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Preface

Metal Physics is an interdisciplinary area covering Physics, Chemistry, Materials
Science, and Engineering. Due to the variety of exciting topics and the wide range of
technological applications, this field is growing very rapidly. It encompasses a variety of
fundamental properties of metals such as electronic structure, magnetism, superconduc-
tivity, as well as the properties of semimetals, defects and alloys, and surface physics of
metals. Metal physics also includes the properties of exotic materials such as high-Tc

superconductors, heavy fermion systems, quasicrystals, metallic nanoparticles, metallic
multilayers, metallic wires/chains of metals, novel-doped semimetals, photonic crystals,
low-dimensional metals, and mesoscopic systems. This is by no means an exhaustive list
and more books in other areas will be published. I have taken a broader view and other
topics, which are widely used to study the various properties of metals, will be included
in the Book Series. During the past 25 years, there has been extensive theoretical and
experimental research in each of the areas mentioned above. Each volume of this Book
Series, which is self-contained and independent of the other volumes, is an attempt to
highlight the significant work in that field. Therefore, the order in which the different
volumes will be published has no significance and depends only on the timeline in which
the manuscripts are received.

The Book Series Handbook of Metal Physics is designed to facilitate the research of
Ph.D. students, faculty, and other researchers in a specific area in Metal Physics. The
books will be published by Elsevier in hard cover copy. Each book will be either written
by one or two authors who are experts and active researchers in that specific area covered
by the book or by multiple authors with a volume editor who will coordinate the progress
of the book and edit it before submission for final editing. This choice has been made
according to the complexity of the topic covered in a volume as well as the time that the
experts in the respective fields were willing to commit. Each volume is essentially a
summary as well as a critical review of the theoretical and experimental work in the
topics covered by the book. There are extensive references at the end of each chapter
to facilitate researchers in this rapidly growing interdisciplinary field. Since research in
various sub-fields in Metal Physics is a rapidly growing area, it is planned that each book
will be updated periodically to include the results of the latest research. Even though
these books are primarily designed as reference books, some of these books can be used
as advance graduate-level textbooks.

The outstanding features of this Book Series are the extensive research references
at the end of each chapter, comprehensive review of the significant theoretical work,
a summary of all important experiments, illustrations wherever necessary, and discus-
sion of possible technological applications. This would spare the active researcher in
a field to do extensive search of the literature before she or he would start planning to
work on a new research topic or in writing a research paper on a piece of work already
completed. 
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Since each volume will have an introductory chapter written either by the author(s) or
the volume editor, it is not my intention to write an introduction for each topic (except
for the book being written by me). In fact, they are much better experts than me to write
such introductory remarks.

Finally, I invite all students, faculty, and other researchers, who would be reading the
book(s) to communicate to me their comments. I would particularly welcome sugges-
tions for improvement as well as any errors in references and printing.
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Chapter 1

Overview of Heavy Fermion Systems

In the 1970s and early 1980s, there was an intense excitement about the mixed-valence
(MV) systems [1–4]. It was well known that many rare earth and actinide compounds
exhibited MV phenomena in the sense that the valence of the quasilocalized f electron
was approximately 3.67 instead of 4. In fact, different experimental results would yield
different fractional numbers. The valence fluctuations in such systems are highly corre-
lated and have many remarkable properties. Some of them exhibit Fermi-liquid behavior
with a large effective mass at low temperatures but have free moments at high tempera-
tures. The interest in these materials became more widespread after quite a few cerium
and uranium compounds were classified as heavy fermion systems [5–7].

The heavy fermion systems, which are also sometimes referred to as heavy electron
systems, were originally assumed to be a loosely defined collection of intermetallic
compounds containing lanthanide (mostly Ce, Yb) or actinide (mostly U, Np) ele-
ments. Recently, other compounds such as quasi two-dimensional CeCoIn5 and
“Skutterdites” such as PrOs4Sb12 have been shown to exhibit such behavior. I will pres-
ent an overview of the “exotic” properties of these systems, the only common feature of
which is that they have large effective mass (50–1000 times greater than the mass of a
free electron) below a coherence temperature T *. The effective mass is estimated through
the electronic specific heat. In general, for temperatures much smaller than the Debye
temperature and Fermi energy, the specific heat C of a metal can be expressed as

(1.1)

where � � Vm kF kB
2 m*/3h– 2, Vm is the molar volume, m* the effective mass of the elec-

tron, kF the Fermi vector, and T is the absolute temperature. Here, � is the electronic
contribution and � the contribution of the phonons to the specific heat. It may be noted
that there is an additional spin-fluctuation term �T 3lnT in the specific heat of UPt3

and UAl2.
For normal metals like copper or aluminum, � is of the order 1 mJ/mol K2 at low tem-

peratures. For heavy fermion systems, � abruptly increases to a very large value below
the coherence temperature T*. In fact, since � increases abruptly at low temperatures for
many materials, an arbitrary but generally accepted definition of heavy fermions [5] is
those systems which has � � 400 mJ/f atom mol K2. In addition, � is generally normal-
ized to a mole of f atoms so that there can be a comparison between systems with differ-
ent structure. Some of the other properties of heavy fermions include: (i) an enhanced

C

T
� �� �T 2 ,
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Pauli spin susceptibility indicating a large effective mass; (ii) the Wilson ratio is approx-
imately one; (iii) a huge T 2 term in the electrical resistivity; and (iv) highly temperature-
dependent de Haas–van Alphen oscillations amplitudes at very low temperatures.

CeAl3 was the first heavy fermion system discovered by Andres et al. [8]. They meas-
ured the specific heat and electrical resistivity of CeAl3 and found that below 0.2 K, there
was enormous magnitudes of the linear specific heat term C � �T (� � 1620 mJ/mol K2)
and the T 2 term in � � AT 2 (A � 35 �� cm/K2). Earlier, CeAl3 had been cited as an
example of MV compound. The seminal results of Andres et al. [8] for variation of C
and � with temperature are presented in Figures 1.1 and 1.2.

The intense interest in heavy fermion systems started with the discovery of supercon-
ductivity in CeCu2Si2 by Steglich et al. [9]. The big surprise was that, up to that time,
magnetism and superconductivity were considered to be contradictory phenomena.
However, in CeCu2Si2, the 4f electrons which are responsible for local magnetic
moments at higher temperatures are also responsible for superconductivity below the
critical temperature Tc. After the discovery of high-Tc superconductivity in 1986 and the
realization that both high-Tc superconductors and heavy fermions are not only highly cor-
related electron systems but also exhibit “nearness” to magnetism at the superconducting
phase, the interest in these systems grew rapidly. In general, the traditional BCS theory of
superconductivity does not apply to either of these two “exotic” systems.

The experimental results of Steglich et al. [9] are presented in Figures 1.3 and 1.4.
The main part of Figure 1.3 shows the resistivity and the inset shows the low-field ac
susceptibility of CeCu2Si2 as a function of temperature. Figure 1.4 shows in a C/T ver-
sus T plot, the specific heat jumps of two other CeCu2Si2 samples. One can see that
these jumps do not look very profound.

2 Chapter 1. Overview of Heavy Fermion Systems

Figure 1.1. Specific heat of CeAl3 at very low temperatures in zero field (�, �) and in 10 kOe (�).
Reproduced with the permission of the American Physical Society from Ref. [8].
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Figure 1.3. Resistivity (main part) and low-field ac susceptibility (inset) of CeCu2Si2 as a function of tem-
perature. Arrows give transition temperatures Tc

(�) � 0.60 � 0.03 K and Tc
(�) � 0.54 � 0.03 K. Reproduced with 

the permission of the American Physical Society from Ref. [9].
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Figure 1.2. Electrical resistivity of CeAl3 below 100 mK, plotted against T 2. Reproduced with the permission
of the American Physical Society from Ref. [8].



The main part of Figure 1.4 shows, on a logarithmic scale, the molar specific heat of
CeCu2Si2 at B � 0 as a function of temperature. The inset in Figure 1.4 shows in a C/T plot
the specific heat jumps of two other CeCu2Si2 samples, which do not look very profound.

However, the specific heat jumps below the coherence temperature T*, which is char-
acteristic of heavy fermion systems, is elegantly displayed when one plots C/T versus T 2.
Stewart [5] has plotted C/T versus T 2 of non-superconducting single crystals of
CeCu2Si2 and a piece of a superconducting single crystal of UBe13. These results are
reproduced in Figure 1.5 in which the line through UBe13 serves as a guide to the eye.

4 Chapter 1. Overview of Heavy Fermion Systems

Figure 1.4. Molar specific heat of CeCu2Si2 at B � 0 as a function of temperature on logarithmic scale.
Arrow marks transition temperature Tc

© � 0.51 � 0.04 K. Inset shows in a C/T versus T plot, the specific
heat jumps of two other CeCu2Si2 samples. Reproduced with the permission of the American Physical 

Society from Ref. [9].



Chapter 1. Overview of Heavy Fermion Systems 5

The heavy fermions have a wide variety of ground states such as superconductors
UBe13 [10] with non-Fermi-liquid properties in their normal state, and UPt3 [11] which
orders antiferromagnetically below the Neel temperature (TN), exhibits a heavy Fermi-
liquid state well below TN, and has unconventional superconductivity with a multicom-
ponent superconducting parameter [12]. At very low temperatures, some heavy fermions
are antiferromagnets with weak moments (CeAl2 [13], U2Zn17 [14]), narrow-gap semi-
conductors (CeNiSn [15], Ce3Bi4Pt3 [16]) with quasiparticles having large effective

Figure 1.5. Specific heat of non-superconducting single crystals of CeCu2Si2 (�) and a piece of supercon-
ducting crystal (�) of UBe13. The line through the UBe13 serves as a guide to the eye. Reproduced with the

permission of the American Physical Society from Ref. [5].



masses, while a few are Fermi liquids with no long-range ordering (CeAl3 [8], CeCu6

[17]). Some other heavy fermions superconductors like CeCoIn5 [18] are quasi two-
dimensional. At present, approximately 50 heavy fermion systems have been discovered
and there is no uniformity in their properties. As we have noted, some heavy fermions are
Fermi liquids with no ordering while some others are non-Fermi liquids. Both magnetic
and superconducting quantum critical points [19] have been observed in some of these
systems. The only common feature is the large effective mass and the fact that they are
highly correlated electron systems. It has also been found that CeRu2Si2 exhibits metam-
agnetism [20–22] which has a wide variety of technological applications. The intense
interest is due to the many unsolved theoretical problems and a variety of possible tech-
nological applications.

It is interesting to note that the magnitude of the nuclear relaxation rate [23] in UBe13

and of the ultrasonic attenuation [24] in UPt3 in the normal state are of the same order
as ordinary metals. The thermal conductivity measurements in CeCu2Si2 [9], UBe13

[24], and UPt3 [24] yield results similar to ordinary metals. The local-moment relax-
ation rate of rare earth impurities in UBe13 [25] is approximately of the same order as
in materials with normal effective mass. Hence, it is easy to conclude that the large
effective mass of heavy fermions is not due to band-structure renormalization.

The theory of these systems lags behind the experiment although several powerful
techniques have been applied. These include Bethe ansatz method, 1/N expansion method,
renormalization group technique, and exotic theories such as Dynamical Mean Field
theory and Quantum Critical Point. There are several theories for heavy fermion super-
conductivity in which there is widespread interest because of some similarities with
theory of high-Tc superconductivity. There are a large number of review articles and pro-
ceedings of international conferences on heavy fermions.

It is impossible to discuss in detail the properties of these various heavy fermion sys-
tems in a monograph. In fact, it requires a series of volumes (may be titled as Hand Book
of Heavy Fermion Physics) to discuss all the properties of these systems, one of the most
intense areas of research in Condensed Matter Physics. I will summarize the relevant
experimental results and provide extensive references for each system. Similarly, I will
briefly summarize the various theories including the recently proposed exotic ones. It
may be mentioned that extensive research is making the field grow very rapidly. This
monograph is intended to introduce researchers to heavy fermion systems as well as to
serve as a reference book for researchers already working in this area.
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Chapter 2

Kondo Lattice, Mixed Valence, and Heavy Fermions

2.1. Periodic Anderson and Kondo-lattice models

It has been noted that the majority of the rare earth and actinide compounds have local
moments and can be classified as systems in the magnetic regime. The f orbitals have
no charge fluctuation in this region and have integral valence. Therefore, they can 
be considered to be in a Mott-insulating stage. Weak residual spin polarization of the
conduction electrons, Rudderman–Kittel–Kasuya–Yosida (RKKY) interactions
between the local moments, magnetic transition at low temperatures, and spin-wave
excitations occur. The spin waves scatter the conduction electrons at low tempera-
tures. Those rare earth compounds which have either localized 4f electrons (Ce, Yb)
or 5f electrons (U, Np) can be considered as a Kondo lattice [1], where at each lattice
site, a local moment interacts via an exchange coupling JK with the spin of any con-
duction electron sitting at the site. It may be noted that the Kondo temperature TK is
defined as the temperature below which an isolated local moment would be screened
by the spins of the conduction electrons while the RKKY interaction characterizes the
induced coupling between two local moments. It is a long-range exchange mediated
by the conduction electrons near the Fermi surface and oscillates with k � 2kF asymp-
totically. As mentioned, earlier, most other rare earth compounds with 4f or 5f elec-
trons are mixed-valence (MV) systems. However, a few acquire an incredibly large
effective mass below the coherence temperature and these are known as heavy
fermion systems.

The MV and Kondo systems have been theoretically analyzed extensively. In fact, the
single magnetic impurity in the MV [2–4] and the Kondo [5, 6] regime are well under-
stood. The magnetic susceptibility, specific heat, transport, and excitation properties of
the Anderson model [7] have been extensively studied by using renormalization group
technique [8] and the Bethe ansatz method [9–19]. The lattice problem in the Kondo and
MV regimes is much more complicated. One can consider the properties in the Kondo
and MV regimes to be very similar to a collection of non-interacting f impurities in an
sd band.

In the 1980s, it became obvious from experimental results [20–22] that the three phe-
nomena of MV, Kondo, and heavy fermion behavior, at least in Ce systems, correspond
to different regimes of one fundamental phenomenon. In order to correlate these regimes
and to study their dependence on the various relevant parameters, the simplest
Hamiltonian is the orbitally non-degenerate periodic Anderson model. The periodic

9



Anderson model for a system consisting of a set of N sites denoted by sites i, j is
described by the Hamiltonian

(2.1)

Here t (which can be positive or negative) is the transfer (hopping) integral of the
extended orthogonal orbitals between sites i and j (restricted to nearest neighbors). C†

i�
and Ci� are the creation and annihilation operators for these extended orbitals at sites i
and j with spin �. There is one extended orbital per site per spin with a mean energy
which is the origin of the energy scale. f †

i� and fi� are the creation and annihilation oper-
ators for the localized f orbitals with energy Ef . U is the Coulomb repulsion between
two electrons of opposite spin in the f orbital and describes a short-range interaction
between them. V is a positive hybridization parameter between the localized and the band
orbitals in neighboring sites. U is positive while t and Ef can have either sign. When we
consider the f orbital only on a single site, the model (2.1) is reduced to a single-impurity
Anderson model [7].

The Hamiltonian (2.1) can be augmented by additional terms such as second-neighbor
hopping, Coulomb repulsion between extended orbitals, and f electrons or between elec-
trons on different sites. Since the orbital degeneracy is neglected, there is no Hund’s rule
coupling between the f orbitals in this model. However important such terms are in appli-
cations to real systems, they are ignored here in the belief that they would contribute
nothing really essential to the qualitative physics.

When each f orbital is occupied by a single electron (either up spin or down spin), the
system is described as the Kondo regime. The empty sites and doubly occupied sites
become virtual states. The low-energy physics of the periodic Anderson model (2.1) can
be described by an effective model where the f electron degrees of freedom are repre-
sented by localized spins. Schrieffer and Wolff [23] used a second-order perturbation
with respect to V to obtain an effective Hamiltonian

(2.2)

where

(2.3)

(2.4)

and � are the Pauli spin matrices. Thus, S c
i are the spin-density operators of the conduc-

tion electrons and Si are the localized spins.
The Hamiltonian in equation (2.2) also known as the Kondo-lattice model and the

exchange interaction is antiferromagnetic (J � 0) and inversely proportional to U. In fact,

S C Ci i i
c � 1

2 �� � � � � ��, , ,′ ′ ′
†

S f fi i i� 1
2 �� � � � � ��, , ,′ ′ ′

†

H t C C J S Sj i i j i i i� � �� �� , ( ) ,� � �
† H.C. c

H t C C E f f U f f f f

V
i j i j i i i i i i i i

i j

� � �

�

� � �

�
�

�

, , , ,

,

� � � � � �

�

† † † †
f ↑ ↓� �

(( ).C f f Ci j j i� � � �
† †�
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2.2. Theoretical approaches ( for solution of renormalized Hamiltonian) 11

J � 8V 2/U under symmetric conditions. The exchange coupling is the source of interest-
ing many-body effects in the Kondo-lattice model.

The complexity of solving the Kondo-lattice model arises due to complex correlation
effect involving both the localized spin and the itinerant electron degrees of freedom. In
fact, a conduction electron undergoes a spin-flip process with a localized spin if its spin
is antiparallel. The conduction electron leaves a trace of its spin-exchange processes with
the localized spins while moving around the lattice. The direction of the localized spins is
determined by the history of the electrons that had passed through this site. Thus, the con-
duction electrons are no more independent. There are similar correlation effects in the
periodic Anderson model due to the dynamic aspects of the localized electrons. Since these
systems are highly correlated, most of the theoretical models developed during the past 
30 years are approximate treatments of the complex problem.

2.2. Theoretical approaches (for solution of renormalized Hamiltonian)

2.2.1. 1/N expansion method

Considerable insight into these problems has been obtained by using the 1/N expansion
method [24–33], where N is the orbital degeneracy of the f ion. A generic model which
incorporates the N degrees of freedom of the localized moment was derived by Coqblin and
Schrieffer [24] as a generalization of the Kondo model. The Hamiltonian H is given by

(2.5)

where the localized moment is described by the fermion operators at site i with flavor m.
However, the 1/N expansion method is inadequate to explain the periodic features

associated with asymptotically high orders of multisite expansion and does not explain
the collective properties of heavy fermions. For example, transport measurements in
magnetic fields [34, 35] show the difference between heavy fermion systems and dilute
Kondo alloys.

2.2.2. Gutzwiller approach

There have been attempts to explain the mass renormalization by using the
Hubbard–Gutzwiller model [36–38]. A variational wave function, similar to that of
Gutzwiller [39] for the Hubbard model, was used to describe the ground state of the
Anderson Hamiltonian in these models. This approach can be summarized as follows. An
upper bound of the ground-state energy Eg can be written as

(2.6)

where D is the density of doubly occupied f orbitals, L is the number of sites, and

(2.7)H E C C E f f V q n C f f Ck k k k k k k k k k keff f f� � � �� � �, , , ( )(� � � � � � � � � � �
† † † †

kk� ).

E H UDLg eff� �� �� �0 0| | ,

H E C C
J

N
f C C fm

N
k k k m k m m m

N
i im im im im� �� �� � � �1 1, , , ,† † †

′ ′ ′



In equation (2.7), the renormalization factor q(nf�) is obtained by using the Gutzwiller
approximation [36–39]. In the large-U limit, the double occupancy of the f states is
almost completely suppressed and one obtains

(2.8)

The scattering rate of the conduction electrons at a certain site, 	eff � 
V 2
eff � �(�f) �

(1�nf)
2. The transfer of a conduction electron into an f state is renormalized by the prob-

ability, 1�nf, of finding the f level unoccupied. q(nf) is more complicated for interme-
diate U but consideration of the whole range of U is necessary to discuss the MV and
the Kondo regime.

One can introduce a chemical potential � for the f electrons:

(2.9)

In Figure 2.1, the schematic shape of the hybridization band obtained by diagonaliz-
ing equation (2.9) is shown. While the bare value �f is deeply below the Fermi level, the
effective f level, �f��, is close to the Fermi level. 

H H ni i� �eff
f� � �Σ , .

q n
n

n
2 1

1
( ) ( , ).f

f

f
�

�

��
�

�
�� �
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kF

Figure 2.1. Schematic diagram of the upper and lower hybridization band, which are separated 
by a small gap obtained by Gutzwiller approximation or slave boson treatment. The Fermi level lies close to
�f��, while the position of the f level, �f, is far down the Fermi sea filling the lower band. Reproduced with the 

permission of the American Physical Society from Ref. [39].



2.2. Theoretical approaches ( for solution of renormalized Hamiltonian) 13

2.2.3. Slave boson method

The slave boson method was developed for the U � 	 periodic Anderson model which
had the constraint nf 
1 at each site [40, 41]. Kotliar and Ruckenstein [42] extended this
method to the general case. The essential features of this method is that the localized
electron operators are written as a composition of a fermion f � and a boson b� where we
may consider the boson as an f vacancy. Every site is occupied either by an f � fermion or
a b� boson. The localized electron operators are written as a composition of a boson b� and
a fermion f� . One defines

(2.10)

The operator equality

(2.11)

satisfies the above condition. The Anderson lattice Hamiltonian can be written as

(2.12)

Here, 
i is a Lagrangian multiplier for the site i needed to impose the local constraints.
The properties of the Hamiltonian (2.12) are usually discussed in a mean-field approx-

imation. It is assumed that the bosons have Bose condensations, �b� i� � b0, and the
Lagrange multiplier 
i � 
0 for all sites. Thus, the constraint is obeyed only on the aver-
age over the whole system. The resultant Hamiltonian is equivalent to the Hamiltonian
Heff obtained in equation (2.7) by using Gutzwiller approach.

2.2.4. Other theoretical methods

The Anderson lattice is essentially an extension of the single-impurity Anderson model
[7] in the sense that there is one impurity at each site and therefore the solution becomes
extremely complicated. A wide variety of techniques have been used to solve the
Anderson-lattice problem. Considerable insight of the problem has been obtained by
using the functional integration [43–47], perturbation expansion [48] in U, and real-space
renormalization group methods [49, 50]. However, none of these techniques has been
adequate to explain the wide range of physical properties.

It has also been argued [51–53] that the physics of heavy fermions is similar to that of
liquid 3He. Some authors [54, 55] have developed a Fermi-liquid theory which discards
quasiparticle interactions. However, the experimental results on transport properties of heavy
fermions contradict these theories by furnishing strong evidence [56] that the large effective
mass of heavy fermions does not arise primarily due to band-structure renormalization.

H c c f f V c b f f b ci i i i i i i i
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Brandow [57] has proposed a variational theory of valence fluctuations but has ignored the
fact that within the cluster-expansion terms, the interacting sites must all be distinct. In fact,
his theory is valid when U � 	 and only at very low temperatures.

2.3. Cluster calculations

In order to correlate the MV, Kondo, and heavy fermion behavior and to study as to how
they correspond to different regimes of one fundamental phenomenon, (at least in Ce
systems), Misra et al. [58] have considered the application of the periodic Anderson
model to finite clusters with periodic boundary conditions. Although the phrase “periodic
Anderson model” is somewhat inappropriate when applied to a small system, we have
used it in reference to a cluster in which each site has a localized orbital and an extended
orbital with appropriate Coulomb repulsion, hybridization, and transfer-matrix elements.
The value of small cluster calculations is that exact solutions of the Hamiltonian are
obtained. One has confidence that the results do show the properties of the Hamiltonian
and not of some particular approximate scheme. Such information is valuable in many-
body systems where there is controversy about even the qualitative features of the solutions.
However, it has to be recognized that in some respects, small clusters are not
representative of bulk materials. For example, at sufficiently low temperatures the spe-
cific heat of a cluster model will vanish exponentially and the magnetic susceptibility will
either be infinity or be zero. However, the large number of states obtained even for a
small cluster suggests that statistical mechanics may give results which fairly represent a
large system over a reasonable range of temperatures. The first such calculation for MV
systems was made by Arnold and Stevens [59] who considered an isolated three-atom
cluster. They calculated the thermodynamic properties which appear similar to MV sys-
tems but their calculation implicitly assumes an infinite value of U. Parlebas et al. [60]
have applied the periodic Anderson model to a four-site tetrahedral cluster with periodic
boundary conditions. They have calculated exactly the many-body eigenstates and eigen-
values of the Hamiltonian and hence the variation of f occupation number for different
parameters. Hirsh and Fye [61] have developed an alternate numerical approach by using
a Monte Carlo method to treat a small number of magnetic impurities interacting with the
conduction electrons in a metal.

We have applied [58] the periodic Anderson model (2.1) to three different four-site
clusters of equal length (square, rhombus, and tetrahedron) with periodic boundary con-
ditions. The systems differ principally in the number of distinct neighbor pairs (4, 5, and 6,
respectively) thereby including the importance of band-structure effects. For example,
while there are no three-dimensional crystal structures equivalent to the square and the
rhombus, our model Hamiltonian for a tetrahedron is identical to that of an fcc lattice if
the Brillouin-zone sampling is restricted to four reciprocal-lattice points, the zone center
	, and the three square-face center points X [62]. We studied the region of crossover
between the magnetic, Kondo, and MV regimes by varying the different parameters U/ | t |,
V/ | t |, and Ef / | t | for the three geometries and our results for the tetrahedron should reflect
the properties of cerium alloys.

One can distinguish the three regimes by considering n electrons per site. Consider the
non-f electrons to constitute an electron reservoir. In Figure 2.2, Ed is the Fermi level

14 Chapter 2. Kondo Lattice, Mixed Valence, and Heavy Fermions



2.3. Cluster calculations 15

when there are n non-f electrons per site and Ed� is the Fermi level when there are n–1
electrons per site (if there is no interaction with the f electrons). EF is the chemical poten-
tial when the f electrons are in contact with the electron reservoir. Let Ef be the energy
boundary such that at T � 0, the ion will be in the f 0 state if EF � Ef and in the f1 state
if EF � Ef. Ef � U is another ionization boundary separating the f1 state from the f 2 state.
The crossover from one regime to another depends sensitively on the various parameters
U, V, and Ef as well as on the geometry (band structure).

The Hamiltonian (2.1) is conveniently considered on a basis of states diagonal in occu-
pation numbers and we have calculated the many-body eigenstates and eigenvalues. We
note that spin is a good quantum number and the states can be classified as spin singlets,
triplets, and quintets. The method of calculation is explained in detail in Ref. [58]. We
note that for n � 4, there are 784 singlet, 896 triplet, and 140 quintet states. These rather
large number of states should tend to make the results somewhat representative of large
systems except at extremely low temperatures (lower than the separation between the
ground state and the first excited state). In a later paper [63], we considered an eight-
electron system in a tetrahedron and there are 12 870 states available for eight particles.
However, the results were similar to that obtained in Ref. [58] in which the method of
calculation is described in detail. We shall project the significant results through some
diagrams and then summarize the results. The details of our studies of model
Hamiltonians on finite clusters have been described in Ref. [64].

We constructed a computer program to diagonalize the Hamiltonian (2.1) within sub-
spaces of fixed values of Sz. We have calculated the f-state occupation (nf), temperature
dependence of specific heat (Cv), and the magnetic susceptibility (�f) of f electrons
(by using a canonical ensemble) for a large number of parameters. In Figure 2.3, we have
presented nf  in terms of Ef and various hybridization energies. In Figure 2.4, we have
presented a typical example by plotting Cv/T against T for Ef ranging from �5.0 to �4.0
(nf varies from 0.9943 to 0.9788). 

E

Ef + U

Ef

f2

f1

f0

Ed

EF

Ed'

Figure 2.2. A schematic diagram illustrating the dependence of the three different regimes on the position 
of the f level.



We notice that for Ef � �5.0, Cv/T increases very rapidly at very low temperatures
(which mimics the onset of heavy fermion behavior) but gradually decreases as Ef is
increased until heavy fermion feature has practically disappeared when Ef ��4.2. In order
to explain the unusual increase in Cv/T, we have plotted in Figure 2.5 the energy-level dia-
gram of the first few many-body states for each of these Ef as well as for Ef � �3.0. 

In Figure 2.5, for Ef ��5.0, the ground state is a singlet but the next two higher energy
states are a triplet and a quintet which are nearly degenerate with the ground state. The
low-temperature rise in Cv is determined by these three levels. As Ef increases, the

16 Chapter 2. Kondo Lattice, Mixed Valence, and Heavy Fermions

Figure 2.3. The f occupation number per site, nf, in the four-electron ground state in terms of Ef and various
hybridization energies V for t � �1 and U � 50 for a tetrahedron. Reproduced with the permission of the 

American Physical Society from Ref. [58].



2.3. Cluster calculations 17

separation between the lowest three levels increases and the rise in Cv/T correspondingly
decreases. Thus, the heavy fermion behavior is obtained when the many-body ground
state is a singlet but nearly degenerate to two other magnetically ordered states. The same
pattern is repeated for a tetrahedron for t � 1, except that in some cases the ground state
is a magnetically ordered triplet state. In such cases, the ground state of the heavy
fermion system would be magnetically ordered.

In Figure 2.6, we have plotted kB�fT/(g�B)2(���fT ) versus lnT/ | t | in order to compare
our results with the benchmark results for the single-impurity Anderson model [8].
Following Ref. [8], we define “frozen-impurity” regime (��fT � 0), a free-orbital regime
(��fT � 0.125), a valence-fluctuation regime (��fT � 0.167), and a local-moment regime
(��fT � 0.25). In addition, we define an “intermediate regime” for which 0 ���fT � 0.125
but ��fT essentially remains a constant in this regime.

We note when Ef � �5 (nf � 0.994), there is a transition from the frozen-impurity to
the local-moment regime. For Ef � �3 (nf � 0.725), we get a transition from the frozen-
impurity to the valence-fluctuation regime. When Ef is further increased, the transition is
from the frozen-impurity to the free-orbital regime. The high-temperature results are in

Figure 2.4. Cv/T/ | t | versus T/| t | for various Ef for t negative, U � 50 and V � 0.1 for a tetrahedron. Curve (a) 
Ef � �5.0; curve (b) Ef � �4.8; curve (c) Ef � �4.6; curve (d) Ef � �4.4; curve (e) Ef � �4.2; curve (f) 
Ef � �4.0. (All parameters in units of | t |.) Reproduced with the permission of the American Physical Society 

from Ref. [58].



excellent agreement with the single-impurity “benchmark” results (Figure 8 in Ref. [8])
as expected while at low temperatures, impurity–impurity interactions mediated by the
conduction electrons are important.

When we compare the specific heat curves with the ��T curves for the same parame-
ters, the specific heat maxima generally occur below the temperature at which ��T
reaches its high-temperature value (i.e., the crossover temperature from enhanced Pauli-
to Curie-like susceptibility). The main reason is that at low temperatures where Cv is
maximum, the many-body states with magnetic moments are still just becoming ther-
mally populated. The same broad features have also been observed experimentally [65].

Heretofore, it has been believed that as Ef is increased from far below Ed� (Figure 2.2),
there will be a transition from the magnetic to the Kondo-lattice regime. However, we

18 Chapter 2. Kondo Lattice, Mixed Valence, and Heavy Fermions

Figure 2.5. Energy level diagram of the first few many-body states for various Ef for t negative,
U � 50 and V � 0.1 for a tetrahedron. (All parameters in units of | t |.) Reproduced with the permission of the 

American Physical Society from Ref. [58].
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find that for some choice of parameters, the system undergoes a transition from a Kondo-
lattice to a magnetic regime as Ef is increased. Subsequently it reenters a Kondo-lattice
regime for higher values of Ef. This unusual feature of reentry to the Kondo-lattice regime
is very sensitive to the hybridization parameter and occurs only for low V/ | t | values
which are the most important parameter in determining nf as well as the thermodynamic
properties. 
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Chapter 3

Dynamical, Extended Dynamical, and Cluster 
Dynamical Mean-Field Theories: (DMFT,
EDMFT, and Cluster DMFT)

3.1. The local impurity self-consistent approximation (LISA)

The dynamical mean-field theory (DMFT) is a very powerful tool to study the strongly
correlated systems (for an extensive review, see Ref. [1]). In this approach, a lattice
model is replaced by a single-site quantum impurity problem embedded in an effective
medium determined self-consistently. This leads to an intuitive picture of the local
dynamics of a quantum many-body problem. Since the impurity problem has been exten-
sively studied, the self-consistency condition incorporates the translation invariance and
the coherence effects of the lattice. This approach is now popularly known as the “local
impurity self-consistent approximation” or LISA. The LISA freezes spatial fluctuations
but includes local quantum fluctuations and is therefore characterized as a “dynamical
mean-field theory” (DMFT). The on-site quantum problem is still a many-body problem,
which can be addressed by using a variety of techniques. The DMFT becomes exact in
the limit of large spatial dimensions d � 	 or in the limit of large lattice coordination.

Metzner and Vollhardt [2] first showed that even in d � 	 dimensions, the Hubbard
model, when scaled properly, describes non-trivial correlations among fermions. They
found that diagrammatic treatments are much simpler than in finite dimensions. They
also showed that the weak-coupling correlation energy is a good approximation for d � 3.
This is demonstrated by an elegant plot (Figure 3.1) of second-order correlation energy
versus density for lattice dimensions d � 1, 3, and 	. There is no significant difference
between n � 3 and n � 	.

In their pioneering work, which contributed to the evolution of the LISA approach,
Metzner and Vollhardt [2] also showed that the approximations based on slave boson
technique are recovered by the exact evaluation of explicit variational wave function in
d � 	. Muller-Hartmann [3–5] proved the locality of many-body Green’s function pertur-
bation theory. He used it to derive self-consistent equations for the self-energy in terms
of the Luttinger–Ward functional and obtained results by applying weak-coupling perturba-
tion theory to various orders. Brandt and Mielsch [6–8] solved for the Falicov–Kimball
model [9] by deriving self-consistent functional equations.

Ohkawa [10, 11] and Georges and Kotliar [12] derived the main essence of the LISA
approach by demonstrating that the functional equations can be interpreted as an Anderson
impurity model subject to a self-consistent impurity bath. Georges and Kotliar [12]
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obtained a correspondence with the classical mean-field theory and the analog of
the Weiss effective field. They also showed, by using the self-consistency condition with
the single-impurity Anderson model, that the metallic phase of d � 	 Hubbard model is
a Fermi liquid for arbitrary interaction strength and doping. This result led them to con-
clude that the methods used to solve the Anderson impurity model can also be used to
study correlated electrons in large dimensions. Georges et al. [13] have used the LISA
method to a large number of strongly correlated systems as well as to phases with broken
symmetry.

As mentioned earlier, in the mean-field theory, a lattice problem with many degrees of
freedom is approximated by a single-site effective problem. The dynamics at a given site is the
interaction of the degrees of freedom at this site with an external bath created by the
degrees of freedom on the other sites. A simple example is the application to Hubbard
model in which the Hamiltonian is

(3.1)

An imaginary-time action (the local effective action) for the fermionic degrees of freedom
(Co�, C †

o�) at site o is

(3.2)

Here g0(����), the generalized “Weiss function”, is the effective amplitude for a fermion
to be created on the isolated site at time � (coming from the “external bath”) and destroyed
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Figure 3.1. Second-order correlation energy versus density for lattice dimensions d � 1, 3, and 	.
Reproduced with the permission of the American Physical Society from Ref. [2].



