive function

In particular, we can not algorithmically determine whether a particular
register machine computes a total function, further motivating or use of partial
functions.

Also, the set of indices for a given function is not recursive; however, we can
effectively produce infinitely many indices for a given function:

Lemma 1.80 (The Padding Lemma). For each k > 1 there is a primitive
recursive function f(e,n) such that

1. For each e and every n, go.(gk) = <p(fk()e )"

2. For each e, if n < m then f(e,n) < f(e,m).

We skip the proof, as the idea is simply to append n irrelevant instructions
to the machine with Goédel number e.

We can also use the Enumeration, Parametrization, and Recursion Theorems
to show that all of the partial recursive operations are effective. We state two
instances of this without proof:

Theorem 1.81. For each k and m there is a recursive function f such that

k k k
@gf(l,ih...,i,,”)(xla ceTg) = (pgm)(gogl)(xl, ey X))y .,4,057”)(9517 CeTE))
foralle iy, ... im,x1,..., %K.

This says that we can compute an index for a composition of functions
from indices for the original functions. The analogous statement for primitive
recursion is:

Theorem 1.82. For each k three is a primitive recursive function f such that

k+1
QOS"(ZZ'))(O7$17' .- 7xk:) = Qp(gk)(xl, .. ,Qj‘k)

k k k
3050(:’1))(:(/ + 173717 oo 7£Uk3) = 805 +2)(y7805f(j’21‘))(y7x17 v 7$k),$1, B ,l'k)

forallei,y,x1,...,x.
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1.9 The Arithmetical Hierarchy

In this section we introduce a hierarchy of sets (relations) measuring the com-
plexity of their definability.

Definition 1.83 (The Arithmetical Hierarchy). We define both the classes
¥ and IIJ to be the class of primitive recursive relations (of any arity). Given
n > 0, we define the class X9 ; to be the class of all k-ary relations P such that
P has the form

P(xy,...,z) = JyR(z1,. .., 2k, Y)

where R is a (k + 1)-ary relation in the class I1%. Similarly, we define II9 ; to
consist of all relations of the form

P(zy,...,z;) =VyR(z1,...,2%,Y)

where R is a (k + 1)-ary relation in the class X%. We define the class A% to
equal 0 NTIY, i.e. those relations which are in both classes.

Note 1.84. The superscript of “0” refers to the fact that the quantifiers are
applied to objects of level 0, i.e. natural numbers. We can similarly define a
hierarchy of X1 relations, etc., where quantifiers are applied to sets of natural
numbers, but we will not study this here.

The level of a relation in the Arithmetical Hierarchy thus corresponds to
the number of quantifiers needed to define it. For instance, if R is a primitive
recursive relation, then the relation

P(x) = yVzTFwR(x, y, z,w)
is a 229 relation. We list some of the basic closure properties of these classes.
Theorem 1.85. We have the following:
1. The classes £ and 119 are both contained in the classes £°_, and 119 ;.

2. The classes X0 and 119 are closed under (finite) conjunction and disjunc-
tion.

3. The classes X0 and 112 are closed under bounded quantification.

4. Forn > 1, the class X0 is closed under existential quantification, and the
class 119 is closed under universal quantification.

5. A relation P is in X2 if and only if the relation —P is in 112.

Proof: Recall that we showed that the class of primitive recursive relations
is closed under conjunction, disjunction, negation, and bounded quantification.
These are all proved by induction on n.
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1. This is immediate for n = 0 since ¥2 = H8. For n > 1 we easily have
that ¥0 C 119 41 since we can just add a vacuous quantifier (one applied

n
to an unused variable), and to see that X0 C X0, we can write P as

P(xy,...,7) = YR(xy,...,78,y) with R in II2_,; by inductive assump-

n—1»

tion R is then in II9 and hence P is in X0 ;. II% is handled similarly.

2. Immediate for n = 0. Suppose P; and P, are X0 for n > 1, and we have
Pi(z1,...,2) = JyRi(x1, ..., 7k, y) with R; in TI2_,. Then

Pi(x1,...,25) A Pa(xy,...,25) = JyRa(z1, ..., 2k, Y)
AJyRo(x1, ..., 2k, Y)
=JyRi(x1,..., 2k, y) AJzRa(x1,. .., Tk, 2)
= Jy3z(Ri(z1, .- Tk, y) A Ro(z1, ..., 25, 2)).

The quantified expression is IIY _; by assumption, and part (4) will show
that this expression is thus in X9. The other cases are handled similarly.

3. This is handled similarly to part (2).
4. Let P(x1,...,2x,2) be £0 for n > 1 where
P(xy,...,xk,2) = yP(z1,...,2k,2,Y)
with R in 119 _;. Then
zP(xy,..., 2k, 2) = 2Ty P(z1,. .., 2k, 2, Y)
= Js(Seq(s) A Length(s) = 2 A P(x1,. .., 2k, ()0, ($)1))

i.e. we encode z and y as a pair; since coding and uncoding of finite

sequences is primitive recursive, the part inside the quantifier is I12_;.

5. Immediate for n = 0, and for n > 1 with P in X% and R in 11 _; we have
—P(x1,...,25) = 2JyR(xy,..., 2k, y) = Vy-R(z1,. .., 2k, Y)
so that =R is in X0 _, by assumption and hence =P is in II9.

O

Example 1.86. We can see that the set H = {e : cpél)(O) 1} belongs to the
class X9. We can write

H(e) = RM(e) A 3n(machine e halts after at most n steps on input 0)
= In(RM(e) A (€) (state(e.0,m)0 = 2°)
where State(e,0,n) and RM(e) are primitive recursive, so that this is 39.

Note 1.87. We often use the notation <p£’f)l(x17 ...,x) | to indicate that e
codes a register machine which halts on inputs 1, ...,z after at most n steps;
as discussed above this is a primitive recursive relation of e, n, x1,...,Tk.
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The class X is of particular importance, and we will give several different
characterizations of it.

Definition 1.88. We define the set W) C N* to be
W = dom (™).

Theorem 1.89. A k-ary relation P is in XY if and only if P = dom(v) for
some k-ary partial recursive function i, i.e. iff P = We(k) for some e.

Proof: If P is X9, so that P(z1,...,7;) = JyR(z1,. .., 7k, y) with R primitive
recursive, then P = dom(%)) where

W(xy, ... xp) = py[R(z1, ..., Tk, )]
is partial recursive. Conversely, if P = dom(v) with ¢ = wgk), then

— k
P(xy,...,x%) = Hn(gog),)l(xl, e xk) )
so P is XY since the inner relation is primitive recursive as discussed above. O

Definition 1.90. Let A be an infinite subset of N. The principal function of A
if the one-to-one function 74 which enumerates A in increasing order, i.e. w4 is
an increasing function such that A = ran(ma).

Lemma 1.91. Let A be an infinite subset of N. Then A is recursive if and only
the principal function wa is recursive.

Proof: If A is recursive, then w4 can be obtained using the recursion:

m4(0) = the least element of A
ma(n+1) = pyly > ma(n) Ny € A

Conversely, if 74 is recursive, then
Yy
y € Aiff \/ﬂ'A(x):y
=0

which is recursive since the class of recursive predicates is closed under bounded
disjunction. |

Theorem 1.92. For A C N, the following are equivalent:
1. Ais X9,
2. A =dom(v) for some partial recursive function 1.
3. A =ran(vy) for some partial recursive function 1.

4. Either A=10 or A =ran() for some total recursive function 1.
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5. Either A is finite or A = ran(vy) for some one-to-one total recursive func-
tion 1.

Proof: We have already seen that (1) and (2) are equivalent, and it is clear
that (5) implies (4) and that (4) implies (3). To see that (3) implies (1), note
that if A = ran(¢)) then

yeA=Tep(x)=y= Elxﬂngpg%(z) =y

where e is an index for v, so this is X9,
To see that (1) implies (5), let R be a primitive recursive relation so that

x € A=3yR(z,y)
and define the set B as

B = {2"” -3Y: R(z,y) /\ﬁ“’\’/ R(x,z)}
z=0

Then B is an infinite primitive recursive set, so its principal function 7g is a
one-to-one recursive function. Note that for each z € A there is a unique y with
27 . 3Y € B. We can then define 1 to be

¥(n) = (Tp(n))o

(i.e. the power of 2 in w(n), which is the x-coordinate), and we have that v is
a one-to-one total recursive function with A = ran(¢y). O

Note 1.93. These sets are generally known as recursively enumerable (r.e.)
sets.

We will now develop a better picture of the arithmetical hierarchy.

Theorem 1.94. A k-ary relation P is in the class AY if and only if it is
recursive.

Proof: If P is recursive, so that yp is a recursive function, then P = dom(¢)
where
¥(x) = pylxp(z) =1]

so that P is X9; since —P is also recursive we have that =P is also X, so that
P is TI? as well, and hence A§.

Suppose P is A}, and let R; and Ry be two primitive recursive relations so
that

P(x1,...,2) = YRy (21, ..., Tk, y) = VyRo(z1,. .., 2%, Y).

We can then define t total recursive function f by
f(x1,. . xk) = py[Ra(z1, .., 2k, y) V Ra(21, ..., Tk, y)]
and we will have
P(zy,...,25) = Ri(z1,. .., 2k, f(z1,...,2%))

so that P is recursive. O



CHAPTER 1. COMPUTABLE FUNCTIONS 39
Theorem 1.95 (Universal X! relations). For each n > 1 and k > 1 there
is a relation V) such that:

1. Vi is a (k + 1)-ary relation in the class X9.

2. For each k-ary relation P in X0, there is an e € N such that

P(zy,...,zr) =V (e,z1,...,2p).

The analogous statement holds for T12.

Proof: This is done by induction on n. Note that by the Enumeration Theorem
we can set V! = dom(Uy) where Uy, is the (k+ 1)-ary universal partial recursive
function. If V" is universal for X9, then =V;" is universal for I19, and we can
set

an+1(€, L1y 7$k) = Elyvkn+1(ea T1yen s Thy y)

O

Note 1.96. There is no analogous universal A% relation. To see this, e.g. for
k = 1, suppose there were a AY binary relation D which was universal for unary
A?Y relations. Define the relation P as

P(z) =-D(z,x)

Then P is A%, so there should be some e so that P(z) = D(e,z) for all z, but
then D(e,e) = P(e) = —~D(e,e), a contradiction.

Lemma 1.97. Let A, B C N with A <,,, B. If B is X2, then so is A; if B is
70 then so is A.

Proof: This is done by induction on n; the case of n = 1 is representative so
we only give that. Suppose R is a primitive recursive relation so that

B(z) = JyR(z,y)

and let f be a total recursive function so that € A if and only if f(z) € B.
Then we have

A(w) = 3yR(f (x),y) = FyF3n(pl) (2) = 2 A R(z,y))
where e is an index for f, so that A is X{ as well. O
Definition 1.98. For n > 1, we say that a set B C N is X!-complete if:
1. B is in the class %Y.
2. For any XY set A we have A <,,, B.

The notion of a IIY-complete set is defined similarly.
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Theorem 1.99. For each n > 1 there is a X -complete set and a I1° -complete
set. A X0 -complete set is not in 110 and a 119 -complete set is not in XU.

Proof: Let V*(e,x) be the universal X% relation from above. Then the set
{2¢-3% : V{*(e,z)}

is X0 and a X0 set A with A(x) = V]*(e, ) is reducible to this set by the

function f(x) = 2°-3%. The complement of a X0 set is easily I19-complete. To

see that a X9 -complete set is not in I12 it suffices to show that there is a £ set

which is not in IT1?. If we define the set A(x) = V,!(z, ), then the same sort of

diagonal argument used above shows that =4 can not be X0, hence A can not
be I19. The case of TI2 follows immediately. O

We can thus see that the arithmetical hierarchy is a proper hierarchy:

Corollary 1.100. For n > 1 we have A) S X9, A% CIID, and X3 UTL) S
AY. ., i.e. all inclusions are proper.

Proof: The first two inclusions are proper by the above theorem, since a $0-
complete set is not 119 and hence not A%, and similarly for I19-complete sets.
For the third inclusion, we must find a set in A% ; which is neither 9 nor I19.
Let A be a X2-complete set (so that =A is I10-complete), and define the set B
by

B={2z:2€¢ A}U{2x+1:2¢ A}

Then B is a A%, set since it is the union of a X9 set and a I1% set. We have
that A is reducible to B by the function f(r) = 2z, so B can not be 119, and
|negA is reducible to B by the function g(x) = 22 + 1 so B can not be X2. O



Chapter 2

Undecidability of
Arithmetic

We will apply the results of the previous chapter to show that the theory of
arithmetic is undecidable, that is, there is no algorithm to decide whether a
sentence in the language of arithmetic is true or false.

2.1 The Language of Arithmetic

By the theory of arithmetic we mean the set of sentences which are true in the
structure (N,0,1,+,-,=), where N ={0,1,2,...} is the set of natural numbers,
0 and 1 are names for these numbers, + and - denote the binary functions of
addition and multiplication on N, and = denotes the binary relation of equality
on N. We introduce the language we will use for this structure.

Definition 2.1 (The Language of Arithmetic). The language will contain
infinitely many wvariable denoted zg, z1, 3, . .. (although we will often use z, y,
etc. for simplicity), and symbols for the constants 0 and 1. We next define the
collection of terms which are built from these inductively. That is, each variable
is a term, and 0 and 1 are terms, and if ¢; and ¢y are two terms, then so are
t1 + 1ty and t; - to. For each natural number n we will use n to denote the term
1+---41, and call this the standard term for n; although often we will just
%/_/
n times

write n to mean the standard term . We will similarly abbreviate z - = as «
and so forth.

We next define formulas. An atomic formula is an expression of the form ¢, =
to, where t; and to are terms. The collection of formulas are built inductively
using the Boolean connectives -, V, and A, and the quantifiers 3 and V. That
is, each atomic formula is a formula, and if F' and G are formulas and x is a
variable, then the following expressions are also formulas: =F, FV G, F A G,
dxF, and Vz F.

2

41
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Example 2.2. The expression
(z+2z+1=y)

is a formula. Quantified variable range over the natural numbers, so the intended
meaning of the above is “there is a natural number z such that x + 2z +1 = y”.
Note that we can find such a z i and only if z < y, so we will use the expression
x < y to abbreviate the above formula.

Example 2.3. The formula
z>1A-Fyz(y>1Az>1Az=y-2)

expresses the property that x is a prime number (where expressions involving
< are again used as abbreviations).

Definition 2.4. An occurrence of a variable in a formula is said to be bound
if it is contained within the scope of a quantifier; otherwise, the occurrence is
called free. In the example above, the occurrences of x are all free occurrences,
whereas the occurrences of y and z are all bound. Note that a variable can
occur both freely and bound in the same formula.

We say that x is a free variable of a formula F is it has at least one free
occurrence, and we often write F'(x) to indicate that the only free variable of
Fis . A sentence is a formula which has no free variables. Sentences are
formulas to which we can assign a truth value in the structure N by interpreting
the functions and equality in the usual way and letting quantified variables
range over N. Note that a formula with free variables does not have a truth
value unless we substitute specific values in for them. If F(xq,...,zx) is a
formula with free variables x1,..., 2, and ny,...,ng € N, then F(ny,...,ng) is
the sentence obtained by substituting the standard terms nq,...,ng in for the
respective free occurrences of 1, ..., z,. This will then be either true or false.

