1. Banach Spaces

Definition 1.1. A (real) complex normed space is a (real) complex vector
space X together with a map : X — R, called the norm and denoted || - ||,
such that
(i) J|z]| >0, for all z € X, and ||z|| = 0 if and only if x = 0.
(ii) |laz|| = |a|||z|, for all z € X and all & € C (or R).
(iil) [l +yll <zl +llyll, for all 2,y € X.

Remark 1.2. If in (i) we only require that ||z| > 0, for all x € X, then
| - || is called a seminorm.

Remark 1.3. If X is a normed space with norm || - ||, it is readily checked
that the formula d(z,y) = |z — y||, for z,y € X, defines a metric d on
X. Thus a normed space is naturally a metric space and all metric space
concepts are meaningful. For example, convergence of sequences in X means
convergence with respect to the above metric.

Definition 1.4. A complete normed space is called a Banach space.

Thus, a normed space X is a Banach space if every Cauchy sequence in
X converges (where X is given the metric space structure as outlined above).
One may consider real or complex Banach spaces depending, of course, on
whether X is a real or complex linear space.

Examples 1.5.

1. If R is equipped with the norm [|A|| = |A|, A € R, then it becomes a real
normed space. More generally, for x = (z,,2,,...,2,) € R" define

= (3 |mi\2)1/2

i=1
Then R™ becomes a real Banach space (with the obvious component-wise
linear structure).
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In a similar way, one sees that C™, equipped with the similar norm, is a
(complex) Banach space.

2. Equip C([0,1]), the linear space of continuous complex-valued functions
on the interval [0, 1], with the norm

If[l = sup{|f(2)] : = € [0,1]}.

Then C(]0,1]) becomes a Banach space. This norm is called the supremum
(or uniform) norm and is often denoted || -||,. Notice that convergence with
respect to this norm is precisely that of uniform convergence of the functions
on [0,1].

Suppose that we now equip C([0, 1]) with the norm

1l = / f(2)|dz.

One can check that this is indeed a norm but C(]0,1]) is no longer complete
(so is not a Banach space). In fact, if h,, is the function given by

0, 0<z<i
1y 1 1,1
1, s+r<z<1
then one sees that (h,,) is a Cauchy sequence with respect to the norm || - ||;.

Suppose that h,, — h in (C([0,1]), | - ||;) as n — oco. Then

1/2 1/2
/ h(z)| da =/ h(z) — by (2)] dz < [l — B[, — 0
0 0

and so we see that h vanishes on the interval [0, %] Similarly, for any 0 <
e < %, we have

1
/ h(z) — 1) dz < [h— R, — 0
3+e

as n — oo. Therefore h is equal to 1 on any interval of the form [% +e,1],
0 < & < 30. This means that h is equal to 1 on the interval [3,1]. But such
a function h is not continuous, so we conclude that C([0, 1]) is not complete
with respect to the norm || - ||;.

3. Let S be any (non-empty) set and let X denote the set of bounded
complex-valued functions on S. Then X is a Banach space when equipped
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with the supremum norm || f|| = sup{|f(s)| : s € S} (and the usual pointwise
linear structure ).

In particular, if we take S = N, then X is the linear space of bounded
complex sequences. This Banach space is denoted ¢*° (or sometimes ¢*°(N)).
With S = Z, the resulting Banach space is denoted ¢>°(Z).

4. The set of complex sequences, x = (x,,), satisfying

)
Izl =D |a,| < oo
n=1

is a linear space under componentwise operations (and | - ||; is a norm).
Moreover, one can check that the resulting normed space is complete. This
Banach space is denoted ¢*.

5. The Banach space ¢2 is the linear space of complex sequences, r = (x,,),
satisfying

oo
lzlly = O |2, [*)? < 00
n=1

In fact, ¢? has the inner product

oo
<z y>= Y z,7,

n=1
and so is a (complex) Hilbert space.

The following suggests that there is not a great deal of excitement to be
got from finite-dimensional normed spaces.

Suppose that X is a finite-dimensional normed vector space with basis
€y5-..,€,. Define amap T': C" — R by

T(ay, .- ap) =lloge; + -+ ape,l|.
Then the inequality
} ||a161+' ’ '+anen|| - ||6161+' ’ '+ﬁn€n|| ‘ < ||(a1_ﬁl)61+' ’ +(an_ﬁn)en”

shows that 7" is continuous on C". Now, T(«y,...,a,) = 0 only if every
a; = 0. In particular, T does not vanish on the unit sphere, {2 : ||z]| = 1}, in
C™. By compactness, T attains its bounds on the unit sphere and is therefore
strictly positive on this sphere. Hence there is m > 0 and M > 0 such that

n
m\/zk 1| op? < lage; +---Fane, | < M\/Zk:1 | |?
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We have shown that the norm ||-|| on X is equivalent to the usual Euclidean
norm on X determined by any particular basis. Consequently, any finite-
dimensional linear space can be given a norm, and, moreover, all norms on a
finite-dimensional linear space X are equivalent: for any pair of norms || - |,
and | - ||, there are positive constants yu, ' such that

plielly < llzlly < w'lllly

for every x € X. (We say that two norms || - || and || - || on X are equivalent if
there are strictly positive constants m and M such that m||z|| < || < M||z||
for every x € X. This means that the norms induce the same open sets in
X and equivalently (to anticipate results from the next section) that the
identity map is continuous both from (X, || - ||) to (X,| - |) and also from
K- 1) to (X, - )

Proposition 1.6. Suppose that X is a normed space. Then X is complete
if and only if the series Y .| x, converges, where (x,,) is any sequence in X
satisfying > o, ||z, || < co.

Proof. Suppose that X is complete, and let (z,,) be any sequence in X such
that > >, ||lz,,|| < co. Let € > 0 be given and put y,, = >_,_, 2. Then, for
n>m,

n

> T
k=m+1
n

> gl

k=m+1
<e€

IA

for all sufficiently large m and n, since >~ ||z, || < oo. Hence (y,,) is a
Cauchy sequence and so converges since X is complete, by hypothesis.

Conversely, suppose » -, z,, converges in X whenever > >, ||z, | < oco.
Let (y,,) be any Cauchy sequence in X. We must show that (y,,) converges.
Now, since (y,,) is Cauchy, there is n; € N such that ||y, —,,|| < 3 whenever
m > ny. Furthermore, there is n, > n; such that ||y, —,,|| < § whenever
m > n,. Continuing in this way, we see that there is n; < ny < ng < ...

such that ||y, —¥,,|| < 3r whenever m > n,. In particular, we have

1
||ynk+1 - ynkH < 2_]<;



King’s College London Banach Spaces 1.5

for k € N. Set z, =y, ., —y,,. Then

n n
S el = 4y, = |
k=1 k=1
n
1
Tx

It follows that Y ,—, |lz;]| < co. By hypothesis, there is € X such that
> ope, T, — x as m — oo, that is,

I
Ms

ynk+1 - ynk>
1

I
)

— _) .
Nm+1 ynl x

Hence y,, — = +y,, in X as m — oo. Thus the Cauchy sequence (y,,) has
a convergent subsequence and so must itself converge. [

We shall apply this result to quotient spaces, to which we now turn. Let
X be a vector space, and let M be a vector subspace of X. We define an
equivalence relation ~ on X by z ~ y if and only if x —y € M. It is
straightforward to check that this really is an equivalence relation on X. For
x € X, let [x] denote the equivalence class containing the element x and
denote the set of equivalence classes by X/M. The definitions [z] + [y] =
[z 4+ y] and alz] = [az], for a € C and z,y € X, make X/M into a linear
space. (These definitions are meaningful since M is a linear subspace of
X. For example, if z ~ 2/ and y ~ 3/, then = +y ~ 2/ + ¢/, so that the
definition is independent of the particular representatives taken from the
various equivalence classes.) We consider the possibility of defining a norm
on the quotient space X/M. Set

[fz]l] = inf{{lyl| : y € [=]}.

Note that if y € [z], then y ~ x so that y — x € M; that is, y = x + m for
some m € M. Hence

][l = nf{l[y] : y € [«]} = inf{l[z +m] : m € M}

= inf{||z —m| : m € M}, since M is a subspace,

and this is the distance between  and M in the usual metric space sense.
The zero element of X /M is [0] = M, and so ||[z]|| is the distance between z
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and the zero in X/M. Now, in a normed space it is certainly true that the
norm of an element is just the distance between it and zero; ||z|| = ||z — 0||.
So the definition of ||[x]|| above is perhaps a reasonable choice.
To see whether this does give a norm or not we shall consider the various
requirements. First, suppose that a # 0, and consider
e} | = [[[ex] ]
= inf |laz+ m||
meM
= inf [laz +aml|, since a # 0,
meM
= |a| inf lz+m]|
meM

= [ [[][]

If o = 0, this equality remains valid because [0] = M and inf, . ,, ||m| = 0.
Next, we consider the triangle inequality;

] + [yl = [l + wlll
= inf o +y+m]

= inf |lz+m+y+m|

m,m’eM
< inf !
< it (o ml +lly+m'])
= [zl + llyll
Clearly, ||[x]|] > 0 and, as noted already, ||[0]]| = 0, so || - || is a seminorm
on the quotient space X/M. To see whether or not it is a norm, all that
remains is the investigation of the implication of the equality ||[z]|] = O.

Does this imply that [z] =0 in X/M? We will see that the answer is no, in
general, but yes if M is closed, as the following argument shows.

Proposition 1.7. Suppose that M is a closed linear subspace of the
normed space X. Then ||-|| as defined above is a norm on the quotient space
X/M — called the quotient norm.

Proof. According to the discussion above, all that we need to show is that
if x € X satisfies ||[z]|| = 0, then [x] = 0 in X/M; that is, x € M.

So suppose that € X and that ||[z]|| = 0. Then inf ||z + m| =0,
and hence, for each n € N, there is z, € M such that ||z + z,|| < 1. This
means that —z, — z in X as n — oo. Since M is a closed subspace, it
follows that x € M and hence [z] = 0 in X/M, as required. "
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Proposition 1.8. Let M be a closed linear subspace of a normed space X
and let m : X — X/M be the canonical map w(z) = [z|, x € X. Then 7 is
continuous.

Proof. Suppose that z, — = in X. Then

I7(2,) = m(@)|| = [ [z,] =[]
= [z, — 2]
= inf ||z, —x + m||
meM
<||lx,, — x|, since0e M,

— 0 as n — oo.

Proposition 1.9. For any closed linear subspace M of a Banach space X,
the quotient space X/M is a Banach space under the quotient norm.

Proof. We know that X/M is a normed space, so all that remains is to
show that it is complete. We use the criterion established above. Suppose,
then, that ([z,]) is any sequence in X/M such that ) |/[z,]]| < co. We
show that there is [y] € X/M such that 22:1[5%] — [y] as k — oc.

For each n, ||[z,]|| = inf,,c/ |2, + m|, and therefore there is m,, € M
such that

1
by definition of the infimum. Hence
Sl ml < 3 (1l + 5
< 00.

But (z, + m,) is a sequence in the Banach space X, and so the limit
lim, Zﬁzl(a:n + m,,) exists in X. Denote this limit by y. Then we
have
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1D el =Wl =11 [z, — 4l

n=1
k
= inf —
nigMH;wn y+m|
k k
n=1 n=1

k
n=1
— 0, ask— oo

Hence Zizl[mn] — [y] as k — oo and we conclude that X /M is complete. m

Example 1.10. Let X be the linear space C(]0,1]) and let M be the subset
of X consisting of those functions which vanish at the point 0 in [0, 1]. Then
M is a linear subspace of X and so X/M is a vector space.

Define the map ¢ : X/M — C by setting ¢([f]) = f(0), for [f] € X/M.
Clearly, ¢ is well-defined (if f ~ ¢ then f(0) = ¢g(0)) and we have

o(alf1+ Blg]) = o(laf + Byl)
= af(0) + Bg(0)
= a¢([f]) + Be([g))
for any a, 3 € C, and f,g € X. Hence ¢ : X/M — C is linear. Furthermore,

o([f1) = o(lg]) <= F(0) =g(0)
— f~g
= [f]=14]
and so we see that ¢ is one-one.

Given any § € C, there is f € X with f(0) = g and so ¢([f]) = B.
Thus ¢ is onto. Hence ¢ is a vector space isomorphism between X/M and
C; i.e. X/M = C as vector spaces.

Now, it is easily seen that M is closed in X with respect to the || - ||~

norm and so X/M is a Banach space when given the quotient norm. We
have

11l = inf{llgll : g € [f]}
= inf{||g[|», : 9(0) = f(0)}
= |f(0)| (take g(s) = f(0) for all s € [0,1]).
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That is, ||[f]|| = |o([f])], for [f] € X/M, and so ¢ preserves the norm. Hence
X/M = C as Banach spaces.

Now consider X equipped with the norm || -||;. Then M is no longer
closed in X. We can see this by considering, for example, the sequence (g,,)
given by

ns, 0<s<1/n
n(s) =
I, 1I/n<s<1.

Then g,, € M, for each n € N, and g,, — 1 with respect to || - ||;, but 1 ¢ M.
The “quotient norm” is not a norm in this case. Indeed, inf{||g||; : g €
[f]} = 0 for all [f] € X/M. To see this, let f € X, and, for n € N, set
h,(s) = f(0)(1 — g,(s)), with g, defined as above. Then h,(0) = f(0) and
1Pl = [£(0)]/2n. Hence

inf{{lgll, : 9(0) = F(0)} < |[h, [, <1(0)]/2n

which implies that
inf{[|glly : g € [f]} =0.

The “quotient norm” on X/M assigns “norm” zero to all vectors.



2. Linear Operators

Definition 2.1. A linear operator 7" between normed spaces X and Y is a
map T : X — Y such that

T(ax + B2') = oTx + T2

for all a,, 3 € C (or R in the real case) and all z,2’ € X.

Definition 2.2. The linear operator T : X — Y is said to be bounded if
there is some k > 0 such that

[ Tx|| < kll|
for all z € X. If T is bounded, we define ||T’|| to be
1T} = inf{& - [[Tz| <k|zl|, z € X}

We will see shortly that || - || really is a norm on the set of bounded linear
operators from X into Y. The following result is a direct consequence of the
definitions.

Proposition 2.3. Suppose that T : X — Y is a bounded linear operator.
Then we have

17 = sup{|I T : o] < 1}
— sup{||Ta : [l2]) = 1}

R V]
—Sup{w cx £ 0}.

Proof. This follows using the fact that if ||z|] < 1 (and z # 0), then we
have || Tz| < ||Tz|//«]| = [ Tx/||=[l[]- .
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Note that if 7' is bounded, then, by the very definition of ||T’||, we have
| Tz|| < ||T||||x||, for any = € X. Thus, a bounded linear operator maps any
bounded set in X into a bounded set in Y. In particular, the unit ball in X
is mapped into (but not necessarily onto) the ball of radius ||T'|| in Y. This
will be used repeatedly without further comment.

The next result is a basic consequence of the linear structure.

Theorem 2.4. Given a linear operator T : X — Y, for normed spaces X
and Y, the following three statements are equivalent.
(i) T is continuous at some point in X.

(ii) T is continuous at every point in X.

(iii) 7T is bounded on X.
Proof. Clearly (ii) implies (i). We shall show that (i) implies (ii). Suppose
that T is continuous at z, € X. Let z € X and let ¢ > 0 be given. Then
there is § > 0 such that if ||z — z|| < 6 then ||Tz — Tz,|| < . But then we
have

T2 — Tz|| = ||T2' — Tx 4+ Txy — Tz,
= ||T(2" — 2 +xy) — Txl|, by the linearity of 7,
<e

whenever ||(2/ — z + z,) — x| <9, ie., ||2' — z|| < . This shows that T is
continuous at any r € X.
(Alternatively, one could argue as follows. Suppose that (z,,) is a sequence in
X such that z, — z. Then z, —z+ 2z, — x, and so T'(z,, —x +z,) — Tz,
since 1" is assumed to be continuous at z,. Thus Tz, — Tx + Tz, — Tz,
since T is linear. In other words Tz, — Tx — 0, or Tz, — T'z.)

Next we show that (iii) implies (ii). Let € > 0 be given. By (iii), there is
k > 0 such that

ITz" = Tx|| = |T(z" — z)|| < k2" — =]

for any x,2’ € X. Putting 6 = ¢/k, we conclude that if ||z’ — x| < 6, then
|Tx" — Tzx|| < e. Thus T is continuous at x € X. In fact, this estimate
shows that T is uniformly continuous on X, and that therefore, continuity
and uniform continuity are equivalent in this context. In other words, the
notion of uniform continuity can play no special role in the theory of linear
operators, as it does, for example, in classical real analysis.

Finally, we show that (ii) implies (iii). If 7" is assumed to be continuous at
every point of X, then, in particular, it is continuous at 0. Hence, for given
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e > 0, there is 6 > 0 such that ||T'z|| < ¢ whenever ||z —0|| = ||z| < 0. Now,
for any x # 0, z = dz/2||z| has norm equal to /2 < §. Hence ||Tz| < e.
But || Tz|| = 0||Tx||/2||x|| and so we get the inequality

2e =]
0

which is valid for any = € X with x # 0. Therefore

[Tz <

Tx|| < ——

holds for any z € X, and we conclude that 7" is bounded.

(Alternatively, suppose that T is continuous at 0, but is not bounded. Then

for each n € N there is z,, € X such that |Tz, || > n|z,|. Evidently =, # 0.

Put z, =z, /n||z,|. Then |z,|| =1/n — 0, and so z,, — 0 in X. However,

\Tz,| = ||(Tz, /n|z, )| = |Tx,||/n|z,|| > 1 for all n € N, and so (Tz,,)

does not converge to 0. This contradicts the assumed continuity of 7" at 0.)
|

Remark 2.5. To establish the continuity of a given linear operator, it is
enough to show continuity at 0. However, it is often (marginally) easier to
check boundedness than continuity.

Definition 2.6. The set of bounded linear operators from a normed space
X into a normed space Y is denoted B(X,Y). If X =Y, one simply writes
B(X) for B(X,X).

Proposition 2.7. The space B(X,Y) is a normed space when equipped
with its natural linear structure and the norm || - ||.