3.1. The local impurity self-consistent approximation (LISA) 25

at time �� (going back to the bath). Since g0 is a function of time, it accounts for local
quantum fluctuations. It can be shown [1] that

(3.3)

G(i�n), the on-site interacting Green’s function, is calculated from

(3.4)

(3.5)

Here R(G) is the reciprocal function of the Hilbert transform of the density of states
corresponding to the lattice [1]. As an example, in the Hubbard model

(3.6)

The Hilbert transform D
–
(�) and its reciprocal function R are defined by

(3.7)

Equations (3.2–3.4) are the basic equations of the LISA method. However, the major
difficulty lies in the solution of Seff. It can be shown [1] that solving these equations
yields the local quantities and all the k�-dependent correlation functions of the original
lattice Hubbard model can be obtained.

It may be noted that the LISA approach freezes spatial fluctuations but retains local
quantum fluctuations. Each site undergoes transition between the four possible quantum
states | 0�, |��, |��, |�, �) by exchanging electrons with the rest of the lattice or “the exter-
nal bath”. As an example, one can consider (Co�, C†

o�) as an impurity orbital. The bath can
be described as a “conduction band” described by the operators (al�, a†

l�) and the
Hamiltonian is the well-known single-impurity Anderson Hamiltonian [14]:

(3.8)

Equation (3.8) is quadratic in a†
l�, al� and integrating these gives rise to Seff of the form

given in equation (3.2), provided
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and

(3.10)

If the parameters Vl, �
�

l are chosen to obtain g0, the solution of the mean-field equations,
HAM becomes the Hamiltonian representation of Seff. Here ��l’s are effective parameters
and not �k, the single-particle energy. In addition, �(�), the conduction bath density of
states, is obtained when the self-consistent problem is solved.

Thus, by using the LISA approach, one obtains the Anderson impurity embedded in a
self-consistent medium from the Hubbard model [10–13, 15]. The dynamical mean-field
equations are solved such that the proper g0 is obtained. When this g0 is inserted into the
Anderson model, the resulting Green’s function should obey the self-consistency condi-
tion in equation (3.3). The mapping onto impurity models, which have been studied by a
variety of analytical and numerical techniques, are thus used to study the strongly corre-
lated lattice models in large dimensions. However, it is important to solve Seff by using
reliable methods.

3.2. Brief discussions of the dynamical mean-field equations

The correct equations for a given model with on-site equations can be guessed by postu-
lating that the self-energy can be computed from a single-site effective interaction and
an arbitrary retarded quadratic term. One can obtain the self-consistency equation by
writing that the interacting Green’s function of the single-site action is the same as the
site-diagonal Green’s function of the lattice model. These approximations are obviously
valid in large dimensions. We briefly discuss several derivations.

3.2.1. The cavity method

In Figure 3.2, we show a cavity created in the full lattice by removing a single site and its
adjacent bonds. This method can be easily generalized to several models. The main tech-
nique used in this method is to concentrate on one site, say i � 0, and then integrate the

� � �( ) ( ).� � � �
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Vl l

l

2 �∑
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Figure 3.2. Cavity created in the full lattice by removing a single site and its adjacent bonds. Reproduced 
with the permission of the American Physical Society from Ref. [1].



3.2. Brief discussions of the dynamical mean-field equations 27

degrees of freedom on the rest of the lattice sites. Thus, one obtains an effective dynam-
ics for the particular site.

In the Hubbard model, one can show [1] that the local effective action Seff in the “cavity
method” is given by

(3.11)

where

(3.12)

�i � ti� Co� plays the role of a source coupled to C †
i�, G(o) is the Green’s function of the

cavity Hamiltonian (Hubbard model with one site removed) and the integration is over
fermions i 
 o. Here C† and C are the creation and annihilation operators of the electrons.
It can also be shown that in the limit d � 	 [1]

(3.13)

Equation (3.13) relates G(o)
ij to the Weiss function g0.

It can also be shown that [1] for a general lattice,

(3.14)

where G(o) is the cavity Green’s function and G is the full Green’s function.

3.2.2. Perturbation theory in infinite dimensions

It was observed by Metzner and Vollhardt [2], Muller-Hartmann [3], and Metzner [16] that
many-body diagrammatics, while using perturbation theory in the interaction strength U,
becomes simple in infinite dimensions. The main reason is that the local Green’s func-
tion obeys a closed set of equations. This is shown in Figure 3.3, in which the interaction
term Uni�ni� is shown as a four-leg vertex at site I and each line stands for a free-fermion
propagator. It can be shown that in infinite dimensions, when two internal vertices (i, j)
can be connected by at least three paths, they correspond to identical sites.

In the momentum-space formulation of perturbation theory, whenever two vertices
can be “collapsed”, the fermion propagators G(0)(k, i�n) connecting them can be replaced
by their local k-independent counterpart �kG

(0)(k, i�n) ignoring momentum conservation
at the vertices. Since evaluation of momentum sums poses a real problem in going to
higher orders, this method simplifies the weak-coupling expansions.
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An example of application of this method is the Luttinger–Ward [17] free-energy func-
tional �[{Gij}], which is the sum of all vacuum-to-vacuum skeleton graphs as shown in
Figure 3.4.

It can be shown that this functional is related to the self-energy [18]

(3.15)

When d � 	, � and �skel
ij depend on the local Green’s functions Gii:

(3.16)

Thus, the self-energy is site-diagonal.
There are also other methods such as derivation based on an expansion around the atomic

limit [19, 20] and the effective medium (coherent potential) approximation [21, 22].
However, we shall not discuss them here since they are not often used for heavy fermions.

3.3. Methods of solution

The essence of DMFT is to map lattice models of correlated fermions onto a single-
impurity model. The self-consistence condition specifies the relation between the Weiss
function g0 (in the impurity model effective action) and the local Green’s function G.
However, G can be obtained by solving the effective impurity model.

� � 	�
i

iiG d∑ [ ], .�

� �
��

� �ij n
ij n

i
G i

( )
( )

.�

28 Chapter 3. DMFT, EDMFT, and Cluster DMFT

Figure 3.3. Examples of skeleton diagrams contributing to the self-energy at second and fourth order which 
can be collapsed to a single site. Reproduced with the permission of the American Physical Society from Ref. [1].

Figure 3.4. First two contributions to the Luttinger–Ward functional. Reproduced with the permission of the 
American Physical Society from Ref. [1].
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Therefore an iterative process is followed by first guessing g0, then calculating G and �
which are used as an input into the self-consistency condition to produce a new g0.

This process is reiterated until a converged solution (G, g0) is obtained. This process is
shown in Figure 3.5. There are both numerical and analytical approximate methods available
to solve the problem. We shall briefly describe the numerical methods.

The two numerical techniques used to solve the LISA equations are the quantum
Monte Carlo (QMC) and the exact diagonalization methods. In the QMC method, one
uses the Hirsch–Fye [23] algorithm in which the single-impurity problem is considered
in discretized imaginary time. The effective bath enters through g0 so that it is not nec-
essary to discretize the conduction band. Thus, the method is primarily used to calculate
the local Green’s function at finite temperature, which was introduced in equation (3.4).
The QMC method was first independently used by Jarrell [15], Rozenberg et al. [24], and
Georges and Krauth [25].

In the exact diagonalization method [26–28], the single-impurity problem is solved
exactly with an effective bath which is approximated by only a few orbitals. Thus, the
effective bath is parameterized. These parameters are functions of the site energies and
the hopping amplitudes of the fictitious electrons. They are also dependent on the choice
of the geometry of their connections. Since it is possible to have several geometries of
the electronic bath, an appropriate choice can be made only through the physical insight
of the relevant problem. This would lead to the correct parameterization. The main limi-
tation of this method is the size of the exponentially growing Hilbert space.

There are several analytic methods available to solve quantum impurity models. These
can be divided into two broad categories. There are several analytic tools to study the
low-energy universal properties which are important in the LISA context. Another class
of methods are designed to obtain quantitative solution of impurity models but these
methods are mostly approximate. One useful analytic method is the weak-coupling per-
turbation theory which leads to the iterated perturbation theory in the LISA context. The
non-crossing approximation and the high-temperature equation of motion method have
also been proven useful [29, 30].

Figure 3.5. For a given g0, the local impurity model is solved to obtain the interacting Green’s function G which
is used in the self-consistency condition to produce anew g0. The loop is reiterated until a converged set (G, g0) 

is obtained. Reproduced with the permission of the American Physical Society from Ref. [1].



3.4. Application of LISA to periodic Anderson model

We shall now briefly describe the application of LISA method to heavy fermion systems
and the Kondo insulators. This is done by using the periodic Anderson model (PAM).
This model describes a band of conduction electrons which hybridize with localized
f electrons at each lattice site. The PAM Hamiltonian can be written as

(3.17)

and the terms have been defined in Chapter 2. In the d � 	 limit, the local interaction
gives rise to k-independent self-energy and the various Green’s functions are obtained in
the following forms [1]:

where �f (i�n) is the self-energy of the f electrons and �, the chemical potential, has been
absorbed in the definitions of �k and �f. It can be shown by reducing to a self-consistent
single-site model that the effective action is [1]

(3.19)

The f self-energy is obtained from

(3.20)

Since the self-consistency condition requires that the Green’s function of the impurity
problem must be equal to the local f Green’s function of the lattice model, one obtains

(3.21)

Here D (�) is the density of states (non-interacting) of the conduction electrons.
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The quantitative studies of PAM (d � 	) have been mostly done on the half-filled case
(Kondo insulators). However, Schweitzer and Czycholl [31] have shown, by using a self-
consistent second-order perturbation theory (SOPT) in terms of the Coulomb repulsions U,
that the temperature dependence of the electronic transport properties of heavy fermion
systems can be calculated. The Luttinger sum rules are fulfilled in the limit of a large
spatial dimension d for correlated lattice electrons. In fact, their calculations of temperature
dependence of resistivity (Figure 3.6) and thermopower (Figure 3.7), by using the d � 3
result for d � 	, agree with the experimental results.

Figure 3.6. Temperature dependence of the resistivity obtained for the PAM within the SOPT for d � 	

and the parameters Ef � �0.5, V � 0.4, U � 1. (1) ntot � 0.8, (2) ntot � 0.6, (3) ntot � 0.4, (4) ntot � 0.2. 
Reproduced with the permission of the American Physical Society from Ref. [31].

Figure 3.7. Temperature dependence of thermopower Q(T); the parameters are the same as in Figure 3.6. 
Reproduced with the permission of the American Physical Society from Ref. [31].



3.5. Kondo insulators

The Kondo insulators such as CeNiSn, Ce3Bi4Pt3, and SmB6 are the half-filled case �nc � �
�nf � � 2 (�f � 0 in this notation). Jarrell et al. [32] have used the QMC method to solve the
associated impurity problem and calculate the density of states and various response func-
tions. One typical result is shown in Figure 3.8. The spectral density displays a narrow insu-
lating gap with two sharp peaks on each side.

The results for density of states for c and f electrons for the half-filled PAM, obtained
by using the site-excluded perturbation theory (SEPT) (in U ) method in which the self-
energy is subtracted off from the site propagator during the self-consistency step, is
shown in Figure 3.9. As mentioned above, the results are very similar to that of QMC
method.

3.6. The multichannel Kondo lattice

The charge fluctuations can be ignored for large U and close to half-filling. As mentioned
earlier, by using the Schrieffer–Wolff transformation [33], the PAM can be formulated as
Kondo lattice model. The conduction electrons interact with only the localized spins. One
obtains

(3.22)

The conduction electron Green’s function is
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Figure 3.8. The f-electron DOS obtained from QMC and maximum entropy (QMC-ME) method, and that
obtained from second-order SEPT when U � 2.0, V � 0.5, �d � �f � 0, and T � 0.2. The corresponding imag-
inary frequency self-energies are shown in the inset. Reproduced with the permission of the American Physical 

Society from Ref. [32].
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where �c is the conduction electron self-energy. The single-site effective action is [13]

(3.24)

Here Seff describes a single-impurity Kondo model in an effective conduction bath g0 and
Ls[S] is a spin-1/2 Lagrangian.

The self-consistency condition is obtained from

(3.25)

and

(3.26)

The multichannel Kondo lattice Hamiltonian [1] is obtained by generalizing equation
(3.22) by including “channels” for the conduction electrons C†

k� � C†
k��, with � � 1, . . . , M:

(3.27)

The single-impurity multichannel Kondo is the associated impurity model of H.
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Figure 3.9. Density of states for c and f electrons (bottom and top) in the half-filled PAM for U/D � 2.5 and 
V/D � 0.4 at T/D � 0.01. Reproduced with the permission of the American Physical Society from Ref. [1].



The single-site (d � 	) DMFT has been applied extensively to many problems by using
the techniques briefly described earlier. However, it essentially ignores the feedback of
interimpurity interactions into single-particle quantities. Since it fails to capture the
effects of intersite interactions in either the charge channel (nearest-neighbor interac-
tions) or the spin channel (exchange), it does not take into account the dynamical effects
of fluctuations in the high-temperature disordered phase. In heavy fermion systems, the
competition of the Kondo effect with the Rudderman–Kittel–Kasuya–Yosida (RKKY)
interaction [34] plays a very important role but it is impossible to solve this by using the
DMFT. There are also other crucial problems in strongly correlated systems which cannot
be understood in the LISA framework.

3.7. RKKY interaction

Ruderman and Kittel [34] considered the problem of nuclear-spin ordering in a metal and
used SOPT to derive an expression for the indirect nuclear spin–spin interaction,

(3.28)

where kF is the Fermi wave vector and nc is the density of conduction electrons. The
spin–spin interaction is long ranged and changes its sign depending on the distance
between the pair of spins. Kasuya [34] discussed the magnetic properties of rare earth
metals based on equation (3.28). Yosida [34] showed that the oscillatory behavior origi-
nates from the Friedel oscillation of the spin polarization of conduction electrons induced
by a localized spin. Therefore equation (3.28) is known as the RKKY interaction.

For rare earth metals, the Fourier transform of the RKKY interaction is given by �(q),
the susceptibility of the conduction electrons for wave number q. The ground state is usu-
ally ferromagnetic if �(q) is maximum at q � 0. If the maximum of �(q) occurs at q � Q,
the antiferromagnetic wave vector, the ground state becomes antiferromagnetic. The
ground state may have a spiral spin ordering if �(q) becomes maximum at a general wave
vector. The Kondo effect is suppressed whenever there is any type of magnetic ordering.
The low-energy physics of the Kondo effect is given by the Kondo temperature

(3.29)

However, the characteristic energy of the RKKY interaction is given by J2/�F. This energy
dominates over the Kondo temperature in the weak-coupling regime.

In the strong-coupling regime, the local moments are quenched because of the forma-
tion of local singlets. The Kondo effect or the effect of singlet formation is not consid-
ered for the derivation of the RKKY interaction. The relation between RKKY interaction
and the Kondo effect depends on the conduction electron density, dimensionality, and the
exchange coupling. As an example, we consider two localized spins S1 and S2. The direct
exchange coupling between the two spins can be expressed as
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where JRKKY, the intersite coupling constant, is arbitrary. For J � 0, the Kondo coupling is
antiferromagnetic and the ground state is a singlet. When J �� JRKKY, each of the two local-
ized spins forms a singlet with conduction electrons and hence the interaction between the
singlets is weak. When JRKKY �� J, the two localized spins form a singlet by themselves and
J is no more important. There have been several theories as to whether the change between
the two regimes is smooth or sharp.

3.8. Extended dynamical mean-field theory (EDMFT)

3.8.1. Overview

We have discussed in the previous section that there are two competing interactions in
the heavy fermion systems, the indirect exchange between the moments mediated by the
RKKY interaction and the Kondo exchange between the conduction electrons and the
moments. At high temperatures, the moments and conducting electrons retain their iden-
tities and interact weakly. As the temperature is lowered, when the RKKY interaction is
much larger than the Kondo energy, the moments order magnetically. The conduction
electrons follow the magnetization and there is no strong renormalization. Since the local
moments are ordered, the spin entropy is mostly quenched. When the Kondo energy is
much larger than the RKKY interaction, there is formation of heavy Fermi-liquid quasi-
particles which are composites of local-moment spins bound to the conduction electrons.
However, at low temperatures, the Kondo and RKKY interactions are comparable and the
problem remains unresolved. At least two materials [35], YbRh2Si2 [36] and CeCu6–xAux

[37], can be driven continuously from the paramagnetic (PM) to the antiferromagnetic
(AF) phase by application of alloying, magnetic field, and pressure. We show the experi-
mental results for YbRh2Si2 in Figures 3.10–3.12.

In Figure 3.10, �ac is plotted as a function of temperature (on a logarithmic scale).
The data down to very low temperature indicates a weak antiferromagnetic transition
TN � 65 mK which is one of the lowest reported for the onset of magnetism in strongly
correlated systems. The inset of Figure 3.10 shows the p � 0 electrical resistivity of
YbRh2Si2 is almost constant above 100 K, but decreases toward lower temperatures
indicating the development of coherence effects. This temperature dependence is typical
of heavy fermion compounds with a strong interaction between the localized 4f and the
conduction electrons and resembles some non-Fermi-liquid systems.

In Figure 3.11(a), the existence of NFL effects in �(T ) of YbRh2Si2 at low temperatures is
shown. At low temperatures and at p � 0, �(T ) ��(0) � bT�, with � � 1. �ln ��/� ln T
remains within the value (1 � 0.05) up to almost 10 K. Figure 3.11(b) indicates that the
application of magnetic field leads to a gradual recovery of ��(T ) � T 2 below a crossover
temperature that increases upon increasing B.

In Figure 3.12(a), two anomalies in �(T ) of YbRh2Si2 at p � 1.5 GPa are shown. These
are denoted as Tm and Tl. Figure 3.12(b) suggests an evolution toward complex magnetic
ordering for p � 0.

Thus, theoretical studies are needed to understand the microscopic mechanisms leading
to the experimental results observed in YbRh2Si2 and other similar heavy fermion com-
pounds exhibiting quantum-critical phenomena as well as non-Fermi-liquid behavior.



Figure 3.10. ac magnetic susceptibility of YbRh2Si2 as �ac versus T (on a logarithmic scale), measured on a
tetragonal plane at varying fields. Inset: high-temperature electrical resistivity at different pressures. 

Reproduced with the permission of the American Physical Society from Ref. [36].

Figure 3.11. Low-temperature electrical resistivity of YbRh2Si2 at p � 0 measured along the a axis as a
function of temperature, obeying �(T) ��(0) �bT �, with � � 1. (a) Temperature dependence of the effective
exponent �, defined as the logarithmic derivative of �� � � � �0 with respect to T. (b) �(T), plotted as � versus T 2,
for B 
 14T applied along the C axis. The position of the symbols indicates the crossover temperature 
below which a T 2 law is recovered. Reproduced with the permission of the American Physical Society 

from Ref. [36].
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The extended dynamical mean-field theory (EDMFT) [38–41], which is an extension
of DMFT, is particularly suitable to solve such problems as the competition between the
exchange interaction and kinetic energy, since conventional many-body theory and DMFT
are inadequate. As we have noted, the DMFT reduces the lattice problem to a self-consistent
Anderson impurity model. The quantum impurity is coupled to a self-consistent fermionic
bath. The local quantum fluctuations are retained and the fermionic bath of the impurity
problem reflects the influence of the rest of the lattice on the impurity site. In this process
the non-local quantum fluctuations are lost since the intersite correlations of the lattice
are neglected.

In the EDMFT, the local quantum fluctuations are treated on the same level as the
intersite quantum fluctuations. This is achieved by reducing the correlated lattice prob-
lem to a novel effective impurity problem corresponding to an Anderson impurity model
with additional self-consistent bosonic baths. These bosonic baths reflect the influence of
the rest of the lattice on the impurity site. As an example, they represent the fluctuating
magnetic fields induced by the intersite spin-exchange interactions in the magnetic case.
The intersite quantum fluctuations are included through self-consistency. The mean-field
equations were derived using the “cavity method” in the earlier work but later “diagram-
matic perturbation method” [40, 41] has been used. Parcollet and Georges [42] have applied
EDMFT in the context of a one-band model. Haule et al. [43] have shown that the increas-
ing exchange reduces the coherence temperature.

Figure 3.12. (a) Low-temperature electrical resistivity of YbRh2Si2 for p � 1.5 GPa. Inset: temperature deriv-
ative of �(T) showing well-defined, second-order-type transitions at Tm and Tl. (b) Pressure dependence of Tm

and Tl measured in three different samples. Reproduced with the permission of the American Physical Society 
from Ref. [36].



3.8.2. Application to Kondo lattice model

Smith and Si [40] have applied EDMFT method to the two-band Kondo lattice model:

(3.31)

where S�i is the impurity spin at site i, and S�ci the spin of conduction (c-) electrons at site
i, tij the hopping integral, and Jij the spin-exchange interaction. In the large D (dimension)
limit, with t0 � tij �D

—
and J0 � Jij �D

—
, they have derived an expression for the impurity

action

(3.32)

where Stop is the Berry-phase of the impurity spin. The Weiss fields G�1
0 and �s, 0

�1 are
determined by the self-consistency equations,

(3.33)

and

(3.34)

Here �s is the spin susceptibility. Smith and Si [40] have also shown that the effective
action can be written in terms of the impurity problem:

(3.35)

where Ek, t, wq and g are determined from the Weiss fields G�1
0 and ��1

s, 0 specified by
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and

(3.37)

In a later paper, Si et al. [44] described the SU(2) Kondo lattice model in terms of the
criticality of an impurity model in a self-consistent medium. They conclude that in 2D and
within EDMFT this model has a quantum-critical point (QCP) which has non-universal
exponents. We shall discuss their theory in more detail in Chapter 4.

In a subsequent paper, Si and co-workers [45] have studied the magnetic quantum
phase transition in an anisotropic Kondo lattice model. They have used EDMFT to treat
the competition between the Kondo and RKKY interactions and have used a QMC
method to solve at very low temperatures. They have also used the Hamiltonian

(3.38)

We note that equation (3.38) is similar to equation (3.31) except that Iij is the Ising-
exchange interactions between the local moments. The chemical potential � has been
chosen by them so that the system is half-filled and all the phases are metallic. At the anti-
ferromagnetic wave vector Q, Iq, the Fourier transform of Iij, is most negative (Iq � �I).

In order to access local quantum-critical point, they have considered two-dimensional
magnetism and the RKKY density of states are of the form

(3.39)

where 
 is Heaviside function. In addition, they have considered �0(�) � �k �(���k).
In order to obtain an order parameter for the transition into an antiferromagnetic state, the
last term in equation (3.38) is separated into its Hartree and normal-ordered parts [39, 40],

(3.40)

where :Sz
i : � Sz

i � �Sz
i �. After some algebra which involves the EDMFT mapping to a

self-consistent model, the first term of HI leads to a coupling of :Sz: at a selected site to
a fluctuating magnetic field. Zhu et al. [45] obtained an expression for the effective impurity
action in the form

(3.41)
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Here Stop describes the Berry phase of the local moment, and hloc, G�1
0,�, and ��1

0 are the
static and dynamic Weiss fields. Their self-consistency conditions are

Here M(�) and ��(�) are the spin- and conduction-electron self-energies:

(3.43)

and mAF � �Sz�imp is the staggered magnetization. The lattice spin susceptibility is [39, 40]

(3.44)

Equation (3.41) can also be written in a Hamiltonian form,

(3.45)

Here Ep,�, wp, and g are defined by

(3.46)

Equation (3.45) describes a local moment coupled to a fermionic bath (Cp�), a dissipative
bosonic bath (�p), and a static field.

Zhu et al. [45] have solved the effective impurity model by using QMC method. The
details of their calculation including canonical transformations of Himp is described in Ref.
[45]. We will briefly discuss a few of their results. Figure 3.13(a) shows the temperature
dependence of the order parameter mAF as a function of temperature at I � 3T 0

K and I �
1.5T 0

K , and antiferromagnetism develops at large RKKY interactions. mAF is non-zero at
TN � 0.29T 0

K and TN � 0.05T 0
K. The jump in mAF at TN suggests that the finite-temperature

magnetic transition is of first order. In Figure 3.13(b), it is seen that �loc(TN) is finite,
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which confirms the first-order transition since, with density of states as in equation
(3.39), � would have been divergent had the transition been of second order.

Figure 3.14(a) shows the Neel temperature (solid dots) and the coherence scale of the
Kondo lattice E*

loc (open diamonds) as a function of I/T 0
K, the ratio of the RKKY interaction

to the bare Kondo scale. Figure 3.14(b) shows the staggered magnetization mAF (solid
dots) as a function of I/T 0

K, at T � 0.011 T 0
K. Since E*

loc characterizes the coherence scale
of the paramagnetic solution, Figure 3.14(a) represents the overall phase diagram which
shows that the finite-temperature transition is of first order.

3.8.3. Application to periodic Anderson model

Sun and Kotliar [46] have used a PAM to study the competition between RKKY and
Kondo interactions in heavy fermion systems. They have focused on the evolution of
the electronic structure at finite temperature and not too close to the phase transition.

Figure 3.13. Temperature dependence of mAF (a) and �loc (b) for the values of RKKY interaction 1/T 0
K � 3.0

(squared curves) and 1.5 (diamond curves). Reproduced with the permission of the American Physical Society 
from Ref. [45].

Figure 3.14. (a) The Neel temperature (solid dots) and E*
loc (open diamonds) as a function of I/T 0

K. (b) The
staggered magnetization mAF as a function of I/T 0

K at T � 0.0117T 0
K. Reproduced with the permission of the 

American Physical Society from Ref. [45].



They have solved the problem using EDMFT and a continuous field Hubbard–Stratonovich
QMC method as an impurity solver [47, 48].

The periodic Anderson Hamiltonian is given by

(3.47)

where Ci�( fi�) is a conduction (localized f) electron of spin � at site i. na
i� � a†

i�ai�, with 
a � c, f, and S f

i,z � nf
i� � nf

i�.
In order to simplify the solution, Sun and Kotliar [46] have introduced an independent

RKKY interaction which can be induced by hybridization of the f electron with either the
c electron or the electrons in the other orbitals which are not included explicitly. They
have considered a short-range exchange of the form Jq� � JRKKY (cos qx � cos qy)/2.
They have taken the dispersion, �k

� � (cos kx � cos ky)/2 for the c band. In order to obtain
the EDMFT equations in the AF phase [1], they have introduced two effective impurity
models. They have used the symmetry that electrons at one impurity site are equivalent
to the electrons on the other with opposite spins. The self-energies of both spins were
included in the self-consistent condition. In the PM phase, the EDMFT equations are
obtained when the self-energies are independent of spin. The Green’s functions and the
self-energies were obtained from the quantum impurity model:

Here G0 and D0 are the dynamical Weiss functions which describe the environment on the
f electrons and their spin. These were obtained from a self-consistent solution of the
EDMFT equations described in detail in Ref. [46]. Sun and Kotliar [46] have used QMC
to solve the impurity problem described in equation (3.48) and then applied the self-
consistent solution. The new dynamical Weiss functions are obtained by successive iteration
until convergence. They have used U � 3.0, V � 0.6, Ef � �0.5, and � � 0.0. They have
measured the energies in terms of the Kondo temperature at zero JRKKY coupling, T 0

K �
1/� 0

K � 1/8.0, which is determined from the position of the peak in the local susceptibility
versus temperature plot (Figure 3.17).

The phase diagram of the PAM as JRKKY and temperature are varied is shown in Figure
3.15. There are two lines, Jc1 and Jc2, between which there are two solutions. There is a
first-order phase transition, the strength of which is reflected in the size of the coexis-
tence region, and is large at high (region I) and low (region II) temperatures. As the tem-
perature is lowered, the transition becomes weaker along Jc1 and stronger along Jc2.

(3.48)
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In Figure 3.16, the inverse quasiparticle residue Z�1, which is proportional to the effec-
tive electron mass, is plotted as a function of JRKKY at T/T 0

K � 1.0. It may be noted that
the effective mass is enhanced as the transition is approached from both sides. The mass
enhancement of the majority carriers is larger than the minority carriers in the AF phase.
In the inset, the extrapolation of the self-energy to zero Matsubara frequency (which is a
measure of the quasiparticle lifetime) is displayed.

In Figure 3.17, the evolution of the magnetic properties as a function of temperature
and JRKKY is studied by plotting the local susceptibility. Following the PM solution, Sun
and Kotliar [46] have made a sweep of the phase diagram from JRKKY � 0 up to the line
Jc2 in Figure 3.15. The position of the Kondo peak moves toward lower temperature while
its height increases by approximately 37%. However, if the EDMFT equations are solved
without forcing any magnetic order, either the AF or the PM solution can appear. When
JRKKY/T 0

K � 2.00, the Neel cusp occurs below the Kondo peak and disappears when JRKKY

further increases, which happens before the Kondo temperature goes to zero.
The EDMFT is a mean-field treatment of the spatial degrees of freedom and breaks

down in the immediate vicinity of the transition. It has proved to be unreliable in the coex-
istence region of the region I of the phase diagram in Figure 3.15. In finite dimensions,
the transition is of second order while EDMFT induces a spurious first-order transition.
The non-Gaussian thermal fluctuations are important in the vicinity of the transition but
they are absent in the EDMFT theory. The existence of EDMFT solution between Jc1 and
Jc2 lines at low temperatures (region II in Figure 3.15) indicates a crossover to a different
regime where non-local effects are important. In addition, the spins in the bath are treated
classically instead of through quantum mechanics. In order to address all the deficiencies
mentioned above, it became necessary to introduce a different extension of DMFT to
treat a cluster of spins in a self-consistent medium [49].

Figure 3.15. EDMFT phase diagram of the PAM. The diamonds and circles are the EDMFT 
results of the phase boundaries. In between the two solid lines connecting Jc1 and Jc2, both the PM and AF solutions

are obtained. Reproduced with the permission of the American Physical Society from Ref. [46].



3.8.4. Two-impurity cluster DMFT

The two-impurity problem, which has the dynamics of both the RKKY and Kondo inter-
actions, had been used to study heavy fermions by Jones and Varma [50] and later by
Affleck et al. [51]. In order to study a lattice of impurities, Sun and Kotliar [52] have

44 Chapter 3. DMFT, EDMFT, and Cluster DMFT

Figure 3.17. Evolution of Kondo peak into the Neel cusp as JRKKY is increased. The EDMFT equations are
solved by forcing the PM order where the symbols are connected by the solid lines. The results with dashed
lines are obtained without any constraint. The inset shows the behavior around the Kondo peak with the same 

symbol scheme. Reproduced with the permission of the American Physical Society from Ref. [46].

Figure 3.16. Evolution of the inverse quasiparticle residue Z�1 as a function of JRKKY at T/T 0
K � 1.0. In the

calculation, the majority spin is spin-up. The majority spin band in the AF phase is more strongly renormalized.
The extrapolation of the f-electron self-energy to zero Matsubara frequency is plotted in the inset. Reproduced 

with the permission of the American Physical Society from Ref. [46].
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combined DMFT with the two-impurity model. In the process, the RKKY and Kondo
interactions are treated in a balanced way.

They have considered the PAM in three dimensions,

They have taken �k
� � �1/3�3

i�1 cos ki and divided the lattice into two interpenetrat-
ing sublattices, A and B, so that the unit cell is doubled. By applying the cavity method
[1], they have derived an expression for the local action:

The impurity Green’s function has been obtained by using QMC method and the Weiss
function G f

0� is determined self-consistently, which has been described in detail in Ref. [52].
Sun and Kotliar [52] have studied the phase diagram of temperature versus V at Ef �

– 0.15 and U � 1.2. In order to avoid crossing the band gap, they have changed the chem-
ical potential � along with V such that the free (U � 0) particle density per site at T � 0
is fixed at NFree

tot � 2.5423. They have studied the PM and AFM phases and the transition
between them. In Figure 3.18, the phase diagram has been plotted. The crossover temper-
ature T0 was obtained by them by using the saturated static spin susceptibility �(k

�
� 0, i0) �

C/T0 at low temperatures (they have used C � 1/2). The inset of Figure 3.18 shows the
saturation behavior.

In Figure 3.19, the local, �AA(i0) and the nearest-neighbor, �AB(i0), spin susceptibilities
have been plotted as a function of V. �AB(i0) changes sign as V increases due to the evolu-
tion of the RKKY correlation from being AFM to FM. In this process, the mediating con-
duction electrons change from those near the Fermi surface to the band bottom. �AA(i0)
continues to be positive and becomes strong in the crossover regime. Extrapolating this to
T � 0, at the QCP, �AB(i0) �0 and �AA(i0) becomes critical.

In Figure 3.20, the evolution of the spatial correlation in the spin responses is plotted
which indicates that the spin fluctuations are local in space up to T � 0.1 for V � 0.26 and
T � 0.2 for V � 0.50. The FM susceptibility becomes dominant at lower temperatures, which
has been observed experimentally in YbRh2Si2 [53, 54]. In addition, the logarithmic tem-
perature dependence of � as shown in Figure 3.20 has been observed in many heavy fermion
systems [35].
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Figure 3.18. The phase diagram calculated by Sun and Kotliar. TN(V ) and T0(V ) do not cross at the lowest
temperatures reached by them. The inset shows the low-temperature saturation of static spin susceptibility

� at V � 0.28. Reproduced with the permission of the American Physical Society from Ref. [52].

Figure 3.19. �AA(i0) and �AB(i0) versus V at � � 120. �AB has been multiplied by the local coordination number
to reflect its contribution to the lattice spin susceptibility. Reproduced with the permission of the American Physical

Society from Ref. [52].

3.9. Quantum cluster theories

We shall briefly discuss the quantum cluster theories which reduce the complexity of the
infinite lattice problem by mapping it to a cluster with a few spatial degrees of freedom.
These approaches might be applied to heavy fermion systems in the future. The quantum
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cluster theories are non-perturbative and by increasing the cluster size, they provide
additional information on finite-size simulations. Since the lattice problem is mapped to
a finite cluster, the short-ranged correlations within the cluster are described accurately
while the long-ranged physics is obtained in a mean-field level. An excellent review of the
quantum cluster theories have recently been published in Ref. [55].

There are three quantum cluster approaches used to solve many-particle systems. The
cluster perturbation theory (CPT) maps the problem to an isolated finite-size cluster. By
combining it with the self-energy functional approach, the CPT can be used to study the
instabilities of broken-symmetry phases. The dynamical cluster approximation (DCA)
maps the lattice to an embedded cluster in reciprocal space. One obtains a self-consistent

Figure 3.20. The static spin susceptibilities as functions of temperature at (a) V � 0.26 and (b) V � 0.5. The fittings
are given by �(T) � 7.399ln(0.253/T) in (a) and �(T) � 1.314ln(1.218/T) in (b). Reproduced with the permission

of the American Physical Society from Ref. [52].



theory with a single-particle coupling between the cluster and the host. The DCA cluster
preserves the translational symmetries of the lattice since it has periodic boundary con-
ditions. The cellular dynamical mean-field theory (CDMFT) is a direct generalization of
DMFT to a cluster in real space. This approach leads to a cluster with open boundary
conditions which violate translational symmetries. An excellent review of CDMFT
approach to Mottness has recently been published in Ref. [56].