2.2 Arithmetical Definability

We now consider which relations and functions can be defined in the language
of arithmetic.

Definition 2.5 (Arithmetical Definability). A k-ary relation R C NF is
arithmetically definable if there is a formula F(z1,...,z;,y) in the language of
arithmetic such that for all nq,...,n; € N the relation R(x1,...,x) is true if
and only if the sentence F'(nq,...,ny) is true in N. A k-ary partial function f :
NF — N is arithmetically definable if its graph is definable, i.e there is a formula
F(x1,...,x,y) such that for all ny,...,ng, m € N, we have f(ny,...,z5) =m
if and only if the sentence F(ny,...,ng, m) is true in N.

Example 2.6. The function Quotient(y, z) introduced earlier is arithmetically
definable by the formula F(y, z, 2):

J(-(z=0Av<zAy=z-2+0).



CHAPTER 2. UNDECIDABILITY OF ARITHMETIC 43

Note 2.7. The notion of arithmetically definable relations is similar to the
arithmetical hierarchy discussed earlier. There we were allowed to build up
relations using quantifiers and connectives starting from the primitive recursive
relations; here the basic relations we start from are ones of the form t; = ¢
where t1 and to are terms. We will later see that these two notions coincide.

We will show that all recursive functions and relations are arithmetically
definable. We will do this by induction on functions as we did when we showed
that all partial recursive functions are RM-computable.

Lemma 2.8. FEach initial function is arithmetically definable.
Proof: The zero function Z(z) = 0 is defined by the formula
Fl,y)=x=a2Ay=0

(the “x = 27 is really irrelevant, but we include it just to ensure that z is a
free variable of the formula; we will omit such trivialities from now on). The
successor function S(x) = x + 1 is defined by the formula

Gr,y)=y=z+1
and each projection function Pf(z1,...,zx) = z; is defined by the formula:
Hf(xl, T, Y) =Y = @
O

Lemma 2.9. The class of arithmetically definable functions is closed under
composition, i.e. if h1(z1,...,Tk)y.. ., hm(T1,...,2k) and g(x1,...,2m) are all
arithmetically definable, then so is the function f(x1,...,x ) with

flay,.. zp) =glhi(ze, .oy xk)y ooy hun(21, - ooy TE)).

Proof: Let hq,...,h,, and g be defined by the formulas Hi,..., H, and G,
respectively. Then f is defined by the formula:

Hyl "'Elym(Hl(-Tla--wwkayl) AREE /\Hm(xla"'vxkvym) /\G(ylvvymay))

i.e. the variable y1, ...,y are used to stand for the intermediate values in the
calculation. O

Lemma 2.10. If the (k + 1)-ary relation R(x1,...,xk) is arithmetically defin-
able, then so is the k-ary partial function

f(x17~~-7$k) = ,u‘y[R(xl,“'axkay)]

defined from R using minimization.
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Proof: If R is defined by the formula F'(z1,...,2k,y), then f is defined by the
formula G(x1, ..., 2k, y):

F(z1,...,25,y) A —existsz(z <y A F(z1,...,Z5, 2)).
O

Note 2.11. A relation is arithmetically definable if and only if its characteristic
function is arithmetically definable. To see this, suppose R(Z) is defined by the
formula F'(Z); then g is defined by the formula

G(@,y) = (y=1NF(F))V (y=0A~F(Z))

and if x g is defined by the formula G(Z,y), then R is defined by the formula

The case of primitive recursion will require a bit more work. Intuitively, we
want to imitate the technique for RM-computability, i.e. compute f(y,Z) by
successively computing f(0, %), f(1,Z), ..., f(y,Z). In order to do this, though,
we need an arithmetically definable way of coding a sequence. Although the
coding we introduced earlier will turn out to be definable, this is difficult to see
a priori, so we will develop a new manner of coding sequences which is more
transparently definable. This will involve a bit of number theory. Recall that
two positive integers are relatively prime if the have no common factor other
than 1; a set of positive integers is said to be pairwise relatively prime if any
two distinct integers in the set are relatively prime.

Lemma 2.12. Given a positive integer k, we can find arbitrarily large integers
m such that the set
{m+1,2m+1,...,km+1}

1s pairwise relatively prime.

Proof: Let m be any positive integer which is divisible by all of the primes less
than k, e.g. any multiple of k!. We claim that this m satisfies the conclusion.
Suppose not, and let 1 < i < 7 < k be such that ¢m 4+ 1 and jm 4 1 are not
relatively prime. Let p be a prime which is a factor of both ¢m + 1 and jm + 1.
Then p can not be a factor of m. Since p|((jm + 1) — (tm + 1)) = (j — i)m, we
must have that p is a factor of j — 4. Since j — i < k, we must have p < k. But
then p is a factor of m by our choice of m, a contradiction. |

Example 2.13. If £ = 5, then the primes less than k are 2 and 3, so we can
take m to be any multiple of 6. So, taking m = 6 we have that the set

{7,13,19,25,31}

is pairwise relatively prime.
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Lemma 2.14 (Chinese Remainder Theorem). Let {ny,...,nx} be a set of
positive integers which is pairwise relatively prime. Then given any non-negative
integers ry, ..., T, with r; < n; for 1 <i <k, we can find a non-negative integer
r such that Remainder(r,n;) = r; for all i.

Proof: let n = ny -----ng. For any r with 0 < r < n, define the remainder
sequence of r to be (rqy,...,rg), where r; = Remainder(r,n;) for 1 < i < k.
We want to find an r» whose remainder sequence is the sequence we are given.
We claim that if 0 < r < s < n, then the remainder sequences for r and s are
different. Suppose that r and s have the same remainder sequence. Then s — r
is divisible by each of ni,...,nk; since these are pairwise relatively prime we
must then have that s — r is divisible by their product n. But 0 < s —r < n,
a contradiction. Hence distinct 7’s give rise do distinct remainder sequences.
There are exactly n possible remainder sequences, and n choices of r, hence
each possible remainder sequence is obtained from some r. This finishes the
proof. o

Example 2.15. Considering the previous example, if we choose r; < 7, ...,
r5 < 31, then we can find an r which is a solution to the system of modular
equations

r=r; mod?7

r=rs mod 31
We can view this r (together with m = 6) as encoding the sequence (ry,...,rs).
We now introduce our coding method.

Definition 2.16 (Godel’s S-function). Given non-negative integers r, m,
and ¢, we define the function 3 as

B(r,m,i) = Remainder(r,m - (i + 1) + 1).

This is known as Gadel’s B-function. Note that this function is arithmetically
definably by the formula B(r,m,,y):

O<y<m-G+D)+D)AJu(r=u-(m-GE+1)+1)+vy).

Lemma 2.17. Given a finite sequence (ro,...,r) of non-negative integers, we
can non-negative integers r and m such that B3(r,m,i) = r; for each 0 <1i < k.

Proof: Using k + 1 in place of k above, we can find a positive integer m such
that r; < im+1 for each 0 < i < k and such that the set {m+1,2m+1,..., (k+
1)m + 1} is pairwise relatively prime. By the Chinese Remainder Theorem we
can then find an r so that r; = Remainder(r, (i + 1)m + 1) = B(r,m, i) for all
0<i1<k. O
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Hence r and m encode the sequence (rg,...,r) via the S-function.
We can now prove:

Lemma 2.18. The class of arithmetically definable functions is closed under
primitive recursion, i.e. if the k-ary function g and the (k + 2)-ary function H
are arithmetically definable, then so is the (k + 1)-ary function f defined by:

fO 2y, ..., x) = g(a1, ..., k)
f(y+ 1,%1,...,%]@) = h’(yﬂf(yaxla"'7xk)7m17"' 7$k)
Proof: Let g and h be defined respectively by the formulas G(x1, ..., 2k, w) and
H(y,z,x1,...,xp,w). We want a formula F(y, z1, ..., 25, w) to say that there is
a finite sequence r, ..., r, with 7o = g(z1,...,2%) and ri41 = g(¢, 73, 21, . . ., Tk)
for 0 < i < y and r; = w; this would clearly define f. We will do this by saying
that there are an r and m which encode this sequence via the G-function, which

we know from the previous lemma. Letting B(r,m,4,y) be the formula defining
3, we can take our formula to be:

IrIm( Ju(B(r,m,0,u) A G(x1,...,TK,u)) AVi(i >y V IuIv(B(r,m,i,u)A
B(r,m,i+ 1,0) AN H(G,u,x1,...,28,0))) A B(r,m,y,w) )
This finishes the proof. O

Example 2.19. We can see that the exponential function f(x,y) = y* is arith-
metically definable by the formula F(z,y, w):

Ir3Im( B(r,m,0,1) AVi(i > x V JuJv(B(r,m, i, u)A
B(r,m,i+ Lv)Av=u-y)) AB(r,m,z,w) )

Recalling that the class of partial recursive functions is the smallest class of
partial functions containing the initial functions and closed under composition,
primitive recursion, and minimization, we thus have:

Corollary 2.20. FEwvery partial recursive function is arithmetically definable.

Hence we also have that every recursive relation is arithmetically definable.
But more is true:

Corollary 2.21. The set K = {egogl)(e) L} is arithmetically definable, so there
1s an arithmetically definable set which is not recursive.

Proof: If a function f(z1,...,zx) is defined by the formula F(x1,...,zk,y),
then the set dom(f) is defined by the formula

ElyF(Ila cee axlﬁy)
and the set ran(f) is defined by the formula
Jzq - Tz P2, .0, 2k, Y)-

The set K is the domain of the partial recursive function f(z) = Us(x,); since
this function is arithmetically definable, so is K. |
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We in fact can characterize which sets are arithmetically definable:
Theorem 2.22. Let P be a k-ary relation. Then the following are equivalent:
1. P is arithmetically definable.

2. P is in the arithmetical hierarchy, i.e. P is either 9 or I for some n.

Proof: The theorem above in particular shows that every primitive recursive re-
lation is arithmetically definable, i.e. every relation in ¥3 = II3. Since applying
quantifiers to arithmetically definable relations yields arithmetically definable
relations, induction on n shows that every X9 or II9 relation is arithmetically
definable. For the converse, note that

- Ust-ym

n>0 n>0

consists precisely of relations in the arithmetical hierarchy. From the closure
properties proved earlier, ¥ is closed under the Boolean connectives and quan-
tification and contains the primitive recursive relations. Since the class of arith-
metically definable sets is obtained from the equality relations by applying these
operations, every arithmetically definable relation is in %9_. O

2.3 Godel Numbers of Formulas

We will now develop codes for formulas in the language of arithmetic in much
the same way as we did for register machines.

Definition 2.23. For each formula F' in the language of arithmetic, we will
assign a natural number " F| the Gddel number of F. We begin by inductively
assigning Godel numbers to terms:

07 =3°
r1n=3!
Tz, 7=23%.5" for a variable z;
rt1+t2—|:33 5

Tty oty =305 7

V—tl—l . 7I—t2—l

where ¢, and o are terms. We now inductively define Goédel numbers for for-
mulas, beginning with atomic formulas:

Tty =t,1=2-3-5

TEAGT=2.3L.5F7.77¢"

rEVGT=2.32.5F".7¢"
r—p1=2.3.51"

e, F1=2.3*.5.7F"
g, F1=2.3".5 .7

!’tl‘l
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where t1 and ty are terms, F' and G are formulas, and x; is a variable.
Definition 2.24. We define the following subsets of N:
Fmly = {"F7: F is a formula in the language of arithmetic}

Senty = {"F7: F is a sentence in the language of arithmetic}

Truthy = {"F™: F is a true sentence in the language of arithmetic}
Lemma 2.25. The sets Fmly and Senty are both primitive recursive.

Proof: This is straightforward, and is handled in much the same way as the
predicate RM(e) was. O

We will now see, though, that the set Truthy is not recursive, in fact not
even arithmetically definable. This will show that the theory of arithmetic is
undecidable: There is no algorithm to determine whether a given formula is
true or false in N.

Theorem 2.26. Every arithmetically definable set A C N is reducible to Truthy.

Proof: Let F(x1) be a formula with one free variable x; which defines A, so
that
A= {neN:F(n) is truth}.

Define the function f: N — N as
fn)="3z1(z1 =n A F(x1))"

Then for n € N we have that n € A if and only if f(n) € Truthy, so we will be
done if we show that f is recursive. This follows from the facts that

f(n)=2-3%.51. 7 oi=RAF (@)
g(n) = |—1'1 =n A F(l’l)—l =9. 31 . 5711:7}7 . 7rF(w1)~|

h(n)="zy=n"=2.30.5"".77"
and the function k(n) = "n ™ is obtained using primitive recursion:

E(0)=r0"=3°
k(n+1)="n417=3.50". 717 =33 5k 73

Hence f is obtained by composing primitive recursive functions, and is thus
primitive recursive so we are done. O

Corollary 2.27. The set Truthy is not recursive.

Proof: The set K is arithmetically definable but not recursive; since it is thus
reducible to Truthy, Truthy is not recursive either. O
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Theorem 2.28 (Tarski). The set Truthy is not arithmetically definable.

Proof: Suppose that Truthy were arithmetically definable, so that it was %9
for some n by our earlier theorem. Let B be a ¥ 41-complete set, so that B is
not in Y. We can not have that B is reducible to Truthy, or B would be %2,
so we have a contradiction. a

This theorem is often quoted as “Arithmetical truth is not arithmetically defin-
able.”



Chapter 3

Decidability of The Real
Numbers

We will now consider the theory of the real numbers and see that this theory,
unlike the theory of arithmetic, is decidable: There is an algorithm to determine
whether a given sentence in the language of the real numbers is true or false
in R. We will do this by showing that the class of definable relations over R is
much simpler than for N.

3.1 Quantifier Elimination

We extend our earlier definitions slightly:
Definition 3.1. Let £ be the language of ordered rings, i.e.
L= EOR = {07 ]-7 +, ==, <}

where — is a unary function (negation) and < is a binary predicate. Everything
is now interpreted in R, so that e.g. quantified variables range over R. We
define formulas and Gédel numbers as before, adding cases for the new symbols
— and <.

Definition 3.2. We say that two formulas F' and G are equivalent, F = G, if
they have the same free variables x1,...,x; and define the same k-ary relation.
This is the same as saying that the sentence

Vo Vo (F(zy, ... 25) © G(z1, ..., 28))
is true in R, where we use F' < G as an abbreviation for (F'A G) V (—=F A =G).
Example 3.3. The formulas F' and G with

F(z,y)=x <y
Glr,y) =Fz(-(z=0Ax+2z-2=1y)

50
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are equivalent. We could thus have omitted < from the language as we did for
N; however, we will be interested below in what relations are definable without
using quantifiers, and without < we would have to add additional quantifiers to
formulas.

Definition 3.4. We say that a formula is quantifier-free if it contains no quan-
tifiers, i.e. it is a Boolean combination of atomic formulas of the form t; = ¢,
or t1 <ty for terms t; and t».

Note 3.5. The set of terms is the same as the set of polynomials with integer
coefficients over the variables, since terms are formed from 0,1, and variables
using +, -, and —.