Proof. For S, T € B(X,Y) and any «, # € C, the linear operator a.S + T
is defined by (aS + T)x = aSx + Tz for x € X. Furthermore, for any
reX,

1Sz + Ta|| < [[Szf| + [ Tz|| < (S]] + 1 T[)]=]

and we see that B(X,Y) is a linear space. To see that | - || is a norm on
B(X,Y), note first that || T|| > 0 and ||T'|| = 0 if T'= 0. On the other hand,
if ||T'|| = 0, then
0= 17 = sup{ T2 - 2 2 0
edl
which implies that |[|[Tz| = 0 for every z € X (including, trivially, x = 0).
That is, T'= 0.
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Now let « € C and T € B(X,Y). Then

||| = sup{|aTz|| : ||z[| < 1}
= sup{|al |[Tz]| : [|z[ < 1}
= [ sup{|[T] - [l]| <1}
= [ 1T

Finally, we see from the above, that for any S, T' € B(X,Y),

IS+ T = sup{||Sz + Tz| - [l«] <1}
< sup{([|SI[ + 1Tl = [l=] <1}
= [IS1 + 117

and the proof is complete. [

Proposition 2.8. Suppose that X is a normed space and Y is a Banach
space. Then B(X,Y) is a Banach space.

Proof. All that needs to be shown is that B(X,Y") is complete. To this end,
let (4,,) be a Cauchy sequence in B(X,Y); then

Ax—A
s sl 40} o,

Mf%m=w{

]l

as n,m — oo. It follows that for any given z € X, ||4,,x — 4,,z|| — 0, as
n,m — oo, i.e., (4, z) is a Cauchy sequence in the Banach space Y. Hence
there is some y € Y such that A x — y in Y. Set Az =y. We have
Alaz +2') =lim A, (ax + ')
n

= 1i7£n(aAnx + A, z")

— 3 : !/

=« hrlgn A, x+ hTILn A, x

= aAx + Az’
for any 2,2’ € X and a € C. It follows that A : X — Y is a linear operator.

Next we shall check that A is bounded. To see this, we observe first that for
sufficiently large m,n € N, and any = € X,

Az = Al < [[A, = A [lllz]] < =]
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Taking the limit n — oo gives the inequality ||Az — A, x| < ||z||. Hence, for
any sufficiently large m,

[Az| < [|Az — Azl + [ A, ]
< llzll + [ A, ]l

and we deduce that ||A| <1+ A4,,||. Thus A € B(X,Y).
We must now show that, indeed, A,, — A with respect to the norm in
B(X,Y). Let € > 0 be given. Then there is N € N such that

1A,z = Azl < [|A, = A, [l[lz] < ell]

for any m,n > N and for any x € X. Taking the limit n — oo, as before,
we obtain
Az — A, x| < ellx]

for any m > N and any x € X. Taking the supremum over x € X with
|z|| <1 yields ||[A—A,,|| < e for all m > N. In other words, A,, — A in
B(X,Y) and the proof is complete. "

Remark 2.9. Note that
A=Al < [[A= A, [l =0
so that (||4,,]|) converges to || Al

Remark 2.10. If S and T belong to B(X), then ST : X — X is defined
by STz = S(Tz), for any = € X. Clearly ST is a linear operator. Also,
1STz| < S| T=] < ||IS|IIT]|||x]|, which implies that ST is bounded and
|1ST|| < [|S]|||T||. Thus B(X) is an example of an algebra with unit (—the
unit is the bounded linear operator Iz = z, x € X). If X is complete, then
so is B(X). In this case B(X) is an example of a Banach algebra.

Examples 2.11.

1. Let A = (a;;) be any n x n complex matrix. Then the map x — Az,
x € C™, is a linear operator on C™. Clearly, this map is continuous (where C"
is equipped with the usual Euclidean norm), and so therefore it is bounded.
By slight abuse of notation, let us also denote by A this map, = — Az.

To find ||A|, we note that the matrix A*A is self adjoint and positive,
and so there exists a unitary matrix V such that VA*AV ! is diagonal:

A0 .0
paravio | 0 oY

0o ... A
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where each A\, > 0, and we may assume that A\; > A\, > ... > A . Now, we
have

1A]* = sup{[|Az]| : [|=]| = 1}?
= sup{|Az[* : lz] = 1}
=sup{(A*Az,x) : ||z]| = 1}
=sup{(VA*AV 1z, z) : ||z| = 1}
= SUP{ Dopet MelTe? Dy P =1 }
=)

It follows that ||A|| = A;, the largest eigenvalue of A*A.

2. Let K : [0,1] x [0,1] — C be a given continuous function on the unit
square. For f € C([0,1]), set

(Tf)(s) = / K (s, ) (1) dt

Evidently, T is a linear operator T : C([0,1]) — C(]0,1]). Setting M =
sup{|K (s,t)| : (s,t) € [0,1] x [0,1]}, we see that

T ()] < / K (s,8)] | ()] dt

gM/O (8] dt.

Thus, ||Tf]l; < M| f|l;, so that T is a bounded linear operator on the space
(€10, 1)), {1~ 111)-

3. With T defined as in example 2, above, it is straightforward to check that

ITflloe < M| £y
and that
1Tl < Ml flloo
so we conclude that 7" is a bounded linear operator from (C([0,1]), || - |;) to

(C([0,1]), || - lloo) and also from (C([0,1]), || - [[o) to (C([0,1]), [| - [I1)-

4. Take X = (', and, for any z = (z,)) € X, define Tx to be the sequence
Tx = (z4,%3,%4,...). Then Tz € X and satisfies ||Tz||; < ||z||;. Thus T
is a bounded linear operator from ¢! — ¢! with ||T| < 1. In fact, ||T] =1
(—take z = (0,1,0,0,...)). T is called the left shift on ¢!.
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Similarly, one sees that T': /*° — (*° is a bounded linear operator, with
1T} = 1.

5. Take X = ¢!, and, for any z = (z,,) € X, define Sz to be the sequence
St = (0,21, %y, 25,...). Clearly, ||Sz||; = ||z|/;, and so S is a bounded linear
operator from ¢! — ¢! with ||S|| = 1. S is called the right shift on ¢!.

As above, S also defines a bounded linear operator from ¢ to £>°, with
norm 1.

Theorem 2.12. Suppose that X is a normed space and Y is a Banach
space, and suppose that T : X — Y is a linear operator defined on some
dense linear subset D(T) of X. Then if T is bounded (as a linear operator
from the normed space D(T') to Y) it has a unique extension to a bounded
linear operator from all of X into Y. Moreover, this extension has the same
norm as T

Proof. By hypothesis, ||Tz|| < ||T||||z||, for all x € D(T"), where ||T'|| is the
norm of 7" as a map D(T) — Y. Let x € X. Since D(T') is dense in X, there
is a sequence (&,,) in D(T') such that £, — =, in X, as n — oo. In particular,
(¢,,) is a Cauchy sequence in X. But

IT€, = T, = 1T, = &)l < NTNE, = &l

and so we see that (7°¢,,) is a Cauchy sequence in Y. Since Y is complete,
there exists y € Y such that T¢, — y in Y. We would like to construct
an extension 7 of T by defining Tz to be this limit, y. However, to be
able to do this, we must show that the element y does not depend on the
particular sequence (§,,) in D(T") converging to x. To see this, suppose that
(n,,) is any sequence in D(T) such that n, — = in X. Then, as before,
we deduce that there is ¢/, say, in Y, such that T, — y’. Now consider
the combined sequence &;,1y,&5,7s, ... in D(T). Clearly, this sequence also
converges to r and so once again, as above, we deduce that the sequence
(T¢,,Tny, TE,y, Tn,, ... ) converges to some z, say, in Y. But this sequence
has the two convergent subsequences (T°¢;,) and (1'n,,), with limits y and v/,
respectively. It follows that z = y = 4’. Therefore we may unambiguously
define the map T:X—>Y by the prescription Tr = y, where y is given as
above.
Note that if # € D(T'), then we can take {, € D(T') above to be &,

for every n € N. ThlS shows that Tz = T x, and hence that T is an extension
of T. We show that T is a bounded linear operator from X to Y.
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Let z,2" € X and let o € C be given. Then there are sequences (¢,,) and
(¢’.)in D(T) such that £, — xand ¢, — 2’ in X. Hence of, +€," — az+a’,
and by the construction of T', we see that

T(az + #') = lim T(ag, +¢,'), using the linearity of D(T),
=limaT¢, + T¢,
=aTz+ T2 .

It follows that 7' is a linear map. To show that T is bounded and has the same
norm as T, we first observe that if v € X and if (§,) is a sequence in D(T')
such that , — x, then, by construction, T, — Tz, and so TE, || — 1Tz
Hence, the inequalities [|T€,| < ||T|| ||§,]|, for n € N, imply (—by taking
the limit) that |Tz|| < ||T ||z||. Therefore |T| < ||T||. But since T is an
extension of 7" we have that

||| = sup{||Tz| : 2 € X, || <1}
> sup{||Tz| : x € D(T), || <1}
= sup{||Tz| : z € D(T), || <1}
= || .

The equality ||| = ||T| follows.

The uniqueness is immediate; if S is also a bounded linear extension of T'
to the whole of X, then S — T is a bounded (equivalently, continuous) map
on X which vanishes on the dense subset D(T). Thus S — T must vanish on
the whole of X, i.e., § = T. [

Remark 2.13. This process of extending a densely-defined bounded linear
operator to one on the whole of X is often referred to as “extension by
continuity”. If 7" is densely-defined, as above, but is not bounded on (D(T))
there is no “obvious” way of extending T to the whole of X. Indeed, such
a gaol may not even be desirable, as we will see later—for example, the
Hellinger-Toeplitz theorem.



3. Baire Category Theorem and all that

We shall begin this section with a result concerning “fullness” of complete
metric spaces.

Definition 3.1. A subset of a metric space is said to be nowhere dense if
its closure has empty interior.

Example 3.2. Consider the metric space R with the usual metric, and let
S be the set S = {1,2,1 11 Then S has closure S = {0,1,3, 1 ...}
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which has empty interior.

We shall denote the open ball of radius r around the point a in a metric
space by B(a;r). The statement that a set S is nowhere dense is equivalent
to the statement that the closure, S of S, contains no open ball B(a;r) of
positive radius.

The next theorem, the Baire Category theorem, tells us that countable
unions of nowhere dense sets cannot amount to much.

Theorem 3.3. (Baire Category theorem) The complement of any countable
union of nowhere dense subsets of a complete metric space X is dense in X.
Proof. Suppose that A, n € N, is a countable collection of nowhere dense
sets in the complete metric space X. Set Ay = X \ U,cy A4,- We wish to
show that A, is dense in X. Now, X \ U, en 4, € X\ Unen 40
set is nowhere dense if and only if its closure is. Hence, by taking closures

and a

if necessary, we may assume that each A,, n = 1,2,... is closed. Suppose
then, by way of contradiction, that A is not dense in X. Then X \A_O #* J.
Now, X \ A_O is open, and non-empty, so there is z, € X \A_0 and vy, > 0
such that B(zy;7ry) C X \ A, that is, B(zg;r,) N A, = &. The idea of the
proof is to construct a sequence of points in X with a limit which does not
lie in any of the sets A, A;,.... This will be a contradiction, since X is the
union of the A, ’s.
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We start by noticing that since A; is nowhere dense, the open ball
B(xy;1y) is not contained in A;. This means that there is some point
x; € B(zy;rg) \ A;. Furthermore, since B(z,;r,) \ A; is open, there is
0 < r; <1 such that B(zy;r;) C B(xy;7) and also B(xy;7m) N A = .

Now, since A, is nowhere dense, the open ball B(x,;7,) is not contained in
A,. Thus, there is some x, € B(z,;1,)\A,. Since B(z,;r,)\A, is open, there
is 0 < ry < 1 such that B(zy;7y) C B(zq;7,) and also B(zy;75) N Ay = .

Similarly, we argue that there is some point 4 and 0 < ry < % such that
B(z4;r3) € B(xy;75) and also B(zg;7rg) N Ay = 0.

Recursively, we obtain a sequence x,x,,T5,... in X and positive real
numbers 7,7, 7,,... satisfying 0 <r, < %, for n € N, such that

B(z,;r,) C Bz, _1;7,_1)
and B(zx,;r,) NA, =.
For any m,n > N, both z,, and x,, belong to B(z,;7y), and so

d(z,,,x,) <dz,,,xy)+dz,.z,)
1 1
< N + N .
Hence (z,,) is a Cauchy sequence in X and therefore there is some x € X such
that x, — x. Since z,, € B(z,;r,,) € B(zy;ry), for all n > N, it follows
that © € B(xy;ry). But by construction, B(xy;7ry) € B(zy_1;7y_1) and
B(xy_1;rn_1) N Ay = @. Hence x ¢ Ay, for any N. This is our
required contradiction and the result follows. [

Remark 3.4. The theorem implies, in particular, that a complete metric
space cannot be given as a countable union of nowhere dense sets. In other
words, if a complete metric space is equal to a countable union of sets, then
not all of these can be nowhere dense; that is, at least one of them has a
closure with non-empty interior. Another corollary to the theorem is that if
a metric space can be expressed as a countable union of nowhere dense sets,
then it is not complete.

As a first application of the Baire Category Theorem, we will consider the
Banach-Steinhaus theorem, also called the Principle of Uniform Boundedness
for obvious reasons.
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Theorem 3.5. (Banach-Steinhaus) Let X be a Banach space and let
F be a family of bounded linear operators from X into a normed space Y
such that for each x € X the set {||T'z| : T € F} is bounded. Then the set
of norms {||T|| : T € F} is bounded.

Proof. For each n € N, let A, = {x: ||[Tz| < n for all T' € F}. Then each
A,, is a closed subset of X. Indeed,

A, = (e ITell <ny = () Ty« Iyl < n})

TeF TeF

and T ({y : |ly]| < n}) is closed because {y : ||y|| < n} is closed in Y and
every T in F is continuous. Moreover, by hypothesis, each x € X lies in
some A, . Thus, we may write

X:E_len.

By the Baire Category Theorem, together with the fact that each A, is
closed, it follows that there is some m &€ N such that A has non-empty
interior. Suppose, then, that z, is an interior point of A, , that is, there is
r > 0 such that {x : ||z — zy|| <7} C A4,,. By the definition of A, , we may
say that if = is such that ||z — || < r then ||Tz| < m, for every T € F.
But then for any x € X with ||z|| < r, we have ||z + z, — zy|| < r and so

| Tz|| = [|T(z + ) — T
< |NT(@ 4+ zo)|| + ([T, |
<m+m

for every T' € F. Hence, for any = € X, with x # 0, we see that rx /2| z||
has norm /2 < r and so [|T(rx/2||z||)|] < 2m for any T € F. It follows
that | Tx| < 4m||z||/r, for any z € X and any 7" € F. This implies that
|T|| < 4m/r for any T € F, ie., {||T] : T € F} is bounded. n

The following is an application of the Uniform Boundedness Principle to
the study of the joint continuity of bilinear maps.
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Proposition 3.6.  Suppose that X and Y are normed spaces and that
B(-,:) : X xY — C is a separately continuous bilinear mapping. Then
B(-,-) is jointly continuous. (That is, if B(x,-) : Y — C is continuous for
each fixed x € X, and if B(-,y) : X — C is continuous for each fixed y € Y
then B(-,-) is jointly continuous.)
Proof. For each x € X, define T, : Y — C by T,,(y) = B(z,y), fory € Y.
By hypothesis, each T, is a bounded linear operator from Y into C. Since
C is complete, we may extend 7, by continuity, to a bounded linear map
on Y, the completion of Y. Thus we have extended B(-,-) to X x Y whilst
retaining the separate continuity. In other words, we may assume, without
loss of generality, that Y is complete, that is, we may assume that Y is a
Banach space.

Now, for each fixed y € Y, x — B(x,y) is a bounded linear operator from
X into C. Hence

|B(z,y)| < C, Iz foral ze X

for some constant Cy > 0. In terms of T}, this becomes
T, (y)] < C'yH:cH for all z € X.

It follows that the family {|T,.(y)| : = € X, ||z|| = 1} is bounded, for each
fixed y € Y. By the Uniform Boundedness Principle, the set {||T.|| : €
X, |lz|| = 1} is bounded. That is, there is some K > 0 such that

|T,|| < K forall z € X with ||z|| = 1.

But T, is linear in x (T,,, = o1, for o € C') and so we deduce that

«

T, || < K|z| forallze X.

Hence, for any given (z,y,) € X xY and ¢ > 0,

|B(z,y) — B(%g,Yo)| = |B(x,y — yo) + B(x,y9) — Bz, Yp)|
< Bz, y = yo)| + [B(x — zo, o)
=T, (y — yo)| + |B(x — 29, yo)|
< K|z lly = yoll + Cyy llz — 24l
<e

provided ||z — x| and ||y — y, || are sufficiently small. "
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The next result we will discuss is the Open Mapping Theorem, but first
a few preliminary remarks will help to clarify things.

Let A be a subset of a normed space X. For x € X, we use the notation
x + A to denote the set

r+A={zeX:z=x+a, acA}
and for A € C, AA denotes the set
M={zeX:z=MX, acA}.
Then one readily checks that
B(a;r) =a+ B(0;7)
and that for any « € C, (with a # 0)
aB(a;r) = aa + aB(0;7) = B(aa; |a|r).

Now suppose that X and Y are normed spaces and that T': X — Y is a
linear operator. Then

T(B(a;r)) =Ta+TB(0;r).

Furthermore, if now A C X is any set, then T(ad) = aT(A). Also, if
x € T(aA), then there is a sequence (a,) in A such that T(aa,) — =x.
Hence aTa,, — x and so x € aT(A). Conversely, if x € aT(A), there is a
sequence (a,) in A such that Ta, — x/a. Hence T'(aa,) — x and we see

that © € T'(aA). It follows that, for any a € C,

T(aA)=aT(A).

We say that a subset A C X is symmetric if a € A implies that —a € A.
We say that the subset A is convex if Aa+ (1 — A)a’ € A, for any 0 < XA <1,
whenever a and a’ belong to A. If A is symmetric or convex, then the same

is true of the sets T(A) and T'(A).
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Proposition 3.7. Suppose that T : X — Y is a bounded linear operator,
where X is a Banach space and Y is a normed space. Suppose that for some
p>0and R>0

B(0;p) C T(B(0; R)).
Then B(0; p) C T(B(0; R)).
Proof. Let € > 0 be given, and let y € B(0;p). Then y € T'(B(0; R)), by
hypothesis, and so there is y; € T(B(0; R)) such that ||y — y,|| < ep. That

is, there is x; € B(0; R) such that y, = Tz, satisfies |y — Tz{| < ep. In
other words, y — Tz, € B(0;ep). But B(0;p) C T'(B(0; R)) implies that

B(0;ep) = eB(0; p) C eT(B(0; R)) = T(B(0;eR)),

ie.,y—Tx, € B(0;ep) CT(B(0;eR)).
Hence, as before, there is a point x, € B(0;eR) such that

|(y = Twy) —Ta,|| < e%p.

