1. Topological Spaces

The notion of open set plays an important réle in the theory of metric spaces. Our
starting point is to extract and abstract the basic properties enjoyed by such sets.
This leads to a whole new area of study—topological spaces.

Definition 1.1 Let X be a nonempty set and suppose that T is a collection of
subsets of X. T is called a topology on X provided that the following hold;
(i) @9€7J,and X € T;
(ii) if {U, : @ € J} is any collection of elements of T, labelled by some index
set J, then J ., U, € T;
(iii) if, for any k € N, U, U,,...,U, € T, then N\_, U, € 7.

The elements of T are called open sets, or T-open sets. A topological space is a
pair (X, T) where X is a non-empty set and T is a topology on X.

Examples 1.2

1. For any X, let T be the set of all subsets of X. This topology is called the
discrete topology on X.

2. For any X, let T = {@, X}. Tis called the indiscrete topology on X.
3. Let X = {0,1,2} and let T = { @, X, {0}, {1,2} }.

4. Let (X,7) and (Y, 8) be topological spaces, and let Z be the cartesian product
Z = X xY. Let T’ consist of @ together with all those non-empty subsets G of Z
with the property that for any z = (z,y) € G there are sets U € T and V € § such
that 2 € U x V' C G. One checks that T’ is a topology on X x Y. This topology
is called the product topology.

5. Let X be any metric space and let T be the set of open sets in the usual metric
space sense. Then it is a theorem in metric space theory that T is, indeed, a
topology on X. Thus, the notion of topological space generalizes that of metric
space.

6. Suppose that {T,},ca is a family of topologies on a set X. Then one readily
checks that 7= (1, T, is a topology on X.

1



2 Basic Analysis

Definition 1.3 A topological space (X,7) is said to be metrizable if there is a
metric on X such that T is as in example 5 above.

Remark 1.4 Not every topology is metrizable. The space in example 1 above is not
metrizable whenever X consists of more than one point. (If it were metrizable and
contained distinct points a and b, say, then the set {z : d(x,b) < d(a,b)} would
be a non-empty proper open subset.) Of course, even if a topological space is
metrizable, the metric will be far from unique—for example, proportional metrics
generate the same collection of open sets.

Definition 1.5 For any non-empty subset A of a topological space (X,7), the
induced (or relative) topology, T,, on A is defined to be that given by the collection
ANT ={ANU : U € T} of subsets of A. (It is readily verified that T, is a topology
on A.)

Many of the usual concepts in metric space theory also appear in that of
topological spaces—but suitably rephrased in terms of open sets.

Definition 1.6 Suppose that (X, T) is a topological space. A subset F' of X is said
to be closed if and only if its complement X \ F is open, that is, belongs to 7.
(It follows immediately that if {F, } is any collection of closed sets then (1 F, is
closed. Indeed, X \ (N, F, = U, (X \ F,), which belongs to T.)

A point a € X is an interior point of the subset A of X if there is U € T such
that a € U and U C A. (Thus, a set G is open if and only if each of its points
is an interior point of G. To see this, suppose that each point of G is an interior
point of G. Then for each z € G there is U, € T such that x € U, C G. Hence
G =U,ecq U, € 7. The converse is clear—take U = G.)

The set of interior points of the set A is denoted by ;1, or Int A.

The point z is a limit point (or accumulation point) of the set A if and only
if for every open set U containing x, it is true that U N A contains some point
distinct from z, i.e., AN{U \ {z}} # @. Note that x need not belong to A.

The point a € A is said to be an isolated point of A if there is an open set U
such that U N A = {a}. (In other words, there is some open set containing a but
no other points of A.)

The closure of the set A, written A, is the union of A and its set of limit points,

A=AU{z € X : z is a limit point of A}.

It follows from the definition that x € A if and only if ANU # @ for any
open set U containing z. Indeed, suppose that z € A and that U is some open
set containing x. Then either x € A or z is a limit point of A (or both), in which
case ANU # @. On the other hand, suppose that A NU # & for any open set U

containing x. Then if x is not an element of A it is certainly a limit point. Thus
r € A
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1: Topological Spaces 3

Proposition 1.7 The closure of A is the smallest closed set containing A, that is,

z:m{F:Fis closed and F' D A}.

Proof We shall first show that A is closed. Let y € X \ A. By the above remark,
there is an open set U such that y € U and U N A = @. But then, by the same
remark, no point of U can belong to A. In other words, U C X \ A and we see
that y is an interior point of X \ A. Thus all points of X \ A are interior points and
therefore X \ A is open. It follows, by definition, that A is closed. Since A C A
we see that ({F : F is closed and F D A} C A.

Now suppose that F is closed and that A C F. We claim that A C F. Indeed,
X\ Fisopen and (X \ F)) N A = @& so that no point of X \ F' can be a member of
A. Hence A C F, as claimed. Thus A C ({F : F is closed and F O A} and the
result follows. ]

Corollary 1.8 A subset A of a topological space is closed if and only if A = A.
Moreover, for any subset A, A = A.

Proof If A is closed, then A is surely the smallest closed set containing A. Thus
A = A. On the other hand, if A = A then A is closed because A is. Now let 4
be arbitrary. Then A is closed and so is equal to its closure, as above. That is,

A=A n

Definition 1.9 A family of open sets {U,, : @ € J} is said to be an open cover of
a set B in a topological space if B C |J,_,U,.

Definition 1.10 A subset K of a topological space is said to be compact if every
open cover of K contains a finite subcover.

By taking complements, open sets become closed sets, unions are replaced by
intersections and the notion of compactness can be rephrased as follows.

Proposition 1.11 For a subset K of a topological space (X,T), the following
statements are equivalent.

(i) K is compact.

(ii) If{F,},cs is any family of closed sets in X such that K N ., F, = @,
then K N(,¢; F, = @ for some finite subset I C J.

(iii) If{F,},c is any family of closed sets in X such that K N(\,c; F, # 9

for every finite subset I C J, then KN\ o, F, # @ .



4 Basic Analysis

Proof The statements (ii) and (iii) are contrapositives. We shall show that (i)
and (ii) are equivalent. The proof rests on the observation that if {U,} is any
collection of sets, then K C |, U, if and only if KN (X \U,) = @. We first
show that (i) implies (ii). Suppose that K is compact and let {F,} be a given
family of closed sets such that K N, F, = <. Put U, = X \ F,. Then each U,
is open, and, by the above observation, K C | U,. But then there is a finite set
I such that K C |J,¢;U,, and so K N[, ¢; F, = @, which proves (ii).

Now suppose that (ii) holds, and let {U,} be an open cover of K. Then each
X\U, is closed and K N[ (X \U,) = @. By (ii), there is a finite set I such that
KN (Ner(X\U,) = @. This is equivalent to the statement that K C |J,c; U,-
Hence K is compact. [

Remark 1.12 We say that a family {A_,},c; has the finite intersection property
if Nyer Ao # D for each finite subset I in J. Thus, we can say that a topological
space (X,7) is compact if and only if any family of closed sets {F,},c; in X

having the finite intersection property is such that (. ; F,, # @.

Definition 1.13 A set IV is a neighbourhood of a point z in a topological space
(X, 7) if and only if there is U € T such that x € U and U C N.

Note that N need not itself be open. For example, in any metric space (X, d),
the closed sets {z € X : d(a,z) < r}, for r > 0, are neighbourhoods of the point a.

We note also that a set U belongs to T if and only if U is a neighbourhood of
each of its points. (Indeed, to say that U is a neighbourhood of z is to say that =
is an interior point of U. We have already observed that a set is open if and only
if each of its points is an interior point and so this is the same as saying that it is
a neighbourhood of each of its points.)

Definition 1.14 A topological space (X, 7) is said to be a Hausdorff topological
space if and only if for any pair of distinct points z,y € X, (z # y), there exist
sets U,V € Tsuchthat r e U,y Vand UNV = @.

We can paraphrase the Hausdorff property by saying that any pair of distinct
points can be separated by disjoint open sets. Example 3 above is an example of
a non-Hausdorff topological space—take {z,y} to be {1,2}.

Proposition 1.15 A non-empty subset A of the topological space (X,7) is
compact if and only if A is compact with respect to the induced topology, that is,
if and only if (A,T,) is compact. If (X,T) is Hausdorff then so is (A, T,).

Proof Suppose first that A is compact in (X, 7T), and let {G_} be an open cover
of Ain (A,7,). Then each G, has the form G, = ANU, for some U, € T. It
follows that {U,} is an open cover of A in (X, 7). By hypothesis, there is a finite
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1: Topological Spaces 5

subcover, U;,...,U,, say. But then G,,...,G
that is, (A, T,) is compact.

Conversely, suppose that (A,7T,) is compact. Let {U,} be an open cover of
Ain (X,7). Set G, = AnU,. Then {G,} is an open cover of (A4,T,). By
hypothesis, there is a finite subcover, say, G4,...,G,,. Clearly, U;,...,U,, is an
open cover for A in (X, T). That is, A is compact in (X, T).

Suppose that (X, 7T) is Hausdorff, and let a;,a, be any two distinct points of
A. Then there is a pair of disjoint open sets U, V in X such that a; € U and
a, € V. Evidently, G, = ANU and G, = ANV are open in (A, T,), are disjoint,
and a, € G, and a, € G,. Hence (A, 7T,) is Hausdorff, as required. "

,, 1s an open cover of A in (A,T,);

Remark 1.16 It is quite possible for (A4,T,) to be Hausdorff whilst (X, T) is not.
A simple example is provided by example 3 above with A given by A = {0,1}. In
this case, the induced topology on A coincides with the discrete topology on A.

Proposition 1.17 Let (X,7T) be a Hausdorff topological space and let K C X be
compact. Then K is closed.

Proof Let z € X \ K. Then for each x € K, there are open sets U,, V, such that
zeU,, zeV, and U, NV, = @. Evidently, {U, : z € K} is an open cover of
K and therefore there is a finite number of points x,z,,...,z, € K such that
KcU, u---uU, .

Put V=V, n---NV, . Then V is open, and z € V. Furthermore, V C V.
for each 7 implies that V' N U, =9 for 1 <i<mn. Hence VN K = &. We have
z €V and V C X \ K which implies that z is an interior point of X \ K. Thus,
X \ K is open, and K is closed. n

Example 1.18 Let X = {0,1,2} and T = { @, X,{0},{1,2} }. Then the set
K = {2} is compact, but X \ K = {0, 1} is not an element of J. Thus, K is not
closed. As we have already noted, (X, T) is not Hausdorff. (In fact, if a topology
on a set X only contains a finite number of elements, i.e., there are only finitely-
many open sets, then all subsets of X are compact. For such spaces the concept
of compactness is not very interesting!)

Example 1.19 It is perhaps surprising to discover that the closure of a compact set
need not be compact. For example, let X = N and let T be the (non-Hausdorff)
topology on N whose non-empty sets are precisely those subsets of N which con-
tain 1. Set K = {1}. Then K is compact, trivially, and K = N-—every open
neighbourhood of any given n € N contains 1 and so meets K and so n € K.
However, N is clearly not compact—for example, the open cover {G, : n € N},
where G,, = {1,n}, has no finite subcover.
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Proposition 1.20 Let (X,T) be a topological space and let K be compact.
Suppose that F' is closed and FF C K. Then F' is compact. (In other words, closed
subsets of compact sets are compact.)

Proof Let {U, : a € J} be any given open cover of F. We augment this collection
with the open set X \ F'. This gives an open cover of K;

Kc(x\FulJU,.
acJ

Since K is compact, there are elements oy, ay, ..., a,, in J such that

KC(X\F)uU, uU, U---UTU

om °

It follows that
FgUaluUa2u---uU

Qm

and we conclude that F' is compact. [

We now consider continuity of mappings between topological spaces. The def-
inition is the obvious rewriting of the standard result from metric space theory.

Definition 1.21 Let (X,T) and (Y,8) be topological spaces and suppose that
f + X — Y is a given mapping. We say that f is continuous if and only if
f7Y(V) € T for any V € 8. (By taking complements, this is equivalent to f~1(F)
being closed for every F' closed in Y.)

Many of the standard results concerning continuity in metric spaces have ana-

logues in this more general setting.

Theorem 1.22 Let (X,7) and (Y,8) be topological spaces with (X,T) compact,
and suppose that f : X — Y is continuous. Then f(X) is compact in (Y,8).
(In other words, the image of a compact space under a continuous mapping is
compact. )

Proof Let {V_} be any given open cover of f(X). Then {f~'(V,)} is an open
cover of X and so, by compactness, there are indices o, s, ..., a,, such that

X=f(V,)u-uf iV, ).

Qo

It follows that

and hence f(X) is compact. "
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1: Topological Spaces 7

Theorem 1.23  Suppose that (X,7T) and (Y, 8) are topological spaces and that
(Y, 8) is a Hausdorff space. Suppose that f : X — Y is a continuous injection.
Then (X,7) is Hausdorff.

Proof Suppose that a,b € X with a # b. The injectivity of f implies that
f(a) # f(b). Since (Y, 8) is Hausdorff, there are disjoint elements V;,V, in § such
that f(a) € V; and f(b) € V,. Put U, = f~1(V}) and U, = f~1(V,). Then a € Uy,
be U, and U, NU, = @. Furthermore, the continuity of f implies that U, and U,
both belong to T. We conclude that (X, T) is Hausdorff. ]

As a corollary to this result, we can say that there can be no continuous
injection from a non-Hausdorff space into a Hausdorft space.

Theorem 1.24 Let X be a compact topological space, Y a Hausdorff topological
space and f : X — Y a continuous injective surjection. Then f~1':Y — X exists
and is continuous.

Proof Clearly f~! exists as a mapping from Y onto X. Let F be a closed subset
of X. To show that f~! is continuous, it is enough to show that f(F) is closed in
Y. Now, F'is compact in X and, as above, it follows that f(F") is compact in Y.
But Y is Hausdorff and so f(F) is closed in Y. "

Definition 1.25 A continuous bijection f : X — Y, between topological spaces
(X,T) and (Y, 8), with continuous inverse is called a homeomorphism.

A homeomorphism f : X — Y sets up a one-one correspondence between
the open sets in X and those in Y, via U «~ f(U). The previous theorem says
that a continuous bijection from a compact space onto a Hausdorff space is a
homeomorphism. It follows that both spaces are compact and Hausdorff.

Definition 1.26 Let T, T, be topologies on a set X. We say that T, is weaker (or
coarser or smaller) than T, if T, C T, (or, alternatively, we say that T, is stronger
(or finer or larger) than 7).

The stronger (or finer) a topology the more open sets there are. It is immedi-
ately clear that if f: (X,T) — (Y, 8) is continuous, then f is also continuous with
respect to any topology 7’ on X which is stronger than T, or any topology 8’ on
Y which is weaker than 8. In particular, if X has the discrete topology or Y has
the indiscrete topology, then every map f: X — Y is continuous.
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Theorem 1.27 Suppose that T,,7T, are topologies on a set X such that T, C T,
T, is a Hausdorff topology and such that (X,7T,) is compact. Then T, = T,.

Proof Let U € T, and set F' = X \U. Then F is T,-closed and hence T,-compact.
But any T;-open cover is also a T,-open cover, so it follows that F' is J;-compact.
Since (X, 7, ) is Hausdorf, it follows that F'is T,-closed and therefore U is T,-open.
Thus T, C T, and the result follows.

Remark 1.28 Thus we see that if (X, T) is a compact Hausdorff topological space,
then 7T cannot be enlarged without spoiling compactness or reduced without spoil-
ing the Hausdorff property. This expresses a rigidity of compact Hausdorft spaces.

Let X be a given (non-empty) set, let (Y,8) be a topological space and let
f: X — Y be a given map. We wish to investigate topologies on X which make
f continuous. Now, if f is to be continuous, then f~!(V) should be open in X
for all V open in Y. Let T= (7', where the intersection is over all topologies T”
on X which contain all the sets f~1(V), for V € 8. (The discrete topology on X
is one such.) Then T is a topology on X, since any intersection of topologies is
also a topology. Moreover, 7 is evidently the weakest topology on X with respect
to which f is continuous. We can generalise this to an arbitrary collection of
mappings. Suppose that {(Y,,8,) : @ € I} is a collection of topological spaces,
indexed by I, and that F = {f_ : X — Y_} is a family of maps from X into the
topological spaces (Y, 8,). Let T be the intersection of all those topologies on X
which contain all sets of the form f;1(V,), for f, € Fand V, € §,. Then T is a
topology on X and it is the weakest topology on X with respect to which every
[, € J is continuous.

Definition 1.29 The topology T, described above, is called the o(X, F)-topology
on X.

Theorem 1.30  Suppose that each (Y,,S,) is Hausdorff and that F separates
points of X, i.e., for any a,b € X with a # b, there is some f, € J such that
fo(a) # f,(b). Then the o(X,F)-topology is Hausdorft.

Proof Suppose that a,b € X, with a # b. By hypothesis, there is some « € I such
that f,(a) # f,(b). Since (Y,,8,) is Hausdorff, there exist elements U,V € 8
such that f, (a) € U, f,(b) € V and UNV = @. But then f;1(U) and f;1(V)
are open with respect to the o(X,F)-topology and a € f;*(U), b € f;1(V) and

RO NNV = @. 0
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1: Topological Spaces 9

To describe the o(X, F)-topology somewhat more explicitly, it is convenient to
introduce some terminology.

Definition 1.31 A collection B of open sets is said to be a base for the topology
T on a space X if and only if each non-empty element of T is a union of elements

of B.

Examples 1.32

1. The open sets {z : d(z,a) <r},a € X, r € Q, r > 0, are a base for the usual
topology in a metric space (X, d).

2. The rectangles {(z,y) € R? : |[x —a| < 1, |y —b] < L}, with (a,b) € R? and
n,m € N, form a base for the usual Euclidean topology on R2.

3. The singleton sets {z}, x € X, form a base for the discrete topology on any
non-empty set X.

4. Let (X,7) and (Y, 8) be topological spaces. The sets U x V, with U € T and
V € §, form a base for the product topology on X x Y.

Proposition 1.33 A collection of open sets B is a base for the topology T on
a space X if and only if for each non-empty set G € T and x € G there is some
B € B such that x € B and B C G.

Proof Suppose that B is a base for the topology T and suppose that G € T is
non-empty. Then G can be written as a union of elements of B. In particular, for
any z € G, there is some B € B such that x € B and B C G.

Conversely, suppose that for any non-empty set G € T and for any z € G,
there is some B, € B such that 2 € B, and B, C G. Then G C |J,., B, C G,
which shows that B is a base for 7. [

Definition 1.34 A collection 8 of subsets of a topology T on X is said to be a sub-
base for T if and only if the collection of intersections of finite families of members
of § is a base for 7.

Example 1.35 The collection of subsets of R consisting of those intervals of the
form (a,00) or (—oo,b), with a,b € R, is a sub-base for the usual topology on R.
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Proposition 1.36 Let X be any non-empty set and let 8 be any collection of
subsets of X which covers X, i.e., for any x € X, there is some A € § such that
x € A. Let B be the collection of intersections of finite families of elements of
8. Then the collection T of subsets of X consisting of & together with arbitrary
unions of elements of members of B is a topology on X, and it is the weakest
topology on X containing the collection of sets 8. Moreover, § is a sub-base for T,
and B is a base for 7.

Proof Clearly, @ € Tand X € 7, and any union of elements of T is also a member
of 7. It remains to show that any finite intersection of elements of T is also an
element of T. It is enough to show that if A, B € T, then ANB € T. If Aor B is
the empty set, there is nothing more to prove, so suppose that A # @ and B # &.
Then we have that A ={J, 4, and B = |J; By for families of elements {A,} and
{Bs} belonging to B. Thus

AnB=|JA,nJBs;=|J(4,NBy).
a 5 o,

Now, each A, is an intersection of a finite number of elements of 8, and the same
is true of Bj. It follows that the same is true of every A, N By, and so we see that
AN B € 7, which completes the proof that 7T is a topology on X.

It is clear that T contains 8. Suppose that T’ is any topology on X which also
contains the collection 8. Then certainly T’ must also contain B. But then T’ must
contain arbitrary unions of families of subsets of B, that is, 7' must contain T. It
follows that 7 is the weakest topology on X containing 8. From the definitions, it
is clear that B is a base and that § is a sub-base for 7. L]

Remark 1.37 We can describe the o(X,F)-topology on X determined by the
family of maps {f,: a € I'}, discussed earlier, as the topology with sub-base given
by the collection {f;1(V):a €I, V €8,}.

Example 1.38 Let (X,7) and (Y, 8) be topological spaces and let py : X XY — X
and py : X XY — Y be the projection maps defined by pX((w,y)) = x and
py ((z,y)) =y for (z,y) € X xY. Forany U C X and V C Y, px(U)=UxY
and py' (V) = X x V, so that p (U) Npy' (V) = U x V. Now, the collection
{UxV :U €T,V € 8} is a base for the product topology on X x Y and it
is clear it has as a sub-base the collection {py*(U), py'(V): U € T,V € 8}. It
follows that the product topology is the same as the o(X x Y, {py,py })-topology
and therefore the product topology is the weakest topology on X x Y such that
the projection maps are continuous.

We will adopt this later as our definition for the product topology on an arbi-
trary cartesian product of topological spaces.
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1: Topological Spaces 11

The local version of a base is often useful, not least for purposes of economy.

Definition 1.39 Let (X, T) be a topological space, and, for z € X, let V, denote
the collection of all neighbourhoods of z. A subset N, C V_ is said to be a (local)
neighbourhood base at x (or a fundamental system of neighbourhoods of x) if any
element of V, contains some element of the subcollection N .

A topological space is said to be first countable if each of its points possesses a
countable neighbourhood base. It is said to be second countable if it possesses
a countable base. (Evidently, a second countable space is first countable—those
members of the base containing any given point constitute a countable neighbour-
hood base for that particular point.)

Example 1.40 In any metric space (X, d), the countable collection of disks {{z’ :
d(z,z") < %}}neN is a neighbourhood base at the point x € X. Consequently,
every metrizable topological space is first countable.

The space R™, equipped with the usual (metric) topology, is an example of a
second countable space. Indeed, a countable base is given by the collection of open
balls with rational radii and centres with rational coordinates.

Proposition 1.41 Suppose that (X,T) and (Y, 8) are topological spaces. A map
f X — Y is continuous if and only if for each x € X and local neighbourhood
bases N, and Ny, at « and f(z), respectively, it is true that for any V € Ny,
there is U € N, such that f(U) C V.

Proof Suppose that f is continuous. Let x € X and let N, and Nf(;;;) be neigh-
bourhood bases at = and f(z), respectively. Let V' € Nf(x). Then there is an open
set G such that f(z) € G C V. By continuity, f~!(G) is an open neighbourhood
of z and so there is some U € N such that z € U C f~1(G). Thus f(U) C V.
Conversely, suppose that for any x € X and local neighbourhood bases N and
Ny and for any V' € Ny (), there is some U € N, such that f(U) C V. We wish
to show that f is continuous. Let G be an open set in Y. If f~1(G) = @, there is
no more to prove, so suppose that = € f~1(G). Then f(z) € G and there is some
V in Nf(x) such that V' C G. But then, by hypothesis, there is some U € N such
f(U) C V. Let W be any open neighbourhood of x with W C U. Then f(W) CV
and so certainly it is true that W C f~}(G). Hence every point of f~1(G) is an
interior point and we conclude that f~!(G) is open and so f is continuous. L]

The following is a generalisation of the standard - definition of the continuity
at a given point of a real function of a real variable to the present context.

Definition 1.42 Let (X,T) and (Y,8) be topological spaces and suppose that
f:X — Y is a given map. We say that f is continuous at the point x € X if
for any neighbourhood V' of f(z) in Y there is a neighbourhood U of x in X such
that U C f~1(V), i.e., f(U) C V.



12 Basic Analysis

The previous proposition then states that a mapping from one topological space
into another is continuous if and only if it is continuous at every point.
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2. Nets

In a metric space, a point belongs to the closure of a given set if and only if it is
the limit of some sequence of points belonging to that set. The convergence of the
sequence (a,,),cy to the point x is defined by the requirement that for any ¢ > 0
there is N € N such that the distance between a,, and z is less than € whenever
n > N. This is equivalent to the requirement that for any neighbourhood U of
x there is some N € N such that a, belongs to U whenever n > N. We take
this latter formulation, word for word, as the definition of convergence of the
sequence (a,,),cy in an arbitrary topological space. The resulting theory is not as
straightforward as one might suspect, as is illustrated by the following example.

Example 2.1 Let X be the real interval [0, 1] and let T be the co-countable topology
on X; that is, T consists of X and @ together with all those subsets G of X whose
complement X \ G is a countable set. Let A = [0, 1), and consider A. Now, {1} ¢ T
because X \ {1} = [0,1) is not countable. It follows that the complement of {1}
is not closed. That is to say, A is not closed. However, the closure of A is closed
and contains A. This means that we must have A = [0, 1], since [0, 1] is the only
closed set containing A. Since 1 is not an element of A, it must be a limit point
of A.

Is there some sequence in A which converges to 1?7 Suppose that (a,,),cy is
any sequence in A whatsoever. Let B = {ay,a,,...} and let G = X \ B. Then
1 € G. Since B is countable, it follows from the definition of the topology on X
that GG is open. Thus G is an open neighbourhood of 1 which contains no member
of the sequence (a,,),cy- Clearly, (a,),cy cannot converge to 1. No sequence in
A can converge to the limit point 1. We have exhibited a topological space with
a subset possessing a limit point which is not the limit of any sequence from the
subset.

This example indicates that sequences may not be as useful in topological
spaces as they are in metric spaces. One can, at this point, choose to abandon the
use of sequences, except perhaps in favourable situations, or to seek some form
of replacement. It turns out that one can keep the intuition of sequences but at
the cost of an increase in formalism. As perhaps suggested by the previous ex-

13
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ample, the problem seems to be that a point in a topological space may simply
have too many neighbourhoods to be penetrated by a sequence, or, put differently,
a sequence may not, in general, have enough elements to populate all the neigh-
bourhoods of the putative limit point. It is necessary to generalize the notion of a
sequence allowing an index set inherently more general than the natural numbers,
but retaining some concept of ‘eventually greater than’. The concept of directed
set is made for just this purpose. First we need the notion of a partial order.

Definition 2.2 A partially ordered set is a non-empty set P on which is defined a
relation < (called a partial ordering) satisfying:

(a) = <z, for all z € P;

(b) ifz Xy and y X z, then x = y;

(¢) ifz<yandy=z then z < z.
We sometimes write x > y to mean y < z.

Note that it can happen that a particular pair of elements of P are not com-
parable, that is, neither x < y nor y =< x need hold. In fact, a partial order on P
is more properly defined as a subset S, say, of the cartesian product P x P, such
that:

(i) (z,x) € S, for all z € P;

(ii) if (x,y) and (y, z) belong to S, then = = y;

(iii) if (x,y) € S and (y,2) € S, then (z,2) € S.
By writing x < y if and only if (z,y) € S, we recover our original formulation
above.

Examples 2.3

1. Let P be the set of all subsets of a given set, and let < be given by set inclusion
C.

2. Let P =R, and take < to be the usual ordering < on R.

3. Let P = R?, and define < according to the prescription (z’,vy") =< (2”,y")
provided that both 2’ < 2” and 3’ <" in R.

4. Any subset of a partially ordered set inherits the partial ordering and so is itself
a partially ordered set.

Definition 2.4 A directed set is a partially ordered set I, with partial order <, say,
such that for any pair of elements «, 3 € I there is some v € I such that @ <
and 8 < 7.

It follows, by induction, that if x,...,x, is any finite number of elements of
a directed set I, there is some z € I such that x;, <z foralli=1,...,n.

n

Examples 2.5
1. Let I = N (or Z or R) furnished with the usual order.

Department of Mathematics King’s College, London



2: Nets 15

2. N is a directed set when equipped with the ordering given by the usual ordering
on the even numbers, the usual ordering on the odd numbers, but where any even
number is declared to be ‘greater than’ every odd number. More precisely, < is
defined by the assignment that 2m < 2n and 2m —1 < 2n—1if and only if m < n
with respect to the usual order in N, together with 2n —1 < 2m for any m,n € N.
Thus, for example, 5 <13, 6 < 12 but 81 < 4.

3. Let X be any non-empty set and let I denote the collection of all subsets of
X. Then I is directed with respect to the ordering given by set inclusion, that is,
A < B if and only if A C B, for any subsets A, B of X.

4. The collection of all neighbourhoods, V_, of a given point x in a topological
space, is a directed set when equipped with the partial ordering of ‘reverse in-
clusion’, that is, U < V if and only if V C U. Indeed, for any U,V € V_, set
W=UNV,then W eV, and bothU < W and V < W.

5. We can generalize the previous example slightly. Let N be any neighbourhood
base at the point z in a topological space (X, T). Order N, by reverse inclusion.
Then for any U,V € N, U NV is a neighbourhood of  and so there is some
W e N, such that W CUNV. Then W C U and W C V which is precisely the
statement that U < W and V < W. Hence N is directed. This example is most
relevant for our purposes.

A sequence in a set X is a mapping from N into X, where it is implicitly
understood that N is directed via its usual order structure. We generalize this to
general directed sets.

Definition 2.6 A net in a topological space (X,7) is a mapping from a directed
set I into X; denoted (x,,),c;-

If I is N with its usual ordering, then we recover the notion of a sequence. In
other words, a sequence is a special case of a net.

Definition 2.7 Let (z,),c; be a net in a topological space (X,T). We say that
(%4)qer is eventually in the set A if there is 3 € I such that x, € A whenever
o= (.

We say that (z,),c; converges to the point € X if, for any neighbourhood
U of z, (x,).cs is eventually in U. x is called a limit of (z,),c;, and we write
x, — x (along I).

We shall see that nets serve as a general replacement for sequences, whilst
retaining their intuitive appeal.
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Proposition 2.8 Let N, be a neighbourhood base at a point x in a topological
space (X,T) and suppose that, for each U € N, z; is a given point in U. Then
the net (), converges to x, where N, is partially ordered by reverse inclusion.

Proof For any given neighbourhood W of z there is V' € N_ such that V C W.
Let U = V. Then, by definition, U C V so that x;; € V. Thus z;; € W whenever
U >V and z;; — x along N,. "

We can characterize the closure of a set A as that set consisting of all the limits
of nets in A.

Theorem 2.9 Let A be a subset of a topological space (X,T). Then x € A if and
only if there is a net (a,),c; With a, € A such that a, — .

Proof We know that a point € X belongs to A if and only if every neighbour-
hood of = meets A. Suppose then that (a,),c; is a net in A such that a, — x.
By definition of convergence, (a,),c; is eventually in every neighbourhood of x,
so certainly z € A.

Suppose, on the other hand, that © € A. Let V. be the collection of all
neighbourhoods of = ordered by reverse inclusion. Then V, is a directed set. We
know that for each U € 'V, the set U N A is non-empty so let a;; be any element
of UNA. Then a;; — . L]

The next result shows that sequences are sufficient provided that there are not
too many open sets, that is, if the space is first countable. To see this, we first make
an observation. Suppose that {4, : n € N} is a countable neighbourhood base at
some given point in a topological space. For eachn € N, let B, = A;NA,N---NA,,.
Then {B,, : n € N} is also a neighbourhood base at the given point, but has the

additional property that it is nested; B, ,; C B,,, for n € N.

Theorem 2.10 Suppose that (X,7) is a first countable topological space and
let AC X. Then z € A if and only if there is a sequence (a,,), ¢y in A such that

a, — T.

Proof The proof that a,, — = implies that = € A proceeds exactly as before.

For the converse, suppose that 2 € A. We must exhibit a sequence in A which
converges to z. Since (X, T) is first countable, = has a countable neighbourhood
base {B, : n € N}, say. By the remark above, we may assume, without loss of
generality, that B, | C B, for all n € N. Since z € A, B, NA# @ for all n € N.
So if we let a,, be any element of B, N A, we obtain a sequence (a,, ), cy in A. We
claim that a,, — x as n — 0o. To see this, let G be any neighbourhood of x. Then
there is some member B, say, of the neighbourhood base such that By C G. If
n > N then a, € B, N A C By and so a, € G and it follows that a, — x as
claimed. [
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Theorem 2.11 A set F' in a topological space (X, T) is closed if and only if no net
in F' can converge to a point in X \ F. If (X,7) is first countable we can replace
net by sequence in the previous statement.