The fundamental theorem which will lead to the decidability of R is the
following:

Theorem 3.6 (Quantifier Elimination). For any Log-formula F, there is
a quantifier-free formula F* such that F = F*.

Example 3.7. The formula
Jz(az® + bz + ¢ = 0)
is equivalent to the quantifier-free formula
(a=0Ab=0Ac=0)V(a=0Ab#0)V(a+#0Ab*>—4ac>0)
where #, >, etc. abbreviate the obvious formulas.
Note 3.8. The only properties of R we will need are:
1. R is a commutative ordered field.

2. R has the intermediate value property for polynomials, i.e. for any poly-
nomial p(z), if v < y Ap(z) < p(y) then Iz(z < z <y Ap(z) =0).

An ordered field with these properties is called a real closed ordered field; any
real closed ordered field will also admit quantifier elimination.

To prove the theorem we will study a collection of functions which preserve
quantifier-free formulas in an appropriate sense.

Definition 3.9. A k-ary relation A C R* is effective if it is definable over
R by a quantifier-free formula. Thus, a relation is effective if it is a Boolean
combination of sets which are defined by polynomial equalities and inequalities.
Note that relations = y can be expressed as =(z > y) A =(z < y), so we only
need to consider Boolean combinations of inequalities.

Definition 3.10. A k-ary partial function f : D — R with dom(f) = D C R
is effective if:

1. D is an effective set.
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2. For every effective relation A(y, z1,...,2,), the relation B given by

B(x1,. .o Xy 21,y 2n) = A(f (@1, -+, Tk), 21,5+ 5 Z0)
is effective.

Note 3.11. For the relation B above to be true we require that (x1,...,zx) €

dom(f).

Example 3.12. Tt can be shown that the function f(x) = /z is effective. First,
the domain is effective since it is just the effective set {x € R : > 0}. The
second property is established by substituting f into all effective relations; for
instance, the relation /z > 3 is equivalent to = > 9.

Lemma 3.13. The functions x +y, = -y, —x, and z/y are all effective.

Proof: The first three are immediate since these functions are all part of our
language. For the fourth, note that the domain is {(z,y) : y # 0} which
is easily effective. Let A(z,w) be an effective predicate; we must show that
B(z,y, W) = A(z/y,w) is effective. We know A is a Boolean combination of
relations of the form

anz" + - +ayz+ag >0

where each a; is a polynomial in @. Then B is a Boolean combination of relations

of the form N
T T
an(> +--~—|—a1<>—|—a0>0.
Yy Y

When n is even this is equivalent to the formula
Y# 0Nz + an_12" 'y + -+ arey™ "t + agy™ > 0.

The case when n is odd can be handled in cases, or by viewing the polynomial
as of degree n + 1 with leading coeflicient 0. O

Lemma 3.14. The composition of effective functions is effective.

Proof: We prove this for the case f(z) = g(h(z)), where g and h are effective.
Let Dy and Dy, be the domains of g an h; by assumption these are effective.
Then the domain of f, Dy, satisfies

Dy (x) = Da(a) A Dy(h(x)).

Since h is effective, we have that Dy(h(z)) is effective, so Dy is effective. Now
suppose that A(y, 2) is an effective relation. Then

A(f(z),2) = Ag(h(x)), 2)

and we know A(g(y), 2) is effective since g is effective, and thus A(g(h(z)), 2) is
effective since h is effective. O
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Corollary 3.15. Any rational function is effective.

Lemma 3.16. The function sgn(x) is effective, where

ifx >0
sgn(z) =40 ifx=0
-1 ifx <0

Proof: Let A(y, Z) be an effective relation. Then A(sgn(z), Z) is equivalent to
(x>0NAL,2)V(E=0AA0,2)V(x<0AA(-1,2))
which is effective, so we are done. |

Lemma 3.17. Let f(Z) be a function which takes on only finitely many values,
all of which are integer. Then f is effective if and only if for each j € Z the
relation R(Z) = f(Z) = j 1is effective.

Proof: If f is effective, then we can simply substitute f into the effective pred-
icate y = j to see that f(&) = j is effective. For the converse, let ji,...,j, be
the values. Then the domain D is effective, since D(Z) is equivalent to

f@) =41V V(@) = jn.

—

Let A(y, Z) be an effective predicate. Then A(f(z), %) is equivalent to
(f(@) =y AA(G1, ) V -V (F(E) = Jn A A(jn, 2))
which is effective. O

Lemma 3.18 (Definition by Cases). Let f1(Z) and fo(Z) be effective func-
tions, and let R(Z) be an effective relation. Then the function f is effective,

where
o _ ) [(@) if R(Z)
I (“")‘{fm if ~R(@)

Proof: The domain D of f is effective, since it is equivalent to
(D1 (Z) A R(Z)) V (D2(Z) A =R(T))

where Dy and Dy are the domains of f; and fy. Let A(y, Z) be an effective
relation. Then the relation B(Z,2) = A(f(Z), ) is equivalent to

(R(Z) A A(f1(Z)mZ)) V (~R(Z) A A(f2(T), 7))
which is effective since both f; and fo are. o

This can easily be extended to more than two cases.
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Lemma 3.19. A function f(Z) is effective if and only if for every integer d > 1
and every polynomial q(y) = aqy® + --- + ay + ag of degree d the function
sgn(q(f(%))) is an effective function of & and ag, ..., aq.

Proof: If f is effective, then dom(sgn(q(f))) = dom(f) (restricted to &; the
a;’s do not affect convergence) and hence is effective. We consider for example
the effective predicate A(y) =y > 0. Then

A(sgn(gq(f(2)))) = sen(g(f(2))) > 0 =q(f(7)) > 0= B(f(2))

where B is the effective predicate ¢(y) > 0, and hence is effective since f is.

For the converse, suppose that A(y, 2) is effective; we must show that the
predicate A(f(Z), %) is effective. We can view A as a Boolean combination of
predicates of the form p(y,Zz) > 0 for polynomials p(y, ) with integer coefli-
cients. It will thus suffice to show that each of the predicates p(f(Z),z) > 0 is
effective. We can consider p(y, Z) as a polynomial ¢(y) whose coefficients are in
Z|Z), i.e. polynomials in Z with integer coefficients. Then

p(f(@),Z) > 0 =sgn(q(f(7))) =1

Since sgn(q(f(Z))) is effective as a function of & and the coefficients of ¢ by
assumption, hence since we are composing this with the polynomials determin-
ing the coefficients (which are effective functions), sgn(g(f(Z))) is an effective
function of & and 2 and we are done. a

The next lemma says that we can effectively find roots of polynomials.

Lemma 3.20 (Main Lemma). Let p(z) = anz™ + -+ a1z + ap € Rlz] be a
polynomial. Then there are n+1 effective functions k(@) and &1 (Q), ..., &, (d) of
the coefficients such that k = k(a@) is the number of roots of p(x), and the roots
are enumerated in increasing order by

£(a@) < -+ < &(a)

Example 3.21. This is essentially a generalization of the quadratic formula.
For n = 2 the function k(@) is defined by cases depending on sgn(a? — 4agas)
and the roots are again defined by cases using the quadratic formula. Note that
we do not care about the values of &; for i > k; we could if we like specify that
these be undefined.

Proof: This is proved by induction on n, where the base case of n = 1 is clear.
Let p(x) be of degree at most n. Then the derivative

P(z) =na,z" '+ + 2402 + ay

is of degree at most n — 1, so by assumption there are effective functions
m,t1,...,tn—1 of the coeflicients @ such that the roots of p’ are #(@) < --- <
tm(@). The function is monotone on each of the intervals

(—OO,tl), (tl,lfg), ceey (tm_l,tm), (tm, OO)
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so each of these intervals contains at most one root of p(z) (and there may also
be roots at the ¢;’s). The number of roots of p(x) is thus determined by the
values of sgn(p(¢;)) for 1 <4 < m and sgn(p’(t; — 1)) and sgn(p’(t,, + 1)), so we
can use definition by cases to define k(@) as an effective function of a.

To show that the &;’s are effective, note that we can use definition by cases to
determine which interval or endpoint each &; should lie in, so we just consider,
for example, a root £ = £(@) in the interval (¢1,t2), where we assume p(t1) > 0
and p(t2) < 0. By the previous lemma, it suffices to show that for each d > 1
and polynomial g(x) of degree d, the function sgn(g(€)) is effective as a function
of @ and the coefficients of q.

First, we can assume that the degree of ¢(x) is less than n. To see this, note
that by polynomial division we have

q(x) = p(x) - () +r(2)

where the degree of r(z) is less than n, and the coefficients of r are easily seen
to be effective functions of the coefficients of p and ¢. Since £ is a root of p,
q(&) = (&) so sgn(q(§)) = sgn(r(€)); hence we may replace ¢ by r.

By the induction hypothesis, we can thus find the roots of ¢(z) effectively;
let these be uy < -+ < uy,. Then sgn(g(z)) on each of the intervals

(—OO,’LLl), (ulau2)a EEREE (umflvum)a (uma OO)

is determined by the m + 1 effective functions

sentain 1) sen (o (M52 ) ) oosen (o (22250 ) ) snlatun 1)

and the position of ¢ relative to the w;’s is determined by the positions of the
t; relative to the u;’s and the effective functions sgn(p(u;)). We can thus use
definition by cases to show that sgn(g(£)) is an effective function; hence £ is an
effective function, completing the lemma. O

Lemma 3.22. If the predicate A(x1, 22, . ..,xk) s effective, then so is the pred-
icate
B(xa,...,xx) = 1 A(x1, 22, . .., Tf).

Proof: We may view A as a Boolean combination of inequalities of the form

pi(x1) > 0, where the coefficients of the p;’s are polynomials in zs, ...,z with
integer coefficients. By the Main Lemma, the roots of the p;’s are thus effective
functions of xs,...,xk. Let &1,...,&, be the roots of all of the p;’s. To see if

there is an x1 which satisfies the required inequalities, it thus suffices to consider
the values at the £;’s and at arbitrary points in the intervals they determine.
Hence the predicate

1 A(z1, 22, ..., Tk)

is equivalent to a finite disjunction of the form

Alm,za, ..., zk) V- VA, 22, ..., Tk)
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where 71, ...,n; enumerate all the values &;, % and &; £+ 1. Since the 7;’s are
effective functions of xs,...,zg, it follows that this disjunction is an effective
predicate, and so B is an effective predicate as desired. O

Theorem 3.23. Any predicate A C RF which is definable over R is effective.

Proof: This amounts to showing that any formula of Log is equivalent to
a quantifier-free formula. This is proved by induction on the construction of
formulas. Clearly every atomic formula is quantifier-free. If ' = F* and G = G*
where F* and G* are quantifier-free, then -F = -F*, FAG = F* A G*, and
FVG=F*vGg-.

For a formula of the form 3zG(z, ) where G is equivalent to the quantifier
free formula G*, we have that G* defines an effective predicate B(z,%). The
above lemma tells us that the predicate A(y) = JxB(x, §) is effective, and hence
is defined by a quantifier-free formula H*(7). We thus have that JzG(x,7) =
H*(%). Finally, the formula VzG(z, ) is equivalent to =3x—G(x,¥), so we are
done. |

Corollary 3.24. For a predicate A C RF, the following are equivalent:
1. A is effective.
2. A is definable over R.
8. A is definable over R by a quantifier-free formula.

The same is true for functions f :d — R with D C R¥.

Proof: This is immediate for predicates from the previous theorem. Note that
if a function f is effective, then the predicate y = f(&) is effective, so definable by
a quantifier-free formula, and hence f is definable by a quantifier-free formula.
If f is definable, then for any effective predicate A(y, Z) the predicate A(f(Z), )
is equivalent to the definable predicate Jy(y = f(&) A A(y, 7)), which is thus
effective; hence f is an effective predicate. O

Restating this, we have the main result of this section:

Theorem 3.25 (Quantifier Elimination). If a predicate A C R¥ is definable
over R, then it is definable over R by a quantifier-free formula, hence any Log-
formula is equivalent to a quantifier-free formula.

3.2 Decidability of the Real Numbers

We use the above results to show that the theory of the real numbers is decidable.

Theorem 3.26. There is an algorithm which, when given a formula F of Log,
produces an equivalent quantifier-free formula F*.
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Note 3.27. What we mean is that there is a recursive function which takes the
Godel number of F' and outputs the Gédel number of F™*.

Proof: The algorithm can be considering the proof of the Quantifier Elimina-
tion Theorem and noting that all of the steps are effective. O

Theorem 3.28. There is an algorithm to determine whether or not a given
sentence S of Log is true in R, i.e. the set

Truthg = {"S7: S is a true sentence in Lor}
18 recursive.

Proof: In particular, the above theorem tells us that, given a sentence S, we
can effectively find a quantifier-free sentence S* which is equivalent to S, and
hence has the same truth value. But a quantifier-free sentence is just a Boolean
combination of atomic formulas of the form ¢; = t5 or t; < t9, where t; and t5
are variable-free terms, i.e. ones formed from 0 and 1 using + and -. The truth
values of such sentences are easily determined, so we done. O

Corollary 3.29. The theory of the ordered ring of real numbers is decidable.
Corollary 3.30. Fuclidean Geometry is decidable.

Proof: We using Cartesian analytic geometry, we can reduce questions of geom-
etry to systems of equations in the real numbers, and thus interpret Euclidean
Geometry in the theory of the real numbers. O



Part 11
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Chapter 4

Informal Set Theory

In this chapter we present an informal survey of set theory. We leave sev-
eral fundamental concepts undefined at this point, notably the definitions of
sets, cardinals, and ordinals. We present enough of their properties in order
to develop the basic theory. In the next chapter we will present an axiomatic
framework for set theory and give precise definitions to these concepts.

4.1 Set Operations

By a set we mean some collection of objects; we will not specify at this point
what sort of objects these are. We will generally use capital letters X, Y, etc.
to denote sets. The fundamental relation for sets is the membership relation. If
a is an object and X is a set, we write ¢ € X to indicate that a is a member of
X (or a is an element of X).

We view sets as entirely determined by their elements, with no additional
structure. This is known as extensionality. Formally, for two sets X and Y we

have
X=Y&Valae X =acY)

This should be contrasted with an intensional view of sets, where sets are dis-
tinguished based on properties that define them. For instance (to use a clas-
sical example) the set of human beings and the set of featherless bipeds are
intensionally different, since the properties defining them are different, but are
extensionally equal since they each have the same members (as far as we know).
We will take extensionality as the definition of equality between sets.

We will often use properties to define sets. If R is some relation on objects,
we write {a : R(a)} to denote the set of objects which satisfy the property R.
We will see below that we will have to be somewhat more careful in defining
sets this way. We will see that some collections of objects are “too big” to be
sets, so we will later have to specify more carefully exactly which collections of
objects are allowed to be sets.

59
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We will usually avoid this problem by choosing objects from some given set.
We say that a set Y is a subset of a set X, Y C X, if every element of Y is an
element of X. Formally, Y C X if and only if

Va(a €Y = a € X).

If X is a set and R is a relation, we write {a € X : R(a)} to denote the set of
elements of X which satisfy the property R; this is a subset of X.