That is, y — Tx; — Tz, € B(0;e2p) C T(B(0;€2R)).
Continuing in this way, (i.e., by recursion) we obtain a sequence of points
Ty, Ty, T3,... in X such that z,, € B(0;e" 'R) and such that

y—Tx, —Txy—---—Tx, € B(0;e"p) CT(B(0;e"R)).

It follows that y = > °- , T'z,. However, ||z,| < " 'R which means that
Yonllz,ll < oo. Since X is complete, it follows that ) x, converges, i.e.,
there is some z € X such that Y ;_, z, — x, as n — oo. But T is continuous
and therefore > ), Tx, = T(> ", _, x,) — Tz, as n — oo. It follows that

y = T'z. Furthermore,

n n
Y "zl <7 [l
k=1 k=1
n
< Zek_lR
k=1

<R/(1-2)

so that ||z|| = lim,, || > p_; 2.l < R/(1—¢) < R/(1—2¢) (suppose £ < 1/2).
Hence z € B(0; R/(1 — 2¢)), and so y = Tx € T(B(0; R/(1 — 2¢)). We have

proved, so far, that

B(0:p) € T(BO: 1))
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for any 0 < e < 1/2.
Let y € B(0;p). Then ||y|| < p. Let d > 0 be such that [|y| < d < p.
Then

y € B(0;d) = — B(0; p)

R
0 1-— 2&?))

d
p(1—2€)))'

N

N S I
g}
=

(B (O; R

Since d/p < 1, we can choose ¢ sufficiently small that Rd/p(l —2¢) < R. It
follows that y € T(B(0; R)). Hence B(0;p) C T(B(0; R)). "

The Open Mapping Theorem is a simple consequence of this last result
and the Baire Category theorem.

Theorem 3.8. (Open Mapping Theorem) Suppose that both X and
Y are Banach spaces and that T : X — Y is a bounded linear operator
mapping X onto Y. Then T is an open map, i.e., T maps open sets in X
into open sets in Y.

Proof. Let G be an open set in X. We wish to show that T(G) is open
inY. If G = @, then T(G) = T(¥) = @ and there is nothing to prove.
So suppose that G is non-empty. Let y € T'(G). Then there is € G such
that y = T'z. Since G is open, there is r > 0 such that B(x;r) C G. Hence
T(B(z;r)) € T(G). To show that T'(G) is open it is certainly enough to
show that T'(B(x;r)) contains an open ball of the form B(y;r’), for some
r’ > 0. Now, B(y;r’") =y + B(0;r") and

T(B(w;r)) =T(x+ B(0;7)) =Tz +T(B(0;r)) =y + T(B(0;7))

in Y. Hence, the statement that B(y;r’) C T(B(x;r)), for some ' > 0, is
equivalent to the statement that y+B(0;r") C Tz+T(B(0;r)), for some r’ >
0, which, in turn, is equivalent to the statement that B(0;r") C T'(B(0;7)),
for some r’ > 0. We shall prove this last inclusion.

Any z € X lies in the open ball B(0;n) whenever n > ||z||, and so the
collection {B(0;n) : n € N} covers X. Since T : X — Y maps X onto Y, we
deduce that

Y = 7(B(0;n)).

n=1



3.8 Functional Analysis — Gently Done Mathematics Department

By the Baire Category Theorem, not all the sets T'(B(0;n)) can be nowhere
dense, that is, there is some N € N such that T (B(0; N)) has non-empty
interior. Thus there is some y € Y and p > 0 such that

B(y;p) € T(B(0; N)).
Since T'(B(0; N)) is symmetric, it follows that also

B(—y;p) CT(B(0; N)).

Furthermore, T'(B(0; N)) is convex, so if |[w|| < p, we have that w +y €
B(y; p) and w — y € B(—y; p) and so

w = %(w+y)+ %(w—y) € T(B(0;N)).

In other words,
B(0;p) CT(B(0; N)).

By the proposition, we deduce that B(0;p) C T'(B(0; N)). Hence

rp r
B(0;—) € —=T(B(0; N
(0:27) €+ T(BO;N))
=T(B(0;71)).
Taking r’ = % completes the proof. [

As a corollary to the Open Mapping Theorem, we have the following
theorem.

Theorem 3.9. (Inverse Mapping Theorem) Any one-one and onto
bounded linear mapping between Banach spaces has a bounded inverse.

Proof. Suppose that T': X — Y is a bounded linear mapping between the
Banach spaces X and Y, and suppose that 7' is both injective and surjective.
Then it is straightforward to check that T is invertible and that its inverse,
T-':Y — X, is a linear mapping. We must show that 7~ is bounded.

To see this, note that by the Open Mapping Theorem, the image under
T of the open unit ball in X is an open set in Y and contains 0. Hence there
is some r > 0 such that

B(0;r) CT(B(0;1)).
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Thus, for any y € Y with |ly|| < r, there is z € X with ||z|| < 1 such that
y = Tx. That is, if ||y|| < r, then |T7'y|| < 1. It follows that 71! is

1
bounded and that || T71]| < -.
r

(Alternatively, we can simply remark that for any open set G in X, its
image, T(G), under T is open, by the Open Mapping Theorem. But T(G)
is precisely the pre-image of G under the inverse T~!. It follows that 7! is
a continuous mapping.) [

Suppose that X and Y are normed spaces and that T : X — Y is a linear
operator defined on a dense linear subspace D(T') of X. The linearity of
the domain of definition D(T") of T is of course necessary to even state the
linearity of T'. The point is that we do not assume, for the moment, that
D(T) = X, or that T is bounded. We simply think of T" as a linear operator
from the normed space D(T) into Y.

Definition 3.10. Let X and Y be normed spaces and let T': X — Y be
a linear operator with dense linear domain D(T). The graph of T', denoted
['(T'), is the subset of the direct sum X &Y given by

'NT)={zdye XY :zeDT), y=Tz}.

Thus, I(T) ={z@& Tz :x € D(T)}.

It is readily seen that I'(T") is a linear subspace of X @ Y. The space
X @Y is equipped with the norm

lz @yl = [lz] + |yl

foredye X @Y. X@Y is complete with respect to this norm if and only
if both X and Y are complete.

Theorem 3.11. (Closed Graph Theorem) Suppose that X and Y
are Banach spaces and that T' : X — Y is a linear operator with domain
D(T) = X. Then T is bounded if and only if the graph of T is closed in
XaY.

Proof. Suppose first that 7' is bounded, and suppose that ((z, ® v,,)) is
a sequence in I'(T") such that (z,,y,) — (z,y) in X & Y. It follows that
x, — x and y,, — y and therefore, in particular, Tz, — Tz in Y. However,
Y, = Tz, and so Tz, — y. We conclude that y = Tz and that (z,y) €
[(T). Thus I'(T) is closed in X @Y.
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Conversely, suppose that I'(T) is closed in the Banach space X @ Y.
Then I'(T") is itself a Banach space (with respect to the norm inherited from
X @Y). Define maps m; : I'(T) — X, m, : I'(T') — Y by the assignments
m 2@ Tz — z and my : * ® Tx — Tz. Evidently, both m; and 7, are
norm decreasing and so are bounded linear operators. Moreover, it is clear
that 7, is both injective and surjective. It follows, by the Inverse Mapping
Theorem, that 77 : X — I'(T) is bounded. But then T : X — Y is given

by T = my 07,

-1
T (z,Tx) 2 Tx,

which is the composition of two bounded linear maps and therefore T is
bounded. L]

Remark 3.12. The closed graph theorem can be a great help in establishing
the boundedness of linear operators between Banach spaces. Indeed, in order
to show that a linear operator 7' : X — Y is bounded, one must establish
essentially two things; firstly, that if x,, — = in X, then (T'z,) converges in
Y and, secondly, that this limit is T'xz. The closed graph theorem says that
to prove that T' is bounded it is enough to prove that its graph is closed
(provided, of course, that X and Y are Banach spaces). This means that
we may assume that z, — x and T'x,, — y, for some y € Y, and then need
only show that y = T'x. In other words, thanks to the closed graph theorem,
the convergence of (T'z,,) can be taken as part of the hypothesis rather than
forming part of the proof itself.

Example 3.13. Let X = C([0,1]) equipped with the supremum norm,
| - |l Define an operator T' on X by setting D(T") = C'([0,1]), the linear
subspace of continuously differentiable functions on [0, 1], and, for z € D(T),
put

_dw
T dt

Note that D(T) is a dense linear subspace of C([0,1]) (by the Weierstrass
approximation theorem, for example) and 7' is a linear operator. We shall
see that the graph of T is closed, but that T is unbounded. To see that T
is unbounded, we observe that if g, denotes the function g, (t) =t", n € N,
t € 0,1], then g, € D(T') and T'g,, = ng,,_, for n > 1. But ||g,| ., = 1 and
179, |l =mn, so it is clear that T" is unbounded.

To show that I'(T') is closed, suppose that x,, — x in X with z,, € D(T),
and suppose that Tz, — y in X. We must show that y € D(T") and that

Tx(t) t), 0<t<1.
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y =Tx. For ant t € [0, 1], we have

t t
d
/Oy(s)ds:/o liirl%ds

. [tdx, . .
= lim s ds, since convergence is uniform,
n S
0

= lim(z,,(t) - ,,(0))

Thus .
x(t) = x(0) ~|—/ y(s)ds, for0<t<1,
0

with y € C([0,1]). Hence z € C*([0,1]) and fl—i = y on [0,1]. That is,
x € D(T) and Tz = y. We conclude that x & y € I'(T") and therefore I'(T)
is closed.

Notice that T is not defined on the whole of X and so there is no conflict
with the closed graph theorem. In fact, we can deduce from the closed graph
theorem, that there is no way in which we can extend the definition of T to
include every element of X in its domain of definition without spoiling either
linearity or the closedness of its graph.

Definition 3.14. A linear operator T : X — Y with dense linear domain
D(T) is said to be closed if its graph is a closed subset of X @& Y.

The concept of closed linear operator plays a very important réle in the
theory of unbounded operators in a Hilbert space.

Theorem 3.15. (Hellinger-Toeplitz) Let A : H — H be a linear
operator on the Hilbert space H with D(A) = ‘H and suppose that

<z, Ay > = < Az,y >

for every x,y € H. Then A is bounded.

Proof. We show that the graph, I'(A), of A is closed. Suppose, then, that
x, — x, and that Az, — y. For any z € ‘H, we have

<zy>=lim<z Az, >
n
=lim < Az,z,, >
n

= <Az, x>
= <z Ax > .



3.12 Functional Analysis — Gently Done Mathematics Department

Hence < z,y — Ax >= 0 for all z € ‘H. Taking z = y — Az, it follows that
y— Az =0, that is y = Az. Thus x @y € I'(4), and we conclude that I'(A)
is closed. By the closed graph theorem, it follows that A is bounded. m

Remark 3.16. This thorem says that an everywhere-defined symmetric
linear operator on a Hilbert space is necessarily bounded. Thus, unbounded
symmetric operators cannot be everywhere defined. The domain of defini-
tion is a central issue in the theory of unbounded operators. It should be
emphasized that unbounded operators should not be considered as some-
what pathological and of no particular interest. Indeed, the example above,
the operator of differentiation, could not really be thought of as especially
pathological. It turns out that many examples of operators in applications,
for example, in the mathematical theory of quantum mechanics, are un-
bounded. Indeed, one can show that operators P, Q) satisfying the famous
Heisenberg commutation relation, PQ) — QP = i, cannot both be bounded.



4. The Hahn-Banach Theorem

We now turn to a discussion of the Hahn-Banach theorem—this is con-
cerned with the extension of a continuous linear functional on a subspace
of a normed space to the whole of the space. First we must discuss Zorn’s
lemma.

Definition 4.1. A partially ordered set is a non-empty set P on which is
defined a relation < (a partial ordering) satisfying:

(a) x =<, forall x € P;

(b) ifz fyand y X z, then x = y;

(¢) ifx<yandy =z then z < 2.

Note that it can happen that a particular pair of elements of P are not
comparable, that is, neither x < y nor ¥y < x need hold.

Examples 4.2. 1. Let P be the set of all subsets of a given set, and let <
be given by set inclusion C.

2. Set P =R, and let < be the usual ordering < on R.

3. Set P = R?, and define < according to the prescription (x',%’) < (2", y")
provided that both 2/ < z” and v’ < 3" in R.

4. Any subset of a partially ordered set inherits the partial ordering and so
is itself a partially ordered set.

Definition 4.3. An element m in a partially ordered set (P, <) is said to
be maximal if m < x implies that x = m. Thus, a maximal element cannot
be “majorized” by any other element.

Example 4.4. Let P be the half-plane in R? given by P = {(z,y) : 2 +y <
0}, equipped with the partial ordering as in example 3, above. Then one
sees that each point on the line x +y = 0 is a maximal element. Thus P has
many maximal elements. Note that P has no “largest” element, i.e., there is
no element z € P satisfying x < z, for all x € P.

1
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Definition 4.5. An upper bound for a subset A in a partially ordered set
(P, =) is an element = € P such that a < x for all a € A.

A partially ordered set (P, <) is called a chain (or totally ordered, or linearly
ordered) if for any pair x,y € P, either x < y or y < z holds. In other words,
P is totally ordered if every pair of points in P are comparable.

A subset C of a partially ordered set (P, <) is said to be totally ordered (or
a chain in P) if for any pair of points ¢/, ¢’ € C, either ¢ < ¢’ or ¢/ < ¢/;
that is, C' is totally ordered if any pair of points in C are comparable.

We now have sufficient terminology to state Zorn’s lemma which we shall
take as an axiom.

Zorn’s lemma. Let P be a partially ordered set. If each totally ordered
subset of P has an upper bound, then P possesses at least one maximal
element.

Remark 4.6. As stated, the intuition behind the statement is perhaps not
evident. The idea can be roughly outlined as follows. Suppose that a is
any element in P. If a is not itself maximal then there is some z € P with
a = x. Again, if x is not a maximal element, then there is some y € P such
that x < y. Furthermore, the three elements a, x,y form a totally ordered
subset of P. If y is not maximal, add in some greater element, and so on. In
this way, one can imagine having obtained a totally ordered subset of P. By
hypothesis, this set has an upper bound, «, say. (This means that we rule
out situations such as having arrived at, say, the natural numbers 1,2, 3, ...,
(with their usual ordering) which one could think of having got by starting
with 1, then adding in 2, then 3 and so on.) Now if « is not a maximal
element, we add in an element greater than o and proceed as before. Zorn’s
lemma can be thought of as stating that this process eventually must end
with a maximal element.

Zorn’s lemma can be shown to be logically equivalent to the axiom of
choice (and, indeed, to the Well-Ordering Principle). We recall the axiom of
choice.

Axiom of Choice. Let {4, : a € J} be a family of non-empty sets,
indexed by the non-empty set J. Then there is a mapping ¢ : J — UAa
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such that ¢(«) € A, for each o € J.

Thus, the axiom says that we can “choose” a family {a,} with a, € A,
for each v € J, namely, the range of ¢. As a consequence, this axiom gives
substance to the cartesian product [, A4,
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After these few preliminaries, we return to consideration of the Hahn-
Banach theorem whose proof rests on an application of Zorn’s lemma.

Definition 4.7. A linear map A : X — C, from a linear space X into C is
called a linear functional. A real-linear functional on a real linear space is a
real-linear map A : X — R.

Example 4.8. Let X be a (complex) linear space, and A : X — C a linear
functional on X. Define £: X — R by /() = Re A(z) for x € X. Then / is a
real-linear functional on X if we view X as a real linear space. Substituting
1x for x, it is straightforward to check that

AMz) =L(z) — il(iz)

for any x € X. On the other hand, suppose that v : X — R is a real linear
functional on the complex linear space X (viewed as a real linear space). Set

w(z) = u(z) — iu(iz)

for x € X. Then one sees that p : X — C is (complex) linear. Further-
more, ©u = Rep, and so we obtain a natural correspondence between real
and complex linear functionals on a complex linear space X via the above
relations.

It is more natural to consider the Hahn-Banach theorem for real normed
spaces; the complex case will be treated separately as a corollary.

Theorem 4.9. (Hahn-Banach extension theorem) Suppose that M
is a (real-) linear subspace of a real normed space X and that A : M — R
is a bounded real-linear functional on M. Then there is a bounded linear
functional A on X which extends \ and with |A|| = ||\||; that is, A : X — R,
A M=), and

[A(2)|

A
HAH:SUP{W333€X,$750}:H)\stup{%::EGM,:I;;EO}.

Proof. One idea would be to extend A to the subspace of X obtained by
enlarging M by one extra dimension — and then to keep doing this. However,
one must then give a convincing argument that eventually one does, indeed,
exhaust the whole of X in this way. To circumvent this problem, the idea is
to use Zorn’s lemma and to show that any maximal extension of A must, in
fact, already be defined on the whole of X.
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Let z, be a non-zero element of X with z, ¢ M and let M, be the (real)
linear space spanned by M and z, (—if M = X, there is nothing to prove).
Then any element of M; has the form z + ax,, where z € M and o € R.
If v+ azy = 2’ + o'z, then . — 2’ + (a — ')z, = 0 and so it follows that
x = 2’ and o = /. In other words, this representation of each element of
M, is unique. We define \; : M; — R by

A (z+azxy) = Ax) + aa

where a is any fixed real number. It is evident that A; is real-linear and that
A [ M = A\. Now, extending any bounded linear operator cannot decrease
its norm, and so \; has the same norm as A provided we can find a so that

(%) [A(z) + aal < Az + ax|

for all x € M and o € R. This clearly holds for & = 0 and so we may suppose
that a # 0. Then we may replace x by —ax, and divide through by |«|, to
obtain the requirement

(A(z) — a] <Al ]z —
for all x € M. We rewrite this as the requirement that

@) — Al — 2| < a < Ma) + [\ [lz — ]

Ag By

for all x € M. It is possible to find such a real number « if and only if
all the closed intervals [A,, B, | have a common point. This is equivalent to
A, < B, for all z,y € M. To see that this holds, we note that (since A is
real-valued)

Az —y) < Al |z =yl

for all z,y € M. Thus

A@) = A(y) < (A= =y
< 1Ml = 2ol + 1A lzg = wll -

and hence we obtain A, < B, for all z,y € M, as required. Thus there
is some a € R such that the inequality (%) holds, and we conclude that
IALll = [|All. We shall now set things up so that Zorn’s lemma becomes
applicable. Let € be the collection of extensions e : M, — R of X\ which
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satisfy |le|| = ||A|l. € is partially ordered by declaring e; < e, if e, is an
extension of e; (—that is, if M, C M, and e, [ M, = e;). Let C be
a totally ordered subset of €. Then it follows that J _e M, is a linear
subspace of X. Define ¢’ : M" — R, where M' = J__e M,, by €'(z) = e(z),
for x € M’, where e is such that x € M, C M’. It is clear that ¢’ is well-
defined and is an extension of X satisfying |e/(x)| < [|A]| [|z]| for all z € M.
Hence ¢/, defined on M’ is an element of £ and is an upper bound for C. By
Zorn’s lemma, it follows that £ possesses a maximal element, A, say, defined
on some linear subspace M", say, of X. Now, if M" were a proper subspace
of X, we could repeat our earlier argument to obtain an extension of A, with
the same norm, which would therefore be an element of € and contradict the
maximality of A. We conclude that A is defined on the whole of X, and the

proof is complete.