Proof Suppose that z ¢ F and let (x,) be any net in F' Then X \ F' is an
open neighbourhood of z which contains no members of the net (z,). Certainly
(x,) cannot be eventually in X \ F' and so no net in F' can converge to z. This
argument holds for sequences as well as for nets—irrespective of whether (X, 7T) is
first countable or not.

Now suppose that it is impossible for any net in F' to converge to a point not
belonging to F', and suppose that F' is not closed. This means that X \ F is
not open and so not all its points are interior points. Thus there is some point
z € X \ F such that for no open neighbourhood U of z is it true that U C X \ F.
That is, U N F' # @ for every neighbourhood U of z. For each such U, let x;
be any point in U N F. Then (zy)yer is a net in F, where I is the family of
neighbourhoods of z ordered by reverse inclusion. Evidently z;; — z along I, and
we have a net in F' which converges to a point not in F'. This contradiction shows
that F' must be closed, as required.

Now suppose that (X,T) is first countable, and that no sequence in F' can
converge to a point not in F. As above, if F' is not closed there is some point
z € X \ F which is not an interior point of X \ F'. Now, z has a countable
neighbourhood base {B,, : n € N} such that B, ; C B,. Arguing as before, but
with B, instead of U, we see that there is a sequence (z,,),,cy With z,, € B, N F
for each n € N. Then z,, — z which is a contradiction since z ¢ F. ]

Proposition 2.12 Suppose that (X,7T) is a Hausdorff topological space and that
(x,); Is a net in X with x, — y and x, — z. Then y = z. In other words, in a
Hausdorff space, convergent nets have unique limits.

Proof If y # z, there are disjoint open neighbourhoods U and V of y and z,
respectively. Since x, — vy, there is 3 € I such that x, € U whenever o >~ .
Similarly, there is 8’ € I such that z, € V whenever a = ’. Let v € I be such
that 8 <~ and 8’ < ~v. Then T, € U NV, which is impossible since U NV = @.
It follows that y = z. [

Now we show that the continuity of mappings between topological spaces can
be characterized using nets.
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Theorem 2.13 Let X and Y be topological spaces. A mapping f : X — Y is
continuous if and only if whenever (x,); is a net in X convergent to x then the

net (f(x,)); converges to f(z).

Proof Suppose that f: X — Y is continuous and suppose that (z,); is a net in
X such that z, — x. We wish to show that (f(x,)); converges to f(z). To see
this, let V' be any neighbourhood of f(x) in Y. Since f is continuous, there is a
neighbourhood U of = such that f(U) C V. But since (z,) converges to z, it is
eventually in U, and so (f(z,)); is eventually in V, that is, f(z,) — f(z).
Conversely, suppose that f(x,) — f(z) whenever z, — z. Let V be open in
Y. We must show that f~1(V) is open in X. If this is not true, then there is
a point z € f~1(V) which is not an interior point. This means that every open
neighbourhood of x meets X \ f~(V), the complement of f~1(V'). This is to say
that z is a limit point of X \ f~1(V) and so there is a net (z,); in X \ f~1(V)
such that x, — z. By hypothesis, it follows that f(z,) — f(x). In particular,
(f(x,)); is eventually in V, that is, (z,); is eventually in f~(V). However, this
contradicts the fact that (z,,); is a net in the complement of f~1(V). We conclude
that f=1(V) is, indeed, open and therefore f is continuous. n

Nets can sometimes be useful in the study of the o(X, F)-topology introduced
earlier.

Theorem 2.14 Let X be a non-empty set and let F be a collection of maps
fr: X =Y, from X into topological spaces (Y, 8,), for A € A. A net (z,); in X
converges to x € X with respect to the o(X,F)-topology if and only if (f,(z,));
converges to f,(z) in (Y,,8,) for every A € A.

Proof Suppose that z, — x with respect to the o(X,F)-topology on X. Fix
A € A. Let V be any neighbourhood of f,(z) in Y,. Then, by definition of the
o(X, F)-topology, f5 ' (V) is a neighbourhood of  in X. Hence (z,,); is eventually
in f5 ' (V), which implies that (f,(z,)); is eventually in V. Thus f,(z,) — f;(z)
along I, as required.

Conversely, suppose that (x,); is a net in X such that f,(z,) — f,(z), for
each A € A. We want to show that (z,); converges to x with respect to the
o(X, F)-topology. Let U be any neighbourhood of = with respect to the o(X, F)-

topology. Then there is m € N, members A,,..., A, of A, and neighbourhoods

m

Vo>V, of fy (2),..., f  (x), respectively, such that
v e [ (Va)n-nfi(Vy,) CU.

By hypothesis, for each 1 < j < m, there is 8; € I such that f, (x,) € Vi,
whenever o > ﬁj. Let v € I be such that v > ﬁj for all 1 < 7 < m. Then

vo €S, )N fy (V) CU
whenever a > . It follows that x, — x with respect to the o(X, F)-topology. =
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A subset K of a metric space is compact if and only if any sequence in K has
a subsequence which converges to an element of K, but this need no longer be
true in a topological space. We will see an example of this later. We have seen
that in a general topological space nets can be used rather than sequences, so the
natural question is whether there is a sensible notion of that of ‘subnet’ of a net,
generalising that of subsequence of a sequence. Now, a subsequence of a sequence
is obtained simply by leaving out various terms—the sequence is labelled by the
natural numbers and the subsequence is labelled by a subset of these. The notion
of a subnet is somewhat more subtle than this.

Definition 2.15 A map F' : J — [ between directed sets J and [ is said to be
cofinal if for any « € I there is some 3’ € J such that J(3) = a whenever g > 3.
In other words, F'is eventually greater than any given o € I.

Suppose that (z,),c; is @ net indexed by I and that ' : J — I is a cofinal map
from the directed set J into I. The net (yg)gec; = (Tp(g))pes is said to be a
subnet of the net (x,),c;-

It is important to notice that there is no requirement that the index set for
the subnet be the same as that of the original net.

Example 2.16 If we set I = J = N, equipped with the usual ordering, and let
F :J — I be any increasing map, then the subnet (y,,) = (z F(n)) is a subsequence
of the sequence (z,,).

Example 2.17 Let I = N with the usual order, and let J = N equipped with
the usual ordering on the even and odd elements separately but where any even
number is declared to be greater than any odd number. Thus I and J are directed
sets. Define F' : J — I by F(8) = 33. Let o € I be given. Set ' = 2a so
that if 8 = (' in J, we must have that 3 is even and greater than 3’ in the usual
sense. Hence F(3) = 306 > > ' = 2a > ain I and so F is cofinal. Let
(2,,)ner be any sequence of real numbers, say. Then (2 () mes = (T3,)mey 15 @
subnet of (x,,), ;. It is not a subsequence because the ordering of the index set
is not the usual one. Suppose that x5, = 0 and x4, =2k —1for Kk € I = N.
Then (x,,) is the sequence (1,0,3,0,5,0,7,0...). The subsequence (xs,,),cn 15
(3,0,9,0,15,0,...) which clearly does not converge in R. However, the subnet
(%3, )mes does converge, to 0. Indeed, for m = 2 in J, we have 5, = 0.

Example 2.18 Let J = R, and let I = N, both equipped with their usual ordering,
and let F' : R — N be any function such that F(t) — oo as t — oco. Then F is
cofinal in N and (zp;))ser is @ subnet of the sequence (z,,),¢cy. This provides a
simple example of a subnet of a sequence which is not a subsequence.

We need to introduce a little more terminology.

Definition 2.19 The net (x,),c; is said to be frequently in the set A if, for any
given v € I, x,, € A for some o € I with a = 7.
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A point z is a cluster point of the net (z,),c; if (7,)qcr 18 frequently in any
neighbourhood of z.

Note that if x, = x for every a € I, then =z is certainly a cluster point of the
net (z,)qc;- However, = is not a limit point of the point set in X determined by
the net, namely {z, : a € I}, since this is just the one-point set {z}, which has
no limit points at all.

Proposition 2.20 Let (x,); be a net in the space X and let A be a family of
subsets of X such that

(i) (=x,); Is frequently in each member of A;
(ii) for any A, B € A there is C € A such that C C AN B.

Then there is a subnet (zpg)), of the net (z,); such that (zpg)), is eventually
in each member of A.

Proof Equip A with the ordering given by reverse inclusion, that is, we define
A < B tomean B C A for A,B € A. For any A, B € A, there is C' € A with
C C AN B, by (ii). This means that C' = A and C' = B and we see that A is
directed with respect to this partial ordering.

Let € denote the collection of pairs (o, A) € I x A such that z_, € A;

E={(,A):aecl, Ac A, z € A}.

Define (a/, A") < (a,; A”) to mean that o/ < o” in I and A’ < A” in A. Then
=< is a partial order on €. Furthermore, for given (o/, A’), (a//, A”) in &, there is
a € I witha > o' and o = o”, and thereis A € A such that A = A"’ and A = A”.
But (z,) is frequently in A, by (i), and therefore there is 8 = a € I such that
rgy € A. Thus (8,A4) € € and (8, 4) = (a, A'), (B, 4) = (a, A”) and it follows that
€ is directed. € will be the index set for the subnet.

Next, we must construct a cofinal map from € to I. Define F' : € — I by
F((o,A)) = a. To show that F is cofinal, let o, € I be given. For any A € A
there is & > «a such that z_, € A (since (x,,) is frequently in each A € A. Hence
(a, A) € € and F((a, A)) = a = ag. So if (a/, A”) = (a, A) in &, then we have

F((d',AN)=d =a = qa,.

This shows that F is cofinal and therefore (z5((,,4)))¢ 1s a subnet of (z,,);.

It remains to show that this subnet is eventually in every member of A. Let
A € A be given. Then there is a € I such that x, € A and so («, A) € €. For any
(o/,A") € € with (o, A”) = (a, A), we have

xF((a’,A’)) =T, S Al Q A.

Thus (5 ((a,4)))e is eventually in A. "
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Theorem 2.21 A point x in a topological space X is a cluster point of the net
(x,); if and only if some subnet converges to .

Proof Suppose that x is a cluster point of the net (z,); and let N be the family
of neighbourhoods of x. Then if A, B € N, we have AN B € N, and also (z,,) is
frequently in each member of N. By the preceding proposition, there is a subnet
(y5) s eventually in each member of N, that is, the subnet (y;) converges to z.
Conversely, suppose that (y5)sc; = (:EF(B))BEJ is a subnet of (z,),; converging
to . We must show that x is a cluster point of (x,,);. Let IV be any neighbourhood
of . Then there is 3, € J such that Tpg) € N whenever 8 = [3,. Since I is
cofinal, for any given o’ € I there is 3/ € J such that F(3) = o whenever g = .
Let 8 = By and 8 = 3'. Then F(3) = o' and ygz = Tp) € N. Hence (x,);
is frequently in N and we conclude that z is a cluster point of the net (z,);, as
claimed. [

In a metric space, compactness is equivalent to sequential compactness—the
Bolzano-Weierstrass property. In a general topological space, this need no longer
be the case. However, there is an analogue in terms of nets.

Theorem 2.22 A topological space (X,7) is compact if and only if every net in
X has a convergent subnet.

Proof Suppose that every net has a convergent subnet. Let {G_}; be an open
cover of X with no finite subcover. Let F be the collection of finite subfamilies of
the open cover, ordered by set-theoretic inclusion. For each F' = {G ,...,G, } €
J, let zp be any point in X such that zp ¢ ., G,,- Note that such zp
exists since {G,} has no finite subcover. By hypothesis, the net (z), g has a
convergent subnet or, equivalently, by the previous theorem, a cluster point x, say.
Now, since {G,} is a cover of X, there is some o’ such that x € G_,. But then, by
definition of cluster point, (v )qg is frequently in G,,. Thus, for any F' € J, there
is ' = F' € Fsuch that x € G,. In particular, if we take F' = {G_, }, we deduce
that there is F' = {G,,,,...,G,, } such that F' = {G,}, that is, {G,} C F, and
such that z € G,. Hence G,, = G, for some 1 <14 < k, and

k
rpeG,, ClJG,,.
j=1

But xp ¢ U§:1 G, by construction. This contradiction implies that every open
cover has a finite subcover, and so (X, 7) is compact.

For the converse, suppose that (X, T) is compact and let (z,); be a net in X.
Suppose that (z,); has no cluster points. Then, for any z € X, there is an open
neighbourhood U, of x and «, € I such that z, ¢ U, whenever a > . The
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family {U, : € X} is an open cover of X and so there exists z,,...,z, € X such
that U?:1 U,, = X. Since [ is directed there is a = «; for each i =1,...,n. But
then z, ¢ U,, forall e =1,...,n, which is impossible since the U, ’s cover X. We

conclude that (z,); has a cluster point, or, equivalently, a convergent subnet. m

Definition 2.23 A universal net in a topological space (X,7) is a net with the
property that, for any subset A of X, it is either eventually in A or eventually in
X \ A, the complement of A.

The concept of a universal net leads to substantial simplification of the proofs
of various results, as we will see.

Proposition 2.24 If a universal net has a cluster point, then it converges (to
the cluster point). In particular, a universal net in a Hausdorff space can have at
most one cluster point.

Proof Suppose that = is a cluster point of the universal net (z_);. Then for each
neighbourhood N of z, (z,) is frequently in N. However, (x ) is either eventually
in N or eventually in X \ N. Evidently, the former must be the case and we
conclude that (x,) converges to x. The last part follows because in a Hausdorff
space a net can converge to at most one point. ]

At this point, it is not at all clear that universal nets exist!

Examples 2.25

1. It is clear that any eventually constant net is a universal net. In particular,
any net with finite index set is a universal net. Indeed, if (z,); is a net in X with
finite index set I, then I has a maximum element, o/, say. The net is therefore
eventually equal to x,,. For any subset A C X, we have that (x_); is eventually
in A or eventually in X \ A depending on whether z_, belongs to A or not.

2. No sequence can be a universal net, unless it is eventually constant. To see
this, suppose that (x,,),cy is a sequence which is not eventually constant. Then
the set S = {z,, : n € N} is an infinite set. Let A be any infinite subset of S
such that S\ A also infinite. Then (x,,) cannot be eventually in either of A or its
complement. That is, the sequence (x,,)y cannot be universal.

We shall show that every net has a universal subnet. First we need the following
lemma.
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Lemma 2.26 Let (x,); be a net in a topological space X. Then there is a family
C of subsets of X such that

(i) (=) is frequently in each member of C;
(i) ifA,Be€C then ANB €C;
(iii) for any A C X, either A€ C or X \ A€C.

Proof Let ® denote the collection of families of subsets of X satisfying the
conditions (i) and (ii):

¢ = {F : F satisfies (i) and (ii)}.

Evidently {X} € ® so ® # &. The collection ® is partially ordered by set
inclusion:

F, 2 F, if and only if 7, C F,, for F,, F, € ®.

Let {7} be a totally ordered family in ®, and put F= U, F,- We shall show

that F € ®. Indeed, if A € ﬁ, then there is some 7 such that A € 7, and so (x,)
is frequently in A and condition (i) holds.

Now, for any A, B € _7?, there is v; and 7, such that A € 7, and B € F_,.
Suppose, without loss of generality, that 7 =< F . Then A,B € F  and
therefore ANB € F,, C F, and we sce that condition (ii) is satisfied. Thus F € ®
as claimed.

By Zorn’s lemma, we conclude that ® has a maximal element, C, say. We shall
show that C also satisfies condition (iii).

To see this, let A C X be given. Suppose, first, that it is true that (x,) is
frequently in AN B for all B € C. Define F’ by

F'={CCX:ANBCC, for some B €C}.

Then C' € F' implies that AN B C C for some B in C and so (z,) is frequently
in C. Also, if C;,C, € F’, then there is B; and B, in C such that AN B; C C;
and AN B, C C,. It follows that AN (B, NB,) C C;NC,. Since B; N B, € C, we
deduce that C; N C, € F'. Thus F' € ®.

However, it is clear that A € F’ and also that if B € C then B € F'. But C is
maximal in ®, and so F' = C and we conclude that A € C, and (iii) holds.

Now suppose that it is false that (x,,) is frequently in every AN B, for B € C.
Then there is some B, € C such that (z,) is not frequently in AN B,. Thus there
is o such that z, € X \ (AN B,) for all & > «,. That is, (z,) is eventually in
X\(ANB,) = A, say. It follows that (x,,) is frequently in AN B for every B € C.
Thus, as above, we deduce that Aec. Furthermore, for any B € C, BN B, € C
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andso}lvﬂBﬂBOGC. But

ANBNB,=(X\(ANB,)N(BNB,)
=(X\A)U(X\By)NBNB,
= {(X\A) N BN B} U{(X\ By) N BN By}

v~

=9

=(X\A)NnBnBkB,

and so we see that (z,) is frequently in (X \ A) N BN B, and hence is frequently
in (X\ A)NB for any B € C. Again, by the above argument, we deduce that
X \ A € C. This proves the claim and completes the proof of the lemma. [

Theorem 2.27 FEvery net has a universal subnet.

Proof To prove the theorem, let (x,); be any net in X, and let C be a family
of subsets as given by the lemma. Then, in particular, the conditions of Propo-
sition 2.20 hold, and we deduce that (z,); has a subnet (yz); such that (yz); is
eventually in each member of C. But, for any A C X, either A € C or X \ A € C,
hence the subnet (y3); is either eventually in A or eventually in X \ A; that is,
(y5) s is universal. "

Theorem 2.28 A topological space is compact if and only if every universal net
converges.

Proof Suppose that (X,7T) is a compact topological space and that (z,) is a
universal net in X. Since X is compact, (z,) has a convergent subnet, with limit
x € X, say. But then z is a cluster point of the universal net (z,) and therefore
the net (z,,) itself converges to x.

Conversely, suppose that every universal net in X converges. Let (x,) be any
net in X. Then (z,) has a subnet which is universal and must therefore converge.
In other words, we have argued that (z,) has a convergent subnet and therefore
X is compact. [

Corollary 2.29 A non-empty subset K of a topological space is compact if and
only if every universal net in K converges in K.

Proof The subset K of the topological space (X, 7) is compact if and only if it is
compact with respect to the induced topology T, on K. The result now follows
by applying the theorem to (K, T ). n
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3. Product Spaces

Let (X,,7;) and (X,, T,) be topological spaces and let Y be their cartesian product
Y =X, xX,={(xy,25) : 2, € Xy, 25 € X, }.

We have discussed the product topology on Y in example 2 of Examples 1.2 and in
Example 1.38. Those sets of the form U x V, with U € T, and V € T, form a base
and, since U xV =U x X, NX; xV, thesets {UxX,, X; xV:UeT,, VeT,}
constitute a sub-base for the product topology.

The projection maps, p; and p,, on the cartesian product X; x X,, are defined
by

P Xy x X, = Xy, (2q,29) — x4
Py Xy x Xy = Xy, (3y,3y) — 2y

Then the product topology is the weakest topology on the cartesian product X; x
X, such that both p; and p, are continuous—the o(X; x X, {p;,py})-topology.

We would like to generalise this to an arbitrary cartesian product of topological
spaces. Let {(X,,T,) : @ € I} be a collection of topological spaces indexed by
the set I. We recall that X = [] X, the cartesian product of the X ’s, is
defined to be the collection of maps v from I into the union |J, X, satisfying
v(a) € X, for each a € I. We can think of the value y(«) as the a-coordinate of
the point v in X. The idea is to construct a topology on X = [[_ X, built from
the individual topologies T,. Two possibilities suggest themselves. The first is the
weakest topology on X with respect to which all the projection maps p, — X,
are continuous. The second is to construct the topology on X whose open sets
are unions of ‘super rectangles’, that is, sets of the form [[_ U, , where U, € T,
for every o € I. In general, these two topologies are not the same, as we will see.
We take the first of these as our definition of the product topology for arbitrary
products.

Definition 3.1 The product topology, denoted T, .4 on the cartesian product of

the topological spaces {(X,,7,) : « € I'} is the o(] [, X, J)-topology, where J is
the family of projection maps {p, : o € I}.

25
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Remark 3.2 Let G be a non-empty open set in X, equipped with the prod-
uct topology, and let v € GG. Then, by definition of the topology, there exist
ayg,...,a, €I and open sets U, in X, , 1 <14 < n, such that

v € pg, Uy,) N---Npg [ (U,,) € G.
Hence there are open sets S, o € I, such that v € [, S, € G and where S, = X,

except possibly for at most a finite number of values of a in I. This means that
G can differ from X in at most a finite number of components.

Now let us consider the second candidate for a topology on X. Let § be the
topology on X with base given by the sets of the form [[_ V., where V,, € T, for

« € I. Thus, a non-empty set G in X belongs to 8 if and only if for any point x
in G there exist V_, € T, such that

erVagG.

Here there is no requirement that all but a finite number of the V, are equal to
the whole space X, .

Definition 3.3 The topology on the cartesian product []_, X, constructed in this
way is called the box-topology on X and denoted T ..

Evidently, in general, § is strictly finer than the product topology, T ,.,q4-

Proposition 3.4 A net (z,) converges in (][, X,,T0q) if and only if (p,(x,))
converges in (X, T, ) for each a € 1I.

Proof This is a direct application of Theorem 2.14. [

Example 3.5 Let [ = N, let X, be the open interval (—2,2) for each k € N, and
let T, be the usual (Euclidean) topology on X,.. Let x,, € [[, X}, be the element
z, = (2,1, 1) that is, p,(z,) = L for all k € I = N. Clearly p,(z,) — 0
as n — oo, for each k and so the sequence (z,,) converges to z in ([[, Xz, Tpr0a)
where z is given by p,(z) = 0 for all k.

However, (z,,) does not converge to z with respect to the box-topology. Indeed,
to see this, let G =[], A, where A, is the open set A, = (=7, %) € T;,. Then G
is open with respect to the box-topology and is a neighbourhood of z but z,, ¢ G
for any n € N. It follows that, in fact, (x,,) does not converge at all with respect
to the box-topology—if it did, then the limit would have to be the same as that

for the product topology, namely z.
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This is a first indication that the box-topology may not be very useful (apart
from being a possible source of counter-examples).

Suppose that each (X_,7T,), o € I, is compact. What can be said about the
product space [, X, with respect to the product and the box topologies?

Example 3.6 Let ] = N and let X, = [0,1] for each k € I = N and equip each
X, with the Euclidean topology. Then each (X, 7)) is compact. However, the
product space [[, X, is not compact with respect to the box-topology. To see
this, let I, (t) be the open disc in X, with centre ¢ and radius %,

() =[0,1] N ( — 1,t+%) c[0,1].

k
Evidently, the diameter of I, (t) is at most 2. For each z € ], X, let G, be the
set

G, =[] L((®))
k

the product of the open sets I, (x(k)), each centred on the k" component of z and
with diameter at most % The set G, is open with respect to the box-topology
and can be pictured as an ever narrowing ‘tube’ centred on x = (z(k)).

Clearly, {G, : € [[, X} is an open cover of [[, X, (for the box-topology).
We shall argue that this cover has no finite subcover—this because the tails of
the G,’s become too narrow. Indeed, for any points x,,...,z, in [[, X}, and any
m € N, we have

PGy, U UG, ) =L, (z,(m)U--- UL, (x,(m)).
Each of the n intervals I, (z;(m)), for 1 < j < n, has diameter not greater than
%, so any interval covered by their union cannot have length greater than %” If
we choose m > 3n, then this union cannot cover any interval of length greater
than %, and in particular, it cannot cover X, . It follows that G ,..., G, is not

a cover for [[, X, and, consequently, [[, X, is not compact with respect to the
box-topology.

This behaviour cannot occur with the product topology—this being the content
of Tychonov’s theorem which shall now discuss. It is convenient first to prove a
result on the existence of a certain family of sets satisfying the finite intersection

property (fip).
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Proposition 3.7 Suppose that F is any collection of subsets of a given set X
satisfying the fip. Then there is a maximal collection D containing F and satisfying
the fip, i.e., if ¥ CJF' and if F’' satisfies the fip, then ' C D. Furthermore,

(i) ifAy,...,A, €D, then A, N---NA, €D, and
(ii) if A is any subset of X such that AND # @& for all D € D, then A € D.

Proof As might be expected, we shall use Zorn’s lemma. Let C denote the
collection of those families of subsets of X which contain F and satisfy the fip.
Then F € C, so C is not empty. Evidently, C is ordered by set-theoretic inclusion.
Suppose that ® is a totally ordered set of families in C. Let A = U 8. Then

Sed
F C A, since F C 8§, for all § € &. We shall show that A satisfies the fip. To

see this, let S;,...,S5, € A. Then each S; is an element of some family §, that
belongs to ®. But @ is totally ordered and so there is i, such that §; C 8, for all
1 <i<mn. Hence Sy,...,5, €38, andso S;N---NS, # & since §, satisfies the
fip. It follows that A is an upper bound for ® in C. Hence, by Zorn’s lemma, C
contains a maximal element, D, say.

(i) Now suppose that A,,..., A € Dandlet B= A, N---NA,_. Let D' = DU{B}.
Then any finite intersection of members of D’ is equal to a finite intersection of

members of D. Thus D’ satisfies the fip. Clearly, § C D’, and so, by maximality,
we deduce that D' = D. Thus B € D.

(ii) Suppose that A C X and that AND # & for every D € D. Let D' = DU{A},
and let D,...,D, € D'. If D, € D, for all 1 <i <m, then D, N---ND, # @
since D satisfies the fip. If some D; = A and some D, # A, then D, N---ND,,
has the form D, N---N D, N A with D,,...,D, € D. By (i), D;nN---N D, €D
and so, by hypothesis, AN (D, N...D,) # @. Hence D’ satisfies the fip and, again
by maximality, we have D’ = D and thus A € D. n

We are now ready to prove Tychonov’s theorem which states that the product
of compact topological spaces is compact with respect to the product topology. In
fact we shall present three proofs. The first is based on the previous proposition,
the second (due to P. Chernoff) uses the idea of partial cluster points together
with Zorn’s lemma, and the third uses universal nets.
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Theorem 3.8 (Tychonov’s theorem) Let {(X_,T,) : « € I} be any given collec-
tion of compact topological spaces. Then the cartesian product ([, X, Tproa)s
equipped with the product topology is compact.

Proof (version 1) Let J be any family of closed subsets of [], X, satisfying the
fip. We must show that (.4 F # @. By the previous proposition, there is a
maximal family D of subsets of [[_ X, satisfying the fip and with ¥ C D. (Note
that the members of D need not all be closed sets.)

For each v € I, consider the family {p (D) : D € D}. Then this family satisfies
the fip because D does. Hence {p,(D) : D € D} satisfies the fip. But this is a
collection of closed sets in the compact space (X, T, ), and so

() (D) # 2.

DeD

That is, there is some z, € X, such that z, € p, (D) for every D € D.

Let z € [],, X,, be given by p,(z) = z,, i.e., the a'" coordinate of z is x,,. Now,
for any o € I, and for any D € D, x,, € p, (D) implies that for any neighbourhood
U, of z, we have U, Np,(D) # @. Hence p,*(U,) N D # @ for every D € D.
By the previous proposition, it follows that p 1(U,) € D. Hence, again by the

previous proposition, for any «ay,...,«a, € I and neighbourhoods U, ,...,U, of

T x, , respectively,

arr Lo
—1 —1
pa1 (Ual) AEEE mpan(Uan) €D.
Furthermore, since D has the fip, we have that

Pat(Uy,) N Np (U,

a1 (07

IND#a

for every finite family o, ..., a,, € I neighbourhoods U, ,...,U, ofx, ,...,z, ,
respectively, and every D € D.

We shall show that € D for every D € D. To see this, let G be any
neighbourhood of x. Then, by definition of the product topology, there is a finite

family ay,...,a,, € I and open sets U, ,...,U, such that

«

zep, U, )N---Np (U, )CG.

(e3] QAm

But we have shown that for any D € D,
DNp ! (U,)Nn---Np,t (U, )# 2

gl

and therefore DNG # @. We deduce that « € D, the closure of D, for any D € D.
In particular, x € F = F for every F € F. Thus

(F+#2
Fed

since it contains x. The result follows. n
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Proof (version 2) Let (7,),c4 be any given net in X = [],.; X;. We shall show
that (,) has a cluster point. For each ¢ € I, (v,(¢)) is a net in the compact
space X, and therefore has a cluster point z,, say, in X,. However, the element
v € X given by v(i) = z;, need not be a cluster point of (v,). (For example,
let I = {1,2}, X; = X, = [—1,1] with the usual topology and let (v,) be the
sequence ((z,,,y,)) = (((=1)™,(=1)"*1)) in X, x X,. Then 1 is a cluster point
of both (z,,) and (y,,) but (1,1) is not a cluster point of the sequence ((x,,,,,)).)
The idea of the proof is to consider the set of partial cluster points, that is, cluster
points of the net (v,) with respect to some subset of components. These are
naturally partially ordered, and an appeal to Zorn’s lemma assures the existence
of a maximal such element. One shows that this is truly a cluster point of (v, ) in
the usual sense.

For given y e X and J C I, J 7é @ let v | J denote the element of the partial
cartesian product []; jeq X, whose §*" component is given by v | J(j) = v(j), for
J € J. In other words, v [ J is obtained from v by simply ignoring the components
in each X; for j ¢ J. Let g € [];.;X;. We shall say that g is a partial cluster
point of (v,) if g is a cluster point of the net (v, [ J),c4 in the topological space
[I;c; X;. Let P denote the collection of partial cluster points of (v,). Now, for
any j € I, X, is compact, by hypothesis. Hence, (7,(j)),ca has a cluster point,
z;, say, in X;. Set J = {j} and define g € [[;.(;, X; = X; by g(j) = ;. Then g
is a partial cluster point of (v, ), and therefore P is not empty.

The collection P is partially ordered by extension, that is, if g; and g, are
elements of P, where g, € ngJ X, and gy € HJGJZ we say that g, < g, if
J, C Jy and ¢,(j) = g5(j) for all j € J;. Let {g, € ngJ X, : A € A} be any
totally ordered family in P. Set J = (J ¢, Jy and define g € ngJ X, by setting
9(3) = 9,(j), j € J, where X is such that j € J,. Then g is well-defined because
{g, : A € A} is totally ordered. It is clear that g > g, for each A € A. We claim
that g is a partial cluster point of (,). Indeed, let G be any neighbourhood of g
in X; = HjeJXj. Then there is a finite set F' in J and open sets U; € X, for
j € F, such that g € ﬂjerj_l(Uj) C G. By definition of the partial order on P, it
follows that there is some A € A such that F' C J,, and therefore g(j) = g,(j), for
j € F. Now, g, belongs to P and so is a cluster point of the net (v, [ Jy)aeca- It
follows that for any o € A there is o/ = a such that p;(v,.) € U, for every j € F.
Thus v,, € G, and we deduce that g is a cluster point of (v, [ J),. Hence g is a
partial cluster point of (v, ) and so belongs to P.