We can view sets as objects in their own right, and hence allow sets to be
elements of other sets. An important case of this is the following.

Definition 4.1. If X is a set, then the power set of X, P(X), is the set con-
sisting of all subsets of X, i.e.

P={Y:Y CX}

Note that the empty set (), and the set X itself are both subsets of X, so
that § € P(X) and X € P(X). Note that if X is a finite set with n elements,
then P(X) has 2" elements, since for a given subset, each of the n elements can
either be an element of the subset or not. Also note that there is a distinction
between a set X and the set {X} which has one element, the set X.

We will now present an example showing that not every collection of objects
can be considered as a set

Theorem 4.2 (Russell’s Paradox). The collection of all sets is not a set.

Proof: Suppose that the collection S of all sets were itself a set. We could then
define the set D of all sets which are not members of themselves, i.e.

D={XeS:X¢X}.

But now, since D € S, we have that D € D if and only if D ¢ D, a contradiction.
Hence S could not have been a set. O

We can view this as saying that some collections of objects are too large to
be sets. We can also view it as saying that the collection of objects satisfying
a given property is not always a set, that we should limit ourselves to those
objects in some starting set.

We know define some of the standard operations on sets.

Definition 4.3. Let X and Y be sets.

1. We define the union, intersection, and difference of X and Y as follows:

XUY ={a:a€eXVaeY}
XNY={a:aeXANa€eY}
X\Y={a:aeXNag¢Y}
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2. Given two objects a and b, there is an object (a,b) called the ordered pair
of a and b with the following property:

(al,bl) = (ag,bg) =4 ((11 =ag N\ bl = bQ)

3. We define the Cartesian product X X Y to be the set

XxY ={(a,b):a€e X ANbEY}.

4. A function f: Y — X is a function whose domain is Y and whose range
is a subset of X. We write XV to denote the set of functions from Y to
X, ie.

XY:{f: f:Y - X}

We call this the exponential of X and Y. We can identify a function
f:Y — X with the set {(y, f(y)):y €Y}

5. If f is a function and Z is a set, we define the restriction of f to Z, f | Z,
to be the unique function whose domain is dom(f) N Z which agrees with
f on its domain. We write f[Z] for the range of f | Z, i.e.

fI2] = {f(a) : a € dom(f) N Z}.

6. An indexed collection of sets with index set I is a function f whose domain
is the set I and such that f(i) is a set for each ¢ € I. We denote such
a collection as (X; : ¢ € I) to mean f(i) = X; for each i € I. Given an
indexed collection, we define the union, intersection, and product of the
collection as follows:

UXi={a:3ielae X))}

el

ﬂXi:{a:ViGI(ani)}

el

HX¢={<az'¢i€I> Vi€ I(a; € X5)}
el

Thus, the product is the set of all functions whose domain is I and such
that f(i) € X; for all I € I. Note that if we take X; = X for all i € I,
then [[,c; Xis = X1 the exponential of X and I.

An important property of products of indexed collections is the following:

Definition 4.4. The Aziom of Choice is the assertion that if (X; : ¢ € I) is
an indexed collection of sets such that X; # () for all ¢ € I, then the product is
nonempty, [[,c; X # 0.
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A function f € [],c; X; is called a choice function for the collection. The
Axiom of Choice says that it is possible to find a choice function for any collec-
tion, i.e. we can choose an element from each set in the collection. Although
this seems intuitively obvious, the Axiom of Choice has some surprising conse-
quences which we will consider in the next chapter. This axiom turns out to
be independent of the other axioms of set theory we will present (it is neither
provable nor refutable from them), and we will generally indicate when a proof
requires its use.

4.2 Cardinal Numbers

One of the key properties of sets which we will consider is their size.

Definition 4.5. Two sets X and Y are said to be equinumerous, X ~ Y, if there
is a bijection between them, i.e. a one-to-one and onto function f: X — Y.

Lemma 4.6. The relation ~ is an equivalence relation, i.e.
1. X~ X
2. X =Y ifand only if Y = X
3. X=Y andY = Z implies X = Z
Proof: This is straightforward. O

We can thus associate to each set X an object card(X), called the cardinality
or the cardinal number of X. We will not specify precisely what these objects
are yet. The only property we will need now is the following:

X =Y if and only if card(X) = card(Y).

Definition 4.7. We say that k is a cardinal or cardinal number if there is some
set X such that k = card(X).

In the case of a finite set X we could take the cardinality of X to be the
natural number n, where X has n elements. The case of infinite sets will require
more subtlety, as well as a precise notion of set, and will be defined in the next
chapter.

Definition 4.8. For sets X and Y, we write X <Y if there is a subset Y7 C Y
such that X ~ Y7. Note that X Y if and only if there is an injective function
f: X-=>Y.

Lemma 4.9. The relation < has the following properties:
1. If X=X andY =Y', then X XY if and only if X' xY".
2. X X X for each set X.
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8. If XY andY < Z then X < Z.
4. If X XY and Y x X then X =Y.
5. For any two sets X and Y, either X XY orY < X (or both).

Proof: The first three parts are straightforward. The fourth part is known as
the Shroder-Bernstein Theorem; we will prove it and the fifth part later using a
consequence of the Axiom of Choice known as the Well-Ordering Theorem. O

This allows us to define an ordering on cardinals.

Definition 4.10. For cardinals k and X\, we say k < A if X <Y, where X and
Y are any sets with x = card(X) and A = card(Y").

Corollary 4.11. The relation < on cardinals is a linear ordering.

We can extend the usual arithmetic operations to the class of cardinal num-
bers.

Definition 4.12 (Cardinal Arithmetic). Let x = card(X) and A = card(Y)
be cardinals, with X NY = (). We define:

1. k+ A=card(X UY)
2. k- A=card(X xY)
3. k* = card (XY)
Theorem 4.13. Let k, A\, and p be cardinals. Then:
1. K+ A=X+K
(K+XN)+p=r+AN+p)
K-A=A"K
(kA p=r-(A-p)
K-A+p)=Kk-A+Kk-p
KA = A g

A — (HA)”

S I A R

kK+0=kr,k-0=0, Kk -1=k, etc.
Proof: This is straightforward; several parts are given as exercises. O

Note 4.14. We will see later that addition and multiplication of infinite cardi-
nals is trivial, namely K+ = k- A = max(x, \). Cardinal exponentiation will be
nontrivial, though; we will see that several properties of cardinal exponentiation
are independent of the standard axioms of set theory.
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Example 4.15. If x = card(X), then 2% = card(P(X)), since each subset of X
corresponds to its characteristic function, a function from X to the 2-element
set {0,1}.

Theorem 4.16 (Cantor’s Theorem). For any cardinal k, we have k < 2%,
i.e. for any set X we have X < P(X) but P(X) £ X.

Proof: We see that X < P(X) using the function f: X — P(X) with f(a) =
{a} for each a € X. Suppose now that P(X) < X and let g : P(X) — X be an
injective function. Define the set D by

D={acX:acran(g)ANa¢ g (a)}.

Then D C X so D € P(X). But now we have g(D) € ran(g), so g(D) € D if
and only g(D) ¢ g~'(g(D)) = D, a contradiction. ]

Definition 4.17. For an indexed collection (k; : i € I) of cardinals, we define
the sum and product of the collection as

> ki = card (U XZ->

i€l i€l
H R; = card <H X7>
iel i€l

where k; = card(X;) for each ¢ € I and the sets X; are pairwise disjoint.

4.3 Ordinal Numbers

Definition 4.18. A relational structure is a pair (A4, R) where A is a set and
R C A x A is a binary relation on A. We often write aRb instead of (a,b) € R
or R(a,b).

Definition 4.19. Let (A, R) and (B, S) be relational structures. An isomor-
phism between (A, R) and (B,S) is a bijection f : A — B such that for all
ai,az € A we have aj Rag if and only if f(a1)Sf(az). We say that (A, R) and
(B, S) are isomorphic, (A,R) = (B,S), if there is an isomorphism between
them.

~

Lemma 4.20. The isomorphism relation = is an equivalence relation on the
class of relational structures.

Proof: This is straightforward. a

We can thus associate to each relational structure (A, R) an object type(A, R)
called the isomorphism type of the structure. Again, we defer defining these
objects explicitly; the key property is that we should have

(A, R) = (B, S) if and only if type(4, R) = type(B, S)
for relational structures (A, R) and (B, S).
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Definition 4.21. A relational structure (A, R) is said to be well-founded if
every nonempty subset X C A has an R-minimal element, ie. if ) # X C A
then there is an a € X for which there is no b € X with bRa.

Example 4.22. The structure (N, <) is well-founded since every non-empty
subset has a least element. The structure (Z, <) is not well-founded, since if we
take X = Z every element a € Z has some b € Z with b < a.

Lemma 4.23. A relational structure (A, R) is well-founded if and only if there
is no infinite descending R-chain (i.e. an infinite sequence (a, : n € N) such
that an41Ra, for alln € N).

Proof: If (a, : n € N) is an infinite descending R-chain, then the set X = {a,, :
n € N} has no R-minimal element, so (A, R) is not well-founded. Conversely,
if (A, R) is not well-founded, let X C A be a non-empty et with no R-minimal
element, i.e. Ya € X3b € X(bRa). We can then take ag to be any element of
X, a1 to be some element with a; Rag, as to be some element with as Raq, etc.,
to form an infinite descending R-chain.

Formally we use the Axiom of Choice to define this sequence as follows. For
each a € X define the non-empty set X, = {b € X : bRa}; the axiom of Choice
then tells us that there is a function f with domain X such that f(a) € X, for
all a € X. We then choose ag € X arbitrarily, and let a,+1 = f(ay,) for all
n € N. |

Definition 4.24. A linear ordering is a relational structure (A, R) with the
following properties:

1. If aRb and bRc then aRc.
2. For any a,b € A, exactly one of the following holds: aRb, a = b, or bRa.

This is sometimes called a strict linear ordering. A well-ordering is a linear
ordering which is well-founded.

Note 4.25. If (A, R) is a well-ordering and X is a non-empty subset of A, then
X in fact has an R-least element, i.e. a (unique) a € X such that aRb for all
b e X with b # a.

Definition 4.26. We say that « is an ordinal or ordinal number if we have
a = type(A4, R) for some well-ordering (A, R).

We generally write o.t.(A, R) (order-type) instead of type(A, R) when (A, R)
is a well-ordering.

Note that for each finite set A with n elements there is exactly one isomor-
phism type of well-orderings on A, namely the order-type of the usual ordering
< on the set {0,1,...,n — 1}. We thus let n denote the order-type of this
ordering.

Definition 4.27. We let w = 0.t.(N, <) be the order-type of the usual ordering
on the natural numbers.
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Definition 4.28 (Ordinal Arithmetic). Let « and 3 be ordinals with o =
0.t.(A, R) and 3 = 0.t.(B, S), where AN B = (). We define:

l.a+8=0t.(AUB,RUSU(A x B))
2. a- 5 = O.t.(A X B, {((a17b1)7 (ag,bg)) : 0150y V (b1 =by A alRag)})

3. @ = 0.t.(C,T) where C is the set of all functions f : B — A which have
finite support, i.e. for all but finitely many b € B we have f(b) = ag
where ag is the R-least element of A, and T is the ordering on C' given by
f1iT f2 if and only if f;(b)Rf2(b) where b is the S-greatest b € B such that
f1(b) # f2(b) (we can find a greatest such b because f1 and fo have finite
support).

Note that the ordering of a4 3 looks like a copy of « followed by a copy of 3,
and the ordering of a- 3 looks like -many copies of ¢, i.e. a number of orderings
of order-type «, themselves ordered with order-type §. This ordering is called
the anti-lexicographical ordering on A x B. Note that for exponentiation, the
ordering a? agrees with the definition of « - a.

We should check that these are all well-orderings. We check that the ordering
of a - B is well-founded, leaving the rest as exercises. Let X C A x B be non-
empty. Define the set Xp as

Xp={beB:3a€ A((a,b) € X)}.

Then Xp is a non-empty subset of B, so it has an S-least element by. Define
the set X 4 as
Xa={a€A:(a,bg) € X}

This is a non-empty subset of A and so has an R-least element ag. Then the
pair (ag, bp) is an element of X which is least in the ordering of A x B.

Note 4.29. Unlike cardinal arithmetic, ordinal addition and multiplication are
not commutative. For instance, we have that the ordinal 14w = w, whereas the
ordinal w+1 # w since w+1 has a greatest element, whereas w does not. Hence
1+ w # w+ 1. Similarly, 2 - w = w since this consists of w-many copies of the
2-element well-order, whereas the ordinal w-2 = w+w # w since w+ w contains
elements with infinitely many predecessors and w does not. Hence 2 -w # w - 2.

Theorem 4.30. Let o, 3, and vy be ordinals. Then:
L (a+B)+y=a+(B+7)
2. (a-B)-y=a-(8-7)
3 a-B+y)=a-B+a- v
4. ol =af .Y
)

L af = (0/3)7
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6.a+0=04+a=a,a:-0=0-a=0,a-1=1-a=«
7.a"=1and 0 =0 fora#0,a' =a, 1°=1
Proof: This is straightforward and left as an exercise. O

Definition 4.31. Let (A, R) be a linear ordering. An initial segment of (A, R)
is a subset of A of the form {b : bRa} for some element a € A. Note that
the restriction of R to an initial segment is a linear ordering, and if (A, R) is a
well-ordering then the restriction of R to an initial segment is a well-ordering.
We generally identify an initial segment with this restriction of R.

Theorem 4.32 (Comparability of Well-Orderings). Let (A, R) and (B, S)
be well-orderings. Then exactly one of the following holds:

1. (A,R) = (B,S)

2. (A, R) = some initial segment of (B, S)

3. (B, S) = some initial segment of (A, R)
In each case, the isomorphism is unique.

Proof: First we show that an isomorphism is unique if it exists. Suppose that
f1 and fy are two different isomorphisms from (A, R) to (B, S) or some initial
segment. Then the set

{ac A fi(a) # faa)}

is a non-empty subset of A, so let ag be the R-least element. Thus, f1(ag) #
fa(ap) but fi(a) = fi(a) for all a € A with aRag. Since fi(ag) # f2(ap) we
have either f1(ag)Sf2(ag) or fa(ap)S fi(ap); assume the former. We must then
have f1(ap) ¢ ran(f2) since any element mapping to it would have to be R-less
than ag. This contradicts that the range of fs is either all of B or an initial
segment, so there could not have been two distinct isomorphisms.

Define a partial function f with dom(f) C A be setting

f(a) = the unique b € B such that
({a’ :d’Ra},R | {d' : d’Ra}) = ({b' : b'Sb}, S | {V/ : V/Sb})

if such a b exists

It is clear that dom(f) is either all of (A, R) or an initial segment of (A4, R), and
that ran(f) is either all of (B, .S) or an initial segment of (B, S); it will suffice to
check that we can not have both of them being proper initial segments. Suppose
this were the case, and let ag be the R-least element of A\ dom(f) and let b
be the S-least element of B \ ran(f). Then we have

({a’ : d’Rao},R | {a' : d’Rap}) = ({b' : ' Sbo}, S | {V' : b'Sby})

as witnessed by f, so we would have defined f(ag) = by, contradicting that
ag ¢ dom(f). |
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The above theorem allows us to define an ordering on the class of ordinal num-
bers.