Corollary 4.10. (Hahn-Banach extension theorem for complex
vector spaces) Suppose that M is a linear subspace of a complex normed
space X and that A\ : M — C is a bounded linear functional on M. Then A
can be extended to a bounded linear functional A on X with ||A|| = ||A||-

Proof. Consider X as a real linear space, and let £(z) = Re A(x), for z € M.
Then

[£(2)] = [Re A(z)]
< Al 2z e M,

so £ is bounded with [[¢|| < ||A|l. For = € M, write A(z) = pe®, where
p = |\x)| => 0. Then A(e=?z) = p, and so (e~ ¥z) = Re (e ¥x) = p =
|A(x)]. It follows that {|¢(x)|:z € M} D {|A(x)|: x € M} and so ||£]] = ||\]|.
By the theorem, ¢ has a real-linear extension L to X with ||L| = ||¢||. For
r € X, set

A(x) = L(z) — iL(ix) .

Then A : X — C is complex-linear and, since \(z) = {(z) — il(ix), z € M,
we see that A extends A\. We must show that |A(x)| < ||| ||z, for z € X,
thus giving ||A|| = ||A]|. To see this, we note that for z € X there is a € C
with |a| = 1 such that aA(z) = |A(z)|. Then

[A(z)] = aA(z)
= A(ax) € R since the left hand side is real
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= L(ax)

< [IL ] ez ]
= [l€]l l] [lz]
= [IA[ ]l

as required. [

It is an immediate corollary that any (non-zero) normed space has a
non-zero continuous linear functional. In fact, it has many as we shall now
show.

Theorem 4.11. Let X be a normed space, and let x, € X, with x, # 0.
Then there is a continuous linear functional A on X with ||A|| = 1 such that

A(wg) = [l l-
Proof. Let M be the subspace M = {ax, : « € C}, and define A\, : M — C
by A\(az,) = allzy||, o € C. Evidently, A, is linear, and

[Ao(azo)| = laf [[zoll = llaw]

for all @ € C, which implies that |A\y|| = 1 (as a map from M into C).
By the Hahn-Banach theorem, A\, has an extension to X with the required
properties. [

Remark 4.12. The result above implies that the set of bounded linear
functionals on a normed space X separates the points of X, i.e., if z; and
x4 are any two points of X with x; # x,, then there is a bounded linear
functional A : X — C such that A(x;) # A(z,). One simply applies the
above to the non-zero element x, = x; — x,. Put another way, this result
says that if z € X is such that A\(z) = 0 for every bounded linear functional
A on X, then x = 0. The following theorem says that the set of bounded
linear functionals on X also separates points and closed subspaces.
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Theorem 4.13. Let M be a proper closed linear subspace of a normed
space X and suppose that x, ¢ M. Then there is a bounded linear functional
A on X such that A\(x) =0 for all x € M, but \(x,) # 0.

Proof. Let M’ be the subspace of X generated by M and {z,}. Then any
element x, say, of M’ can be written uniquely as z = z + az, for z € M
and some a € C (—if also z = 2’ + o/z,, then subtracting, we obtain that
z —2' = (¢ — a)z,, and this implies that o’ = « (since z, ¢ M) and
therefore z = 2’). Define A : M" — C by A(z+ ax,) = «, for z € M. Clearly
A M — C is linear, A(z,) = 1, and X is zero on M. To see that A is
bounded, we note that since x, ¢ M and M is closed, there is > 0 such
that B(xy;r)NM = @; that is, ||z — x| > r for all z € M. Hence, for a # 0,
and z € M,

z
|2 + azyl| = |af ||a + 2|
> |a|r

since —z/a € M. Thus
1
[A(z + azg)| = laf < — |z + az -

It follows that ||A]| < 1/r and so A : M’ — C is bounded. By the Hahn-
Banach theorem, we may extend A to the whole of X, and the result follows.
n

Remark 4.14. Thus, if M is a closed subspace of X and z, € X is such
that all bounded linear functionals which vanish on M also vanish on z,
then x, € M.

Definition 4.15. Suppose that ¢ : X — C is a linear functional on the
linear space X. The kernel of £ is its null space; ker ¢ = {x € X : {(z) = 0}.

Proposition 4.16. Let ¢ be a linear functional on the linear space X.
Then ker ¢ is a linear subspace of X of codimension one.

Proof. It is clear that ker ¢ is a linear subspace of X. If ¢ is not zero, there
is some z, € X such that £(z,) # 0. Then, for any z € X,

@)L )
" Wag) O T T Uy O

{(x)

Clearly, x — —=~
(z)

x, € ker ¢ and hence X/ ker/ is one-dimensional. ]
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As a corollary, we see that a linear functional is determined by its kernel,
up to a constant of proportionality.

Corollary 4.17. Linear functionals ¢, and {, on the linear space X have
the same kernel if and only if they are proportional.

Proof. Suppose that ker/; = ker?, and let =, ¢ ker/,. (If no such z,
exists, then both ¢, and /¢, are zero on X.) Without loss of generality, we
may suppose that ¢;(z,) = 1. Then for any z € X, we have z = ¢, (x) z,+z,
with z € ker ¢; = ker {,. Hence

ly(z) = €1 (z)ly(2()
which shows that ¢; and ¢, are proportional.
The converse is clear. m

Theorem 4.18. Suppose that ¢ : X — C is a linear functional on the
normed space X. Then { is bounded if and only if ker ¢ is closed.

Proof. It is clear that if ¢ is bounded (equivalently, continuous), then ker ¢
is closed.

Conversely, suppose that ker ¢ is closed. If ker ¢ = X, it follows that ¢ is
zero and so is certainly bounded. Suppose, then, that ker ¢/ # X. Then there
is , € X such that z, ¢ ker . By hypothesis, ker ¢ is closed, and so there is
r > 0 such that B(z,;r) Nker¢ = @&. By replacing z, by x,/¢(x,), we may
assume that ¢(z,) = 1.

Suppose that z € X, = ¢ ker £. Then ¢(x) # 0, and

T

@) +xy €kerl.
It follows that —E(‘Q;—) + 1z, ¢ B(xzy;r); that is,
x
x
—m +xy ) —xgl| 27,
that is,
Izl
()] —
that is,
1
z)] < =
[e(z)| < — [l]]

for all x ¢ ker?. But this inequality still holds even if x € ker /¢, and we
conclude that ¢ is bounded. L]
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Proposition 4.19. Suppose that ¢ : X — C is a linear functional on the
normed space X. Then ¢ is unbounded if and only if ker ¢ is a proper dense
subset of X.

Proof. Suppose that ker ¢ is dense in X. If ¢ is bounded, then it follows
that ¢ must vanish on the whole of X. So ker¢ # X demands that ¢ be
unbounded.

Conversely, suppose that ker ¢ is not dense in X. Then there is some
z, ¢ ker ¢ and some 7 > 0 such that B(zy;r) Nker ¢ = @. We now argue as
before to deduce that ¢ is bounded. It follows that if ¢ is unbounded, then
ker ¢ is a dense subset of X. Furthermore, ker ¢ must be a proper subset of
X since ¢ cannot vanish on the whole of X — otherwise it would clearly be
bounded. L]



5. Hamel Bases

Definition 5.1. A finite set of elements z,,...,x
vector space is said to be linearly independent if and only if

, in a complex (real)

oy + -+ oz, =0

with aq,...,a, € C (or R) implies that a; = --- = «,, = 0. A subset A
in a vector space is said to be linearly independent if and only if each finite
subset of A is.

Definition 5.2. A linearly independent subset A in a vector space X is
called a Hamel basis of X if and only if any non-zero element x € X can be

written as

T =0oquU+ o,
for some m € N, non-zero «,,...,qa,, € C (or R) and distinct elements
Upy .oy U, € A.

In other words, A is a Hamel basis of X if it is linearly independent and
if any element of X can be written as a finite linear combination of elements
of A.

Note that if A is a linearly independent subset of X and if x € X can
be written as ¢ = oyu; +--- + «a,,u,,, as above, then this representation is
unique. To see this, suppose that we also have that x = 3;v; + -+ + B, vy,
for non-zero f3,,..., 3, € C and distinct elements v,,...,v, € A. Taking the

difference, we have that
0=ouy +- -+ o,,u, —Bvy— - — Brvy -

Suppose that m < k. Now v; is not equal to any of the other v,’s and so, by
independence, cannot also be different from all the u;’s. In other words, v,

is equal to one of the u,;’s. Similarly, we argue that every v; is equal to some

1
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u,; and therefore we must have m = k and v,,...,v,, is just a permutation

of uy,...,u But then, again by independence, f;,...,[,, is the same

m*

permutation of a4,...,a,,. The uniqueness of the representation of = as a

m-
finite linear combination of elements of A follows.

We will use Zorn’s lemma to prove the existence of a Hamel basis.

Theorem 5.3. Every vector space X possesses a Hamel basis.

Proof. Let § denote the collection of linearly independent subsets of X,
partially ordered by inclusion. Let {S,, : @ € J} be a totally ordered subset
of §. Put S =J, S, We claim that S is linearly independent. To see this,
suppose that x,...,x,, are distinct elements of S and suppose that

for non-zero A;,..., A, € C (or R). Then z, € S T, €8, for some

e
ay,...,a, € J. Since {S,} is totally ordered, there is some o/ € J such
that S, € S,,..., 5, CS,. Hencexy,...,z, €5,.ButS, islinearly
independent and so we must have that A\, = --- = A, = 0. We conclude

that S is linearly independent, as claimed.

It follows that S is an upper bound for {S,} in 8. Thus every totally
ordered subset in 8 has an upper bound and so, by Zorn’s lemma, 8 possesses
a maximal element, M, say. We claim that M is a Hamel basis.

To see this, let x € X, z £ 0, and suppose that an equality of the form

x:)\1u1+'+)\kuk

is impossible for any £ € N, distinct elements u,,...,u; € M and non-zero
Aly .-, Ap € C (or R). Then, for any distinct uy,...,u, € M, an equality of
the form

AT + Ajuy + -+ Auy, =0

must entail A = 0. But then this means that \ju; = --- = Ay, = 0, by
independence. Hence x,uq,...,u; are linearly independent. It follows that
M U{x} is linearly independent, which contradicts the maximality of M. We
conclude that x can be written as

T=MNuy+ -+ AU,

for suitable m € N, u,,...,u,, € M, and non-zero \,,..., A, € C (or R);
that is, M is a Hamel basis of X. n
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The next result is a corollary of the preceding method of proof.

Theorem 5.4. Let A be a linearly independent subset of a linear space
X. Then there is a Hamel basis of X containing A; that is, any linearly
independent subset of a linear space can be extended to a Hamel basis.

Proof. Let 8 denote the collection of linearly independent subsets of X
which contain A. Then § is partially ordered by set-theoretic inclusion. As
above, we apply Zorn’s lemma to obtain a maximal element of §, which is a
Hamel basis of X and contains A. [

The existence of a Hamel basis proves useful in the construction of various
“pathological” examples, as we shall see. We first consider the existence of
unbounded linear functionals. It is easy to give examples on a normed space.
For example, let X be the linear space of those complex sequences which are
eventually zero — thus (a,) € X if and only if a, = 0 for all sufficiently
large n (depending on the particular sequence). Equip X with the norm
|(a,)|| = sup|a,|, and define ¢ : X — C by (a,) — ¢((a,)) = >, a,.
Evidently ¢ is an unbounded linear functional on X. Another example is
furnished by the functional f — f(0) on the normed space C([0, 1]) equipped
with the norm || f|| = [ [f(s)| ds.

It is not quite so easy, however, to find examples of unbounded linear
functionals or everywhere-defined unbounded linear operators on Banach
spaces. To do this, we shall use a Hamel basis. Indeed, let X be any infinite-
dimensional normed space and let M be a Hamel basis. We define a linear
operator 1" : X — X via its action on M as follows. Let u;,u,,... be any
sequence of distinct elements of M, and set

Tu, = ku,, k=12,...

and
Tv =0, forve M, v#u, for any k € N.

Then if z € X, with = Aw; + -+ + A\ w,,, w; € M, Aj,..., A, € C, we
put
Te =MNTw, +---+ A, Tw,, .

It is clear that T is a linear operator defined on the whole of X. Moreover,
|Tu || = k|lugl|, for any k € N, and it follows that 7" is unbounded.

We can refine this a little. Define Tu; = ku; as above, but now let
Tv =wv for any v € M with v # u,, any k. Then T is everywhere defined
and unbounded. Furthermore, it is easy to see that T : X — X is one-one
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and onto. If X is a Banach space, the inverse mapping theorem implies that
T—! must also be unbounded.

Now let : M — R be the map w — pu(w) = ||w||, w € M. By linearity,
we can extend p to a linear map on X. Then the map ¢ : X — C given by
x +— pu(Tz) is an everywhere-defined unbounded linear functional on X.

We can use the concept of Hamel basis to give an example of a space which
is a Banach space with respect to two inequivalent norms. It is not difficult
to give examples of linear spaces with inequivalent norms. For example,
C[0,1] equipped with the || - ||, and || - ||; norms is such an example. It is
a little harder to find examples where the space is complete with respect to
each of the two inequivalent norms. To give such an example, we will use
the fact that any Hamel basis for an infinite dimensional, separable linear
space has cardinality 2%, In fact, all we need to know is that if X and YV
are separable, infinite dimensional spaces with Hamel bases My and My,
respectively, then My and My are isomorphic as sets.

Example 5.5. Set X = ¢! and Y = (2 and, for k € N, let ¢, be the
element e, = (0,,,)men Of £* and let f, denote the corresponding element of
(?. ForneN,leta, =Y} e, €t andlet b, = _ 1f € (2 Then
la,|l; =1, for all n € N, whereas ||b,||, = 1/v/n. Let A= {a,, : n € N} and
B ={b, :n € N}. Then A and B are linearly independent subsets of ¢! and
2, respectively. Hence they may be extended to Hamel bases My and My of
X and Y. Since both ¢! and ¢? are separable, My and My are isomorphic.
It follows that the map defined by ¢(a,) = b,,, for n € N, extends to an
isomorphism mapping My onto My-. By linearity, this map extends to an
isomorphism, which we denote also by ¢, from ¢! onto £2.
We define a new norm || - || on ¢! by setting

Il = Nl (@)l

for + € X = ¢'. This is a norm because ¢ is linear and injective. To see
that X is complete with respect to this norm, suppose that (z,,) is a Cauchy
sequence with respect to || - . Then (¢(z,)) is a Cauchy sequence in /2.
Since 2 is complete, there is some y € ¢? such that ||¢(z,) — y|l, — 0. Now,
¢ is surjective and so we may write y as y = p(x) for some z € £1. We have

le(z,) = ylle = le(z,) = e(@)ll;
= [l,, — =

and it follows that [|z,, — z|| — 0 as n — oco. In other words, ¢! is complete
with respect to the norm || - ||.
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We claim that the norms || - ||; and || - || are not equivalent norms on
¢, Indeed, we have that ¢(a,) = b, and so |la,,| = ||b,]l, = 1/v/n — 0 as
n — oo. However, ||a,|; =1 for all n.



6. Projections

Let X be a linear space and suppose that V and W are subspaces of X
such that VNW = {0} and X = span{V, W}; then any € X can be written
uniquely as x = v +w with v € V and w € W. In other words, X =V @& W.
Define a map P: X — V by Px = v, where x = v+ w € X, with v € V and
w € W, as above. Evidently, P is a well-defined linear operator satisfying
P?2 = P. P is called the projection onto V along W. We see that ran P = V
(since Pv = v for all v € V), and also ker P = W (since if z = v + w and
Pz =0 then we have 0 = Pr =v and so x = w € W).

Conversely, suppose that P : X — X is a linear operator such that
P? = P, that is, P is an idempotent. Set V = ran P and W = ker P.
Evidently, W is a linear subspace of X. Furthermore, for any given v € V,
there is z € X such that Pz = v. Hence

Pv=P?zx=Pr=v

and we see that (I — P)v = 0. Hence V = ker(1 — P) and it follows that
V is also a linear subspace of X. Now, any z € X can be written as x =
Px+ (1— P)x with Pr € V =ran P and (1 — P)x € W = ker P. We have
seen above that for any v € V, we have v = Pv. If also v € W = ker P
then Pv = 0, so that v = Pv = 0. It follows that VN W = {0} and so
X=VoW.

Now suppose that X is a normed space and that P : X — X is a bounded
linear operator such that P? = P. Then both V = ran P = ker(1 — P) and
W = ker P are closed subspaces of X and X =V @& W.

Conversely, suppose that X is a Banach space and X =V @& W, where
V and W are closed linear subspaces of X. Define P : X — V as above so
that P2 = P and V = ran P = ker(1 — P) and W = ker P. We wish to show
that P is bounded. To see this we will show that P is closed and then appeal
to the closed-graph theorem. Suppose, then, that z, — = and Pz, — y.

1
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Now, Pz, € V for each n and V is closed, by hypothesis. It follows that
y € V and so Py = y. Furthermore, (1— P)z, = x,, — Pz, — x —y and
(1—P)z, € W for each n and W is closed, by hypothesis. Hence x —y € W
and so P(x —y) = 0, that is, Pr = Py. Hence we have Px = Py = y and
we conclude that P is closed. Thus P is a closed linear operator from the
Banach space X onto the Banach space V. By the closed-graph theorem, it
follows that P is bounded. Note that ||P|| > 1 unless ran P = {0}. Indeed,

| P[] = sup{||Pz| : ||z| = 1}
> sup{||Pv] : [[v|| =1, veV}=1.