We have shown that any totally ordered family in P has an upper bound and
hence, by Zorn’s lemma, P possesses a maximal element, ~, say. We shall show
that the maximality of v implies that it is, in fact, not just a partial cluster point
but a cluster point of the net (v,). To see this, suppose that vy € H e X, with
J C I, so that v is a cluster point of (v, [ J),c4- We shall show that J = I. By
way of contradiction, suppose that J # I and let k € I\ J. Since 7 is a cluster
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point of (v, [ J)aea In [[;c;X;, it is the limit of some subnet (v | J)gep:
say. Now, (745 (k))sep is a net in the compact space X, and therefore has a
cluster point, £ € X, , say. Let J' = J U {k} and define 4" € [] X, by

v (j) = { z(j)’ ji}z

jeg

We shall show that 4 is a cluster point of (7, [ J'),ca- Let F' be any finite subset
in J and, for j € F', let U; be any open neighbourhood of +'(j) in X, and let
V' be any open neighbourhood of 7/(k) = £ in X,.. Since (’Y¢>(ﬁ))ﬁeB converges
to v in HjeJXj, there is 3, € B such that ’Yqﬁ(ﬁ)(j)ﬁeB € U; for each j € F for
all 6 > ;. Furthermore, (7¢(ﬂ)(k)ﬁeB is frequently in V. Let oy € A be given.
There is 3, € B such that if § = 3, then ¢(8) = «,. Let 5, € B be such that
By = By and B, = ;. Since (’7¢(,8)(k)ﬁeB is frequently in V', there is 5 > (3, such
that v, (k) € V. Set a = ¢(3) € A. Then a = ay, 7,(k) € V and, for j € F,
Yo (J) = V() (J) € U;. It follows that 4" is a cluster point of the net (v, [ J'),ca,
as required. This means that v/ € P. However, it is clear that v < +" and that
~ # ~'. This contradicts the maximality of 7 in P and we conclude that, in fact,
J = I and therefore v is a cluster point of (v,),ca-

We have seen that any net in X has a cluster point and therefore it follows
that X is compact. [

Finally, we will consider a proof using universal nets.

Proof (version 3) Let (7,),c4 be any universal net in X = [[..; X;. For any
1 € I, let S; be any given subset of X, and let S be the subset of X given by

S={yeX:q(i)eS.}.

Then (v,) is either eventually in S or eventually in X \ S. Hence we have that
either (v,(7)) is either eventually in S, or eventually in X, \ S,. In other words,
(Yo (1)) aeca is a universal net in X,. Since X, is compact, by hypothesis, (v, (7))
converges; v, (i) — x;, say, for i € I. Let v € X be given by v(i) = z,, i € I. Then
we have that p,(v,) = v,(i) — x; = (i) for each i € I and therefore v, — ~ in
X. Thus every universal net in X converges, and we conclude that X is compact.

|
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The Hausdorft property of a topological space is the ability to separate distinct
points. We shall extend this idea and consider the separation of disjoint closed
sets.

Definition 4.1 A topological space (X,7) is said to be normal if for any pair of
disjoint closed sets A and B there exist disjoint open sets U and V such that
ACUand BCV.

In other words, a topological space is normal if and only if disjoint closed
sets can be separated by disjoint open sets. If we extend the use of the word
neighbourhood by saying that N is a neighbourhood of a set C' if there is some
open set G such that C C G C N, then (X, 7) is normal if and only if every pair
of disjoint closed sets have disjoint neighbourhoods.

If (X, 7) is normal and if every one-point set is closed, then (X, T) is Hausdorff.
For this reason, the condition that one-point sets be closed is often taken as part
of the definition of a normal topological space.

Example 4.2 Let X = {0,1,2} with T = {@,X,{0},{1,2}}. Then (X,7) is
normal—every closed set is also open. However, (X, T) is not Hausdorff. In this
case, the one-point sets {1} and {2} are not closed.

Let B(z;r) denote the ‘open’ ball B(x;r) = {2’ € X : d(x,2") < r} in the
metric space (X, d).

Proposition 4.3 FEvery metrizable topological space is normal.

Proof Suppose that A and B are non-empty disjoint closed sets in the metrizable
space (X,7). Then X \ A and X \ B are open sets with B C X\ Aand A C X\ B.
Hence, for each a € A, there is some £, > 0 such that B(a;e,) € X \ B, and
similarly, for each b € B, there is some g, > 0 such that B(b;¢,) C X\ A. It follows
that d(a,b) > max{e,,e,}, for any a € A, b € B. For a € A, set U, = B(q; %ea),
and for b € B, set V, = B(b; 1¢,). Put U = J,c4 U, and V = J,c5 V;- Then U
and V are both open and A CU and BC V.
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We claim that U and V' are disjoint. Indeed, if z € UNV, then x € U, NV, for
some a € A and b € B. This means that d(z,a) < 1e, and d(z,b) < 3¢,. Hence

d(a,b) < d(z,a)+ d(x,b)
< %(Sa + Eb)
S max{ga, €b}

which is a contradiction. We conclude that U NV = @, as required. [

We can give an alternative proof using the continuity of the distance between
a point and a set in a metric space. We recall that if x is any point in a metric
space (X,d) and A is any non-empty subset of X, the distance between z and A
is given by
dist(z, A) = inf{d(z,a) : a € A}.

One shows that = +— dist(z, A) is a continuous mapping from X into R and that
xr € A if and only if dist(z, A) = 0. Now suppose that A and B are disjoint
closed non-empty sets in X. Put U = {z € X : dist(z, B) — dist(xz, A) > 0} and
V = {z € X : dist(z, B) — dist(z, A) < 0}. Then U is the inverse image of the
open set {t € R : ¢t > 0} under the continuous map z — dist(x, B) — dist(x, A)
and so is open in X. Similarly, V' is open, being the inverse image of the open set
{t € R:t < 0} under the same continuous map. It is clear that U NV = &. Now,
if @ € A, then dist(a, A) = 0. If dist(a, B) were 0, we would conclude that a € B.
But B is closed so that B = B and we know that a ¢ B. Hence dist(a, B) > 0
and so a € U. Thus A C U. Similarly, B C V and the result follows.

Theorem 4.4 FEvery compact Hausdorff space is normal.

Proof Suppose that (X,7) is a compact Hausdorff topological space. We shall
first show that if z € X and F' is a closed set not containing z, then z and F have
disjoint neighbourhoods.

For any = € F', there are disjoint open sets U, and V,, such that z € U, and
x €V, (by the Hausdorff property). The sets {V, : z € F'} form an open cover of
F. Now, F'is a closed set in a compact space and so is compact. Hence there is
a finite set J in F' such that F" C|J, ., V,. Pt U=, ., U, and V = J ., V.
Then U and V are both open, z € U, FF C V and for any z € J, U C U, so that
UNV,=@. Hence UNV = @.

Now let A and B be any pair of disjoint non-empty closed sets in X. For each
a € A there are disjoint open sets U, and V, such that a € U, and B C V, by the
above argument. The sets {U, : a € A} form an open cover of the compact set A
and so there is a finite set S in A such that A C J,.qU,. Put U = {J,cq U, and
V = maES V.. Then U and V are both open and A C U and B C V. Furthermore,
U,NV CU,NV, =2 and so U and V are disjoint and the proof is complete. =
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Next we show that normal spaces are characterized by the property that any
open neighbourhood of a closed set contains the closure of an open neighbourhood
of the closed set.

Theorem 4.5 The topological space (X, 7T) is normal if and only if for any closed
set ' and open set V with F' C V', there is an open set U such that

FCUCUCV.

Proof For notational convenience, let us denote the complement X \ A of any set
A by A°€. Suppose that (X,T) is normal and let F' be any closed set and V any
open set with /' C V. Then FNV¢ = &. Now, V¢ is closed and so there are
disjoint open sets U and W such that F' C U and V¢ C W. Thus W°¢ C V. But
to say that U and W are disjoint is to say that U C W¢€. Since W is open, W€ is
closed and therefore U C W¢. Piecing all this together, we have

FCUCUCWeCV.

In particular, FCU CU C V.

For the converse, let A and B be any pair of disjoint closed sets. Then B¢ is
open and A C B°. By hypothesis, there is an open set U such that A CU C U C
B¢. Put V = U°. Then V is open and U C B¢ implies that B C U'=V. Itis
clear that U NV = @ and we conclude that (X, T) is normal. "

The next result, Urysohn’s lemma, ensures a plentiful supply of continuous
functions on a normal space.

Theorem 4.6 (Urysohn’s lemma) For any pair of non-empty disjoint closed
sets A and B in a normal space (X, T) there is a continuous map f : X — R with
values in [0, 1] such that f | A=0and f | B=1.

Proof Suppose that A and B are non-empty disjoint closed sets in the normal
space (X,T). Let U; = X \ B. Then U, is open and A C U,. Hence there is an
open set U, say, such that

ACU,CU,CU,.

We shall construct a family {U. NS Q} of open sets, labelled by the rationals,
Q, such that U, C U, whenever p < q.

To do this, we first consider the rational numbers in the interval [0, 1]. This is
a countable set, so we may list its members in a sequence, and we may begin with
the rationals 0,1 as the first two terms:

Qn [071] = {p1 = 07p2 = 1,p3,p4,...}.
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We have already set U, = U, and U,, = U;. We shall construct U, recursively.
Suppose that we have already constructed open sets U, ,...,U, such that U, C
Upj whenever p; < p;, 1 < i < j < n. We now construct Upnﬂ. Let p, be
the largest and p; the smallest member of the set {p;,...,p,} such that p, <
Ppy1 < pj. By hypothesis, U, C Upj. Let U, ., be any open set satisfying
U_m cU,., C m C U, Thus, to every rational p in [0, 1] we have associated
an open set U, such that U, C U, whenever p < ¢. For p € Q with p < 0, set
U, =g, and for p € Q with p > 1, set U, = X. Then U, C U, whenever p < g,
for any p,q € Q.

We use this family of open sets to construct a suitable function on X. To this

end, for given z € X, let

Q,={peQ:zel,}.

Iftp € Q,, thenz € U,. But U, C U, whenever p < ¢, so that x € U, for any ¢ > p.
That is, ¢ € Q,, whenever ¢ > p. Furthermore, if p < 0, then U, = & so that
z ¢ U,. It follows that @, C [0,00). Now, if p > 1, then U, = X, so that z € U,,.
Hence @), contains all rationals greater than 1. It follows that inf @), € [0, 1].

Define the map f: X — Rby f:2+— inf@Q, , x € X. Then f takes its values
in the interval [0,1]. We observe that if © € A, then z € U, and so 0 € (), and
therefore f(x) = 0. Next, we see that if z € B, then = ¢ U; = X \ B, so that
x ¢ U, for any p < 1. Hence @, = {p € Q : p > 1} and so f(z) = 1. Thus
flTA=0and f | B=1, and all that remains is to prove that f is continuous.

It is sufficient to show that f~!(G) is open in (X,T) for any open set G of
the form (a,b) with a < b since such sets form a base for the topology on R. We
shall show that f=1((—o0,a)) is open. If a < 0, then f~!((—oc0,a)) = @, and
if a > 1, f71((—00,a)) = X, so we need only consider 0 < a < 1. We have
f1((=00,a)) = {x € X : f(z) < a}. We claim that this set is equal to Up<a Up-
Indeed, suppose that z is such that f(z) < a. Then inf @), < a and so there is
some p € (), such that p < a. Thus € U,. On the other hand, if p € Q with
p <aandif x € Uy, then p € (), so that inf @, < p < a. Hence

{reX:flx)y<a}=J U,

p<a

as claimed. It follows that {z € X : f(z) < a} is an open set.

Now consider f~1((b,00)) = {x € X : f(z) > b}. If b < 0 then this set is equal
to X, and if b > 1 it is empty, so let 0 < b < 1. We claim that this set is equal to
Uq>b X\ ﬁq. To see this, suppose that f(z) > b. Then inf (), > b and so there is
some rational p > b such that p ¢ Q,, that is, z ¢ U,. Now let ¢ be any rational
such that b < ¢ <p. Then U, CU, and so x ¢ U,. Thus, z € X\ U,.
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Conversely, suppose that ¢ is a rational with ¢ > b and x € X \ ﬁq. Then
x ¢ U, and so certainly = ¢ U,. Hence z ¢ U, for any p < ¢ and we deduce that
(), contains no rationals less than g. It follows that inf @), > ¢ > b, and therefore
f(z) > b. Thus we have shown that

{xGX:f(x)>b}:UX\7q

q>b

which is an open set in X . It follows that f~!((a,b)) = f~1((—o0,a))Nf~1((b, 0))
is an open set in X and we conclude that f is continuous and the proof is complete.
n

Remark 4.7 The values 0 and 1 in the theorem are not critical. Indeed, if f is
as in the statement of the theorem and if o < (3 is any pair of real numbers, put
g=a+ (f—a)f. Then g is a continuous map from X into R with values in the
interval [a, (] such that g | A=« and g [ B = 5.

Note also that the theorem makes no claim as to the value of f outside the
sets A and B, other than it lies in [0, 1]. It is quite possible for f to assume either
of the values 0 or 1 outside A or B. The next result sheds some light on this. A
subset of a topological space is said to be a G set if it is equal to a countable
intersection of open sets.

Theorem 4.8 Let A and B be non-empty closed disjoint subsets of a normal
space (X, 7). There is a continuous map f : X — R with values in [0, 1] such that

(i) AC{re X: f(x)=0} and

(i) BC{zeX: f(z)=1}
with equality in (i) if and only if A is a G set, and equality in (ii) if and only if
B is a G set.

Proof If f : X — R is continuous with values in [0, 1], then the closed set
{z € X : f(x) =0} can be written as

{reX: f(x)=0}= ﬂ{xEX:f(x)<%}
neN

which is evidently a G set since each term on the right hand side is an open set
in X. Similarly,

{:I:EX:f(J;)zl}:ﬂ{xEX:f(x)>1—%}

neN
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is a G5 set. Thus equality in (i) or (ii) demands that A or B be a G set, respec-
tively.

Suppose now that A and B are disjoint closed sets and that A is a G5 set, say,
A=,G,, G, openin X. By replacing {G,, }, cx by the family {G; N---NG, N
(X \ B)},en» we may assume that G, ; € G,, and that G, N B = & for n € N.

For each n € N, let f, : X — R be a continuous map with values in [0, 1]
such that f, | A=0and f, | X\ G, = 1. Such f, exist by Urysohn’s lemma.
Put f =3 >",27"f,. Then one checks that f is continuous on X with values
in [0,1] and that f [ B = 1 (because y - 27" = 1). We wish to show that
A={zr e X: f(x) =0}. Certainly f vanishes on A since each f, does. Suppose
that f(z) =0. Then f, (x) = 0 for each n € N. This means that z € G,, for every
nand so x € ),y G, = A. Hence A = {z € X : f(x) = 0}.

Suppose now that B is a G5 set. Construct a continuous map f : X — R as
above but with B ={r € X : f(x) =0} and f | A=1. Set g =1— f. Then
g : X — R is continuous, has values in [0,1] and g | A =0and B = {z € X :
g(z) =1}.

Now suppose that both A and B are G sets. Let f and g be as above and
set h = %(f + g). Then h : X — R is continuous, takes values in [0, 1] and
A={ze X :h(x)=0}and B={z € X : h(z) = 1}. "

The next result we shall discuss is the Tietze extension theorem which asserts
that a partially defined continuous map on a normal space can be extended to
the whole space without spoiling its continuity. We first recall that if (X, 7) is a
topological space then Cy(X,R), the linear space of continuous real-valued maps
on X, equipped with the norm || f|| ., = sup{|f(x)| : * € X}, is a complete normed
space. Indeed, C,(X,R) is a closed subspace of £>°(X,R), the Banach space of all
bounded real-valued maps on X, equipped with the sup-norm.

Theorem 4.9 (Tietze extension theorem) Suppose that A is a closed subset of a
normal topological space (X, 7).

(i) Any continuous map f from A into R with values in the interval [a,b] can
be extended to a continuous map of X into R also with values in [a, b]; that
is, there is a continuous map ¢ from X into R such that g(x) € [a,b] for
each x € X and such that g(x) = f(x) for x € A.

(ii) Any continuous map from A into R may be extended to a continuous map
from X into R.

Proof (i) Without loss of generality, we may suppose that [a,b] is the interval
[—1,1]. Suppose, then, that f: A — R is continuous and that f has values in the
interval [—1,1]. Let Ay = {z : f(z) < 3} and B, = {z : f(z) > 3}. Evidently,
Ay, N By = &, and the continuity of f implies that A, and B, are closed sets in
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A. Since A is closed in X, both A, and B, are closed in X. By Urysohn’s lemma,
there is a continuous function g, : X — R with values in the interval [—3, 1] such
that go(z) = —% for z € A; and g,(z) = 3 for © € B,. Then |(f — g,)(z)| < 2 for
each x € A, so that f — g, is a continuous real-valued function on A with values
in the interval [—%, %] Set f; = 3(f — g,). Then f, is a continuous map from A
into R with values in [—1, 1].

Set f, = f, and suppose that n > 0 and that f,, : A — R has been constructed
such that f, is continuous and takes its values in the interval [—1,1]. The above
argument can be applied to f,, instead of f to yield a continuous map g,, : X — R
with values in [—3, 3] such that f, — g, has values in [~2,2]. We then put
foi1 = 2(f, — 9n), so that f,_, : A— R is continuous and has values in [—1,1].
Thus f,, and g,, are defined recursively for all n > 0.

By construction,

f=lh=g9+ %fl
=Ygot+ %91 + (%)sz
=9o T %91 + (%)292 + (%)Bf?,

=go+2g+ o+ (3 g+ (3"

n+1-

Put s, = gy + 29, + -+ (%)"g, on X. Then it is clear that (s,) is a Cauchy
sequence in Cp(X,R) so that there is g such that s, — ¢ in C,(X,R). Since
|g;(x)] < & for each i > 0, we see that s, (z) < 1 and so it follows that [g(z)| < 1

n+1
[

for all z € X. But we also have that, for any = € A, (%) ne1(z) — 0in R as

n — oo. It follows that, for x € A,

f@) = s,(2) + (2)" fo (@)

and so g = f on A, and g : X — R is a continuous extension of f, as required.

(ii) Suppose now that f : A — R is continuous and that f takes values in the
open interval (—1,1). We shall show that f can be extended to a continuous
function with values also in (—1,1). Certainly, f takes its values in [—1, 1] and
so, as above, there is a continuous map g : X — R with values in [—1,1] such
that ¢ = f on A. We must modify ¢g to remove the possibility of the values +1.
Set D = g71({—1,1}). Then D is a closed subset of X, since g is continuous.
Furthermore, on A, g agrees with f which does not assume either of the values 1
or —1,s0 AND = @. By Urysohn’s lemma, there is a continuous map ¢ : X — R
such that ¢ takes its values in [0, 1] and such that ¢ vanishes on D and is equal to
1 on A. Put h(z) = ¢(z)g(x) for x € X. Then h : X — R is continuous, since it
is the product of continuous maps. Moreover, for any x € A, h(z) = p(z)g(z) =
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1g(x) = f(x). Finally, we note that for z € D, h(z) = ¢(x)g(x) = 0, and, for
x ¢ D, |h(z)| = |p(x)] |g(x)| < 1 since |p(x)] <1, for all z € X, and |g(z)| < 1 for
x ¢ D. Hence h has values in the interval (—1,1).

For the general case, f : A — R, put F(z) = ¢(f(z)), for z € A, where
Y : R — (—1,1) is the map = — ¢(z) = /(1 + |z|). Then 1 is a continuous map
with a continuous inverse. By the above, there is a continuous map G : X — R
with G | A = F. Setting g(z) = ¥ }(G(z)), for z € X, gives a continuous
extension of f as required. n



5. Vector Spaces

We shall collect together here some of the basic algebraic results we will need
concerning vector spaces. We wish to consider vector spaces either over R, the field
of real numbers, or over C, the complex numbers, so for notational convenience,
we use the symbol K to stand for either R or C. It is often immaterial which of
these fields of scalars is used, but when it is important we will indicate explicitly
which is meant.

Definition 5.1 A finite set of elements z,...,z
said to be linearly independent if and only if

, in a vector space X over K is

oy + -+ ao,x, =0

with a4, ..., «, € Kimplies that a; =--- = ,, = 0. A subset A in a vector space
is said to be linearly independent if and only if each finite subset of A is.

Definition 5.2 A linearly independent subset A in a vector space X is called a
Hamel basis of X if and only if any non-zero element z € X can be written as

T =o0qu +- -+,

for some m € N, non-zero a4, ..., qa,, € K and distinct elements u,...,u,, € A.

In other words, A is a Hamel basis of X if it is linearly independent and if any
element of X can be written as a finite linear combination of elements of A.

Note that if A is a linearly independent subset of X and if x € X can be
written as ¢ = ayuy + -+ + a,,u,,, as above, then this representation is unique.

To see this, suppose that we also have that = 8,v; + --- + [, v, for non-zero
By, ..., B € Cand distinct elements v,,...,v, € A. Taking the difference, we get

0=ou; +--+ao,u, —Biv; — - — B -

)
J
by independence, cannot also be different from all the u;’s. In other words, v,

Suppose that m < k. Now v, is not equal to any of the other v,’s and so,

40
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is equal to one of the w,;’s. Similarly, we argue that every v; is equal to some

u; and therefore we must have m = k and v,,...,v,, is just a permutation of
Uy, ...,u,,. But then, again by independence, (3, ..., 3,, is the same permutation
of ay,...,,, and so the representation of x as a finite linear combination of

elements of A (with non-zero coefficients) is unique.

In order to establish the existence of a Hamel basis, we shall need to use Zorn’s
lemma, which shall discuss next. First we need the concept of maximal member
in a partially ordered set.

Definition 5.3 An element m in a partially ordered set (P, <) is said to be maximal
if m =< x implies that x = m. Thus, a maximal element cannot be ‘majorized’ by
any other element.

Example 5.4 Let P be the half-plane in R? given by P = {(z,y) : * +y < 0},
equipped with the partial ordering (a,b) = (¢, d) if and only if both a < cand b < d
in R. Then one sees that each point on the line  + y = 0 is a maximal element.
Thus P has many maximal elements. Note that P has no ‘largest’ element, i.e.,
there is no element z € P satisfying x < z, for all x € P.

Definition 5.5 An upper bound for a subset A in a partially ordered set (P, <) is
an element z € P such that a < z for all a € A.

A subset C of a partially ordered set (P, =) is said to be a totally ordered
subset (or a linearly ordered subset or a chain) in P if, for any pair ¢/,¢” € C,
either ¢ < ¢” or ¢ < ¢. In other words, C' is totally ordered if any two elements
in C' are comparable.

We now have sufficient terminology to state Zorn’s lemma which we shall accept
without proof.

Zorn’s lemma Let P be a non-empty partially ordered set. If every chain in P
has an upper bound, then P possesses at least one maximal element.

Remark 5.6 As stated, the underlying intuition is perhaps not evident. The idea
can be roughly outlined as follows. Suppose that a is any element in P. If a is
not itself maximal then there is some x € P with a =< z. Again, if x is not a
maximal element, then there is some y € P such that x < y. Furthermore, the
three elements a, x,y form a totally ordered subset of P. If y is not maximal, add
in some greater element, and so on. In this way, one can imagine having obtained
a totally ordered subset of P. By hypothesis, this set has an upper bound, «,
say. (This means that we rule out situations such as having arrived at, say, the
natural numbers 1,2, 3,..., (with their usual ordering) which one could think of
having got by starting with 1, then adding in 2, then 3 and so on.) Now if « is not
a maximal element, we add in an element greater than o and proceed as before.
Zorn’s lemma can be thought of as stating that this process eventually must end
with a maximal element.
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Zorn’s lemma can be shown to be equivalent to Hausdorff’s maximality prin-
ciple and the axiom of choice. These are the following.

Hausdorff’s maximality principle Any non-empty partially ordered set contains a
maximal chain, i.e., a totally ordered subset maximal with respect to being totally
ordered.

Axiom of Choice Let {A, : a € J} be a family of (pairwise disjoint) non-empty
sets, indexed by the non-empty set J. Then there is a mapping ¢ : J — |, 4,
such that ¢(«a) € A, for each o € J.

Thus, the axiom says that we can ‘choose’ a family {a,} with a, € A, for
each a € J, namely, the range of ¢. (The requirement that the {A_} be pairwise
disjoint is not essential and can easily be removed—by replacing A, by B, =

{(a,a) :a € A_}.) As a consequence, this axiom gives substance to the cartesian
product [], A,.

We are now in a position to attack the existence problem of a Hamel basis.

Theorem 5.7 Every vector space X (# {0}) possesses a Hamel basis.

Proof Let § denote the collection of linearly independent subsets of X, partially
ordered by inclusion. Let {S, : @ € J} be a totally ordered subset of 8. Put
S =U,95, We claim that S is linearly independent. To see this, suppose that
Zy,...,%,, are distinct elements of S and suppose that

Moyt Az, =0

for non-zero Ay,..., A, € K. Thenz, €S, ,...,z,, €S, forsomeay,...,a, €
J. Since {S,} is totally ordered, there is some o € J such that S, € S/, ...,
S, € S,. Hence xy,...,x,, € S,. But S, is linearly independent and so we
must have that A\, =--- =X, = 0. We conclude that S is linearly independent,
as claimed.

It follows that S is an upper bound for {S,} in 8. Thus every totally ordered
subset in § has an upper bound and so, by Zorn’s lemma, § possesses a maximal
element, M, say. We claim that M is a Hamel basis.

To see this, let z € X, x # 0, and suppose that an equality of the form
x:)\1u1+'+)\kuk

is impossible for any k € N, distinct elements u,,...,u;, € M and non-zero
A5y A, € Ko Then, for any distinct uq,...,u;, € M, an equality of the form

oax + Ajug + -+ Au, =0
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must entail & = 0. This means that A\, = --- = A\, = 0, by independence,
and so x,uq,...,u, are linearly independent. It follows that M U {z} is linearly
independent, which contradicts the maximality of M. We conclude that x can be
written as

T=MNu, +--+ AU,

for suitable m € N, uy,...,u,, € M, and non-zero A,..., A\, € K; that is, M is
a Hamel basis of X. n

The next result is a corollary of the preceding method of proof.

Theorem 5.8 Let A be a linearly independent subset of a vector space X. Then
there is a Hamel basis of X containing A; that is, any linearly independent subset
of a vector space can be extended to a Hamel basis.

Proof Let 8 denote the collection of linearly independent subsets of X which
contain A. Then § is partially ordered by set-theoretic inclusion. As above, we
apply Zorn’s lemma to obtain a maximal element of 8§, which is a Hamel basis of
X and contains A. n

Now we turn to the relationship between subspaces of a vector space and linear
functionals. First we need a definition.

Definition 5.9 A subspace V in a vector space X is said to be a maximal proper
subspace if it is not contained in any other proper subspace.

Proposition 5.10 Let V be a linear subspace of a vector space X. The following
statements are equivalent.

(i) V is a maximal proper subspace of X.
(ii) There is some z € X, with z # 0, such that X = {v+tz: veV,t € K}.

(iii) V has codimension one, i.e., X/V has dimension one.

Proof Suppose that V' is a maximal proper subspace of X. Then there is some
z € X with 2 ¢ V. The set {v+tz: v € V,t € K} is a linear subspace of X
containing V' as a proper subset. By the maximality of V', this set must be the
whole of X, thus, (ii) follows from (i).

Suppose that (ii) holds and let [x] be any member of X/V, i.e., [z] is the
equivalence class in X/V which contains the element x. Then, writing x as © =
v+ tz, for some v € V and t € K, we see that x is equivalent to tz, i.e., [z] =
[tz] = t[z]. It follows that X/V is one-dimensional (with basis element given by
[2]), which proves (iii).
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Finally, suppose that X/V is one-dimensional. For any x € X, we have [z] =
t[z] in X/V, for some t € K and some z ¢ V. Hence z = v + tz for some v € V.
In particular, any linear subspace containing V' as a proper subset must contain
z. The only such subspace is X itself, and we deduce that V' is a maximal proper
subspace. m

Definition 5.11 Let X and Y be vector spaces over K, i.e., both over R or both
over C. Amap T : X — Y is said to be a linear mapping if

T(ax' +2")=aTx' +Tz", foraeKandz' z"eX.
Amap T : X — Y, with K =C, is called conjugate linear if
T(ax' +2")=aTx' +Tz", foraeCanda’ 2" e X.

A linear map A : X — K is called a linear functional or linear form. If K = R,
then A\ is called a real linear functional, whereas if K = C, A is called a complex
linear functional. The algebraic dual of X (often denoted X’) is the vector space
(over K) of all linear functionals on X equipped with the obvious operations of
addition and scalar multiplication.

Example 5.12 Let X = C". For any given v = (uq,...,u,) € C", the map
2= (21,.-..12,) — >i_iu;% is a (complex) linear functional, whereas the map
z— Y, u;Z; is a conjugate linear functional. In fact, every linear (respectively,
conjugate linear) functional on C™ has this form. We can see this by induction.
Indeed, if A : C — C is a linear functional on C, then A(z;) = uyz, for any 2z, € C,
where u; = A(1), and so the statement is true for n = 1.

Suppose now that is true for n = k and let A : C*¥*1 — C be a linear functional.
Let e;, i = 1,...,k + 1 be the standard basis vectors for Ck¥*1 that is, e, =
(1,0,...,0), e5 = (0,1,0,...,0) etc. The map (zy,...,2;) — A(2,...,2,0)) is
a linear functional on C*¥ and so, by the induction hypothesis, there are elements
Uy, ..., U, € Csuch that

k
AM(#1y---,2,0)) = Zuzzz
i=1

Hence, for any (zy,...,2,,,) € CFT1 we have

A2 2511)) = M(215 -5 24,0)) = A(0,...,0,2,,11))

k
= u;z; + 2., M(0,...,0,1))
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where u;_; = A((0,...,0,1)) and the result follows.

The case of a conjugate linear functional can be proved similarly. Alternatively,
it can be deduced from the linear case by noticing that if £ : C"* — C is conjugate
linear, then the map z — A(z) = £(2) is linear and so has the above form, )\( ) =

S u;z;. But then £(z) = A(z) is of the form ¢(z) = > | v,Z; with v, = u;,
1 <1 <n, as required.

Suppose that X is a vector space and that z € X, with z # 0. Let B be a Hamel
basis for X contammg z. Any non-zero element x € X can be written uniquely
as ¢ = ooy + ..., 7, for elements z,,...,z, in B and non-zero ay,...,q, in
K. Tt follows that the a831gnment A(z)=1and A\ (x) =0 forall x € B, x # z,
defines an element, \_, of the algebraic dual of X. In particular, if x # y are
any two elements of X, then putting z = z — y we see that there is an element \
in the algebraic dual of X such that A(z) # A(y). We shall see later that when
X is furnished with a vector space topology, then, under suitable circumstances,
A may be chosen to be continuous. We note also that if z,,...,z, are linearly

independent elements of X, then the linear functionals A, ,..., A, are linearly

ZTn
independent in X’. In particular, it easy to see that if X is finite dimensional then
so is X', both having the same dimension, and that if X is infinite dimensional,
so is X'.

A complex vector space can be regarded as a real vector space by simply
restricting the field of scalars to be R. This permits a natural correspondence
between real and complex linear functionals on a complex vector space as we now
show. Let X be a complex vector space, and A : X — C a (complex) linear
functional on X. Define ¢ : X — R by ¢(z) = Re\(z) for x € X. Then ¢ is a
real-linear functional on X if we view X as a real vector space. Substituting iz

for x, one readily checks that
AMz) =Ll(z) —il(iz)

for any x € X. On the other hand, suppose that u : X — R is a real linear
functional on the complex vector space X (viewed as a real vector space). Set

for € X. Then one sees that p : X — C is (complex) linear. Furthermore,
u = Re pu, and so we obtain a natural correspondence between real and complex
linear functionals on the complex vector space X via the above relations.

Definition 5.13 The kernel of the linear functional ¢ : X — K is the set ker ¢ =
{z € X : ¢(x) = 0}, the null space of /.
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Proposition 5.14  Suppose that ¢ is a linear functional on the vector space X
such that ¢ does not vanish on the whole of X. Then ker/ is a maximal proper
subspace. Conversely, any maximal proper subspace of X is the kernel of a linear
functional.

Proof It is clear that the kernel of any linear functional ¢ is a linear subspace of
X. Moreover, ker /¢ is a proper subspace if and only if ¢ is not identically zero.
Suppose that ¢(z) # 0 for some z € X. For any =z € X, we have

x:%+<x_%)

But x — (¢(x)/4(z)) z € ker ¢, so it follows that ker ¢ is maximal.