Definition 4.33. For ordinals « and 3, we set @ < § if & = 0.t.(4, R) and
8 = o.t.(B,S) where (A, R) is isomorphic to an initial segment of (B,.S). We
set a < Bifa<fora=4.

Corollary 4.34. For any ordinals o and 3, ezxactly one of the following holds:
a<f,a=p,orf<a. Also, ifa < and B <~y then a < 7.

Note 4.35. Thus, the ordering < on the collection of ordinals behaves like a
linear ordering. We do not call it a linear ordering, though, since our definition
of a linear ordering requires the relation to be defined on a set and we will see
that the collection of ordinals is too large to be a set.

Lemma 4.36. If (A, R) is a well-ordering and B C A, then the relational
structure (B, RN (B x B)) is a well-ordering, and

0.t(B,RN (B x B)) < 0.t.(A, R).
Proof: This follows immediately from the comparability of well-orderings. O

Definition 4.37. We let Ord denote the class of all ordinals.

Lemma 4.38. For any ordinal o, the relational structure

({Be€0rd: B <a},{(7,8):v<B<a})

1 a well-ordering of order-type c.

Proof: Let (A4, R) be a well-ordering of order-type a. Define f: A — {8: 5 <
at by
fb) =o0t({c€ A:cRb},R | {c € A: cRb}).

Tt is straightforward to verify that f is an isomorphism, so that {5 : 8 < a} is
a well-ordering of order-type a. O

Thus, any well-ordering is isomorphic to some initial segment of the ordinals
with the relation <.

Lemma 4.39. Let X be a set of ordinals. Then there is an ordinal v, denoted
sup X, which is the least upper bound of X under <, i.e. a <~ for alla € X
and if 3 < 7 then there is an o € X with 5 < a.

Proof: Let A = {«: 30 € X(8 < a)}. Then (A, <) is a well-ordering. Let
v = o.t.(4,<); it is straightforward to verify that A = {a : @ < 7} and that
v =sup X. O

Lemma 4.40. If X is a non-empty set of ordinals then X has a least element
under <.
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Proof: Let @ = sup X; then X is a non-empty subset of {3 : 3 < a}. Since
this set is well-ordered under <, X has a least element under <. O

Note 4.41. Thus, < behaves like a well-ordering on the class of ordinals.

Theorem 4.42 (Burali-Forti Paradox). The class Ord of all ordinals is not
a set.

Proof: If Ord were a set, then we would have that the relational structure
(Ord, <) was a well-ordering. Hence we could let a@ = 0.t.(Ord, <), and we
would have that

(Ord, <) = ({B: B <a},<[{B:0<a})

so that (Ord, <) would be isomorphic to a proper initial segment of itself, con-
tradicting the uniqueness part of the comparability of well-orderings. O

Definition 4.43. Let « be an ordinal. We say that « is a successor ordinal if
there is an ordinal § such that a = §+ 1. We say that « is a limit ordinal if we
have 0+ 1 < « for all g with 8 < a.

It is straightforward to check that for each ordinal «, exactly one of the
following is true: a = 0, « is a successor ordinal, or « is a limit ordinal. The
ordinal w is a limit ordinal, whereas w + 1 is a successor ordinal.

Definition 4.44. If C is a collection of objects (not necessarily a set), then a
definable function with domain C is a suitably definable rule F' which associates
to each element a of C' a unique object F(a).

We will not specify precisely what we mean by “definable” here. Examples
of such functions which we will study include functions defined on the collection
of all ordinals. The following theorem gives us a useful method for defining such
functions.

Theorem 4.45 (Tranfinite Recursion). Let F be the class of all functions
whose domain is an initial segment of the ordinals. Let G be a function with

domain F. Then there is a unique function F whose domain is Ord such that,
for all o € Ord

Fla)=G(F [ {8: 8 <a}).

Proof: Say that a function f € F is good if for all 8 € dom(f) we have f(8) =
G(f I {v:7v < B}). We first claim that for each ordinal « there is at most
one good f with dom(f) = {8 : 8 < a}. If fi # fa were two good such
functions, then let v be the least such that fi(y) # f2(y). We would thus have

fil{B:B<y}=Ffa2[{B:6 <7}, 50
() =G(fi 1{B:8<y})=G(f21{B:B8<7}) = f2(7)

contradicting our choice of ~.
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Thus, for each ordinal « let f, be the unique good f with dom(f) = {3 :
B < a}, if such exists. We claim that f, exists for each a. If not, let o be the
least such that f, does not exist. Then fg exists for all 3 < a, so the function

{(B,9(f3)) : B <}

is good, contradicting the choice of a. Hence, if we set F(a) = G(f,) for each
« this will satisfy the conclusion of the theorem. m]

Note 4.46. We can think of F' | {8 : 8 < a} as the sequence of values (F(f) :
8 < «); transfinite recursion is then analogous to course-of-values recursion, i.e.
G specifies a way of defining F(«) in terms of <-previous values of F.

It is often convenient to think of transfinite recursion via cases. To define a
function F' on the ordinals, we must specify F(0), define F(a+ 1) in terms of
F(«) for successor ordinals, and define F(«) in terms of {F(5) : § < a} for a
limit ordinal a.

We have the related induction principle:

Theorem 4.47 (Transfinite Induction). Let P be a relation on ordinals
which satisfies the following condition:

o Whenever P(3) is true for all ordinals B < «, then P(«) is true as well.
Then the relation P(«) is true for each ordinal c.

Again, this can be expressed in terms of the three cases: 0, successor ordinal,
limit ordinal.

Example 4.48. We could have used transfinite recursion to define ordinal arith-
metic. For instance, ordinal addition can be defined by transfinite recursion on
the second coordinate as follows:

a+0=a«a
a+(B+1)=(a+8)+1
a+d =sup{a+ [: 5 < 4} for a limit ordinal ¢

We could use transfinite induction to check that this definition agrees with the
one given previously for all ordinals a and (.

4.4 Initial Ordinals and Cardinals

We will use the above properties of the ordinals to give a more precise definition
of cardinal numbers.

Recall the Axiom of Choice introduced earlier, and the notion of a choice
function for an indexed collection of sets. We shall now introduce the notion
of a choice function for a single set. We shall generally indicate which proofs
require the Axiom of Choice, as this axiom is independent of the other axioms
of set theory we will present in the next chapter.
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Lemma 4.49 (AC). For each set X there is a choice function for X, i.e. a
function

c: P(X)\ {0} - X
such that ¢(Y) € Y for each non-empty subset Y of X.

Proof: Let I = P(X)\ {0} and let X; = ¢ for all : € I. The Axiom of
Choice says that the product [],.; X; is non-empty, so there is a function c
with dom(c) = I and c(o) € X(4) for all i € I, i.e. ¢: P(X)\ {0} — X is such
that ¢(Y) €Y for 0 #Y C X. O

Theorem 4.50 (Well-Ordering Theorem) (AC). For each set X there is a
relation R C X x X such that the relational structure (X, R) is a well-ordering.

Note 4.51. Neither the relation nor even its order-type is unique. For instance,
let X = N be the set of natural numbers. Then both the relations R and R»
are well-orderings of X, where

Ry ={(n,m) eN? :n <m}
Ry ={(n,m) eN?:0<n<m}U{(n,0):0<n}

The structure (N, R;) is the usual ordering of the natural numbers and has
order-type w, whereas the structure (N, Ry) has order-type w + 1 with 0 being
the Ro-greatest element. We have seen that w # w + 1, i.e. (N, Ry) % (N, Ra).

Proof: It will suffice to prove the following: For any set X, there is an ordinal
a such that X = {0 : 8 < a}. The well-ordering of the second set can thus be
transferred to X.

Fix a choice function ¢ for X, and fix an object ag ¢ X. We define a function
F on the ordinals by transfinite recursion:

Fla) = (X\{F(B): f <a}) iEX\{F(B):8<a}#0
ap otherwise

We claim first that there is an ordinal o with F(a) = ag. If not, we have

F(a) € X for all ordinals «, so by the construction of F' we have F(a) # F(5)

for aw # (. Hence F is injective, so if we define the set Y as
Y =ran(F) ={a € X : Ja(F(a) =a)}

then F has an inverse function F~! defined on Y which has ran(F~!) = Ord,
so Ord would be a set (since the range of a function applied to a set is a set).
This contradicts the Burali-Forti Paradox.

So let a be the least ordinal such that F(«) = ag, and note that F(5) = ag
whenever a < 3. We then have that F | {8 : 8 < a} is one-to-one and onto
X since we must have X \ {F(8) : 8 < a} = 0. Thus {#: 8 < a} = X as
desired. O
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Note 4.52. The above theorem shows that we can prove the Well-Ordering
Theorem using the Axiom of Choice. The converse is true: We can prove the
Axiom of Choice using the Well-Ordering Theorem. The idea is that if we have
a well-ordering of a set, we can define a choice function by always choosing the
least element under the well-ordering. There are other theorems equivalent to
the Axiom of Choice, the most commonly used being Zorn’s Lemma. We shall
discuss the Axiom of Choice in greater detail later.

Since there are many possible well-orderings we can place on a given set, we
would like to choose one in a more definitive fashion. We can at least specify
the order-type canonically.

Definition 4.53. We say that an ordinal « is an initial ordinal if for all g < «
we have

{yiy<a}r#{y:y<s}

Every finite ordinal is an initial ordinal. So is the ordinal w, since any ordinal
less than w must be some finite n, and

{yiy<np#{y:v<uw}

since the first set is finite whereas the second is infinite. The ordinal w + 1 is
not an initial ordinal, since

{viv<wir{v:y<w+1}

Definition 4.54. For any set X, let | X| be the least ordinal « such that X =
{:8<a}l.

We know such an « exists by the Well-Ordering Theorem. Note that |X]| is
an initial ordinal.

Lemma 4.55. If X C{8:(:a}, then | X| < a.
Proof: This is immediate from Lemma 4.36. a
Theorem 4.56. Let X and Y be sets. Then:
1. X =Y if and only if | X| = |Y|.
2. X Y if and only if | X| < |Y].
Proof: This is straightforward using the previous lemma. |

Hence, we have card(X) = card(Y) if and only if |X| = |Y|. We can thus use
this as our definition of cardinality (still leaving the definition of ordinals for
later).

Definition 4.57. For a set X, we let card(X) = | X|.

We can now complete the proof of a theorem stated earlier.
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Theorem 4.58. Let X and Y be sets. Then:
1. Either X XY orY < X (or both).
2.If XY andY 5 X then X =Y.

Proof: This follows from the previous theorem, using the comparability of well-
orderings. 0O

We can now prove some results about cardinal arithmetic. To start, we see
that addition and multiplication of infinite cardinals is trivial.

Theorem 4.59. If x is an infinite cardinal then Kk - kK = K.

Proof: Suppose not, and let x be the least cardinal for which this fails. Thus
k is an infinite initial ordinal and A- A < & for all cardinals A < k. We will show
that this implies that - kK = k.

Let A ={a € Ord : @ < k} and let R =<]| A, so that (A, R) is a well-
ordering of order-type x. Hence |A| = k but every initial segment I of (A, R)
has |I| < k. Let B = A x A and define a relation S on B x B by

(a1, 01)S(a, o) iff (max(aq, 1) < max(asz,b2)) V

(max(ai, f1) = max(ag, f2) A < ag) V
(max(ay, f1) = max(az, f2) Aap = ag A B < B2)

It is straightforward to check that S is a well-ordering of B. Note that if .J is an
initial segment of (B, .S) then we must have J C I x I for some initial segment
I of (A, R). Since then |I| < k, we must have |J| < by our assumption. This
says that (A, R) can not be isomorphic to any initial segment of (B,S). We
also immediately have that (B, S) can not be isomorphic to any initial segment
of (A, R), so by the comparability of well-orderings we have (A, R) = (B, S); in
particular A =~ B = A X A so k- Kk = k as desired. a

Theorem 4.60. If k and \ are infinite cardinals then
K+ A =k-X=max(k,\).
Proof: Let y = max(x, ). Then
PEE+FASpt+p=2-p<p-p=p

and
P<KEASp = p.

Theorem 4.61. If \ is an infinite cardinal and 2 < k < 2*, then k* = 2*.

Proof: We have 2* < g* < (2>‘))\ = oMA = 2 O
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We can use the ordinals to give an enumeration of the infinite cardinals.

Definition 4.62. Let 8 be an ordinal. We define 37 to be the least initial
ordinal x such that k > (.

Note that 3 is a cardinal, and if 3 is itself a cardinal then 37 is the least
cardinal greater than 3; we refer to it as the successor of 3 in this case.

Definition 4.63. We define a sequence of ordinals w,, for a € Ord by transfinite
recursion:

Wy = w

— .t
Wa+1 = W,

ws = sup{wq : @ < §} for limit ordinals ¢

This sequence then enumerates all of the infinite initial ordinals, i.e. all of the
infinite cardinals. To avoid confusion, we generally use the notation R, to refer
to the cardinal w,,.

Although cardinal addition and multiplication is simple, cardinal exponen-
tiation turns out to be much more interesting. An important problem is the
Continuum Problem: What is the cardinality of the set of real numbers R? We
have seen that |R| = 2%¢, and Cantor’s Theorem tells us that 2% > R, i.e.
2% > N;. The Continuum Hypothesis, CH, is the statement that 2% = X;.
This statement turns out to neither be provable nor refutable using the stan-
dard axioms of mathematics, and is said to be independent of these axioms.
Thus, CH is consistent, but it is also consistent that, e.g. 2% = R, (Besides
Cantor’s Theorem, there is one additional requirement that 2%° have uncount-
able cofinality, discussed below, but these turn out to be the only restrictions
on the possible size of the continuum). Another formulation of CH is that every
infinite subset of R either be countable or have the same cardinality as R.

More generally, Cantor’s Theorem again tells us that 2%~ > R, for each
ordinal a. The Generalized Continuum Hypothesis, GCH, is the statement that
2% = R, for each ordinal o. Equivalently, GCH says that 2 = k¥ for each
infinite cardinal x. This also turns out to be independent of the standard axioms
of set theory.

We say that a cardinal k is uncountable if K > Ny. We consider several
properties of uncountable cardinals.

Definition 4.64. Let A\ be an uncountable cardinal. We say that A is a successor
cardinal if X = kT for some cardinal x. This is equivalent to saying that A =
N,1 for some ordinal . We say that A is a limit cardinal if kK™ < X for every
cardinal £ < A. This is equivalent to saying that A = N; for some limit ordinal

J.

Hence every uncountable cardinal is either a successor cardinal or a limit
cardinal (but not both). All of the cardinals X,, for n > 1 are successor cardinals;
the first limit cardinal is N,,.
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Definition 4.65. Let A be an uncountable cardinal. We say that A is a strong
limit cardinal if 2% < X for each cardinal k < A.

Note that every strong limit cardinal is a limit cardinal. If the GCH is true,
then every limit cardinal is a strong limit cardinal, but this need not be true in
general.