We have therefore proved the following theorem.

Theorem 6.1. Suppose that V is a closed subspace of a Banach space X .
Then there is a closed subspace W such that X =V @& W if and only if there
exists a bounded idempotent P withran P = V.

Definition 6.2. We say that a closed subspace V in a normed space is
complemented if there is a closed subspace W such that X =V & W.

Theorem 6.3. Suppose that V' is a finite-dimensional subspace of a normed
space X. Then V is closed and complemented.

Proof. Let v,,...,v,, be linearly independent elements of X which span
V. Using this basis, we may identify V with C™. Moreover, the norm on
V is equivalent to the usual Euclidean norm on C™. In particular, there
is some constant K such that if v € V is given by v = > ", a;v; then
Voieq le]? < Kljv||l. Define ¢, : V. — C by linear extension of the rule
l;(v;) = d;; for 1 <i,j < m. Then, with the notation above, for any v € V,

|6 (0)] = Jey| < K[lv]|
and so we see that each ¢, is a bounded linear functional on V. By the
Hahn-Banach theorem, we may extend these to bounded linear functionals
on X, which we will also denote by ¢,. Then if v € V is given by v =
ayv; + -+ a,,v,, we have £,(v) = a, and so
v = El(v)vl +oee ém(v)vm .
Define P : X — X by
Px ={(x)v, +---+ L, (x)v,, .

It is clear that P is a bounded linear operator on X with range equal to V.
Also we see that P2 = P. Hence V = ker(1 — P) is closed, since (1 — P)
is bounded, and W = ker P is a closed complementary subspace for V. We
note that W = (-, ker ¢,. u



7. The Dual Space

Let X be a normed space. The space of all bounded linear functionals
on X, B(X,C), is denoted by X* and called the dual space of X. Since C is
complete, X* is a Banach space.

The Hahn-Banach theorem assures us that X* is non-trivial; indeed, X *
separates the points of X. Now, X* is a normed space in its own right, so
we may consider its dual, X**; this is called the bidual or double dual of X.

Let x € X, and consider the mapping

e X"l l(x).
Evidently, this is a linear map : X* — C. Moreover,
[€(z)| < [|€]| [|=]|, for every £ € X*

so we see that this is a bounded linear map from X* into C, that is, it defines
an element of X**. In fact, this leads to an isometric embedding of X into
X**, as we now show.

Theorem 7.1. Let X be a normed space, and for x € X, let ¢, : X* — C
be the evaluation map ¢,(¢) = ¢(x), £ € X*. Then x — ¢, is an isometric
linear map of X into X**.

Proof. We have seen that ¢, € X** for each x € X. It is easy to see that
x — @, is linear;

Powty(l) = Llax +y) = al(x) + £(y)
= aep, (0) + ¢, (£)

for all z,y € X, and a € C. Also

|0, (€)

= [l(x)| < ||| ||z] for all £ € X*

1
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shows that ||¢,|| < ||z||. However, by the Hahn-Banach theorem, for any
given x € X, x # 0, there is ¢/ € X* such that ||| =1 and ¢'(z) = ||z||. For
this particular ¢', we then have

|0, ()] =€) = ll=ll = llz]| 1] -

We conclude that ||, | = ||z||, and the proof is complete. "

Thus, we may consider X as a subspace of X** via the linear isometric
embedding x — ¢,

Definition 7.2. A Banach space X is called reflexive if X = X** via the
above embedding.

Note that X** is a Banach space, so X must be a Banach space if we are
to be able to identify X with X**.

Theorem 7.3. A Banach space X is reflexive if and only if X* is reflexive.

Proof. If X = X** then X* = X**. This can be seen as follows. To say
that X = X** means that each element of X** has the form ¢, for some
x € X. Now let 1, € X*** be the corresponding association of X* into X ***:

Y,(z) = z(¢) for £ € X* and z € X™.
We have X* C X*** via { — 1,. Let A € X***. Any z € X** has the form

¢, x € X, and so A(z) = A(¢,.).
Define ¢: X — C by ¢(x) = A(¢,). Then

[£(2)] = [A(0,)]
< 1Al I |
= A

It follows that ¢ € X*. Moreover,

= {(z) = M¢,)

and so ¥, = A; i.e., X* = X™ via 1.
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Now suppose that X* = X*** and suppose that X # X**. Then there is
A € X*** such that A # 0 but A vanishes on X in X**; i.e., A(¢,) = 0 for all
r e X.

But then A can be written as A = 9, for some £ € X*, since X* = X***
and so

= ¢, (£) = £(x)

which gives 0 = A(¢,) = ¢(x) for all z € X, i.e.,, { =0 in X*.
It follows that ¢, = 0 in X*** and so A = 0. This is a contradiction.
Hence X = X**. L]

Corollary 7.4. Suppose that the Banach space X is not reflexive. Then
the natural inclusions X C X** C X*™** C ... and X* C X*** C ... are all
strict.

Proof. If, for sake of argument X*** = X***** then this says that X*** is

reflexive. But this implies that X** is reflexive, which in turn means that
X* is. Finally we conclude that X is reflexive. n

We shall now compute the duals of some of the classical Banach spaces.
For any p € R with 1 < p < oo, the space ¢? is the space of complex sequences
x = (x,,) such that

1
el = (3 l,l7)? < oo.

We shall consider the cases 1 < p < oo and show that for such p, |- ||, is a
norm and that /P is a Banach space with respect to this norm. We will also
show that the dual of /P is ¢4, where ¢ is given by the formula % + % =1. It
therefore follows that these spaces are reflexive. At this stage, it is not even
clear that ¢ is a linear space, never mind whether or not || - [, is a norm.
We need some classical inequalities.

Proposition 7.5. Let a, b >0 and o, 8 > 0 with o+ 3 = 1. Then
a®b’ < aa + Gb

with equality if and only if a = b.
Proof. We note that the function ¢ — e is strictly convex; for any z,y € R,
elert8y) < qe® 4 Bev. Putting a = e®, b = e¥ gives the required result. =
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The next result we shall need is Holder’s inequality.

1 1

Theorem 7.6. Let p > 1 and let q be such that — 4+ — = 1, (q is called the
P g

exponent conjugate to p.) Then, for any © = (z,,) € ¥ and y = (y,,) € ¢9,

[e.@]
> 1yl < ll=ll, 1yl -
n=1

If p =1, the above is valid if we set ¢ = oo.

Proof. The case for p =1 and ¢ = oo is easy to see. So suppose that p > 1.
Without loss of generality, we may suppose that ||z||, = [[y|, = 1. Then let

,a=lz,|P, b=ly,|? and use the previous proposition. n

1 1
a:—,ﬁ:—
p q

Proposition 7.7. For any x = (z,,) € ¢P, with p > 1,

00
(1, = sup{ | >z, : llyl, =1}
n=1

The equality holds for p = 1 and q = oo, and also for the pair p = 0o, ¢ = 1.
Proof. Holder’s inequality implies that the right hand side is not greater

than the left hand side. For the converse, consider y = (y,) with y,, =

sgna, |z, |P/1/||z|/? if 1 < p < oo, with y, = sgna, if p = 1, and with

Yy, = Opm> m €N, if p = o0. "
As an immediate corollary, we obtain Minkowski’s inequality.

Corollary 7.8. For any z,y € {?, p > 1, we have x + y € ¢ and

[z +yll, < llzll, + llyll,-

Proof. This follows directly from the triangle inequality and the preceding
proposition. [
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Theorem 7.9. For any 1 < p < oo, P is a Banach space. Moreover, if
1 < p < oo, the dual of ¢P is ¢4, where q is the exponent conjugate to p.
Furthermore, for each 1 < p < 0o, the space (P is reflexive.

Proof. We have already discussed these spaces for p = 1 and p = oco. For
the rest, it follows from the preceding results that P is a linear space and
that || - ||, is a norm on ¢P. The completeness of 7, for 1 < p < oo, follows
in much the same way as that of the proof for p = 1.

To show that ¢?* = /9, we use the pairing as in Holder’s inequality.
Indeed, for any y = (y,,) € €9, define 1, on ¢¥ by ¢, 1z = (x,,) = >, T, Y,.
Then Holder’s inequality implies that ¢, is a bounded linear functional on
¢P and the subsequent proposition (with the roles of p and ¢ interchanged)
shows that [, = [lyl

To show that every bounded linear functional on /P has the above form,
for some y € 09, let A € ¢P*, where 1 < p < co. Let y,, = A(e,), where
e, = (6,m)men € £P. Then for any = = (z,,) € (P,

)\(1’) = A(Z xnen) = (Z xn)\(en)) = anyn :
Hence, replacing x,, by sgn(zx,y,,)z,,, we see that

D 1z yal < 1Al
n

For any N € N, denote by ¢ the truncated sequence (y;,¥s, ..., yn,0,0,...).
Then

D Lz ynl < 1Al

n

and, taking the supremum over = with ||z, = 1, we obtain the estimate
Iy'llq < AT

It follows that y € ¢4 ( — and that |[ly[|, < [[A[]). But then, by definition,
¥, = A, and we deduce that y — 1, is an isometric mapping onto ¢P*. Thus,
the association y — 1, is an isometric linear isomorphism between /7 and
P,

Finally, we note that the above discussion shows that ¢ is reflexive, for
all 1 < p < . [
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We shall now consider ¢, the linear space of all complex sequences which
converge to 0, equipped with the supremum norm

||| o = sup{|z,| : n € N}, for z = (z,) € ¢,.

One checks that ¢, is a Banach space ( — a closed subspace of £>°). We shall
show that the dual of ¢, is ¢!, that is, there is an isometric isomorphism
between ¢ and ¢'. To see this, suppose first that 2 = (z,,) € ¢'. Define
Y,:¢cg—=Ctobey:axw— > 2z, v=(r,) €c Itisclear that 1, is
well-defined for any z € ¢! and that

[ (@)] < Y lzal ] < Nzl 2]l -
n

no

Thus we see that 1, is a bounded linear functional with norm ||, || < ||z]|;.
By taking = to be the element of ¢, whose first m terms are equal to 1, and
whose remaining terms are 0, we see that ||, > >, |7,|. It follows that
4.1l = ||z|l;, and therefore z +— 1), is an isometric mapping of ¢! into cf.
We shall show that every element of ¢ is of this form and hence z — v, is
onto.

To see this, let A € ¢, and, for n € N, let z, = A(e,), where e,, € ¢,
is the sequence all of whose terms are zero except for the n*" term which is

equal to 1, i.e., e, is the sequence (6,,,,),,cy- For any given N € N, let

nm)

N
v = E sgn zy e, .
k=1

Then v € ¢, and ||v|, =1 and

N
@) =D Lzl S M vl = AL
k=1

It follows that z = (z,,) € ¢! and that ||z||; < ||A||. Furthermore, for any
element x = (z,,) € ¢,

Az) = A(!é - en)
_ (g z, )\(en))

= ¢Z(x) *

Hence A = 1,, and the proof is complete.
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Remark 7.10. Exactly as above, we see that the map z — 1), is a linear
isometric mapping of £ into the dual of /°°. Furthermore, if \ is any element
of the dual of £°°, then, in particular, it defines a bounded linear functional
on ¢,. Thus, the restriction of A to ¢, is of the form ¢, for some z € ¢'. It
does not follow, however, that A has this form on the whole of £°°. Indeed,
¢y is a closed linear subspace of £*°, and, for example, the element y = (y,,),
where y,, = 1 for all n € N, is an element of /> which is not an element of
¢o- Then we know, from the Hahn-Banach theorem, that there is a bounded
linear functional A, say, such that A(z) = 0 for all x € ¢, and such that
AMy) = 1. Thus, X is an element of the dual of £>° which is clearly not
determined by an element of /1. The dual of £ is strictly larger than ¢!.

Theorem 7.11. Suppose that X is a Banach space and that X* is
separable. Then X is separable.

Proof. Let {\, :n=1,2,...} be a countable dense subset of X*. For each
n €N, let z,, € X besuch that ||z,|| = 1 and |\, (z,,)| > 3||A,||. Let S be the
set of finite linear combinations of the x, ’s with rational complex coefficients.
Then S is countable. We claim that S is dense in X. To see this, suppose
the contrary; that is, suppose that S is a proper closed linear subspace of X.
Then there exists a non-zero bounded linear functional A € X* such that A
vanishes on S. Since A € X* and {\,, : n € N} is dense in X*, there is some
subsequence (), ) such that A\, — A as k — oo, that is,

A=A, [l =0
as n — oo. However,

||A - )\nk || > |<A - )\nk)(l.nk”’ since ”mnk“ =1,
= |\, (2, )], since A vanishes on S,
> 5, I

and so it follows that [\, || — 0, as k — oo. But A, — A implies that
A, [l = IA]l and therefore [|A[| = 0. This forces A = 0, which is a con-
tradiction. We conclude that S is dense in X and that, consequently, X is
separable. n
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Theorem 7.12. For 1 < p < oo the space (P is separable, but the space
(>° is non-separable.

Proof. Let S denote the set of sequences of complex numbers (z,,) such that
(z,) is eventually zero (i.e., z, = 0 for all sufficiently large n, depending on
the sequence) and such that z, has rational real and imaginary parts, for
all n. Then S is a countable set and it is straightforward to verify that S is
dense in each /P, for 1 < p < co.

Note that S is also a subset of £>°, but it is not a dense subset. Indeed,
if x denotes that element of ¢°° all of whose terms are equal to 1, then
|z — (||, > 1forany ( € S.

To show that £°° is not separable, consider the subset A of elements whose
components consist of the numbers 0,1,...,9. Then A is uncountable and
the distance between any two distinct elements of A is at least 1. It follows
that the balls {{z : ||z —al| < 1/2} : a € A} are pairwise disjoint. Now,
if B is any dense subset of £°°, each ball will contain an element of B, and
these will all be distinct. It follows that B must be uncountable. [

Remark 7.13. The example of ¢! shows that a separable Banach space
need not have a separable dual—we have seen that the dual of ¢! is £°°,
which is not separable. This also shows that ¢! is not reflexive. Indeed, this
would require that ¢! be isometrically isomorphic to the dual of £>°. Since
¢! is separable, an application of the earlier theorem would lead to the false
conclusion that ¢ is separable.



8. Topological Spaces

Definition 8.1. Let X be a nonempty set and suppose that T is a collection
of subsets of X. T is called a topology on X if the following hold;
(i) @€T,and X € T;
(ii) if {U, : o € J} is an arbitrary collection of elements of T, labelled by
J, then J,c, U, €T,
(ili) if, for any k € N, U}, Uy,...,U, € T, then \_, U, € T.

The elements of T are called open sets, or T-open sets. The pair (X,7) is
called a topological space.

Examples 8.2.

1. T={9, X} — called the indiscrete topology.

2. T is the set of all subsets of X — discrete topology.

3. X =4{0,1,2} and T= {2, X,{0},{1,2} }.

4. X any metric space, J the set of open sets in the usual metric space sense.
Thus a topological space is a generalization of a metric space.

Definition 8.3. For any non-empty subset A of a topological space (X, 7T),
the induced topology, T4, on A is defined to be that given by the collection
ANT={ANU :U € T} of subsets of A. (It is readily verified that T, is a

topology on A.)

Definition 8.4. A topological space (X, T) is said to be metrizable if there
is a metric on X such that 7T is as in example 4 above.

Remark 8.5. Not every topology is metrizable. For example, example 1,
above (—provided X consists of more than one point).

Many of the usual concepts in metric space theory appear in the theory
of topological spaces — but suitably rephrased in terms of open sets.

1



8.2 Functional Analysis — Gently Done Mathematics Department

Definition 8.6. A subset F' of a topological space X is said to be closed if
and only if its complement X \ F' is open, i.e., belongs to 7.

A point a € X is an interior point of a set A C X if there is U € T such
that @ € U and U C A. (Thus, a set G is open if and only if each of its

points is an interior point of G.)
[¢]

The set of interior points of the set A is denoted by A.

The point z is a limit point (accumulation point) of the set A if and only
if for every open set U, with x € U, it is true that U N A contains some point
distinct from z, i.e., the set AN{U \ {z}} # 2.

The point a € A is said to be an isolated point of A if there is an open
set U such that a € U but UN{A\ {a}} = @.

The closure of the set A, written A, is the union of A and its set of limit
points,

A = AU {limit points of A}.

Proposition 8.7. The closure A of A is the smallest closed set containing
A, that is,
A= ﬂ{F : Fis closed and F O A} .

Proof. We shall first show that A is closed. Let y € X \ A. Then y ¢ A,
and y is not a limit point of A. Hence there is an open set U such that y € U
and U N A = @. But then no point of U can be a limit point of A so we
deduce that U N A = @. It follows that X \ A is open and so, by definition,
A is closed.

Now suppose that F' is closed and that A C F. Then X \ F is open. Let
z € X \ F. Then there is some open set U such that z € U and U C X \ F.
In particular, UNA = @, and so z ¢ A and z is not a limit point of A. Hence
X\ F C X\ A and we see that A C F. The result follows. "

Definition 8.8. A family of open sets {U, : @ € J} is said to be an open
cover of aset BC X if BCJ, U,.

Definition 8.9. A subset K in a topological space is said to be compact if
every open cover of K contains a finite subcover.

By taking complements, open sets become closed sets, unions are replaced
by intersections and the notion of compactness can be rephrased as follows.



King’s College London Topological Spaces 8.3

Theorem 8.10. Let K be a subset of a topological space (X,7T). The
following statements are equivalent.

(i) K is compact.

(i) If {F,, },c s Is any family of closed sets in X such that KN( ., F, = 9,

then K N(,¢; F,, = @ for some finite subset I C J.

(iii) If {F,, } ,c ; is any family of closed sets in X such that KN(\,c; F, # 9,
for every finite subset I C J, then KN (., F, # @ .

Remark 8.11. The statements (ii) and (iii) are contrapositives. The prop-
erty in statement (iii) is called the finite intersection property (of the family
{F,}ocs of closed sets).

Definition 8.12. A set N is a neighbourhood of a point x in a topological
space (X, 7) if and only if there is U € T such that x € U and U C N.