Now suppose that V' is a maximal proper subspace of X, and let z be any
element of X such that z ¢ V. Since V' is maximal, any = € X can be written as
r = az + v, for suitable o € K and v € V. Moreover, this decomposition of x is
unique; if also z = o’/ z+v’ for some o/ € Kand v’ € V, then 0 = (a—a/)z+(v—2").
Since z ¢ V, we must have & = o’ and therefore v = v’. Define ¢ : X — K by
¢(x) = a, where = az + v, as above, Evidently, ¢ is well-defined and is linear. If
x =az+v and {(x) =0, we have o = 0 and so z = v € V. Clearly, ¢(v) = 0 for
veV and so kerl =V. ]

Proposition 5.15 Let ¢, and ¢, be linear functionals on the vector space X,
neither being identically zero. Then ¢, and ¢, have the same kernel if and only if
they are proportional.

Proof Suppose that ker?; = ker?,. Let z € X with ¢,(z) # 0. For any =z € X,
x—(l(x)/l,(2)) z € ker {; = ker £, so that {,(x) = ¢,(x)ly(2)/l,(z). Thus ¢, and
¢, are proportional.

Clearly, if ¢, and ¢, are proportional, then they have the same kernel since the
constant of proportionality is not zero, by hypothesis. [

Proposition 5.16 Let ¢ and ¢,,... 1, be linear functionals on the vector space
X. Then either

(i) ¢ is a linear combination of £, ... ¢, , or

L

(ii) there is z € X such that ¢(z) =1 and ¢,(2) =--- = £, (z) = 0.

Proof By considering a subset of the ¢, if necessary, we may assume, without
loss of generality, that ¢,,... ¢ are linearly independent. Define the map v : X —
Kn—i—l by
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It is clear that 7 is linear and so v(X), the range of ~, is a linear subspace of
K"+1. Suppose that v(x) = K1, Then, in particular, there is z € X such that
v(z) = (1,0,0,...,0), that is, (z) =1, ¢,(2) =--- =¥, (2) = 0 and so (ii) holds.

If v(X) # K" there is some a = (ay,ay,...,a,) € K" orthogonal to y(X);
that is,

CLOK(.T) + a’lgl (.’L‘) Tt a’nen(w) =0
for all z € X. (For example, let n,...7n,, be a basis for v(X) and let n be
any element of K"*! not in v(X). Applying the Gram-Schmidt orthogonalisation
procedure will yield a suitable element a orthogonal to v(X) in K"*1.) By hy-

pothesis, ¢,...,¢, are linearly independent and so a, cannot be zero. Putting
b, =—a;/ay, € K, 1 <i<mn, gives

C=bly+-+b

n-n

which is (i). "

Corollary 5.17 Suppose that £,¢,,...,¢, are linear functionals on the vector
space X such that

ﬂ ker ¢, C ker 4.

=1

Then ¢ is a linear combination of £, ... ¢, .

Proof If /,(x) =0 for all 1 < i < n, then ¢(z) = 0, so that (ii) of the proposition

is impossible. Hence (i) holds. "
Corollary 5.18 Suppose that ¢,,...,¢, are linearly independent linear functionals
on the vector space X. There exist elements zy,. .., 2, € X such that {;,(z;) = 6,;,
1<i,j<n.

Proof /¢, is not a linear combination of /,, ..., ¢, , by hypothesis, and so (ii) of the
proposition holds; there is z; € X such that ¢,(z) =1, l5(2,) =--- ={,,(#,) = 0.

Repeating this argument for each ¢; in turn gives the desired conclusion. [
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Next we consider the first of several versions of the Hahn-Banach theorem. This
one is for real vector spaces and uses the order structure in R. Some terminology
is needed.

Definition 5.19 We say that a map p : X — R on a real vector space X is
subadditive if

p(z+y) <plz)+ply), forz,yeX

and that p is positively homogeneous if
p(tx) =tp(x), for any x € X and t > 0.

Note that if p is positively homogeneous, then, with x = 0 and ¢ = 2, we see
that p(0) = 2p(0) so that p(0) = 0. Hence p(tz) = tp(z) for all ¢ > 0. If p is
also subadditive, then, setting y = —z, we get 0 = p(0) < p(x) 4+ p(—z), that is,
—p(—z) < p(z), for z € X.

Theorem 5.20 (Hahn-Banach) Let X be a real vector space and suppose that
f M — R is a linear mapping defined on a linear subspace M of X such that
fly) <ply), for all y € M, for some subadditive and positively homogeneous map
p: X — R. Then there is a linear functional A : X — R such that A(x) = f(x)
for x € M and

—p(—z) < A(z) <p(x) forze X.
(In other words, f can be extended to X whilst retaining the same bound.)

Proof We first show how we can extend the definition of f by one extra dimension.
If M # X, let z; € X with z; ¢ M. Define M| = {x +tx, : x € M, t € R}
Then M, is a linear subspace of X—the subspace of X spanned by {z;}UM. Any
z € M, can be written uniquely as z = z 4+ tz, for z € M and t € R. Indeed, if
r4try =2’ +t'z, for z,2’ € M and t,t' € R, then 0 = (z — ') + (¢t —t')x,. Since
x, ¢ M, this implies that ¢ = ¢ and therefore z = z'.

The implications of the existence of a suitable extension to f will provide the
idea of how to actually construct such an extension. So suppose for the moment
that f, is an extension of f to M, satisfying the stated bound in terms of p. Let
x+tr, € My, x € M,t€R. Then f,(z+tz,) = f(x)+tf,(z,) = f(x)+tu, where
we have set 4 = f;(z;). The given bound demands that f(x) + tu < p(x + tz,)
for all £ € R and x € M. For t = 0, this is nothing other than the hypothesis on
f. Replacing x by tx, we get f(tz) + tpu < p(tx + tz,). Setting t =1 and ¢t = —1,
we obtain

flz)+p<plx+z) forxe M (takingt=1)

Department of Mathematics King’s College, London



5: Vector Spaces 49

and
—fx) —p<p(—x—=x,) forxe M, (taking t = —1).
Replacing x by —y and y € M in this last inequality we see that p must satisfy
p<plxtz)-flz) reM
and

fly)—ply—z;)<p yeM.

The idea of the proof is to show that such a p exists, and then to work backwards
to show that f;, as defined above, does satisfy the boundedness requirement. Let
x,y € M. Then

f(z)+ fy) = f(x+y) <p(x+y) by hypothesis
=pl@ -z, +y+az)
<p(r—z) +py+).
Hence
f(ﬂc)—p(m—xl)Sp(y—l—a?l)—f(y), fOI‘.I,yEM.

Thus the set {f(x) —p(x —z,) : © € M} is bounded from above in R. Let y denote
its least upper bound. Then we have

f@)—plz—2) Sp<ply+z)— fly), forz,yeM.

Hence

(1) fx) —p<plx—z) forzeM
and

(2) fly)+p<ply+=z) foryeM.

Define f, on M, by f,(x +tz,) = f(z)+tp, x € M, t € R. Then f, is linear
on M, and f; = f on M. To verify that f, satisfies the required bound, we use
the inequalities (1) and (2) and reverse the argument of the preamble. For ¢ > 0,
replacing x by t~!x in (1) gives

it e) —p <pt™'z—xy)
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and so, multiplying by ¢ and using the linearity of f and the positive homogeneity
of p, we get
flz) —tp <p(lx —tx,;) forxe M andt>D0.

Thus,
filx 4+ sxy) <p(x+szr;) forxe€ M and any s < 0.

From (2), replacing y by t 1y, with t > 0, we get

fE 'y +p<ptly+mz), yeM.

Thus, for any ¢t > 0,

fly) +tu<ply+txr,), yeEM,

ie.,
fily +txy) <ply +tz,), foranyye M, andt > 0.

This inequality also holds for ¢ = 0, by hypothesis on f. Combining these inequal-
ities shows that
fi<p on M.

We have shown that f can be extended from M to a subspace with one extra
dimension, whilst retaining the bound in terms of p. To obtain an extension to
the whole of X, we shall use Zorn’s lemma. (An idea would be to apply the above
procedure again and again, but one then has the problem of showing that this
would eventually exhaust the whole of X. Use of Zorn’s lemma is a way around
this difficulty.) Let € denote the family of ordered pairs (NV,h), where N is a
linear subspace of X containing M and h is a real linear functional on N such
that h | M = f and h(z) < p(z) for all z € N. The pair (M, f) (and also (M, f;)
constructed above) is an element of &, so that € is not empty. Moreover, £ is
partially ordered by extension, that is, we define (N,h) < (N’,h’) ift N C N" and
h' | N = h. Let C be any totally ordered subset of & and set N/ = U(N,h)ee N.
Let z € N'. Suppose that z € N; N N,, where (N, hy) and (N,, hy) are members
of €. Then either (Ny,hy) > (Ny, hy) or (Ny, hy) = (Ny,hy). In any event,
hi(xz) = hy(x). Hence we may define b’ on N’ by the assignment h'(z) = h(z) if
x € N with (N,h) € C. Then &’ is a linear functional on N’ such that A’ [ M = f
and h/(x) < p(z) for all x € N’. This means that (N’,h’) is an upper bound for
Cin €. By Zorn’s lemma, £ contains a maximal element (N, A), say. If N # X,
then we could construct an extension of (N, A), as earlier, which would contradict
maximality. We conclude that N = X and that A is a linear functional A : X — R
such that A | M = f, and A(z) < p(zx) for all x € X.

Replacing z by —x gives A(—z) < p(—x), i.e.,, —A(z) < p(—x) and so —p(—x) <
A(z) for z € X. "
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We can extend this result to the complex case, but of course one has to take
the modulus of the various quantities appearing in the inequalities. We also need
to know that p behaves well with regard to the extraction of complex scalars from
its argument. The appropriate notion turns out to be that of a seminorm—this
will play a major role in the study of topological vector spaces.

Definition 5.21 Let X be a vector space over K. A mapping p: X — R is said to
be a seminorm if

(1) p(xz) >0forall x € X,

(2) pl@+y) <p(x)+py) forall 7,y € X,

(3) p(A\z) = |\|p(zx) for all z € X and all X € K.
In words, p is positive, subadditive and absolutely homogeneous. If p has the
additional property that p(z) = 0 implies that = 0, then p is a norm on X.

The following complex version of the Hahn-Banach theorem will be seen to be
a consequence of the real version by exploiting the relationship between a complex
linear functional and its real part.

Theorem 5.22  (Hahn-Banach theorem (complex version)) Suppose that M is
a linear subspace of a vector space X over K, p is a seminorm on X, and f is a
linear functional on M such that

|f(x)] < p(x) forxe M.
Then there is a linear functional A on X that satisfies A | M = f and

|A(x)] < p(z) forallze X.

Proof If K =R, then, by the previous theorem, there is a suitable A with
—p(—z) < A(z) < p(x) forze X.

However, p(—z) = p(z) since p is a seminorm, and so [A(x)| < p(x) for z € X, as
required.

Now suppose that K = C. Consider X as a real vector space, and note that Re f
is a real linear functional on X satisfying Re f(z) < |f(x)| < p(z), for x € M. By
the earlier version of the Hahn-Banach theorem, there is a real linear functional
g: X — Ron X such that g | M = Ref and g(z) < p(z) for z € X. Set
A(z) = g(z) —ig(ix) for x € X. Then A : X — C is a complex linear functional.
Moreover, for any x € M, we have

A(z) = g(x) —ig(iz) = Re f(z) — i Re f(iz) = f(z)
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so that A | M = f. Furthermore, for any given x € X, let a € C be such that
la] =1 and aA(z) = |A(x)|. Then

For a normed space, with norm || - ||, the corresponding result is as follows.

Corollary 5.23 Let M be a linear subspace of a normed space X over K and let
f be a linear functional on M such that |f(z)| < C||z|| for some constant C' > 0
and for all x € M. Then there is a linear functional A on X such that A | M = f
and |A(z)| < C|lz|| for all x € X.

Proof This follows immediately from the observation that the mapping =z —
p(z) = C||z|| is a seminorm on X. "

Corollary 5.24 Suppose that X is a normed space over K and that x, € X.
There is a linear functional A on X such that A(z,) = ||z,|| and |A(x)| < ||z|| for
all x € X. In particular, for any pair of distinct points x # y in X, there is a
bounded linear functional A on X such that A(z) # A(y).

Proof If z, =0, take A =0on X. If z, # 0, let M be the one-dimensional linear
subspace of X spanned by z,. Set p(x) = ||z, for z € X, and define f : M — K
by f(azy) = a|z,||, « € K. Then, for z = azx, € M,

[f (@) = lafllzoll = [lozo|l = |-

By the last corollary, there is an extension A of f such that |[A(z)| < ||z|| for all
reX.
Finally, for x # y, set x, =z —y and let A be as above. Then A(z) — A(y) =

Az —y) = AMzo) = [Jzol| = llz =yl # 0. .
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There are many situations in which we encounter a natural linear structure as well
as a topological one; R™ and C([0,1]) being obvious examples. The harmonious
coalescence of linearity and topological constructs is realized in the concept of
topological vector space.

Definition 6.1 A topological vector space over K is a vector space X over K
furnished with a topology T such that
(i) the map (z,y) — x +y is continuous from X x X into X (where X x X is
given the product topology);
(ii) the map (t,x) +— tx is continuous from K x X into X (where K has its
usual topology, and K x X the product topology).
One says that T is a vector topology on the vector space X, or that T is compatible
with the linear structure of X.
We say that a topological vector space (X, 7) is separated if the topology T is a
Hausdorff topology.

In words, a topological vector space is a vector space which is at the same time a
topological space such that addition and scalar multiplication are continuous. We
will see later that, as a consequence of the compatibility between the topological
and linear structure, a topological vector space is Hausdorff if and only every one-
point set is closed. Sometimes the requirement that the topology be Hausdorff is
taken as part of the definition of a topological vector space.

Example 6.2 Any real or complex normed space is a topological vector space when
equipped with the topology induced by the norm.

Any vector space is a topological vector space when equipped with the indiscrete
topology. Of course, this will fail to be a separated topological vector space unless
it is the zero-dimensional space {0}.

It is convenient to introduce some notation at this point. Basically, we simply
wish to extend the vector space notation for addition and scalar multiplication to
the obvious thing for subsets. Let X be a vector space over K and let A and B be
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subsets of X. We shall use the following notation:
A+B={reX:z=a+b,ac A, be B}
tA={reX:x=ta, ac A}, forteK
A+z=A4+{z}={xeX:z=a+2 a€ A}, forzelX.

It should be noted that (s +¢t)A C s A + t A but equality need not hold. For
example, if X = C and A = {1,i}, then 24 = {2,2i} whereas A+ A = {2, 2i,1+i}.

Remark 6.3 Suppose that X is a topological vector space. Let & : X x X — X
and ¥ : K x X — X denote the mappings ®((z,y)) = = +y and V((¢,z)) = tz,
x,y € X, t € K. By definition, these maps are continuous. In particular, for any
x,y € X, and any neighbourhood W of ®(z,y), there are neighbourhoods U of z
and V of y such that ®(U x V) C W. That is to say, for any z,y € X, and any
neighbourhood W of x 4y, there are neighbourhoods U of x and V' of y such that
U+V CW.

Similarly, the continuity of scalar multiplication implies that for given s € K,
x € X and any neighbourhood W of ¥(s, x), there is a neighbourhood V of s in
K and a neighbourhood U of = in X such that ¥(V x U) C W. Now, any such V'
contains a set of the form {t € K: |t — s| < 0}, for some § > 0. Hence we may say
that for any neighbourhood W of sx there is a neighbourhood U of z and § > 0
such that tU C W for all t € K with |t — s| < 0.

Example 6.4 We know that any non-empty set can be equipped with a Hausdorff
topology (for example, the discrete topology), so one might ask whether every non-
trivial vector space (i.e., not equal to {0}) can be given a Hausdorff vector topology.
The discrete topology is too fine for this. Indeed, each point is a neighbourhood
of itself in the discrete topology, and so addition is certainly continuous—the
neighbourhood {z} x {y} of (z,y) € X x X is mapped into the neighbourhood
{z+y} of z+y under addition. (We are taking U = {z}, V = {y} and W = {z+y}
in the preceding discussion.) However, scalar multiplication is not continuous—for
example, if W = {sz,}, a neighbourhood of sz, then tx, belongs to W only if
t = s. Thus there is no neighbourhood V' of s in K such that tz, € W for all
teV.

However, every vector space X can be normed. To see this, let B be a Hamel
basis for X. Any z € X, with x # 0, can be written uniquely as

r=tuy +---+t,u,
for suitable u,,...,u,, in B and non-zero t,,...,t, in K. Set
]| = [ty + -+ 2,

and ||0]| = 0. It is clear that || - || is, indeed, a norm on X. The topology induced
by a norm is Hausdorff so that X furnished with this norm (or, indeed, any other)
becomes a topological vector space.
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Proposition 6.5 Let X be a topological vector space. For given a € X and
s € K, with s # 0, the translation map T, : © — x4 a and the multiplication map
M, :x— sz, x € X, are homeomorphisms of X onto itself.

Proof Let ®: X x X — X and ¥ : K x X — X be the mappings introduced
above. Then, by continuity, if ((z,,y,)) is a net which converges to (x,y) in
X x X, we have

To T Yo = ((24:Y0)) = ((2,9)) = 2 + .
Similarly, if (s,,z,) — (s,z) in K x X, then

So%s = Y((s,,x,)) — ¥((s,2)) = sx.

a

Hence, for any net (z,) in X with x, — x, set y, = a for all « and s, = s for
all a, where s # 0. Then (z,,y,) — (z,a) and (s,,z,) — (s,z) and we conclude
that

T (z,)=z,+a—z+a=T, ()

a a

and

M (z) = sx, — sz = M (x).
Thus both T, and M, are continuous maps from X into X. Furthermore, T,
has inverse T"_, and M has inverse M, ., which are also continuous by the same
reasoning. Therefore T), and M, are homeomorphisms of X onto itself. ]

Corollary 6.6 For any open set G in a topological vector space X, the sets
a+ G, A+ G and sG are open, for any a € X, AC X, and s € K with s # 0. In
particular, if U is a neighbourhood of 0, then so is tU for any t € K with t # 0.

Proof Suppose that G is open in X. For any a € X and s € K, we have
a+G=T,G) and sG = M(G). By the proposition, T, and M,, for s # 0, are
homeomorphisms and so T, (G) and M (G) are open sets. Now we simply observe
that A+ G = J,c4(a + G), which is a union of open sets and so is itself open.
If U is a neighbourhood of 0, there is an open set G with 0 € G C U. Hence
0 € tG C tU and tG is open so that tU is a neighbourhood of 0. n
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Remark 6.7 The continuity of the map = — x + a in a topological vector space
X has the following fundamental consequence. If V' is a neighbourhood of a, then
b—a+ V is a neighbourhood of b, for any a,b € X. Suppose that N, is a local
neighbourhood base at a in X. Let b € X, and let G be any neighbourhood of b.
Then T, ,(G) = a—b+G is a neighbourhood of a, since T, _, is a homeomorphism,
and so there is an element U in N, such that U Ca—-b+G. Hence b—a+U C G
and b — a + U is a neighbourhood of b. It follows that {b —a+U : U € N,} is a
local neighbourhood base at b. In particular, given any local neighbourhood base
Nyat 0, {a+U : U € Ny} is a local neighbourhood base at any point a € X.
Now, in any topological space, if N is any open neighbourhood base at x, then
U,ex N, is a base for the topology. It follows that in a topological vector space
the family of translates {x + N, : z € X'} is a base for the topology, for any open
local neighbourhood base N, at 0. Thus, the topological structure of a topological
vector space is determined by any local open neighbourhood base at 0.

Proposition 6.8  For any neighbourhood U of 0 there is a neighbourhood V' of
0 such that V +V C U. Moreover, V can be chosen to be symmetric, i.e., such
that V = —V.

Proof As discussed above, for any neighbourhood U of 0, there are neighbour-
hoods V; and V, of 0 such that V; +V, C U. The result follows by setting
V=VinV,n(=V))N(=V,). ]

This proposition offers a substitute for the triangle inequality or €/2-arguments
which are available in a normed space but not in a general topological vector space.
Note that, by induction, for any neighbourhood U of 0 and any n € N, there is
a (symmetric) neighbourhood V of 0 such that V + --- +V C U, where the left
hand side consists of n terms.

Corollary 6.9 For any topological vector space X and any n € N, the map

((ty,...5t,), (xq,...,2,)) — tyjxy +--- + t,x, is continuous from K" x X" to X.

Proof Let ((sy,...,5,),(z1,...,x,)) € K"xX", and let W be any neighbourhood

’"n

of z =82y 4+ -+ s,z, in X. Then —z + W is a neighbourhood of 0 and so, by
Proposition 6.8, there is a neighbourhood V' of 0 such that

VA dVC 2+ W
—_———

n terms

Now, for each 1 < ¢ <mn, s,z;,+V is a neighbourhood of s,x; and therefore there is
9; > 0 and a neighbourhood U; of z, such that tU; C s,x,+V whenever |t—s,| < J,.
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Set § = min{d,,...,d,,}. Then, for any =}, € U,, 1 < i <mn,

i+ +tx esyr V- +s,x, +V
§31x1+---+snmn+(—z+W)
=W

whenever |t, — s;| < ¢ and the result follows. "

Next, we shall show that the continuity of the linear operations implies that
the space is Hausdorff provided every point is closed.

Proposition 6.10 A topological vector space (X,T) is separated if and only if
every one-point set is closed.

Proof Of course, if T is a Hausdorff topology, then all one-point sets are closed.
For the converse, let x and y be distinct points in a topological vector space X,
and let w = x —y, so that w # 0. Now, if {w} is closed, X \ {w} is open. Indeed,
X \ {w} is an open neighbourhood of 0. The continuity of addition (at 0) implies
that there are neighbourhoods U and V of 0 such that

U+VCX\{w

Since V' is a neighbourhood of 0, so is —V (because the scalar multiplication M _,
is a homeomorphism) and therefore w — V' is a neighbourhood of w (because the
translation 7, is a homeomorphism). Any z € w—V has the form z = w —v with
veV,and sow = z+v. Since w ¢ U + V, we must have that z ¢ U. Therefore
UnN(w—V) =@, and so, translating by y, (y + U) N (y +w — V) = @, that is,
(y+U)N(zx—V)=@. Hence z — V and y + U are disjoint neighbourhoods of z
and y, respectively, and X is Hausdorff. [

Definition 6.11 A subset A in a vector space X is said to be absorbing if for any
x € X there is u > 0 such that x € tA whenever [t| > pu, t € K. Setting x = 0, it
follows that any absorbing set must contain 0. An equivalent requirement for A
to be absorbing is that for any x € X there is some A > 0 such that sz € A for all
s € K with |s| < A.

Example 6.12 It is easy to see that a finite intersection of absorbing sets is absorb-
ing. However, it may happen that an infinite intersection of absorbing sets fails to
be absorbing. For example, let X be the linear space ¢ of all bounded complex
sequences. For each m € N, let A, be the subset consisting of those (a,,) in £>°
such that |a,,| < . It is clear that each A,, is absorbing but their intersection
N, 4,,, however, is not. Indeed, if x = (z,,) is the sequence with =, = 1 for each

m m’

n € N, then sz is not in (), 4,, for any s # 0.
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Proposition 6.13  Any neighbourhood of 0 in a topological vector space X is
absorbing.

Proof For any x € X and neighbourhood V of 0, the continuity of scalar mul-
tiplication (at (0,z)) ensures the existence of § > 0 such that tz € V whenever
t] < 6. ]

In the vector space R3, we can readily visualise the proper subspaces (lines or
planes) and we see that these can have no interior points, since any open set must
contain a ball. In particular, no such subspace can be open. This result is quite
general as we now show.

Proposition 6.14 The only open linear subspace in a topological vector space X
is X itself.

Proof Suppose that M is an open linear subspace in a topological vector space X.
Then 0 belongs to M so there is a neighbourhood V of 0 in X such that V' C M.
Let x € X. Since V is absorbing, there is § > 0 such that tx € V whenever |t| < §.
In particular, tx € M for some (suitably small) ¢t with ¢t # 0. But M is linear, so
it follows that x =t~ 'tz € M, and we have M = X. n

In fact, a proper linear subspace M of a topological vector space X can have
no interior points at all. To see this, suppose that x is an interior point of M.
Then there is a neighbourhood U of x with U C M. But then —z + U belongs
to M and is a neighbourhood of zero. We now argue as before to conclude that
M=X.

Definition 6.15 A subset non-empty subset B in a vector space X is said to be
balanced if tB C B for all t € K with |¢| < 1.

Note that any balanced set contains 0 and that if B is balanced, then B C rB
for all r with |r| > 1.

Example 6.16 The balanced subsets of C, considered as a complex vector space,
are all the discs (either with or without their boundary) with centre at 0—together
with C itself. If C is considered as a vector space over R, then the balanced sets
are given by unions of line segments symmetrical about and passing through 0.
For example, the rectangle {z € C: |Rez| < 1 and |Imz| < 1} is a balanced set
in C when treated as a real vector space.
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Proposition 6.17 Let A be a balanced subset of a topological vector space. Then
A, the closure of A, is balanced and, if 0 is an interior point of A, the interior of
A is balanced.

Proof For any t € K with 0 < |[¢| < 1, we have

tA= M,/(A) = M,(A) =tAC A,

since M, is a homeomorphism. This clearly also holds for + = 0 and so A is
balanced.
Suppose that 0 € Int A. Then, as before, for 0 < [¢t| < 1,

tInt A =Int(tA) CtA C A.

But tInt A is open and so tInt A C Int A. This is also valid for ¢ = 0 and it follows
that Int A is balanced. n

Proposition 6.18 Any neighbourhood of 0 in a topological vector space contains
a balanced neighbourhood of 0.

Proof Let V be a given neighbourhood of 0 in a topological vector space X. Since
scalar multiplication is continuous (at (0,0)), there is 6 > 0 and a neighbourhood
U of 0 such that if |3| < 6 and « € U, then 8z € V, that is, U C V if || < §. Put
W = U|B|<6 BU. Then 0 € W C V and W is a neighbourhood of 0 since gU cCw
and gU is a neighbourhood of 0, by Corollary 6.6. Let a € K with |a| < 1 and
let z € W. Then x € U for some [ € K with |3| < §. Hence ax € afU. But
lafB] < |B| < 6, so that ax € W and therefore W is balanced. "

Proposition 6.19 Let X and Y be topological vector spaces and suppose that
T : X — Y is a linear map. Then T is continuous if and only if T is continuous
at 0.

Proof Suppose that T is continuous at 0. Let x € X and suppose that (z,)
is a net in X such that z, — x. Then z, — 2 — x — 2 = 0. By hypothesis,
T(x,—x) — T0=0. That is, Tz, — Tz — 0, or Tz, — Tx + Tx — Tx. Thus
Tz, — Tz inY and hence T is continuous at x € X. The converse is clear. "
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Corollary 6.20 Suppose that X and Y are normed spaces and T : X — Y is a
linear map. The following statements are equivalent.

(i) T is continuous at 0.
(ii) T is continuous.

(iii) There is C' > 0 such that ||Tz| < C||z||, for all x € X.

Proof By the proposition, (i) and (ii) are equivalent, and certainly (iii) implies
(i). We shall show that (i) implies (iii). Let V' be the neighbourhood of 0 in Y
given by V. ={y € Y : ||y|| < 1}. The continuity of T" at 0 implies that there is a
neighbourhood U of 0 in X such that T(U) C V. But U contains a ball of radius
r, for some r > 0, so that ||z|| < r implies that Tz € V, that is, || Tz| < 1. Hence,
for any € X, with « # 0, we have that || T(rx/2||z|)| < 1. It follows that

2
1Tzl < —llzll - z€X, z#0,

and this inequality persists for x = 0. [

Theorem 6.21 Suppose that A is a linear functional on a topological vector
space X, and suppose that A(z) # 0 for some x € X. The following statements
are equivalent.

(i) A is continuous.
(ii) ker A is closed.
(iii) A is bounded on some neighbourhood of 0.

Proof Since ker A = A=1({0}) and {0} is closed in K, it is clear that (i) implies
(ii).

Suppose that ker A is closed. By hypothesis, ker A # X, so the complement
of ker A is a non-empty open set in X. Hence there is a point z ¢ ker A and
V = X \ker A is a (open) neighbourhood of z. Let U = V —z. Then U is an open
neighbourhood of 0 and so contains a balanced neighbourhood W, say, of 0. Thus
x+ W CV and so (z + W) Nker A = @. The linearity of A implies that the set
A(W) is a balanced subset of K and so is either bounded or equal to the whole
of K. If A(W) = K, there is some w € W such that A(w) = —A(z). This gives
A(x + w) = 0, which is impossible since x + W contains no points of the kernel
of A. It follows that A(W) is bounded, that is, there is some K > 0 such that
|A(w)| < K for all w € W. Hence (ii) implies (iii).

If (iii) holds, there is some neighbourhood V' of 0 and some K > 0 such that
|A(v)] < K for all v € V. Let € > 0 be given. Then =V is a neighbourhood
of 0, and if z € £V we have £z € V so that [A(£2z)| < K, that is, |A(z)| <
e. It follows that A is continuous at 0, and hence A is continuous on X, by
Proposition 6.19. [
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Remark 6.22 In a normed space, any neighbourhood of 0 contains a ball {z € X :
|z|| < r} for some r > 0. Thus property (iii) of the theorem is equivalent to the
property that for some K > 0, there is 7 > 0 such that

IA(x)| < K for z € X with [|z| < r.

If  # 0, then y = rz/2||z|| has norm less than r so that |A(y)|] < K, i.e.,
|A(z)] < 2E||z||. Setting 2& = M and allowing for z = 0, we see that (iii) is
equivalent to

A(@)| < MJz]l, e X.

This is the property that A be a bounded linear functional—in which case we have
[A[] < M.

Theorem 6.23 Every finite dimensional Hausdorff topological vector space
(X,7T) over K with dimension n is linearly homeomorphic to K™. In particular,
any two norms on a finite dimensional vector space are equivalent.

Proof Suppose that dim X = n and that z,,...,z, is a basis for X. Lete,,... e,

be the standard basis for K", i.e., e; = (§;;)7_; € K", and let ¢ : K" — X be the
linear map determined by the assignment ¢(e,) = z;, so that

@((tl’ e 7tn)) = So(tlel +ooe tnen) = tlxl +eoet tnzn‘

It is clear that ¢ : K® — X is a (linear) isomorphism between K™ and X. Fur-
thermore, ¢ is continuous, by Corollary 6.9. We shall show that the linear map
o~ 1: X — K" is continuous.

Let K be the surface of the unit ball in K",

K ={CeK":[|¢]|=1}.

Then K is compact in K™ and so ¢(K) is compact in X, because ¢ is continuous.
Since X is Hausdorff, p(K) is closed in X. Now, 0 ¢ K so that 0 = ¢(0) is not an
element of ¢(K). In other words, 0 is an element of the open set X \ ¢(K). By
Proposition 6.18, there is a balanced neighbourhood W of 0 with

W C X\ p(K).

In particular, W N (K) = @. Since ¢! is linear, it follows that =1 (W) is a
balanced set in K" such that o=1(W) N K = @. We claim that ||| < 1 for every
¢ € o1 (W). Indeed, if ¢ € ¢ 1 (W) and if ||¢|| > 1, then [|¢]|7!¢ € K and also
belongs to the balanced set ¢ ~'(W). This contradicts ¢} (W)N K = & and we
conclude that every ¢ € =1 (W) satisfies ||| < 1, as claimed.
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For each 1 <i <mn, let ¢, : K® — K be the projection map ¢,((t,,...,t,)) =1,

Then 4, 0 p=! : X — K is a linear functional such that |¢; o o7(z)| < 1 for all
x € W. By Theorem 6.21, £, 0~ is continuous, for each 1 < i < n, and therefore

etz (bop ), .. L, 0p ()
is continuous. We conclude that ¢ : K" — X is a linear homeomorphism.