Definition 4.66. let x be an infinite cardinal. The cofinality of k, cof(k), is
the least ordinal o such that x = ), A; for some indexed family of cardinals
(Ai 11 < ) with \; < & for all i < a.

Note that cof(k) < k is always an initial ordinal, i.e. a cardinal.

Definition 4.67. We say that an infinite cardinal & is regular if cof(k) = . If
cof(k) < Kk we say that x is singular.

For instance g is regular since it is not the sum of finitely many finite
cardinals. On the other hand, R, is singular, since X, = > N,, so that
cof (R,) = V.

nw

Theorem 4.68. Every infinite successor cardinal is regular.

Proof: Let A = £ be an infinite successor cardinal. Suppose that u = cof(\) <

A, so that
A=) "N

1< jt

with A\; < A for all ¢ < . Then A\; < k and p < K so

Z/\igz,%:/f-m:n</\

i<p <K
a contradiction. O

In particular, each of the cardinals N,, for n > 1 is regular.

We can naturally ask whether the converse of the above theorem is true, i.e.
whether every regular cardinal is a successor cardinal. We have that Nj is a
regular cardinal which is not a successor; the real question is whether there are
others.

Definition 4.69. We say that x is weakly inaccessible if x is an uncountable
regular limit cardinal. We say that & is inaccessible if k is a regular strong limit
cardinal.

Every inaccessible cardinal is weakly inaccessible, and the GCH implies that
every weakly inaccessible cardinal is inaccessible, but this need not be true in
general. We will see that the existence of weakly inaccessible cardinals can not
be proved from the standard axioms of set theory, i.e. it is consistent that every
uncountable regular cardinal is a successor cardinal.
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4.5 Pure, Well-Founded Sets

We will now refine our notion of set so that the only objects we consider are
sets, i.e. we will consider only sets whose elements are all sets, etc.

Definition 4.70. A set X is transitive if every element of X is a subset of X,
i.e. for each set Y with Y € X we have Y C X.

Note that this is equivalent to saying that if Z € Y € X then Z € X i.e.
the e-relation behaves transitively with respect to X.

Lemma 4.71. For each set X there is a smallest transitive set TC(X) with
X CTC(X), called the transitive closure of X .

Proof: Define U(X)=JX =U{V :Y € X is a set}. We then define

TCo(X) =X
TCry1(X) = U(TCn(X))
TC(X) = | TCn(X)

n<w

Clearly X C TC(X) and TC(X) is transitive since if ¥ € TC(X) then Y €
TC,(X) for some n, so that Y C TC,,+1(X) C X. It is easy to see that this
is the smallest such set, since a transitive set containing X must contain U (X)
and so forth. |

For a set X we write €] X for {(x,y) : z,y € X Ax € y}.

Definition 4.72. We say a set X is well-founded if the relational structure
(TC(X), el TC(X)) is well-founded.

Thus, X is well-founded if and only if there is no infinite descending €-chain
X =Xo> Xy 2 Xo ... Well-founded sets are those which can be “built
from the bottom”.

Definition 4.73. We say a set X is pure if every element of TC(X) is a set,
i.e. X is a set, every element of X is a set, every element of an element of X is
a set, and so forth.

Definition 4.74. For each ordinal « define the set R, by transfinite recursion
as follows:

Ry=10
Rot+1 = P(Ra)
Rs = U R,, for limit ordinals §
a<d

By transfinite induction we see that each R, is a transitive, pure, well-founded
set, and that Rg € R, for 5 < a.
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Theorem 4.75. We have X € (J,copq Ra if and only if X is a pure, well-
founded set.

Proof: One direction is immediate from the above remarks, noting that if X €
R, then TC(X) C R,. For the other, suppose that X is a pure, well-founded
set. We claim that for each Y € TC({X}) there is an ordinal « such that
Y € R,. Suppose not, and choose an €-minimal ¥ € TC({X}) for which
no such « exists. Thus, for each Z € Y we can choose let f(Z) be the least
ordinal 8 such that Z € Rg. Let v = sup{f(Z) : Z € Y}. Then Y C R,, so
Y € P(R,) = Ry41, a contradiction, so the claim is true. In particular, since
X € TC({X}) we have that X € R, for some «, as we wished. O

Definition 4.76. We let V' be the class of all pure, well-founded sets, i.e.

V' is referred to as the universe of pure, well-founded sets. The set R, is
sometimes denoted V.

Definition 4.77. If X is a pure, well-founded set, we let the rank of X, rank(X),
be the least ordinal « such that X C R,. Equivalently,

rank(X) = sup{rank(Y)+1:Y € X}.
Clearly rank(R,) = «, and
R, = {X : X is a pure, well-founded set with rank(X) < a}.

We shall restrict our attention to the universe of pure, well-founded sets,
so that the only objects we study will be sets. As a result, we will not have
any of the naive objects of standard mathematics, such as the natural numbers,
real numbers, etc.; however, we can represent all of the standard mathematical
objects as sets and hence use these representations in our treatment of set theory.
In the rest of this section we will see how to represent several key types of objects
as sets, namely: ordered pairs, functions, ordinal numbers, cardinal numbers,
natural numbers, real numbers.

Definition 4.78 (ordered pair). Let (a,b) = {{a}, {a,b}}.

Thus, for sets @ and b we have a representation for the ordered pair (a,b).
We check that this satisfies the key property of ordered pairs.

Lemma 4.79. We have (a1,b1) = (aa,bs) if and only if a1 = as and by = bs.

Proof: For the nontrivial direction, suppose (a1,b1) = (az,b2). If a; = by then
(a1,b1) has only one element since {a1,b1} = {a1} and hence (ag,b2) has only
one element, namely aj, so that ag = by = a; = by and we are done. If a; # by
then {a;} and {as} are the unique singleton elements of (aj,b;) and (as, bs),
respectively, so we need a; = as. We then have {a1,b1} = {aa,bs2}, from which
by = bo. O
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Definition 4.80 (function). A function is a set f of ordered pairs which is
single-valued, i.e.

VZVyVZ(((‘Tay) S A (:v,z) € f) =Yy = Z)

The domain of f is dom(f) = {z : Jy((x,y) € f)}; for x € dom(f) we write
f(z) for the unique y such that (z,y) € f.

We next introduce a representation of the ordinal numbers due to von Neu-
mann.

Definition 4.81 (von Neumann ordinal). A von Neumann ordinal is a
transitive, pure, well-founded set A such that the relational structure (A, €] A)
is a well-ordering.

Note that each initial segment of a von Neumann ordinal is a von Neumann
ordinal. The key property is the following:

Lemma 4.82. For each ordinal « there is a unique von Neumann ordinal A,
such that 0.t.(Aq, €] Aa) = a.

Proof: Using transfinite recursion, we can define
Ay ={45: 08 < a}.

It is straightforward to verify that each A, is a von Neumann ordinal, and that
it is the unique one of order type « using the fact that an initial segment of a
von Neumann ordinal is a von Neumann ordinal. a

Note that rank(A,) = a. Also note that Ayy1 = A, U{Ay}. We can compute
the first few von Neumann ordinals as follows:

Ag=10

A =0uU{0} = {0}

Az = {0} U {{0}} = {0, {0}}

Az = {0, {03} U {{0,{0}}} = {0,{0},{0,{0}}}

Ay, ={A,:n<w}

We will henceforth identity the ordinal o with the von Neumann ordinal A,.
Note that we then have = {§ : 8 < a}. For any set of ordinals X we have
supX = JX = U,cx @ For ordinals a and 8 we have a < 3 if and only if
a € B, and a < §if and only if a C 3.

As before, we can identify cardinals with initial ordinals. We can also identify
each natural number n with the von Neumann ordinal n = A,,, so that N = w.

We briefly sketch representations of Z, Q, and R. There are many ways to do
this. For Z we can consider {0} U (N\ {0}) x {0,1} where the second coordinate
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determines whether we represent n or —n. For Q we can consider equivalence
classes of pairs (p,q) where p,q € Z with ¢ # 0 and we identify (p1,¢;) with
(p2, g2) if % = 2—;. For R we can use either Dedekind cuts, or equivalence classes
of Cauchy sequences of rationals, where we identify two Cauchy sequences if they
have the same limit.



Chapter 5

Axiomatic Set Theory

We shall now present an axiomatic framework for set theory in an attempt to
formalize the notion of a pure, well-founded set. We will introduce a system of
axioms asserting that certain sets exist and that sets have certain properties;
a collection satisfying these axioms can be viewed as an interpretation of the
notion of a set.

5.1 The Language of Set Theory

Definition 5.1. The language of set theory (LST, or L¢) consists of two bi-
nary relations, € and =. As with arithmetic we have variables x,y, z, . .. from
which we form atomic formulas of the form z = y and = € y. We then form
the collection of formulas using the connectives -, V, A, =, and <, and the
quantifiers 3 and V.

Note 5.2. We did not use the connectives = and < earlier; we may view F = G
as equivalent to =F V G, and F < G as equivalent to (F = G) A (G = F).

The notions of free and bound variables and sentences are the same as before.
The intended interpretation is that variables range over the class of pure, well-
founded sets and that the € relation represents membership. We shall discuss
below other interpretations, or models of set theory.

Example 5.3. The principle of extensionality can be expressed by the following
sentence of LST:
VaVy(x =y < Yu(u € z & u € y))

The only non-logical symbol of the language of set theory is the € relation;
however, in this language we can define all of the other notions we have intro-
duced previously, such as subset, C. We will show how to express these in LST,
and shall use them as abbreviations below, but the point is that everything we
have discussed so far can be expressed in LST.

Definition 5.4. We introduce the following abbreviations:

80
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1.

A

10.

(unordered pair) “z = {x,y}” is an abbreviation for
Vu(u € z < (u=zVu=y)).

singleton) “z = {z}” is an abbreviation for z = {z, x}.

”

ordered pair) “z = (z,y)” is an abbreviation for z = {{«}, {z,y}}.

(

(

(subset) “z C y” is an abbreviation for Vu(u € x = u € y).
(power set) “z = P(x)” is an abbreviation for Yy(y € z & y C z).
(

union of a set of sets) “z = |Jx” is an abbreviation for

Vu(u € z — Jv(v € x Au € v)).

(union of two sets) “z =z Uy” is an abbreviation for z = | J{z,y}.

(intersection of a set of sets) “z = (| z” is an abbreviation for

Yu(u € z < Yo(v € z = u € v)).

. (intersection of two sets) “z = x Ny’ is an abbreviation for z = N{z,y}.

(empty set) “x = @ is an abbreviation for Yu(u ¢ x) (where u ¢ x
abbreviates —(u € z)).

5.2 The Axioms of Set Theory

We now introduce a collection of axioms of set theory.

Definition 5.5. The Aziom of Extensionality is the sentence:

VaVy(x =y & Yu(u € z & u € y)).

This expresses the principle that two sets are equal if and only if they have the
same elements.

Definition 5.6. The following axioms assert the existence of some basic sets:

1.
2.
3.
4.

Empty Set Aziom: Jx(z = ().
Pairing Aziom: Ya¥y3z(z = {x,y}).
Union Aziom: Yax3z(z = |Jz).
Power Set Aziom: VxIz(z = P(x)).
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Definition 5.7. The Aziom of Foundation is the sentence:
Vo(zr # 0= Ju(u ez Aunz =0)).

The Axiom of Foundation expresses the idea that every set has an €-minimal
element, since u € x is such that u Nz = @) then there is no v € x with v € u.

Before presenting more axioms we introduce some additional abbreviations.
Definition 5.8. We have the following abbreviations:

1. (Cartesian product) “z = x x y” is an abbreviation for

Vw(w € z < Fudv(u €z Av €y Aw = (u,v))).

2. (function) “Function(f)” is an abbreviation for a formula which says that
f is a function, i.e.

Vw(w € f = Jry(w = (z,9)))AVaVyVz(((z,y) € fA(z,2) € f) = y=2)

3. (value of a function) “y = f(x)” is an abbreviation for
Function(f) A (z,y) € f.

2

4. (domain of a function) “z = dom(f)” is an abbreviation for

Function(f) AVz(zx € z < Jy(z,y) € f).
5. (generalized Cartesian product) “z =[] f” is an abbreviation for

Function(f) AVg(g € z < (dom(g) = dom(f)A
Va(x € dom(f) = g(z) € f(x)))).

‘We now continue with our list of axioms.

Definition 5.9. The Axiom of Choice, AC, is the sentence:

vf ((Function(f) AVz(z € dom(f) = f(z) #0)) = Hf # (Z)) .

This just expresses in LST our earlier definition that the product of a family of
non-empty sets is non-empty.

Definition 5.10. The Aziom of Infinity is the sentence:
Fz(0 € zAVx(x € z = xzU{z} € 2)).

The point of the Axiom of Infinity is to ensure that there is at least one infinite
set; note that the set z here must have w C z and so be infinite.
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The rest of our axioms will fall into two schemes, i.e. infinite collections of
axioms. The reason for this is that we will want axioms saying that certain
things are true for all definable properties; since our language does not allow us
to quantify over these properties we must introduce a separate axiom for each

property.

Definition 5.11. If F is a formula with free variables x1,...,x,, then the
universal closure of F' is the sentence Vzq ---Va, F.

Definition 5.12. For any formula F'(u) with free variable u we write
“2={u€x:F(u)}” as an abbreviation for Vu(u € z & (u € z A F(u))).

Definition 5.13. The Comprehension Scheme is the set of axioms consisting
of the universal closure of each formula of the form

Vu(u € z & (u € z A F(u)))

where F(u) is a formula in which z does not occur freely.

Note 5.14. Thus, the comprehension scheme asserts that, given a set x and
a definable relation we can form the subset of x consisting of those elements
which satisfy the relation. The requirement that z is not a free variable of F' is
necessary to prevent trivial contradictions such as the set z ={u € z: u ¢ z}.

Example 5.15. Together with the other axioms we have introduced, the Com-
prehension Scheme can be used to show that the domain of a function exists,
since we have

dom(f) ={x e |J\J [ y(x,y) € f}.

The Comprehension Scheme can be used to show that the collection of elements
satisfying a given definable property is a set, provided that we have some starting
set which we know contains all of the elements (in this example, the set |JU f).

Definition 5.16. We write “dlz” to mean “there exists a unique z”, i.e.
“JrF(x)” is an abbreviation for IzVy(F(y) & x = y).

Definition 5.17. The Replacement Scheme is the set of axioms consisting of
the universal closure of each formula of the form

Vu(u € x = FwF (u,v)) = FyVo(v € y < Fu(u € z A F(u,v)))
where F(u,v) is a formula in which y does not occur freely.

Note 5.18. The Replacement Scheme formalizes the notion that if we have any
“definable procedure” applied to a set, then the range is a also a set. If we have
an actual function f (i.e. a set of ordered pairs) then the existence of the range
of f follows from comprehension much as did the domain above; the key point
is that the definable procedure here may have a domain which is too large to be
a set, as in the procedures we have used in definitions by transfinite recursion
on the ordinals. Again, the requirement that y not occur freely in F'(u,v) is
used to avoid trivial contradictions.
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We now define the standard collection of axioms of set theory, treating the
Axiom of Choice separately.