Thus, a set U belongs to T if and only if U is a neighbourhood of each
of its points. Note that N need not itself be open. For example, in any
metric space (X,d), the closed sets {z € X : d(a,z) < r}, for r > 0, are
neighbourhoods of the point a.

Definition 8.13. A topological space (X, 7) is said to be a Hausdorff topo-
logical space if and only if for any pair of distinct points z,y € X, (z # y),
there exist sets U,V € Tsuchthat t e U,y € Vand UNV = 2.

We can paraphrase the Hausdorff property by saying that any pair of
distinct points can be separated by disjoint open sets. Example 3 above is
an example of a non-Hausdorff topological space.

Proposition 8.14. A non-empty subset A of the topological space (X,7)
is compact if and only if A is compact with respect to the induced topology,
that is, if and only if (A, T ,) is compact.

If (X, 7) is Hausdorff then so is (A, T 4).

Proof. Suppose first that A is compact in (X, T), and let {G_} be an open
cover of A in (A,7T,). Then each G, has the form G, = ANU, for some
U, € 7. It follows that {U_} is an open cover of A in (X, T). By hypothesis,
there is a finite subcover, U,,...,U, , say. But then G,,...,G, is an open
cover of A in (A,T,); that is, (A,T,) is compact.

Conversely, suppose that (A,7 ,) is compact. Let {U,} be an open cover
of Ain (X, 7). Set G, = ANU,. Then {G} is an open cover of (A,T,). By
hypothesis, there is a finite subcover, say, G,,...,G,,. Clearly, U,...,U,,
is an open cover for A in (X, 7). That is, A is compact in (X, T).

n
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Suppose that (X, T) is Hausdorff, and let a,, a, be any two distinct points

of A. Then there is a pair of disjoint open sets U, V in X such that a; € U
and a, € V. Evidently, G;, = ANU and G, = ANV are open in (4,7 ,), are
disjoint, and a; € G, and a, € G,. Hence (A4,T,) is Hausdorff, as claimed.
n

Remark 8.15. Note that it is quite possible for (A4,7T,) to be Hausdorff
whilst (X, T) is not. A simple example is provided by example 3 above with
A given by A = {0,1}. In this case, the induced topology on A coincides
with the discrete topology on A.

Proposition 8.16. Let (X,7) be a Hausdorff topological space and let
K C X be compact. Then K is closed.

Proof. Let z € X\ K. Then for each z € K, there are open sets U, V, such
that r € U, z € V, and U, NV, = @. Evidently, {U, : z € K} is an open
cover of K and therefore there is a finite number of points z,,z,,...,2, € K
such that K C U, U---UU, .

Put V.=V, n---NV, . Then V is open, and z € V. Furthermore,
VCV, for each 7 implies that vnu,, =2 for1 <i<n. Hence VNK = &,
and therefore z € V and V C X \ K. Thus, X \ K is open, and K is closed.

Example 8.17. Let X = {0,1,2} and T = {2, X,{0},{1,2} }. Then the
set K = {2} is compact, but X \ K = {0,1} is not an element of J. Thus,
K is not closed. As we have already noted, (X, 7) is not Hausdorff.

Proposition 8.18. Let (X,T) be a topological space and let K be compact.
Suppose that F' is closed and F' C K. Then F' is compact. (In other words,
closed subsets of compact sets are compact.)

Proof. Let {U, : @ € J} be any given open cover of F'. We augment this
collection by the open set X \ F'. This gives an open cover of K;

KC(X\F)U <U Ua).
acJ
Since K is compact, there are elements o, oy, ..., a,, in J such that
KC(X\F)uU, uU, U---ulU, .
But then we see that
Fcu, uu,,u---uy,

We conclude that F' is compact. [
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We now consider continuity of mappings between topological spaces. The
definition is the obvious rewriting of the standard result from metric space
theory.

Definition 8.19. Let (X,7) and (Y, 8) be topological spaces and suppose
that f: X — Y is a given mapping. We say that f is continuous if and only
if f~1(V) e T for any V € 8.

Many of the standard results concerning continuity in metric spaces have
analogues in this more general setting.

Theorem 8.20. Let (X,7) and (Y,8) be topological spaces with (X,7)
compact. Suppose that f : X — Y is a continuous surjection. Then (Y, 8) is
compact. (In other words, the image of a compact space under a continuous
mapping is compact.)

Proof. Let {V,} be any given open cover of Y. Then {f~1(V,_)} is an open
cover of X. Hence there are indices o, o, ..., a,, such that

X=f(V,)u-uf iV, ).
Since f is onto, it follows that

Y=V, U---UV,

am

and so Y is compact. "

Theorem 8.21. Let X be a compact topological space, Y a Hausdorff
topological space and f : X — Y a continuous injective surjection. Then
f~1:Y — X exists and is continuous (—and so X is also Hausdorff).

Proof. Clearly f~! exists as a mapping from Y onto X. Let F be a closed
subset of X. To show that f~! is continuous, it is enough to show that f(F)
is closed in Y. Now, F' is compact in X and, as above, it follows that f(F)
is compact in Y. But Y is Hausdorff and so f(F') is closed in Y. "

Definition 8.22. A continuous bijection f : X — Y, between topological
spaces (X,7) and (Y,8), with a continuous inverse is called a homeomor-
phism.

A homeomorphism f : X — Y sets up a one-one correspondence between
the open sets in X and those in Y, via U «— f(U). The previous theorem
says that a continuous bijection from a compact space onto a Hausdorff space
is a homeomorphism. It follows that both spaces are compact and Hausdorff.
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Definition 8.23. Let 7,7, be topologies on a set X. We say that 7] is
weaker (or coarser or smaller) than T, if T, C T, (—alternatively, we say
that T, is stronger (or finer or larger) than 7).

The stronger (or finer) a topology the more open sets there are. It is
immediately clear that if f : (X,7) — (Y,8) is continuous, then f is also
continuous with respect to any topology T’ on X which is stronger than
T, or any topology 8 on Y which is weaker than 8. In particular, if X
has the discrete topology or Y has the indiscrete topology, then every map
f X — Y is continuous.

Let X be a given (non-empty) set, let (Y, 8) a topological space and let
f: X — Y be a given map. We wish to investigate topologies on X which
make f continuous. Now, if f is to be continuous, then f~!(V) should be
open in X for all V openin Y. Let T = ()7, where the intersection is over all
topologies 7' on X which contain all the sets f~(V), for V € 8. (The discrete
topology on X is one such.) Then T is a topology on X (—any intersection of
topologies is also a topology). Moreover, T is evidently the weakest topology
on X with respect to which f is continuous. We can generalise this to
an arbitrary collection of functions. Suppose that {(Y,,S,) : a« € I} is a
collection of topological spaces, indexed by I, and that ¥ ={f, : X — Ya}
is a family of maps from X into the topological spaces (Y,,,8,). Let T be the
intersection of all those topologies on X which contain all sets of the form
f1,(V.), for f, € Fand V, € §,. Then T is a toplogy on X and it is the
weakest topology on X with respect to which every f, € J is continuous.

T is called the o (X, F)-topology on X.

Theorem 8.24.  Suppose that each (Yao,Sao) is Hausdorff and that &F
separates points of X, i.e., if a,b € X with a # b, then there is some f, € F

such that f.(a) # f,(b). Then the o(X,F)-topology is Hausdorff.

Proof. Suppose that a,b € X, with a # b. Then, by hypothesis, there is
some « € I such that f,_(a) # f,(b). Since (Y, §,) is Hausdorff, there exist
elements U,V € §_ such that f (a) € U, f,(b) € Vand UNV = &. But
then f1(U) and f;!(V) are open with respect to the o(X, F)-topology and
a€ fHU), be foH (V) and fFHU)N fHV) = 2. .

To describe the (X, F)-topology somewhat more explicitly, it is conve-
nient to introduce some terminology.

Definition 8.25. A collection B of open sets is said to be a base for the
topology T on a space X if and only if each element of T can be written as
a union of elements of B.
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Examples 8.26.

1. The open sets {x : d(z,a) <r},a € X, r € Q, r > 0, are a base for the
usual topology in a metric space (X, d).

2. The rectangles {(z,y) € R? : [z —a| < 1, |y —b] < L}, with (a,b) € R?
and n,m € N, form a base for the usual Euclidean topology on RZ2.

3. The singleton sets {z}, © € X, form a base for the discrete topology on
any non-empty set X.

Proposition 8.27. The collection of open sets B is a base for the topology
T on a space X if and only if for each non-empty set G € T and x € G there
is some B € B such that x € B and B C G.

Proof. Suppose that B is a base for the topology J and suppose that G € T
is non-empty. Then G can be written as a union of elements of B. In
particular, for any x € G, there is some B € B such that z € B and B C G.

Conversely, suppose that for any non-empty set G € T and for any x € G,
there is some B,, € Bsuchthat x € B, and B, C G. ThenG C |Jx € GB, C
G, which shows that B is a base for 7. n

Definition 8.28. A collection § of subsets of a topology 7 on X is said
to be a sub-base for T if and only if the collection of intersections of finite
families of members of 8 is a base for 7.

Example 8.29. The collection of subsets of R consisting of those intervals
of the form (a, 00) or (—00,b), a,b € R, is a sub-base for the usual topology
on R.

Proposition 8.30. Let X be any non-empty set and let & be any collection
of subsets of X which covers X, i.e., for any © € X, there is some A € §
such that x € A. Let B be the collection of intersections of finite families of
elements of §. Then the collection T of subsets of X consisting of & together
with arbitrary unions of elements of members of B is a topology on X, and
is the weakest topology on X containing the collection of sets 8. Moreover,
8 is a sub-base for T, and B is a base for T.

Proof. Clearly, @ € T and X € 7, and any union of elements of T is also a
member of T. It remains to show that any finite intersection of elements of T
is also an element of T. It is enough to show that if A, B € T, then ANB € 7.
If A or B is the empty set, there is nothing more to prove, so suppose that
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A # @ and B # @. Then we have that A = |J, A, and B = |Jz By for
families of elements {4} and {Bg} belonging to B. Thus

AnB=|JA,nJBs;=|J(A,NBy).
a E o0

Now, each A, is an intersection of a finite number of elements of §, and the
same is true of By. It follows that the same is true of every A, N By, and so
we see that AN B € T, which completes the proof that T is a topology on X.

If 7 is any topology on X which contains the collection $, then certainly
7’ must also contain B. But then 7’ must contain arbitrary unions of families
of subsets of B, that is, 7" must contain T. It follows that T is the weakest
topology on X containing 8. From the definitions, it is clear that § is a
sub-base for T and that B is a base for 7. n

Remark 8.31. The topology T can also be described as follows: a non-
empty set G belongs to T if and only if for any x € G there is some S € B
such that x € S and S C G. Indeed, if G has this property then it is clearly
a union of members of §. Conversely, if G is a union of elements {S, }, say, of
8 and z € G, then certainly there is some a; such that = € S, . Evidently,
we also have that S, C G.

Remark 8.32. We can therefore describe the o(X, F)-topology on X deter-
mined by the family of maps {f,: o € I'}, discussed earlier, as the topology
with sub-base given by the collection {f;*(V):a €I, V €8_}.



9. Weak and weak*-topologies

Consider a normed space X with dual space X*. In particular, these are
both topological spaces with respect to the topologies induced by the norms.
We wish to consider topologies different from these norm topologies. First
we will see how we can use X* to define a topology on X. The dual, X*, of X
is a collection of (all bounded linear) maps from X into the same topological
space, C. Thus, we can consider the o(X, X*)-topology on X—called the
weak topology on the normed space X. It is Hausdorff since X* separates
the points of X.

The weak topology on X is therefore the weakest topology on X making
every member of the dual, X*, continuous. A non-empty set G in X is open
with respect to the weak topology if and only if for each point a € G there
is B such that a € B and B C (G, and where B has the form

B=¢'U)N---ne N U)

n n

for somen e N, ¢,,...,¢, € X* and Uy,...,U, open sets in C. (This is just
the statement that the sets of the form ¢(U), with ¢ € X* and U open in
C form a sub-base.) Now, a € Ej_l(Uj) is equivalent to £;(a) € Uj, and if
U; is open in C, there is some €; > 0 such that the open ball B(¢;(a);¢;) is
contained in U;. It follows that the set GG is open with respect to the weak
topology if and only if there is B as above but of the form

B = {71 (B(f(a);e))) N---N 4, (B, (a);e,))

n

By taking € = min{e,,...,¢,}, this is equivalent to the existence of some B
as above of the form

B = {;(B(ty(a);e)) N+ N L7 (B, (a);€).

However,

(B¢

FUB( (@):0) = {r € X 1 4(@) — (;(0)] <)

J

1
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so that

:{xGX:|€j(x)—Ej(a)|<5, 1<j<n}.

Finally we arrive at the following characterisation of the weak topology on
the normed space X. A non-empty subset G of X is open with respect to the
weak topology if and only if for any a € G thereisn € N, ¢,,...,¢, € X*
and € > 0 such that

{re X [(z)—{(a) <e, 1<j<n}CG.

Equivalently, we can say that a set is open with respect to the weak topology
if and only if it is a union of sets of the above form. We introduce the following
notation; for given ¢;,...,¢, € X* and € > 0, we write

N(a;ly,....b,,e) ={z € X :|{;(x) —{;(a)] <e 1<j<n}.
Then each N(a;¢,,...,¢,,c) contains a and is o(X,X*) open. A non-
empty subset G in X is weakly open if and only if for any a € G we have
N(a;ly,...,¢,,c) CG for somen €N, ¢,,...,¢, € X* and € > 0. The sets

YN

N(a;¥ty,...,¢,,¢) play a role analogous to that of the open balls in a metric

space.

Definition 9.1. Let x be a point in a topological space (X, T). A collection
N, of neighbourhoods of z is said to be a neighbourhood base at x if and
only if for each open set G with € G there is some N € N, such that
x € N and N C G. (Note that the members of NI need not themselves be

open sets.)

Thus, we see that the family

N, ={N(a;4,,....¢,,e):neN,e>0,{,....0, € X}
is an open neighbourhood base at a for the weak topology.

In order to discuss the relationship between the norm and the weak
topologies on X, we shall need the following result.
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Proposition 9.2. Let ¢,,...,¢, be bounded linear functionals on an
infinite dimensional normed space X. Then there exists x € X such that
x#0and l(x)=---={,(z)=0.

Proof. First we note that X™* is infinite dimensional. In fact, if X* were
finite dimensional, then its dual, X**, would also be finite dimensional. But
we have seen that X is isometrically isomorphic to a subspace of X**. Since
X is infinite dimensional the same must be true of X** and hence also of
X*.

Let A;,..., A, be linearly independent elements spanning the finite di-
mensional subspace generated by ¢,,...,¢,. Then m < n. Since X* is
infinite dimensional, there is ¢ € X independent of A;,...,\ . Define
T:X — Cmt! by

Tx = (l(z), A\ (x),...,\,,(x)).

It is clear that 7' is a linear operator and so its range ran 7' is a linear subspace
of C™T1. If ranT # C™T! there would exist a vector a = (ag, aq, ..., q,,)
in C™*! orthogonal to the range of T', that is,

agl(z) + oA (x) + -+ a,, A\, (x) =0
for all x € X. But this is precisely the statement that
ol +a A+ +a, A, =0

in X*. This contradicts the assumed linear independence of ¢, \;,..., A, ,.
It follows that ranT = C™*!. In particular, there is € X such that
Tz = (1,0,0,...,0). That is, there is x € X such that ¢(z) = 1 and
)\j(a: =0 for all 1 <j <m. Hence z # 0 and also {,(x) =0for 1 <i<mn
and the proof is complete. n

Theorem 9.3. The weak topology on a normed space is weaker than the
norm topology. If X is infinite dimensional, then the weak topology on X is
strictly weaker than the norm topology on X.

Proof. Every element of X* is continuous when X is equipped with the
norm topology. The weak topology is the weakest topology on X with this
property, so it is immediately clear that the weak topology is weaker than
the norm topology.
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Now suppose that X is infinite-dimensional. We shall exhibit a set which
is open with respect to the norm topology but not with respect to the weak
topology. We consider the “open” unit ball

G={zeX:|z|| <1}.

Clearly G is open with respect to the norm topology on X. We claim that
G is not weakly open. If, on the contrary, G were weakly open, then, since
0 € G, there would ben € N, ¢,,...,¢, € X* and € > 0 such that

N(0;4y,...,¢,,¢) CG.

By the previous proposition, there is € X with « # 0 such that ¢,(z) =0
forall 1 < i < n. Puty = 2z/||z|. Then ||y|| = 2 and ¢,(y) = 0 for
all 1 < i < n. It follows that y € N(0;¢,,...,¢,,€) but y ¢ G. Hence
N(0;£4,,...,¢,,¢) cannot be contained in G, which is a contradiction. We
conclude that G is not weakly open and therefore the weak topology on X

is strictly weaker than the norm topology. m

Remark 9.4. If we put y = kx/|z|| in the argument above, we see that
ye N(0;4,...,0,,¢) and |ly|]| = k. It follows that no weak neighbourhood
N(0;4y,....¢,,

N(a;ly,...,¢,,e) = a+ N(0;¢,,...,¢,,¢) and so none of the non-empty

YN

g) can be norm bounded. Moreover, for any a € X, we have

weakly open sets can be norm bounded.

We now turn to a discussion of a topology on X*, the dual of the normed
space X. The idea is to consider X as a family of maps : X* — C given by
x: € L(z), for x € X and ¢ € X* — this is the map 1, defined earlier.

Definition 9.5. The weak*-topology on X*, the dual of the normed space
X, is the o(X™*, X)-topology, where X is considered as a collection of maps
from X* — C as above.

Remark 9.6. The weak*-topology is also called the w*-topology on X*.
Since X separates points of X*, the w*-topology is Hausdorff. In view of the
identification of X as a subset of X*, we see that the w*-topology is weaker
than the o(X*, X**)-topology on X*. Of course, we have equality if X is
reflexive. The converse is also true.

Theorem 9.7. The normed space X is reflexive if and only if the weak
and weak® topologies on X™* coincide.

Proof. We will not do this here. n
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By repeating our earlier analysis, we see that a non-empty subset G C X*
is w*-open if and only if for each ¢ € G there is m € N, elements z,, ...,z
in X and € > 0 such that

m

Nz, ...,z,,,e) =2{Ae X" |ANx;) —l(z;,)] <e, 1<ilem}CG.
An open neighbourhood base at 0 for the w*-topology on X* is given by
Ny ={N(0;zq,...,2,,,e) :meN, x,,...,z, €X,e>0}.
An open neigbourhood base at £ € X* is given by
N, ={N+{:NecN}.
One can show the following.