Now suppose that || - || is a norm on the finite dimensional vector space X.
From the above, there is a linear homeomorphism v : X — K", where n is the
dimension of X, and so there are positive constants m and M such that, for any
reX,

|(x)|| < M||x| since 1 is continuous

and
lv= (z)|| < m|z| since 1p~! is continuous

where || - || is the usual Euclidean norm on K™. Hence

"ol < (@) < Mol

— ||z x x

- < <
which means that || - || is equivalent to the norm x — |[¢)(x)||, € X. The result
follows since equivalence of norms is an equivalence relation. [

Corollary 6.24 Every linear map from a finite dimensional Hausdorff topological
vector space into a topological vector space is continuous.

Proof Suppose that X and Y are topological vector spaces, with X finite dimen-
sional and Hausdorff, and let T': X — Y be a linear map. Let {x,,...,z,} be a
basis for X. Then T is the composition of the maps

The second of these is continuous, and by Theorem 6.23, so is the first and so,
therefore, is T'. [

Proposition 6.25 For any non-empty subset A in a topological vector space X
and any x € A, there is a net (ag;) in A, indexed by V,, the set of neighbourhoods
of 0 (partially ordered by reverse inclusion), such that a;; — x.

Proof Forany U € V), z+U is a neighbourhood of z. Since x € A, (z+U)NA # &.
Let ay; be any element of (z 4+ U) N A. Then (ay,) is a net in A such that a;, — x.
Indeed, for each U € V), a; —x € U and so a;; —x — 0 along V), that is, a;; — .

|
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Proposition 6.26 For any non-empty sets A and B in a topological vector space
X,

(i) A+BCA+ B, and
(i) A= Nuen, (A +U), where Ny is any neighbourhood base at 0.

Proof Let » € A and y € B. Then there are nets (a,) and (b,), indexed by
Vy, such that a, — z, and b, — y. By continuity of addition, it follows that
a, +b, — x+y. Hence z +y € A+ B, which proves (i).

To prove (ii), suppose that z € A and let N, be any neighbourhood base at 0.
For any U € N, —U is a neighbourhood of 0 and so x — U is a neighbourhood
of z. Since x € A it follows that (x — U) N A # @, that is, x € A+ U, and so
AC Nien, (A + U). On the other hand, suppose that = € (¢, (A + U) and
that V' is any neighbourhood of x. Then —z + V is a neighbourhood of 0 and so
also is —(—x + V) = & — V. Therefore there is some U € N, such that U C 2z — V.
Now, z € A+ U, by hypothesis, and so x € A+ U C A+ x — V. Hence there
isa € Aand v € V such that x+ = a + x — v, i.e., a = v. It follows that every
neighbourhood of = contains some element of A and therefore = € A. ]

Corollary 6.27 The closed balanced neighbourhoods of 0 form a local neigh-
bourhood base at 0.

Proof Let U be any neighbourhood of 0. By Proposition 6.8, there is a neigh-
bourhood V of 0 such that V +V C U. Also, by Proposition 6.18, there is a
balanced neighbourhood of 0, W, say, with W C V', so that W + W C U. By
Proposition 6.26, W C W + W C U, and W is a neighbourhood of 0. We claim
that W is balanced. To see this, let x € W and let ¢ € K with |t| < 1. There is a
net (w,) in W such that w, — x. Then tw, — tz, since scalar multiplication is
continuous. But tw, € W, since W is balanced, and so tx € W. It follows that
W is balanced, as claimed. [

Proposition 6.28 If M is a linear subspace of a topological vector space X, then
so is its closure M. In particular, any maximal proper subspace is either dense or
closed.

Proof Let M be a linear subspace of the topological vector space X. We must
show that if z,y € M and t € K, then tz+y € M. There are nets (z,) and (y,) in
M, indexed by the base of all neighbourhoods of 0, such that z,, — =z and y, — v.
It follows that tx, — tz and tz, +y, — tx +y and we conclude that tz +y € M,
as required.

If M is a maximal proper subspace, the inclusion M C M implies that either
M = M, in which case M is closed, or M = X, in which case M is dense in X. =
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Corollary 6.29 Let ¢ : X — K be a linear functional on a topological vector
space X. Then either ¢ is continuous or ker ¢ is a dense proper subspace of X.

Proof If / is zero, it is continuous and its kernel is the whole of X. Otherwise,
ker ¢ is a maximal proper linear subspace of X which is either closed or dense, by
Proposition 6.28. However, ¢ is continuous if and only if its kernel is closed, so if
¢ is not continuous its kernel is a proper dense subspace. [

It is convenient to introduce here the notion of boundedness in a topological
vector space.

Definition 6.30 A subset B of a topological vector space is said to be bounded if
for each neighbourhood U of 0 there is s > 0 such that B C tU for all t > s.

Example 6.31 Let B be a subset of a normed space X, and, for r > 0, let B,
denote the ball B, = {z : ||z|| < r} in X. Any neighbourhood U of 0 contains
some ball B, and so B, C tB,, C tU for all t > r/r’, that is, each B, is bounded
according to the definition above. On the other hand, if B is any bounded set,
then there is s > 0 such that B C ¢tB, for all ¢t > s, that is, ||z|| < s for all z € B.
Therefore the notion of boundedness given by the above definition coincides with
the usual notion of boundedness in a normed space.

Proposition 6.32 If (X,7) is a topological vector space and if z € X and A and
B are bounded subsets of X, then the sets {z}, AU B and A+ B are bounded.

Proof Let U be any neighbourhood of 0. Then U is absorbing and so z € tU for
all sufficiently large t > 0, that is, {z} is bounded.

By Proposition 6.8, there is a neighbourhood V' of 0 such that V +V C U.
Given that A and B are bounded, there is s; > 0 such that A C tV for ¢t > s; and
there is s, > 0 such that B C tV for t > s,. Therefore

AUuBCtV

and
A+BCtV4+tV CtU

for all ¢ > max{s;, s, }. "

Remark 6.33 It follows, by induction, that any finite set in a topological vector
space is bounded. Also, taking A = {z}, we see that any translate of a bounded
set is bounded.
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Proposition 6.34 Any convergent sequence in topological vector space is bounded.

Proof Suppose that (x,,) is a sequence in a topological vector space (X,T) such
that x, — z. For each n € N, set y, = z, — 2, so that y, — 0. Let U be
any neighbourhood of 0. Let V' be any balanced neighbourhood of 0 such that
V C U. Then V C sV for all s with |s| > 1. Since y,, — 0, there is N € N
such y,, € V whenever n > N. Hence y,, € V C ¢tV C tU whenever n > N and
t>1. Set A ={yy,...,yn} and B = {y,, : n > N}. Then A is a finite set so
is bounded and therefore A C tU for all sufficiently large ¢t. But then it follows
that AU B C tU for sufficiently large ¢, that is, {y,, : n € N} is bounded and so is
{z,:neN}=z+(AUB). "

Remark 6.35 A convergent net in a topological vector space need not be bounded.
For example, let I be R equipped with its usual order and let z, € R be given by
z, = e * Then (x,),c; is an unbounded but convergent net (with limit 0) in
the real normed space R.



7. Locally Convex Topological Vector Spaces

We have seen that a normed space is an example of a topological vector space.
A further class of examples is got courtesy of seminorms rather than norms. Let
P ={p, : @ € I} be some family of seminorms on a vector space X. As a possible
generalization of the idea of an open ball in a normed space, we consider the set

V(zg,p1,Pgs -+ Dn;7) ={z € X ip,(x —xy) <7, 1 <i<n}

where z, € X, r > 0 and py, ps, ..., p, is a finite collection of seminorms in P. We
will use such sets to construct a topology on X in much the same way that open
balls are used to determine a topology in a normed space. Indeed, if the family
of seminorms contains just one member, which happens to be a norm, then our
construction will give precisely the usual norm topology on X. Notice that

V(x(]aplava LR 7pn;T) = x() + V(Oap17p27 LR 7pn;T)'

The idea is to define local neighbourhood bases at each point of X via these sets.
Thus we are just using translates of the collection centred at the origin and so we
might hope that, indeed, we end up with a vector topology.

Theorem 7.1 Let X be a vector space over K and let P be a family of seminorms
on X. For each x € X, let N, denote the collection of all subsets of X of the
form V(x,py,Dgy---,0y;7), withn € N, p;,...,p, € P and r > 0. Let T be the
collection of subsets of X consisting of & together with all those subsets G of X
such that for any x € G there is some U € N such that U C G. Then T is a
topology on X compatible with the vector space structure and the sets N, form
an open local neighbourhood base at x. Furthermore, each seminorm p € P is
continuous. (X,T) is Hausdorff if and only if the family P is separating, that is,
for any x € X with x # 0, there is some p € P such that p(z) # 0.

Proof Evidently X € T, and it is clear that the union of any family of elements
of T is also a member of T. We shall show that if A,B € T then ANB € 7.

66
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If this intersection is empty, there is no more to be done, so suppose that x €
ANB. Then z € A and z € B and so there exist U,V € N_ such that U C A
and V C B. Suppose that U = V(x,p;,...,p,,;7) and V = V(z,q,...,q,;9).
Put W = V(z,py,---s0,, 45 - - -+ 4,;t) where ¢ = min{r,s}. Then W € N_ and
W CUNV C AN B. It follows that T is a topology on X.

Let € X and let U € N,. We shall show that U is open. (The method is the
analogue of showing that for any point in an open disc D in R?, there is a (possibly
very small) disc centred on the given point and wholly contained in D.) Suppose
that U = V(z,py,...,p,,;r) and that z € U. Then p,(z —z) < r for 1 <i < n.
Let 6 > 0 be such that 6 <r—p,(z —x) for 1 <i <mn. For any 1 <i < n and any
y € X with p,(y — z) < J, we have

pi(y—x) <p;(y—2) +p;(z — )
<d+p;(z—1x)
<.

Hence V(z,py,...,p,;0) € V(x,py,...,p,;7) = U and so U € T. Thus N, is a
neighbourhood base at x, consisting of open sets.

Next we shall show that T is a compatible topology. To this end, suppose that
(xz,,y,) — (x,y) in X x X. We want to show that z, +y, — = +y. Let V(x +
Y,Dqs---,D,;T) be a given basic neighbourhood of « + y. Since (z,,y,) — (z,y),
there is v, such that (z,,y,) € V(z,py,...,p,;5) X V(y,py1,...,p,; 5) whenever
v =1, Forany 1 <¢<nandv >y,

pilz+y—(z,+y,)) <px—2,)+py—y,)

<7‘+7’
2 2

and so z, +y, € V(z +vy,py,...,p,;7). Hence x, +y, — x + y, as required.
Now suppose that (t,,z,) — (t,2) in Kx X. Let V(tz,p,,...,p,;r) be a basic
neighbourhood of tx. For any given € > 0 and s > 0, there is v, such that

(t,,x,) e{CeK: |-t <e} xV(x,py,...,Px;9)-

Hence, for all 1 <7 < k and v > v,

pz(t‘r - tl/xz/) < pz(tx - tu'x) +pz(t1/x - tuxy)
<ep;(@) + (|t| +¢)s
<r
if we choose € > 0 such that ep,(z) < 5, 1 < i < k, and then s > 0 such that

(|t|+¢e)s < 5. Therefore t,x, € V(tz,p,,...,p;;r) whenever v = v,. We conclude
that (¢, z) — tz is continuous and therefore T is a vector space topology on X.
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To show that each p € P is continuous, let ¢ > 0 and suppose that z, — z in
(X, 7). Then there is v, such that x,, € V(z,p;c) whenever v = v,. Hence

p(z) —p(z,)] <plr —2z,) <e

whenever v > v, and it follows that p : X — R is continuous.

It remains to show that (X,T) is Hausdorff if and only if P is a separating
family. Suppose that P is separating, and let x,y € X with x # y. Then there
is some p € P such that § = p(x — y) > 0. The sets V (z, p; g) and V (y, p; %) are
disjoint neighbourhoods of x and y so that (X, T) is Hausdorff.

Conversely, suppose that (X, T) is Hausdorff (which follows, as we have seen,
from the assumption that each one-point set be closed). For any given z € X,
with & # 0, there is a neighbourhood of 0 not containing x. In particular, there
is py,...,p,, € P and r > 0 such that = ¢ V(0,py,...,p,,;7). It follows that
p;(x —0) = p;(x) > r, for some 1 < i < m, and so certainly p,(z) > 0 and we see
that P is a separating family of seminorms on X. n

Definition 7.2 The topology T on a vector space X over K constructed above is
called the (vector space) topology determined by the given family of seminorms P.

Theorem 7.3 Let T be the vector space topology on a vector space X determined
by a family P of seminorms. A net (x
p(z,) — 0 for each p € P.

) converges to 0 in (X,7) if and only if

v

Proof Suppose that , — 0 in (X,7). Then p(z,) — p(0) = 0 for each p € P,
since each such p is continuous.

Conversely, suppose that p(x,) — 0 for each p € P. Let py,...,p,, € P and let
r > 0. Then there is v, such that p,(x,) < r whenever v > 1, 1 <i < m. Hence
z, € V(0,py,...,p,,;r) whenever v > v,. It follows that z, — 0. [

Remark 7.4 The convergence of a net (x,) to x is not necessarily implied by the
convergence of p(z,) — p(x) in R for each p € P. Indeed, for any = # 0 and any
p € P, p((—1)"z) — p(z), as n — oo, but it is not true that (—1)"z — =z if (X,7)
is separated. We will come back to this observation later.
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Theorem 7.5 The topology T on a vector space X over K given by a family of
seminorms P is the weakest compatible topology on X such that each member of
P is continuous at 0.

Proof Let T’ be the weakest vector space topology on X with respect to which
each member of P is continuous at 0. Certainly T/ C T. Let py,...,p, € P and
let » > 0. Then

V(0,p1y...,p,;7) = ﬂ{x € X :p;(zx) <r}
i=1

belongs to T’ since each {z € X : p,(v) < r} = p; '((—o00,7)) isin T/, 1 < i < n.
By hypothesis, translations are homeomorphisms and so 7’ contains all sets of the
form V(z,p;,...,p,;r) for x € X. It follows that T C T’ and therefore we have
equality T = 7. n

Note that we did not use the joint continuity of addition (z,y) — = + y nor
that of scalar multiplication (¢, z) — tz. This observation leads to the following.

Corollary 7.6 The topology T determined by a given family P of seminorms on a
vector space X is the weakest topology such that each member of P is continuous
at 0 and such that for each fixed x, € X the translation x — x + x, is continuous.

Proof The proof is exactly as above—the fact that each translation map T, ,
zy € X, is a homeomorphism follows from the continuity of the map x — x + z,

ze X. n

Remark 7.7 It should be noted that the vector space topology on a vector space
X determined by a family P of seminorms is not the same as the o(X, P)-topology,
the weakest topology on X making each member of P continuous. For example, let
X be the real vector space R and let P be the family with a single member p given
by p(z) = |z|, x € R. We observe, incidentally, that this family is separating. For
any s,t € R, s < t, p~1((s,t)) is equal to the symmetric set I U (—1I), where I =
[0,00) N (s,t). The weakest topology on R making p continuous is that consisting
of all those subsets which are open in the usual sense and symmetrical about the
origin. The sequences (a,,),cy = ((—1)"),ey and (b,),eny = ((=1)"*1),, ey both
converge to 1 since every neighbourhood containing the point 1 also contains the
point —1 (so this topology is not Hausdorff.) However, a,, +b,, = 0 for all n and so
the sequence (a,, +b,,) does not converge to 1 + 1 = 2. We see that this topology
is not compatible with the vector space structure of R. Notice, however, that this
topology and the usual (vector space) topology on R do share a neighbourhood
base at 0; for example, the collection {(—r,r) : » > 0}. The point is that the
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vector topology on R is determined by this neighbourhood base at 0 together with
all its translates. This is, in fact, strictly finer than the o(R, {p})-topology.

This observation is valid in general. If P is any family of seminorms on a vector
space X (# {0}), then the o(X,P)-topology has subbase given by the sets of the
form {x : p(x) € (s,t)} for p € P and s < t. Each of these sets is symmetrical
about 0 in X, and so this property persists for all non-empty sets open with respect
to the o(X,P)-topology. This topology is never Hausdorff—the points = and —z
cannot be separated, for any z # 0. However, if p € P and if p(x) = r # 0, then
V(x,p;r) and V(—=x,p;r) are disjoint open neighbourhoods of the points x and
—x, respectively, with respect to the vector topology determined by P. (Of course,
if P is not separating, it will not be possible to separate x and —x for all points
x in X. In fact, if p(z) = 0 for some x # 0 in X and all p € P, we see that every
V(x,p;r) contains —x.)

We can rephrase this in terms of the continuity of the seminorms. We know
that a net z, converges to z in X with respect to the o(X,P)-topology if and
only if p(z,) — p(x) for each p € P. As we have noted earlier, the convergence of
p(z,), for every p € P, does not imply the convergence of x,, with respect to the
vector topology determined by the family P.

The sequence p((—1)"z) converges to p(z) = p(—=x) for any p € P and any
x € X, and so it follows that (—1)"x converges both to x and to —z with respect to
the (X, P)-topology. This cannot happen in the vector topology for any pair x, p
with p(z) # 0—Dbecause, as noted above, in this case x and —z can be separated.

Theorem 7.8 Suppose that p is a seminorm on a topological vector space (X, 7).
The following statements are equivalent.

(i) p is continuous at 0.
(ii) p is continuous.
(iii) p is bounded on some neighbourhood of 0.

If the topology T on X is the vector topology determined by a family P of semi-
norms, then (i), (ii) and (iii) are each equivalent to the following.

(iv) There is a finite set of seminorms py,...,p,, in P and a constant C > 0
such that
p(z) < C(pi(z) +--+p,(z)) forzelX.

Proof The inequality |p(x) — p(y)| < p(xz —y) implies that (ii) follows from (i)—if
x, — x in X, then z, —x — 0 so that |p(x,) — p(z)| < p(xz, —2z) — 0, ie., pis
continuous at x.

Clearly (ii) implies (i), and (iv) implies (i)—if z, is any net converging to 0,
then p(x,) — 0 for each p in P, so that p(x,) — 0 = p(0) by (iv).
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Next, we observe that (i) implies that there is some neighbourhood U of 0 such
that p(U) C {t € K: |t| < 1}, i.e., |p(z)| < 1 whenever € U and so (iii) holds.
Conversely, if (iii) holds, there is some neighbourhood V' of 0 and some constant
C > 0 such that |p(z)| < C for any = € V. It follows that for any € > 0, |p(z)| < &
whenever x € g V and so p is continuous at 0, which is (i).

Finally, we show that (i) implies (iv). So suppose that p is continuous at 0.
Then there is a neighbourhood U of 0 such that p(U) C {t € R : |t| < 1}, that
is, p(z) < 1 whenever x € U. But there are p,,...,p,, in P and r > 0 such that
V(0,py,...,p,:7) € U, and therefore p(x) < 1 for all x € V(0,py,...,p,,:7).
Let s(z) = py(z) + --- + p,,(z) and suppose x is such that s(z) # 0. Then
re/s(x) € V(0,pq,...,p,,;r) and so p(rz/s(x)) < 1, that is,

o) <+ () o D).

On the other hand, if s(z) = 0, then s(nz) = 0 for any n € N. Hence nz €
V(0,py,...,p,,;7) and so p(nx) = np(z) < 1 for all n € N. This forces p(z) =0
and we conclude that, in any event,

S|

p(z) < = (py(x) 4+ +pp(x))

for all x € X. n

Corollary 7.9 Suppose that A : X — K is a linear functional on a topological
vector space (X,T), where T is the vector space topology determined by a family
P of seminorms on X. The following statements are equivalent.

(i) A is continuous at 0.
(ii) A is continuous.

(iii) There is a finite set of seminorms py,...,p,, in P and a constant C > 0
such that
A@)| < C(py(@) + -+ +p(z)) forzeX.

If F is a family of linear functionals on X such that P is the collection P = {| /] :
¢ € F}, then (i), (ii) and (iii) are equivalent to the following.

(iv) There is a finite set £y,..., /¢
that

., of members of F and sq,...,s,, € K such

Az)=sl;(x)+---+s,,0,(x) forzelX.

Proof We know already that (i) and (ii) are equivalent, by Proposition 6.19. For
x € X, set p(x) = |A(z)]. Then p is a seminorm on X. To say that p is continuous
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at 0 is to say that A is continuous at 0. Thus, by Theorem 7.8, (i) and (iii) are
equivalent.
Next we show that (iv) follows from (iii). Indeed, if (iii) holds, and if £, ..., ¢,,

are elements of F such that p,(z) = |{,(z)| for x € X and 1 < i < m, then it is
clear that

(Vkert; C kerA.

=1

The statement (iv) now follows, by Corollary 5.17. Finally, it is clear that (iv)
implies (i), since each |¢,|, and hence each ¢,, 1 < i < m, is continuous at 0, by
Theorem 7.1 [

Theorem 7.10 Let X and Y be topological vector spaces with topologies
determined by families P and Q of seminorms, respectively. For a linear map
T:X — Y, the following statements are equivalent.

(i) T is continuous at 0 in X.
(ii) T is continuous.

(iii) For any given seminorm q in Q, there is a finite set of seminorms py, ..., p,,
in P and a constant C' > 0, possibly depending on ¢, such that

q(Tz) <C(py(x) +---+p,,(r) forxelX.

If, in particular, X and Y are normed spaces, then (i), (ii) and (iii) are equivalent
to the following.

(iv) There is a constant C' > 0 such that

ITz|| < Cllz| forz e X.

Proof We have already shown that (i) and (ii) are equivalent—as a direct conse-
quence of the linearity of T' (Proposition 6.19). The map = — ¢(T'x) is a seminorm
on X and so (ii) implies (iii), by Theorem 7.8. Suppose that (iii) holds. Let z, be
any net converging to 0 in X. Then p(z,) — 0, for any p in P, so that ¢(T'z,) — 0,
by (iii), for any ¢ in Q. Hence Tz, — 0 in Y and (i) holds.

If X and Y are normed, then the families P and Q can be taken to be singleton
sets consisting of just the norm. Clearly, (iv) follows from (iii) and (i) follows from
(iv). "
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Definition 7.11 A subset A of a vector space over K is said to be convex if
st+ (1 —s)y € A whenever z,y € A and 0 < s < 1. In other words, A is convex
if the line segment between any two points in A also lies in A.

Suppose that p is a seminorm on a vector space X, r > 0 and let A = {z €
X :p(x) <r}. Then A is balanced and convex. Indeed, for any = € A, if |t| < 1,
then p(tz) = |t|p(x) < r. Also, if 0 < s <1 and z,y € A, then

p(sz + (L= s)y) < p(sz) + p((L = s)y)
=sp(z)+ (1 -5)p(y)
<sr+(1—s)r=r

so that sp(x) + (1 — s)p(y) € A. Furthermore, for any x € X and ¢t > 0,
p(tr) = tp(z) < r for all sufficiently small ¢. It follows that A is absorbing.
To summarise, we have shown that A is a convex, balanced absorbing set. Since
these properties are each preserved under (finite) intersections, it follows that the
basic neighbourhoods V' (0, py, ..., p,;7) of O determined by a family of seminorms
on X are convex, balanced and absorbing.

Definition 7.12 A topological vector space is said to be locally convex if there is
a neighbourhood base at 0 consisting of convex sets.

Thus, a topological vector space given by a family of seminorms is a locally
convex topological vector space. In fact, we shall show that the converse holds, that
is, any locally convex topological vector space is a topological vector space whose
topology is determined by a family of seminorms. Such a family is given by certain
seminorms associated with the collection of convex and balanced neighbourhoods
of 0.

Proposition 7.13  Any convex neighbourhood of 0 contains a balanced convex
neighbourhood of 0. In particular, in any locally convex topological vector space,
there is a neighbourhood base at 0 consisting of convex, balanced (and absorbing)
sets.

Proof Let U be any convex neighbourhood of 0. Then U contains a balanced
neighbourhood W, say. For any s € K with |s|] = 1, we have sW C W and
sT'W C W, so that sW = W = s~'W. In particular, s™'W = W C U so
that W C sU. Set V = ﬂ|8|:1 sU. Then V C U and W C V so that V is
a neighbourhood of 0 contained in U. Furthermore, each sU is convex, and so,
therefore, is their intersection, V. We claim that V is balanced. To see this, let
t € K with |¢| < 1. For any v € V, we have v € sU for all s with |s| = 1. Hence,
for any s with |s| = 1, tv € s|t|{U C sU, since U is convex and contains 0. It
follows that tv € V' and so V' is balanced.



74 Basic Analysis

For the last part, we note that, by definition, in a locally convex topological
vector space, 0 has a neighbourhood base of convex sets. By the above, each of
these contains a balanced, convex neighbourhood of 0. The proof is completed by
observing that any neighbourhood of 0 is absorbing. [

Example 7.14 We have discussed continuous linear maps so it is natural to consider
the possibility of discontinuous ones. In this connection, the existence of a Hamel
basis proves useful in the construction of such various ‘pathological’ examples.
We first consider the existence of discontinuous or, equivalently, by Theorem 7.10,
unbounded linear functionals on a normed space. In some cases such functionals
are not difficult to find. For example, let X be the linear space of those complex
sequences which are eventually zero—thus (a,) € X if and only if a, = 0 for
all sufficiently large n (depending on the particular sequence). Equip X with the
norm ||(a,,)|| = sup|a,|, and define ¢ : X — C by

(a,) = o((a,)) =) _a,.

Evidently ¢ is an unbounded linear functional on X. Another example is furnished
by the functional f +— f(0) on the normed space C([0,1]) equipped with the norm
171 = Jo 1£(s)] ds.

It is not quite so easy, however, to find examples of unbounded linear function-
als or everywhere defined unbounded linear operators on Banach spaces. To do
this, we make use of a Hamel basis. We shall consider a somewhat more general
setting. Suppose, then, that (X,T) is an infinite dimensional topological vector
space whose topology 7 is determined by a countable family P of seminorms and
let Y be any topological vector space possessing at least one continuous seminorm
q, say, such that ¢(y) # 0 for some y € Y. Then there is a linear map 7' : X — Y
such that 7' is not continuous at any point of X.

To construct such a map, let M be a Hamel basis of X. Then there is a
sequence {u,, : n € N} of distinct elements in M, since X is infinite dimensional.
Let {y,, : n € N} be any sequence in Y, with ¢(y,,) # 0. Define T" on the u,, by

and set Tv = 0 for v € M with v # u,, for any £ € N. The map 7T is extended
to the whole of X by linearity, thus giving a linear map from X into Y. Now,
evidently, ¢(T'(u,,)) = n(p;(w,,)+---+p, (u,)) and so, by Theorem 7.10, T fails to
be continuous, even at 0. 7" is then discontinuous at every point since continuity at
some z € X is easily seen to imply continuity at 0 (and hence at every point, again
by Theorem 7.10). If we set Y = K, then 7" is an unbounded linear functional.
One might then ask whether the existence of such discontinuous linear func-
tionals also holds for any infinite dimensional topological vector space. It turns
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out that discontinuous linear functionals cannot always be found. If the topology
of a topological vector space is sufficiently strong, then all linear functionals are
continuous.

This would certainly be the case if we could equip a vector space with the
discrete topology. However, this is not a vector topology so we must look further.
In fact, we will show that any vector space X can be equipped with a vector
topology T such that every linear functional on X is continuous. To construct
such a topology, let P denote the collection of all seminorms on X. P is not empty
because X can be equipped with a norm, and so this will appear in the family P.
Let T be the vector topology on X determined by P. We note that T is Hausdorff
because P is separating—after all, it contains a norm. By Theorem 7.1, every
member of P is continuous. Let £ : X — K be any linear functional on X. Then
| £] is a seminorm on X and therefore | ¢| belongs to P. It follows that |/| is
continuous at 0 and hence ¢ is continuous at 0. By Corollary 7.9, we conclude that
¢ is continuous.

Proposition 7.15 For any seminorm p on a vector space X over K, the sets
{r € X :p(x) <1} and {z € X : p(z) < 1} are convex, absorbing and balanced.

Proof Let z,y € {z : p(x) < 1} and let 0 < s < 1. Then p(sz + (1 — s)y) <
p(sz) + p((1 — s)y) = sp(x) + (1 — s)p(y) < 1 which shows that {z : p(z) < 1}
is convex. For any z € X, we have p(tz) = |t|p(z) < 1 for all ¢t € K with |¢|
sufficiently large, so that {x : p(x) < 1} is absorbing. Now let t € K with |¢| < 1.
Then, p(tz) = |t|p(z) < p(x) < 1 and we see that {z : p(z) < 1} is balanced. An
almost identical argument applies to the set {z : p(z) < 1}. "

This rather easy result tells us how to get convex, absorbing and balanced sets
from seminorms. It turns out that one can go in the other direction—from convex,
absorbing and balanced sets we can construct seminorms, as we now show.

Theorem 7.16 Suppose that C' is a convex absorbing set in a vector space
X. Foreachx € X, let A, = {s >0:2 € sC}. Then A, enjoys the following
properties.

(i) A, #@ forxe X, Ay =(0,00), and A,, =t A, for any t > 0.

(ii) Foranyz,ye X, A, +A, CA, .

(iii) If, in addition, C is balanced, then A, = |t| A, for any t € K with |t| > 0.
Proof A, is non-empty because C' is absorbing—in fact, A, contains a set of

the form (s, 00) for some suitably large s. The set C' contains 0 and so certainly
t0=0€ Cforallt>0,ie., Ay = (0,00). For any t > 0, the following statements
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are equivalent; s € A, z € sC, tx € tsC, ts € A,,, which completes the proof of
(i).

To prove (ii), let  and y be given elements of X and let a € A, and b € A,. Then
we have that € aC and y € bC, and so z +y € aC + bC C (a + b)C, by the
convexity of C. That is,a+be A, .

Now assume that C is also balanced and let ¢ € K with |¢| > 0. Write t = at|,
where |a| = 1. Then aC C C and also a~!C C C, so that aC = C. Hence, the
following statements are equivalent; s € A, Itz € sC, alt|z € asC, tx € sC,
s € A;,. We conclude that A, = A,,. "

Theorem 7.17 For any convex absorbing set C' in a vector space X the map
Po : x— po(x) =inf{s > 0:x € sC}, v € X, is positively homogeneous and
subadditive on X.

If, in addition, C' is balanced, then p. is a seminorm on X. Furthermore, {x :
po(x) < 1} € C C {x : po(x) < 1}, and if B is any convex, absorbing and
balanced set such that {x : po(x) <1} C B C {z: ps(x) <1} then pg = p.

Proof We use the notation of the previous theorem, Theorem 7.16. By part (i)
of Theorem 7.16, for any x € X and ¢ > 0, we have that p.(tz) = inf A, =
inf tA, =t inf A, = tp,(x) which shows that p is positively homogeneous.

Also, for any z,y € X, we have (by part (ii) of Theorem 7.16), p-(x + y) =
infA,,, <a+bforanyaec A, be A, Hence po(z+y)—b<infA  beA,
and so po(z +y) —inf A, <inf A which gives p(z +y) < po(7) + po(y). That
is, po is subadditive.

Now suppose that C' is also balanced. We wish to show that p. is a seminorm.
Clearly po(xz) > 0 and p-(0) = inf A, = 0. Now let ¢ € K. Then p,(tz) =
infA,, =inf A, = inf[t|4, = [t[pc(z) and it follows that p. is a seminorm on
X, as required.

If z € {x : po(x) <1}, then inf A, <1 and so there is some s € A, with s < 1.
Thus z € sC and so (1/s)z € C. It follows that z € C since C is convex and
contains 0. If x € C, then 1 € A, and soinf A, <1, ie., p(x) <1

Suppose that D, D’ are any two convex, absorbing, balanced sets such that
D C D'. Then, for any z € X, {s: sz € D} C {s: sz € D'}. Taking the infima,
it follows that pp, (z) < pp(z). It follows that if B is any convex, absorbing and
balanced set such that D C B C D’ then py, < pg < pp.