Definition 5.19 (Zermelo-Fraenkel Set Theory). The axioms of Zermelo-
Fraenkel Set Theory, ZF, are the following:

1. Axiom of Extensionality
2. Empty Set Axiom

3. Pairing Axiom

4. Union Axiom

5. Power Set Axiom

6. Foundation Axiom

7. Axiom of Infinity

8. Comprehension Scheme
9. Replacement Scheme

Definition 5.20 (ZFC). The axioms of Zermelo-Fraenkel Set Theory with
Choice, ZFC, consist of the axioms of ZF together with the Axiom of Choice.

Note 5.21. The Empty Set Axiom is redundant given the Axiom of Infinity and
the Comprehension Scheme, since given any set x the set z = {u € x : u # u} is
the empty set. All of the other axioms can be shown to be independent of one
another, i.e. none of the other axioms is a logical consequence of the others.

The axioms of ZFC are the commonly accepted set-theoretic foundation
of mathematics, and are sufficient to prove all of the theorems of standard
mathematics. In particular, all of the results presented in the previous chapter
can be formalized and proved within ZFC. Much of axiomatic set theory involves
studying the logical consequences of this set of axioms.

5.3 Models of Set Theory

The intended interpretation of the language of set theory is the class of pure,
well-founded sets; however, as this notion is necessarily somewhat vague, we wish
to consider other possible interpretations. That is, we consider various possible
collections of “sets” and interpretations of the €-relation on these structures.
We recall the following definition:

Definition 5.22. A relational structure is a pair (A, E) where A is a set and
E C A x A is a binary relation on A.
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Note 5.23. We have specified here that A is a set. It will also make sense to
consider relational structures where A is a definable class; we shall discuss this
later.

Definition 5.24. Let (A, E) be a relational structure, and let F' be a sentence
of LST. We say F is true in (A, E) if F is true when we interpret variables as
ranging over the elements of A and interpret “z € y” as meaning zFy. We also
say (A, E) models F', (A, E) |= F. Otherwise, we say F' is false in (A, E).

If F(xq,...,2,) is a formula with free variables x4, ..., 2, and a1,...,a, €
A, then we can similarly define the truth value of F(ay,...,a,) in (A, E).

Example 5.25. We say a relational structure (A, F) is extensional if the Axiom
of Extensionality is true in (A, E). This is equivalent to the following condition:
If a,b € A and a # b, then {¢ € A: cEa} # {c € A: cEb}. For instance, any
linear ordering is extensional; however, the structure

A={0,1,2}
E={(0,1),(0,2)}
is not extensional because {c € A : cF1} = {0} = {c € A: cE2}.

Definition 5.26. Let S be a set of sentences of LST. A model of S is a relational
structure (A, E) such that each of the sentences of S is true in (A, E). We
say that S is consistent if there is a model of S; otherwise we say that S is
inconsistent. We say that a sentence F' of LST is a logical consequence of S,
S F F,if F is true in every model of S.

Note that if S is inconsistent then any sentence F' is a logical consequence of
S. When S is consistent we may ask which sentences are logical consequences
of S; this is akin to asking which conclusions follow when we take S as a set
of axioms. For instance, the sentence Va(z ¢ z) is a logic consequence of the
Pairing Axiom and the Axiom of Foundation, since the Pairing Axiom tells us
that the set {x} exists and the Axiom of Foundation tells us that there is an
element u € {z} such that uN{z} = 0); we must have u = z so that x N {z} = 0,
hence z ¢ .

An important type of model is one in which the relation E is the actual
membership relation €.

Definition 5.27. An €-model is a relational structure (A, E) such that F =
{(a,b) € A x A : a € b}. We write (A, €[ A) in this case and identify the
structure with the set A.

Definition 5.28. A model of ZF (resp. ZFC) is a relational structure which
satisfies all of the axioms of ZF (resp. ZFC). We say that a sentence F' is a
theorem of ZF' (resp. ZFC) if it is a logical consequence of ZF (resp. ZFC).

Much of axiomatic set theory is the study of models of ZF and ZFC in order
to determine which sentences are logical consequences of these theories. For
instance, the Axiom of Choice is independent of the axioms of ZF, i.e. neither
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AC nor its negation is a logical consequence of ZF (assuming ZF is consistent).
Similarly, the Continuum Hypothesis is independent of ZFC. We will see below
that AC is consistent with ZF and that CH is consistent with ZFC; showing
that the negations are consistent uses the method of forcing which we will not
cover here.

Note 5.29. We may ask whether it is possible to prove that, say, ZFC is consis-
tent. This presents the following problem. Since ZFC is supposed to encompass
the standard axioms of mathematics, the natural interpretation of the above
question would amount to asking whether the axioms of ZFC can prove that
ZFC is consistent. Godel’s Second Incompleteness Theorem tells us, though,
that no sufficiently complex consistent theory can prove its own consistency.
Hence, in order to prove that ZFC is consistent we must use additional axioms;
we shall give an example of such an additional axiom below.

Definition 5.30. Let (A, E) be a relational structure. We say that a relation
R C A* is definable over (A, E) if there is a formula F(x1,..., %5, Y1, -, Ym)
of LST and elements bq,...,b,, € A such that

R:{(a17'~-aak) eAk : (A,E) ':F(ala"'aakabla"'7bm)}'

If B C A we say that R is definable over (A, E) with parameters from B if we
can choose by, ...,b,, € B above.

We let Def((4, E)) € P(A) be the set of all subsets of A which are definable
over (A, E).

Lemma 5.31. Let (A, E) be a relational structure. If A is a finite set then
Def((A,E)) = P(A); if A is infinite then |Def((A, E))| = |A| (and hence
Def((A, E)) is a proper subset of P(A)).

Proof: If A is finite then any subset of Y C A is defined by the formula F(z) :
r=a;V---VI=a,

where Y = {a1,...,a,}.

If A is infinite, then any definable subset is defined using a formula F' of
LST and a finite set of parameters from A. Since there are only countably
many formulas of LST we have

| Def((A4, E))| < Ro - [A=9] = Ro - [A] = |4],

and since every singleton {a} with a € A is definable we have |Def((A, E))| =
|Al. |

Definition 5.32. Let (A, F) and (A’, E’) be relational structures. We say
that (A’,E') is a substructure of (A, E), (A,E") C (A, E), if A” C A and
E' = EN(A’ x A"). We say that (A, E') is an elementary substructure of (A, E),
(AE") < (A E), if (A',E') C (A, E) and, for each formula F(zq,...,2,) of
LST and elements ay,...,a, € A’ we have (A", E') = F(ay,...,ay) if and only
if (A,E) = F(ay,...,an).
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Lemma 5.33. If (A, E’) C (A, E) then we have (A’ E') < (A, E) if and only
if every non-empty subset of A which is definable over (A, E) using parameters
from A’ has non-empty intersection with A’.

Proof: Suppose first that (A’ E') < (A, E), and let F(z,y1,...,ym) be a for-
mula and ay,...,a,;, € A’. Since the set these define over (A, F) is non-empty,
the sentence xF'(x,aq,...,an) is true in (A4, F). Hence this sentence is true in
(A’ E') as well, so Jz(x € A’ A F(x1,...,Zk,a1,...,am)), i.e. the set defined
by F and ai,...,a,, has non-empty intersection with A’.

Conversely, suppose every such definable set has non-empty intersection with
A’. We prove by induction on formulas that each sentence F' is true in (A, E) if
and only if it is true in (A’, E’). This is immediately true for atomic formulas of
the form a = b or a € b where a,b € A’, since (A’,E’") C (4, E). The induction
steps for connectives are immediate. If we have a sentence of the form JzF(x)
which is true in (A’, E’) then there is some a € A’ such that F(a) is true in
(A, E'), hence true in (A, F) and hence 3z F(z) is true in (A, E'). On the other
hand, if this sentence is true in (A, E') then the set defined by F' is non-empty,
hence has non-empty intersection with A’, hence Ja € A'F(z), and hence the
sentence is true in (A’, E'). Finally, universal quantifiers are handled using the
fact that Vo F'(x) is logically equivalent to =3z—F(x). a

Definition 5.34. We say a relational structure (A, E) is countable if A is a
countable set.

Theorem 5.35 (Lowenheim-Skolem Theorem). Every relational structure
(A, E) has a countable elementary substructure (A’,E") < (A, E).

Proof: Let ¢: P(A)\ {0} — A be a choice function for A. Define a sequence
of sets by

Ag=10
Api1={c(X): X CAANX # DA X is definable
over (A, E) using parameters from A, }

A’:UAn

n<w

Then each A,, C A, +1, and each A, is countable since there are only countably
many sets definable over (A, E') using parameters from a countable set. Hence
A’ is countable. If X is a non-empty subset of A definable over (A, E) using pa-
rameters from A’, then there is some n such that X is definable using parameters
from A,,; hence ¢(X) € XNA, 1 € XNA" and so X has non-empty intersection
with A’. Hence, by the previous lemma we have (A", E') 5 (4, E). O

Applying this to a model of ZFC we have:

Corollary 5.36 (Skolem Paradox). If ZFC is consistent, then there is a
countable model of ZFC.
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This is called a paradox because the axioms of ZFC prove that there are
uncountable sets, e.g. P(w). Thus a countable model of ZFC has elements
which it thinks are uncountable sets, but these sets must really be countable in
the real universe of sets. The resolution of this paradox is that although in the
universe of sets there are bijections between these sets and the natural numbers,
these bijections are not elements of the countable model and hence the model
does not know that these sets are countable.

The theorem is easily generalized to the following:

Theorem 5.37. Let k be an infinite cardinal and let (A, E) be a relational
structure such that |A] > k. Let X C A be such that | X| < k. Then there is an
elementary substructure (A', E') of (A, E) such that X C A" and |A’| = k.

5.4 Transitive Models

We are interested in structures which model as much of ZFC as possible. We first
consider which structures model the axioms of Extensionality and Foundation.

Definition 5.38. Let S be a set of sentences of LST. A transitive model of S is
a transitive set X such that the €-model (X, €[X) satisfies all of the sentences
of S. We identify the transitive set X with the relational structure (X, €]X).

Note that every transitive model X is well-founded and extensional, since
for a € X we have a C X. Up to isomorphism, these turn out to be all of the
well-founded and extensional models.

Theorem 5.39. Let (A, E) be a relational structure which is well-founded and
extensional. Then there is a transitive, pure, well-founded set X, called the
transitive collapse of (A, E), such that (A, E) = (X, €1X). Moreover, the set X
and the isomorphism are unique.

Proof: Fix some object ag ¢ A. We transfinite recursion on the rank of a pure,
well-founded set z, define the function F' by

the unique a € A such that if such an a exists
F(z) = Flz] ={be€ A:bEa}

ag otherwise

Let X = F71[A] = {z : F(z) € A}. When F(z) = F(y) € A we must have
x = y, so that F is injective on X, hence the inverse function F~! is well-
defined on A and so X is a set. Letting f = F~! | A it is immediate that f is
an isomorphism between (A4, F) and (X, €[X), and we see that X is a transitive,
pure, well-founded set. Verifying that X and f are unique is straightforward,
using induction on the rank of elements of X. m|

Corollary 5.40. If (A, E) is a relational structure, the following are equivalent:
1. (A, E) is well-founded and extensional.
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2. (A, E) is isomorphic to a transitive model X .

We will hence restrict our attention to transitive models. We wish to char-
acterize when transitive models are models of the various axioms of ZFC. We
adapt an earlier definition:

Definition 5.41. Let A be a transitive set. We say a relation R C AF s
definable over A if it is definable over (A, €[A) using parameters from A. We
let Def(A) = Def((A, €lA)).

The key idea below is that of relativizing a sentence to a structure A, i.e. we
replace each quantifier “Jz” by “Jz € A” and each “Vz” by “Vo € A”.

Lemma 5.42. Let A be a transitive model.

1. A satisfies the Aziom of Extensionality.

IS

. A satisfies the Axiom of Foundation.
8. A satisfies the Pairing Aziom if and only if A is closed under pairing, i.e.

Vavb((a € ANb € A) = {a,b} € A).
4. A satisfies the union axiom if and only if A is closed under union, i.e.

Va(aeA:>Ua€A).

5. A satisfies the Empty Set Aziom if and only if ) € A.
6. A satisfies the Aziom of Infinity if and only if Ja € A(w C A).
7. A satisfies the Power Set Aziom if and only if

Va(a € A= Pla)N A€ A).

8. A satisfies the Axziom of Choice if and only if every indexed family of
non-empty sets in A which is in A has a choice function in A, i.e. if
(ai)icr € A and each a; is non-empty, then AN[];c;a; # 0.

9. A satisfies the Comprehension Scheme if and only if for each X € Def(A)
we have
Va(ae A=anX e A).

10. A satisfies the Replacement Scheme if and only if for each function F :
A — A which is definable over A we have

Va(a € A= Fla] € A).

Proof: This is straightforward, since we have simply relativized all of the re-
quirements to those sets that “A knows about”. O
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Lemma 5.43. Let § > w be a limit ordinal. Then Rs satisfies all of the axioms
of ZFC except possibly the Replacement Scheme.

Proof: Extensionality and Foundation hold because Rs is transitive; Empty
Set holds because § > 0 and Infinity holds because § > w. Rjs is always closed
under taking unions or subsets, so the Union and the Comprehension Scheme
are true. Since ¢ is a limit ordinal we have that Rs is closed under power set,
pairing and products, and hence satisfies Power Set, Pairing, and the Axiom of
Choice. a

In order to determine when Ry satisfies the Replacement Scheme we consider
inaccessible cardinals.

Lemma 5.44. An infinite cardinal X\ is regular if and only if there is no set
X C A with | X| < X and sup X = \.

Proof: Suppose first there is X C A\ with |X| < A and supX = A. Then
> acx lal = A so the cofinality of A is at most [X|, so A is not regular. Con-
versely, suppose A is not regular, and let k = cof(\) < A and A\; < A such that
Diendi=A Let X = {3, Ai:a <k} Then X C A |X|=r < A, and
sup X =D . A= A O

Lemma 5.45. If A is an inaccessible cardinal then:
1. Vz((x S RaAlz| <) =z €R))
2. Vax(z € Ry = |z| < N)
3. |Ral= A

Proof: (1) Define p : © — A by p(u) = rank(u) for u € z. Then p[z] C X and
|plz]] < |z| < A, so the previous lemma implies that o = sup p[z] < A since X is
regular. Hence © C R, so z € Ry41 C Ry since A is a limit ordinal.

(2) We show that |R,| < A for @ < A by transfinite induction. First,
|[Ro| = |#| = 0. Then

[Raa| = [P(Ra)| = 217! = A

assuming |R,| < A, since ) is a strong limit cardinal. Finally, if § < A is a limit
ordinal with |R,| < A for all a < §, then

U Ba| <D IRl < A

a<d a<d

|Rs| =

since A is regular.
Now if x € R) we have x € R, for some a < A, so x C R, and hence
|z] < |Ral < A
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(3) Since A C Ry we have |Ry > A. Using the fact proved in part (2) we also

have
URa| <D IRI< D A=2-2=1

a<A a<A a<

|Rx| =

and equality holds. O

Theorem 5.46. If )\ is an inaccessible cardinal then Ry is a transitive model
of ZFC.