Theorem 9.8. Let X be a normed space and Y a family of bounded linear
functionals on X which separates points of X. Then the bounded linear
functional ¢ on X is o(X,Y)-continuous if and only if { € Y. In particular,
the only w*-continuous linear functionals on X* are the elements of X.

A subset K of a metric space is compact if and only if any sequence in
K has a subsequence which converges to an element of K, but this need no
longer be true in a topological space. We will see an example of this later.
We have seen that in a general topological space nets can be used rather
than sequences, so the natural question is whether there is a sensible notion
of that of “subnet” of a net, generalising that of subsequence of a sequence.
Now, a subsequence of a sequence is obtained simply by leaving out various
terms—the sequence is labelled by the natural numbers and the subsequence
is labelled by a subset of these. The notion of a subnet is somewhat more
subtle than this.

Definition 9.9. A map F': J — I between directed sets I and J is said to
be cofinal if for any a € I there is some ' € J such that J(3) = a whenever
B = (3. In other words, F is eventually greater than any given o € I.
Suppose that (z,),c; is a net indexed by I and that F': J — I is a cofinal
map from the directed set J into I. The net (yg)se; = (T p(g)) ey is said to
be a subnet of the net (z,),c;-

It is important to notice that there is no requirement that the index set
for the subnet be the same as that of the original net.
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Example 9.10. If we set I = J = N, equipped with the usual ordering,
and let F': J — I be any increasing map, then the subnet (y,,) = (zp,)) is
a subsequence of the sequence (z,,).

Example 9.11. Let I = N with the usual order, and let J = N equipped
with the usual ordering on the even and odd elements separately but where
any even number is declared to be greater than any odd number. Thus [
and J are directed sets. Define F' : J — I by F(§) = 35. Let a € I
be given. Set 3 = 2« so that if § = ' in J, we must have that 3 is
even and greater than (' in the usual sense. Hence F(3) = 38 > [ >
B" =20 > a in I and so F is cofinal. Let (x,),c; be any sequence of
real numbers, say. Then (Zp(,,))mes = (T3,)mes is a subnet of (z,,), ;-
It is not a subsequence because the ordering of the index set is not the
usual one. Suppose that z,, = 0 and z5,_; = 2k — 1 for £ € I = N.
Then (z,,) is the sequence (1,0,3,0,5,0,7,0...). The subsequence (23,,),,cn
is (3,0,9,0,15,0,...) which clearly does not converge in R. However, the
subnet (x3,,),,c; does converge, to 0. Indeed, for m = 2 in J, we have
g, = 0.
Proposition 9.12. Let (z,); be a net in the space X and let A be a family
of subsets of X such that

(i) (=x,); Is frequently in each member of A;

(ii) for any A, B € A there is C € A such that C C AN B.
Then there is a subnet (xpg)); of the net (z,); such that (zpg)), is even-
tually in each member of A.

Proof. Equip A with the ordering given by reverse inclusion, that is, we
define A < B to mean B C A for A,B € A. For any A, B € A, there is
C € A with C C AN B, by (ii). This means that C' > A and C' > B and we
see that A is directed with respect to this partial ordering.

Let € denote the collection of pairs («, A) € I x A such that z, € A;

E={(,A):acl, Ac A z ,€A}.

Define (o/, A") < (', A”) to mean that o/ < o’ in I and A" < A” in A.
Then = is a partial order on €. Furthermore, for given (o/, A’), (o, A”)
in €, there is @ € I with o = o' and a = ”, and there is A € A such
that A = A" and A = A”. But (z,) is frequently in A, by (i), and therefore
there is 8 = a € I such that x5 € A. Thus (3, A) € € and (8, A) = (a, A'),
(8,A) = (a, A”) and it follows that € is directed. £ will be the index set for
the subnet.
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Next, we must construct a cofinal map from € to I. Define F' : € — I
by F((o, A)) = a. To show that F is cofinal, let oy, € I be given. For any
A € A there is a = o such that x, € A (since (z,) is frequently in each
A€ A. Hence (a, A) € € and F((a,A)) = o = . Soif (o/, A") = (e, A) in
&, then we have

F((d,AN))=d =a = q,.

This shows that F' is cofinal and therefore (2, ay))¢ is a subnet of (z,);.

It remains to show that this subnet is eventually in every member of A.
Let A € A be given. Then there is o € I such that z, € A and so (o, A) € €.
For any (a/, A”) € € with (a/, A") = (a, A), we have

xF((o/,A’)) =Ty € A/ Q A.

Thus (2 p((q,4)))e is eventually in A. "

Theorem 9.13. A point x in a topological space X is a cluster point of
the net (x,); if and only if some subnet converges to x.

Proof. Suppose that x is a cluster point of the net (z,); and let N be the
family of neighbourhoods of x. Then if A, B € N, we have AN B € N, and
also (x,,) is frequently in each member of N. By the preceding proposition,
there is a subnet (y;) ; eventually in each member of N, that is, the subnet
(y5) converges to .

Conversely, suppose that (y3)zec; = (Tp())gey 1S a subnet of (z,); con-
verging to . We must show that x is a cluster point of (z,);. Let N be any
neighbourhood of x. Then there is 3, € J such that xp 4 € N whenever
B = B,. Since F is cofinal, for any given o/ € I there is 8’ € J such that
F(B) = o whenever 8 = '. Let § > 3, and 8 = ’. Then F() = o and
Yg = Tpp) € N. Hence (x,); is frequently in N and we conclude that z is
a cluster point of the net (z,);, as claimed. "

In a metric space, compactness is equivalent to sequential compactness
( — the Bolzano-Weierstrass property). In a general topological space, this
need no longer be the case. However, there is an analogue in terms of nets.
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Theorem 9.14. A topological space (X, T) is compact if and only if every
net in X has a convergent subnet.

Proof. Suppose that every net has a convergent subnet. Let {G_}; be an
open cover of X with no finite subcover. Let F be the collection of finite
subfamilies of the open cover, ordered by set-theoretic inclusion. For each
F={G,,,...,G, } €3, letxpbeanypoint in X such that x ¢ Jj_, G-
Note that such z exists since {G} has no finite subcover. By hypothesis,
the net (zp) peF has a convergent subnet or, equivalently, by the previous
theorem, a cluster point z, say. Now, since {Ga} is a cover of X, there is
some o such that x € G,,. But then, by definition of cluster point, (zp)g
is frequently in G_,. Thus, for any F’ € F, there is F' > F’ € F such that
zp € G, In particular, if we take F' = {G_,}, we deduce that there is
F=1{G,,,...,G,,} such that F' = {G }, that is, {G, } C F, and such
that r € G,,. Hence G, = G, for some 1 < <k, and

k
rpeG, C UGaj.
j=1

But xp ¢ U?Zl Gaj, by construction. This contradiction implies that every
open cover has a finite subcover, and so (X, 7) is compact.

For the converse, suppose that (X,T) is compact and let (z,); be a net
in X. Suppose that (z,); has no cluster points. Then, for any = € X, there
is an open neighbourhood U, of x and «, € I such that x, ¢ U, whenever
a > «a,. The family {U, : € X} is an open cover of X and so there
exists z,...,z, € X such that |J_, U, = X. Since I is directed there is

a = a; foreach i = 1,...,n. But then z, ¢ U, for all i = 1,...,n, which
is impossible since the U, ’s cover X. We conclude that (z,); has a cluster
point, or, equivalently, a convergent subnet. [

Definition 9.15. A universal net in a topological space (X, 7T) is a net with
the property that, for any subset A of X, it is either eventually in A or
eventually in X \ A, the complement of A.

The concept of a universal net leads to substantial simplification of the
proofs of various results, as we will see.
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Proposition 9.16. If a universal net has a cluster point, then it converges
(to the cluster point). In particular, a universal net in a Hausdorff space can
have at most one cluster point.

Proof. Suppose that z is a cluster point of the universal net (z,);. Then
for each neighbourhood N of z, (x,) is frequently in N. However, (x,) is
either eventually in N or eventually in X \ N. Evidently, the former must
be the case and we conclude that (z,) converges to . The last part follows
because in a Hausdorff space a net can converge to at most one point. [

At this point, it is not at all clear that universal nets exist!

Examples 9.17.

1. It is clear that any eventually constant net is a universal net. In particular,
any net with finite index set is a universal net. Indeed, if (z,); is a net in X
with finite index set I, then I has a maximum element, ', say. The net is
therefore eventually equal to x_,. For any subset A C X, we have that (z,);
is eventually in A or eventually in X \ A depending on whether z_, belongs
to A or not.

2. No sequence can be a universal net, unless it is eventually constant. To
see this, suppose that (x,,),, cy is a sequence which is not eventually constant.
Then the set S = {z,, : n € N} is an infinite set. Let A be any infinite subset
of S such that S\ A also infinite. Then (z,)) cannot be eventually in either
of A or its complement. That is, the sequence (x,,)y cannot be universal.

We shall show that every net has a universal subnet. First we need the
following lemma.

Lemma 9.18. Let (x,); be a net in a topological space X. Then there is
a family C of subsets of X such that
(i) (=) is frequently in each member of C;
(i) if A,B €C then ANB €C;
(iii) for any A C X, either AecCor X\ AecC.
Proof. Let ® denote the collection of families of subsets of X satisfying the
conditions (i) and (ii):

® = {F : F satisfies (i) and (ii)}.

Evidently {X} € ® so ® # &. The collection ¢ is partially ordered by set
inclusion:

F, X F, it and only it | C F,, for F,,F, € ®.
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Let {F} be a totally ordered family in @, and put F = U, F,. We shall

show that F € ®. Indeed, if A € ]/-:, then there is some 7 such that A € 7.,
and so (z,,) is frequently in A and condition (i) holds.
Now, for any A, B € F, there is v; and 7, such that A € 7, and B €

F.,,- Suppose, without loss of gAenerality, that 7, < F . Then A, B € F,
and therefore AN B € F,, C F, and we see that condition (ii) is satisfied.

Thus F € ® as claimed.

By Zorn’s lemma, we conclude that ® has a maximal element, C, say. We
shall show that C also satisfies condition (iii).

To see this, let A C X be given. Suppose, first, that it is true that (z )
is frequently in AN B for all B € C. Define F’ by

F'={CCX:ANBCC, for some B €C}.

Then C € F’ implies that AN B C C for some B in C and so (z,) is
frequently in C. Also, if C;,C, € F’, then there is B; and B, in C such that
ANB; CCyand AN B, C C,. It follows that AN (B, N B,) C C; NC,.
Since B, N B, € C, we deduce that C; N C, € F'. Thus F’' € ®.

However, it is clear that A € F’ and also that if B € C then B € F'.
But C is maximal in @, and so ' = C and we conclude that A € C, and (iii)
holds.

Now suppose that it is false that (z,) is frequently in every AN B, for
B € C. Then there is some B, € C such that (x,) is not frequently in AN B,,.
Thus there is o such that z, € X \ (AN B,) for all a = «,. That is, (z,)
is eventually in X \ (AN B,) = A, say. It follows that (z,) is frequently in
ANB for every B € C. Thus, as above, we deduce that Aec. Furthermore,
for any Be€C, BN B, € C and so AN BN B, € C. But

ANBNB,=(X\(ANB,)N(BNB,)
=((X\A)U(X\By)NBNB,
{(X\A)NBNB}U{(X\ By)N BN By}

e

=9

— (X \ A)N BN B,

and so we see that (x,) is frequently in (X \ A) N BN B, and hence is
frequently in (X \ A) N B for any B € C. Again, by the above argument, we
deduce that X \ A € C. This proves the claim and completes the proof of
the lemma. -
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Theorem 9.19. Every net has a universal subnet.

Proof. To prove the theorem, let (z,); be any net in X, and let C be a
family of subsets as given by the lemma. Then, in particular, the conditions
of Proposition 9.12 hold, and we deduce that (z,); has a subnet (y3); such
that (ys); is eventually in each member of C. But, for any A C X, either
A€ Cor X\ A€ C, hence the subnet (yz); is either eventually in A or
eventually in X \ A; that is, (y3); is universal. "

Theorem 9.20. A topological space is compact if and only if every
universal net converges.

Proof. Suppose that (X,7) is a compact topological space and that (z,)
is a universal net in X. Since X is compact, (z,) has a convergent subnet,
with limit z € X, say. But then x is a cluster point of the universal net (x,,)
and therefore the net (z,,) itself converges to x.

Conversely, suppose that every universal net in X converges. Let (z,) be
any net in X. Then (z,) has a subnet which is universal and must therefore
converge. In other words, we have argued that (z,) has a convergent subnet
and therefore X is compact. n

Corollary 9.21. A non-empty subset K of a topological space is compact
if and only if every universal net in K converges in K.

Proof. The subset K of the topological space (X, T) is compact if and only
if it is compact with respect to the induced topology T, on K. The result
now follows by applying the theorem to (K, Ty). n



10. Product Spaces

Suppose that (X;,7T;) and (X,,T,) are topological spaces and consider
the cartesian product

Y =X, xX,={(xy,25) 12, € Xy, 2, € X, }.

We would like to give Y a topology using those on X; and X,. Define T to
be the collection of subsets of Y give as follows: @ € T and the non-empty
set G belongs to T if and only if for any point (a,,a,) € G there are open sets
U €T, and V € T, such that (ay,a,) € U x V. In other words, G belongs
to T if and only if each of its points is contained in an “open rectangle”
U x V which itself lies in G. One checks that T is indeed a topology —
called the product topology on the cartesian product X; x X, given by T,
and T,. A set is open (with respect to 7) if and only if it is a union of sets
of the form U x V; that is, the sets of the form U x V form a base for the
product topology. Since U x V = U x X, N X; x V, we see that the sets
{UxX,, X, xV:Ue€T,, VeT,} constitute a sub-base for the topology
J.

Example 10.1. Let (X, 7)) = (X5,7T5) = (R, Tpuclidean)- Then the carte-
sian product X; x X, is just R?, and we see that a non-empty set G C R? is
open with respect to the product topology if and only if each of its points is
contained in an open rectangle also lying in G. Thus, the product topology
is precisely the usual Euclidean topology on R2. Rectangles are as good as
discs.

The projection maps, p; and p,, on the cartesian product X; x X,, are
defined by

P Xy x X, = Xy, (2y,29) — g

Py Xy x Xy — Xy, (xq,25) — 5.

1
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For any open set U C X, (thatis, U € T,), we have p; ' (U) = Ux X, € Tand
so it follows that p, : X; x X, — X is continuous. Similarly, p, : X; x X, —
X, is continuous. This property characterises the product topology as we
now show.

Proposition 10.2. The product topology T is the weakest topology on the
cartesian product X, x X, such that both p; and p, are continuous.

Proof. Suppose that 8 is a topology on Y = X, x X, with respect to which
both p, and p, are continuous. Then for any U € T,, p;*(U) € 8. But
p'(U)=Ux X, and so U x X, € § for all U € T,. Similarly, X, x V € 8
for all V' € T,. Since these sets form a sub-base for T we deduce that T C 8,
as required. -

We would like to generalise this to an arbitrary cartesian product of
topological spaces. Let {(X_,7T,) : @ € I} be a collection of topological
spaces indexed by the set I. We recall that X = [][ X, the cartesian
product of the X s, is defined to be the collection of maps « from I into the
union |, X, satisfying v(a) € X, for each o € I. We can think of the value
v(a) as the o™ coordinate of the point v in X. The idea is to construct
a topology on X = [[, X, built from the individual topologies T,. Two
possibilities suggest themselves. The first is to construct a topology on X
such that it is the weakest topology with respect to which all the projection
maps p, — X, are continuous. The second is to construct the topology on
X whose open sets are unions of “super rectangles”, that is, sets of the form
I1,U,, where U, € T, for every a € I.

In general, these two topologies are not the same, as we will see. Consider
the first construction. We wish to define a topology 7 on X making every
projection map p, continuous. This means that T must contain all sets of
the form p_1(U,), for U, € T, and also finite intersections of such sets,
and also arbitrary unions of such finite intersections. So we define T to be
the topology on X with sub-base given by the sets p'(U,), for U, € T,,.
For reasons we will discuss later, this topology turns out to be the more
appropriate and is taken as the definition of the product topology.

Definition 10.3. The product topology on the cartesian product of the
topological spaces {(X,,7T,) : @ € I} is that with sub-base given by the sets
p (U, for U, €7T,.

Clearly, this agrees with the case discussed earlier for the product of
just two spaces. Moreover, this definition is precisely the statement that
T is the o([], X,,F)-topology, where J is the family of projection maps
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{p, : a € I}. In other words, T is the weakest topology on [[, X, with
respect to which every projection map p, is continuous.

Remark 10.4. Let G be a non-empty open set in X, equipped with the
product topology, and let v € G. Then, by definition of the topology, there
exist ay,...,a, € I and open sets U, in X, , 1 <i<mn, such that

vyep, (U, )N--Np (U, )CG.

Hence there are open sets S, « € I, such that v € [[, S, € G and where all
but a finite number of the S, are equal to the whole space X . This means
that G can differ from X in at most a finite number of components.

Now let us consider the second candidate for a topology on X. Let 8 be
the topology on X with base given by the sets of the form [], V,,, where

V., € T, for a € I. Thus, a non-empty set G’ in X belongs to § if and only
if for any point x in G there exist V,, € T, such that

rel[v.ca.

Here there is no requirement that all but a finite number of the V, are equal
to X,

Definition 10.5. The topology on the cartesian product [ [, X, constructed
in this way is called the box-topology on X.

Evidently, in general, § is strictly finer than the product topology 7.
We shall use the notation T, que and Ty, for the product and box
topologies, respectively.

Proposition 10.6. A net (x,) converges in ([[, X,, if and only

if (p,,(x,)) converges in (X, T,) for each o € I.

product)

Proof. Suppose that xy, — z in ([], X, Tproduet): Then p,(zy) — p, ()
for each a, since p,, is continuous.

Converesely, suppose that p,(x,) — 2, in (X_,7T,) for each o € I. We
shall show that xy, — z in (][], X4, T 0quct) Where z is given by 2(a) = z,.
Indeed, let G be any neighbourhood of z in ([, X, T roduct). Then there

are ay,...,, and open sets U, ,...,U, such that

2 €pa, Uy,) N Npg (U,,) CG.

g Qn

Now, p,(z)) — z,, for each a, so there is A; such that p, (z,) € U,,
whenever A = A;, 1 <j <n. Let N o= Ajforall 1 <j <n. Then if A = N,
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we have p, (z,) € U,, and so z, € p;jl(Uaj) for all 1 < j < n. In other
words, for A = X,

T\ €poy (Uy,)N---Np t(U,,) CG.