A large number of methods used to solve DMFT problems (briefly discussed in the
beginning of this chapter) are, in principle, available for the study of effective cluster
models. However, with the increase of cluster size, the complexity of the solution
increases rapidly.
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Chapter 4

Fermi-Liquid, Heavy Fermi-Liquid,
and Non-Fermi-Liquid Models

4.1. Fermi-liquid theory of Landau

Landau’s Fermi-liquid theory [1] was originally developed to explain the properties of
liquid 3He but has been applied extensively to explain the ground-state properties of
electrons in metals. Since the electron–electron interactions are strong in metals, Landau
referred to these interacting electrons as quasiparticles. He referred as “normal Fermi sys-
tem” to those systems of interacting particles obeying Fermi–Dirac statistics, for which the
quasiparticle representation is valid. In fact, by using Green’s function methods, Landau
showed that to all orders of perturbation theory in the interaction, every interacting Fermi
system is normal. Thus, in a sense, there is a one-to-one correspondence between the free
electrons (Fermi gas) and the strongly interacting electrons in metals (Fermi liquid).

Varma et al. [27b] have recently summarized the essential difference between non-
interacting fermions and an interacting Fermi liquid from a microscopic perspective.
The momentum states 
k� are eigenstates of the Hamiltonian of the free fermions with
eigenvalue �k � h2k2/8
2m. The thermal distribution function n0

k� is given by the
Fermi–Dirac distribution function, where � denotes the Fermi level. At T � 0, all
states are occupied within the Fermi sphere and the distribution is 1 which jumps to zero
at 
k
 � kF, and the energy is equal to the chemical potential. This is shown in Figure 4.1.

When a particle is added to an interacting system of fermions, the added particle
(assuming a repulsive interaction) will kick particles from below the Fermi surface to
above. In Figure 4.2, a schematic illustration of the perturbative expansion of the
change of wave function as a result of the addition of an electron to the Fermi sea due
to interactions with the particles in the Fermi sea is shown.

The temperature dependence of some physically observable quantities at very low
temperatures is predicted by Landau’s Fermi-liquid model. For example, the ratio of
specific heat C divided by temperature T, (C/T ), is approximately a constant. The mag-
netic susceptibility � becomes independent of temperature, and the electrical resistivity
� � �0 � AT 2. As T � 0, if the electron interactions are short ranged in both space and
time and become temperature independent, the correct description of the low-temperature
parameters of metals can be done through the Fermi-liquid model.

Landau’s Fermi-liquid theory can essentially be summarized as follows.
One defines

(4.1)� � � �n n n( , ) ( , ) ( , ),k k k� � 0
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where n0(k, �) is the equilibrium distribution function and n(k, �) the quasiparticle dis-
tribution function. The deviation of the Gibbs free energy from its ground-state value is
written as a function of �n(k, �),

(4.2)

The function fkk�,��� has symmetric ( f s) and antisymmetric ( f a) parts since it depends on
spin. In addition, fkk�,��� depends on momenta and for the low-energy and long-wavelength
phenomena, only k � kF has a role. f would depend on the relative angle between k and
k� and can be expanded in terms of the Legendre polynomials Pl(x). Thus, one obtains

(4.3)

where N(0) is the density of states (DOS) at the Fermi energy. One can relate the lowest order
Landau coefficients to the thermodynamic quantities Cv (specific heat), � (compressibility),
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Figure 4.1. Bare-particle distribution at T � 0 for a spin direction in a translationally invariant Fermi system
with interactions (full line) and without interactions (dashed line). Reproduced with the permission of Elsevier 

from Ref. [27b].

Figure 4.2. Schematic illustration of the perturbative expansion of the change of wavefunction as a result of
the addition of an electron to the Fermi sea due to interactions with the particles in the Fermi sea. Reproduced 

with the permission of Elsevier from Ref. [27b].
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and � (susceptibility) as follows:

(4.4)

where m* is the effective mass.

4.2. Fermi-liquid model for Kondo-lattice systems

I shall first describe a Fermi-liquid model for Kondo-lattice systems derived by Misra and
Callaway [17]. The ground state of a Kondo ion is a singlet, and renormalization group
analysis and exact solution [2–7] suggest that a renormalized resonant level (RL) is a
good description of the low-energy behavior of such a system. The RL is characterized
by an effective width �* and an effective f-level position Ef*. It describes a renormalized
f state with 2J � 1 � N scattering channels, each with a specified azimuthal quantum
number [8] mj. In the Kondo regime, �* � D exp(�

Ef
/N�) for �Ef �� N�. Here �
and Ef are the bare hybridization width and f-level position and 2D the bandwidth.

The energy scale for lattice coherence effects in a Kondo lattice is smaller than
the Kondo temperature. In a Kondo lattice, the contribution to the free energy from
intersite coherence effects are of higher order in 1/N than intrasite effects [9–11].
Razahfimandimby et al. [12] and d’Ambrumenil and Fulde [13] have assumed that the
scattering at each Kondo site for a Kondo lattice can be described by a phase shift

(4.5)

where � and �� denote the spin-orbital states of the localized f level, TK is the Kondo tem-
perature, and �(�) is fixed by the valence of the Kondo ion and by using the Friedel sum
rule. Requiring that the scattering of the lattice at T � 0 (�n�� � 0) is coherent leads to
the KKRZ equations [14] whose solutions near � and EK correspond to energies of sin-
gle quasiparticle excitations. Two quasiparticles interact when one “senses” the virtual
polarization of a Kondo ion induced by another. This interaction is characterized by the
parameters ����. Pettifor [15] and Razahfimandimby et al. [12] cast their results in a
hybridization model by using the well-known results from the theory of transition metals
developed by Heine [16]. However, they assumed that the additional phase shift caused
by the Kondo ions is of s electrons instead of f electrons, thereby neglecting spin-orbit
effects which are important for heavy fermions.

I present an outline of a Fermi-liquid theory derived by us [17] for some Kondo-lattice
systems in which spin-orbit effects are specifically included. Zou and Anderson [18]
have also formulated a Fermi-liquid model by using a similar technique. However, our
theory is more general and has several advantages, which are discussed in Ref. [17]. We
have assumed the ground state of the Kondo lattice to be single-ion Kondo singlets built
coherently into the lattice (CeCu2Si2, CeAl3, etc.). In cerium systems, only the l � 3
phase shift is important. The spin-orbit splitting between J � 5/2 and 7/2 is much larger
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than �*, and therefore �3(�) is large in the J � 5/2 state. It is easy to show, by using a
procedure similar to the KKRZ method and including spin-orbit effects, that the band
structure is obtained from

(4.6)

Here

(4.7)

and kn � k � Gn, K � (2mE)1/2, � is the volume of the unit cell, s is the spin index, the
C is Clebsch-Gordon coefficient, det||U|| means the determinant of matrix U. Also,

l � 
 j � l � �
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2

� (
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) � cot �l(
) � ,

where jl(x) and �l(x) are the spherical Bessel functions. We redefine

(4.8)

It may be noted that � is proportional to �*/(Ef � E) and is strongly energy-dependent.
There is a singularity at resonance which can be tamed by a transformation in which RLs
are added as basis states.

The Bloch states are constructed as

(4.9)
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In equation (4.9), �
(r) is the radial part of the exact solution of the Schrodinger
equation within one Wigner-size cell for a given scattering potential with eigenvalue E
but for r � R, the � decays into plane wave states. One can easily show that

(4.12)

The determinant in equation (4.6) can be transformed by using equation (4.9) and the
integral formula for phase shift by adapting a technique used for transition metals by
Heine [16]. One obtains

(4.13)

where U is a matrix with a non-vanishing determinant, Wkns�kns�� the pseudopotential, and
s the spin index. The hybridization form factors �3,5/2

ks,kns� and �3,7/2
ks,kns�, are given by

(4.14)

and

(4.15)

where

(4.16)

(4.17)

I is an identity matrix and � the Pauli spin matrix. It may be noted that the hybridiza-
tion potential, which is obtained by multiplying the structure factor by the form factor,
includes the spin-orbit coupling and mixes the dispersionless resonance states with
extended states of all Brillouin zones.
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Equation (4.13) can be considered as the secular equation of a hybridization
Hamiltonian of the form

(4.18)

Here �n(k) is the energy of the nth Brillouin zone obtained by diagonalizing the Hamiltonian
containing the kinetic energy term and the corresponding spin-orbit pseudopotential term
(including l � 3), �J

ks,kns� are the hybridization potentials derived by us, and Ckns (C�kns) and
fksJ (f �ksJ) are the usual fermion operators. The energy EfJ is dispersionless but the
hybridization term mixes the localized states with the extended states of all Brillouin
zones. The Hamiltonian (4.18) can be transformed into one with one extended band only
by a projection method suggested by Heine [16]. If this procedure is adopted, one obtains
the hybridization of one conduction band with localized states which have dispersion in
their energy and one obtains a periodic Anderson Hamiltonian in which spin-orbit effects
are explicitly included.

One can use degenerate perturbation theory to construct Bloch functions which are
eigenfunctions of the Hamiltonian in equation (4.18). These functions have been used to
evaluate the momentum and spin-matrix elements which occur in the general expressions
for spin magnetic susceptibility (�s) of Misra et al. [19]. One obtains

(4.19)

The momentum and spin-matrix elements have also been used to calculate the Knight
shift (Ks) [20]. One obtains

(4.20)

In equations (4.19) and (4.20), an(k), bn(k), and �(k) are complicated functions of k
and the other symbols have their usual meanings. It is evident that the Knight shift Ks

is not directly proportional to the spin susceptibility �s, a result which is well known
for Kondo-lattice systems. In view of the fact that for metals the Knight shift is pro-
portional to the Pauli spin susceptibility, such deviation for Kondo-lattice systems had
baffled physicists.
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4.3. Heavy Fermi liquids

In fact, there are a number of universal features associated with the coherent Fermi-liquid
state in heavy fermion systems. They can be summarized as follows.

(i) The dimensionless Wilson ratio R � ��(0)/gJ
2J(J � 1)�B

2 ����(0)/
2kB
2� is close to the

value of unity [21].
(ii) The specific heat [22] Cv has a rapid downturn with increasing temperature which

has been fit to a function of the form T 3lnT.
(iii) The resistivity [23, 24] � is proportional to T 2.
(iv) The low-T susceptibility [24, 25] �T also appears to vary as T 2.

In addition, the evidence of universal behavior of heavy fermions is the observation of
Kadowaki and Woods [23] that �/T 2 � A is the same multiple of � 2 for essentially all
materials.

A large number of the heavy fermion systems become heavy Fermi liquids at low tem-
peratures in the sense that Landau’s Fermi-liquid theory is still adequate to describe the
physics provided the large effective mass is included. In the Fermi-liquid theory [26], the
specific heat enhancement Cv/Cv0 is related, at low temperatures, to the quasiparticle
DOS at the Fermi surface. This is equivalent to an average Fermi velocity or to that of an
average mass. In view of the above, the effective mass is defined as [27]

(4.21)

Here, it is important to comment on the physical interpretation of the quasiparticles.
The f electrons are supposed to be hopping from site to site. There are a large number of
f electrons and the Luttinger theorem requires the Fermi surface to contain the total num-
ber of states and not a volume containing the mobile holes in the f band. The f electrons
have very large mass due to the weak effective hybridization. Thus, the quasiparticles are
essentially f electrons and the quasiparticle bands are f bands which have moved upto the
Fermi energy and have been narrowed by correlation. The heavy Fermi liquid arises due
to the Kondo screening of the localized moments at each lattice site. In a sense, the local-
ized moments “dissolve” into the Fermi sea.

Several authors [27–31] have contributed to the development of the heavy Fermi-liquid
theory. In this review, we shall summarize the heavy Fermi-liquid model of Auerbach and
Levin [30]. The objective of their work was to derive a consistent Fermi-liquid descrip-
tion of the Kondo lattice with 1/N Kondo-boson (KB) approach as the basis. They have
computed the Landau parameters and associated vertex functions and related these to
R, �, Cv, and �. They have studied the Coqblin–Schrieffer lattice (CSL) which is the
Kondo limit of the large-U Fano-Anderson lattice in which the f electrons have vanishingly
small charge fluctuations. It has already been shown [32–35] that the same Lagrangian
describes the lattice model away from that limit provided one includes the f-charge
susceptibility. The partition function is given by (h � 1)
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(4.23)

Here, Ci,m and fi,m are Grassmann variables of an electron at site ri and magnetic quan-
tum number m, �m� 
 (N � 1)/2, in the conduction band (of dispersion in �k) and the
dispersionless f band, respectively. The antiferromagnetic Kondo-interaction energy is
given by J. The integration over 
i(�) imposes the local constraint of the f charge con-
servation, nf � Q0, at all times and sites. Q0 has been kept as a fixed parameter in order
to define a true N-independent mean-field theory [34, 35]. In the radial gauge, one
defines the magnitude ri and phase �i of the boson field at lattice site i as bi(�) � rie

i�i. This
can be introduced by a  Hubbard–Stratonovich transformation which allows one to inte-
grate out the fermions and evaluate the ZCSL by steepest descents [32–35]. We note that
the radial gauge suffers from the disadvantage that a functional integral formulation of
the theory must be used.

After considerable algebra, Auerbach and Levin [30] have derived expressions for the
quasiparticle self-energy � and vertex function � to leading order in 1/N by functionally
differentiating ZCSL with respect to source currents. The quasiparticles interact via the
exchange of a single Kondo-boson propagator as shown in Figure 4.3. The details of 
the derivations are described in Ref. [30]. Their expression for � can be written as 
� � �dir � �exch.

Using these expressions, considering the � � 0 limit of � evaluated on the Fermi sur-
face (Ek � Ek� � �) and projecting it onto Legendre polynomials, Pl, they have derived
expressions for the Landau scattering amplitudes {Al

s,a}.

(4.24)
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Figure 4.3. The self-energy � and vertex function � to leading order in 1/N, which involves a single Kondo-
boson (wavy line) exchange. The two terms � dir and � exch are shown in the diagram. Reproduced with the 

permission of the American Physical Society from Ref. [30].
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where TK
�1 is the Fermi-level DOS and kF the Fermi wave vector (�F � �0). In this Fermi-

liquid theory, the “bare particles” are the heavy mean-field quasiparticles. Auerbach
and Levin [30] have numerically evaluated {As,a} by using a parabolic band structure
��(k) � 
k2

 and obtained the following results for l � 0,1 parameters.

(4.26)

In the Fermi-liquid theory of Landau, the Wilson ratio R � 1 � A0
a which can be cal-

culated from equation (4.22). Auerbach and Levin have also obtained expressions for the
susceptibility � and for �, the coefficient of the linear term in specific heat.

(4.27)

where

(4.28)

Here, g is the electron magnetic moment. It may be noted that the terms in equation
(4.27) are known as Fermi-liquid identities related to Ward identities of spin and charge
conservation.

By following an analysis similar to that of Engelsberg and co-workers and Riedel
[38–40], Auerbach and Levin [30] have shown that, in addition to the correction to �,
there exists a specific heat correction �Cv analogous to the paramagnon T 3lnT contri-
bution to liquid 3He. They have derived

(4.29)

where T�K � Q0TK.
Finally, Auerbach and Levin have calculated the expression for resistivity, �, by following

an analogous paramagnon calculation [41]. They have derived

(4.30)

where �max�h/e2kFN 2. Here, T
–

K is the coherence energy scale and Q0 a key parameter
which determines the l � 0 Landau parameters, and 
 is of the order of unity.

Nozieres [42] had pointed out that while magnetic moments can still be screened
locally for temperatures lower than the single-impurity Kondo scale TK, the formation of
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a Fermi-liquid regime is a global phenomenon requiring coherence over the whole
lattice. This could be associated with a much lower coherence temperature T*. However,
in the limit of low concentration (nc �� 1) the coherence problem becomes important
since only a few conduction electrons are available to screen the local spins. In this
“exhaustion” regime, either magnetic ordering wins over Kondo screening or a paramag-
netic Fermi-liquid state is formed with a much suppressed coherence scale T* �� TK.
Nozieres [43] had later suggested that T* � ncD (where D is half the bandwidth) for
strong coupling (JK/D �� 1, where TK � JK), while T* � TK

2/D for weak coupling (JK �� D),
but the latter assumption was considered unlikely by other authors.

Burdin et al. [44] have derived expressions for TK and T* using the slave boson
approach in the form of a controlled large-N solution of the Kondo-lattice model in the
weak-coupling regime. They have obtained

(4.31)

where

(4.32)

and �F is the non-interacting Fermi level given by

(4.33)

This expression is valid for an even DOS �0(��) ��0(�) which vanishes outside the
interval –D � � � D.

At the low-temperature limit T �� TK, Burdin et al. [44] have derived an analytical
expression for T* � r2 (T � 0)/D (where r is the boson condensation amplitude) in the
weak-coupling limit, which is valid for a general DOS and arbitrary density nc:

(4.34)

where

(4.35)F n
d

D

*( ) exp
( ) ( )

( )
,

( )

c
F F

F
F

F

�
� �

� �

�
�
�

� � �
�

0 0

0

� �
�

�

�

∫
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

T De
D D

F nJ* *� �
��1 0 1/ ( ) ( ),K F F F

c
� � � �⎛

⎝⎜
⎞
⎠⎟

n
d

D

c
F

2 0�

�

� �
�

� ( ).∫

F n
d

D

D

K c
F F

F
F

F

( ) exp
( ) ( )

( )
,

( )

�
� �

� �

�
�
�

� � �
�

�

�
� �

�∫
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

0 0

02

T De
D

F nJk
K

F
K c

F� ��1
2

0 1/ ( ) ( ),� � �⎛
⎝⎜

⎞
⎠⎟

60 Chapter 4. Fermi-Liquid, Heavy Fermi-Liquid, and Non-Fermi-Liquid Models



4.3. Heavy Fermi liquids 61

��F � �F
� � �F, and �F

� the non-interacting value of the Fermi level corresponding to
(nc � 1)/2 fermions per spin color. Thus, two different energy scales are relevant for the
Kondo-lattice model: TK is associated with the local Kondo screening and T* is associ-
ated with Fermi-liquid coherence and the properties of physical quantities at T � 0. It can
be shown that in the exhaustion limit (nc �� 1), T* �� TK, a result which is in qualitative
agreement with Nozieres [43], but not his estimate T*/TK � TK/D.

In Figure 4.4(a), Burdin et al. [44] have plotted the temperature dependence of the
entropy. At low temperatures, for nc 
 1, S(T) � 
T. The slope 
 � �(0) decreases with
increasing density as does the temperature TF* scale up to which S(T) is linear. TF* is of the
order of T*(��TK) at low nc, while TF

* � TK/ 
ln(1 � nc)
 �� TK � T* for nc � 1. For
nc � 1, TF* is a better estimate of the coherence scale than T*. The variation of specific
heat C(T) with temperature is shown in Figure 4.4(b). C(T) has a two-peak structure: the
peak at TK shows the onset of Kondo screening. The second peak, at TF*, signals the Fermi-
liquid heavy fermion regime. As nc increases, weight is gradually transferred to the high-
temperature peak until the low-temperature peak disappears in the Kondo-insulator limit.

We shall now summarize the concepts of the various heavy Fermi-liquid models
[27–31] by following the elegant but brief review of Senthil et al. [45]. The Kondo-lattice
model can be written as

(4.36)

Here nc is the density of conduction electrons with dispersion �k, C�k� and Ck� are
the creation and annihilation operators of conduction states, k the momentum, and 
� � �,� is a spin index. The conduction electrons interact with f electron spins Sr

H C C
J

C Ck k k

k

k
r

r

r rK � � �� �� � � �� �
† †∑ ∑ ′ ′2

S .

Figure 4.4. Entropy (a) and specific heat (b) for the lattice model for several values of density. JK/D � 0.75. 
Reproduced with the permission of the American Physical Society from Ref. [44].



via antiferromagnetic Kondo-exchange coupling constant JK. Here r is a lattice posi-
tion and � are the Pauli spin matrices.

In the heavy fermion liquid models [27–31], the charge of the fr� electrons is fully
localized on the rare earth sites. These electrons occupy a flat dispersionless band
shown in Figure 4.5(a). Since this band is half-filled, it is placed at the Fermi level. The
Cr� electrons occupy their own conduction band. The Kondo exchange turns on a small
hybridization between these two bands. The hybridization can be represented by a
bosonic operator:

(4.37)

Since �br� is non-zero, renormalized bands are formed (Figure 4.5(b)) due to the mix-
ture of the two bands.

Since the f band was initially dispersionless, the renormalized bands do not overlap.
One now applies the Fermi surface sum rule by Luttinger [46], also known as the
Luttinger theorem. According to Luttinger, the volume enclosed by the Fermi surface is
entirely determined by only the electron density. The volume is independent of the
type and strength of an interaction, if the system remains a Fermi liquid and no phase
transition occurs. Using this theorem leads to the conclusion that the occupied states are
entirely within the lower band, and a single Fermi surface is obtained within wave vector kF.
The volume within kF is obtained by the total density of f and c electrons. The Fermi sur-
face is in a region (Figure 4.5) where the electrons primarily have an f character and the
band is flat. According to this model, this accounts for the large effective mass of the
fermionic quasiparticles.

b C fr r r� � �
�

†∑ .
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Figure 4.5. A completely flat f electron “band” (dashed line in (a)) mixes with the conduction electrons to
obtain the renormalized bands in (b). The single Fermi surface at kF in the Fermi liquid state contains states
whose wave number equals the sum of the c and f electrons. Reproduced with the permission of Elsevier 

from Ref. [45].
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Since the charge fluctuations are quenched at the f electron sites, every rare earth site
has a constraint

(4.38)

which is obeyed at each rare earth site. This implies that the theory is invariant under the
space-time dependent U(1) gauge transformation

(4.39)

where � is imaginary time. This invariance leads to the emergence of a dynamical compact
U(1) gauge field A�, where � is space-time index and A� � A� � 2
. It may be noted that
the bosonic field b in equation (4.19) also carries a U(1) gauge charge. The b field is 
condensed in the heavy Fermi-liquid state. In this state, the U(1) gauge theory can be
considered to be in a “Higgs phase”. The A� fluctuations are quenched and are relatively
innocuous in the heavy Fermi-liquid state.

4.4. Non-Fermi-liquid behavior in f electron metals

In 1991, Seaman et al. [47] discovered non-Fermi-liquid (NFL) behavior in the Kondo
alloy Y1�xUxPd3. Their experimental result, particularly for x � 0.2, has led to intense
theoretical and experimental activity in the general area of NFL behavior in d- and f-electron
metals. Many alloys, which exhibit NFL behavior, have been experimentally fabricated.
In fact, there are more than 50 materials which exhibit NFL behavior. Several theories
have been proposed but there is yet no consensus about whether any particular theory
explains the wide range of NFL properties. The divergent theories include disorder
causing incomplete screening of local moments, nearness to a magnetic instability in the
phase diagram, or overcompensation of local moments. The only consensus on the
Y1�xUxPd3 results is that it is a system with electron–electron interactions that are too
strong to permit entry into the Fermi-liquid ground state at low temperatures. The semi-
nal experimental results of Seaman et al. [47], particularly for Y0.8U0.2Pd3, are shown in
Figures 4.6–4.8. An excellent and extensive review in this rapidly expanding field has
recently been published by Stewart [48].

Figure 4.6 shows � versus ln(T ) below 300 K for Y0.8U0.2Pd3. The background contri-
bution of YPd3 is negligible below 100 K. Above 80 K, �(T ) is linear in –ln(T ) which is
consistent with single-ion Kondo scattering of conduction states off localized U 5f states.
Seaman et al. [47] have plotted the data as ln(1 � �/�0) versus ln(T) which, using �0 �
357.70 � 0.05 �� cm, yields a straight line below �20 K (inset). Linear least squares fit
for 0.2 
 T 
 20 K yielded �/�0 � 1 � (T/T0)

n, where n � 1.13 � 0.04 and T0 � 180 �
20 K. In case of single channel, spin-1/2 magnetic Kondo effect, one would expect
exclusively T 2 resistivity saturation below 20 K.

In Figure 4.7, �C(T)/T versus ln(T) has been plotted for Y0.8U0.2Pd3. The data are linear
in –ln(T) from about 0.8 to 20 K. The solid line represents a linear least squares fit of the
�C(T)/T versus ln(T) data which gives a slope of �0.0500(2) J/mol U K2 and an intercept
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Figure 4.7. �C(T )/T versus lnT for Y0.8U0.2Pd3. The solid line represents a least-square fit of the data by the
form –(0.25/TK)ln(T/(0.41TK) � b. From the slope, one obtains TK � 42 K and b � 61 mJ/mol K2 which
likely arises from a Schottky anomaly. Reproduced with the permission of the American Physical Society 

from Ref. [47].

Figure 4.6. Temperature dependence of the electrical resistivity �(T ) of Y0.8U0.2Pd3. The data follow –lnT
behavior, indicative of the Kondo effect, above about 80 K and saturate below �20 K (inset) with power-law
behavior �/�0 � 1� (T/T0)

n, with best fit using �(0) � 357.7 �� cm, n � 1.13, and T0 � 180 K. Reproduced 
with the permission of the American Physical Society from Ref. [47].
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of about 55 K. Below 0.8 K, the samples exhibit an upturn which is responsible for the devi-
ation from the ln(T) behavior. The above data seem to be consistent with the properties of a
two-channel S � 1/2 Kondo model [49]. The above results show that the low-temperature
slope with respect to ln(T) has the universal value [50] (1/R)d(�C/T)/dlnT � �0.251/TK.
Applying this formula to Figure 4.7 yields TK � 42 K. Using this value of Kondo tempera-
ture, the low-temperature power-law behavior of resistivity of Figure 4.6 has the form
�(T)/�(0) �1 � [T/(4.3 � 0.5) TK]1.13�0.04.

The entropy �S(T) � �S(0) versus T is shown in Figure 4.8. For 0.3 
 x 
 0.5, the
�S(T) � �S(0) curves converge for entropy values �Rln(2) and temperatures �20 K,
above TSG in each case. The spin-glass freezing removes entropy from doublet ground
states and the rise above 20 K is due to a Schottky anomaly arising from excited crystal-
field levels. It is obvious that for x � 0.2, �S(T ) � �S(0) has a different character than
the higher concentration data. The entropy below 20 K is much lower than Rln(2) which
suggests that the ground-state degeneracy is not lifted. The solid line through the x � 0.2
data represents the integrated fit of the �C(T )/T data plus (R/2)ln(2) for the offset curve.
The extrapolated curve appears to saturate to Rln(2).

The NFL behavior in d- and f-electron systems was originally discovered for doped
systems. However, there are a variety of ways in which such behavior can be achieved.
In some doped systems, doping can cause NFL behavior far from antiferromagnetism.
In some other systems, doping either suppresses the Neel temperature becoming zero
(TN � 0) or is about to induce antiferromagnetism. Surprisingly, in some other doped
systems, antiferromagnetism coexists with NFL behavior. Finally, in some systems,

Figure 4.8. Temperature dependence of the added electronic entropy per U, �S(T ) – �S(0), versus T for
Y1�xUxPd3. For 0.3 
 x 
 0.5, �S(T) converges to �Rln(2) near �20 K, suggestive of freezing out of a dou-
blet ground state. For x � 0.2, �S(T) – �S(0) is greatly reduced with apparent saturation to (R/2)ln(2), sugges-
tive of a ground state entropy of the same value (offset curve). The upturn above 20 K is likely due to an excited
state Schottky anomaly. The solid line through the x � 0.2 data was obtained from the fit of Figure 4.4. 

Reproduced with the permission of the American Physical Society from Ref. [47].



doping either suppresses a ferromagnetic ordering temperature, Tc � 0, or at a higher
concentration causes ferromagnetic ordering. Subsequently, such NFL behavior was
discovered for some undoped systems.

4.5. The quadrupolar Kondo model

The first theoretical explanation of NFL behavior of Y0.8U0.2Pd3 was given by Cox based
on the two-channel Kondo model [49]. This is also known as the quadrupolar Kondo
model [50]. The multichannel Kondo model for a single impurity was introduced by
Nozieres and Blandin [51]. The Hamiltonian for the model is described by

(4.40)

where J is the antiferromagnetic coupling constant which couples the conduction states
to the impurity spin S

�
, �� are the Pauli matrices, and m denotes the orbital “channels” or

the degrees of freedom. The spins of the conduction electrons near the impurity are
bound together to compensate the impurity spin.

The multichannel Kondo model has been solved exactly [52–54] for dilute impurities.
The following three relations between n, the orbital degrees of freedom, and the impurity
spin S describe the physics of the system. When n � 2S, the conduction electron chan-
nels compensate the impurity spin which gives rise to normal Fermi-liquid behavior and
for n � 1 and S � 1/2, this is the Kondo problem. When n � 2S, the impurity spin is not
compensated as there are not enough conduction electrons degrees of freedom to form a
singlet ground state. When n � 2S, the impurity spin is overcompensated, and when the
temperature and external field � 0, critical behavior sets in and the system become a non-
Fermi liquid. The two-channel model describes the case when n � 2 and S � 1/2.

Cox [49] had originally used the two-channel Kondo model to explain the difference
in magnetic response between UBe13 and CeCu2Si2. His argument was that both UBe13

and CeCu2Si2 are superconductors with identical Cel curves from 1 to 10 K, and corre-
sponding effective Fermi temperatures of about 10 K. The resistivities of the two mate-
rials are very similar, but they differ substantially in their magnetic response. Up to 10 T,
Cel(T ) is nearly field independent for UBe13 [55] while it drops by 20% for CeCu2Si2

[48]. The magnetic neutron-scattering cross section of UBe13 has a quasielastic peak at
15 meV [56], while the corresponding peak for CeCu2Si2 is only 1 meV [57]. Cox
assumed that the model U site has the following features. (i) A stable 5f2, J � 4 Hund’s
rule ground state within the LS coupling scheme is assumed at a site of cubic symmetry
(later he extended this argument to tetragonal and hexagonal symmetry [58]). (ii) The
crystal-field split J � 4 multiplet has a ground-state �3 non-magnetic doublet at energy �f.
(iii) Only a �4 triplet excited level is retained within the J � 4 multiplet, at energy
�f � �. (iv) A 5f1 configuration lies above the �3 level by 
�f 
 and all other configurations
are neglected.

The Kondo effect is incorporated into this model by hybridizing the 5f electrons with the
conduction electron states and considering virtual excitations into the 5f1 configuration.
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The non-magnetic ground state has an electric crystalline field quadrupolar moment
from which the name “quadrupolar Kondo effect” is derived. Figure 4.9 shows the basic
picture of the states of an impurity lanthanide/actinide ion and conduction electrons
required to achieve a two-channel Kondo model description of low-energy-scale physics.

The two-channel (or quadrupolar) Kondo model developed by Cox and co-workers is
a very simple model which explains some but not all of the properties of the NFL sys-
tems. For example, the non-linear susceptibility measurements in UBe13 [59] contradict
the results of quadrupolar Kondo model. However, this theory can be easily applied to
various systems and has the ability to predict some results. Yet there is a need for micro-
scopic theories which has led to the development of some elegant theories such as
quantum-critical point (QCP) or quantum phase transitions (QPT). We shall briefly dis-
cuss these elegant models.

4.6. Quantum-critical point theories

The NFL state in many systems is linked to a magnetic instability which arises at T � 0
since NFL behavior in those systems is found near a magnetically ordered phase. Many
authors have theoretically considered the transport and thermodynamics properties in
the special case of a QPT (for an overview of QPT, see Ref. [60]). A QPT is driven by
a control parameter other than temperature (in contrast to classical phase transitions),
i.e., magnetic field, pressure, or doping at T � 0. In the path-integral formulation, a
d-dimensional quantum system can be viewed as a (d � z)-dimensional classical sys-
tem, where z is the scaling exponent for the dynamics. The QCP in the phase diagram
relies on the findings of the scaling behavior since the experimental results can be
obtained only for T 
 0. There are several QCP models for NFL behavior of heavy
fermion systems. These models can be grouped into two categories, elegantly shown in
Figure 4.10 by Coleman [61]. In the “weak-coupling approach”, the instability is
approached from the Fermi-liquid side and the QCP is treated as a magnetic instability
of the Fermi surface. The magnetic instability develops in momentum space; NFL
behavior is driven by the infinitely long-range and retarded interactions which develop
between the quasiparticles at the QCP. In the “strong-coupling approach”, the instability
is approached from the magnetic side, where local magnetic moments exist. The local-
moment system loses its magnetism once the single-ion Kondo temperature is large

Figure 4.9. Energy level scheme for the U4� ions (energy runs vertically). Two configurations are kept for sim-
plicity. The same physics will ensue so long as f 3 has the lowest doublet level. Reproduced with the permission 

of Elsevier from Ref. [58].
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enough to develop a dense Kondo effect. In this process, quasiparticles in the Fermi liquid
are composite bound states formed in real space between conduction electrons and
local moments. At the critical point, the bound states which characterize the Kondo lattice
disintegrate to reveal an underlying lattice of ordered magnetic moments.

4.7. Weak-coupling theories

The weak-coupling theory was pioneered by Hertz [62]. He showed that in quantum
systems at T � 0, the value of the dynamic exponent, z, affects the static critical behav-
ior, in contrast to T � 0 phase transitions. The scaling dimension of a quartic interaction
in a model with dynamic exponent z in spatial dimensionality d was [4 � (d � z)]. Hertz
also showed that in Fermi-liquid-like systems, the dynamic exponent z � 1 since the
fermion excitations will often overdamp the mode associated with the ordering field.
Hertz also noted that at a QCP, the correlation time � diverges more rapidly than the
correlation length �, according to the relation

(4.41)

where z is the dynamical critical exponent mentioned above. Hertz identified z as an
anomalous scaling dimension of time [� ] � [x]z.

Millis [63] has used renormalization group techniques and used Hertz’s model to
study the Gaussian or marginal fixed points occurring when itinerant fermion systems
in two or three spatial dimensions undergo T � 0 phase transition at wave vector Q

���z ,
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Figure 4.10. Contrasting the weak- and strong-coupling picture of an antiferromagnetic QCP. Reproduced 
with the permission of Elsevier from Ref. [61].
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which do not span the Fermi surface. He has assumed that all systems arise from an
underlying Fermi-liquid state and except for the two-dimensional antiferromagnet (d �
z � 2) are above their upper critical dimension, dc

�, i.e., hyperscaling does not apply.
The results of the various models depend on the dimension d, the critical exponent z,
the reduced temperature (t � T/T *), where T* is a characteristic temperature, and �, a
control parameter which is related to a Hamiltonian parameter such as magnetic field,
doping, or pressure [64]. From Millis’ theory, one can draw a qualitative phase diagram
for the different cases. In the models considered by him, the particle-hole continuum
Fermi excitations overdamps the mode associated with the ordering transition and implies
to z � 3 for the clean ferromagnet and z � 2 for antiferromagnet.