Proof: Since A\ > w is a limit ordinal we know that R, satisfies all of the
axioms of ZFC except possibly the Replacement Scheme, so we just need to
verify that it satisfies Replacement. We need to show that R is closed under
definable functions; we will in fact show that it is closed under all functions.
Let f: Ry — Ry and a € Ry. Then fla] C Ry and |f[a]| < |a] < A so f[a] € Ry
by the previous lemma. O

We thus have:
Corollary 5.47. If there is an inaccessible cardinal, then ZFC is consistent.

Since the above corollary can be proved in ZFC, Godel’s Second Incom-
pleteness Theorem tells us that ZFC can not prove the existence of inaccessible
cardinals. We can give a direct proof of this, though.

Theorem 5.48. If ZFC is consistent, then the existence of an inaccessible
cardinal is not a logical consequence of ZFC.

Proof: We want to show there is a model of ZFC in which there are no inacces-
sible cardinals. If there are no inaccessible cardinals in V then this is immediate,
so suppose there is an inaccessible cardinal. Let A be the least inaccessible car-
dinal. Then we have that R, is a model of ZFC; we claim that R, satisfies
the sentence “there are no inaccessible cardinals”. Suppose to the contrary that
there is k € Ry such that R, satisfies “k is an inaccessible cardinal”. Then it
is straightforward to verify that x really is an inaccessible cardinal, and x < A
contradicting that A is the least inaccessible cardinal. O

We also have the following:

Theorem 5.49. If there is an inaccessible cardinal then three is a countable
transitive model of ZFC.

Proof: Let A be an inaccessible cardinal, so that (Ry, €[Ry) is a model of ZFC.
Applying the Léwenheim-Skolem Theorem we have a countable set A C Ry
such that (A4,€]A) < (Rx,€[Ry). Then (A4,€] A) is extensional and well-
founded, so taking the transitive collapse yields a countable transitive set X
such that (X, €]X) = (A4, €]A4), hence (X, €[X) is a countable transitive model
of ZFC. m|
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5.5 Constructible Sets and the Inner Model L

We shall introduce a model L of set theory, known as Gddel’s universe of con-
structible sets. We will use this model to show that both AC and GCH are
consistent with the axioms of ZF. This model is called an inner model because
it is constructed as a submodel of some other model of set theory. Throughout
this section we assume the existence of a model V' of set theory which we will
think of as the universe of sets, but which could be replaced by any other model
of set theory.

We will assume that V' is a model of the axioms of ZF, but will not assume
that it is necessarily a model of AC.

Recall that for any transitive set A, the set Def(A) consists of all subsets of
A which are definable over the structure (A, €[A) using parameters from A.

Definition 5.50. We define a collection of sets L, for a € Ord by transfinite
recursion:

Lo=10
Lat1 = Def(Ly)

Ls = U L., for a limit ordinal &
a<d

We say a set X is constructible if X € L, for some ordinal o. The constructible
universe is the class L of all constructible sets,

Lemma 5.51. For each ordinal o, L, is a transitive, pure, well-founded set

with Lo, C Ry .
Proof: For any transitive, pure, well-founded set A we have
A C Def(A) CP(A)

and hence Def(A) is a transitive, pure well-founded set. From this the lemma
follows easily using transfinite induction. |

Lemma 5.52. For each ordinal o we have oo = L, N Ord.

Proof: Since L, C R, we have L, N Ord C «. For any transitive set A we
have AN Ord € Def(A) since a is an ordinal if and only if A satisfies “a is
transitive and € is a linear ordering on a”, which is expressible in LST. Hence
LoNOrd € Lyy. From this the lemma follows using transfinite induction. O

We shall see that L is a model of ZFC. We begin with the easy axioms.

Lemma 5.53. L satisfies the Extensionality, Foundation, Empty Set, Infinity,
Union, and Pairing Axzioms.
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Proof: L satisfies Extensionality and Foundation since it is transitive and well-
founded. The set § C L is definable, so § € L; and hence L satisfies the
Empty Set Axiom; similarly, the set w C V, = L, is definable, so w € L 1
and L satisfies the Infinity Axiom. The Pairing Axiom holds in L because L
is closed under pairing, since if x,y € L, then {z,y} is definable over L, and
so {z,y} € Loy1. Finally, if x € Def(A) for some set A, then |Jz € Def(A) as
well, so if € L, then |Jz € L,, so that L is closed under unions and hence
satisfies the Union Axiom. O

Lemma 5.54. L satisfies the Power Set Axiom.

Proof: Let X € L. For each Y € P(X)N L, let p(Y) be the least 8 such that
Y eLs Let a=sup{p(Yy): Y e P(X)NL}, soP(X)NL CL,. Then PNL
is definable over L, since

P(X)NL={Y €L,:Y CX}.

Thus P(X)NL € Def(Ly) = Lay1. Thus, for each X € L we have P(X)NL € L,
so that the Power Set Axiom holds in L by our earlier lemma. ]

We need some preliminary results before considering the Comprehension and
Replacement Schemes.

Lemma 5.55. Let f1,..., fr : Ord — Ord be functions. Then there are arbi-
trarily large ordinals o such that « is closed under f1,..., fr, i.e. for all B < «
and all 1 <1 < k we have f;(0) < a.

Proof: Given an ordinal v, define an increasing sequence of ordinals (@, )n<w
as follows:

Qo =7y
1 = max(a, + 1L,sup{fi(B) : B < an,1 <i<k})
oy, = sup{a, 1 n < w}

Then «,, > v and for each 8 < a, and 1 < ¢ < k we have f;(8) < a, as
desired. O

Note 5.56. Applying this lemma to the function f(a) = 2! we see that there
are arbitrarily large strong limit cardinals.

Lemma 5.57 (Reflection Principle). Let F(z1,...,2,) be a formula of LST
with free variables x1,...,x,. Then there are arbitrarily large ordinals o such
that F reflects to Ly, i.e. for all ay,...,an, € Lo we have L = F(aq,...,a,) if
and only if Lo E F(a1,...,an).

Proof: We can replace each occurrence of “V” in F' by “-~3—" and assume V
does not occur in F, i.e. F is built from atomic formulas using connectives and

existential quantifiers. The idea here is similar to the proof of Lemma 5.33. Let
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(G; : 1 <14 < k) enumerate all of the formulas such that a formula of the form
“yGi(y, iy, .., 4,,)" occurs as a subformula of F; i.e., these are the formulas
that occur in the construction of F. For ay,...,an, € L, let

gi(a1,...,an,) = the least ordinal 3 such that ai,...,a,, € Lg and
such that if L = JyG,(y,a1,...,a,,) then
L = G;(b,as,...,ay,) for some b € Lg.

Define f; : Ord — Ord by

fz(ﬂ) = sup{glv(al,. .. ,ani) Pl .., Qpy, € Lﬁ}

From the previous lemma there are arbitrarily large ordinals a such that « is
closed under fi,..., fr. Such an « satisfies the conclusion of the lemma, as in
the proof of Lemma 5.33. O

Note 5.58. The only two properties of L we used in the proof were that L, C
Lg for a < 8 and that Ls = (J,.5 Lo for limit ordinals §. Call a class of
sets H a cumulative hierarchy if H = UaEOrd H,, where the H,’s are sets such
that H, € Hp for a < g and Hs = |J, s for limit ordinals 6. Then the
Reflection Principle holds for any cumulative hierarchy, i.e. given and F' we can
find arbitrarily large « such that F' reflects from H to H,.

In particular, the sets R, form a cumulative hierarchy with union V. Hence,
for any sentence which is true in V' there are arbitrarily large ordinals a such
that F'is true in R,. This has the following consequence, which implies that we
can not replace the Comprehension and Replacement Schemes by a finite set of
axioms:

Corollary 5.59. ZFC is not finitely aziomatizable.

Proof: If there were a finite collection of sentences S = {Fi, ..., Fi} such that
all of the axioms of ZFC were logical consequences of .S, then we could let F' be
the sentence F; A --- A Fy. Then F' is true in V, so there is some « such that
R, is a model of S, and hence R, is a model of ZFC. Since the above proof can
be formalized in ZFC, we would have that ZFC proved that there was a model
of ZFC, contradicting the Second Incompleteness Theorem. O

Lemma 5.60. L satisfies the Comprehension and Replacement Schemes.

Proof: We consider the Replacement Scheme. Let f : L — L be a function
which is definable over L; we must show that for all a € L that fla] € L. Let
F(u,v,21,...,2,) be a formula of LST and ¢1,...,¢, € L parameters which
define f over L, i.e. for all u € L,

f(u) = the unique v € L such that L | F(u,v,cq,...,¢p).

Let a € L, and let b = fla]; we will show b € L. Let § € Ord be such that
a,ci,...,¢, € Lg and b C Lg. Applying the Reflection Principle, there is an
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a > [ such that for all u,v € L, we have L = F(u,v,c1,...,c,) if and only if
L, E F(u,v,c1,...,c,). We then have that b is definable over L, since

b={veLl:LEJuuecanF(uvci,...,cn))}
={vely:LyETuuecanFlu,v,cr,...,cn))}

Hence b € Def(L,) = Lo+1 so b € L.
This finishes the proof that L satisfies the Replacement Scheme; the proof
of the Comprehension Scheme is similar. |

Corollary 5.61. L = ZF

We next consider the Axiom of Choice. We need to see that the notion of a
set being constructible is sufficiently absolute.

Definition 5.62. Let Const(z) be a formula which says that z is constructible,
i.e. Const(z) is the formula

Ja € Ord ILg)p<a(r € Lo AVB < oLy = | J{Def(L,) : v < B})).

This can be expressed in LST. The chief difficulty is in showing that the relation
“y = Def(z)” is expressible in LST; this can be accomplished by showing that
there is a finite collection of definable functions such that Def(z) is the closure
of z under these functions.

Definition 5.63. Let “V = L” be the sentence which says that every pure,
well-founded set is constructible, i.e. the sentence VaConst(x).

Theorem 5.64. L satisfies the sentence V = L.

Proof: The proof of this is straightforward but technical, once the definition of
the predicate Const(x) is made precise. The key point is that for sets z,y € L
we have L =y = Def(x) if and only if y = Def(z) (in V). a

Note 5.65. There are of course models other than L which satisfy V = L. We
will refine this below to make suitable such models sufficiently similar to L.

Lemma 5.66. For each ordinal o > w we have |Lo| = |a].

Proof: L, =V, since Def(A) = P(A) for a finite set A; hence |L,| = Ry. For
a > w we then have |Ly41| = | Def(Ly )| = |Lol, and for limit ordinals § we have
|Ls| = > qcs|Lal- The lemma then follows using transfinite induction. O

Theorem 5.67. L satisfies the Axiom of Choice, hence L |= ZFC.

Proof: In fact we will show that AC is a logical consequence of ZF and V' = L.
We will show that L satisfies the sentence “every set can be well-ordered”, which
implies the Axiom of Choice as previously noted (since a choice function can
be explicitly defined from a well-ordering). Something stronger is in fact true,
namely that there is a definable (class) well-ordering of all of L.
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Note that the previously lemma says that for each « the set L, can be well-
ordered, since a bijection between L, and a (which is well-ordered) induces a
well-ordering of L,. If we consider that proof more carefully, we can actually
define by transfinite recursion a function F' : Ord — V such that F(«) is a
well-ordering of L, for each a. Since this proof does not require the Axiom of
Choice it is a theorem of ZF, and hence true in L. Thus, L satisfies the sentence
“each set L, can be well-ordered”. Since we also have that L satisfies V = L, L
satisfies the sentence “Vxdax € L,”, which implies Vxdax C L. Since a subset
of a well-ordered set is well-ordered, this implies that L satisfies that every set
can be well-ordered.

We can define a class well-ordering of L as follows. Let <, be the well-
ordering given by F(«), and let a(x) be the least ordinal @ such that = € L,.
Then we can define the ordering <, as follows:

x <pyiff (a(r) <a(y)) V((z) = aly) A e <a@) y)-
It is straightforward to check that this is a definable well-ordering of L. O

Since we only assumed that V satisfied the axioms of ZF, we have:
Corollary 5.68. If ZF is consistent, then so is ZFC.

We conclude by showing that L satisfies the Generalized Continuum Hy-
pothesis.

Lemma 5.69. There is a sentence S of LST such that for each transitive set
A, A satisfies S if and only if A = L, for some ordinal «.

Proof: The sentence S is essentially the sentence V' = L together with Exten-
sionality. We skip the details as they are straightforward but technical. O

Lemma 5.70 (Condensation Lemma). If a € P(k) N L for some infinite
cardinal K, then there is an ordinal o with |a| = k such that a € Ly,.

Proof: Let k be an infinite cardinal, and let a C k with a € L. Let § > w be
a limit ordinal such that a € Ls. Applying the Generalized Lowenheim-Skolem
Theorem to the set X = kU {a} we can find a set A C Ly such that X C A,
|A| = |X| =k, and (A, €]A) < (Ls, €]Ls). Let T be the transitive collapse of
A, so that T is a transitive set with (T,€|T) = (A, €lA) = (Ls, €[Ls). Since
X C A is a transitive set, we have X C T so that a € T. Since Lg satisfies
the sentence S from the previous lemma, we have that T does as well, so that
T = L, for some «; since |T| = |A| = k, we must have |a| = k. Hence a € L,
with |a| = k, as we wished. O

Lemma 5.71. For any infinite cardinal k& we have |[P(k) N L| < k7.

Proof: The Condensation Lemma tells us that P(x) N L C L.+, and |L+| =
[t =wt. 0
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Theorem 5.72. L satisfies the Generalized Continuum Hypothesis.

Proof: Since the previous lemma is a theorem of ZFC, it is true in L, and since
L satisfies V = L, L satisfies that P(k) = P(k) N L; hence L = [P(k)| = T for
any infinite cardinal &, i.e. L = 2" = xkT; equivalently, L = 2% = R, ;. O

Theorem 5.73. If ZF' is consistent, then so is ZFC + GCH. IF ZF has a
transitive model, then so does ZFC + GCH.

Proof: Starting with a model A of ZF, we can view this model as V' and form
L within it to obtain L*, the constructible sets of A. This will then be a model
of ZFC + GCH. If ZF has a transitive model A we can do the same thing; in
this case L4 will be a transitive model. In this case, since L? is transitive we
can show that L4 = L, where o = Ord NA. model, O

We give one final application of L.

Theorem 5.74. If ZFC is consistent, then the existence of a weakly inaccessible
cardinal is not a logical consequence of ZFC.

Proof: Suppose there is a weakly inaccessible cardinal, and let k be the least
such. We can show that « is still weakly inaccessible in L, and since L =
GCH we have that L |= k is inaccessible. Within L, then, we see that L, is a
model of ZFC in which there are no inaccessible cardinals, and hence no weakly
inaccessible cardinals, so we have a model of ZFC in which there are no weakly
inaccessible cardinals. O

Note 5.75. Godel’s construction of L shows that both AC and GCH are con-
sistent with ZF. It is also true that =AC is consistent with ZF, and that -CH
is consistent with ZFC. These results are proved using the method of forcing
introduced by Paul Cohen; together with Godel’s results they show that AC
and GCH are independent of the other axioms of set theory.