€3] Qn -

Hence ), — z in ([, X, as required. n

product)

Example 10.7. Let I = N, let X be the open interval (—2,2) for each
a € N, and let T, be the usual (Euclidean) topology on X . Let z,, € [, X,
be the element z, = (%, %,%,...); that is, p,(z,,) = % for all k € I = N.
Clearly p,(x,,) — 0 as n — oo, for each k and so the sequence (z,,) converges
to z in (JTy Xy, Tprodues) Where 2 is given by p; (z) = 0 for all k.

However, (z,)) does not converge to z with respect to the box-topology.
Indeed, to see this, let G =[], A, where A, is the open set A, = (—4, 1) €
J3. Then G is open with respect to the box-topology and is a neighbourhood
of z but z,, ¢ G for any n € N. It follows that, in fact, (z,,) does not converge
at all with respect to the box-topology (—if it did, then the limit would have

to be the same as that for the product topology, namely z).

Remark 10.8. This is a first indication that the box-topology may not be
very useful (apart from being a possible source of counter-examples).

Suppose that each (X_,T,), @ € I, is compact. What can be said about
the product space [ [, X, with respect to the product and the box topologies?

Example 10.9. Let I = N and let X, = [0,1] for each k¥ € I = N and
equip each X, with the Euclidean topology. Then each (X, 7, ) is compact.
However, the product space [ [, X, is not compact with respect to the box-
topology. To see this, let I, (t) be the open disk in X, with centre ¢ and
radius %;

() = [0,1]n (t— %,t—l—%) c [0,1].

Evidently, the diameter of I, () is at most 2. For each z € [], X, let G, be
the set

G, = [[ I (a(k)
k

—so0 G, is the product of the open sets I, (x(k)), each centred on the k*!
component of x and with diameter at most % The set G, is open with respect
to the box-topology and can be pictured as an ever narrowing “tube” centred
on z = (x(k)).
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Clearly, {G, : = € [][, X} is an open cover of [[, X, (for the box-
topology). We shall argue that this cover has no finite subcover — this
because the tails of the G,’s become too narrow. Indeed, for any points
xq,...,x, in [[, X, and any m € N, we have

Pp(Gy, U UG, ) =1, (z(m))U--- UL, (2, (m)).

Each of the n intervals I, (z;(m)) has diameter not greater than 250 any

n

interval covered by their union cannot have length greater than % If we

choose m > 3n, then this union cannot cover any interval of length greater

, G, 18

than %, and in particular, it cannot cover X . It follows that G .

IR
not a cover for [[, X, and, consequently, [, X, is not compact with respect

to the box-topology.

That this behaviour cannot occur with the product topology — this being
the content of Tychonov’s theorem which shall now discuss. It is convenient
to first prove a result on the existence of a certain family of sets satisfying
the finite intersection property (fip).

Proposition 10.10. Suppose that JF is any collection of subsets of a given
set X satisfying the fip. Then there is a maximal collection D containing F
and satisfying the fip, i.e., if ¥ C F and if F satisfies the fip, then ' C D.
Furthermore;

(i) ifA,,...,A, €D, then A;N---NA, €D;

(ii) if A is any subset of X such that AND # @& for all D € D, then A € D.
Proof. As might be expected, we shall use Zorn’s lemma. Let C denote
the collection of those families of subsets of X which contain F and satisfy
the fip. Then F € C, so C is not empty. Evidently, C is ordered by set-
theoretic inclusion. Suppose that ® is a totally ordered set of families in C.
Let A = U S. Then F C A, since F C 8§, for all § € &. We shall show

Sea
that A satisfies the fip. To see this, let S;,...,S, € A. Then each S, is an

element of some family 8, that belongs to ®. But & is totally ordered and so
there is ¢y such that 8; C §,; for all 1 <4 < n. Hence Sy,...,S5, €8, and
so Sy N---NS, # & since §;  satisfies the fip. It follows that A is an upper
bound for ® in C. Hence, by Zorn’s lemma, C contains a maximal element,
D, say.

(i) Now suppose that A;,...,A, € D and let B = A, N---NA,. Let
D' = DU {B}. Then any finite intersection of members of D’ is equal to
a finite intersection of members of D. Thus D’ satisfies the fip. Clearly,
F C D', and so, by maximality, we deduce that D’ = D. Thus B € D.
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(ii) Suppose that A C X and that AND # & for every D € D. Let
D'=DU{A}, and let D,,...,D, €D If D, € D, for all 1 <i < m, then
D,n---ND,, # @ since D satisfies the fip. If some D; = A and some D; # A,
then D, N---N D,, has the form D, N---N D, NA with D,,...,D, € D.
By (i), D;N---N D, € D and so, by hypothesis, AN (D, N...D,) # @.
Hence D’ satisfies the fip and, again by maximality, we have D' = D and
thus A € D. =

We are now ready to prove Tychonov’s theorem. In fact we shall present
three proofs. The first is based on the previous proposition, the second uses
the idea of partial cluster points together with Zorn’s lemma, and the third
uses universal nets.

Theorem 10.11. (Tychonov’s Theorem) Let {(X_,T,):« € I} be any
given collection of compact topological spaces. Then the Cartesian product
(I, X, ‘.Tproduct) is compact.
Proof. (1st proof) Let J be any family of closed subsets of [ [, X, satisfying
the fip. We must show that (1, cF # 9. By the previous proposition, there
is a maximal family D of subsets of [ [, X, satisfying the fip and with F C D.
(Note that the mebers of D need not all be closed sets.)

For each o € I, consider the family {p,(D) : D € D}. Then this family
satisfies the fip because D does. Hence {p,(D) : D € D} satisfies the fip.
But this is a collection of closed sets in the compact space (X, T,,), and so

() pa(D) # 2.
pDeD

That is, there is some z, € X such that x_, € p_ (D) for every D € D.

Let x € [], X, be given by p_(z) = z,,
z,,. Now, for any o € I, and for any D € D, z, € p, (D) implies that for any
neighbourhood U, of x,, we have U, Np, (D) # @. Hence p ;1 (U,)ND # @
for every D € D. By the previous proposition, it follows that p 1(U,) €
D. Hence, again by the previous proposition, for any ay,...,a, € I and

neighbourhoods U, ,...,U, ofz, ,...z, , respectively,

i.e., the a'™ coordinate of z is

U, )Nn-np U, ) ED.

a1 Qn

Furthermore, since D has the fip, we have that

pa (U )N Np (U, )ND # @

a1 (7%
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for every D € D, every finite family «,,...,a, € I and neighbourhoods
Uy Uy, of z, ...z, , respectively.

We shall show that @ € D for every D € D. To see this, let G be any
neighbourhood of . Then, by definition of the product topology, there is a
finite family «ay,...,a,, € I and open sets U,, ,...,U, such that

zep, (U, )n---npt U, )CG.

(€3}

But we have shown that for any D € D,
DNpg, (Us,) N Npg, (U,) # @

and therefore D N G # @. We deduce that 2 € D, the closure of D, for any
D € D. In particular, € F = F for every F € . Thus

(N F#e2

FeJ
— it contains x. The result follows. L]
Proof. (2nd proof) Let (7,),c4 be any given net in X = [],.; X;. We shall

show that (v,) has a cluster point. For each i € I, (7,(4)) is a net in the
compact space X, and therefore has a cluster point z;, say, in X,. However,
the element v € X given by (i) = 2z, need not be a cluster point of (v,).
(For example, let I = {1,2}, X, = X, = [—1, 1] with the usual topology and
let (7,,) be the sequence ((z,,,y,)) = ((—=1)", (=1)"*!)) in X; x X,. Then
1 is a cluster point of both (z,) and (y,) but (1,1) is not a cluster point
of the sequence ((z,,v,)).) The idea of the proof is to consider the set of
partial cluster points, that is, cluster points of the net (,) with respect to
some subset of components. These are naturally partially ordered, and an
appeal to Zorn’s lemma assures the existence of a maximal such element.
One shows that this is truly a cluster point of (v,) in the usual sense.

For given v € X and J C I, J # @, let v [ J denote the element
of the partial cartesian product [] je 7 X, whose 4" component is given by
v I J(j) = v(j), for 5 € J. In other words, v | J is obtained from ~ by
simply ignoring the components in each X; for j ¢ J. Let g € [[,c; X;.
We shall say that g is a partial cluster point of (v, ) if ¢ is a cluster point
of the net (v, [ J),ec in the topological space [];.; X;. Let P denote the
collection of partial cluster points of (v, ). Now, for any j € I, X; is compact,
by hypothesis. Hence, (7,(j)),ca has a cluster point, z;, say, in X;. Set
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J = {j} and define g € [[;c(;, X; = X; by g(j) = z;. Then g is a partial
cluster point of (7, ), and therefore P is not empty.

The collection P is partially ordered by extension: that is, if g, and g, are
elements of P, where g; € [[;.; X, and g, € [[;.;, X;, we say that g; < g,
if J; C J, and ¢;(j) = 95(4) forallj € J;. Let {g)\GH]eJ X; 'AEA} be
any totally ordered family in P. Set J = (¢, J) and define g € [[;; X
by setting ¢g(j) = ¢,(j), 7 € J, where X is such that j € J,. Then g 1s
well-defined because {g, : A € A} is totally ordered. It is clear that g > g,
for each A € A. We claim that g is a partial cluster point of (v, ). Indeed, let
G be any neighbourhood of g in X ; = ngJ X;. Then there is a finite set
Fin J and open sets U; € X}, for j € F, such that 9 € Njeppy (Uj) C@G.
By definition of the partial order on P, it follows that there is some A € A
such that F' C J,, and therefore g(j) = ¢,(j), for j € F. Now, g, belongs to
P and so is a cluster point of the net (v, [ Jy),ca- It follows that for any
a € A there is o’ = a such that p;(v,,) € U, for every j € F. Thus v, € G,
and we deduce that g is a cluster point of (v, | J),. Hence g is a partial
cluster point of (v,,) and so belongs to P.

We have shown that any totally ordered family in P has an upper bound
and hence, by Zorn’s lemma, P possesses a maximal element, v, say. We
shall show that the maximality of v implies that it is, in fact, not just a
partial cluster point but a cluster point of the net (v, ). To see this, suppose
that v € [[;c; X;, with J C I, so that v is a cluster point of (v, | J),ea-
We shall show that J = I. By way of contradiction, suppose that J # [
and let k € I'\ J. Since v is a cluster point of (v, [ J),ea in [[;c; X, it
is the limit of some subnet (v,5) [ J)gep, say. Now, (74 (k))gep is a net
in the compact space X, and therefore has a cluster point, { € X, say. Let

J'= JU{k} and define 7' € [[, ;. X; by
. G ded
7’(J)={§ ik

We shall show that v’ is a cluster point of (v, [ J'),c4- Let I be any finite
subset in J and, for j € F', let U; be any open neighbourhood of 7/(j) in X,

and let V' be any open nelghbourhood of v'(k) = ¢ in X,,. Since ('Yqb(ﬁ))ﬁeB
converges to v in [[;.; X;, there is 8; € B such that v, (j)gep € U, for
each j € F for all = 3. Furthermore, (v4(g)(k) e is frequently in V. Let
a, € A be given. There is 8, € B such that if § = [, then ¢(5) = «a,. Let
By € B be such that 3, = 3, and 3, = ;. Since (7,5 (k)gep is frequently
in V, there is 8 = 3, such that v, (k) € V. Set @ = ¢(3) € A. Then
a = ag, V,(k) € V and, for j € F, 7,(j) = 745 (4) € U;. It follows that
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7' is a cluster point of the net (v, [ J'),c4, as required. This means that
~" € P. However, it is clear that v < 4" and that v # ~/. This contradicts
the maximality of v in P and we conclude that, in fact, J = I and therefore
7 is a cluster point of (v,),ca-

We have seen that any net in X has a cluster point and therefore it follows
that X is compact. n

Finally, we will consider a proof using universal nets.
Proof. (3rd proof) Let (v,),c4 be any universal net in X =[], ; X;. For
any ¢ € I, let S; be any given subset of X, and let .S be the subset of X given
by

S={yeX:y@l)es}.

Then (v, ) is either eventually in S or eventually in X \ S. Hence we have
that either (v, (7)) is either eventually in S; or eventually in X, \ S,. In
other words, (7,(7)),c4 is a universal net in X,. Since X, is compact, by
hypothesis, (v, (i)) converges; v, (i) — x,, say, for i € I. Let v € X be given
by v(i) = x;, @ € I. Then we have that p,(v,) = v,(¢) — z, = (i) for each
i € I and therefore v, — v in X. Thus every universal net in X converges,
and we conclude that X is compact. [

We will use Tychonov’s theorem to show that the unit ball in the dual
space of a normed space is compact in the w*-topology. To do this, it is
necessary to consider the unit ball of the dual space as a suitable cartesian
product. By way of a preamble, let us discuss the dual space X* of the
normed space X as a cartesian product. Each element ¢ in X* is a (linear)
function on X. The collection of values ¢(x), as & runs over X, can be
thought of as an element of a cartesian product with components given by
the ¢(z). Specifically, for each x € X, let Y, be a copy of C, equipped with
its usual topology. Let Y =[] .« Y, = [[,cx C, equipped with the product
topology. To each element £ € X™, we associate the element v, € Y given by
v,(x) = £(x), i.e., the 2*P-coordinate of 7, is £(z) € C =Y.

Itly,¢, € X*, and if vy, = 1,,, then v, and v, have the same coordinates
so that £y () = 7, () = 7,,(z) = ly(x) for all z € X. In other words,
¢, = {,, and so the correspondence ¢ — vy, of X* — Y is one-one. Thus X~
can be thought of as a subset of Y =[] .+ C.

Suppose now that {¢_} is a net in X* such that ¢, — ¢ in X* with respect
to the w*-topology. This is equivalent to the statement that ¢, (z) — ¢(x)
for each » € X. But then /,(x) = p,(7,. ) — (x) = p,(7,) for all z € X,
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which, in turn, is equivalent to the statement that v, — v, with respect to
the product topology on [] .y C.

We see, then, that the correspondence ¢ < v, respects the convergence
of nets when X* is equipped with the w*-topology and Y with the product
topology. It will not come as a surprise that this also respects compactness.

Consider now X7, the unit ball in the dual of the normed space X. For
any x € X and ¢ € X7, we have that |[((z)| < ||z||. Let B, denote the ball
in C given by

B,={CeC:(c| < I}

Then the above remark is just the observation that ¢(x) € B, for every ¢ €
X7. We equip B, with its usual metric topology, so that it is compact. Let
Y = [[,cx B, equipped with the product topology. Then, by Tychonov’s
theorem, Y is compact.

Let ¢ € X7. Then, as above, ¢ determines an element ~y, of Y by setting

Ye(x) = p,(v,) = €(z) € B, .

The mapping ¢ — +, is one-one. Let Y denote the image of X under this
map ;
Y={yeY:vy=1, somelec Xi}.

Proposition 10.12. Y is closed in Y.

Proof. Let (v,) be a net in Y such that vy — vinY. Then p (v,) — p,.(v)
in B,, for each z € X. Each v, is of the form ~,, for some ¢, € X7. Hence

P (Ve,) = 4\(x) — 7(2)
for each z € X7. It follows that for any a € C and elements z,,z, € X

v(az, + xy) = lim ¥, (azx, + z5)
= limal, (z,) + £, (x,)
= ay(xy) +7(,) -

That is, the map « — 7(z) is linear on X. Furthermore, v(z) =p,(y) € B,,
ie., |y(z)| < ||z], for z € X. We conclude that the mapping = — (z)
defines an element of X{. In other words, if we set £{(z) = v(z), v € X, then
¢ e X7 and v, = . That is, v € Y and so Y is closed, as required. n
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Remark 10.13. We know that Y is compact and since Y is closed in Y,
we conclude that Y is also compact.

Theorem 10.14. (Banach-Alaoglu) Let X be a normed space and let
X7 denote the unit ball in X*, the dual of X;

Xr={teX": | <1}.

Then X7 is a compact subset of X* with respect to the w*-topology.

Proof. First let us note that X7 is closed in X* with respect to the w*-
topology. To see this, let (¢,) be a net in X; such that ¢/, — ¢ in X*
in the w*-topology. This means that ¢ (x) — f(z) for each x € X. But
|0, (z)] < |z| for each o and so we also have that [¢(z)| < ||z||. Thus ¢ € X7
and therefore X| is w*-closed, as claimed.

To show compactness, we will exploit the above identification with Y.
Suppose {F3} is a family of closed sets in X7 satisfying the finite intersection
property. The proof is complete if we can show that the whole family has a
non-empty intersection.

Let Ay denote the image of Fiy in Y —so Ag € Y. We claim that Ag is
closed in Y. To see this, suppose that (,) is a net in A such that T
in Y. Each ~, has the form v, = N for some £, € F3. Now, A C Y and
Y is closed and so we have that v E Y that is, v = 7, for some ¢/ € X]. But
Yo, — 7Ye in Y implies that £, — £ in X{ with respect to the w* topology.
Since £, € Fj and Fj is w*-closed we deduce that ¢ € F;. Hence v, € Ag
and therefore Aj is closed.

Now, {A ﬁ} also has the finite intersection property and since A 5 1s closed,

for each (3, and Y is compact, we deduce that ﬂﬁ Az # @ and therefore
Mg Fs # 9. 1t follows that X7 is w*-compact. "

Example 10.15. Let X = ¢*° and for each n € Nlet ¢, : X — C be the
map ¢, (z) = x,,, where z = (x,,) € ¢>°. Thus ¢, is simply the evaluation
of the m'" coordinate on £°.

We have |, (z)| = |z,,| < ||z||,, and so we see that ¢,, € X for each
m € N. We claim that the sequence (¢,,),,cy in X; has no w*-convergent
subsequence, despite the fact that X7 is w*-compact. Indeed, let (émk Jren be
any subsequence. Then ¢, ~— ( in the w*-topology if and only if £, (z) —
¢(x) in C for every x € X = £>°. Let z be the particular element of X = ¢*°
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given by z = (z,,) where

n

1 5 n = mzj, j S N,
z = .
—1, otherwise.

Then ¢, (2) = 1if k is even and is equal to —1 if k is odd. So the subsequence
(4, (2)) cannot converge in C.