Stewart [48] has drawn such a phase diagram for the three-dimensional antiferromagnetic
scenario of a QCP, which is shown in Figure 4.11. In Figure 4.11, the different regions are
indicated as I–III. TI and TII are the crossover temperatures between these regions.
Fluctuations on the scale of � have energies much greater than kBT in region I. Thus, the
quantum nature and the Fermi-liquid behavior appears in this region and the specific heat
C/T � 
 � a1T

2log T � a2T
2����. TI � (� � �c)

z/2 which means that the crossover line
to region II is linear for an antiferromagnet (since z � 2). However, region II is a quantum
classical crossover regime, where the energy of the modes becomes less than kBT. In the
classical region III, TII � (� � �c)

z/d�z�2 the correlation length is controlled by T rather
than (� � �c). The quantum problem is transferred into an effective classical problem,
thereby neglecting interactions. This is the cause of the presence of classical Gaussian
behavior in a large range of the phase diagram.

Moriya and Takimoto [65] have made a self-consistent renormalization study of the
spin fluctuations near magnetic phase transitions and have made several predictions about
NFL behavior. Their model gives a more systematic treatment of mode–mode coupling

Figure 4.11. A qualitative phase diagram for a QCP for three-dimensional antiferromagnetic interactions
(from the theory of Millis [63]). Antiferromagnetism (AFM) and TN are suppressed by the tuning parameter �c

(either doping (x), pressure (P), or magnetic field (B)). The NFL behavior occurs in both regions II and III.
Reprinted with the permission of the American Physical Society from Ref [48].
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of spin fluctuation at q � 0 as well as at q � Q (antiferromagnetic ordering). Here equa-
tion for the dynamical susceptibility for a three-dimensional antiferromagnetic metal has
two characteristic energy parameters TA and T0,m which are related to the spin-fluctuation
energies in � and q space. They have also considered additional coupling between spin-
fluctuation modes within the self-consistent renormalization model. The details of their
results can be obtained in Ref. [65].

In an elegant but brief review, Coleman [61] has pointed out the inadequacy of the
weak-coupling approach. His arguments can be summarized as follows. In the weak-
coupling picture, at the QCP,

(4.42)

where �0 is the uniform magnetic susceptibility, a is of the order lattice spacing, � a quan-
tity characterizing the distance from the QCP, and � characterizes the characteristic
energy scale of spin fluctuations. Thus, the characteristic spin correlation length and time
are given by

(4.43)

so that z � 2. According to the Hertz–Millis theory [64], in dimension d � 4 � z � 2, the
magnetic fluctuations can be regarded as a sort of overdamped exchange boson which
propagates a long-range interaction given by

(4.44)

This type of theory is inadequate for QCP in heavy fermion metals because of the
following reasons:

(i) The theory predicts that the critical fluctuations will give rise to an anomalous
specific heat �CV/T � T (d�z)z � T 1/2 in three dimensions. Coleman has pointed out
that in both, CeNi2Ge2 [66] and CeCu6�xAux [67], Cv/T has a logarithmic tempera-
ture dependence.

(ii) The theory does not lead to a breakdown of Fermi-liquid behavior since the quasi-
particles are well defined on most of the Fermi surface, except in the vicinity of the
“hot lines” that are linked to the magnetic Q vector on the Fermi surface (Figure
4.10). On the “hot lines”, the quasiparticle scattering rate is �k � T, but away from
the “hot lines”, the quasiparticle scattering rate has the classic Fermi-liquid form
�k � T 2 [68, 69].

Hlubina and Rice [69] have also pointed out that the resistivity � in a system with anti-
ferromagnetic spin fluctuations, predicted to be � � T 3/2, will be “shorted out” below a
certain temperature by “cold” portions of the Fermi surface which do not have strong spin
fluctuations. They predict that below a certain crossover temperature, � � T 3/2 will
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change to � � T 2, which is characteristic of Fermi-liquid behavior. In Figure 4.12, these
details have been incorporated succintly by Coleman [61].

4.8. Strong-coupling theories

We shall discuss three elegant but diverse strong-coupling theories developed in recent
years by three different groups.

Figure 4.12. The anomalous resistivity of CePd2Si2 at the critical pressure [70]. (a) Magnetic scattering leads
to “hot lines” around the Fermi surface, separated by regions of normal Formal liquid which would short-circuit
the conductivity at low temperatures. (b) The absence of any T 2 regime in the resistivity suggests that sharply
defined quasiparticles are eradicated from the entire Fermi surface. Reproduced with the permission of Elsevier 

from Ref. [61].



4.8.1. Fractionalized Fermi liquids

Senthil et al. [71] have recently shown the existence of non-magnetic translation-invariant
small-Fermi-surface states with a focus on two-dimensional Kondo lattices. When the
local-moment system settles into a fractionalized spin liquid (FL*) due to intermoment
interactions, these states are obtained. A weak Kondo coupling to conduction electrons
leaves a sharp (but small) Fermi surface of quasiparticles (FL) whose volume counts the
conduction electron density but the structure of the spin liquid is undisturbed. These
states have fractionalized excitations which coexist with conventional Fermi-liquid-like
quasiparticles.

The effective-field theory of the spin-liquid states is a gauge theory in its deconfined
state. The emergent gauge group is either Z2 (dimension d � 2) or U(1) (d � 3). The Z2

states were discussed in detail in Ref. [71]. In a subsequent paper, Senthil et al. [72] have
considered the three-dimensional lattice by using U(1) states. Senthil et al. have focused
on a three-dimensional U(1) spin-liquid state with fermionic spinons which form a Fermi
surface. The excitations in the d � 3 U(1) spin-liquid phase are neutral spin-1/2 spinons,
a gapless (emergent) gauge photon, and a gapped point defect (the “monopole”). Since
the spinons minimally coupled to the photons, they interact through emergent long-
ranged interactions. The gauge structure of the U(1) spin-liquid state is stable to a weak
Kondo coupling to conduction electrons. The U(1) FL* state consists of a spinon Fermi sur-
face coexisting with a separate Fermi surface of conduction electrons. Senthil et al. [72] have
used a mean-field theory to describe a U(1) FL* state and its transition to a heavy FL.

They have considered a three-dimensional Kondo–Heisenberg model on a cubic lattice:

(4.45)

Here Ck� is the conduction electron destruction operator, Sr

�
are the spin-1/2 local

moments, and summation over repeated spin indices � is implied. In a fermionic “slave-
particle” representation of the local moments

(4.46)

where fr� is a spinful fermion destruction operator at site r. The decoupling of the Kondo
and the Heisenberg exchange is made using two auxiliary fields by a saddle-point
approximation, and the mean-field Hamiltonian is

(4.47)

Here b0 and �0 have been assumed to be real and additional constants to H have been
dropped. The mean-field parameters b0, �0, and �f are obtained from
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(4.49)

(4.50)

where r, r� are nearest neighbors.
At zero temperature, in the Fermi-liquid (FL) phase, �0, b0, and �0 are non-zero. In the

FL* phase, b0 � �0 � 0 but �0 
 0. In this state, the conduction electrons are decoupled
from the local moments and form a small Fermi surface. The local-moment system is
described as a spin fluid with a Fermi surface of neutral spinons.

The mean field has been diagonalized by the transformation [72]

and

(4.51)

The Hamiltonian can be written in terms of the new fermionic operators �k��,

(4.52)

where

(4.53)

Here �kf � �f � �0�a�1,2,3 cos(ka). uk,�k are determined by

(4.54)

For the FL* phase, b0 � �f � 0 but �0 
 0. The conduction electron dispersion �k

determines the electron Fermi surface and is small. The spinon Fermi surface encloses
one spinon per site and has volume half that of the Brillouin zone. Senthil et al. [72]
have assumed that the conduction electron filling is less than half and the electron
Fermi surface does not intersect the spinon Fermi surface. In the FL phase near the
transition (small b0), there are two bands corresponding to Ek�: one derives from the
c electrons with f character (c band) while the other derives from the f particles with
weak c character (f band).

As shown in Figure 4.13, for small b0, the Fermi surface consists of two sheets since
both bands intersect the Fermi energy. The total volume is large since it includes both
local moments and conduction electrons. When b0 decreases to zero, the transition moves
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to FL*, the c-Fermi surface expands in size to match onto the small Fermi surface of FL*,
while the f-Fermi surface shrinks to match onto the spinon Fermi surface of FL*.

The quasiparticle weight Z close to the FL–FL* transition has been calculated in the
mean-field theory. The electron Green’s function is

(4.55)

At the Fermi surface of the c band (dispersion Ek�, quasiparticle residue Z � uk
2),

Ek� � �k � 0,

(4.56)

From equations (4.50) and (4.52), one obtains Z � 1 on the c-Fermi surface. For the 
f-Fermi surface, Z � �k

2 and 
�k � �kf 
 � t �� JH, where t is the conduction electron
bandwidth,

(4.57)

The expression for Z is
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Figure 4.13. Fermi-surface evolution from FL to FL*: the FL phase has two Fermi-surface sheets (the cold c
and the hot f sheet) close to the transition. The quasiparticle residue Z on the hot sheet vanishes on approaching
the transition. The f-sheet becomes the spinon Fermi surface while the c-sheet is the small conduction-electron 
Fermi surface on the FL* side. Reprinted with the permission of the American Physical Society from Ref. [72].
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The quasiparticle residue remains non-zero on the c-Fermi surface (cold) but decreases
continuously to zero on the f-Fermi surface (hot) on moving from FL to FL*. This is
illustrated in Figure 4.13.

The picture obtained in the mean-field theory is modified in several ways by fluctua-
tion effects. While the heavy Fermi liquid is stable to fluctuations, they are interesting in
the FL* state. These are described by a U(1) gauge theory minimally coupled to a spinon
Fermi surface. Senthil et al. [72] have shown that the action for the f particles describes
a Fermi surface of spinons coupled to a compact gauge field. They have assumed that the
system has a deconfined phase which has a Fermi surface of spinons coupled minimally
to a gapless “photon” (U(1) gauge field). There is also a gapped monopole excitation.
Two static spinons interact with each other through an emergent long-range 1/r Coulomb
interaction. This is the U(1) FL* phase and putting back a small coupling between the c
and f particles will not change the deconfined nature of this phase and the monopole gap
will be preserved. The gauge fluctuations are overdamped in the small-q limit. This form
of the gauge-field action leads to a T ln(1/T) singularity in the low temperature in the
U(1) gauge FL* phase.

The effects of fluctuations beyond the mean-field theory at the phase transition between
FL and U(1) FL* phases was considered by Senthil et al. [72] by arguing that since the
important changes near the transition occur at the hot Fermi surface, the c fields can be
integrated out from the action (equation (16) in Ref. [72]). They also partially integrate out
the f excitations well away from the hot Fermi surface which also changes the b effective
action in their equation (16). Their phase diagram of the action is shown in Figure 4.14.
The horizontal axis, represented by JK, is accessed by varying �b, which is interpreted as
the chemical potential of the boson [72]. The quantum-critical point between the FL and
U(1) FL* phases occurs at �b � 0, T � 0.

Senthil et al. [45] have recently presented an elegant brief review of their work, focus-
ing on the nature of the FL* state, with �b� � 0 obtained by increasing JH. First, it is a
Fermi liquid in the sense that the c electrons form a conventional Fermi surface with sharp

Figure 4.14. Crossover phase diagram for the vicinity of the d-3 quantum transition involving breakdown of 
Kondo screening. Reprinted with the permission of the American Physical Society from Ref. [72].



electron-like quasiparticles at kF*, as shown in Figure 4.15(a). This violates the Luttinger
theorem since the volume enclosed by this Fermi surface contains only the electrons.
However, closely linked with this non-Luttinger Fermi volume is the fate of the spin
moments on the f electrons. These form a “spin-liquid” state, which does not break lat-
tice translational symmetries and fully preserve spin rotation invariance which implies
that there is no magnetic moment.

They have also presented in Figure 4.15, a description of the QCP between FL and FL*

phases. In the FL phase, as one moves toward the FL* phase, the Fermi surfaces at kF1

and kF2 behave differently. The Fermi surface at kF1 evolves into the Fermi surface at kF*

in the FL* state, and remains “cold” at the QCP. There is no strong scattering of these
quasiparticles and the electron quasiparticle residue remains finite across the transition.
However, the Fermi surface at kF2 remains “hot”. The lifetime of the quasiparticles
becomes short and the quasiparticle residue ultimately vanishes at the QCP. The dynam-
ics of the quasiparticles exhibits NFL behavior at the QCP and this behavior extends
across the entire “hot” Fermi surface.

4.8.2. Local quantum criticality in heavy fermion metals

Si and co-workers [73–77] as well as Sun and Kotliar [78, 79] have described the local
quantum criticality in heavy fermion metals by using EDMFT approaches described in
Chapter 3. Si et al. have considered the Kondo-lattice model:
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Figure 4.15. (a) The FL* state with a cold Fermi surface at kF
* . The f fermions form a spin liquid and are

schematically represented by the dashed dispersion. (b) The FL state which obeys the conventional Luttinger 
theorem, but has two Fermi surfaces. Reprinted with the permission of Elsevier from Ref. [45].
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The tight-binding parameters tij determine the dispersion �k so that the bare conduc-
tion-band DOS are

(4.60)

Si is a spin-1/2 local moment at each lattice site i which interacts with the spin sc,i of
the conduction (c) electrons. They have considered only positive JK (antiferromagnetic)
values, which can lead to Kondo quenching of the local moments. Iij is the RKKY inter-
action. The Kondo lattice model is mapped in the EDMFT method, described in Chapter 3,
to an effective impurity Kondo model. The effective impurity Hamiltonian is given by

(4.61)

This is the Bose–Fermi Kondo Hamiltonian which describes a local moment coupled
to the spin of a fermionic bath (Cp�) and to a dissipative vector-bosonic bath (��p). The
vector bosons describe a fluctuating magnetic field generated by the RKKY interaction
by the local moments at all other lattice sites. The coupling constant g and the dispersions
Ep and wp, which can be obtained [74] from the relationships defined in equation (3.46)
are such that integrating out the two baths in the Hamiltonian representation yield the
effective action.

The essence of the work of Si et al. [73] has been very briefly but elegantly described
in a few diagrams. In Figure 4.16(a), they have described the Kondo-lattice model.
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Figure 4.16. (a) The Kondo-lattice model. (b) The effective-impurity Kondo model to which the Kondo-lattice
model is mapped in EDMFT (described in detail in Chapter 3). Reprinted with the permission of MacMillan 

Publishers Ltd., from Nature, Ref. [73], Copyright (2007).



At each lattice site, a spin-1/2 local moment Si interacts with a local conduction elec-
tron orbital Cij through an antiferromagnetic coupling constant JK. The hopping ampli-
tude between the conduction electrons at site i and j is tij. Figure 4.16(b) shows the
effective impurity Kondo model to which the Kondo-lattice model is mapped in EDMFT
(see Chapter 3). The bosonic bath describes a fluctuating magnetic field. The couplings
to the two baths are JK and g, respectively.

In Figure 4.17, Si et al. [73] have shown a conventional QPT in Kondo lattices. �, the
tuning parameter, is the ratio of the RKKY interactions to the Kondo energy scale TK.
When � is small, the local moments are completely screened by the spins of the conduc-
tion electrons, and the system is a paramagnetic metal. When � is increased, the magnetic
correlations become more pronounced, and the dynamical spin susceptibility �(Q, �)
diverges at the QCP � � �c which separates a paramagnetic metal from an antiferromag-
netic metal. An increase in � causes an increase in the coupling g between the local
moment and the fluctuating magnetic field. At � � �c

loc, g/TK would reach a threshold
value where the local Kondo problem becomes critical. The fluctuating magnetic field
just succeeds in preventing the fermionic bath from quenching the local moment thereby
yielding a singular local susceptibility. At this second critical point, a local energy scale
E*loc (explained in Chapter 3 and shown in the figure as a dashed line), which serves as
an effective Fermi energy scale, vanishes. When � � �c, there exists a finite temperature
TN (solid line) below which the system is an antiferromagnetic metal. In this case, �c �
�c

loc, i.e., E*
loc is finite at the QCP. In Figure 4.17, the quantum-critical regime, which is

described by the traditional theory, is denoted by a wavy line.
Si et al. [73] have also shown that when the spin fluctuations are two-dimensional,

there is a second type of QCP in �c � �c
loc. This is shown in Figure 4.18 in which it is

shown that E*
loc also vanishes at the QCP. The long-wavelength fluctuations of the order

parameter and the local fluctuations originating from the local moments coexist. The
lattice system reaches its ordering transition at the point where the local problem also
becomes critical. This transition, which is locally critical, is referred to as locally
critical QPT.
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Figure 4.17. Diagram of a conventional quantum phase transition in a Kondo lattice. Reprinted with the 
permission of MacMillan Publishers Ltd., from Nature, Ref. [73], Copyright (2007).
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In a recent paper, Si [80] has considered the global magnetic phase diagram of
Kondo-lattice systems. He has shown that the Kondo lattices can have two types of
magnetic metal phases, AFS and AFL, in addition to paramagnetic metal phase PML.
There is a second-order QPT (when quasiparticle residues vanish) which goes directly
from AFS to PML. At this magnetic QCP, the excitations include the fluctuations
associated with a critical Kondo screening. One form of such type of QCP is the local
quantum criticality.

The global magnetic phase diagram of the Kondo lattice [80] is obtained by considering
the Kondo lattice

(4.62)

where Hf is the Hamiltonian for the local moment f, Hc is the conduction electron
Hamiltonian, and HK is the interaction (Kondo) Hamiltonian:

(4.63)

Here Iij
a is the RKKY interaction (antiferromagnetic) between the spin-1/2 moments

(one per site) and a � x, y, z are spin projections. Si [80] has also introduced a term G,
which describes the degree of frustration (G � Innn/Inn, the ratio of the antiferro-
magnetic next-nearest-neighbor interaction over the nearest neighbor one). Increasing
G corresponds to a decrease in the strength of the Neel order:
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Figure 4.18. Diagram of a locally critical quantum phase transition in Kondo lattice. The local and spatially
extended critical degrees of freedom coexist in the quantum-critical (QC) regime. Reprinted with the permission
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where there are x conduction electrons per site (0 � x �1) and the bandwidth is W.

(4.65)

where the Kondo interaction JK is antiferromagnetic and the spin terms have been defined
earlier.

The magnetic phase diagram is shown in Figure 4.19. The horizontal axis labels jK �
JK/W, while the vertical axis describes the local-moment magnetism which is decoupled
from the conduction electrons. There are three phases, PML, AFL, and AFS. In the para-
magnetic phase, by using Luttinger’s theorem, it can be shown that there are (1 � x) elec-
trons per unit cell within the paramagnetic Brillouin zone [81]. This is the PML phase
which describes a heavy Fermi liquid. When JK/W(�� I/W) �� 1, the local moments stay
charge neutral and do not contribute to the electronic excitations. This phase is termed as
AFS since the Fermi surface is small. When the system moves from the AFS phase to the
PML phase, the Kondo screening is realized and the Neel order eventually goes away.
However, the Kondo screening develops before the Neel order disappears. The Fermi

H J i c i

i

K K� �S s , ,∑
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Figure 4.19. The global magnetic phase diagram of the Kondo lattice at zero temperature. jK � JK/W, G �

Innn/Inn, and I/W is kept fixed at a small value. The three phases AFL, AFS, and PML have distinct Fermi surfaces.
“I” and “II” label two types of transition. Reproduced with the permission of Elsevier from Ref. [80].
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surface of this intermediate magnetically ordered state is large since the local
moments become a part of the electron fluid. This phase is denoted as the AFL phase.
The AFL and the AFS phases are separated by a Lifshitz transition. The direct transition
between AFS and PML phases is labeled as the type I transition and the magnetic quan-
tum transition between the AFL and PML phases is labeled as the type II transition in
Figure 4.19.

The effective Kondo-screening scale of the lattice (coherence temperature) is finite at the
type II magnetic transition and the QCP is of the Hertz–Moriya–Millis type [62, 63, 65].
However, the type I magnetic transition goes directly from the AFL to the PML phase.
The transition is of second order if zL and zS, the quasiparticle residues of the large Fermi
surface in the PML and the small Fermi surface in the AFS phases, go to zero as the tran-
sition is reached from respective sides. The Kondo singlets disintegrate and the coherence
temperature vanishes as the QCP is approached from the PML side. The local quantum-
critical theory is one of the mechanisms which explains how the quasiparticles are destroyed.
The Fermi surface undergoes a sudden reconstruction at the QCP and as the continuous
vanishing of zL and zS implies, the effective mass diverges as the QCP is approached from
both sides.

4.8.3. The underscreened Kondo model

Coleman and Pepin [82] have used the Schwinger boson representation of the local
moments to study the underscreened Kondo-impurity model (UKM). The UKM describes
the screening of a local moment from spin S to spin S* � S � 1/2 [83]. This residual
moment decouples from the surrounding Fermi sea at low temperatures. The UKM has
been studied by using strong-coupling expansion [2, 3] and numerical renormalization
group [84] and diagonalized by using Bethe ansatz [6, 85–87] but none has addressed the
possibility of a breakdown of the Landau Fermi-liquid behavior.

The UKM model can be written as

(4.66)

Here S denotes a spin S � 1/2, C�k� creates a conduction electron with wave vector k,
spin component �, and �����kC�k� creates a conduction electron at the impurity site.
Coleman and Pepin [82] have reformulated the UKM as an SU(N)-invariant Coqblin–
Schrieffer model which enabled them to make a large-N expansion. The resulting
Hamiltonian is

(4.67)

Here the spin indices � and � have N values and the constraint nb � 2S is imposed to
represent spin S. The local-moment magnetization M � gN[b��b� � S̃], where the first spin
component � � 1 � � and S̃ � 2S/N. The prefactor gN � N/2(N � 1) is chosen so that at
maximum polarization, when n� � 2S, M � S. Parcollet and Georges [88] have treated a
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multichannel formulation of this model within an integral equation formalism. The sum-
mary of the results obtained by Coleman and Pepin [82] who have used a path-integral
method is shown in Figure 4.20. The residual ferromagnetic interaction between a par-
tially screened spin and the electro sea destabilizes the Landau Fermi liquid, forming a
singular Fermi liquid with a 1/[T ln4(TK/T )] divergence in the low-temperature specific
heat coefficient CV/T. A magnetic field B tunes this system back into Landau Fermi liq-
uid with a Fermi temperature proportional to Bln2(TK/B).

In Figure 4.21, the specific heat coefficient is plotted as a function of T/TK. The singular
specific heat coefficient indicates that the fluid excitations in zero field has a singular
DOS which makes it obvious that this state is not a Landau Fermi liquid. These singu-
larities are a consequence of the singular energy and temperature dependence of the
coupling constant.
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Figure 4.20. Schematic phase diagram of the large-N limit of the underscreened Kondo model. Reprinted with 
the permission of the American Physical Society from Ref. [82].

Figure 4.21. Zero-field specific heat capacity of the underscreened Kondo model for the case S̃ � 1/2, showing
the 1/Tln4(TK/T ) divergence at low temperature. The singular DOS N* (�) is shown in the inset. Reproduced 

with the permission of the American Physical Society from Ref. [82].
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Coleman and Pepin [82] have also shown that in a finite magnetic field, the DOS
N*(B̃), where B̃ � gNB, is non-singular at zero energy. They have derived,

(4.68)

Thus, TF
* can be identified as the Fermi temperature which means that in a finite field

the characteristic temperature of the Fermi liquid is the field itself. At T 
 B̃, CV � 
(B̃)T,
where 
 � (
2k2

B /3)N*(B), and will be linear with temperature as shown in Figure 4.22.
However, as the field is reduced to zero, N*(�) becomes singular, and the fluid becomes
a singular Fermi liquid.

Thus, Coleman and Pepin’s theory [82] shows how a field-tuned Fermi liquid with a
characteristic scale grows linearly with the applied magnetic field. The low-temperature
upturn in the specific heat and the appearance of B as the only scale of the problem are
features observed in quantum-critical heavy electron systems [89–91].

Recently, Pepin [92] has introduced a new effective theory for the QCP of
YbRh2(Si0.95Ge0.05)2 starting from the Kondo–Heisenberg model at high energies. This
effective theory shows the emergence of a new excitation at low energies, fermionic and
spinless in nature (the � fermions) characterizing the Kondo-bound state. The � fermion
forms a band when high-energy degrees of freedom are integrated out. The total Fermi-
surface volume evolves from a small Fermi surface to a big Fermi surface as the �-fermion
band fills up. Using this model, Pepin has been able to reproduce many striking experi-
mental results of YbRh2(Si0.95Ge0.05)2.

Recently, Stewart [93] has updated his original review on NFL behavior of d- and
f-electron metals. He has compiled a very large number of recent experimental data of
resistivity, susceptibility, and specific heat. It indicates the intense activity in this field,
but as we have shown, there is no unanimity on the theory of NFL models of heavy
fermion systems. Hopefully, a complete theoretical understanding will emerge from the
elegant theoretical models discussed above.

T N B B
T

BF
* � *( ) ln .� �1 2 K⎛

⎝⎜
⎞
⎠⎟

Figure 4.22. Ground-state magnetization, �M � S � M, of the underscreened Kondo model for S̃ � 0.5. The
field-dependent linear specific heat capacity 
(B) is shown in the inset. Reproduced with the permission of the 

American Physical Society from Ref. [82].
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Chapter 5

Metamagnetism in Heavy Fermions
(Experimental Review)

5.1. Introduction

The name metamagnetism was originally introduced for antiferromagnetic (AF) materi-
als where at low temperatures, for a critical value of the magnetic field (H), the spin flips
[1] which gives rise to a first-order phase transition. This was extended to paramagnetic
(Pa) systems where field reentrant ferromagnetism (F) would appear in itinerant magnet-
ism [2, 3]. Eventually, it was used to describe a crossover inside a persistent paramagnetic
state between low-field Pa phase and an enhanced paramagnetic polarized (PP) phase.

It is always possible to reproduce in itinerant systems a strong non-linearity of M in H
by an effective density of states �(E ) picture with a pseudogap near the Fermi-level EF.
For a given value of HM, the magnetic field will drive �(EF) to a maximum by polarizing
the system. In the symmetric case, the relative shift of field shift of spin-up and spin-
down density of states will reach the optimal decoupling condition.

The interest in metamagnetism grew considerably after experimental discovery of itin-
erant metamagnetism in the tetragonal heavy fermion paramagnetic compound CeRu2Si2.
In heavy fermion systems, the f electrons are located near the border between itinerant
and local-moment behavior as shown in Doniach’s phase diagram [4] (Figure 1). In his
Kondo necklace model, Doniach had considered a one-dimensional analog of a system
of conduction electrons exchange coupled to a localized spin in each cell of a lattice. He
had suggested that a second-order transition from an AF to a Kondo spin-compensated
ground state would occur as the exchange coupling constant J would be increased to a
critical value Jc. For J near to, and slightly smaller than Jc, there would exist antiferro-
magnets with very weak, “nearly quenched” moments, even though the f electrons are in
a state with a well-defined local non-zero spin state. The existence of this transition can
be understood by comparing the binding energy of the Kondo singlet

(5.1)

with that of a Rudderman–Kittel–Kasuya–Yosida (RKKY) AF state

(5.2)

Here, N(0) is the density of conduction electron state and C is a dimensionless constant
which depends on the band structure. As shown in Figure 5.1, for JN(0) less than a

WAF � CJ N2 0( ).

WK
N� N e J( ) ,/ ( )0 1 1 0� �
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critical value, the RKKY state dominates, while above this, the Kondo singlet binding
dominates [4]. In Figure 5.1, the RKKY binding again takes over at large J, but the weak-
coupling formula (5.1) breaks down in this regime. 

While many compounds clearly fall on either side of this divide, CeRu2Si2 takes on a
special role in this context. It is believed that its metamagnetic transition (MMT) is
accompanied by an abrupt localization of the f electron on the high-field side of the tran-
sition, a notion that is largely based on the interpretation of the de Haas–van Alphen
(dHvA) data [5]. We will discuss this in more detail later.

5.2. CeRu2Si2

CeRu2Si2 is characterized by a rather large value of the coefficient � of its low-tempera-
ture specific heat (� � 350 mJ/mol K2) [6] and by a strong non-linearity of its magneti-
zation (M) with the magnetic field H [7, 8]. A sharp magnetic inflection appears in M(H )
at low temperatures for the field applied along the c axis of the tetragonal structure. At
T �0, this MMT occurs for a field value HM � 7.7 T. This transition has generated a
lot of interest since the change in magnetization is directly related to the variation of the
effective mass m* and compressibility �. In addition, on both sides of HM, a Pauli para-
magnetic ground state seems to exist.

In the axial lattice of CeRu2Si2, inside a single-impurity Kondo frame, the bare Ce ion
has an anisotropic doublet S � 1/2 crystal-field ground state mainly formed by the pure
|�5/2� component of its J � 5/2 angular momentum. The Kondo temperature TK is near
20 K which is less than the crystal-field splitting � � 200 K but comparable to the inter-
site exchange coupling [8]. For T � TK, the single-site Kondo approach has to be replaced
by a Kondo lattice since the magnetic and electronic coherence would govern all
behaviors.

When the lattice is polarized with a magnetic field (H ), a strong non-linear effect
appears in the magnetization, M(H ). As shown in Figure 5.2, a marked inflection point
occurs for HM � 7.8 T. The location of HM is well defined [8, 9]. There is an enhance-
ment of the average effective mass �m*� as derived from specific heat measurements.
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Figure 5.1. Comparison of AF with Kondo energies. Reproduced with the permission of Elsevier from Ref. [4].
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It is also associated with huge magnetostriction and softening of the lattice. The differ-
ential susceptibility �M � (�M/�H ) at HM on cooling has a Curie law dependence down
to 1 K and its flattening occurs only below 300 mK. The inset of Figure 5.2 shows the
temperature dependence of �M. 

Figure 5.3 represents the field variation of the coefficient � � �m*� of the linear �T term
of the specific heat (extrapolated at T � 0 K) and of the field derivative of the magne-
torestriction V(H). Paulson et al. [11] have made an attempt to scale in the vicinity of HM

the field dependence of � by a �—
H � HM

——–
law with the idea that the magnetic field plays

the role of a control parameter � as concentration x or pressure to tune the system through
AF quantum critical point (QCP) [12]. However, deviations appear for � � (|H – HM|/HM)
lower than 0.3. 

It may be noted that CeRu2Si2 is close to transition from a Pauli paramagnetic to a
long-range ordered magnetic ground state. This is clearly demonstrated by the occurrence
of antiferromagnetism in lanthanum-doped alloys, Ce1�xLaxRu2Si2, of concentration of x
higher than a critical value xc close to 0.07. Figure 5.4 shows the moment amplitude m0

and the ordering temperature of the series Ce1�xLaxRu2Si2 [13–15]. 
The (H,T ) phase diagram [1] is shown in Figure 5.5. Hc and Ha are MMT lines. Ha is

a crossover field between two magnetic structures, while Hc corresponds to the destruc-
tion of long-range AF order. HM is the metamagnetic-like crossover field observed in the
paramagnetic state and subsists even below TN in ordered alloys. The HM and Hc lines
seem to join each other at T � 0 (for x � 0.1).

The proximity of CeRu2Si2 to a magnetic instability leads to a high value of the elec-
tronic Gruneisen parameter, � � 180. Since � � ��logT */�logV, where T* is the char-
acteristic temperature of the heavy fermion ground state, any small volume change will be
magnified by a factor equal to the large value of � [16].

Figure 5.2. Low-temperature magnetization M(H ) of CeRu2Si2. The inset shows the temperature dependence 
of the differential susceptibility �M. Reproduced with the permission of Elsevier from Ref. [10].
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Figure 5.4. Variation of the ordered moment amplitude and of the Neel temperature in the series Ce1�xLaxRu2Si2. 
Reprinted with the permission of Elsevier from Ref. [9].

Figure 5.3. Field variation of � � (C/T )T�0 and of the H derivative of the magnetorestriction in CeRu2Si2. The
inset shows � as a function of the tuning parameter �. Reprinted with the permission of Elsevier from Ref. [10].
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The thermal expansion (�) experiments at constant magnetic field [11] show that three
different domains occur in the (H,T ) phase diagram shown in Figure 5.6 which is drawn
by the contour line T�(H ) where � reaches its optimum. The dashed areas visualize the
low-temperature regime with the weak (Pa) and the highly polarized phase (PP) below and
above HM. These features have been confirmed by magnetization, specific heat, and trans-
port measurements [17–21]. 

The viewpoint that the MMT in CeRu2Si2 is accompanied by an abrupt localization of
the f electron on the high-field side was based on the dHvA data [5]. The problems with
this viewpoint were recently discussed by Daou et al. [22]. (a) The MMT seems to be a
crossover rather than a real transition [10, 17], while Luttinger’s theorem applied to f
localization requires a discrete change in Fermi surface volume. (b) Both the magnetiza-
tion (0.7 �B per Ce [8] and the specific heat 500 mJ/mol K2 [23]) are significantly differ-
ent from the local-moment [24] analog CeRu2Ge2 (2.15 �B and 20 mJ/mol K2 [25]) on
the high-field side of the MMT. These large discrepancies persist up to the highest fields
in which CeRu2Si2 has been studied. (c) The 4f localization scenario by analyzing the
dHvA data accounts for observation of only 20% of the observed specific heat [26]
thereby implying that there is “missing mass”. (d) The concept of a “large” Fermi sur-
face, which includes the f electrons, and a “small” Fermi surface which does not, is
blurred for spin-polarized systems.

The experimental results of magnetoresistance (MR) and Hall effect for CeRu2Si2,
obtained by Daou et al. [22], are shown in Figure 5.7.

Figure 5.5. (H,T ) phase diagram of Ce1�xLaxRu2Si2. Reprinted with the permission of Elsevier from  Ref. [9].



In Figure 5.7, one can see that the peak in �xx at the MMT, associated with magnetic
scattering, initially becomes sharp but turns into a kink at the lowest temperature. The
peak in �xy disappears completely and turns into a downward kink at the lowest temper-
atures. As shown in the insets of Figure 5.7, there is no discontinuity or hysteresis in
either the magnetoresistivity or the Hall resistivity as the MMT is crossed. If there would
have been 4f localization transition at the MMT, there would have been a discontinuity
as well as huge changes in MR.

We shall now discuss the experimental results for some more heavy fermion systems,
a few of which have similar MMT as CeRu2Si2 but different properties beyond MMT. 

5.3. Sr3Ru2O7

The Ce spin has a strong Ising character, and the Fermi surface has no low-dimensional
character in CeRu2Si2. However, Sr3Ru2O7 is the n � 2 member of the Ruddlesden–Popper
series of layered perovskites Srn�1RunO3n�1 whose properties are dominated by layers of
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Figure 5.6. The crossover phase pseudodiagram T�(H) derived from the thermal expansion measurements [�].
The high-field data [�] are the temperature of the C/T maxima observed in Ref. [11]. Reprinted with the 

permission of Elsevier from Ref. [10].
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octahedral ruthenium oxide . The four electrons in the ruthenium 4d t2g orbitals hybridize
with the oxygen 2p to create metallic bands that are narrow but still sufficiently broad to
avoid insulating transitions. Thus, Sr3Ru2O7 has a Ru–O bilayer per formula unit and the
Ru effective spin has mainly a Heisenberg character. The (H,T ) “crossover” phase diagram
is rather similar to that derived for CeRu2Si2 [27, 28].