In particular, this holds with D = {x : p(x) < 1} and D’ = {x : p(x) < 1}.
However, p(z) = inf{s > 0: 2z € sD} = inf{s > 0:z/s € D} = inf{s > 0 :
po(x) < s} = po(x). Similarly, pp, () =inf{s >0:2 € sD'} =inf{s > 0:z/s €
D'} =inf{s > 0 : pr(z) < s} = po(x) and we have shown that p, = pp, = po.
We conclude that p~ = pp, < pp < pp = p and the proof is complete. [
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Definition 7.18 The map p, constructed in Theorem 7.17 is called the Minkowski

gauge or functional associated with the convex absorbing set C' in the vector space
X.

Example 7.19 Let X be a normed space, and let C' be the ball C' = {z : ||z|| < r},
with 7 > 0. Then po(z) = inf{s > 0: z € sC} = inf{s > 0 : ||z/s|| < r} =
inf{s > 0: ||z| < sr} =|=z|/r.

Example 7.20 Let S be the strip S = {z € C: |Im 2| < 1} in the one-dimensional
complex vector space C. Then S is convex and absorbing but not balanced—for
example, 2 € S but 2i ¢ S. Given s > 0, we see that z € sS if and only if
|Im z| < s, so that pg(z) = |Im z|.

We see that pg(2) = 0 # 2 = pg(2i), so that pg fails to be absolutely homo-
geneous and so is not a seminorm. Notice that pg is positively homogeneous and
subadditive, as it should be.

Example 7.21 Let S be the strip S = {(z,y) € R? : |y| < 1} in the two-dimensional
real vector space R?. We see that S is convex, absorbing and balanced. For given
s >0, (x,y) € sS if and only if |y| < s, which implies that pg((z,y)) = |y|. In this

case, pg 1 a seminorm; clearly pg((z,y)) > 0, ps(t(z,y)) = [t|[y| = [t|p S(z,y)),
and

ps((x,y) + (", 9") = ly +¥'| <yl + 1y = ps((z,9)) + ps((2',y)).

Notice that S is an unbounded set in R? and that pg is not a norm. Indeed,
pg((z,0)) =0 for any x € R.

Proposition 7.22 The Minkowski functional p,, associated with a bounded,
balanced, convex neighbourhood of 0 in a topological vector space X is a norm.

Proof We recall that any neighbourhood of 0 is absorbing and so py, is well-
defined. Let x € X with z # 0. Then there is a neighbourhood W of 0 such that
x ¢ W. However, since V is bounded, V' C sW for all sufficiently large s. But
x ¢ W implies that sz ¢ sW, so that sz ¢ V for some (sufficiently large) s. By
Theorem 7.17, it is false that py, (sx) < 1, and so we must have py, (sz) > 1. In
particular, py (z) = (1/s)py (sx) # 0, and we conclude that the seminorm p,, is in
fact a norm. n

Example 7.23 Let X be the real vector space of bounded, continuously differ-
entiable real-valued functions on (—1,1) which vanish at the origin and which
have bounded derivatives. Let p; and p, be the norms on X given by p,(f) =
sup{|f(z)| : = € (=1,1)} and py(f) = sup{|f'(z)| : € (-1,1)} for f € X.
Equip X with the vector space topology T given by the pair P = {p;,p,} and let
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C={feX:p,(f) <1}. Then we see that the Minkowski functional p is equal
to the norm p,. In particular, p, is a norm. However, we claim that C' is not
bounded. To see this, let U be the neighbourhood of 0 given by

U={feX:p(f) <landp,(f) <1}

If C' were bounded, then C C sU for all sufficiently large s. However, for any s > 0,
the function g(z) = 1 sin4sz belongs to C but not to sU (since py(g) = 25 > s).
It follows that C' is not bounded, as claimed.

Theorem 7.24 The topology on a separated topological vector space (X,T) is a
norm topology if and only if 0 possesses a bounded convex neighbourhood.

Proof Suppose that the topology on the topological vector space X is given by a
norm | - ||. Then the set {z : ||z|| < 1} is an open bounded convex neighbourhood
of 0.

Conversely, suppose that U is a bounded convex neighbourhood of 0. Then, by
Proposition 7.13, there is a balanced, convex neighbourhood V of 0 with V' C U.
Since U is bounded, so is V. By Proposition 7.22, py,, the Minkowski functional
associated with V' is a norm.

We shall show that ||-|| = uy (-) induces the topology T on X. Since py, (z) <1,
for x € V, by Theorem 7.17, it follows from Theorem 7.8 that j, is continuous.
On the other hand, suppose that ||z, || — 0. For any neighbourhood G of 0 there
is s > 0 such that V' C sG, since V is bounded. Now, there is v, such that
|z,|| < 1/s for all v > v,. For such v, we have, ||sz,|| <1 and so sz, € V C sG,
by Theorem 7.17. Hence z, € G whenever v = v,. It follows that x, — 0 with
respect to J. Hence, we have the following equivalent statements;

x, — x with respect to 7,
<= z, —x — 0 with respect to 7,
<= 1z, —x — 0 with respect to || - ||,

<= x, — x with respect to || - |.

It follows that T and the topology given by the norm ||- || have the same convergent
nets, and hence the same closed sets and therefore the same open sets, i.e., they
are equal. [
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Theorem 7.25 The topology of any locally convex topological vector space is
determined by a family of seminorms. Indeed, this family may be taken to be the
family P of Minkowski functionals associated with all convex, absorbing, balanced
neighbourhoods of 0.

Proof We have seen that in every locally convex topological vector space (X, T), 0
possesses a neighbourhood base of convex, balanced (absorbing) neighbourhoods.
Let P be the family of associated Minkowski functionals. Denote by T, the vector
topology on X determined by P. We must show that T, = 7. Let p € P. Then,
by definition, p is bounded on some neighbourhood of 0. Indeed, p = p~ for some
(convex, balanced and absorbing) neighbourhood C' of 0 and so C C {z € X :
pe(x) < 1}. That is to say, if z € C, then p(z) = po(z) < 1. Thus p is bounded
on the neighbourhood C' of 0 and so is continuous, by Theorem 7.8. Since Ty, is
the weakest vector topology on X such that each member of P is continuous, we
deduce that Jp C 7.

On the other hand, suppose that U is a convex, balanced neighbourhood of
0 with respect to the topology T. Then the interior of U is a convex, balanced
neighbourhood of 0, so we may assume that U is open. Let x € U, so that U is
a neighbourhood of x. By continuity of scalar multiplication, there is 4 > 0 such
that rz € U whenever |r — 1| < §. In particular, there is » > 1 such that rz € U,
i.e., z € 1U. Hence py(z) = inf{s > 0: 2 € sU} <1 for any z € U. It follows
from Theorem 7.17 that U = {x : p;;(z) < 1}. This means that U = p;;' ((—o0, 1))
is in Tp. Now, any non-empty J-open set is a union of translations of open convex,
balanced neighbourhoods of 0, so we conclude that any such set is also Tp-open,
i.e., T C Ty, and we have equality, as required. [

Proposition 7.26 A subset B of a locally convex topological vector space (X,T)
is bounded if and only if p(B) is a bounded subset of R for each continuous
seminorm p on X.

Proof Suppose that B is bounded and p is a continuous seminorm on X. Then
U = {z:p(z) < 1} is a neighbourhood of 0 in X. Since B is bounded, there is
s > 0 such that B C sU. But then if x € B, we have (1/s)z € U and therefore
p((1/s)x) < 1. Thus p(z) < s for all z € B and p(B) is bounded.

Conversely, suppose that p(B) is bounded for each continuous seminorm p on X
and let U be a neighbourhood of 0. Since (X, T) is locally convex, there is a family
of seminorms P on X which determine the topology T, by Theorem 7.25. Thus
there is some r > 0 and seminorms p,,...,p, € P such that V(0,py,...,p,;r) C
U. Now, each member of P is continuous and so, by hypothesis, each p,(B) is
bounded, so there is some d > 0 such that p,(z) < d for x € B and 1 <i < n.
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Hence, for x € B,

w | &

pi(z/s) <

ie,x/seV(0,py,...,p,;7) C U, whenever s > d/r. It follows that

< r whenever s > d/r,

B C sV(0,py,...,p,;7) CsU fors>d/r

and we conclude that B is bounded, as required. [
Next we consider a further version of the Hahn-Banach theorem.

Theorem 7.27  (Hahn-Banach theorem) Let X be a locally convex topological
vector space determined by the family P of seminorms. Suppose that M is a linear
subspace of X and that \ : M — K is a continuous linear functional on M. Then
there is a constant C' > 0 and a finite set of elements p,...,p, in P, such that

A@)| < C(py(@) - +py(x))  forae M.
Furthermore, there is a continuous linear functional A on X such that
A@)| < C(py(0) + -+ +p,(2)) foraeX,
and A | M = A\

Proof The relative topology on M is determined by the restrictions of the semi-
norms in P to M. Indeed, a neighbourhood base at 0 in M is given by the sets

V(O7p1a"'7pk;/r)ﬂM:{xeMipi(CIZ)<T, 1§’L§k}
={zeM:(p, | M)(x)<r, 1 <i<k}
=V(0,p, | M,...,p, | M;r).

Let P,, denote the collection of restrictions P,, = {p | M : p € P}. Since
A: M — K is a continuous linear functional on M, it follows that there is C' > 0
and p; [ M,...,p, [ M in P,, such that

A@)| < C(py [ M(z)+--+p, | M(z)), xeM,
which is precisely the statement that
A@)| < C(py (@) +-- +pu(x)), ze€M.

For z € X, set ¢(x) = C(py(z) +--- +p,,(z)). Then ¢ is a seminorm on X and
we have |A\(z)| < g(x) on M. By our earlier version of the Hahn-Banach theorem,
Theorem 5.22, there is a linear functional A on X such that A [ M = X\ and

IA(z)] < q(z) forzxe X.

This bound implies that A is continuous, by Corollary 7.9. [
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Corollary 7.28 The space of continuous linear functionals on a separated locally
convex topological vector space separates the points of X, that is, for any x, # x,
in X there is a continuous linear functional A on X such that A(z,) # A(x,).

Proof Given z; # z, in X, set z = x; — z5. Then z # 0. Let M be the linear
subspace M = {tz : t € K} and define A : M — K by A(tz) = ¢. Then X is a linear
functional on M with ker A = {0} which is closed in M, since X and therefore
M is Hausdorff, by hypothesis. It follows that A is continuous on M. Hence,
by Theorem 7.27, there is a continuous linear functional A : X — K such that
A | M = \. Furthermore, A(z,) — A(z,) = A(z) = A(2) =1 #0. "

Remark 7.29 It is worthwhile explicitly highlighting the following statement which
has more or less been proved in the course of the above argument. For any non-
zero element z in a separated topological vector space X, the map tz — ¢ is a
homeomorphism between M, the one-dimensional subspace spanned by z, and K.
It is clear that this map is one-one and onto. Indeed, its inverse is t — tz, which
is continuous due to the continuity of scalar multiplication. The somewhat less
trivial part is in showing that ¢tz — t is continuous—which as we saw above, follows
from the fact that a linear functional is continuous if (and only if) its kernel is
closed.

Corollary 7.30 Let M be a linear subspace of a locally convex topological vector
space X and suppose that x is an element of X not belonging to the closure of
M. Then there is a continuous linear functional A on X such that A(z,) =1 and
A(z) =0 for all x € M.

Proof Let B be a Hamel basis for M, the closure of M. Since M is a linear
subspace and x, ¢ M, it follows that {z,} U B is a linearly independent set. Let
M, be the linear span of M and z, that is, M, = {tz, +u:t € K,u € M}. Any
x € M, can be written as z = tz, + u for unique ¢t € K and v € M. Thus we may
define A : M| — K by

AMz)=t, foraz=tx,+uec M.

Now, M is closed and x, ¢ M so there is a neighbourhood of x, which does not
meet M. Thus,

V(2g,P1s--->0;T) M =@
for suitable seminorms py,...,p, and r > 0. Let s(x) = p,(x)+---+p, (x), z € X.

Then, for any u € M, p;(xy —u) > r for some 1 < i < n so that s(xy; —u) >r. In
particular, for any t # 0 and u € M,

u
st +u) = |t]s(zg + ) = I 7
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Thus, for t € K and u € M,
1
A(txy +u)| = |t] < - s(tzy + u).

That is,
1
ANz)| < =s(z) forxze M,
r

which shows that A : M; — K is continuous. By the Hahn-Banach theorem,
Theorem 7.27, it follows that there is a continuous linear functional A on X which
extends A (and obeys the same bound). In particular, A(z,) =1 and A(z) = 0 for
all z € M. L]

Theorem 7.31 Let X be a vector space over K and suppose that F is a family
of linear functionals on X. Then the o(X,F)-topology coincides with the locally
convex topology Ty determined by the family P = {|¢| : £ € F} of seminorms
on X. This latter topology is Hausdorff if and only if J is a separating family,
i.e., for any x € X with x # 0 there is some ¢ € F such that ¢(x) # 0.

Proof First we observe that if £ is a linear functional on X then | /| is a seminorm,
and the condition that F be a separating family of linear functionals is equivalent
to P being a separating family of seminorms.

To show that the vector space topology determined by P is the same as the
o(X, F)-topology, we shall show that they have the same convergent nets. To this
end, let (z,) be a net in X. We have

x,, — = with respect to the o(X, ¥)-topology,
< (l(x,) — {(z), for each ¢ € T,
<= {(z, —x) — 0, for each ¢ € T,
< |l(z, —x)| — 0, for each ¢ € T,
<= 1z, —x — 0 with respect to Ty,
<= z, — x with respect to Jo.

Hence these two topologies have the same convergent nets, the same closed sets
and therefore the same open sets. [

Examples 7.32

1. Equip C(R), the linear space of complex-valued continuous maps on R, with the
separating family of seminorms P = {p, : K compact in R}, where p, is given

by pr(f) = sup{|f(z)| : € K} for f € C(R).

Convergence in (C'(R),T5) is uniform convergence on compact sets.
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2. Denote by (s) the linear space of all complex sequences (z,,) equipped with the
family P of seminorms P = {p, : k € N}, where p,((z,,)) = |x,|. Convergence in
Ty is componentwise convergence.

For each k, let £, : (s) — C be the map ¢,((z,)) = z;. Then ¢, is a linear
functional and T, is equal to the o((s), F)-topology, where F = {¢, : k € N}.

3. We can extend the previous example somewhat. Let X be the linear space
of maps f from a given set Q into C. For each w € Q, let p_(f) = f(w) and let
P ={p, : w e Q}. The topology T4 on X is the topology of pointwise convergence
on . If Q = N, then this example reduces to the previous one.

4. The space $(R) is the space of infinitely differentiable complex-valued functions
f on R such that for each m,n = 0,1,2,..., the set {|z|™|D"f(z)| : x € R}
is bounded. For such f, set p,, .(f) = sup(l + |z|™)|D" f(z)| : * € R}. Then
P ={pm.n : m;n € N} is a separating family of seminorms. 8(R) is the Schwartz
space of smooth functions of rapid decrease. In a similar way, one defines S(R"™),
the space of smooth functions on R™ with rapid decrease. These spaces play an
important role in the general theory of partial differential equations and also in
quantum field theory.

5. Let X = B(H), the linear space of bounded operators on a Hilbert space H.
For each € H, let p, be the seminorm p (T') = ||[Tz||, for T € B(H), and set
P ={p, :z € H}. Then P is a separating family and T, is the topology of strong
operator convergence, T, — T if and only if | T,z — Tz|| — 0, for each = € H.

6. Let X = B(H), as above. For each z,y € H, let £, , be the linear functional
on X given by £, (T') = (T'z,y) and let p, , be the seminorm p, ,(T') = |¢, , (T)|.
Let P be the collection of all such p, , with z,y € H and let & be the collection of
the linear functionals £, ,. The topology Ty is equal to the o(B(H), F)-topology—
it is the weak operator topology. A net T, converges to 17" with respect to this
topology if and only if (T, x,y) — (T'z,y), for each pair z,y € H.



8. Banach Spaces

In this chapter, we introduce Banach spaces and spaces of linear operators. Recall
that if X is a normed space with norm || - ||, then the formula d(z,y) = ||z — y||,
for xz,y € X, defines a metric d on X. Thus a normed space is naturally a metric
space and all metric space concepts are meaningful. For example, convergence of
sequences in X means convergence with respect to the above metric.

Definition 8.1 A complete normed space is called a Banach space.

Thus, a normed space X is a Banach space if every Cauchy sequence in X
converges—where X is given the metric space structure as outlined above. One
may consider real or complex Banach spaces depending, of course, on whether X
is a real or complex linear space.

Examples 8.2

1. If R is equipped with the norm [|A]| = ||, A € R, then it becomes a real Banach
space. More generally, for © = (z,,z,,...,2,) € R", define

= (3 W)W

i=1

Then, with this norm, R™ becomes a real Banach space (when equipped with the
obvious component-wise linear structure).

In a similar way, one sees that C”, equipped with the similar norm, is a (complex)
Banach space. These norms are the Euclidean norms on R™ and C™, respectively.

2. Equip C(]0,1]), the linear space of continuous complex-valued functions on the
interval [0, 1], with the norm

I/} = sup{[f ()] : 2 € [0,1]}.

Then C([0,1]) becomes a Banach space. This norm is called the supremum (or
uniform) norm and is often denoted || - || . Notice that convergence with respect
to this norm is precisely that of uniform convergence of the functions on [0, 1].

84
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Suppose that we now equip C([0,1]) with the norm

1l = / f(x)] d.

One can check that this is indeed a norm but C([0,1]) is no longer complete (so
is not a Banach space). In fact, if h,, is the function given by

0, 0<z<3
ho(z)=% n(z—3), t<z<i+
1, ste<z<l
then one sees that (h,) is a Cauchy sequence with respect to the norm || - ||;.

Suppose that h, — h in (C([0,1]), | - ||;) as n — oco. Then

1/2 1/2
| m@lde= [ b = hy@de < 0=yl -0
0 0

and so we see that h vanishes on the interval [0, 3]. Similarly, for any 0 < e < 3,
we have

1
/ h(z) — 1) dz < [h—h, |, — 0
3+e

as n — oo. Therefore h is equal to 1 on any interval of the form [ + €, 1], for
0 < & < i. This means that h is equal to 1 on the interval [$,1]. But such a
function h is not continuous, so we conclude that C([0,1]) is not complete with

respect to the norm || - ||;.

3. Let S be any (non-empty) set and let X denote the set of bounded complex-
valued functions on S. Then X is a Banach space when equipped with the supre-
mum norm || f|| = sup{|f(s)| : s € S} (and the usual pointwise linear structure).

In particular, if we take S = N, then X is the linear space of bounded complex
sequences. This Banach space is denoted £*° (or sometimes ¢*°(N)). With S = Z,
the resulting Banach space is denoted ¢>°(Z).

4. The set of complex sequences, x = (x,,), satisfying

oo
lzlly =) |zl < o0
n=1
is a linear space under componentwise operations (and || -||; is a norm). Moreover,

one can check that the resulting normed space is complete. This Banach space is
denoted ¢!.
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5. The Banach space ¢? is the linear space of complex sequences, z = (x,,),
satisfying

0o
lzlly = O 2,1*)"? < o0
n=1

In fact, 2 has the inner product
o
(@,9) = > 7,
n=1

and so is a (complex) Hilbert space.

We have seen, in Theorem 6.23, that there is only one Hausdorff vector space
topology on a finite dimensional topological vector space and so, in particular,
all norms on such a space are equivalent. We can prove this last part directly as
follows.

Theorem 8.3  Any two norms on a finite dimensional vector space over K are
equivalent.

Proof Suppose that X is a finite dimensional normed vector space over K with
basis e,... ,e,. Define a map 7' : K" — R by

T(ty,.-ooty) = ltrey + -+ e,
The inequality
‘ Htlel +ot tnenH - ||5161 T+t SnenH ‘ S ||(t1 - 81)61 Tt (tn - Sn)en”

shows that 7" is continuous on K”. Now, T'(¢,,...,t,) = 0 only if every ¢, = 0.
In particular, T'" does not vanish on the unit sphere, {z : ||z|| = 1}, in K". By
compactness, T attains its bounds on the unit sphere and is therefore strictly
positive on this sphere. Hence there is m > 0 and M > 0 such that

n n
my S 62 < ey e < MY 2.

We have shown that the norm |- || on X is equivalent to the usual Euclidean norm
on X determined by any particular basis. Consequently, any finite dimensional
linear space can be given a norm, and, moreover, all norms on a finite dimensional
linear space X are equivalent: for any pair of norms || - ||; and || - ||, there are
positive constants pu, i/ such that

pllly < flzlly < plllely

for every x € X. [
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Proposition 8.4 The normed space X is complete if and only if the series Y . | x,,
converges, where (x,,) is any sequence in X satisfying >, ||z,,|| < co. In other
words, a normed space is complete if and only if every absolutely convergent series
is convergent.

Proof Suppose that X is complete, and let (z,,) be any sequence in X such that
>0 @, |l < oo. Let € > 0 be given and put y,, = Y ,_, ;. Then, for n > m,

n

> T
k=m+1
n

< > gl

k=m+1
<e

1Y — Ynll =

for all sufficiently large m and n, since > °—, ||z, || < co. Hence (y,,) is a Cauchy
sequence and so converges since X is complete, by hypothesis.

Conversely, suppose > - |z, converges in X whenever » >~ |z, || < co. Let
(y,,) be any Cauchy sequence in X. We must show that (y,,) converges. Now,
since (y,,) is Cauchy, there is n; € N such that ||y, —,,|| < 5 whenever m > nj.
Furthermore, there is n, > n; such that ||y, — y,,|| < § whenever m > n,.
Continuing in this way, we see that there is n; < n, < ng < ... such that

19, = Umll < 55 whenever m > n;. In particular, we have

Hynk_,_l ynkH < 2].{3

for k € N. Set z;, =y, ., —y,,. Then

Z B Z 1Y = Yo

1
2_]'6‘

3

M= T

>
I
MR

It follows that Y -, ||z,]] < oo. By hypothesis, there is z € X such that
> ope, @, — T as m — 0o, that is,

Zwk = Z (Ynprr = Yny)
k=1

= ynm+1 - ynl -z

Hence y,, — = +vy,, in X as m — oo. Thus the Cauchy sequence (y,,) has a
convergent subsequence and so must itself converge. [
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We shall apply this result to quotient spaces, to which we now turn. Let X be
a vector space, and let M be a vector subspace of X. We define an equivalence
relation ~ on X by z ~ y if and only if x —y € M. It is straightforward to check
that this really is an equivalence relation on X. For x € X, let [z] denote the
equivalence class containing the element z. X /M denotes the set of equivalence
classes. The definitions [z] + [y] = [x + y| and t[x] = [tz], for t € K and z,y € X,
make X/M into a linear space. (These definitions are meaningful since M is a
linear subspace of X. For example, if x ~ 2’ and y ~ ¢/, then x +y ~ 2’ + v/, so
that the definition is independent of the particular representatives taken from the
various equivalence classes.) We consider the possibility of defining a norm on the
quotient space X /M. Set

[fz][] = inf{{lyl| : y € [=]}.

Note that if y € [z], then y ~ = so that y — x € M; that is, y = x + m for some
m € M. Hence

[[z]] = inf{llyl| : y € [z]} = inf{[le +m] : m € M}
= inf{||lx —m| :m € M},

where the last equality follows because M is a subspace. Thus ||[x]|| is the distance
between x and M in the usual metric space sense. The zero element of X/M is
[0] = M, and so ||[z]|| is the distance between = and the zero in X/M. Now, in a
normed space it is certainly true that the norm of an element is just the distance
between itself and zero; ||z|| = ||z — 0||. This suggests that the definition of ||[z]||
above is perhaps a reasonable one.

To see whether this does give a norm or not we consider the various require-
ments. First, suppose that ¢t € K, ¢t # 0, and consider

¢l =[]

= inf ||tz + m||
meM
= inf ||tz +tm||, sincet #0,
meM
= |t| inf |z 4+ m]||
meM

= [t [=1]]-

If t = 0, this equality remains valid because [0] = M and inf,,.,, ||m| = 0.
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Next, we consider the triangle inequality;

2] + [yl = Nz + o1l
= inf o +y+m]

= inf |z+m+y+nm|
M

m,m’¢€
< inf !
< int (e +ml +ly+ o)
= [lzll + llyll
Clearly, ||[z]|| > 0 and, as noted already, [|[0]|| = 0, so || - || is a seminorm on

the quotient space X/M. To see whether or not it is a norm, all that remains is
the investigation of the implication of the equality ||[z]|| = 0. Does this imply that
[] =0 in X/M? We will see that, in general, the answer is no, but if M is closed
the answer is yes, as the following argument shows.

Proposition 8.5 Suppose that M is a closed linear subspace of the normed space
X. Then || - || as defined above is a norm on the quotient space X /M—called the
quotient norm.

Proof According to the discussion above, all that we need to show is that if z € X
satisfies ||[z]|| = 0, then [z] =0 in X/M, that is, z € M.

So suppose that € X and that ||[z]|| = 0. Then inf, |z +m| = 0, and
hence, for each n € N, there is z, € M such that ||z + z,|| < L. This means that
—z, — 2 in X as n — oo. Since M is a closed subspace, it follows that z € M
and hence [z] = 0 in X/M, as required. "

Proposition 8.6 Let M be a closed linear subspace of a normed space X and let
m: X — X/M be the canonical map w(x) = [z], x € X. Then 7 is continuous.

Proof Suppose that x, — 2z in X. Then
() = m(2)|| = || [z,] =[] |

= || [z, — ]|

= inf |, —x+m|
<||lx,, — x|, since0e M,

—0asn— o

and the result follows. n



90 Basic Analysis

Proposition 8.7  For any closed linear subspace M of a Banach space X, the
quotient space X/M is a Banach space under the quotient norm.

Proof We know that X/M is a normed space, so all that remains is to show
that it is complete. We use the criterion established above. Suppose, then, that
([z,]) is any sequence in X/M such that ) ||[z,]]| < co. We show that there is
[y] € X/M such that Zﬁzl[zz‘n] — [y] as k — oo.

For each n, ||[z,]|| = inf,,ca/ |2, + m||, and therefore there is m,, € M such
that

1

by definition of the infimum. Hence

ZH@“ +m H<Z ik H+

< Q.

But (z,,+m,,) is a sequence in the Banach space X, and so lim, Zﬁ,:l (x,+m,,)
exists in X. Denote this limit by y. Then we have

k k
136~ bl = [ ke
= inf ||an —y—}—mH

meM

k k
<Dz —y+ D m
n=1 n=1
k
n=1

— 0, ask— oo.

Hence Zizl[:ﬁn] — [y] as k — oo and we conclude that X /M is complete. "

Example 8.8 Let X be the linear space C([0,1]) and let M be the subset of X
consisting of those functions which vanish at the point 0 in [0,1]. Then M is a
linear subspace of X and so X/M is a vector space.

Define the map ¢ : X/M — C by setting ¢([f]) = f(0), for [f] € X/M. Clearly,
¢ is well-defined (if f ~ g then f(0) = g(0)) and we have

G(tf]+ slg]) = o([tf + s9])
= 1f(0) + s9(0)
= to([f1) + s([9])
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for any t,s € C, and f,g € X. Hence ¢ : X/M — C is linear. Furthermore,
o([f]) = o(lg]) <= f(0) =g(0)

— f~g

and so we see that ¢ is one-one.

Given any s € C, there is f € X with f(0) = s and so ¢([f]) = s. Thus ¢ is
onto. Hence ¢ is a vector space isomorphism between X/M and C, i.e., X/M = C
as vector spaces.

Now, it is easily seen that M is closed in X with respect to the || - || ,-norm
and so X/M is a Banach space when given the quotient norm. We have

11l = inf{llgll : g € [f]}
= inf{[|g]lo : 9(0) = f(0)}
= |f(0)| (take g(s) = f(0) for all s € [0,1]).

That is, ||[f]I| = |o([f])|, for [f] € X/M, and so ¢ preserves the norm. Hence
X/M = C as Banach spaces.
Now consider X equipped with the norm || - ||;. Then M is no longer closed in

X. We can see this by considering, for example, the sequence (g,,) given by

ns, 0<s<1/n

9n(s) =

I, 1I/n<s<1.
Then g,, € M, for each n € N, and g,, — 1 with respect to || -||;, but 1 ¢ M. The
‘quotient norm’ is not a norm in this case. Indeed, ||[f]|| = 0 for all [f] € X/M.
To see this, let f € X, and, forn € N, set h,,(s) = f(0)(1—g,(s)), with g,, defined
as above. Then h,(0) = f(0) and ||h,|; = |f(0)|/2n. Hence

inf{|lg[l; : 9(0) = f(0)} < [[h,[ly < [f(0)]/2n
which implies that
1Al = inf{llgll, - g € [f]} = 0.

The ‘quotient norm’ on X/M assigns ‘norm’ zero to all vectors.

Next we discuss linear mappings between normed spaces. These are also called
linear operators.

Definition 8.9 The linear operator 7' : X — Y from a normed space X into a
normed space Y is said to be bounded if there is some k > 0 such that

[ Tx|| < k]
for all x € X. If T is bounded, we define ||T’|| to be
1T = inf{k : [Tz < E|j=]|, v € X}.

We will see shortly that || - || really is a norm on the set of bounded linear
operators from X into Y. The following result follows directly from the definitions.
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Proposition 8.10 Suppose that T : X — Y is a bounded linear operator. Then
we have

IT[| = sup{[|Tz| - [l«f} < 1}
= sup{[|Tz| : [l«]| = 1}

| Tz||
=supy—:x #0¢.
sl e 7 0

Proof One uses the facts that if ||z|| <1 (and = # 0), then [|[Tx| < ||Tz||/||z| =
1Tz /[ .

Note that if T is bounded, then, by the very definition of ||T'||, we have ||Tz| <
|T|[||z||, for any = € X. Thus, a bounded linear operator maps any bounded set
in X into a bounded set in Y. In particular, the unit ball in X is mapped into the
ball of radius ||7']| in Y. We have seen in Corollary 6.20 that if 7" is a continuous
linear operator then it is bounded. Hence

1Tz = Tx|| = [|T(z" = 2)I| < [ T[|l|2" — =]

for any z, 2’ € X. This estimate shows that 7" is uniformly continuous on X, and
that therefore, continuity and uniform continuity are equivalent in this context.
In other words, the notion of uniform continuity can play no special role in the
theory of linear operators, as it does, for example, in classical real analysis.

Definition 8.11 The set of bounded linear operators from a normed space X into
a normed space Y is denoted B(X,Y). If X =Y, one simply writes B(X) for
B(X,X).

Proposition 8.12 The space B(X,Y) is a normed space when equipped with its
natural linear structure and the norm || - ||.

Proof For S, T € B(X,Y) and any s, t € K, the linear operator sS+tT is defined
by (sS + tT)x = sSx + tTx for x € X. Furthermore, for any x € X

1Sz + Txl| < || S|l + [Tl < (IS + [IT[D]]

and we see that B(X,Y') is a linear space. To see that || - || is a norm on B(X,Y),
note first that ||7]| > 0 and ||T|| = 0 if T = 0. On the other hand, if ||T|| = 0,
then

[ Tx]|
0=|T]| = Sup{w x#0}

which implies that ||Tz|| = 0 for every x € X (including, trivially, z = 0). That
is, T'= 0.
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Now let s € Kand T' € B(X,Y). Then
[sT| = sup{||sTx]| : [lz|| <1}
= sup{|s| || Tz : [lz[| < 1}
= |s| sup{|[|Tz[| : [[=| <1}
= [s[|T°[| -
Finally, we see from the above, that for any S,T € B(X,Y),
1S+ T|| = sup{||Sz + Tz : ||lz]| <1}
< sup{([lSI + Il ]l - [|lf] < 1}
= [IS1 + 177

and the proof is complete. m

Proposition 8.13 Suppose that X is a normed space and Y is a Banach space.
Then B(X,Y) is a Banach space.