The magnetization results of Perry et al. [27] for Sr3Ru2O7 are summarized in Figure 5.8.
There is a rapid superlinear rise in magnetization in a field of 5.5 T for magnetic fields
applied in the ab-plane. The metamagnetism is broadened as the temperature is raised. The
inset of Figure 5.8 shows the data for magnetic fields along the c axis and there is some
anisotropy. 

Perry et al. [27] have studied the effect of metamagnetism on the MR at a series of
temperatures below 10 K. Their results are shown in Figure 5.9. For B||c, the very broad

Figure 5.7. In-plane ( j ||ab), B||c) transverse magnetoresistivity (�xx, upper panel) and Hall effect (�xy, lower
panel) for CeRu2Si2. The base T is around 6.5 mK. Reprinted with the permission of the American Physical 

Society from Ref. [22].



peak at 5 K sharpens considerably at lower temperatures. For in-plane fields, the low-
temperature MR gives evidence of for some peak splitting, as shown by data at 1 K for
this orientation. The transport measurements show that the MMT field is essentially
independent for any direction of the applied field.

In metallic systems such as Sr3Ru2O7, the change in magnetization is due to a rapid
change from a paramagnetic state at low fields to a more highly polarized state at high
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Figure 5.8. The magnetization of single-crystal Sr3Ru2O7 for magnetic fields applied in the ab-plane.
Metamagnetism is seen for all temperatures below 10 K, centered on a field of approximately 5.5 T. Inset: data
for magnetic fields along the c axis where the metamagnetic field is around 7.7 T. Reproduced with the 

permission of the American Physical Society from Ref. [27].

Figure 5.9. The magnetoresistance (MR) of single-crystal Sr3Ru2O7 at a series of low temperatures.
Reproduced with the permission of the American Physical Society from Ref. [27].
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fields via a crossover or a phase transition. However, some of the basic physics is same in
both cases. The observation of itinerant metamagnetism demonstrates the existence of
strong ferromagnetic coupling in the system. The low-temperature critical points are likely
in both scenarios. A crossover is usually linked to close proximity in phase space by a QCP
which can be reached by the application of another control parameter. The transition
would be expected to be of first order if the metamagnetism is due to a T � 0 phase tran-
sition along the magnetic field axis. This first-order transition line might terminate in a
critical point at a very low temperature. Thus, it is important to know as to whether there
is any evidence of critical fluctuations associated with the metamagnetism of Sr3Ru2O7.

In Figure 5.10, Perry et al. [27] have plotted electronic specific heat divided by tem-
perature (Cel /T ) of Sr3Ru2O7 as a function of temperature for magnetic fields applied
parallel to c. In zero field, Cel /T rises as the temperature falls below 20 K, but it crosses
over at lower temperatures. The application of fields parallel to the c axis suppresses this
crossover and Cel /T rises steeply at lower temperatures. 

The above data provide sufficient evidence for close association between metamag-
netism and critical fluctuations in Sr3Ru2O7. The moment is generated by a spontaneous
polarization of the spin-up and spin-down Fermi surfaces in itinerant ferromagnets. In an
itinerant metamagnet, the extra moment appears at the metamagnetic field due to the
same basic mechanism. So the observed fluctuations can be thought of as fluctuations of
the Fermi surface itself. Although itinerant electron metamagnetism has been observed in
several systems such as MnSi [29] and CeRu2Si2 [16], the experimental results of
Sr3Ru2O7 provide clear evidence of magnetic field driving a system closer to criticality.

In recent experiments, Perry et al. [30] have used ultra clean single crystals of
Sr2Ru2O7. They have observed multiple first-order MMTs as well as unusual behavior
near the metamagnetic field. There is a strong enhancement of the resistivity in a narrow
field window, with a minimum in the resistivity as a function of temperature below 1 K
that becomes more pronounced as the disorder level decreases. The region of anomalous

Figure 5.10. The electronic specific heat divided by temperature for Sr3Ru2O7 at low temperatures for
magnetic fields applied parallel to c. Divergent behavior occurs when the field is tuned to the metamagnetic
field, identified from Figure 5.9 to be 7.7 T. Reproduced with the permission of the American Physical 

Society from Ref. [27].



behavior is bounded at low temperatures by two first-order phase transitions. In Figure 5.11,
the resistivity (�) versus magnetic field of Sr3Ru2O7 for three samples (of increasing
purity) is shown. The temperature of each curve is between 0.06 and 0.1 K and the
magnetic field is perpendicular to the RuO2 planes. As the sample purity increases,
the same basic peak remains as the dominant feature, but more structure develops. One
observes a pronounced dip at 7.5 T, and the central peak is seen to have very steep sides
at 7.8 and 8.1 T. 

The inset of Figure 5.11 shows the results of sweeping the temperature at fixed fields.
The top trace shows the unusual T�3 dependence previously reported for �res � 2.8 � cm
[31]. The temperature dependence of � at the MMT changes to a negative gradient at low
temperatures, with a minimum that increases systematically with temperature, as the
sample gets purer.

In Figure 5.12, the variation of � and the ac magnetic susceptibility, �(�), of samples
with �res � 0.5 �� cm are shown. Here �� and �� are the real and imaginary parts of �.
The two steep features in � coincide with peaks in both �� and ��. The peaks in �� indi-
cate the presence of dissipation which can be interpreted in terms of hysteresis at a first-
order phase boundary. 

The summary of results of Figures 5.11 and 5.12 is that decreasing the levels of disor-
der leads to a negative gradient in �(T ) near the metamagnetic field and to the resolution
of several pronounced features in � instead of the single peak seen in samples with
�res � 2.8 �� cm. In �, three peaks are observed at low T, two of which signal the cross-
ing of first-order phase boundaries. The key experimental findings are that the enhance-
ment of � in the metamagnetic region grows as the disorder scattering decreases and that
the narrow field range over which the residual resistivity is enhanced is bounded at either
side by first-order phase transitions.
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Figure 5.11. The resistivity (�) versus magnetic field in single crystals of Sr3Ru2O7 for different values of �res.
Inset: temperature sweeps at the fields indicated by arrows in each case. Reproduced with the permission 

of the American Physical Society from Ref. [30].
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In a subsequent paper, Borzi et al. [32] have reported the dHvA effect on the itinerant
metamagnet Sr3Ru2O7. Using extremely highly pure sample, they have shown that the
oscillations can be resolved in the field ranges 5 T � B � 7.5 T and 8.3 T � B � 15 T
with sufficient precision to enable studies of the field dependence of the quasiparticle
mass and Fermi surface topography. The picture that emerges is one of the metamagnet-
ism being consistent with a Stoner-like transition of the itinerant system, accompanied by
a strong enhancement of the quasiparticle mass as the transition is approached from either
above or below. The system’s properties appear to be governed by the presence of a QCP.

The dHvA effect was observed in four samples, with the field parallel to c but the results
shown in Figure 5.13 are from samples showing the largest oscillatory amplitude and
hence the best noise-to-signal ratio. The real part of the magnetic susceptibility is shown
from 5 to 15 T. On the logarithmic scale, the tiny oscillations are visible below and above
the transition. However, they are almost indistinguishable on a linear ordinate scale (inset
of Figure 5.13). 

The first-order magnetic transitions obtained in Ref. [30] correspond to the main peak
and the high-field shoulder in Figure 5.13. Borzi et al. [32] did not find any evidence of
first-order behavior associated with the peak at 7.55 T. They have also performed a field-
dependent mass analysis in Sr3Ru2O7 and resolved a mass change for the two sheets for
which the signal could be tracked over an adequate range of temperature and field. Their
results are presented in the sample dataset in Figure 5.14.

The pronounced increase in the effective mass of the Landau quasipartcles, as
shown in Figure 5.14, can be understood in terms of the fluctuations close to a QCP.
It may be noted that the dHvA experiment of Borzi et al. [32] does not resolve the
question as to how the quantum oscillations evolve and behave in the region between
7.5 and 8.3 T.

Figure 5.12. The susceptibility (�) and resistivity (�) versus magnetic field across the metamagnetic field.
The measurements were made at T � 20 mK on different crystals, both having �res � 0.5 �� cm. The ac exci-
tation field was 0.32 G at a frequency of 83.4 Hz. Reproduced with the permission of the American Physical 

Society from Ref. [30].
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Figure 5.14. Effective mass as a function of field for the peaks at 1.8(6) and 4.2(0) kT for the low-field (high-
field) states. The dotted lines are guide to the eye. Reproduced with the permission of the American Physical 

Society from Ref. [32].

Figure 5.13. The real part of the differential magnetic susceptibility through the MMT in Sr3Ru2O7. The ordi-
nates are on a logarithmic scale, while the abscissas are on a reciprocal scale since quantum oscillations are 
periodic in a reciprocal field. Reproduced with the permission of the American Physical Society from Ref. [32].

5.4. CeCu6-xAux

Pure CeCu6 is a heavy fermion (� � 1670 mJ/mol K2), with neither long-range mag-
netic order nor superconductivity. It has well-behaved but highly renormalized Fermi-
liquid properties. It exhibits magnetic correlations as observed by inelastic neutron
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scattering [33, 34]. This proximity to magnetic order of “non-magnetic” CuCu6 leads
to an instability of the Kondo ground state with respect to AF order when replacing
some Cu by Au, which is one of the most intensely studied systems [35] since it is con-
sidered to be classic case of a QCP. In Figure 5.15, the results of variation of Neel tem-
perature as a function of Au concentration x are shown [36]. 

The intersite magnetic correlations in CeCu6 developing before 1 K are destroyed by
a magnetic field of B � 2 T [37] as evidenced by a distinct maximum in the derivative
of the magnetization M, dM/dB versus B (B||c). This maximum vanishes for T � 0.6 K.
Figure 5.16 shows the detailed temperature dependence of this transition which occurs
at BM � 1.7 T. BM, which corresponds to the field at which correlations are no longer
observable in inelastic neutron scattering [34], remains independent of T even though
the maximum of dM/dB at BM becomes weaker and gradually disappears.

It is evident from Figure 5.16 that even at T � 0.15 K, the dM/dB maximum is very
weak which corresponds to a small intensity of correlations with respect to on-site fluc-
tuations. This distinguishes CeCu6 from other systems such as CeRu2Si2 and UPt3.

5.5. UPt3

In UPt3, superconductivity coexists with AF ordering [38] which occurs below TN � 5 K.
Another interesting phenomenon is an MMT which was observed for the first time in the
high-field magnetization experiment at a critical field Hc (�20 T) for the field perpendi-
cular to the [0001] (c axis) direction [39, 40]. The high-field magnetization results of
Sugiyama et al. [41] are shown in Figure 5.17.

The MMT is broad even below TN � 5 K and persists up to about 30 K, which is close
to a characteristic temperature T�max (�20 K) where the magnetic susceptibility has a

Figure 5.15. Variation of Neel temperature as a function of Au concentration x, from single-crystal diffraction 
data. A linear fit gives xmag

c � 0.13 � 0.01. Reproduced with the permission of Elsevier from Ref. [36].
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Figure 5.16. Magnetic susceptibility dM/dB of CeCu6 versus applied magnetic field B (B||c) at various 
temperatures. Reproduced with the permission of Elsevier from Ref. [37].

Figure 5.17. Magnetization curves in UPt3. Reproduced with the permission of the American Physical 
Society from Ref. [41].
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maximum in the temperature dependence [40]. This is in contrast with the URu2Si2 [42]
and UPd2Al3 [43] behavior, where the MMT is sharp below TN and becomes broad above
TN as in UPt3. Thus, the ordered state in UPt3 is different from that of URu2Si2 and
UPd2Al3. In some sense, the MMT in UPt3 is similar to CeRu2Si2 and CeCu6 without
magnetic ordering.

5.6. UPd2Al3

UPd2Al3 is a heavy fermion superconductor which is AF with Neel temperature 
TN � 14 K. The results for magnetization in UPd2Al3 at 1.3, 13, and 35 K in the field
along [11

–
20] direction with the hexagonal structure are shown in Figure 5.18 [44]. The

sharp MMT occurs at a critical field of 18 T when observed below TN but becomes
broad above TN. 

The phase diagram of UPd2Al3 is shown in Figure 5.19. The dotted line indicates the
field dependence of TN [45]. The MMT is found above TN, up to a T� max of 35 K. This MMT
presumably occurs due to a change of the 5f electron character, i.e., from an f-itinerant
heavy fermion state to an approximately localized one. Hence, the MMT also occurs below
T� max and the high-field state above Hc can be connected to the high-temperature state in
the zero magnetic field.

The temperature dependence of the magnetization at 10, 20, 30, 40, and 50 T is shown
in the lower part of Figure 5.19 [44]. The magnetization above Hc increases monotonically
with decrease in temperature. However, the magnetization below Hc decreases below 
T� max. A saturated magnetic moment above 30 T below 20 K and a steep increase of the
magnetization below 10–20 K at 20 T might indicate a ferromagnetic character [44].

Figure 5.18. Typical magnetization curves of UPd2Al3. Reprinted with the permission of Elsevier from Ref. [44].



5.7. URu2Si2

The ground states of URu2Si2 are particularly complex. URu2Si2 belongs to a class of
strongly correlated metals in which f electrons develop a distinctly itinerant character
[46]. Coulomb interactions cause the quasiparticle effective masses to be heavily renor-
malized, making the energetic rewards for forming ordered ground states much higher than
normal metals [47, 48]. Upon cooling, prior to becoming superconducting at Tc � 1.2 K [46],
this material undergoes a second-order phase transition at To � 17.5 K [10], the nature of
which remains controversial [49, 50]. Due the absence of a microscopic description or
origin, the term “hidden order” (HO) has been coined. The presence of an itinerant 
f-electron Fermi surface [51, 52] also provides URu2Si2 with the essential conditions for
itinerant electron magnetism (IEM) [53] since the f electrons can revert to a localized
behavior upon their alignment in strong magnetic fields.

In a recent paper, Harrison et al. [54] have shown that the multiple transitions in
URu2Si2 occur since the magnetic field first destroys the HO phase before creating a new
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Figure 5.19. Phase diagram (top) and the temperature dependence of the magnetization (bottom) of 
UPd2Al3. Reprinted with the permission of Elsevier from Ref. [44].
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field-induced reentrant phase [55] in the vicinity of the metamagnetic phase transition.
Their phase diagram is shown in Figure 5.20. There is a pronounced asymmetry between
the occupancy of itinerant spin-up and spin-down f-electron states due to IEM [53] since
the population of the spin-up component suddenly sinks below the Fermi energy �F at a
magnetic field BM. The magnetization measurements reveal that the magnetic-field-
induced phase is accompanied by the opening of a gap in the spin-up f-electron band at
BM. In Figure 5.20, a single metamagnetic crossover at high temperatures splits into two
transitions below �6 K, giving rise to the domed “reentrant” HO phase.

The magnetization M of URu2Si2 measured in pulsed magnetic fields of up to 44 T at
several temperatures [54] is shown in Figure 5.21(a). The presence of a single broad
maximum in � above T � 6 K in Figure 5.21(b) indicates the existence of a IEM of a type
similar to that observed in CeRu2Si2 [8, 9], Sr3Ru2O7 [27], and UPt3 [40, 44]. Figure 5.21(c)

Figure 5.20. Intensity plot of the differential susceptibility in URu2Si2. The symbols square, triangle, and
circle mark metamagnetic crossover field BM � 38 T, and transition into and out of HO and reentrant HO 

(RHO) phases. Reproduced with the permission of Elsevier from Ref. [49].

Figure 5.21. (a) M of URu2Si2 at different temperatures for B applied along the c axis. (b) � in the vicinity of
BM at several temperatures above the reentrant ordering temperature. (c) � at BM and at B � 34 T as a function 

of temperature. Reproduced with the permission of the American Physical Society from Ref. [54].



shows the rapid increase in � at BM with decreasing temperature (filled squares). The maxi-
mum in � vanishes below T � 6 K on entering the field-induced ordered phase recently
identified in specific heat measurements [55]. The fact that BM occurs within the field-
induced ordered phase implies that fluctuations associated with the metamagnetic critical
end point [28]. 

In Figure 5.22, a comparison of itinerant electron metamagnetism in URu2Si2 [54],
CeRu2Si2 [8, 10, 12], and Sr3Ru2O7 [27, 28] has been shown [49]. Here BM � �0HM is the
field at which the transition or crossover occurs. The value of the moment has been renor-
malized only in the case of Sr3Ru2O7. 

As shown in Figure 5.22, there are good reasons to believe that the underlying heavy
fermions state of URu2Si2, from which the HO condenses, is more similar to other heavy
fermion systems than was hitherto assumed.

In Figure 5.23, Harrison et al. [49] have sketched a generic-phase diagram for heavy
fermion compounds, generalized to include the magnetic field. 

In Figure 5.23, the symbols FM, PM, and AFM refer to ferromagnetic, paramagnetic,
and AF, respectively. x and p refer to doping and/or pressure, respectively, which may be
offset with respect to zero, depending on the material. The HO phase, which occurs only
in URu2Si2, is not shown in the diagram. At ambient pressure, UPt3 and CeRu2Si2 are close
to exhibiting a QCP at B � 0, possibly occupying the gray circle region. Ambient pres-
sure URu2Si2, because of its incipient antiferromagnetism, probably occurs at slightly
lower x or p where it is overcome by superconductivity.

When a magnetic field is applied to URu2Si2, various types of quantum criticality can
be produced either by the suppression of the parent AF phase, the HO phase or by the
induction of itinerant electron metamagnetism. The existence of many competing inter-
actions in URu2Si2 leads to a unique complex phase diagram as a function of the magnetic
field as shown in Figure 5.24(a). This phase diagram was compiled from resistivity �
measurements made as a function of temperature and field [56].

The phase transitions which exist in the magnetization [54], specific heat [55], or ultra-
sound velocity [57] lead to extrema in d�/dT and d�/dH. This is apparent in Figure 5.24(b)
upon eliminating the regions in H versus T space occupied by ordered spaces. At
magnetic fields higher than 39 T, only below a characteristic temperature T* (open
circles), � � �0 � aTn where n � 2, yielding a Fermi-liquid behavior. When �0H0 �
37 T, the Fermi-liquid parameter a appears to diverge since a fit of a�½ intercepts the 
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Figure 5.22. A comparison of itinerant electron metamagnetism in URu2, CeRu2Si2, and Sr3Ru2O7. 
Reproduced by the permission of Elsevier from Ref. [49].



5.7. URu2Si2 105

Figure 5.23. Generic-phase diagram of heavy fermion systems, generalized to include the magnetic field. 
Reproduced with the permission of Elsevier from Ref. [49].

Figure 5.24. (a) The phase diagram of URu2Si2 as a function of magnetic field and temperature extracted from
Ref. [56] in which the actual data points are omitted for clarity. (b) An assemblage of physical properties of
URu2Si2 outside the ordered phases, together with the power law fits. All data points extrapolate to a metamagnetic 

quantum critical point (QCP) at 37 � 1 T. Reprinted with the permission of Elsevier from Ref. [49].



T � 0 axis in a |H – H0|
� fashion where � � 0.7. At T � T*, the resistivity crosses over

to a non-Fermi-liquid behavior with n 
 1. At T � 7 K and fields lower than 37 T, the
MR has a broad maximum. Its T versus H loci (filled circles) intercepts the field axis at
�0H0 � 37 T with � � 0.5.

In a recent paper, Kim et al. [58] have presented a brief summary of electrical trans-
port, magnetization, and specific heat measurements on U(Ru1�xRhx)2Si2 (x � 0, 2, 2.5, 3,
and 4%) in magnetic fields up to 45 T. The results indicate the formation of multiple
phases near their putative metamagnetic QCPs at low temperatures. They have reported
a clear correlation between the field dependence of the phases and that of the QCP. Their
results are summarized in Figure 5.25. 

In Figure 5.25, the ordered phases are shaded for clarity. PFL and HFL refer to a polar-
ized Fermi liquid and a heavy Fermi liquid state. The crossover temperature T* delineate
the low-temperature T 2 resistivity behavior to high-temperature sub-linear behavior.
HO is the hidden order (which is destroyed at x � 4%), �max is the maxima in the
magnetoresistivity, and BM is the metamagnetic field. For x � 0%, while the domi-
nant phase is destroyed around 35.2 T, a new phase III was found, which was interpreted
as a possible reentrant phase [54]. In addition, phases II and V were identified as weak
features [56]. When x is increased, phase II expanded while the HO phase as well as
phases III and V are suppressed. At x � 4%, the HO phase vanishes and only phase II
(shaded black) is stabilized between 26 and 38 T. The details of the methodology using
which these results were obtained are explained in Ref. [58]. 

5.8. CePd2Si2

Sheikin et al. [59] have done magnetic torque measurements to study the dHvA effects
in the heavy fermion system CePd2Si2. They observed a distinct anomaly in the field
dependence of the torque at about 10 T for B||a manifests a transition between two mag-
netic states. The transition is also seen in MR measurements, where a sudden drop of the
resistivity is observed at the same field, BM � 10 T at 100 mK. The transition moves to
a slightly lower field at T � 4.2 K, which indicates that BM, the field at which the MMT
occurs, has a weak temperature dependence at low temperatures. Based on the above data
and those of preliminary study of the AC specific heat, they have sketched a magnetic
phase diagram of this compound which is shown in Figure 5.26. The phase diagram con-
tains both the AF and MMT lines. The AF transition temperature TN decreases with mag-
netic field, in agreement with previously reported results [60]. This suggests that TN

would eventually be suppressed to zero at higher field as indicated in the gray line in
Figure 5.26. An MMT between two AF phases (denoted as AF1 and AF2 in Figure 5.26)
is found at BM � 10 T at low temperature which shifts to lower field when the tempera-
ture increases. 

BM is found to have a weak angular dependence when the magnetic field is tilted in the
basal plane. In addition, the field dependence of TN does not match that of Ref. [60].
Above the MMT, in the intermediate AF state, six different dHvA frequencies were
detected when the magnetic field was applied in the basal plane. The corresponding
effective masses range from 6 to 23 me. This was compared with the band structure cal-
culations for the paramagnetic state. Sheikin et al. [59] have taken into account the
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Figure 5.25. High-magnetic-field region of the phase diagram of U(Ru1�xRhx)2Si2 for x � 0, 2, 2.5, 3, and 4%
in which the ordered phases are shaded for clarity. Reproduced with the permission of Elsevier from Ref. [58].



modification of the Brillouin zone in the AF phase and the corresponding changes in the
Fermi surfaces, and concluded that the f electrons seem to remain itinerant even above
BM, which is very unusual for Ce-based heavy compounds. 

5.9. YbRh2Si2

YbRh2Si2 has a Kondo temperature of about 25 K located very close to a QCP related
to a very weak AF order below TN � 70 mK [61]. A tiny critical magnetic field of 
Bc � 0.06 T, applied in the easy magnetic plane perpendicular to the tetragonal c axis,
is sufficient to suppress the AF order [62]. Tokiwa et al. [63] have performed 
dc-magnetization measurements at temperatures down to 40 mK and fields up to 11.5 T
at both ambient pressure as well as hydrostatic pressure up to 1.3 GPa. At ambient pres-
sure a kink at B* � 9.9 T indicates a new type of field-induced transition from itinerant to
a localized 4f state. This transition is different from the MMT observed in other heavy
fermion compounds. Here, ferromagnetic, rather than AF, correlations dominate below B*.

In Figure 5.27, the results of hydrostatic pressure experiments reveal a clear corre-
spondence of B* to the characteristic spin fluctuation temperature T0, estimated by fitting the
zero-field low-temperature specific heat with C(T )/T � �Dln(T/T0). Since at ambient
pressure T0 matches with the single-ion Kondo temperature TK [61], the pressure depend-
ence of T0 is assumed to represent that of the Kondo temperature TK. Tokiwa et al. [63]
have used the specific-heat data under hydrostatic pressure reported by Mederle et al. [64].
As shown in Figure 5.27, there is a correlation between T0 and B*. The exponential
decrease with increasing pressure is compatible with the Kondo temperature 
TK � exp[�1/JcfDc(�F)], where Jcf is the conduction electron exchange integral and Dc(�F)
is the conduction electron density of states at the Fermi energy.
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Figure 5.26. Magnetic phase diagram of CePd2Si2 is sketched for B||a based on the magnetic torque (open
circle), MR (filled triangles), and AC specific heat (filled squares) measurements. The AF transition tempera-
ture TN as a function of magnetic field from the previous study (Ref. [60] is also shown as open squares). 

Reproduced with the permission of the American Physical Society from Ref. [59].
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In Figure 5.28, the results of Tokiwa et al. [63] has been summarized in the tempera-
ture–magnetic field phase diagram. The phase boundary of the AF state was determined
from the kinks in both constant-temperature and constant-field scan, respectively.

In all M(B) measurements under pressure, the field B* at which the kink occurs is inde-
pendent of temperature. The anomaly broadens rapidly with increasing temperature, and

Figure 5.27. Pressure dependence of the characteristic spin fluctuation temperature T0 (left axis) and 
B* (right axis) for YbRh2Si2. Solid line represents exp(�0.7 GPa�1 � P) dependence. Reproduced with the 

permission of the American Physical Society from Ref. [63].

Figure 5.28. Temperature–magnetic field phase diagram of YbRh2Si2 for B� c as log T versus log B. White,
gray, and black symbols indicate points at 0, 0.64, and 1.28 GPa, respectively. Circles and squares are data
points from magnetization and resistivity measurements. Lines are guides to the eye. Reproduced with the 

permission of the American Physical Society from Ref. [63].



the kink disappears around 2 K at ambient pressure and 1 K at the highest pressure. Thus,
the transition occurs only in the coherent regime at T �� TK(P).

Because of the very weak RKKY intersite interaction in YbRh2Si2, evidenced by the
very low-ordering temperature TN, the AF correlations cannot persist at fields needed to
destroy the Kondo interaction in this system [63]. Thus, in contrast to the metamagnetic-
like behavior in the other HF systems resulting from the crossover from an AF correlated
itinerant to a ferromagnetically polarized localized 4f moment state, the B* anomaly in
YbRh2Si2 may result from an itinerant to localized transition with FM polarization at
both sides [63].

5.10. CeIr3Si2

Muro et al. [65] have recently measured the electrical resistivity, specific heat, and mag-
netization of CeIr3Si2. Their results indicate that CeIr3Si2 is a new Kondo-lattice com-
pound displaying successive magnetic transitions at TN1 � 4.1 K and TN2 � 3.3 K. The
transition at TN2 is ferrimagnetic because of a sudden increase of M(T ) /B and a hystere-
sis in M(B) at 1.9 K. This is plotted in Figure 5.29. 

The isothermal magnetization M(B) is plotted in Figure 5.30. M(B) shows four MMTs
at 0.6, 0.9, 1.2, and 1.43 T at 1.9 K. There is only one MMT at T � 3.7 and 5 K.

In order to study the magnetic structure at each step of the multistep metamagnetism,
Muro et al. [65] are now doing neutron diffraction measurements on single-crystal
samples of CeIr3Si2.

110 Chapter 5. Metamagnetism in Heavy Fermions (Experimental Review)

Figure 5.29. The temperature dependence of inverse susceptibility B/M of CeIr3Si2 measured under the mag-
netic field of 0.3 T. The solid line represents the Curie–Weiss law. Inset shows M(T)/B below 5.5 K under 0.5 

and 0.3 T. Dashed lines indicate TN1 and TN2. Reproduced with the permission of Elsevier from Ref. [65].



References 111

References 

[1] E. Stryjewski and N. Giordano, Adv. Phys. 26, 487 (1977).
[2] E.P. Wohflarth and P. Rhodes, Philos. Mag. 7, 1817 (1962).
[3] H. Yamada, Phys. Rev. B 47, 11211 (1993).
[4] S. Doniach, Physica B 91, 231 (1977).
[5] H. Aoki, S. Ujii, A.K. Albsessard, and Y. Onuki, Phys. Rev. Lett. 71, 2110 (1993).
[6] R.A. Fisher, C. Marcenat, N.E. Phillips, P. Haen, F. Lapierre, P. Lejay, J. Flouquet,

and J. Voiron, J. Low Temp. Phys. 84, 49 (1991).
[7] M.J. Besnus, J.P. Kappler, P. Lehmann, and A. Mayer, Solid State Commun. 55, 779

(1985).
[8] P. Haen, J. Flouquet, F. Lapierre, P. Lejay, and G. Remenyi, J. Low Temp. Phys. 67,

331 (1987).
[9] J. Flouquet, S. Kambe, L.P. Regnault, P. Haen, J.P. Brison, F. Lapierre, and P. Lejay,

Physica B 215, 77 (1995).
[10] J. Flouquet, P. Haen, S. Raymond, D. Aoki, and G. Knebel, Physica B 319, 251

(2002). 
[11] C. Pauelson, A. Lacerda, L. Puech, P. Haen, P. Lejay, J. L. Tholence, J. Flouquet,

and A. de Visser, J. Low Temp. Phys. 81, 317 (1990).
[12] A. Lacerda, A. de Visser, P. Haen, P. Lejay, and J. Flouquet, Phys. Rev. B 40, 8759

(1989).
[13] S. Quezel, P. Burlet, J.L. Jacoud, L.P. Regnault, J. Rossat-Mignod, C. Vettier,

P. Lejay, and J. Flouquet, J. Magn. Magn. Mater. 76–77, 403 (1988).
[14] J.M. Mignot, J.L. Jacoud, L.P. Regnault, J. Rossat-Mignod, P. Haen, P. Lejay, Ph.

Boutrouille, B. Hennion, and D. Petrigrand, Physica B 163, 611 (1990).
[15] J.M. Mignot, L.P. Regnault, J.L. Jacoud, J. Tossat-Mignod, P. Haen, and P. Lejay,

Physica B 171, 357 (1991).

Figure 5.30. Isothermal magnetization M(B) of CeIr3Si2 at 1.9 K. The inset shows M(B) at 3.7 and 5 K. 
Reproduced with the permission of Elsevier from Ref. [65].



[16] J.M. Mignot, J. Flouquet, P. Haen, F. Lapierre, L. Puech, and J. Voiron, J. Magn.
Magn. Mater. 76–77, 97 (1988).

[17] T. Sakakibara, T. Tayama, K. Matssuhira, H. Mitamura, H. Amitsuka, K. Maezawa,
and O. Onuki, Phys. Rev. B 51, 12030 (1995).

[18] A. Aoki, T.D. Matsuda, H. Sugawara, H. Sato, H. Ohkani, R. Settai, Y. Onuki,
E. Yanamoto, Y. Haga, and A.V. Andreev, J. Magn. Magn. Mater. 177–181, 271
(1998). 

[19] K. Heuser, E.W. Scheidt, T. Schreiner, Z. Fisk, and G.R. Stewart, J. Low Temp.
Phys. 118, 235 (2000).

[20] S. Kambe, H. Suedrow, J. Flouquet, P. Lejay, and P. Haen, Solid State Commun. 96,
175 (1995).

[21] S. Kambe, S. Raymond, L.-P. Regnault, J. Flouquet, P. Lejay, and P. Haen, J. Low
Temp. Phys. 102, 477 (1996). 

[22] R. Daou, C. Bergemann, and S.R. Julian, Phys. Rev. Lett. 96, 026401 (2006).
[23] H.P. van der Meulen, A. de Visser, J.J.M. Franse, T.T.J.M. Beandscot, J.A.A.J.

Perenbrom, H. van Kempen, A. Lacerda, P. Lejay, and J. Flouquet, Phys. Rev. B 44,
814 (1991).

[24] C.A. King and G.G. Lonzarich, Physica B 206, 29 (1995).
[25] A. Bohm, R. Caspary, U. Gotturick, A. Grauel, U. Habel, M. Lang, M. Nowak,

R. Schefzyk, W. Schiebeling, and H. Spille, J. Magn. Magn. Mater. 76–77, 150
(1988).

[26] F.S. Tauz, S.R. Julian, G.J. McMullan, and G.G. Lonzarich, Physica B 206, 29
(1995).

[27] R.S. Perry, L.M. Galvin, S.A. Grigera, L. Capogna, A.J. Schofild, A.P. Mackenzie,
M. Chiao, S.R. Julian, S.I. Ikeda, S. Nakatsuji, Y. Maeno, and C. Pfleiderer, Phys.
Rev. Lett. 86, 2661 (2001).

[28] S.A. Grigera, R.S. Perry, A.J. Schofield, M. Chiao, S.R. Julian, G.G. Lonzarich,
S.I. Ikeda, and A.P. Mackenzie, Science 294, 329 (2001).

[29] C. Thessieu, C. Pfleiderer, A.N. Stepanov, and J. Flouquet, J. Phys. Condens.
Matter 9, 6677 (1997).

[30] R.S. Perry, K. Kitagawa, S.A. Grigera, R.A. Borzi, A.P. Mackenzie, K. Ishida, and
Y. Maeno, Phys. Rev. Lett. 92, 166602 (2004).

[31] S. Raymond, P. Haen, R. Calmeczuk, S. Kambe, B. Fak, P. Lejay, T. Fukuhara, and
J. Flouquet, J. Phys. Condens. Matter 11, 5547 (1999).

[32] R.A. Borzi, S.A. Grigera, R.S. Perry, N. Kitagawa, Y. Maeno, and A.P. Mackenzie,
Phys. Rev. Lett. 92, 216403 (2004).

[33] G. Aeppli, H. Yoshizawa, Y. Endoh, E. Bucher, J. Hufnagl, Y. Onuki, and
T. Komatsubara, Phys. Rev. Lett. 57, 122 (1986).

[34] J. Rossat-Mignod, L.P. Regnault, J.L. Jacoud, C. Vetter, P. Lejay, J. Flouquet,
E. Walker, D. Jaccard, and A. Amato, J. Magn. Magn. Mater. 76–77, 376 (1988).

[35] A. Schroder, G. Aeppli, R. Coldea, M. Adams, O. Stockert, H.V. Lohneysen,
E. Bucher, R. Ramzashvili, and P. Coleman, Nature 407, 351 (2000).

[36] R.A. Robinson, D.J. Gossens, M.S. Torikachvili, K. Kakurai, and H. Okumara,
Physica B 385–386, 38 (2006).

[37] H. V. Lohneysen, H.G. Schlager, and A. Schroder, Physica B 186–188, 590 (1993).

112 Chapter 5. Metamagnetism in Heavy Fermions (Experimental Review)



References 113

[38] G. Aeppli, A. Goldman, G. Shirane, E. Bucher, and M-ch Lux-Steiner, Phys. Rev.
Lett. 58, 808 (1987).

[39] A. de Visser, H. Nakotte, L.T. Tai, A.A. Menovsky, S.A.M. Mentive,
G.J. Nieuwenhuys, and J.A. Mydosh, Physica B 179, 84 (1990).