Proof All that needs to be shown is that B(X,Y’) is complete. To this end, let
(A,,) be a Cauchy sequence in B(X,Y); then

14, = Al = sup{[| A,z — A, zf|/ [l - 2 # 0} — 0,

as n,m — oo. It follows that for any given x € X, |4,z — A, x| — 0, as
n,m — oo, i.e., (A, ) is a Cauchy sequence in the Banach space Y. Hence there
is some y € Y such that A,z — y in Y. Set Az =y. We have

A(sz +12') = lim A, (sz+ )
= h}[ﬂ(SAnx + A, z')
= slim A,z + lim A o
= sAx + Az’

for any z, 2’ € X and s € K. It follows that A: X — Y is a linear operator. Next
we shall check that A is bounded. To see this, we observe first that for sufficiently
large m,n € N, and any =z € X,

[A,z = Azl < (|4, = A [[ll2] < {l]-

Taking the limit n — oo gives the inequality ||Az — A, x| < ||z|. Hence, for any
sufficiently large m,

[Az] < [[Az — A, z]| + [| A, 2]
< llzll + [ A, [l
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and we deduce that ||A| <1+ 4,,||. Thus A € B(X,Y).
We must now show that, indeed, A,, — A with respect to the norm in B(X,Y).
Let € > 0 be given. Then there is N € N such that

for any m,n > N and for any x € X. Taking the limit n — oo, as before, we
obtain
Az — A, zf| <ellz]

for any m > N and any x € X. Taking the supremum over z € X with [jz] <1
yields ||[A— A, || < e for all m > N. In other words, A, — A in B(X,Y) and the
proof is complete. L]

Remark 8.14 If S and 7T belong to B(X), then ST : X — X is defined by
STx = S(Tx), for any x € X. Clearly ST is a linear operator. Also, |[|STz| <
IS Tz|| < ||S|T||||z||, which implies that ST is bounded and ||ST|| < ||S|IIT]l-
Thus B(X) is an example of an algebra with unit (the unit is the bounded linear
operator 1z =z, x € X). If X is complete, then so is B(X). In this case B(X) is
an example of a Banach algebra.

Examples 8.15

1. Let A = (a;;) be any n x n complex matrix. The map z — Az, x € C", is
a linear operator on C". Clearly, this map is continuous (where C" is equipped
with the usual Euclidean norm), and so therefore it is bounded. By slight abuse
of notation, let us also denote by A this map, x — Ax.

To find || A||, we note that the matrix A*A is self adjoint and positive, and so there
exists a unitary matrix V such that VA*AV ! is diagonal:

A0 .0
VATAV T = S
0 0 ... A

n

where each \; > 0, and we may assume that A\; > A\, > ... > X\ . Now, we have

1A]]* = sup{[|Az]| : [|=]| = 1}?
= sup{||Az[* : lz] = 1}
= sup{(A" Az, z) : [|z|| = 1}
=sup{(VA*AV 1z, z) : ||z| = 1}
= SUP{ Dopet MelTe? Dy P =1 }
=),

Department of Mathematics King’s College, London



8: Banach Spaces 95

It follows that ||A|| = A, the largest eigenvalue of A*A.
2. Let K :[0,1] x [0,1] — C be a given continuous function on the unit square.
For f € C([0,1]), set
1
T = [ Kl
0

Evidently, T is a linear operator 7" : C([0,1]) — C([0,1]). Furthermore, if we set
M = sup{|K(s,t)|: (s,t) € [0,1] x [0,1]}, we see that

ITf(s)] < / K (s, )] |£(1)) dt
0
1
gM/O ()] dt.

Thus, | Tf]; < M||fl|l;, so that T" is a bounded linear operator on the space
(€(10,1]), [ 11,)-

3. With T defined as above, it is straightforward to check that

1T flloe < M|y

and that
ITflly < M flloo

so we conclude that 7" is a bounded linear operator from (C([0,1]), || - ||;) to

(C([0,1]), [ - lloc) and also from (C([0,1]), || llo) to (C([0, 1]), [ - [I1)-

4. Take X = ¢!, and, for any z = (z,,) € X, define Tz to be the sequence
Tx = (z4,%3,%4,...). Then Tx € X and satisfies ||Tz|; < ||z|;. Thus T is a
bounded linear operator from ¢! — ¢!, with ||T|| < 1. In fact, |T|| = 1 (take
x=(0,1,0,0,...)). T is called the left shift on ¢.

Similarly, one sees that T': £ — ¢°° is a bounded linear operator, with ||T’|| = 1.

5. Take X = ¢!, and, for any z = (z,) € X, define Sz to be the sequence
Sx = (0,2,,2,,%5,...). Clearly, ||Sz|; = ||z]|;, and so S is a bounded linear
operator from ¢! — ¢, with ||S]| = 1. S is called the right shift on ¢*.

As above, S also defines a bounded linear operator from £°° to ¢°°, with norm 1.
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Theorem 8.16 Suppose that X is a normed space and Y is a Banach space, and
suppose that T : X — Y is a linear operator defined on some dense linear subset
D(T) of X. Then if T is bounded (as a linear operator from the normed space
D(T) toY) it has a unique extension to a bounded linear operator from all of X
into Y. Moreover, this extension has the same norm as T

Proof By hypothesis, |Tz| < |||z, for all z € D(T), where ||| is the norm
of Tas amap D(T) — Y. Let z € X. Since D(T) is dense in X, there is a
,,) in D(T) such that §, — z, in X, as n — oo. In particular, (§,) is a
Cauchy sequence in X. But

sequence (&

and so we see that (T¢,) is a Cauchy sequence in Y. Since Y is complete, there
exists y € Y such that T¢, — y in Y. We would like to construct an extension
T of T by defining Tx to be this limit, y. However, to be able to do this, we
must show that the element y does not depend on the particular sequence (¢,)) in
D(T') converging to x. To see this, suppose that (7,,) is any sequence in D(T") such
that 7, — x in X. Then, as before, we deduce that there is ¢/, say, in Y, such
that Ty, — vy’. Now consider the combined sequence &;,7;,&5,7,,... in D(T).
Clearly, this sequence also converges to x and so once again, as above, we deduce
that the sequence (T°¢,,Tn,, T, Tn,,...) converges to some z, say, in Y. But
this sequence has the two convergent subsequences (7€) and (1',,), with limits y
and 7/, respectively. It follows that z = y = y’. Therefore we may unambiguously
define the map T:X—Y by the prescription Tx = y, where y is given as above.

Note that if € D(T'), then we can take £, € D(T) above to be §, = = for
every n € N. This shows that Tr = Tz, and hence that T is an extension of 7.
We show that 7 is a bounded linear operator from X to Y.

Let z,2" € X and let s € C' be given. Then there are sequences (§,,) and (¢',,)
in D(T) such that {, — z and £," — 2’ in X. Hence s, +&,' — sz + 2/, and by
the construction of T , we see that

T(sz+2') =limT(s¢, +&,'), using the linearity of D(T),
=limsT¢, + T¢,'
= sfx + fa;’ .
It follows that 7 is a linear map. To show that T is bounded and has the same
norm as 7', we first observe that if x € X and if (¢,

that £, — x, then, by construction, T¢, — Tz, and so T, || — |Tz|. Hence,
the inequalities || T¢,| < ||T||||£,], for n € N, imply (—by taking the limit) that

) is a sequence in D(T) such
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|Tz| < ||T|||z|. Therefore ||T|| < ||T||. But since T is an extension of T we have
that

||| = sup{||T=| : z € X, =] <1}
< sup{||Tz| : 2 € D(T), || <1}
=sup{||Tz| :z € X, |af <1}
= |7

The equality ||| = ||T|| follows.
The uniqueness is immediate; if S is also a bounded linear extension of T' to
the whole of X, then S — T is a bounded (equivalently, continuous) map on X

which vanishes on the dense subset D(T"). Thus S — T must vanish on the whole
of X,ie., S=T. [

Remark 8.17 This process of extending a densely-defined bounded linear operator
to one on the whole of X is often referred to as ‘extension by continuity’. If T is
densely-defined, as above, but is not bounded on D(T'), there is no ‘obvious’ way
of extending T to the whole of X. Indeed, such a goal may not even be desirable,
as we will see later—for example, the Hellinger-Toeplitz theorem.

We can use the concept of Hamel basis to give an example of a space which is
a Banach space with respect to two inequivalent norms. It is not difficult to give
examples of linear spaces with inequivalent norms. For example, C[0, 1] equipped
with the || - ||, and || - ||; norms is such an example. It is a little harder to find
examples where the space is complete with respect to each of the two inequivalent
norms.

Example 8.18 Let X = ¢! and Y = /2 and, for k € N, let ¢, be the element
€x = (Opm)men i €F and let f, denote the corresponding element in ¢2. For any ¢
with 0 < ¢ < 1, let b, = (¢,¢%,¢3,...). Then {e, : k e N} U{b, : 0 < t < 1} form
an independent set in ¢!, and {f, : k € N}U{b, : 0 <t < 1} form an independent
set in ¢2. These sets can be extended to Hamel bases B; and B, of ¢! and (2,
respectively. Both B, and B, contain a subset of cardinality 2¥°. On the other
hand, X € CN and Y C CN so we deduce that B, and B, both have cardinality
equal to 2% . In particular, there is an isomorphism ¢ from B, onto B, which
sends e, into f;, for each k € N. By linearity, ¢ defines a linear isomorphism from
¢ onto ¢2.

Forn € N, let a, = > p_,1e, € (" and let b, = > ;| 1f, € (2. Then
la,|l; =1, for all n € N, whereas ||b,,||, = 1/v/n.

We define a new norm || - || on ¢! by setting

<l = Nl (@)l
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for x € X = ¢'. This is a norm because ¢ is linear and injective. To see that X is
complete with respect to this norm, suppose that (x,,) is a Cauchy sequence with
respect to || - ||. Then (¢(z,,)) is a Cauchy sequence in ¢2. Since ¢? is complete,
there is some y € ¢2 such that ||p(z,) — y|l, — 0. Now, ¢ is surjective and so we
may write y as y = ¢(x) for some x € £*. We have

le(z,) = ylla = llp(z,) = (@)l
= [l,, — =

and it follows that ||z, — z|| — 0 as n — co. In other words, ¢! is complete with
respect to the norm || - ||.

We claim that the norms || - ||; and || - || are not equivalent norms on X = ¢*.
Indeed, we have that ¢(a,) = b,, and so |a,| = ||b,]ls = 1/v/n — 0 as n — .
However, ||a,,||; =1 for all n.
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9. The Dual Space of a Normed Space

Let X be a normed space over K. The space of all bounded linear functionals
on X, B(X,K), is denoted by X* and called the dual space of X. Since K is
complete, X* is a Banach space.

The Hahn-Banach theorem assures us that X* is non-trivial—indeed, X™* sep-
arates the points of X. Now, X™* is a normed space in its own right, so we may
consider its dual, X**, this is called the bidual or double dual of X.

Let x € X, and consider the mapping

te X"l l(x).
Evidently, this is a linear map from X* into the field of scalars K. Moreover,
()] < 4] |||, for every £ € X7,

so we see that this is a bounded linear map from X* into K, that is, it defines an
element of X**. It turns out, in fact, that this leads to an isometric embedding of
X into X**, as we now show.

Theorem 9.1  Let X be a normed space, and for v € X, let ¢, : X* — K be
the evaluation map ¢, (¢) = ¢(x), £ € X*. Then x — ¢, Is an isometric linear
mapping of X into X**.

Proof We have seen that ¢, € X** for each x € X. It is easy to see that x — ¢,
is linear. We have

= b, (€) + ¢, (0)

for all z,y € X, and t € K. Also
oo ()] = [€(x)| < |l€]| [l«]],  for all £ € X™,

99
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and so ||| < ||z|. However, by the Hahn-Banach theorem, Corollary 5.24, for
any given z € X, x # 0, there is ¢ € X* such that ||¢'|| = 1 and ¢'(x) = ||z||. For
this particular ¢/, we then have

o, ()] =€) = ll=ll = [l 1] -

We conclude that ||, | = ||z||, and the proof is complete. "

Thus, we may consider X as a subspace of X** via the linear isometric em-
bedding z — ¢_. This leads to the following observation that any normed space
has a completion.

Proposition 9.2 Any normed space is linearly isometrically isomorphic to a dense
subspace of a Banach space.

Proof The space X** is a Banach space and, as above, X is linearly isometrically
isomorphic to the subspace {p, : © € X}. The closure of this subspace is the
required Banach space. (]

Definition 9.3 A Banach space X is said to be reflexive if X = X** via the above
embedding.

Note that X** is a Banach space, so X must be a Banach space if it is to be
reflexive.

Theorem 9.4 A Banach space X is reflexive if and only if X* is reflexive.

Proof If X = X** then X* = X** via the appropriate embedding. We see this
as follows. To say that X = X** means that each element of X** has the form ¢,
for some x € X. Now let ¢, € X™* be the corresponding association of X* into
X***,

Yo(z) =2(¢) for € X* and z € X™.

We have X* C X*** via £ — 1,. Let A € X***. Any z € X** has the form ¢, for
suitable z € X, and so A\(z) = A(¢,). Define ¢ : X — K by ¢(x) = A(¢,). Then

[6(2)| = [Me,)|
< [IAl eI
= Al

It follows that £ € X™*. Moreover,

= {(z) = Ay,
and so ¥, = A, i.e., X* = X™* via 1.
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Now suppose that X* = X*** and suppose that X # X**. Then, by Corol-
lary 7.30, there is A\ € X*** such that A # 0 but A vanishes on X in X**,
ie., AMp,) = 0 for all z € X. But then A can be written as A = ¢, for some
¢ e X*, since X* = X** and so

M) = Ve(0,)
=, (£) = l(z)

which gives 0 = A(p,) = ¢(z) for all x € X, i.e., { =0in X*.
It follows that ¢, = 0 in X™** and so A = 0. This is a contradiction and we
conclude that X = X**. L]

Corollary 9.5 Suppose that the Banach space X is not reflexive. Then the
natural inclusions X C X** C X*** C ... and X* C X*™* C ... are all strict.

Proof Let X, = X and, forn € N,set X, = X ,. It X, = X, _,, then it follows
that X, | = X, ;. Repeating this argument, we deduce that X, = X,, which is
to say that X is reflexive. Note that the equalities here are to be understood as
the linear isometric isomorphisms as introduced above. [

We shall now compute the duals of some of the classical Banach spaces. For
any p € Rwith 1 < p < oo, the space P is the space of complex sequences z = (z,,)

such that - )
lall, = (3l )" < oo.

We shall consider the cases 1 < p < oo and show that for such p, || - ||, is a norm
and that /P is a Banach space with respect to this norm. We will also show that
the dual of ¢P is ¢4, where q is given by the formula 119 + % = 1. It therefore follows
that these spaces are reflexive. At this stage, it is not even clear that /P is a
linear space, never mind whether or not || - ||, is a norm. We need some classical
inequalities.

Proposition 9.6 Leta, b> 0 and o, 3 > 0 with o + 3 = 1. Then
a®b’ < aa + 6b
with equality if and only if a = b.

Proof We note that the function ¢ — e is strictly convex; for any z,y € R,
el@rtBY) < qe® 4+ Be¥. Putting a = e*, b = e¥ gives the required result. [
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The next result we shall need is Holder’s inequality.

1 1

Theorem 9.7 Let p > 1 and let q be such that — + — = 1 (q is called the
p q

exponent conjugate to p.) Then, for any © = (x,)) € /P and y = (y,,) € ¢4,

0o
> 1zl < Nzl lyll, -
n=1

If p =1, the above inequality is valid if we set ¢ = .
Proof The case p = 1 and ¢ = oo is straighforward, so suppose that p > 1.

Without loss of generality, we may suppose that ||z, = [yl|, = 1. We then let

1 1
a=—,=—-,a=|z,|", b=ly,|? and use the previous proposition. n
p q

Proposition 9.8 For any xz = (x,)) € /P, withp > 1,

0
||pr = Sup{ ‘ Z xnyn ’ : ||y||q = ]' }
n=1

The equality also holds for the pairs p =1 and ¢ = oo, and p = o0, ¢ = 1.

Proof Holder’s inequality implies that the right hand side is not greater than the

left hand side. For the converse, consider y = (y, ) with y, = sgnx,, |z, [P/9/| z|/P/9
if 1 <p < oo, withy, = sgnz, if p=1, and with y,, = (0,,,,)mer: f p=00. =

As an immediate corollary, we obtain Minkowski’s inequality.
Corollary 9.9 For any p > 1 and x,y € /P, we have x +y € (P and

[z +yll, < ll=ll, + llyll,-

Proof This follows from the triangle inequality and the preceding proposition. m
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Theorem 9.10 For any 1 < p < oo, ¢P is a Banach space. Moreover, if 1 < p < 00,
the dual of /P is ¢, where q is the exponent conjugate to p. Furthermore, for each
1 < p < o0, the space (P is reflexive.

Proof We have already discussed these spaces for p = 1 and p = oco. For the rest,
it follows from the preceding results that ¥ is a linear space and that || - ||, is a
norm on /P. The completeness of /P, for 1 < p < oo, follows in much the same
way as that of the proof for p = 1.

To show that /P* = ¢4, we use the pairing as in Holder’s inequality. Indeed, for
any y = (y,,) € €7, define ¢, on (P by ¢, : @ = (z,,) — >, 2,y,. Then Holder’s
inequality implies that 1, is a bounded linear functional on (¥ and the subsequent
proposition (with the roles of p and ¢ interchanged) shows that [|v,[| = [|lyl|,

To show that every bounded linear functional on /P has the above form, for
some y € (9, let A\ € ¢P*, where 1 < p < oco. Let y, = Ae,), where e, =
(0pm)men € ¢P. Then for any z = (x,,) € ¢,

Hence, replacing x,, by sgn(zx,y,,)z,, we see that

D eyl < I, -
n

For any N € N, denote by 3" the truncated sequence (y;,¥s,--.,Yn,0,0,...).
Then

D eyl < Il
n

and, taking the supremum over = with [|z||, = 1, we obtain the estimate
Iyl < Al

It follows that y € £7 (and that [ly|[, < [[A]|]). But then, by definition, ¢, = A, and
we deduce that y — ¢, is an isometric mapping onto ¢P*. Thus, the association
y — 1, is an isometric linear isomorphism between (¢ and ¢ -

Finally, we note that the above discussion shows that /P is reflexive, for all
1 <p<oo. [
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Now we consider ¢, the linear space of all complex sequences which converge
to 0, equipped with the supremum norm

o]l = sup{la,| :n €N}, forz = (z,) € cp.

One checks that ¢, is a Banach space (a closed subspace of £>°). We shall show
that the dual of ¢, is ¢!, that is, there is an isometric isomorphism between c}
and ¢'. To see this, suppose first that z = (z,,) € ¢*. Define ¢, : ¢, — C to be
Yz Y z.x,, x = (z,) € ¢y It is clear that v, is well-defined for any z € ¢!
and that

[ (@)] < Y Izal ] < Nzl 2] -
n

Thus we see that 1, is a bounded linear functional with norm |[¢,|| < ||z||;. By
taking = to be the element of ¢, whose first m terms are equal to 1, and whose
remaining terms are 0, we see that [[¢, || > > |z, | It follows that [|¢, ]| = ||z,
and therefore z +— 1)_ is an isometric mapping of ¢! into ¢f. We shall show that
every element of ¢ is of this form and hence z — 1), is onto.

To see this, let A\ € ¢, and, for n € N, let z, = A(e,,), where e,, € ¢, is the
sequence (6,,,,)men- For any given N € N, let

N
v = Z sgn z; €, .
k=1
Then v € ¢, ||v||,, =1 and
N
A@) = 1zl < Aol = A1
k=1

It follows that z = (2,,) € ¢! and that ||z, < ||[A|]. Furthermore, for any element
x=(x,) € ¢,

Hence A = 1,, and the proof is complete.
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Remark 9.11 Exactly as above, we see that the map z — 1, is a linear isometric
mapping of ¢! into the dual of />°. Furthermore, if A is any element of the dual
of £*°, then, in particular, it defines a bounded linear functional on c,. Thus,
the restriction of A to ¢, is of the form 1, for some z € ¢*. It does not follow,
however, that A has this form on the whole of £°°. Indeed, ¢, is a closed linear
subspace of ¢*°, and, for example, the element y = (y,,), where y,, = 1 for all
n € N, is an element of £°° which is not an element of ¢,. Then we know, from
the Hahn-Banach theorem, that there is a bounded linear functional A, say, such
that A(z) = 0 for all z € ¢, and such that A(y) = 1. Thus, A is an element of the
dual of £>° which is clearly not determined by an element of ¢! according to the
above correspondence.

Theorem 9.12 Suppose that X is a Banach space and that X* is separable.
Then X is separable.

Proof Let {)\, :n=1,2,...} be a countable dense subset of X*. For each n € N,
let z,, € X be such that ||z, || =1 and |\, (z,)| > 1|\, |. Let S be the set of finite
linear combinations of the x,’s with rational (real or complex, as appropriate)
coefficients. Then S is countable. We claim that S is dense in X. To see this,
suppose the contrary, that is, suppose that S is a proper closed linear subspace
of X. (Clearly S is a closed subspace.) By Corollary 7.30, there exists a non-zero
bounded linear functional A € X* such that A vanishes on S. Since A € X* and
{\, :n € N} is dense in X*, there is some subsequence (), ) such that A\, — A
as k — oo, that is,

A=Al =0

as n — oo. However,

A = A I = 1A = Ay ) (2, )], since [z, || =1,
= |\, (2, )], since A vanishes on S,
> 5l1An, |

and so it follows that ||\, || — 0, as k — co. But A\, — A implies that ||\, || —

k

|A|| and therefore ||A|| = 0. This forces A = 0, which is a contradiction. We
conclude that S is dense in X and that, consequently, X is separable. [
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Theorem 9.13  For 1 < p < oo the space (P is separable, but the space {*° is
non-separable.

Proof Let S denote the set of sequences of complex numbers (z,,) such that (z,,) is
eventually zero (i.e., z,, = 0 for all sufficiently large n, depending on the sequence)
and such that z, has rational real and imaginary parts, for all n. Then S is a
countable set and it is straightforward to verify that S is dense in each ¢, for
1<p<oo.

Note that S is also a subset of ¢°°, but it is not a dense subset. Indeed, if z
denotes that element of /> all of whose terms are equal to 1, then ||z — (||, > 1
for any ¢ € S.

To show that £°° is not separable, consider the subset A of elements whose
components consist of the numbers 0,1,...,9. Then A is uncountable and the
distance between any two distinct elements of A is at least 1. It follows that the
balls {{z : ||z —al|,, < 1/2} :a € A} are pairwise disjoint. Now, if B is any dense
subset of /°°, each ball will contain an element of B, and these will all be distinct.
It follows that B must be uncountable. L]

Remark 9.14 The example of /! shows that a separable Banach space need not
have a separable dual—we have seen that the dual of ¢! is ¢, which is not
separable. This also shows that ¢! is not reflexive. Indeed, this would require
that ¢! be isometrically isomorphic to the dual of £>°. Since ¢! is separable, an
application of the earlier theorem would lead to the false conclusion that £°° is
separable.

Suppose that X is a normed space with dual space X*. Then, in particular,
these are both topological spaces with respect to the topologies induced by their
norms. We wish to consider topologies different from these norm topologies.

Definition 9.15 The o(X, X*)-topology on a normed space X is called the weak
topology on X.

Thus, the weak topology is the weakest topology with respect to which all
bounded linear functionals are continuous. This topology is a locally convex
topology determined by the family of seminorms P = {|/| : £ € X*}. Since
X* separates points of X, a normed space X is a separated topological vector
space when equipped with the weak topology. A net (x,) in X converges to x
with respect to the weak topology if and only if ¢(x,) — ¢(x) for each £ € X*.

Since X ™ is a linear space, it follows immediately from Corollary 7.9, that any
linear functional on X is continuous with respect to the weak topology on X if and
only if it is a member of X*, i.e., X* is precisely the set of all weakly continuous
linear forms on X. Put another way, this says that every weakly continuous linear
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form on X is norm continuous. Nonetheless, the weak and norm topologies on X
are not (always) equal, as we shall now show.

Proposition 9.16 Every weak neighbourhood of 0 in an infinite dimensional
normed space contains a one dimensional subspace.

Proof Let U be any weak neighbourhood of 0 in the infinite dimensional normed
space X. Then there is » > 0 and elements ¢,,...,¢, in X*, the dual of X, such
that

V(0,44],...,|¢,];r) CU.

Since X is infinite dimensional, so is X*. (If X* were finite dimensional, then
X** would also be finite dimensional. However, this is impossible because we
have seen that X is linearly isometrically isomorphic to a subspace of X**.) By
Proposition 5.16, there is z € X such that z # 0 and /,(z) =0 for all 1 < i < n.
Thus tz € U for all t € K. ]

Theorem 9.17 The weak topology on an infinite dimensional normed space X is
strictly weaker than the norm topology.

Proof Every element of X* is continuous when X is equipped with the norm
topology. The weak topology is the weakest topology on X with this property, so
it is immediately clear that the weak topology is weaker than the norm topology.

Now suppose that X is infinite-dimensional. We shall exhibit a set which is
open with respect to the norm topology but not with respect to the weak topology.
Consider the ‘open’ unit ball

G={reX:|z| <1}

Then clearly G is open with respect to the norm topology on X. We claim that
G is not weakly open. If, on the contrary, G were weakly open, then, since 0 € G,
there would be some z € X with z # 0 such that tz € G for all t € K, by
Proposition 9.16. Clearly this is not possible for values of ¢ with |t| > 1/||z||. We
conclude that G is not weakly open and the result follows. n

Remark 9.18 We have shown that no weak neighbourhood of 0 can be norm
bounded. Since boundedness is preserved under translations, we conclude that no
non-empty weakly open set is norm bounded.

We now turn to a discussion of a topology on X*, the dual of the normed space
X. The idea is to consider X as a family of maps : X* — C given by x : £ — {(x),
for x € X and ¢ € X*—this is the map ¢, defined earlier.
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Definition 9.19 The weak*-topology on X*, the dual of the normed space X, is the
o(X*, X)-topology, where X is considered as a collection of maps from X* — C
as above.

The weak*-topology is also called the w*-topology on X*. Since X separates
points of X ™, trivially, the w*-topology is Hausdorff. An open neighbourhood base
at 0 for the w*-topology on X* is given by

{Ae X* | ANz,) —l(z;)| <7, 1<i<m}

where r >0, me€ Nand z,,...,2,, € X.

In view of the identification of X as a subset of X*, we see that the w*-topology
is weaker than the o(X™*, X**)-topology on X*. Of course, we have equality if X
is reflexive. The converse is also true as we see next.

Theorem 9.20 The normed space X is reflexive if and only if the weak and weak*
topologies on X* coincide.

Proof Suppose that the weak and weak*-topologies on X* coincide. By Corol-
lary 7.9, X** is precisely the set of all weakly continuous linear forms on X*.
Hence, if the two topologies are equal, every member of X** is weak*-continuous,
and so belongs to X. Thus, if ¢, denotes the map ¢ — ¢(x), for z € X, we see
that = — ¢, is a map from X onto X** and so X is reflexive.

The converse is clear from the definitions of the topologies. n

Theorem 9.21  The weak*-topology on the dual X* of an infinite dimensional
normed space X is strictly weaker than the norm topology on X*.

Proof For z € X, the map X* — K given by ¢ — {(z) is certainly continuous
when X™* is equipped with its norm topology, so the norm topology is stronger
than the weak*-topology on X*. To show that it is strictly stronger when X is
infinite dimensional we shall mimic the corresponding result for the weak topology
on X. Let z,...,z, be given elements of X and let 2 be some member of X which
is linearly independent of the z,’s. Let M be the linear subspace of X spanned by
the elements z,z,...,z, and let A, be the linear form on M given by \,(z) =1
and A(z;) = 0 for 1 <14 <n. By Corollary 6.24, the form A : M — K is continuous
and so, by the Hahn-Banach theorem, Theorem 7.27, has a continuous extension
A, say, to the whole of X. Then A € X* and A(z;,) =0 forall 1 <i <n. It
follows that if V= {X : |A(z;)] <7, 1 <i < n} is a basic neighbourhood of 0 in
X*, there is A € X* such tA € V for all t € K. Clearly V is not norm bounded
and so we conclude that, for example, the ball {¢ € X* : ||{|| < 1}, whilst open
in the norm topology is not open in the weak*-topology. (It cannot contain any
weak*-open neighbourhood such as V.) The result follows. L]
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Proposition 9.22 The unit ball {¢: ||¢|| <1} in X* is closed in the w*-topology.

Proof Let ¢, — ¢ in the w*-topology. Then ¢, (x) — ¢(z), for each x € X. But if
14,1l <1 for all v, it follows that |¢,(z)| < ||z|| and so |¢(z)| < ||z|| for all x € X.
That is, ||¢|]] < 1 and we conclude that the unit ball is closed. "

We will use Tychonov’s theorem to show that the unit ball in the dual space of
a normed space is actually compact in the w*-topology. To do this, it is necessary
to consider the unit ball of the dual space in terms of a suitable cartesian product.
By way of a preamble, let us consider the dual space X* of the normed space X
in such terms. Each element ¢ in X* is a (linear) function on X. The collection
of values ¢(z), as = runs over X, can be thought of as an element of a cartesian
product with components given by the ¢(z). Specifically, for each z € X, let Y,
be a copy of K, equipped with its usual topology. Let Y =[] x Y, = [[Lex K,
equipped with the product topology. To each element ¢ € X*, we associate the
element v, € Y given by v,(z) = ¢(x), i.e., the z-coordinate of 7y, is {(z) e K=Y

If ¢,,¢, € X*, and if v, = ,,, then 7, and ~,, have the same coordinates so
that £, (x) = 7, () = 7,,(x) = €y(z) for all z € X. In other words, ¢; = /,, and
so the correspondence ¢ +— 7, of X* — Y is one-one. Thus X* can be thought of
as a subset of Y =[] . v K.

Suppose now that {¢_} is a net in X* such that £, — ¢ in X* with respect to
the w*-topology. This is equivalent to the statement that ¢_(x) — ¢(x) for each
r € X. But then £ (x) = p, (v, ) — £(z) = p,(7,) for all x € X, which, in turn,
is equivalent to the statement that v, — 7, with respect to the product topology
on [[, .y K.

We see, then, that the correspondence ¢ «~ 7, respects the convergence of nets
when X* is equipped with the w*-topology and Y with the product topology. It
will not come as a surprise that this also respects compactness.

Consider now X7, the unit ball in the dual of the normed space X*. For any
x € X and ¢ € X, we have that |¢(z)| < ||z|. Let B, denote the ball in K given
by

B, ={teK:[t| <z}

Then the above remark is just the observation that ¢(z) € B, for every £ € X;. We
equip B, with its usual metric topology, so that it is compact. Let Y =[], .y B,
equipped with the product topology. Then, by Tychonov’s theorem, Theorem 3.8,
Y is compact.

Let ¢ € X7. Then, as above, ¢ determines an element 7y, of Y by setting

Ye(@) = p,(7e) = €(x) € B, .
The mapping ¢ — -y, is one-one. Let Y denote the image of X7 under this map,

}A’:{veYzyzw, some ¢ € X7}
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According to the discussion above, we see that a net ¢, converges to ¢ in X{ with
respect to the w*-topology if and only if 7, converges to 7, in Y. In other words,

the correspondence ¢ «~ v, is a homeomorphism between X| and Y when these
are equipped with the induced topologies.

Proposition 9.23 Y is closed in Y.

Proof Let (7,) be a net in Y such that vy — v in Y. Then p_(v,) — p,.(7) in
B,, for each z € X. Each v, is of the form v, for some ¢, € X{. Hence

pw(,ﬁ)\) =Ly (r) — ~(x)
for each x € X{. It follows that for any a € K and elements z,,z, € X

V(az) + x5) = lim l, (azy + 2,)
= ay(z,) +7(z,) -

That is, the map = +— 7(z) is linear on X. Furthermore, v(z) = p,(y) € B,,

e., |y(z)] < ||z||, for z € X. We conclude that the mapping = — ~(z) defines an
element of X}. In other words, if we set ¢(x) = v(z), z € X, then ¢ € X] and
Yo = . That is, v € Y and so Y is closed, as required. [

The compactness result we seek is now readily established.