[40] P.H. Frings and J.J.M. Franse, Phys. Rev. B 31, 4355 (1985).
[41] K. Sugiyama, M. Nakashima, D. Aoki, K. Kindo, N. Kimura, H. Aoki,

T. Komatsubara, S. Uji, Y. Haga, E. Yamamoto, H. Harima, and Y. Onuki, Phys.
Rev. B 60, 9248 (1999).

[42] K. Sugiyama, H. Fuke, K. Kindo, S. Shimohata, A.A. Menovsky, J.A. Mydosh, and
M. Date, J. Phys. Soc. Jpn. 59, 3331 (1990).

[43] K. Oda, T. Kumada, K. Sugiyama, N. Sato, T. Komatsubara, and M. Date, J. Phys.
Soc. Jpn. 63, 3115 (1994).

[44] K. Sugiyama, M. Nakashima, M. Futoh, H. Ohkuni, T. Inoue, K. Kindo, N. Kimura,
E. Yamamoto, Y. Haga, T. Honma, R. Settai, and Y. Onuki, Physica B 281–282, 244
(2000).

[45] A. de Visser, H.P. van der Muller, L.T. Tai, and A.A. Menovsky, Physica B 199–200,
100 (1994).

[46] T.T.M. Palstra, A.A. Menovsky, J. van den Berg, A.J. Dirkmaat, G.J. Niewenhuys,
and J.A. Mydosh, Phys. Rev. Lett. 55, 2727 (1985).

[47] A.C. Hewson, The Kondo Problem in Heavy Fermions (Cambridge University
Press, Cambridge, UK, 1993).

[48] G.R. Stewart, Rev. Mod. Phys. 56, 755 (1984).
[49] N. Harrison, K.H. Kim, M. Jaime, and J.A. Mydosh, Physica B 346–347, 92

(2004).
[50] P. Chandra, P. Coleman, J.A. Mydosh, and V. Tripathi, Nature (London) 417, 831

(2002).
[51] H. Ohkuni, T. Ishida, Y. Inada, Y. Haga, E. Yamamoto, Y. Onuki, and S. Takahasi,

J. Phys. Soc. Jpn. 66, 945 (1997).
[52] N. Keller, S.A.J. Wiegers, J.A.A.J. Perenboom, A. de Visser, A.A. Menovosky, and

J.J.M. Franse, J. Magn. Magn. Mater. 176–177, 298 (1998).
[53] D.M. Edwards and A.C.M. Green, Z. Phys. B 103, 243 (1997).
[54] N. Harrison, M. Jaime, and J.A. Mydosh, Phys. Rev. Lett. 90, 096402 (2003).
[55] M. Jaime, K.H. Kim, G. Jorge, S. McCall, and J.A. Mydosh, Phys. Rev. Lett. 89,

287201 (2002). 
[56] K.H. Kim, N. Harrison, M. Jaime, G.S. Boebinger, and J.A. Mydosh, Phys. Rev.

Lett. 91, 256401 (2003).
[57] K.H. Kim, N. Harrison, H. Amitsuka, M. Jaime, and J.A. Mydosh, Physica B

378–380, 31 (2006).
[58] A. Suslov et al., cond-mat/0212158.
[59] J. Sheikin, A. Groger, S. Raymond, D. Jaccard, D. Aoki, H. Harima, and

J. Flouquet, Phys. Rev. B 67, 094420 (2003).
[60] I. Sheikin, Y. Wang, F. Bouquet, P. Lejay, and A. Junod, J. Phys. Condens. Matter

14, L543 (2002).
[61] O. Trovarelli, C. Geibel, S. Mederle, C. Langhammer, F.M. Grosche, P. Gegenwart,

M. Lang, G. Spam, and F. Steglich, Phys. Rev. Lett. 85, 626 (2000).



[62] P. Gegenwart, J. Custers, C. Geibel, K. Neumaier, T. Tayama, K. Tenya,
O. Tovarelli, and F. Steglich, Phys. Rev. Lett. 89, 056402 (2002).

[63] Y. Tokiwa, P. Gegenwart, T. Rado, J. Ferstl, G. Sparn, C. Geibel, and F. Steglich,
Phys. Rev. Lett. 94, 226402 (2005).

[64] S. Mederle, R. Borth, C. Geibel, F.M. Grosche, G, Sparn, G. Trovarelli, and
F. Steglich, J. Phys. Condens. Matter 14, 10731 (2002).

[65] Y. Muro, Y. Ohno, T. Okada, and K. Motoya, J. Magn. Magn. Mater. 310, 389 (2007).

114 Chapter 5. Metamagnetism in Heavy Fermions (Experimental Review)



Chapter 6

Theory of Metamagnetism in Heavy Fermions

6.1. Review of theoretical models

In 1936, Neel [1] had predicted the magnetic field conditions under which an antiferro-
magnet would show an abrupt decoupling between the direction of antifrromagnetism
and the easy axis, known as “spin-flopping” or “magnetization turnover”. Later, he
extended [2] this analysis to behavior termed “metamagnetic transition” [3] in which an
antiferromagnetic array abruptly transforms to a fully aligned ferromagnetic array at a
critical field. In this review, we will concentrate on theoretical models applied to metam-
agnetism in heavy fermions.

Evans [4] used quasiparticle band descriptions to explain the metamagnetic transition
in CeCu2Si2 [5–7]. Suvasini et al. [8] have used a fully relativistic spin-polarized linear
muffin-tin orbital (SPRLMTO) method [9, 10] to make first-principle local density
approximation (LDA) band structure calculations with the magnetic field H above the
metamagnetic critical field Hc. They have tried to explain the metamagnetic transition in
UPt3 [11, 12] using this method.

Norman [13] has solved the Eliashberg equations for magnetic fluctuations for the case
of UPt3. He has used the neutron data on UPt3 of Aeppli et al. [14] which had indicated
antiferromagnetic correlations in UPt3. The spin-fluctuation theory concentrates almost
exclusively on spins, and heavy quasiparticles feature only implicitly via a large linear
term in the electronic specific heat calculated from the spin-fluctuation spectrum.
Preliminary proposals for unified theories have been made by Coleman and Lonzarich
[15] as well as by Edwards [16].

6.2. Strong-coupling spin-fluctuation theory in the high-field state

Later, Edwards [17] had proposed a theory, based on the Anderson lattice model, for the
onset of metamagnetic transition, by using a strong-coupling spin-fluctuation theory via
magnons, in the high-field state. An outline of Edward’s theory is given below.

In the Anderson lattice model,
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where the symbols have been explained in earlier chapters. In a Ce system, the f-level Ef

is well below the Fermi level with a doublet ground state separated from the first excited
ionic state by considerably more than the impurity Kondo temperature. The spin is a pseu-
dospin 1/2 labeling the doublet states but Edwards [17] has considered it as a real spin 1/2.

Edwards considered the Anderson lattice in the high-field state, due to an applied field
Ha, and assumed that the number n� of � spin f electrons per atom was negligible. The �
spin self-energy ��� 0 and thus the � spin quasiparticles have no mass enhancement. In
order to calculate the � spin self-energy ��, and the one-particle properties, the Green
function can be written as

(6.2)

Using techniques similar to that for Hubbard model [18], the perturbation in U can be
obtained from

(6.3)

where k � (k, E), �f is the f-transverse susceptibility and � is an irreducible vertex func-
tion. The vertex function was approximated by Edwards, using a Ward identity [18, 19],

(6.4)

Here, U� is the renormalized electron-magnon vertex function, �f(q, �) is approxi-
mated by a single pole at the magnon energy 2�BHa � �q, and �q is neglected as a first
approximation. This form of �� is shown in Figure 6.1, the second order of which is the
high-field analog of paramagnon (spin-fluctuation) theory.
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Figure 6.1. Diagrams (excluding Hartree–Fock one) for ��. The wavy line is a magnon. Reproduced with the
permission of Elsevier from Ref. [17].



6.3. Metamagnetic transition in a small cluster t–J model 117

Edward’s calculations [17] on the high-field state of the Anderson lattice can be sum-
marized as follows: (i) most of the � spin spectral weight is at Ef � U, but some are above
the � Fermi surface in the form of flattened quasiparticle bands below an electron-
magnon scattering continuum for E � 2�BHa; (ii) the � spin quasiparticle mass increases
with decreasing field; (iii) the onset of a metamagnetic transition from the high-field side
is marked by a steep upturn in the rate of increase of the � spin Fermi radius with decreas-
ing field, which occurs when 2�BHa is of the order of kBTK; (iv) in the small V limit, the
conduction-band self-energy reduces to the second-order perturbation result obtained
with a Schrieffer–Wolff coupling 2V 2/�Ef�)S·�; (v) the mass enhancement obtained by
this localized spin model is also due to f hybridization at the Fermi surface.

6.3. Metamagnetic transition in a small cluster t–J model

Freericks and Falicov [20] have used the t–J model and calculated the many-body eigen-
states of a small cluster in a magnetic field. They have shown that antiferromagnetic
superexchange favors low-spin arrangements for the ground state while a magnetic field
favors high-spin arrangements. The transition from the low-spin ground state to a high-
spin ground state, as a function of magnetic field, passes through a range where there is
a peak in the many-body density of states which qualitatively describes the metamagnetic
transition.

The Freericks–Falicov theory [20] can be summarized as follows: the physics of the
heavy fermion system is described by the lattice Anderson impurity model [21]

(6.5)

in the large-U (U � 	) limit. All these parameters and operators have been described in
Chapter 2. The hybridization matrix elements are assumed of the form

(6.6)

where g(k) is the form factor, which is a dimensionless function of order 1, and N is the
number of lattice sites. The Fermi-level EF is defined as the maximum energy of the filled
conduction-band states, in the limit V � 0. The origin of the energy scale is chosen at
EF � 0 and the conduction-band density of states per site at the Fermi level is defined as �.

The Anderson Hamiltonian (6.5) can be mapped onto the large-U limit of the Hubbard
Hamiltonian [22] which, in turn, may be mapped onto a t–J model [23–25]:
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Here, the unrenormalized (bare) hopping matrix tij satisfies

(6.8)

and the antiferromagnetic superexchange is defined to be Jij � 4 
 tij 
 2/U.
The canonical transformation which maps the Anderson model onto the t–J model is

valid only within a narrow region of parameter space [20].
The lattice Anderson impurity model (equation (6.5)) has been studied for various

small clusters with at most four sites and has been discussed extensively in Chapter 2.
This approach to the many-body problem begins with the periodic crystal approximation
with a small number of non-equivalent sites. The results for the tetrahedral cluster
[26–32] (with one electron per site), extensively discussed in Chapter 2, indicate the for-
mation of the heavy fermion state and its sensitivity to variations in parameters. When
the band structure �k is such that the bottom of the band is at the � point of the fcc
Brillouin zone, the ground state is a spin singlet (for a small range of �) with nearly
degenerate triplet and quintet excitations. The specific heat has a huge low-temperature
peak and the magnetic susceptibility is large. A magnetically ordered heavy fermion state
is sometimes observed when � is the top of the conduction band.

The mapping of the Anderson model onto the t–J model (equation (6.7)) reduces the
Hilbert space by a factor of (3/16)N, which allows larger clusters to be studied. A good
example of treating the heavy fermion system in the t–J model lies in an eight-site fcc
lattice cluster with seven electrons [33, 34]. The many-body states are degenerate at J � 0
(Jij � J when i, j are first nearest neighbors but J � 0 otherwise) but the degeneracy is
lifted for finite J, with low-spin configuration favored (energetically) over high-spin con-
figuration. A magnetic field in the z direction lifts the degeneracy even more since the
many-body eigenstates have the energy

(6.9)

where mz is the z-component of spin, B the magnetic field, g the Lande g factor, �B the
Bohr magneton, and b dimensionless magnetic field. The high-spin eigenstates are ener-
getically favored in a strong magnetic field and level crossings occur as a function of b.
The heavy fermion system is described by a ground state with nearly degenerate low-
lying excitations of many different configurations. The antiferromagnetic superexchange
pushes high-spin states up in energy with splittings on the order of J. The magnetic field
pulls down these high-spin states and generates level crossings in the ground state. The
magnetization and spin–spin correlation functions both change abruptly at the level
crossings. This gives rise to the metamagnetic transition in heavy fermions.

We show the results of magnetization at temperature (the details of the method of
numerical calculations are given in Ref. [20]) fixed at T � J/kB (high-temperature
regime) in Figure 6.2. The magnetization smoothly changes from a value of 0 to 5/2 as a
function of magnetic field, showing little structure.

The magnetization as a function of magnetic field at temperature T � J/5kB is shown
in Figure 6.3. Since the temperature is smaller than the energy-level spacing, the magne-
tization shows steps at the various level crossings.

E B E m g B E m bJz z( ) ( ) ( ) ,� 0 0� ��B �

t
V V V

N

g k
eij

k

ik jk

k k k

i i j� �� �
*

( )( )

( )
,

� � � �� �

� �
2 2

k R R⋅

118 Chapter 6. Theory of Metamagnetism in Heavy Fermions



6.3. Metamagnetic transition in a small cluster t–J model 119

These theoretical results obtained by calculating the magnetization from the many-
body states qualitatively agree with the numerous experimental data (see Ref. [20] for
details) on metamagnetism in heavy fermion systems.

Tripathi [35] has proposed, starting from a variant of the Hubbard Hamiltonian, a
model for the magnetic-field-induced metamagnetic transition in an itinerant electron
system. The coupling of the applied field with the spin magnetic moments of the elec-
trons is described by two parts––a part which splits the spin degeneracy and the other
which is responsible for spin fluctuations. The damping of the spin fluctuations at the
high-field state coupled with the strong electron–electron interactions was shown to be
responsible for the onset of metamagnetism. However, there was no attempt to compare
the results with any experimental observation. Later, Tripathi et al. [36] extended this
model to include electron–phonon interaction which was found to suppress metamagnet-
ism in an itinerant electron system. They also considered the effect of electron–phonon
interaction on the low-field spin susceptibility by considering electron self-energy as a
function of frequency and magnetic field. They found that the modification brought about
by the field dependence of the self-energy is cancelled by the mass enhancement arising
out of the frequency dependence of the self-energy.

Ono [37] has investigated the metamagnetism of heavy fermions using the periodic
Anderson model (PAM). His theory includes anisotropic hybridization and electron-lattice
coupling. The latter coupling in the model appears to be responsible for an enhancement
of metamagnetization and a large magnetostriction effect. Ohara et al. [38] have studied

Figure 6.2. Magnetization as a function of magnetic field at T � J/kB for the heavy fermion model. Reproduced 
with the permission of the American Physical Society from Ref. [20].



the metamagnetic behavior of CeRu2Si2 by using the periodic Coqblin–Schrieffer [39]
model with anisotropic c-f exchange interaction in the mean-field theory. The metamag-
netic transition is identified with a singularity of the chemical potential at the field of
metamagnetic transition.

6.4. Competition between local quantum spin fluctuations and 
magnetic-exchange interaction

Satoh and Ohkawa [40, 41] have shown, based on the PAM, that the competition between
the quenching of the magnetic moments by local spin fluctuations and a magnetic-
exchange interaction caused by a virtual exchange of pair excitations of quasiparticles in
spin channels is responsible for the metamagnetic crossover in CeRu2Si2. They have also
included the effect of the electron–lattice interaction. The strength of the exchange inter-
action is proportional to the bandwidth of quasiparticles and its sign changes with
increasing magnetizations. They have found that it is antiferromagnetic in the absence of
magnetizations but ferromagnetic in the metamagnetic crossover region. They have
reproduced the experimental results of static quantities.

120 Chapter 6. Theory of Metamagnetism in Heavy Fermions

Figure 6.3. Calculated magnetization as a function of magnetic field at temperature T � J/5kB (low-temperature 
regime). Reproduced with the permission of the American Physical Society from Ref. [20].



6.4. Competition between local quantum spin fluctuations and magnetic-exchange interaction 121

Their results can be summarized as follows. The PAM in a magnetic field H can be
written as

(6.10)

with 
 the band index of conduction electrons, ni� � f †
i� fi� , and H* � m0H, where m0 is

the saturation magnetization per f electron. The kinetic energy of conduction electrons
E
(k) and the f-electron level Ef are measured from the chemical potential.

In order to treat the local quantum spin fluctuations which are responsible for the
quenching of the magnetic moments, Satoh and Ohkawa [41] have used the single-site
approximation (SSA) [42] which is rigorous for paramagnetic states in infinite dimensions.
Within the SSA, Green’s function for f electrons and conduction electrons is given by

(6.11)

where �
~

� is the single-site self-energy function and

(6.12)

and g
(i�n, k) � [i�n�E
(k)]�1. Here n is an integer and i�n an imaginary Fermi energy.
The single-site self-energy function is obtained by solving a single-impurity Anderson
model (SIAM) [42] which has the same Coulomb repulsion U and the same localized
electron-level Ef as in equation (6.10). This is called a mapped Anderson model (MAM).
The parameters of the MAM are determined through the mapping condition,

(6.13)

where N is the number of unit cells, and

(6.14)

with L(i�n) � (1/
)�	

�	
d��(�)�(i�n � �). Here �(�) is the hybridization energy of MAM.

�
~

�(i�n) is obtained by solving the MAM numerically once a trial function for �(�) is given.
Satoh and Ohkawa [41] have used the well-known results of the Kondo problem. They

have used a Fermi-liquid description to expand the self-energy function

(6.15)� � �� �� �� �( ) ( ) [ ]i i in m n� � � � �0 1 � ... ,

�
�

G i
i E i L i

n
n n n

ff
f

� �( )
( ) ( )

,�
�

1

� � ��� ��

�G i
N

G in nff ff� �� �( ) ( , ),�
1

k

k�

G i g i g i V G i Vn n n ff n

 � 
 
 �� �� � �( , ) ( , ) ( , ) ( ) ( , ) *(k k k k k k� �� � �

 
 
 )) ( , ),g i n
 �� k

G i
i E i V i E

n

n n n

ff

f

�

�




 


�
� � �

( , )
( ) (( ( ) ) ( ( ))

,k
k k

�
1

2
� � � ��� � 
 
 	

H E a a E H f f

V a f

� �

�


 �




�

�


 � �

k

k k

k

k k

k

k k

k

k

� �

�

( ) ( )

[ ( )

*

 � 
 � � �







�† †

†

f �

�� �H.C.] ,
1

2
U n n

i

i i

�

�� ��



for small 
�n
, where �
~

m is a mass enhancement factor in the SSA. In the symmetrical case,
the coherent part of equation (6.11) can be written as

(6.16)

The quasiparticles are defined as the poles of equation (6.16), i.e., the dispersion relation
of quasiparticles are obtained by solving the following equation:

(6.17)

The solutions are written as z � ��(k) with � representing the branch of quasiparticles.
It can be shown that in a magnetic field [41],

(6.18)

with ��
~

�(m) a magnetic part of the self-energy and m is the magnetization m �
���� fi�

† fi��. Solutions of equation (6.18) are denoted by ���(k, m). Thus, for the finite-field
case, all arguments can be developed in parallel with the zero-field case. Comparing
equations (6.17) and (6.18), they obtained [41]

(6.19)

where

(6.20)

It can be shown [41] that with the use of equation (6.20), the Luttinger’s theorem gives

(6.21)

where the polarization of conduction electron has been ignored and �* has been replaced
with �f

*, since the right hand side of equation (6.21) is a difference between the contribu-
tions of spin from up and down directions and hence only the low-energy part is relevant.
�Em, the magnetic part of the self-energy, can be determined as a function of m from
equation (6.21).
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Satoh and Ohkawa [41] have also studied the magnetic exchange interactions working
between quasiparticles. They have shown that in the symmetrical case, the magnetic
susceptibility can be written as

(6.22)

where Is(i�l, q, m) is the intersite interaction and �~s(i�l, m) the magnetic susceptibility
of the MAM. Equation (6.22) is consistent with the physical picture of the Kondo lattice
that local quantum spin fluctuations at each site are connected with one another by the
intersite interaction.

It can also be shown that the main contribution to Is is divided into two parts [43]

(6.23)

Here Js is an exchange interaction caused by the virtual exchange of high-energy spin
excitations which do not depend on m. It consists of the conventional superexchange inter-
action, an extended superexchange interaction, and a Rudderman–Kittel–Kasuya–Yosida
(RKKY) interaction. Since Js depends on the whole band structure, Satoh and Ohkawa [41]
have treated it as a phenomenological parameter. JQ is due to the virtual exchange of low-
energy spin excitations within quasiparticle bands. They have also studied the static and
uniform component of JQ abbreviated to JQ(m, x). They have also shown that the volume
dependence of JQ(m, x) is the same as that of TK, i.e., JQ(m, x) � e�xJQ(m, 0) and the mag-
nitude of JQ(m, x) is of the order of kBTK. Since JQ(m, x) is scaled with TK, the bandwidth
of the quasiparticles, it is possible to do a single-parameter scaling [40]. In Figure 6.4,
the theoretical results of magnetization and magnetostriction, calculated by Satoh and
Ohkawa [41], for CeRu2Si2 by using a parameterized model, are compared with the exper-
imental results [5.44].

Muoto [45] has studied the PAM away from the half-filling in the framework of the
self-consistent second-order perturbation theory. He has studied the concentration
dependence of the density of states spectrum, spin and charge susceptibilities, and mag-
netization processes. He has shown that the coefficient of the electronic specific heat and
the spin susceptibility are both enhanced by strong correlations. Although the study does
not directly pertain to metamagnetic transition, the magnetization curve and the above
quantities have some bearing with the metamagnetic transition.

Meyer et al. [46] have investigated the SIAM, which has gained much interest in the
context of the dynamical mean-field theory (DMFT) (discussed extensively in Chapter 3),
by introducing a modified perturbation theory (MPT). Their approximation scheme
yields reasonable results away from the symmetric case. Meyer and Nolting [47–49]
have addressed the problem of field-induced metamagnetic transition and tried to
compare the results with that observed in CeRu2Si2. They have used DMFT in com-
bination with MPT to calculate the magnetization and the effective mass. However,
their work is not free from ambiguities as regards the choice of the chemical potential.
The results are qualitative and the calculated field at the metamagnetic transition is
several hundreds of Tesla which is much too large compared with the experimental value.
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6.5. Itinerant electrons and local moments in high and 
low magnetic fields

The foregoing remarks suggest that in spite of an extensive activity in metamagnetism,
no consensus has been reached about mechanisms that contribute to this phenomenon.
We shall present a theory of metamagnetism [50] starting from a variant of the periodic
Anderson Hamiltonian in the presence of an applied magnetic field. In Section 6.5.1, we
consider equations of motion for the magnetization and spin-fluctuation amplitudes in
the high-field state where damping effects are considered phenomenologically. We solve
these equations in Section 6.5.2 and obtain a non-linear equation for the magnetization
as a function of the applied magnetic field. In Section 6.5.3, we analyze the itinerant elec-
tron paramagnetism in the presence of local moments and, in the process, derive an
expression for the EPR (Knight) shift including the effect of electron–phonon interac-
tions. In Section 6.5.4, we parameterize the model in order to compare with the experi-
mental results for CeRu2Si2.

6.5.1. The model

We consider a variant of the periodic Anderson Hamiltonian in the momentum–space
representation:

(6.24)H H H HA c f hyb� � � ,
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Figure 6.4. Magnetization and magnetostriction of CeRu2Si2 calculated in a parameterized model.
Experimental data are shown in dots and circles, respectively, from Refs. [5] and [44]. Reproduced with 

the permission of the American Physical Society from Ref. [41].
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where

(6.25)

(6.26)

and

(6.27)

Here, Hc and Hf describe the conduction- and the f-electron Hamiltonians. C†
k�( f †

k�) and
Ck�( fk�) are the creation and annihilation operators for the conduction (f) electrons,
respectively. �ck and �fk are the conduction- and f-electron energies while Uc and Uf are the
respective correlation energies. The other terms have their usual meanings defined earlier
and the f-electron spin is chosen same as the conduction-electron spin. When a magnetic
field H is applied, the resulting interacting Hamiltonians for both the systems are

(6.28)

and

(6.29)

Here H� � Hx � iHy; which are responsible for spin fluctuations, and Hz is the 
z-component of the applied field which is responsible for the spin splitting of the energy
levels. Assuming a mean-field approximation (MFA) for the electron correlation energies,
the total Hamiltonian can be derived from equations (6.23)–(6.29) as follows:
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where
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(6.32)

(6.33)

(6.34)

Here V�� are assumed to be k-independent and have an implicit Hz dependence. To the
first order in Hz,

(6.35)

In fact, the hybridization parameter, Vk�, depends on the magnetic field through both
the spin (�) and the vector operator (�) which can be expressed [51, 52] as

(6.36)

However, the magnetic field dependence through � is an orbital effect and is generally
small compared to the effect of spin. In equations (6.31)–(6.35),

(6.37)
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and

(6.39)

We have followed a non-perturbative approach [50] within the MFA and assumed
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The validity of above approximations results from the fact that in a spatially homoge-
neous system, the conservation of momentum holds good [53]. Since magnetism is a
non-perturbative phenomenon, a non-perturbative approach within the MFA seems to be
reasonable. As has been done in our previous work [35, 36], the down-spin electron anni-
hilation operators Ck� and fk� are assumed to be equivalent to the down-spin hole creation
operators d †

�k� and b†
�k�, respectively, for the conduction (c) and f electrons. Equation

(6.30) can be written in the electron–hole representation as

(6.42)

and the necessary changes in equations (6.31)–(6.34) are
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and
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In equations (6.43)–(6.46),
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These are distribution functions for c- and f-type electrons and holes. The convenience
of equation (6.42) is that the entire Hamiltonian is expressed in the k-space. Here C†

k�d †
�k

and f †
k�b

†
�k� are the spin-fluctuation operators for c bands and f bands. Particle–hole

symmetry occurs when particles are mapped onto holes. However, we have mapped only
the down-spin electrons on down-spin holes, keeping the up-spin electrons intact.
Therefore, negative sign appears before the down-spin energies. The up-spin energies
involve quantities like (1 � n�

h). The mapping only becomes a symmetry when both 
n�

h � 1/2 and the number of holes equals the number of particles.

6.5.2. High-field ferromagnetic case

The equations of motion for the number and spin-fluctuation operators can be obtained,
using Heisenberg’s equation [50]:

(6.51)

as

(6.52)

(6.53)
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and

(6.55)
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Here, equations (6.52)–(6.55) have been obtained from equation (6.51) by making the
assumption [50] that the average value of the four types of electron–hole operators is 
the same since we are interested in the variation of the magnetization as a function of the
magnetic field:

(6.56)

In addition, the constants �cn, �fn represent dampings of the c and f magnetizations
and �c,eh, �f,eh represent the dampings of the spin-fluctuation amplitudes. Metamagnetic
transition is associated with a sharp rise in the magnetization and/or a hysteresis
which is a non-equilibrium phenomenon. However, the system relaxes through the
damping of the number and the spin-fluctuation amplitudes. These dampings occur
partly due to the collision processes among the fermions (electrons and holes) and
among the spin excitons (electron–hole pairs). Since the damping mechanisms are sta-
tistical in nature and are due to random processes, these have been included phenom-
enologically [50], which can also be justified from first principles by coupling the
system to a heat bath [54].

Since equations (6.52)–(6.56) denote equations for physical quantities, for simplicity,
we assume [50]

(6.57)

(6.58)

(6.59)

and

(6.60)

Here nec� and nhc� describe the distribution functions of up-spin electrons and down-
spin holes in the conduction band; and nef� and nhf� represent the distribution functions
for corresponding electrons and holes in the f band.

The explicit time dependence of these quantities is

(6.61)

Using equation (6.61) in equations (6.54) and (6.55), we obtain
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and

(6.63)

where

(6.64)

Here, mck and mfk are the average magnetization functions in dimensionless forms for
conduction and f bands for strong ferromagnets in which the up-spin electronic bands are
occupied and down-spin bands not occupied, i.e., these are filled with down-spin holes.
Using equation (6.61) in equations (6.52) and (6.53), one obtains
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We have [50] also made the following assumptions:
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and

(6.72)

From equations (6.62), (6.63), (6.65), and (6.66), we obtain

(6.73)

where

(6.74)

(6.75)

and

(6.76)

where �m is the damping of the magnetization.
From equations (6.72)–(6.75), we obtain

(6.77)

where

(6.78)

and

(6.79)

Here, N is the number of unit cells, and m and ms are the total and the saturation mag-
netic moments, respectively, of the atom in the units of �B. We note from equation (6.77)
that h � m is non-linear even in the absence of Hz, and is driven by the transverse part of
the magnetic field. For low Hz, m is related to the Pauli spin susceptibility. In the next
section, we analyze the low-field paramagnetic susceptibility of itinerant electrons in the
presence of c-l hybridization.
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6.5.3. Low-field paramagnetic susceptibility

We shall analyze the low-field paramagnetic susceptibility in the limit of Hz � 0, in the
presence of many-body and conduction-electron moment and local-moment interactions.
The one-electron Green’s function G(r, r�, Hz, �, #l) in the presence of magnetic field Hz,
localized magnetic moments �z satisfies the following equation:

(6.80)

where

(6.81)

In equation (6.81), H0 is the unperturbed Hamiltonian, #l � (2l � 1)i
 �2 � �; l � 0,
�1, � 2, … , � is the chemical potential; the mean-field hybridization Hamiltonian,

(6.82)

(6.83)

and ��l is the proper self-energy which, when expanded in powers of Hz and �Siz�,
becomes

(6.84)

where
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equation (6.81) can be written with the help of equations (6.82)–(6.84) and (6.88) as

(6.89)

where

(6.90)

and

(6.91)

Here �cw is the Curie–Weiss susceptibility, J the exchange integral, and �z the Pauli spin
matrix. We now consider the thermodynamic potential [55–59]

(6.92)

where (G�l) is the abbreviated notation for the one-particle Green’s function. Tr is defined
as �lTr, where trace refers to summation over a complete one-particle set, and the func-
tional �(G�l) is defined as [55–59]

(6.93)

Here �(n)(G�l) is the nth-order self-energy part, where only the interaction parameter 

occurring in equation (6.93) is used to determine the order. �(G�l) is defined through the
decomposition of �(n)(G�l) into the skeleton diagrams. There are 2nG�l lines for the nth-
order diagrams in �(G�l). Differentiating �(G�l) with respect to G�l has the effect of
“opening” any of the 2n lines of the nth-order diagram and each will give the same con-
tribution when Tr is taken.

The spin susceptibility is given by

(6.94)

where, from equations (6.92) and (6.94), one obtains
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and

(6.96)

It can be easily shown [57–59] that

(6.97)

where C encircles the imaginary axis in a counterclockwise direction and

(6.98)

After some lengthy algebra [50], we obtain

(6.99)

Here, V � 1/2J, 
k�� � �k�(r) � �eik�r and is a plane wave state for spin �. f (�k�) is the
Fermi function and f �(�k�) denotes its derivative with respect to energy. The free-electron
basis is valid only when the bare electron mass is replaced by the effective mass of the
system [50]. The last term in equation (6.99) is an oscillatory term and arises from an
RKKY type of interaction.

Similarly, we can derive an expression for �corr from equation (6.96) after some lengthy
algebra [50],

(6.100)
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From equations (6.94), (6.99), and (6.100), after some more algebra, we obtain [50],

(6.101)

where

(6.102)

(6.103)

(6.104)

and

(6.105)

where

(6.106)

(6.107)

and U is defined through

(6.108)

The relation between U, �1, and �2 is clearly defined in equations (4.32)–(4.34) of
Ref. [50].

Here � and � are the intraband and interband exchange enhancement parameters, �S
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very similar to the Knight shift [57, 58]. The second term in PS is due to an RKKY type
of oscillatory interaction.

6.5.4. Results and discussion

Introducing dimensionless parameters and the relation m � �PHz where �P � �S/N�B, one
obtains from equation (6.77),

(6.109)

where

(6.110)

In order to compare the theoretical results with the experimental results observed in
CeRu2Si2, this model has been parameterized [50]. In Figure 6.5, the magnetic
moment m (�B) versus the magnetic field h (T) has been plotted. The damping con-
stants �m and �eh have been chosen as 5.71 � 107 s�1 and 1.5 � 1015 s�1. The values
of c and df have been chosen to be 1.0 � 10�4 and 2.8 as to give average value of �P

to be 1.17 � 10�4 in cgs units and Uf to be 11.05 eV. v is chosen to be 0.015 so that
V� � 150 �B.

In Figure 6.5, the m versus h curve has been plotted for two values of Uc and the the-
oretical results come closer to the experiment when Uf and Uc are of the same order
which implies that both f electron and conduction-electron correlations are important.

In Figure 6.5, we observe that the sudden rise in magnetization takes place roughly at
6.4 T, while the experimental value is about 7.8 T. In addition, in the low-field regime,
the theoretical curve should look linear, in contrast to what it looks now. One of the rea-
sons is that while a detail analysis of the paramagnetic susceptibility has been done in
Section 6.5.3, there has been no numerical estimate of it. Instead, �P has been used as a
parameter even though the itinerant and the local characters of the electrons as well as
the electron–electron correlations have been included in the theory. The parameterization
for CeRu2Si2 has been done mainly since different heavy fermion systems show different
behavior. In addition, a unified picture for a clear and quantitative understanding of the
effective mass as a function of the magnetic field is necessary before �P can be calculated
for a particular heavy fermion system.

Despite qualitative and phenomenological treatments of some mechanisms, our model
[50] explains some basic features of metamagnetism in CeRu2Si2. The weakness of the
model is the MFA and attempts are being made to improve the model by going beyond
the MFA.
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Chapter 7

Heavy Fermion Superconductors
(Ce-Based Compounds)

7.1. Overview

Superconductivity and magnetism were considered to be antagonistic phenomena since
the local magnetic moments break up the spin-singlet state of the Cooper pairs [1]. In
fact, very low concentrations of paramagnetic impurities suppress superconductivity in a
classical BCS superconductor. Therefore, the pioneering discovery of superconductivity
in CeCu2Si2 by Steglich et al. [2] in 1979 created a new scenario for several reasons. First,
since the effective mass of the electrons in this heavy fermion system is a few hundred
times the electron mass below a coherence temperature, the pairing of such heavy quasi-
particles through the electron–phonon mechanism, as postulated in the BCS theory [3],
was unlikely. Second, since the Ce ion in this heavy fermion compound is trivalent (4f1),
it has a local magnetic moment. Usually less than 1 at% of Ce3� ions are sufficient to sup-
press superconductivity in a classical (BCS) superconductor. However, in CeCu2Si2, 100
at% of Ce3� ions are necessary to obtain the superconducting state. The reference com-
pound LaCu2Si2 which is based on non-magnetic La3� (4f 0) is not a superconductor [4]
and a few at% La3� substituted for Ce3� destroys the superconducting state in CeCu2Si2.
Thus, the non-magnetic impurities are pair breaking in this material in contrast to classi-
cal superconductors. Third, the physical properties in the superconducting phase of
CeCu2Si2 at low temperatures have shown power-law temperature dependence which is
different from the exponential decay observed in the conventional s-wave superconduc-
tors. Thus, the discovery of superconductivity in CeCu2Si2, which is an even-parity super-
conductor with line nodes, became the pioneering work which led to the search for
unconventional superconductivity in strongly correlated electron systems (SCES).

Since 1979, approximately 25 unconventional superconductors have been discovered in
heavy fermion systems. While most of these systems are Ce- and U-based compounds, a
few others are quasi-two-dimensional (2D) in nature and filled skutterdites. The multiphase
diagrams in UPt3 [5–7] and U (Be1�xThx)13 [8–13] indicate unusual superconductivity with
multicomponents. In fact, UPt3 is the first odd-parity superconductor to be discovered in
heavy fermion systems [14, 15]. UPd2Al3 [16] and UNi2Al3 [17] are unconventional super-
conductors coexisting with the AF phase and are considered to have even- and odd-parity
pairing states, respectively [18–20]. There is coexistence of hidden order and unconven-
tional superconductivity in URu2Si2 [21]. UPt3 [5], URu2Si2 [22], UNi2Al3 [17], and UPd2Al3
[16] have the following common features: (a) they order antiferromagnetically below TN,
ranging from 5 to 17 K, (b) they exhibit, well below TN and coexisting with AF order,
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a heavy Landau-Fermi-liquid (LFL) state which becomes unstable against a superconducting
transition at Tc (ranging between 0.5 and 2 K).

Recently, a variety of heavy fermion Ce-based superconductors have been discovered
due to progress in experiments under pressure. These include CeCu2Ge2 [23–25],
CePd2Si2 [26, 27], CeRh2Si2 [28], CeNi2Ge2 [29], and CeIn3 [27, 30]. These materials,
which have the same ThCr2Si2-type crystal structure as CeCu2Si2 (except CeIn3) are AF
metals at ambient pressure, while under high pressures, the AF phases abruptly disappear
accompanied by SC transitions.

The family of CeTIn5 (T�Co, Rh, and Ir), which has HoCoGa5-type crystal structure
[31–33], has attracted great deal of attention since they possess relatively high transition tem-
perature (Tc) such as Tc � 2.3 K for CeCoIn5, which is the highest among Ce- and U-based
heavy fermion superconductors. Another interesting example is the coexistence of super-
conductivity and ferromagnetism in UGe2 at high pressure and URhGe at ambient pressure
[34, 35]. It is generally believed that a triplet pairing state coexists with the ferromagnetic
phase in such superconductors. The unconventional T 3-behavior has been observed in the
NQR/NMR-1/T1 [36].

The heavy fermion superconductors which do not have either Ce or U atom include the
filled skutterdite compound PrOs4Sb12 (Tc � 1.85 K), where the possibility of double
transition [37] was observed. A very high transition temperature, Tc � 18.5 K, has been
reported in the Pu-based compound PuCoGa5 which has the same crystal structure as the
family of CeTIn5 [38].

There is a great variety of ground states of the heavy fermion superconductors.
However, it is not possible to review the superconductivity of each heavy fermion com-
pound. In this chapter, we shall discuss the superconductivity in some prototype Ce-
based compounds. We shall discuss the superconductivity in U-based compounds in
Chapter 8 and that of other heavy fermion superconductors in Chapter 9. We shall briefly
discuss the various theoretical models for these superconductors in Chapter 10 with the
warning that this is an area where the experimentalists are way ahead of the theorists like
in other areas of heavy fermion systems.

7.2. CeCu2Si2

As mentioned earlier, Steglich et al. [2] had discovered the first heavy fermion supercon-
ductor, CeCu2Si2, in 1979. Their results for the low-temperature properties of polycrys-
talline CeCu2Si2 is shown in Figure 7.1 by plotting the resistivity for B � 0 and B � 0.1 T
and the low-field AC magnetic susceptibility (inset) as a function of temperature. Their
results indicated a bulk superconducting transition below Tc � 0.6 K. The inset of Figure
7.1 clearly shows that the CeCu2Si2 sample has a non-magnetic low-T state and a Pauli-
like susceptibility before turning superconducting. In Figure 7.2, the ratio of the specific
heat (C) and temperature (T), C/T, has been plotted as a function of temperature for two
polycrystalline samples of CeCu2Si2.

The linear T-dependence of the resistivity (Figure 7.1) and the negative temperature
coefficient in the Sommerfeld coefficient in the normal (n)-state electronic specific heat,
� � �C(T)/T (Figure 7.2), indicated the vicinity of a magnetic instability. As mentioned
earlier, CeCu2Si2 is an even-parity superconductor with line nodes. The pair correlation



Figure 7.1. Low-temperature properties of polycrystalline CeCu2Si2: Resistivity (main part) and low-field
ac magnetic susceptibility (inset) as a function of temperature. Reproduced with the permission of Elsevier 

from Ref. [39].

Figure 7.2. Low-temperature C/T versus T for two samples of polycrystalline CeCu2Si2. Reproduced with the 
permission of Elsevier from Ref. [39].



function in a superconductor can be written as [40]

(7.1)

where

(7.2)

F�� is expanded in terms of a singlet, even-parity pair function Fs(x) � Fs(�x), and a
triplet, odd-parity pair function Fp(x) � �Fp(�x). Either Fs or Fp is zero when parity is
a good quantum number.

From Figure 7.2, it may be noticed that the n-state value of �(T � 0) is about 1 J/K2

mol which scales with the huge jump height �C(Tc)/Tc. This indicates that the quasipar-
ticles with large effective mass (m* � 103me) form massive Cooper pairs. The renormal-
ized Fermi velocity v*

F of these heavy fermions (HFs) is correspondingly reduced
compared to vF of the free electrons in a simple metal like Cu. Since the entropy asso-
ciated with the Fermi liquid (FL) and the superconductor is derived from f-spin entropy,
heavy electron quasiparticles are combinations of f-spins and conduction electrons (s-, p-,
and d-states). Thus, they represent a type of composite fermions with a dominating local
4f component and a mixture of itinerant conduction electron contributions. However, the
quasiparticles carry an elementary charge |e| and a spin 1/2 as concluded from the empirical
Kadowaki–Woods relation [41]

(7.3)

between the quadratic “A” coefficient of the resistivity (� � �0 � AT 2) and the specific
heat coefficient � � C/T, as well as from the Sommerfeld–Wilson [42] ratios.

The inclusion of this “Kondo physics” into heavy fermion superconductivity is a
theoretical challenge. The HFs, severely hindered in their mobility by the strong on-site
Coulomb correlations acting on the 4f shells, are formed along with the local Kondo sin-
glets. Thus, v*F is of the same order as vs, the velocity of sound, and the retardation of the
electron–phonon interaction which is essential in BCS theory is absent. As discussed in
Chapter 3, the rare-earth-based heavy fermion metals exhibit non-Fermi-liquid (NFL)
phenomena due to the existence of “nearby” AF quantum phase transition (QPT). The
RKKY and the local Kondo interaction, which are the two competing fundamental inter-
actions, cancel each other resulting in “residual interactions” between the quasiparticles.

The sample dependence of CeCu2Si2, which is clearly evident from Figure 7.2, was
resolved by Geibel and co-workers [43] who studied the ternary chemical Ce–Cu–Si
phase diagram. Within the narrow homogeneity range of the primary 1:2:2 phase, which
allows for an exchange between Cu and Si atoms by not more than 1%, several ground-
state properties were obtained. In Figure 7.3, the different phases measured by a general
coupling parameter g, which occurs at different strengths of the 4f-conduction electron
hybridization, is shown [4]. At the weak-coupling side, it shows coexistence (at sufficiently
low T) between SC and AF ordered “A-phase” [44]. From measurements of CeCu2Si2 sin-
gle crystals, it was identified as an incommensurate SDW phase with very small ordered
moment [45]. Near the true stoichiometry point and at stronger coupling, SC expels the
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A-phase which can be recovered by applying a large magnetic field which can suppress
SC. At the QCP, the A-phase smoothly disappears as a function of the 4f-conduction
electron hybridization.

The QPT for CeCu2Si2 at g � gc (Figure 7.3), where the A-phase disappears continu-
ously as a function of pressure and/or Cu excess, is called an itinerant or SDW-type
QPT. In addition, anomalous NFL power laws have been observed in the temperature-
dependences of electrical resistivity (�� � T1.5) and the Sommerfeld coefficient (� �
�0 � �T 0.5) [46, 47]. Such a quantum critical state is called a “nearly antiferromagnetic FL”
and is typical of three-dimensional critical fluctuations [48–50].

Figure 7.4 shows how the doping of 10 at% Ge on Si sites in the superconducting state
of CeCu2Si2 could be weakened, so that SC occurs only below a reduced Tc, under a
narrow “dome” centered around the AF-QCP [51]. A second superconducting “dome” is
found upon further increasing the pressure.

The first SC narrow “dome” at low pressure is believed to be due to extended AF spin
fluctuations (paramagnons) [27]. In fact, while the quantum critical fluctuations are low
lying in energy, high-frequency fluctuations are required to form Cooper pairs [52–55].
The second superconducting dome coincides with a weak valence transition and it is
believed that the Cooper pair is due to the exchange of virtual fluctuations of the charge
density [56–60].

The origin of valence fluctuation superconductivity in some Ce-based compounds
is due to the fact that in metallic Ce, the phase diagram shows a first-order valence dis-
continuity line [61]. This line separates the �-Ce with a 4f shell occupation nf � 1.0 from
the �-Ce with nf � 0.9. The valence transition is isostructural and the line has a critical
end point in the vicinity of pcr � 2 GPa and Tcr � 600 K. In cases where pcr is positive,

Figure 7.3. Generic phase diagram of CeCu2Si2 combining data for high-quality polycrystals, undoped ones
from the homogeneity range (hatched) and Ge-doped ones, CeCu2(Si1�xGex)2. The coupling constant g was
assumed to be linear in (1 � TA). Sectors I, II, and III indicate samples “A”, “A � S”, and “S” type, respectively. 

Reproduced with the permission of Elsevier from Ref. [4].



either Tcr is very high [62] or Tcr is negative and only a crossover regime is accessible
even at T � 0. The exceptions are CeCu2Si2 and CeCu2Ge2 for which Tcr is likely posi-
tive although small. In such a situation, the associated low-energy valence fluctuations
can mediate superconductivity [63].

Miyake [58] has proposed that the superconducting phase diagram for CeCu2(Ge,Si)2

(shown in Figure 7.5) exhibits a maximum in the transition temperature in close vicinity
to a valence-changing critical point [59]. Miyake has argued that superconductivity may
develop around the region where the critical end point is suppressed to zero, to become
a QCP.

It is now clear that for CeCu2Si2, the critical valence fluctuations (VF), between Ce 4f1

and 4f0 � [5d6s] electronic configurations, form the basis of the pairing mechanism. In
Figure 7.6, the resistance of CeCu2Si2 below 4 K and up to 6.5 GPa in hydrostatic condi-
tion is shown [60]. The width of the resistive superconducting transition varies strongly
with pressure. It is sharp at the lowest pressure, where Tc is close to the ambient pressure
value. Near the maximum of the transition temperature, the transition sharpens again but
does not coincide with the narrowest transition in the high-pressure region.

The upper part of the resistance drops in the broad transition at 1.76 GPa could be sup-
pressed by increasing the measurement current, leading to a sharp transition with a width
close to the ambient pressure value. The R � 0 point could be suppressed more rapidly
with a magnetic field than the upper part. The recently discovered heavy fermion super-
conductor CeNiGe3 [64] displays similarly broad transition widths, along with a large
width in residual resistivity, and is the most likely candidate for VF-mediated super-
conductivity in another compound. The relative position of the magnetic and valence
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Figure 7.4. T–P phase diagram of CeCu2(Si1�xGex)2 showing transition temperatures into the “A” phase (TN,
closed symbols) and the superconducting state (Tc, open symbols) versus relative pressure �p � p � pc. The
magnetic transition lines for x � 0.1, x � 0.25, and x � 1 coincide since appropriate pc values are chosen. 

Reproduced with the permission of Elsevier from Ref. [39].
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instability pressures Pc and Pv plays an important role in the presence or otherwise of
VF-mediated superconductivity.

Figure 7.7 shows the superconducting transition in CeCu2Si2 as detected by AC calorime-
try in a helium pressure medium [60]. The beginning of the Cp transition corresponds to
the temperature at which the resistivity reaches zero. The jump starts off relatively small
and sharp, then grows much bigger as Tc increases. However, the specific heat peak starts
to broaden and collapse before Tc reaches a maximum.

Figure 7.5. Schematic phase diagram for CeCu2(Ge,Si)2 (Ref. [58]) illustrating possible valence fluctuation
critical point beneath the superconducting dome at high pressures. Reproduced with the permission of Elsevier 

from Ref. [40].

Figure 7.6. Resistive superconducting transition in CeCu2Si2 in a helium pressure-transmitting medium.
The large and pressure-dependent transition widths are evident. Reproduced with the permission of Elsevier 

from Ref. [60].



There is a large enhancement of the residual resistivity �0 of CeCu2Si2 under pressure
which is shown in Figure 7.8 for two samples [60]. The coexistence of superconductiv-
ity with such enhanced impurity scattering is highly unlikely in a spin-fluctuation medi-
ation scenario. The superconducting transitions are shown both at ambient pressure, and
at 4.34 GPa, close to the maximum of �0. The sample labeled # 50 has a slightly lower
Tc at ambient pressure than sample # 57, along with a residual resistivity of the order of
70 �� cm if the normal state resistivity is extrapolated to T � 0.

It may be noted from Figure 7.8 that at 4.34 GPa, the normal state resistivity at Tc has
more than doubled in sample # 50, and increased substantially in sample # 57 (which
was slightly corrected for experimental difficulties [65]). Similar behavior has been observed
in crystalline samples [24]. The enhancement of the impurity scattering is reduced as the
temperature increases and the two samples exhibit similar behavior approaching room
temperature. These results indicate that there is a VF-enhanced impurity scattering, in
addition to the usual electron–electron, phonon, and magnetic scattering terms to the
temperature-dependent contributions to the resistivity.

Holmes et al. [59] have performed simultaneous resistivity and ac specific heat meas-
urements under pressure on single-crystalline CeCu2Si2 to over 6 GPa in a hydrostatic
helium pressure medium. Their plot of Tc (K) versus P (GPa) is shown in Figure 7.9 which
shows the superconducting phase diagram determined by both resistivity and specific
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Figure 7.7. Superconducting specific heat jump of CeCu2Si2 at different pressures extracted from the ac
calorimetry signal and simultaneously obtained with � (Figure 7.6). The amplitude of the jump seems to be closer 

to Pv � 4.5 GPa than the low pressure near Pc. Reproduced with the permission of Elsevier from Ref. [60].



7.2. CeCu2Si2 149

Figure 7.8. Resistivity at ambient pressure and close to Pv of two polycrystalline CeCu2Si2 samples. The
large increase in residual resistivity under pressure is combined with a nearly complete resistive transition. 

Reproduced with the permission of Elsevier from Ref. [60].

Figure 7.9. Tc(P) in CeCu2Si2 determined from resistivity and specific heat measurements. The triangles
show Tc determined from the onset of the resistive transition (Tc

onset), the squares show the completion (Tc
R�0),

and the solid circles show the midpoint of the specific heat jump. The numbers indicate the sequence of pressures.
The dotted line shows Tc determined by susceptibility in a different sample, also in a helium pressure medium 

(Ref. [66]). Reproduced with the permission of the American Physical Society from Ref. [59].
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heat, on increasing and decreasing the pressure. Two qualitatively different types of
behavior can be seen in the same sample, represented by the onset and completion of the
resistive transition. The transition onset Tc

onset (P) has sharp kinks which behaves differ-
ently from the temperature Tc

R�0 (P), at which the resistance vanishes. In fact, Tc
R�0 (P)

has a narrower peak.

7.3. CeCu2Ge2

The RKKY interaction dominates the Kondo effect in CeCu2Ge2 which orders antiferro-
magnetically at ambient pressure. The magnetic ordering (TM) and superconducting
transition (Tc) temperature as a function of P has been studied by the high-pressure resis-
tivity of single-crystalline CeCu2Ge2 [24, 67]. This has also led to the establishment of
various links between properties of the normal and superconducting phase. The Kondo
temperature (TK) is small in comparison to the crystal field (CF) splitting �CF � 191 K
[68]. The magnetic resistivity has two maxima at temperatures T1

max and T2
max, reflecting

the Kondo scattering on the ground state and excited CF levels, respectively. In
Figure 7.10(a), the P-dependence of these temperatures is plotted along with TM and Tc

[25]. There is a strong P-variation of T1
max whereas T2

max is nearly constant. In the pres-
sure range 7 � P � 25 GPa, the nearly exponential rise of T1

max of about two orders of
magnitude probably corresponds to the enhancement of the Kondo coupling which then
dominates the RKKY interaction. At low P, there is evidence of two magnetic transi-
tions. At Pc � 9.4 GPa, TM saturates at about 2 K. Close to Pc, superconductivity suddenly
emerges and the transition temperature Tc � 0.6 K remains constant up to � 13 GPa.
Tc increases above P � 13 GPa and reaches a maximum of Tc � 2 K at P � 16 GPa.
At this pressure, T1

max and T2
max merge, indicating an intermediate valence regime when

the Kondo temperature TK becomes the same order as that of the CF splitting.
From Figure 7.10(b), it is evident that the maximum of Tc(P) is correlated to the peak in

�0 and to the drop of A. A is related to the effective mass m* by A � (m*)2. In Figure 7.10(b),
the A(P) dependence above Pc can be divided into two parts. In the range Pc � P � �16 GPa,
a smooth decrease occurs while A drops by more than two orders of magnitude for
P � �16 GPa. The drop of A is likely due to the change of the ground-state degeneracy
when the system crosses from the Kondo lattice state towards the intermediate valence state.

7.4. CePd2Si2

CePd2Si2 is isostructural to CeCu2Si2 (ThCr2Si2 structure) but differs in the number of d
electrons in the d metal constituent and therefore in the nature of the Fermi surface and
in the magnetic properties. CePd2Si2 orders antiferromagnetically below a Neel temper-
ature TN of about 10 K [69]. The magnetic nature can be pictured as ferromagnetic planes
aligned perpendicular to the [1 1 0] direction, stacked with the moment of �0.7 �B point-
ing along the [1 1 0] direction. Grosche et al. [26] have investigated the crossover of
CePd2Si2 from a magnetically ordered to a non-magnetic spin liquid state in a series of
resistance measurements under hydrostatic pressure up to 30 kbar and at temperatures down
to below 200 mK. Near the critical pressure, pc, of �28 kbar, at which the magnetic
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ordering temperature is extrapolated to zero, the electrical resistivity exhibits a quasilin-
ear variation over two orders of magnitude in temperature. This NFL form of �(T )
extends down to the onset of a new superconducting transition temperature below 430 mK.
These results are shown in Figure 7.11.

The striking feature of the experimental result is the transition from an NFL state to a
superconducting state at high pressures and low temperatures. The initial slope �Bc2/�T is
much higher in CePd2Si2 at high pressures than in conventional superconductors. The high
slope together with the low transition temperature implies a short coherence length,
which is consistent with a high effective mass of the quasiparticles forming Cooper pairs.
Thus, the electronic interactions in heavy fermion compounds can be influenced in such
a way that high pressure favors the Kondo interaction in Ce compounds [27]. Thus, pres-
sure suppresses long-range magnetic order and enhances the screening of the localized

Figure 7.10. (a) Pressure dependence of the temperatures of magnetic ordering TM, superconducting transi-
tion Tc and the maxima of the magnetic resistivity T1

max and T2
max for CeCu2Ge2. Vertical bars indicate the width

of Tc (<Tc � Tc
10% � Tc

90%). (b) Pressure dependence of the residual resistivity �0 and the coefficient A in the 
relation � � �0 � AT 2 for the same sample. Reproduced with the permission of Elsevier from Ref. [25].



4f electrons. If both interactions are of similar strength in the vicinity of a critical pres-
sure pc, a deviation from the FL behavior is observed and some Ce compounds attain a
superconducting ground state.

7.5. CePd2Ge2

CePd2Ge2 enters an antiferromagnetically ordered phase at TN � 5.1 K [70–73] while its
Si counterpart CePd2Si2 exhibits a similar magnetic structure with TN � 10 K [69].
Several groups have confirmed the occurrence of a superconducting ground state if the
magnetic order is suppressed by external pressure (pc � 2.8 GPa) [26, 27, 74–78].
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Figure 7.11. (a) The temperature dependence of the resistivity, �, of CePd2Si2 along the a axis at different
pressure. The Neel temperature, TN, marked by arrows, is visible as a sudden change in the slope of �(T).
(b) Near to and above the critical pressure, pc, of �28 kbar, a superconducting transition sets in at about 430 mK
(inset, b) below a quasilinear region in �(T), which extends over two orders of magnitude in temperature. 

Reproduced with the permission of Elsevier from Ref. [26].
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Wilhelm and Jaccard [79] have experimentally obtained the (T, p) phase diagram of
CePd2�xGe2�x (for x � 0 and x � 0.02) which is shown in Figure 7.12. The extrapolation
TN � 0 assumes critical pressure pc � 11.0 GPa (x � 0.2) and 13.8 GPa (x � 0).

The extrapolation TN � 0 (dotted lines in Figure 7.12) is based on the assumption that
the maximum in the A~( p) (defined from �mag(T) � �0 � A~Tn) can be taken as critical pres-
sure. The inset of Figure 7.12 indicates how the verge of magnetism affects the residual
resistivity �0. It is very sensitive to small pressure changes and exhibits anomalies around pc.
�0 attains a local maximum just below pc and passes through a local minimum above pc.

The (T, p) phase diagram of CePd2�xGe2�x can be explained by Doniach’ model [80].
TK � exp[�1/Jn(EF)] and TRKKY � [Jn(EF)]2 where TK is the Kondo temperature, TRKKY

the RKKY interaction, J the exchange coupling between the conduction electrons, and
n(EF) the density of states at the Fermi energy EF. The RKKY interaction dominates the
Kondo effect for small Jn(EF) values which is enhanced by pressure and forces the system
into a non-magnetic state for p � pc.

In Figure 7.13, the transition temperatures of both CePd2Ge2 and CePd2Si2 as a func-
tion of a calculated unit cell volume V have been plotted [79]. The transformation of pres-
sure into volume has been described in Ref. [79]. The data shown in Figure 7.13 are for
samples with their crystallographic c axis parallel to the applied force exerted to the anvils.

Figure 7.12. Pressure dependence TN for CePd2�xGe2�x (x � 0 and x � 0.02). The TN values for x � 0.02
obtained by the ac calorimetry are represented by open circles. Inset shows that a pronounced variation of the
residual resistivity �0 with pressure is observed in both compounds. Reproduced with the permission of the 

American Physical Society from Ref. [79].



The combined phase diagram in Figure 7.13 clearly shows the analogy between
CePd2Ge2 at high pressure and CePd2Si2 at moderate pressures. The reduced volume where
�mag(T) suddenly decreases to 110 mK in CePd2.02Ge1.98 and 70 mK in CePd2Ge2 is similar
to the volume where superconductivity occurs in CePd2Si2. One possible explanation is
the incipient superconductivity [79] at this extremely low temperature. Wilhelm and
Jaccard [79] have also plotted the variation of �mag(T ) with pressure and have obtained
deviation from FL behavior around pc, which can be understood within the framework of
spin-fluctuation theory [49, 50]. In fact, �(T) � �0 �A

~
Tn, with n � 1.5, for spin fluctua-

tions with three-dimensional character. The minimum values of n obtained by Wilhelm and
Jaccard in their resistivity measurement (Figure 4 in Ref. [79]) is close to this value.

7.6. CeRh2Si2

Movschovich et al. [28] have reported the discovery of a superconducting transition in
the heavy fermion compound CeRh2Si2 under hydrostatic pressure. Superconductivity
appears at pressures above 9 kbar which is near the critical pressure required to suppress
antiferromagnetic order [TN(P � 0) � 36 K]. Superconductivity occurs at a temperature
of Tc � 350 mK. The effective mass of m* � 200me supports the nature of the heavy
fermion nature of superconductivity in CeRh2Si2.

In Figure 7.14, the P–T phase diagram of CeRh2Si2 obtained by Movschovich et al.
[28] has been reproduced. The superconducting phase appears in the vicinity of where
hydrostatic pressure suppresses magnetic order below detectable limits which is also
a common feature of pressure-induced superconductivity in CeCu2Ge2 and CePd2Si2
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Figure 7.13. Transition temperatures of CePd2Ge2 and CePd2Si2 as a function of the calculated cell volume, V.
TN and Tc represent the Neel temperature and superconducting transition temperature, respectively. The data of
CePd2Si2 (open symbols) are taken from Ref. [78]. Reproduced with the permission of the American Physical 

Society from Ref. [79].
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Figure 7.14. P–T phase diagram for CeRh2Si2. Open symbols represent the antiferromagnetic ordering tran-
sition TN(P). Solid symbols are Tc(P) points of the superconducting transitions obtained from the onset of
resistivity for several samples that are represented by different symbols. The temperature scales of TN and
Tc are different and the error bars are of the order of the size of the symbols and therefore omitted. Reproduced 

with the permission of the American Physical Society from Ref. [28].

(as noted earlier). An important criterion for the observation of superconductivity in
CeM2X2 compounds appears to be their proximity to magnetism, which suggests that spin
fluctuations may be important for pairing.

In Figure 7.15, we summarize the superconducting properties of the Ce-based com-
pounds discussed above by reproducing the characteristic (p, T ) phase diagrams which
has been plotted in Ref. [63]. It shows that in CeCu2Si2 and CeCu2Ge2, the compounds
with valence-fluctuation-mediated superconductivity, the valence and magnetic critical
points (pv and pc) are well separated and the characteristic signatures associated with
both are distinct. In contrast, the valence and spin-fluctuation regions appear much closer
in the other Ce-based compounds.

7.7. CeNi2Ge2

CeNi2Ge2 is characterized at ambient pressure by temperature dependence of the specific
heat and of the resistivity, which deviate strongly from the standard FL predictions and
are reminiscent of the behavior observed in its sibling system CePd2Si2. The electronic
contribution to the resistivity �� � �(T) – �0 � T1�� (� � 0.5) over several orders of mag-
nitude in temperature and down to the temperatures of the order of 50 mK at zero pres-
sure [81] although in some samples �0 � T 2 were later observed [82]. The phase diagram
in a series of resistivity measurements under high hydrostatic pressure indicates that at
p � 15 kbar, a new superconducting transition appears below 220 mK in CeNi2Ge2. It
shifts to higher temperatures with increasing pressure reaching �400 mK at �26 kbar.

In Figure 7.16, the temperature dependence of the resistivity, �, of CeNi2Ge2 along the
a axis for a long range of pressures has been plotted.

In Figure 7.17, the P–T phase diagram of the related materials CePd2Si2 and CeNi2Ge2

has been plotted [82].



It is evident from Figure 7.17 that both materials exhibit superconducting instabilities
at high pressures, below an anomalous normal state which deviates from conventional FL
behavior and defies a quantitative analysis in terms of fluctuations of an antiferromag-
netic local order parameter. In CePd2Si2, the formation of a superconducting phase is
linked to the disappearance of magnetism like in all other Ce-based heavy fermion super-
conductors. In contrast, the superconductivity in CeNi2Ge2 occurs in a separate region of
the phase diagram with no connection to a spin-aligned state.

7.8. CeIn3

Walker et al. [30] have reported that close to the border of antiferromagnetic order at high
pressure, the cubic stoichiometric compound CeIn3 displays an unconventional normal-
state resistivity followed by superconductivity at low temperatures. Their experimental
result can be summarized as follows. At ambient pressure the resistivity versus tempera-
ture exhibits a broad peak around 50 K and a cusp near 10 K that marks the onset of anti-
ferromagnetic order (Figure 1 in Ref. [30]). The Neel temperature (TN), as inferred from
the position of this cusp, decreases rapidly with pressure and appears to fall toward
absolute zero just above 25 kbar where the cusp becomes ill defined (Figure 7.18). However,
the broad peak at a higher temperature Tsf appears to move slowly with pressure.
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Figure 7.15. (p, T ) phase diagram of CeCu2(Si/Ge)2 showing the two critical pressures pc and pv. Around pv,
superconductivity is mediated by valence fluctuations, the temperatures T1

max and T2
max merge and the resistiv-

ity is linear in T. The dashed line represents a hypothetical first-order valence discontinuity. The dotted line
represents the magnetic ordering temperature of CePd2(Si/Ge)2 and the narrow Tc domain of the Si compound,

plotted for matching T1
max. Reproduced with the permission of Elsevier from Ref. [63].



7.8. CeIn3 157

The superconducting transition temperature (Ts) varies rapidly with pressure near the
critical pressure where TN collapses toward absolute zero. In Figure 7.18, their experi-
mental result for the P–T phase diagram of CeIn3 has been reproduced.

Their experimental results indicate that at ambient pressure, the resistivity varies as T 3

over a wide range below TN, as expected from the effect of antiferromagnons. � varies as
T 2 below 10 K for pressures about 30 kbar due to antiferromagnetic spin fluctuations in
an FL state well away from the critical pressure pc where TN � 0. In the vicinity of pc, the
resistivity exponent increases with decreasing temperature (Figure 3 of Ref. [30]) and
remains well below the FL value of 2 over a wide range below 10 K.

Figure 7.19 shows the superconducting transition of this nearly antiferromagnetic normal
state in the vicinity of critical pressure and below 200 mK. The superconducting transition

Figure 7.16. The temperature dependence of the resistivity, �, of CeNi2Ge2 along the a axis for a long range
of pressures. (a) An NFL form for the resistivity, �(T) � T1.4 is observed over a wide range of temperature at
low pressures. With increasing pressure, the pre-factor of the power law decreases, with no major changes in
the exponent. At T � 250 mK, an anomaly develops in �(T ) for pressures in excess of 11 kbar. (b) The pres-
sure dependence of the size and position of this phenomenon, as well as measurements on a different sample
(inset), point towards the occurrence of superconductivity in CeNi2Ge2 at high pressure. Reproduced with the 

permission of Elsevier from Ref. [82].



Figure 7.17. Compound phase diagram of the CePd2Si2/CeNi2Ge2 system, spanning the antiferromagnetic
QCP as a function of effective pressure. Near the critical point, superconductivity is observed in CePd2Si2

below a quasilinear form for resistivity which extends over almost two decades of temperature. The resistivity
of CeNi2Ge2 exhibits a similar behavior at ambient pressure. As the pressure is increased, the material undergoes
a transition to a superconducting state at high pressures in excess of 15 kbar. Reproduced with the permission 

of Elsevier from Ref. [82].

Figure 7.18. The temperature versus pressure phase diagram of CeIn3. The data for TN represented by filled
triangles (all below 25 kbar) is taken from Ref. [83], but with the pressure scaled by a factor of 0.9. The filled cir-
cles and diamonds are pressure measurements of Walker et al. [30]. TS has been scaled by a factor of 10. The solid 
line represents a polynomial fit to the data for TN. Reproduced with the permission of Elsevier from Ref. [30].
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temperature TS varies rapidly near the border of antiferromagnetism. As discussed earlier, a
similar behavior close to pc for antiferromagnetic order has also been found for the tetrago-
nal compounds CePd2Si2 and CeRh2Si2 although they have different normal-state behaviors
than that of CeIn3 near pc.

7.9. CePt3Si

Bauer et al. [84] have discovered the novel heavy fermion superconductor CePt3Si which
crystallizes in the CePt3B structure as a tetragonally distorted low symmetry variant of
the AuCu3 structure type. It derives from hypothetical CePt3 with cubic AuCu3 structure
by filling the void with Si which causes a tetragonal distortion of the unit cell with
c/a � 1.336. CePt3Si exhibits antiferromagnetic order at TN � 2.2 K and enters into a heavy
fermion superconducting state at Tc � 0.75 K. It is the first heavy fermion supercon-
ductor without a center of symmetry. In most previous studies on either conventional
or unconventional SC, it was assumed that the crystal has an inversion center, which
allows separate consideration of the even (spin-singlet) and odd (spin-triplet) compo-
nents of SC order parameter (equations (7.1) and (7.2)). Since a center is absent in
CePt3Si, the novel relaxation behavior found below Tc hints at a new class of SC state.

The zero-field �SR data [85] have demonstrated the bulk character of the antiferro-
magnetic state in heavy fermion superconductor CePt3Si, suggesting a microscopic coex-
istence between magnetism and superconductivity. In addition, a slight change of the
�SR response upon cooling the sample below Tc can be ascribed to a coupling of the
superconducting and magnetic order parameters and/or to the decrease of the hyperfine
contribution acting on the muon.

In Figure 7.20(a), the field-dependent specific heat of CePt3Si at low temperatures and
at various external magnetic fields has been shown [86]. In Figure 7.20(b), the temperature
dependence of the upper critical field Hc2 is deduced from the specific heat and resistivity
measurements [86].

From Figure 7.20, it is obvious that the application of magnetic fields reduces Tc,
giving rise to H �c2 � dHc2/dT � �8.5T/K. An extrapolation of Tc(H) towards zero yields

Figure 7.19. The resistivity of CeIn3 near the superconducting transition in the vicinity of the critical pressure
near antiferromagnetic order. Reproduced with the permission of Elsevier from Ref. [30].



Hc2(0) � 5 T, well above the Paul–Clogston limiting field [84]. An estimate of the
Sommerfeld coefficient from the high field data gives 0.36 J/mol K2, in agreement
with the value obtained from an extrapolation of the normal state in the zero field data
(Figure 7.20).

Yogi et al. [87] have presented NMR data which confirms the presence of the coex-
istence of triplet and singlet pairs, exhibiting a small coherence peak characteristic of
s-wave superconductivity, slowly crossing over to a T 3 dependence at low temperatures
that is characteristic of line nodes around the Fermi surface. Their results are shown in
Figure 7.21.

A nice theoretical account, including the prediction of a novel vortex phase [88], has
been given by Agterburg et al. [89].

The temperature-dependent electrical resistivity � of CePt3(Si1�xGex) has been plotted
in Figure 7.22 for several concentrations x and for temperatures below about 4 K [86].

The samples investigated are characterized by a concentration dependent onset of
SC, where the SC/Ge substitution suppresses the SC roughly above x � 0.1. At higher
temperatures, �(T) exhibits a pronounced curvature which can be taken as a signature for
long-range magnetic order, in agreement with specific heat measurements. The d�/dT
plot (right axis of Figure 7.22) shows pronounced magnetic anomalies which indicates
broadened magnetic phase transitions and the respective temperatures increase continuously
with increasing Ge content.

In order to study the pressure dependence of the superconducting transition temper-
ature, Tc, and of the Neel temperature TN, Nicklas et al. [90] have plotted the resistivity
of CePt3Si as a function of temperature for different pressures which is shown in
Figure 7.23.
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Figure 7.20. (a) Temperature-dependent specific heat of Cp /T of CePt3Si for various values of applied fields;
the dashed line is a T 3 extrapolation of Cp(T ) at 0 T. (b) Temperature dependence of the upper critical field Hc2.
The solid straight line yields H �

c2 � �8.5T/K; the dashed line is a guide to the eye. Reproduced with the
permission of Elsevier from Ref. [86].
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As shown in Figure 7.23, the antiferromagnetic transition at 2.2 K leads to a change in
slope of the resistivity data. TN vanishes non-monotonically in a first-order-like transition
at Pc � 0.5 GPa. In the paramagnetic phase at temperatures right above TN at atmospheric
pressure, the resistivity decreases with increasing pressure, which can be attributed to an
increase of the Kondo temperature [87].