Theorem 9.24 (Banach-Alaoglu) Let X be a normed space and let X denote
the unit ball in the dual X*,

X{={te X" | <1}.
Then X7 is a compact subset of X* with respect to the w*-topology.

Proof Using the notation established above, we know that Y is compact and
since Y is closed in Y, we conclude that Y is also compact. Now, X| and Y are
homeomorphic when given the induced topologies so it follows that X7 is compact
in the induced w*-topology. However, a subset of a topological space is compact if
and only if it is compact with respect to its induced topology and so we conclude
that X7 is w*-compact. L]
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Example 9.25 Let X = ¢*° and, for each n € N, let £,, : X — K be the map

(, (r) =z, where x = (z,)) € £°°. Thus ¢, is simply the evaluation of the m'"
coordinate on £°°.
We have |(, (z)| = |z,,| < |z| . and so we see that ¢, € X} for each m € N.

We claim that the sequence (¢,,),,cy in X{ has it no w*-convergent subsequence,
despite the fact that X7 is w*-compact. Indeed, let (Emk) ren be any subsequence.
Then ¢, — ¢ in the w*-topology if and only if /,, (z) — £(x) in K for every
x € X = (. Let z be the particular element of X = ¢*° given by z = (z,,) where

Zn:

I, n=my, jEN
—1, otherwise '

Then ¢, (2) = 1if k is even, and is equal to —1 if k is odd. So (£,,, (z)) cannot
converge in K.



10. Fréchet Spaces

In this chapter we will consider complete locally convex topological vector spaces—
this class includes, in particular, Banach spaces.

Theorem 10.1 Let (X,T) be a topological vector space with topology deter-
mined by a countable separating family of seminorms. Then (X, T) is metrizable.
Moreover, the metric d can be chosen to be translation invariant in the sense that
d(x +a,y+a) = d(z,y) for any x,y and a in X.

Proof Let {p, : n € N} be a countable separating family of seminorms which
determine the topology T on X. For any z,y in X, put

o0

1 pulr—y)
diz,y) =S — LT 7Y)
Then d is well-defined and clearly satisfies d(z,z) = 0, d(x,y) = d(y,z) > 0 and
dlz+a,y+a) =d(z,y), z,y,a € X. Now, p,(r —2) <p,(r —y)+p,(y — 2z) and
the map ¢ +— t/(1 +t) is increasing on [0, 00) and so

po(x —2) (T —y) P,y — 2)
Thp (-2 Ttp@—9)  T+p,(g—2)

which implies that d(x,z) < d(z,y) + d(y,2), z,y,z € X. Finally, we see that
d(xz,y) = 0 implies that p,(xr —y) = 0 for all n, and so x = y since {p,,} is a
separating family. Thus d is a translation invariant metric on X.

We must show that d induces the vector topology on X determined by the
family {p,,}. To see this, we note that a net (z,) in X converges to x with respect
to the vector topology 7 if and only if (p,,(z, — x)) converges to 0 for each n € N.
This is equivalent to d(z,,z) — 0, that is, z, — z in the metric topology on X
induced by d. It follows that the two topologies have the same closed sets and
therefore the same open sets, that is, they coincide. [
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Definition 10.2 A sequence (z,,) in a topological vector space (X, 7) is said to be
a Cauchy sequence if for any neighbourhood U of 0 there is some N € N such that
x, —x,, € U whenever n > m > N.

Proposition 10.3 Suppose that (X,7) is a topological vector space such that
the topology 7T is induced by a translation invariant metric d. Then a sequence
(z
respect to the metric d in the usual metric space sense. In particular, if d and

) is a Cauchy sequence in (X,T) if and only if it is a Cauchy sequence with
d' are translation invariant metrics both inducing the same vector topology on a
vector space X, then they have the same Cauchy sequences. Furthermore, (X, d)
is complete if and only if (X,d") is complete.

Proof Suppose that (X, 7T) is a topological vector space such that T is given by the
translation invariant metric d. Then for any ¢ > 0, the ball B, = {z : d(z,0) < ¢}
is an open neighbourhood of 0, and every neighbourhood of 0 contains such a
0) =d(x,,z,,) so that
z, —,, € B, if and only if d(z,,z,,) < € and the first part of the proposition

ball. Given any sequence (z,) in X, we have d(z, — z,,,
follows.

Now if d and d’ are two invariant metrics both inducing the same topology, 7,
then they clearly have the same Cauchy sequences, namely those sequences which
are Cauchy sequences in (X, 7).

Suppose that (X, d) is complete, and suppose that (z,) is a Cauchy sequence
in (X,d"). Then (z,) is a Cauchy sequence in (X,T) and hence also in (X,d).
Hence it converges in (X, d) and therefore also in (X, T), to the same limit. But
then it also converges in (X,d’), i.e., (X, d’) is complete. n

This result means that completeness depends only on the topology determined
by the family of seminorms and not on the particular family itself. For example,
the topology would remain unaltered if every seminorm of the family were replaced
by some non-zero multiple of itself, say, p, were to be replaced by s, p, , where
s,, > 0. The translation invariant metric d is changed by this, but the family of
Cauchy sequences (and convergent sequences) remains unchanged.

Definition 10.4 A Fréchet space is a topological vector space whose topology is
given by a countable separating family of seminorms and such that it is complete
as a metric space with respect to the translation invariant metric as defined above
via the family of seminorms.

As noted above, completeness does not depend on any particular translation
invariant metric which may induce the vector topology.

Example 10.5 A Banach space is a prime example of a Fréchet space; the vector
topology is determined by the collection of seminorms consisting of just the norm,
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and this is separating. The translation invariant metric d induced by the norm, as
above, is given by d(z,y) = ||z —y||/(1 + |Jz — y||). Clearly d and the usual metric
(also translation invariant) given by the norm, namely, (z,y) — ||z — y|| have the
same Cauchy sequences.

Theorem 10.6 Let (X, T) be a first countable, Hausdorff locally convex topological
vector space. Then there is a countable family P of seminorms on X such that
T = Ty, the topology determined by P. In particular, T is induced by a translation
invariant metric.

Proof By hypothesis, there is a countable neighbourhood base at 0. However, any
neighbourhood of 0 in a locally convex topological vector space contains a convex
balanced neighbourhood so there is a countable neighbourhood base {U, }, cy at
0 consisting of convex balanced sets. For each n, let p, denote the Minkowski
functional associated with U,,. The argument of Theorem 7.25 shows that T = T,
where P is the family {p, : n € N}.

For any = € X with x # 0, there is some n such that x ¢ U, , since T is
Hausdorff, by hypothesis. Hence p,,(z) > 1 and so P is separating.

The topology T = T is given by the translation invariant metric

o0

R P SE T )

n=1

for x,y € X. [

Corollary 10.7 If (X,7) is a metrizable locally convex topological vector space,
then T is determined by a countable family of seminorms on X.

Proof If (X,7) is metrizable, T is Hausdorff and first countable. The result now
follows from the theorem. [

Theorem 10.8 Let (X, T) be a first countable separated locally convex topological
vector space such that every Cauchy sequence (with respect to T) converges. Then
(X,7) is a Fréchet space.

Proof From the above, we see that (X,7) is a topological vector space whose
topology is determined by a countable family P of seminorms. The convergence
of Cauchy sequences with respect to T is equivalent to their convergence with
respect to the translation invariant metric d associated with the countable family
of seminorms, P. In other words, (X, T) is equal to (X,d), as topological vector
spaces, and (X, d) is complete, i.e., (X,7) is a Fréchet space. n
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Definition 10.9 A subset of a metric space is said to be nowhere dense if its closure
has empty interior.

Example 10.10 Consider the metric space R with the usual metric, and let .S be
the set S = {1, %, é, i, ...}. Then S has closure S = {0,1, %, %, ...} which has
empty interior.

We shall denote the open ball of radius r around the point a in a metric
space by B(a;r). The statement that a set S is nowhere dense is equivalent to
the statement that the closure, S of S, contains no open ball B(a;r) of positive
radius.

The next result, the Baire Category theorem, tells us that countable unions of
nowhere dense sets cannot amount to much.

Theorem 10.11  (Baire Category theorem) The complement of any countable
union of nowhere dense subsets of a complete metric space X is dense in X.

Proof Suppose that A, , n € N, is a countable collection of nowhere dense sets in
the complete metric space X. Set Ay = X \J,,cny 4,,- We wish to show that A is
dense in X. Now, X \J,,cny4,, € X\ U, cn 4, and a set is nowhere dense if and
only its closure is. Hence, by taking closures if necessary, we may assume that each
A,,n=12,...1is closed. Suppose then, by way of contradiction, that A is not
dense in X. Then X \A_O # . Now, X \A_O is open, and non-empty, so there is
1y € X\ Ay and 7, > 0 such that B(zy;7,) € X \ 4, that is, B(xy;7,) N A, = 2.
The idea of the proof is to construct a sequence of points in X with a limit which
does not lie in any of the sets A,, A;,.... This will lead to a contradiction, since
X is the union of the A, ’s.

We start by noticing that since A, is nowhere dense, the open ball B(z; 1)
is not contained in A;. This means that there is some point x; € B(zy;7r,) \ 4;.
Furthermore, since B(xy;7y)\ 4, is open, there is 0 < r; < 1 such that B(x;7;) C
B(xzy;1y) and also B(xy;r;) N A = .

Now, since A, is nowhere dense, the open ball B(z,;7,) is not contained in
A,. Thus, there is some z, € B(xy;r;) \ Ay. Since B(z;7,) \ A, is open, there is
0 <7y < 1 such that B(zy;ry) C B(zy;r;) and also B(xy;7y) N Ay = 2.

Similarly, we argue that there is some point x5 and 0 < rg < % such that
B(xg:15) C B(z,;7ry) and also B(xg;ry) N Ay = .

Continuing in this way, we obtain a sequence x,x;,Z,,... in X and positive
real numbers 7y, 7,75, ... satisfying 0 <7, < %, for n € N, such that

B(xy,ir,) © B, _1im_1)

n’''n
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For any m,n > N, both z,, and x,, belong to B(z ;7 ), and so

Hence (z,)) is a Cauchy sequence in X and therefore there is some z € X such
that z,, — x. Since z,, € B(x,;r,) € B(zy;ry), for all n > N, it follows
that © € B(xy;ry). But by construction, B(zy;ry) € B(zy_q;7y_y) and
B(xy_q1;rn_1) NAy_; = @. Hence x ¢ Ay_, for any N. This is our required
contradiction and the result follows. L]

Remark 10.12 The theorem implies, in particular, that a complete metric space
cannot be given as a countable union of nowhere dense sets. In other words, if
a complete metric space is equal to a countable union of sets, then not all of
these can be nowhere dense; that is, at least one of them has a closure with non-
empty interior. Another corollary to the theorem is that if a metric space can be
expressed as a countable union of nowhere dense sets, then it is not complete.

Corollary 10.13  The intersection of any countable family of dense open sets in
a complete metric space is dense.

Proof Suppose that {G,, : n € N} is a countable family of dense open subsets of
a complete metric space. For each n, G,, is open, so its complement, G¥,, is closed.
Also, a set is dense if and only if its complement has no interior. Therefore each
G¢ is closed and nowhere dense. By the theorem, Theorem 10.11, the complement
of the union (J,, G¢, is dense, that is,

e, = e
is dense, as required. n

Example 10.14 For each rational ¢ € Q, let F,, = {g}. Then the complement of F,
in R is a dense open set, and the intersection of all these complements, as ¢ runs
over QQ, is a countable intersection equal to the set of irrationals and so is dense.
On the other hand, if each F is considered as a subset of Q, then the intersection
of the complements (in Q) is empty—which is evidently not dense in Q.

Definition 10.15 Suppose that X and Y are topological vector spaces and that &€
is a collection of linear mappings from X into Y. The collection € is said to be
equicontinuous if to every neighbourhood W of 0 in Y there is some neighbourhood
V of 0 in X such that T(V) C W for all T € €.
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If a family € of linear maps is equicontinuous, then certainly each member of
€ is continuous at 0. However, by linearity of the mappings, this is equivalent to
each mapping being continuous. In particular, if € consists of just a single member
T, then equicontinuity of € = {T'} is equivalent to the continuity of 7. The point
of the definition is that the neighbourhood V' should not depend on any particular
member of €.

In normed spaces, equicontinuous families are the uniformly bounded families
as the next result indicates.

Proposition 10.16 A family € of linear maps from a normed space X into a
normed space Y is equicontinuous if and only if there is C' > 0 such that

[ Tz]| < Clz|

forx € X and all T € €.

Proof Suppose that € is an equicontinuous family of linear maps from the normed
space X into the normed space Y. Then, by definition, there is a neighbourhood
of 0 in X such that T(U) C {y : ||y|| < 1} for all T' € €. But there is some r > 0
such that {z : ||z|]| < r} C U, and so | Tz|| < 1 whenever ||z|| <r, T € €. Putting
C = 2/r, it follows that | Tz| < C||z| for all z € X and for all T € €.
Conversely, suppose that there is C' > 0 such that | Tz| < C|z||, for all x € X
and T € €. Let W be any neighbourhood of 0 in Y. There is € > 0 such that
{y : |lylle} € W and so || Tz|| < e for all T' € € whenever ||z|| < ¢/C. That is, if we
set V={x:|z|| <e/C}, then T(V) C W for all T € €. Thus, € is equicontinuous
as claimed. ]

Proposition 10.17 Suppose that € is an equicontinuous family of linear maps from
a topological vector space X into a topological vector space Y. For any bounded
subset E in X there is a bounded set F' in'Y such that T(E) C F for every T € E.

Proof Suppose that E is a bounded set in X. Then there is some s > 0 such that
E CtV forallt>s. Let F'=Jpce T(E). Fort > s, we have

T(E) CT{tV)=tT(V)CtW

so that /' C tW and therefore F' is bounded. n
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Theorem 10.18 (Banach-Steinhaus theorem) Suppose that € is a collection
of continuous linear mappings from a Fréchet space X into a topological vector
space Y such that for each x € X the set

B(x)={Txz:T €&}
is bounded in Y. Then € is equicontinuous.

Proof Let W be a neighbourhood of 0 in Y, which, without loss of generality,
we may assume to be balanced, and let U be a balanced neighbourhood of 0 such
that U4+ U +U +U CW. Since U C U + U, we have that U + U C W. Let

A= 17'0).
TeE
For any z € X, B(x) is bounded, by hypothesis, and so there is some n € N such

that B(z) C nU. It follows that T((1/n)x) € U for every T' € € which implies
that (1/n)x € A, i.e., x € nA. Hence

X = UnA.
neN

Now, every T in € is continuous and so A is closed and so, therefore, is each nA,
n € N. By the Baire Category theorem, Theorem 10.11, some nA has an interior
point; there is some m € N, a € A and some open set G with ma € G C mA. We
see that a € %G C A so that writing V for %G — a, V is a neighbourhood of 0
such that V' C A — a. It follows that

TV)CTA) -TaCUCW

for every T € £, which shows that € is equicontinuous. n

Theorem 10.19 Let (7,,),,cy be a sequence of continuous linear mappings from
a Fréchet space X into a topological vector space Y such that

Tx = lim T, x

exists for each x € X. Then T is a continuous linear map from X into Y.

Proof It is clear that T : z — T'x = lim T x defines a linear map from X into
Y. We must show that 7" is continuous. Let W be any neighbourhood of 0 in Y’
and let V be a neighbourhood of 0 such that V' +V C W. For each z € X, the
sequence (7, x) converges, so it is bounded. By the Banach Steinhaus theorem,
Theorem 10.18, there is a neighbourhood U of 0 in X such that 7, (U) C V for all
n. Now T, u — Tu for each u € U, so it follows that Tu € V for u € U. Hence

TU)CVCV+VCW

and we conclude that T is continuous. n
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Example 10.20 Let X be the normed space of those sequences (z;) of complex
numbers with only a finite number of non-zero terms equipped with the usual
component-wise addition and scalar multiplication and norm ||(z,,)|| = supy, |z, | (=
max,, |x,|). For each n € N, let T be the linear operator 7, : X — X with action
given by T, (z;) = (a,z;) where a;, = min{k,n}. Clearly, each T, is continuous
(T, (xp)]l < n|(z)|]). Moreover, (T),(z,)) converges, as n — oo, to T'(x},), where
T : X — X is the linear map T'(x,) = (kx,). However, the map T is not
continuous—for example, if (a:(”)) is the sequence of elements of X with z(™) the
complex sequence whose only non-zero term is the n*®, which is equal to %, then
(™ — 0 in X whereas ||[Tz(™| =1 for all n € N.

Theorem 10.21 (Open Mapping theorem) Suppose that X and Y are Fréchet
spaces and that T : X — Y is a continuous linear mapping from X onto Y. Then
T is an open mapping.

Proof We must show that T'(G) is open in Y whenever G is open in X. If G is
empty, so is T'(G), so suppose that G is a non-empty open set in X. Let b € T(G)
with b = T'(a) for some a € G. We need to show that b is an interior point of
T(G). By translating G by —a and T'(G) by T'(—a) = —b, this amounts to showing
that for any neighbourhood V of 0 in X, 0 is an interior point of 7'(V'). Indeed,
since G — a is an open neighbourhood of 0, it would follow that 0 is an interior
point of T(G — a), that is, there is an open set W with 0 € W C T'(G' — a). Hence
T(a) + W C T(G), which is to say that b = T'(a) is an interior point of T'(G).

Let d be a translation invariant metric compatible with the topology of X,
and let V' be any neighbourhood of 0. Then there is some r > 0 such that
{r e X :d(z,0) <r} CV. Set

V,={rxeX:d(z,0)<27"r}, n=0,1,2,....

The first step is to show that there is an open neighbourhood W of 0 such that

W CT(V,).
It is easy to see that V, —V, C V|, and so
T(Vy) =T(V,) € T(V)

and therefore

T(Vy) =T(Vy) CT(Vy) =T (V) €T(V1)

using —A = (—A) and A+B C A + B, for any subsets A, B in a topological vector
space. We claim that T'(V;) has non-empty interior. To see this, we note that

Y =T(X) = G kT (V)
k=1
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because X = |, kV,, since V; is a neighbourhood of 0 and so is absorbing. By
Baire’s category theorem, k,T'(V,) has non-empty interior for some k, € N. But
y — kyy is a homeomorphism of Y onto Y so that k,T'(V,) = k,T'(V,) and we
deduce that T'(V,) has non-empty interior, as claimed.

In particular, this means that there is an open set U contained in T'(V,).
Putting W = U — U, we see that W is an open neighbourhood of 0 with

W CT(Vy) =T(Vy) CT(Vy)

which completes the first part of the argument.

Next we shall show that T'(V;) C T(V). To see this, we construct a sequence

(Yp)nens With y, € T(V,,), such that y, , —y, € T(V,). The y, are defined
recursively. First fix y; to be any point of T'(V;). Suppose that n > 1 and that y,,

has been chosen in T'(V,,). Arguing as above, but now with V,,_; instead of V;, we

see that T'(V,,, ;) is a neighbourhood of 0. Hence y,, —T'(V,,, ) is a neighbourhood

of y,,, and, since y,, belongs to the closure of T'(V,,), we have
(yn - T(Vn+1)) N T(Vn) 7é .

Hence there is z,, € V,, such that T'(z,) € y,, — T(V,,1)- Set y,,.1 =y, — T(,).
Then y,, ., € T(V,,,,) which completes the construction of the sequence (y,,).
Let s, =z, + x5+ -+ ,, for n € N. Then for n > m,

< xn +xm+2’0)+m Since Z’m+1 € Vm+17
1
<2—n+' NFW'

Hence (s,,) is a Cauchy sequence in X and therefore converges (because X is
complete) to some x € X, with d(z,0) < r (since d(z,0) < d(z,z,) + d(z,,0) <
d(z,z;) +r/2 and d(s,,z,) = d(z, + -+ + x5,0) < /2 for all n > 1, so that
d(z,z,) =limd(s,,z;) <r/2). It follows that = € V[, C V. Furthermore,

n n

T(s,) = ZT(%’) = Z(yj - yj+1) =Y~ Ynsa-

J=1 Jj=1

Now, y,, € T(V,) and so there is some v,, € V,, such that d(y,,T(v,)) < 1 and
hence

A(9,0) < d(y, T(v,) + dT(0,),0) < - +d(T(v,),0).
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Since v,, € V,,, we have that d(v,,,0) < 27"r and so v,, — 0. By the continuity of
T (which has not been invoked so far), it follows that T'(v,,) — 0, and therefore
we see that y, — 0. Furthermore, s, — x implies that T'(s,,) — T'(x) so that

y, = T'(x) € T(V) and we conclude that T'(V;) C T'(V).
Combining this with the first part, we see that there is some neighbourhood

W of 0 in Y such that W C T'(V,) C T(V). Thus 0 is an interior point of T'(V),
and the proof is complete. [

Corollary 10.22 (Inverse mapping theorem) Let X and Y be Fréchet spaces
and suppose that T': X — Y is a one-one continuous linear mapping from X onto
Y. Then T~' : Y — X is continuous. In particular, for any given continuous
seminorm p on X, there is a continuous seminorm q on Y such that

p(z) < q(T(x)) forallze X.

Proof The inverse 7! exists because T is a bijection, by hypothesis. Write S
for T=!, so that S:Y — X. Let G be any set in X. Then

STHG) ={yeY: Sy eG={yeY T '(y) € G}
={y€eY :y="T(x) for some z € G} = T(G).

By the theorem, T is open, so that if G is open so is T(G). Therefore T! is
continuous.

Now suppose that p is a continuous seminorm on X. Then y — p(S(y)) is a
continuous seminorm on Y. It follows that there is some C' > 0 and seminorms
qy5---,q, on'Y (belonging to any separating family of seminorms which determine
the topology on Y') such that

p(SW) <C(q(y)+ - +aq,(y)), yveY.

Setting q(y) = C(q,(y) + -+ q,,(y)), for y € Y, we see that ¢ is a continuous
seminorm on Y and, replacing y by T'(z), we get

p(z) < q(T(x))

for all x € X, as required. n
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Corollary 10.23 Suppose that X and Y are Banach spaces and that T : X — Y is
a one-one continuous linear map from X onto Y. Then there are positive constants
a and b such that

allz]] < |[T(z)|| < bfjz|

for all x € X.

Proof By the corollary, S = T~ is continuous, and so there is some C' > 0 such
1S(y)|| < C|ly|| for all y € Y. Replacing y by T'(x) and setting a = C~1, it follows
that

allzll = al[ S < lyll = 1T(x)[|,  for z € X.

The continuity of 7" implies that ||T'(z)| < b||x|| for some positive constant b and
all v € X. L]

Corollary 10.24  Suppose that T, C T, are vector topologies on a vector space
X, such that X is a Fréchet space with respect to both. Then T, = T,.

Proof The identity map from (X,7,) — (X,7;) is a one-one continuous linear
map. By the open mapping theorem, it is open, and therefore every T, open set
is also T, open, i.e., T, C T, and so equality holds. [

If X and Y are vector spaces over K (either both over R or both over C) then
the Cartesian product X x Y is a vector space when equipped with the obvious
component-wise linear operations, namely t(x,y) = (tz,ty) and (z,y) + (2, y) =
(x+2,y+y) forany t € K, z,2" € X and y,yy’ € Y. If X and Y are topological
vector spaces, then X X Y can be equipped with the product topology. It is not
difficult to see that this is a vector topology thus making X x Y into a topological
vector space. Indeed, if (z,,y,) and (z/,y!) are nets in X x Y converging to
(x,y) and (z',y’), respectively, then z, — = and 2!, — 2’ in X and y, — y and
y, —y inY. It follows that x, + !, — x+ 2’ and y, +y,, — y+y’ and therefore
(xz,,y,) + (z,,y,) — (x+2',y+y') in X x Y. Thus addition is continuous in
X x Y. In a similar way, one sees that scalar multiplication is continuous.

Now, if X and Y are Fréchet spaces, then so is X x Y. In fact, if {p,,} and
{q,,} are countable families of determining seminorms for X and Y, respectively,
then {p,,} is a determining family for the product topology on X x Y, where p,,
is given by

P ((2,9)) = p,(2) + ¢, ()

for n € N and (z,y) € X x Y. The fact that this family does indeed determine
the product topology on X x Y follows from the equivalence of the following
statements; (z,,v,) — (z,y) in XxY,z, - xin X andy, —yinY,p, (z,—z) —
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0 and ¢,,(y, —y) — 0 for every n € N, p, ((z,,v,) — (x,y)) — 0 for every n € N,
(x,,v,) — (x,y) in the vector topology determined by the family {p,, }.

Let dy, dy and dy .y be the translation invariant metrics constructed from
the appropriate families of seminorms, i.e.,

1 p(x—2) — 1 p,y—v)
d N — _ n d N — = n
x(@.2) ;2” 1+p,(z—a)’ v(.v) ;2” L+p,(y—vy)’

and

Z pnaf—fc)Jrqn(y—y’)

2" 1+p,(z—2)+q,(y—y)’

for z,2" € X and y,y’ € Y. We have dy(z,2') < dx,.y((x,y),(2',y’)) and also

dy(y,y') < dxyy((x,y),(2',y")), so that if ((x4,y;))rey is @ Cauchy sequence
in X x Y, then its components (z,) and (y,) are Cauchy sequences in X and Y,

respectively, and therefore converge to = and y, say. But then p, (x,) — p,, () and

dX><Y(('r y

4, (y.) — q,(y) as k — oo for each n € N. This means that ((z,,y,)) converges
to (x,y) with respect to the metric dy .y, i.e., X x Y is a Fréchet space.

Definition 10.25 Let 7" : X — Y be a linear map from the topological vector
space X into the topological vector space Y. The graph of T' is the subset I'(T")
of X xY given by

NT) ={(z,Tz): x € X}.

Theorem 10.26 (Closed Graph theorem) Suppose that X and Y are Fréchet
spaces and T : X — Y is a linear map from X into Y. Then T is continuous if
and only if it has a closed graph in X x Y.

Proof Suppose that 7' is continuous and suppose that (z,,Tz,) — (x,y) in
X xY. Then z,, — x and so T'x,, — T'z. But T'x,, — y and it follows that y = Tz
and therefore (z,y) = (z,Tx) € I'(T), that is, I'(T") is closed.

Conversely, suppose that T'(T") is closed in X x Y. Then I'(T) is a closed linear
subspace of the Fréchet space X x Y and so is itself a Fréchet space—with respect
to the restriction of the metric d,, . Let 7y : X XY - X and 7y, : X XY =Y
be the projection maps. By definition of the topologies on these spaces, it is clear
that both 7y and my are continuous. Moreover, 7 : X x X is one-one and onto
X and so, by the inverse mapping theorem, Corollary 10.22, its inverse, 77;(1 is
continuous from X into X x Y. But then T is given by

T::L'DWL(CU,TQZ)Iﬁ—Y)TSB,

le, T =m0 7'(')_(1, the composition of two continuous maps, and so is continuous.
|
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Remark 10.27 It is sometimes easier to check that a map T has a closed graph
than to check that it is continuous. For the latter, it is necessary to show that
if x,, — x, then Tz, does, in fact, converge and has limit equal to Tz. To show
that T" has a closed graph, one starts with the hypotheses that both z,, and Tz,
converge, the first to x and the second to some y. All that remains is to show that
Txr =y.

The following application to operators on a Hilbert space is of interest. It says
that a symmetric operator defined on the whole Hilbert space is bounded. This
is of interest in quantum mechanics where symmetric operators (or self-adjoint
operators, to be precise) are used to represent physically observable quantities. It
turns out that these are often unbounded operators. The following theorem says
that it is no use trying to define such objects on the whole space. Instead one uses
dense linear subspaces as domains of definition for unbounded operators.

Theorem 10.28 (Hellinger-Toeplitz) Suppose that T : H — 'H is a linear operator
on a Hilbert space 'H such that

(T'z,y) = (2, Ty)
for every x,y € ‘H. Then T is continuous.

Proof A Hilbert space is a Banach space, so is complete. We need only show that
T has closed graph. So suppose that (z,,,Tx,) — (x,y) in H x H. For any z € H,

(Tx,,z) = (z,,Tz) — (x,Tz) = (Tz, z).

However, T'z,, — y and so
(y,z) = (T'z, z)

and we deduce that y = T'z. It follows that I'(T") is closed and so T is a continuous
linear operator on H. [

We shall end this chapter with a brief discussion of projections. Let X be a
linear space and suppose that V and W are subspaces of X such that VNW = {0}
and X = span{V,W}. Then any z € X can be written uniquely as z = v + w
with v € V and w € W. In other words, X =V & W. Defineamap P: X — V
by Pr = v, where x = v+ w € X, with v € V and w € W, as above. Evidently,
P is a well-defined linear operator satisfying P? = P. P is called the projection
onto V along W. We see that ran P = V (since Pv = v for all v € V'), and also
ker P = W (since if x = v + w and Px = 0 then we have 0 = Px = v and so
r=weW).

Conversely, suppose that P : X — X is a linear operator such that P? = P,
that is, P is an idempotent. Set V = ran P and W = ker P. Evidently, W is a
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linear subspace of X. Furthermore, for any given v € V, there is x € X such that
Px =v. Hence
Pyv=P’zx=Pzr=v

and we see that (1 — P)v = 0. Hence V' = ker(1 — P) and it follows that V is also
a linear subspace of X. Now, any € X can be written as + = Px+ (1— P)z with
Pr € V =ranP and (1 — P)x € W = ker P. We have seen above that for any
v eV, we have v = Pv. If also v € W = ker P then Pv = 0, so that v = Pv = 0.
It follows that V NW = {0} and so X =V @& W.

Now suppose that X is a topological vector space and that P : X — X is a
continuous linear operator such that P2 = P. Then both V = ran P = ker(1 — P)
and W = ker P are closed subspaces of X and X =V ¢ W.

Conversely, suppose that X is a Fréchet space and X = V & W, where V
and W are closed linear subspaces of X. Define P : X — V as above so that
P? =Pand V =ran P = ker(1 — P) and W = ker P. We wish to show that P
is continuous. To see this we will show that P is closed and then appeal to the
closed-graph theorem. Suppose, then, that z,, — = and Pz, — y. Now, Pz, € V
for each n and V is closed, by hypothesis. It follows that y € V' and so Py = y.
Furthermore, (1 — P)x,, = x,, — Pz, — v —y and (1 — P)z,, € W for each n
and W is closed, by hypothesis. Hence x —y € W and so P(z — y) = 0, that is,
Px = Py. Hence we have Px = Py = y and we conclude that P is closed. Thus
P is a closed linear operator from the Fréchet space X onto the Fréchet space V.
By the closed-graph theorem, it follows that P is continuous. We have therefore
proved the following theorem.

Theorem 10.29 Suppose that V' is a closed subspace of a Fréchet space X. Then
there is a closed subspace W such that X =V & W if and only if there exists a
continuous idempotent P with ran P = V.

Definition 10.30 We say that a closed subspace V' in a topological vector space is
complemented if there is a closed subspace W such that X =V & W.

Theorem 10.31 Suppose that V' is a finite-dimensional subspace of a topological
vector space X. Then V is closed and complemented.

Proof Letuv,,...,v,, belinearly independent elements of X which span V. Define
l; 'V — K by linear extension of the rule /,(v;) = 9,; for 1 < 4,5 < m. By
Corollary 6.24, each ¢, is a continuous linear functional on V. By the Hahn-
Banach theorem, we may extend each of these to continuous linear functionals on
X, which we will also denote by ¢,. Then, if v € V is given by v = t;v,+---+1,,v,,,
we have /,(v) =t, and so

0= 6@y 4, W),
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Define P : X — X by

Pr =0 (z)vy +---+ ¢, (x)v,, .
It is clear that P is a continuous linear operator on X with range equal to V.
Also we see that P? = P (since Pv; = v; for 1 <4 < m). Hence V = ker(1 — P)

is closed, since (1 — P) is continuous, and W = ker P is a closed complementary
subspace for V. We note, in passing, that W =~ ker ¢,. n
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