The phase diagram shown in Figure 7.24 summarizes the characteristic temperatures
obtained for CePt3(Si1�xGex) at ambient pressure [86] as well as the resistivity studies on
CePt3Si under hydrostatic pressure [90]. The details of conversion of pressure to unit cell
volume have been explained in Ref. [86]. The increase of the unit cell volume by the

Figure 7.21. Sketch of the temperature dependence of 1/T1T (normalized with respect to its value at Tc) for 
the parity violating superconductor CePt3Si. Reproduced with the permission of Elsevier from Ref. [40].

Figure 7.22. Low-temperature electrical resistivity � for various concentrations x of CePt3Si1�xGex (symbols),
and temperature derivatives d�/dT (lines, right axis). Reproduced with the permission of Elsevier from Ref. [86].



Si/Ge substitution is responsible for a decrease of hybridization. This leads to a decrease
of the Kondo interaction and strengthening of the magnetic interaction. The SC transition
temperature becomes suppressed and finally vanishes at x � 0.1.

From Figure 7.24, it is apparent that increasing hydrostatic pressure is responsible for
a decrease of both TC and TN. Ternary CePt3Si thus appears to be at the maximum position
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Figure 7.23. Resistivity of CePt3Si as a function of temperature for different pressures. Tc decreases with
increasing pressure accompanied by a broadening of the transition. Inset: Resistivity and its derivative for the
initial pressure P � 0.01 GPa. The maximum of the derivative indicates TN. Reproduced with the permission 

of Elsevier from Ref. [90].

Figure 7.24. Phase diagram of CePt3Si1�xGex. Reproduced with the permission of Elsevier from Ref. [86].
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of the “superconducting dome”. However, it is not known whether this dome is constrained
within the magnetic phase [86].

7.10. CeCoIn5

The heavy fermion superconductor CeCoIn5 was discovered recently by Petrovic et al.
[32, 33]. CeCoIn5 has the HoCoGa5 crystal structure. The superconducting transition
temperature Tc � 2.3 K is the highest critical temperature among the heavy fermion com-
pounds. CeCoIn5 is a quasi-2D system and the de Haas–van Alphen effect data indicate
a quasi-2D Fermi surface [91, 92]. The specific heat data [93] and the thermal conduc-
tivity measurements [94] suggest the presence of nodes in the superconducting gap.
CeCoIn5 also exhibits quantum criticality [95–97]. All these properties have led to the
possibility of a Fulde–Ferrell–Larkin–Ovchinnikov (FFLO) superconducting state [98, 99]
in CeCoIn5.

In the 1960s, Fulde and Ferrell [98] and Larkin and Ovchinnikov [99] had independ-
ently developed theories of inhomogeneous superconducting states. These states result
from the competition between superconducting condensate energy and the magnetic
Zeeman energy which lowers the total energy of the electrons in the normal state. This
competition is strong when the superconductivity is of a spin-singlet nature. In this case,
the superconducting Cooper pairs form with opposite spins and the electrons cannot
lower the total energy of the system by preferentially aligning their spins along the mag-
netic field. This effect, called Pauli limiting, leads to suppression of superconductivity in
magnetic field. The characteristic Pauli field HP determines the upper limit of the super-
conducting upper critical field Hc2 [100]. When Pauli limiting is the dominant mechanism
for suppression of superconductivity, a new inhomogeneous superconducting FFLO state
would appear at high fields between the normal and the mixed, or the vortex, state below
the critical temperature TFFLO [101], with planes of normal electrons that can take advan-
tage of Pauli susceptibility. In the FFLO state, pair breaking due to the Pauli paramag-
netic effect is reduced by the formation of a new pairing state (k��, �k � q��), with
|q| � 2�BH/h– vF (vF is the Fermi velocity) between the Zeeman split parts of the Fermi
surface. In addition, an inhomogeneous superconducting phase with a spatially order
parameter �(r) � �0 cos(q . r) and spin polarization shows up in the vicinity of the upper
critical field Hc2 [102]. It has been shown that in the presence of a substantial orbital
effect, planar nodes appear periodically perpendicular to the Abrikosov vertex lattice
[101, 103–105].

One of the intriguing features is the T and H phase dependence of the phase boundary
between the FFLO and non-FFLO superconducting state (hereafter referred to as the
BCS state). H ||

FFLO (H || ab) exhibits an unusually large shift to higher fields at higher
temperatures [97, 106]. The results of Bianchi et al. [97] is shown in Figure 7.25.

The complete H–T phase diagram of CeCoIn5 based on the specific heat measurements
for field H � [0 0 1] is shown in Figure 7.26. The second-to-first order change is
indicated by the arrow at T0 � 1.1 � 0.1 K for H || [1 1 0], which is about 10% higher
than T0 for H || [1 0 0].

It may be noted that TFFLO � 130 mK for H || [0 0 1] which is approximately half of
the value for H || [1 0 0] indicates that the FFLO state is more stable when the magnetic
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Figure 7.25. (a) Electronic specific heat of CeCoIn5 divided by temperature with H || [1 1 0] collected with
the temperature decay method, as a function of field and temperature. (b) Contour plot of the data in (a) in
the H–T plane. Gray lines indicate the superconducting phase transition TC and the FFLO-mixed state TFFLO

anomaly. The color scale is same in (a) and (b). Reproduced with the permission of the American Physical 
Society from Ref. [97].
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field is in the a–b plane of this quasi-2D compound. The work of Radovan et al. [106]
has a similar phase diagram for H � [0 0 1] but when the field is tilted out of the a–b
plane, the FFLO phase disappears supporting the 2D nature of the FFLO phenomenon in
CeCoIn5 in contrast to the 3D picture emerging from the results of Bianchi et al. [97].

The experimental results of Bianchi et al. [97] as well as that of Radovan et al. [106]
show a remarkable T and H dependence of the phase boundary between the FFLO and
non-FFLO superconducting state (hereafter referred to as the BCS state). H ||

FFLO exhibits an

Figure 7.26. (a) H–T phase diagram of CeCoIn5 with both H || [1 1 0] (filled symbols) and H || [1 0 0] (open
symbols). (O) and (�) indicate the TFFLO anomaly for H || [1 0 0] and H || [1 1 0], respectively. Inset (c) shows
entropy gain from T � 0.13 K for fields of 11.4, 11, 10.8, 10.22, 9.5, and 8.6 T from left to right. Inset (d)
shows the TFFLO anomaly obtained from equal area concentration. (b) H–T phase diagram for H || [0 0 1].
(�) indicate the TFFLO anomaly. Inset: Sommerfeld coefficient; (O) 5 T, solid symbols 4.9, 4.875, 4.85, and 4.8 T
from left to right. Arrow indicates TFFLO anomaly at 4.9 T. Solid line in (a) and (b) are guides to the eye
for superconducting phase boundaries. Reproduced with the permission of the American Physical Society 

from Ref. [97].



unusually large shift to higher fields with higher temperatures. In addition, it is believed
that the 2D nature of CeCoIn5 is essential for the formation of FFLO state since the
strong reduction of the orbital pair breaking in a parallel field and the nesting properties
of the quasi-2D Fermi surface are expected to stabilize the FFLO state.

Kumagai et al. [102] have conducted 115In NMR study for H � ab in order to resolve
the differences between the two contradictory results of Refs. [97] and [106]. Their result
of H–T phase diagram is shown in Figure 7.27(a). The H–T phase diagram of Bianchi
et al. [97] as well as that of Radovan et al. [106] for H || ab is shown in Figure 7.27(b).

In order to establish the existence of a possible FFLO state, it is important to elucidate
the structure of the flux line lattice (FLL). Ultrasound velocity measurements of CeCoIn5

[107] provide strong evidence of the presence of FFLO phase in which the order param-
eter is spatially modulated and has planar nodes perpendicular to the FLL. The results of
ultrasonic measurements [108] combined with the heat capacity measurements [97] has
led to an interesting experimental H–T phase diagram below 0.7 K for CeCoIn5 which is
shown in Figure 7.28.

There are a large number of experimental studies of the superconducting state in
CeCoIn5 which indicate the presence of line nodes in the superconducting gap [93,
109–111]. The presence of a fourfold anisotropy in the thermal conductivity suggests an
order parameter with dx2 � y2 symmetry [94]. However, specific heat measurements [112]
show a fourfold anisotropy which points to a dxy nodal gap structure.

In order to resolve these anomalies, Tanatar et al. [113] have measured the specific
heat and thermal conductivity in the superconducting state of Ce1�xLaxCoIn5. They have
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Figure 7.27. H–T phase diagrams at low temperatures and high fields for H � ab (left panel) and H || ab (right
panel). The colored portions display the FFLO and BCS regions. The open circles are H�

c2 determined by the
NMR experiments. The black and green (gray) lines represent the upper critical fields which are in the first and
the second order, respectively. The red or dark gray dashed and solid lines represent the phase boundary sepa-
rating the FFLO and BCS states. Precise determination of the phase boundary between the FFLO and BCS states
is difficult in the present experiments for H � ab. Reproduced with the permission of the American Physical 

Society from Ref. [102].
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observed the suppression of Tc with increasing impurity concentration of x. The suppres-
sion of Tc is accompanied by the increase in residual electronic specific heat expected of
a d-wave superconductor, but it occurs in parallel with decrease in residual electronic
thermal conductivity. Their result for specific heat is shown in Figure 7.29.

Based on their contrasting results for specific heat and thermal conductivity, Tanatar
et al. [113] have proposed the presence of uncondensed electrons coexisting with nodal
quasiparticles. They have also proposed that superconductivity in CeCoIn5 originates
on the cylindrical sheets of the Fermi surface, with a negligible gap on the light three-
dimensional pockets. This scenario of uncondensed electrons would resolve the apparent
contradiction in the angular field dependence of the thermal conductivity [94] and the
specific heat [112].

7.11. CeRhIn5

In the CeRhIn5 structure, there are two inequivalent In sites: a single In(1) site, anal-
ogous to the single In site in CeIn3, and four In(2) sites, two on each of the lateral
faces of the unit cell that are equidistant above and below the Rh layer [114]. The
T–P phase diagram of CeRhIn5 is shown in Figure 7.30(b). As the pressure is gradu-
ally increased, at 14.5 kbar, the resistivity slowly decreases with temperature and at
16.3 kbar, there is a broad transition beginning near 2 K to a zero resistance state. The
transition width sharpens with increasing pressure to less than 0.05 K at 21 kbar
where the onset of superconductivity is at 2.17 K. The abrupt loss of a signature
for TN, the sudden appearance of superconductivity, and the rapid sharpening of the

Figure 7.28. Experimental H–T phase diagram for CeCoIn5 below 0.7 K for H || [1 0 0]. The transition
temperatures T *, indicated by open circles, were obtained from ultrasonic measurements (from Figure 1 of
Ref. [108]). The solid circles are the upper critical field H ||

c2 determined by the ultrasonic experiments. The
dotted line is the second-order transition line determined by the heat capacity reported in Ref. [97]. The schematic
figures are sketches of a flux line above and below transition. Reproduced with the permission of Elsevier 

from Ref. [108].



transition width suggests a first-order-like transition at a critical pressure between
14.5 and 16.3 kbar.

The specific heat measurements on CeRhIn5 at 19 kbar are shown in Figure 7.30(a).
C/T begins to increase more rapidly below 5 K, reaches plateau near 2.5 K, and shows a
well-defined feature at Tc. C � T 2, a power law expected for a superconductor in which
there are line nodes in the gap function [115]. The state reflected in the plateau of C/T
near 2.5 K is also found as a weak feature in resistivity measurements, and its pressure
dependence is shown as the transition labeled T? in Figure 7.30(b). This phase transition
first appears in resistivity measurements at pressures near 10 kbar and persists in the pres-
sure regime of superconductivity. The transition T? and the superconducting transition appear
to gap the entire Fermi surface. At a field of 9 T, the T? transition remains unchanged
while the superconductivity is suppressed below 0.3 K. This T? transition is probably one
due to a charge- or spin-density wave state that gaps part of the Fermi surface [114] which
coexists with superconductivity.

7.12. CeIrIn5

CeIrIn5 belongs to a family of “115” family of compounds [32] and changes its ground
state from antiferromagnetic to superconducting at ambient pressure and temperature
Tc � 0.4 K. Its quasi-2D tetragonal structure can be viewed as layers of CeIn3 as the par-
ent compound (like CeCoIn5). This layered crystal structure appears to be important for
superconductivity since the relatively high Tcs in this compound scales with structural

168 Chapter 7. Heavy Fermion Superconductors (Ce-Based Compounds)

Figure 7.29. Temperature dependence of specific heat C of Ce1�x LaxCoIn5 for x � 0 (open circles), 0.02
(open triangles), 0.05 (open down triangles), 0.1 (open squares), and 0.15 (solid stars) in zero magnetic field
plotted as C/T versus T. The data of Petrovic et al. [33] for pure CeCoIn5 in zero field (solid circles) and 5 T
(solid up triangles) are shown for comparison. Inset shows �0s � C0s/T (T � 0). Reproduced with the permission

of the American Physical Society from Ref. [113].
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anisotropy [115]. Figure 7.31 shows the specific heat– and magnetic field–temperature
phase diagrams [116] of CeIrIn5.

Figure 7.31(a) shows specific heat of CeIrIn5 as a function of temperature for several
magnetic fields, with H || (a,b). Magnetic field suppresses Tc to zero by H � 1 T, and the
size of the specific heat anomaly at Tc gradually decreases due to the suppression of the
superconducting fraction of the sample in the vortex state. Figure 7.31(b) shows ac mag-
netic susceptibility data both as a function of temperature at fixed field (main body) as
well at a fixed temperature T � 80 mK (inset). The midpoint of �AC anomaly was taken
as Tc or Hc2 respectively.

Figure 7.32(a) shows the magnetic field–temperature phase diagrams for CeIrIn5.
Figure 7.32(b) shows the phase diagram of CeCoIn5 (for comparison) to focus on
the Pauli limiting analysis in order to determine whether CeIrIn5 undergoes an FFLO
transition like CeCoIn5. From Figure 7.32(a), Tc � 0.4 K, H�

c2 (T � 0) � 5.3kG,
�H�

c2 /�T |Tc
��2.5T/K, H ||

c2 (T � 0) � 9.3kG, and �H ||
c2 /�T |Tc

��4.8T/K, where �
and || are with respect to the c axis. There is a magnetic field anisotropy in Hc2 of about
a factor of 2 between H � c and H || c. For CeIrIn5, the Clogston limit on Hc2 [100]

Figure 7.30. (a) Magnetic contribution to the specific heat C divided by temperature (open squares) and elec-
trical resistivity (solid squares) for CeRhIn5 at 19 kbar. The magnetic contribution to specific heat was estimated
by subtracting the specific heat of LaRhIn5 at atmospheric pressure from the total specific heat of CeRhIn5 at
pressure. (b) The temperature–pressure phase diagram determined from resistivity measurements. TN, Tc, and
T? correspond to the Neel temperature, onset temperature for superconductivity, and the transition state to an 

unknown state, respectively. Reproduced with the permission of Elsevier from Ref. [114].



(for a BCS superconductor with non-interacting electrons) is HP � 1.84 T/K � Tc �
0.74 T. For H || c, the measured value H�

c2 � 5.3 kG for CeIrIn5 is less than HP.
However, there is no strong experimental evidence for or against the Pauli limiting
effects in CeIrIn5 [116].

The temperature dependence of the specific heat of CeIrIn5 in zero field is plotted in
Figure 7.33(a) and that of CeCoIn5 is plotted in Figure 7.33(b) for comparison.

The vertical intercepts of the solid lines in the main body of Figure 7.33 gives the coef-
ficients of the T-linear contribution to the specific heat, �0 � 0.110 � 0.010 J/mol K2 for
CeIrIn5 and �0 � 0.035 � 0.005 J/mol K2 for CeCoIn5. The T2 terms in electronic specific
heat of CeIrIn5 and CeCoIn5 indicate the presence of lines of nodes in the energy gap, as
in a number of other unconventional superconductors.
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Figure 7.31. (a) Specific heat of CeIrIn5 as a function of temperature for various magnetic fields in the plane
H || (a,b). (b) Magnetic susceptibility of CeIrIn5 in magnetic field parallel H || (a,b), (�) 0 kG, (�) 5 kG,
(�) 8 kG. Inset: Susceptibility as a function of field at 80 mK. Solid lines are linear fit to the data above and below 

the transition regime. Reproduced with the permission of Elsevier from Ref. [116].
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7.13. CeNiGe3

Recently, it was reported that CeNiGe3, which shows an antiferromagnetic (AF) ordering
below TN � 5.5 K at ambient pressure and exhibits a QCP at PC � 6�7 GPa, shows the
superconductivity in wide pressure range of 1.7–9.3 GPa [64, 117]. In addition to the
superconductivity around PC, the sharp superconducting transition is also observed by
both the susceptibility and resistivity measurements at pressures far below PC, where
4f-localized picture is still dominant. This type of superconductivity appears to be
unusual for f-electron systems and is probably the first of its kind.

The experimental results of Kotegawa et al. [117] is shown in Figures 7.34 and 7.35.
In Figure 7.34, the temperature dependences of the resistivity at several pressures measured

Figure 7.32. (a) Magnetic field–temperature phase diagram for CeIrIn5: (O) from specific heat for H || (a,b),
(�) from magnetic susceptibility for H || (a,b), (�) from specific heat for H || c. (b) Phase diagram of CeCoIn5

for H || c, (�) from specific heat, (O) from resistivity. Solid lines in (a) and (b) are guides to the eye. 
Reproduced with the permission of Elsevier from Ref. [116].



172 Chapter 7. Heavy Fermion Superconductors (Ce-Based Compounds)

Figure 7.33. (a) Specific heat of CeIrIn5, as (C � CSch)/T versus T, where TSch is the nuclear Schottky contribu-
tion. The solid line is a fit to zero-field data for T � 0.2 K. Inset: C(T) for CeIrIn5 : (�) H � 0 kG, (O) H � 5 kG.
The solid line is the sum of �T and nuclear Schottky CSch for H � 5 kG data. (b) (C � CSch)/T of CeCoIn5 at
zero field. The solid line is a fit for 0.1 K � T � 0.4 K. Inset: Specific heat of CeCoIn5 below 3.5 K; the solid line 

is the In nuclear quadrupolar contribution CSch. Reproduced with the permission of Elsevier from Ref. [116].
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by (a) the indenter cell up to 3.3 GPa and (b) the diamond anvil cell (DAC) up to
10.7 GPa is shown. The inset of Figure 7.34(a) shows the result of AC-susceptibility at
2.2 GPa.

As shown in the inset of Figure 7.34(a), the clear Meissner effect supports the view
that the superconductivity does not arise from some impurity phase.

Figure 7.34. The temperature dependences of the resistivity of CeNiGe3, at several pressures, measured by
(a) the indenter cell up to 3.3 GPa, and (b) the diamond-anvil-cell up to 10.7 GPa. The inset shows the result 

of ac susceptibility at 2.2 GPa. Reproduced with the permission of Elsevier from Ref. [117].



Kotegawa et al. [117] have plotted the pressure–temperature phase diagram in
Figure 7.35(a), the pressure dependence of �0 in Figure 7.35(b), and the pressure
dependence of A in Figure 7.35(c) (where � � �0 � AT2).

Figure 7.35(a) shows the pressure–temperature phase diagram of CeNiGe3. Each Tsc

was determined by a midpoint where the resistivity becomes 50%. The onset and offset
temperatures of the SC transition are noted as the error bars. �0 and A were determined
by fitting the data at the lowest temperature to �(T) � �0 � AT 2. The data indicates that
applying pressure causes significant damage to the sample. Further, superconductivity is
realized only in the clean limit of � � l, where l and � are the mean free path and the
coherence length, respectively. Further, TN increases with increasing pressure up to 3 GPa,
suggesting that RKKY interaction is dominant rather than the Kondo effect below 3 GPa.
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Figure 7.35. (a) The pressure–temperature phase diagram of CeNiGe3. (b) The pressure dependence
of �0. (c) The pressure dependence of A. Reproduced with the permission pf Elsevier from Ref. [117].
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In such a region, the superconductivity is probably due to some exotic mechanism and
not due to spin fluctuations which normally plays an important role in most heavy
fermion superconductors.

7.14. Ce2Ni3Ge5

Ce2Ni3Ge5 is an antiferromagnet with a Neel temperature TN1 � 4.8 K and undergoes a
successive transition TN2 � 4.2 K [118]. The Neel temperature of Ce2Ni3Ge5 decreases
with increasing pressure P and becomes zero at a critical pressure PC � 4.0 GPa.
Nakashima et al. [119] have studied the pressure dependences of TN, A, and �0 which
are shown in Figure 7.36. They measured the temperature dependence of the electrical
resistivity under pressure by using a cubic anvil cell up to 8 GPa. They have used an
indenter cell in the temperature range 40–300 mK under pressures up to 3.9 GPa.

From Figure 7.36(a), the Neel temperature is found to become zero around 4.0 GPa
(�Pc ). The pressure dependences of A and �0 values (� � �0 � AT 2) indicate that both
increase sharply above 3 GPa, and become maximum around Pc.

At ambient pressure the electrical resistivity has two peaks around 100 and 5 K,
indicating the characteristic behavior of the Kondo compound [120]. Figure 7.37
shows the temperature dependence of the electrical resistivity at 3.6 GPa. The overall
resistivity is very similar to that of a heavy fermion superconductor CeCu2.1Si2, which
is shown in Figure 7.38 for comparision. The value of A � 8.5 �� cm/K2 at 3.6 GPa
in Ce2Ni3Ge5 is comparable to A � 10 �� cm/K2 in CeCu2.1Si2. These results indicate
that Ce2Ni3Ge5 forms a heavy fermion state at Pc around which superconductivity is also
observed. The inset of Figure 7.37 shows the low-temperature resistivity at a typical pres-
sure of 3.6 GPa, indicating superconductivity below Tsc � 0.26 K (shown by an arrow)
which is compared to Tsc � 0.78 K in CeCu2.1Si2 shown in the inset of Figure 7.38.

7.15. Summary and conclusion

To summarize, hitherto only three Ce-based compounds (CeCu2Si2, CeCoIn5, and
CeIrIn5) have been discovered which become superconductors at ambient pressure and at
sufficiently low temperature. CeCu2Si2 has two superconducting domes (at high pres-
sures), one of which is due to spin fluctuations and the other presumably due to valence
fluctuations. The P–T phase diagram in CeRhIn5 and the phase diagram of the alloy sys-
tem CeRh1�xIrxIn5 indicate that the superconductivity appears in the neighborhood of the
AF phase. Both CeCoIn5 and CeIrIn5 are quasi-2D systems like the high-Tc cuprates.
However, since the Pauli limitings are very different, CeCoIn5 has presumably a transition
to the FFLO superconducting phase while the transition of CeIrIn5 to the FFLO phase is
still an open question. The power-law behavior of the resistivity in the normal phase
with T1.3 in CeIrIn5 (Tc � 0.4 K) and T in CeCoIn5 (Tc � 2.3 K) implies the strong quasi-
2D AF spin fluctuations. The fourfold symmetry in the thermal conductivity in CeCoIn5

[94] strongly suggests the dx2�y2-wave singlet pairing. The pseudogap phenomenon
has been reported in the 115In-NQR measurement in CeRhIn5 in the range of pressures
(P � 1.53–1.75 GPa) under which the coexistent phase exists [121]. These similarities,
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Figure 7.36. Pressure dependences in Ce2Ni3Ge5 of (a) TN and Tsc, (b) A, (c) �0. The data shown by circles
and squares were obtained by using the indenter and cubic anvil cells, respectively. Reproduced with the

permission of Elsevier from Ref. [119].
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Figure 7.37. Temperature dependence of the electrical resistivity of Ce2Ni3Ge5 at 3.6 GPa. An arrow in inset 
indicates onset of superconductivity. Reproduced with the permission of Elsevier from Ref. [119].

Figure 7.38. Temperature dependence of the electrical resistivity in CeCu2.1Si2. An arrow in inset indicates 
onset of superconductivity. Reproduced with the permission of Elsevier from Ref. [119].



specially the dx2�y2-wave pairing and the AF spin fluctuations, indicate that the physics
in the superconductivity in these Ce-based heavy fermion superconductors is in common
with the cuprate superconductors.

The other Ce-based compounds become superconductors only at high pressures. A
detail analysis of the theoretical models for pairing of heavy fermion superconductors
will be presented in Chapter 10 with the caveat that the theories are still unfolding and
there is no unanimity about the pairing.
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Chapter 8

U-Based Superconducting Compounds

8.1. Overview

The U-based heavy fermion superconductors have multiple f-band structures with two or
three f electrons per U site, unlike the Ce-based superconductors which have only one
f electron per site. Due to the multi-f orbitals and relatively large hybridization terms with
the conduction electrons, the U-based compounds do not display clear log T dependence
in the resistivity. The multiband structures are complicated and the Fermi surfaces have
dominant f character. The first two U-based heavy fermion superconductors, UBe13

(Tc � 0.9 K) and UPt3 (Tc � 0.54 K), were discovered in 1983 by Ott et al. [1] and in
1984 by Stewart et al. [2], respectively. An elegant review of these early discoveries is
available in Ref. [3]. It was evident within a few years that UPt3 had three superconduct-
ing phases [4, 5] which created great impetus for further study of this unusual heavy
fermion superconductor. This interest increased after the discovery of multiphase dia-
grams in U(Be1�xThx)13 [6–8].

The superconducting and magnetic phase transition in URu2Si2 (Tc � 0.8 K) was dis-
covered by Palstra et al. [9] in 1985. Susceptibility, magnetization, and specific heat
measurements on single-crystal samples indicate both a magnetic phase transition at 17.5 K
and a superconducting transition at 0.8 K. The magnetism is related to a confined-moment
type of magnetism while the superconductivity is bulk and exhibits abnormal critical
behavior. The magnetic and superconducting properties are highly anisotropic with the
c axis strongly magnetic and the a axis favorable for superconductivity.

Geibel et al. [10] discovered superconductivity in UNi2Al3 in 1991, which orders anti-
ferromagnetically below TN. Well below TN, coexisting with the antiferromagnetic (AF)
order, UNi2Al3 exhibits a heavy Landau-Fermi-liquid (LFL) state which becomes unsta-
ble against an HF-superconducting transition at Tc. Soon after Geibel et al. [11] discovered
superconductivity in UPd2Al3 (TN � 14.3 K, Tc � 2 K) which has very similar properties as
UNi2Al3. In fact, unconventional, i.e., non-phonon-mediated Cooper pairing, could so far
be demonstrated convincingly only for UPd2Al3. Sato et al., by combining quasiparticle
tunneling [12] and INS [13] measurements, showed that in this strong-coupling supercon-
ductor, it is the acoustic magnon in the center of the AF Brillouin zone which acts as the
“exchange boson” and replaces the optical phonons in classical strong-coupling super-
conductors such as Pb and Hg [13].

Since these early years, several U-based heavy fermion superconductors have been
discovered. In this chapter, we shall make a brief review of the properties of these
actinide systems.
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8.2. UBe13

UBe13 was the first actinide-based heavy fermion compound which was found to be a
bulk superconductor below approximately 0.9 K [1]. The cubic UBe13 is also one of the
most fascinating HF superconductors because superconductivity develops out of a highly
unusual normal state characterized by a large and strongly T-dependent resistivity [1, 14].

In addition, upon substituting a small amount of Th for U in U1�xThxBe13, a non-
monotonic evolution of Tc and a second phase transition of Tc2 below Tc1, the supercon-
ducting one, is observed in a critical concentration range of x [15, 16].

It was also shown that the superconducting state is formed by heavy mass quasiparti-
cles. This was demonstrated by plotting Cp/T versus T (at low temperatures) which is
shown in Figure 8.1 [17]. The anomaly at Tc (Figure 8.1) is compatible with the large �
parameter in the normal state at this temperature.

Immediately after the discovery of superconductivity in UBe13, both Ott et al. [1] and
Anderson [18] suspected that an unconventional superconductivity state had been formed.
It was unconventional in the sense that the superconducting transition was accompanied
by a symmetry reduction, such as breaking time-reversal symmetry, in addition to breaking-
gauge symmetry.

The temperature dependence of the specific heat of UBe13 well below Tc was the
first indication for unconventional superconductivity. Figure 8.2 [17] shows the non-
exponential but power-law-type decrease of Cp(T ) which was interpreted [19] as being
the consequence of nodes in the gap of the electronic excitation spectrum.

NMR techniques were used to probe the Be nuclei of UBe13 and confirmed this con-
clusion by showing a power-law-type decrease of the NMR spin-lattice-relaxation rate
T1

�1(T ) with decreasing temperature below Tc [20]. Their experiment also showed the
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Figure 8.1. Electronic specific heat of UBe13 below 7 K. The solid line represents the BCS approximation of 
the anomaly at and below Tc. Reproduced with the permission of Elsevier from Ref. [17].
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absence of coherence effects since there was no enhancement of T1
�1. Experimental

results of the temperature dependence of ultrasound absorption [21] were consistent with
the persistent of gap nodes at low temperatures and confirmed the absence of coherence
effects. The temperature dependence of the upper critical field Hc2(T ) of UBe13 was
highly anomalous and indicated robust superconductivity with respect to an external
magnetic field [22]. A direct comparison of the temperature dependence of the magnetic
field penetration depths 
L of UBe13 and Sn [23] showed that 
L(T ) is very different for
the two materials. Figure 8.3 [17] shows the temperature-induced variation of the two
quantities on the same reduced temperature scale. A power law in T is observed for 
L(T )
of UBe13 while 
L(T ) of Sn varies exponentially with temperature.

It was also found that when small amounts of U atoms in UBe13 were replaced by other
elements, there was a substantial reduction of the critical temperature [24]. Tc is also first
substantially reduced with the alloys U1�xThxBe13 [15] as x is increased. However, when
x � 0.018, Tc increases again until it passes over a shallow maximum at x � 0.033 and
gradually decreases with a reduced slope when x is further increased. Further, in the
range 0.019 � x � 0.05, a second transition at Tc2 below Tc was discovered by measuring
the specific heat of these alloys at very low temperatures. Measurements of �(T ) and
�(T ) confirmed that the phase at temperatures below the second anomaly of Cp(T ) was
superconducting.

The phase diagram of superconductivity of U1�xThxBe13, from these observations as
well as from thermodynamic arguments, is shown in Figure 8.4 [17]. One can identify
three different superconducting phases, F, L, and U.

Figure 8.2. Normalized electronic specific heat of UBe13 below Tc, plotted versus Tc / T. The solid and broken
lines represent calculations assuming point nodes in the gap. Reproduced with the permission of Elsevier 

from Ref. [17].



From experiments probing the pressure dependence of Tc [16], significantly different
values for �Tc /�p for x larger or smaller than 0.018 were obtained, proving that the
phases F and U are different. Further, above a pressure of about 9 kbar, the phases F and
U are separated by a normal conducting phase close to T � 0 K.

A theoretical Ginzburg–Landau type analysis, assuming an unconventional pairing of
quasiparticles and aiming at reproducing the phase diagram of Figure 8.4, concluded that
the phase termed L would break time-reversal symmetry [25]. Subsequent experiments
employing �SR techniques [26] showed the onset of a spontaneous magnetic field gradient
at Tc2 which grew in a mean-field type manner with decreasing temperature. The formation
of spontaneous orbital moments in this type of superconducting phases is consistent with
the experimental results. Recent experiments [27], which probed the vortex motion in
the mixed state of a sample with approximately 3% Th content, support the fact that the
pairing in the L phase breaks time-reversal symmetry.

The replacement of small amounts of U by Th [28] or B for Be [29] affects the super-
conducting state of UBe13 as well as its electronic normal state properties. The tempera-
ture variation of the ratio Cp/T for such alloys at low temperature was studied by Ott et al.
[30]. As Figure 8.5 [17] indicates, the necessary entropy balance across the transition and
below can be achieved only if, for T approaching 0 K, Cp/T grows in an unusual manner.
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Figure 8.3. Incremental magnetic field penetration depth of superconducting UBe13 and the corresponding 
data for Sn reference sample. Reproduced with the permission of Elsevier from Ref. [17].



Figure 8.4. x, T phase diagram for superconducting U1�xThxBe13 as derived from the measurements of the
specific heat. The letters F, L, and U denote three superconducting phases. Reproduced with the permission of 

Elsevier from Ref. [17].

Figure 8.5. Specific heat anomalies of the superconducting transition of UBe13 with small concentrations of 
Th for U and B for Be. Reproduced with the permission of Elsevier from Ref. [17].



Since TF �� 1 K is unlikely, this data indicates non-Fermi-liquid (NFL) behavior of the
underlying normal state.

Gegenwart et al. [31] have investigated the low-temperature normal-state NFL behav-
ior of a high-quality single crystal of UBe13. The temperature dependences of the specific
heat and electrical resistivity resemble those of Ce-based heavy fermion systems near the
AF quantum critical point (QCP). Thus, the NFL behavior in UBe13 is probably caused
by a QCP at a finite magnetic field slightly above 4 T, covered by the superconducting
(SC) phase. Studies of the thermal expansion and specific heat have revealed a “line of
anomalies” B*(T ) in the B–T phase diagram shown in Figure 8.6.

B*(T ), which is of short-range AF origin, starts at TL � 0.7 K (B � 0) and ends at
B*(0) � 4.5 T [32]. A clear enhancement of the slope dTc(B)/dB is observed near 4 T. It
is likely that the stabilization of this superconducting state might be related to the “short-
range AF” QCP.

8.3. UPt3

In 1984, Stewart et al. [2] discovered bulk superconductivity in UPt3 at 0.54 K based on
specific heat, resistance, and ac susceptibility measurements. In addition, they presented
evidence which indicated that UPt3 is a spin-fluctuation system. Since then, there has
been a large amount of work on superconductivity of UPt3 because of its unique nature.
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Figure 8.6. B–T phase diagram for UBe13. Open circles indicate superconducting phase boundary, defined by
� � 0, as derived from both T- and B-dependent measurements of the electrical resistivity. Solid symbols indicate
“line of anomalies” B*(T) obtained from temperature-dependent thermal expansion (circles) and magnetic-field-
dependent specific heat (triangles) measurements, respectively [32]. Reproduced with the permission of Elsevier 

from Ref. [31].
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Some of these include the thermodynamic evidence for a multiple superconducting
regime [4, 5] denoted as phases A, B, and C, as well as the specific heat data which were
shown to fit the law [33]

(8.1)

where � � 2 mJ/mole-K4 and is a measure of the fluctuations with the characteristic
energy TSF. The spin-fluctuation term in the specific heat is unique to UPt3 since this term
is absent in other heavy fermion superconductors. UPt3 has other unique features some of
which will be discussed in this chapter. The large number of excellent reviews on super-
conductivity of UPt3 include that of Sigrist and Ueda [6], Taillefer et al. [34], Joynt [35],
Taillefer [36], Lohneysen [37], Heffner and Norman [38], and Joynt and Taillefer [39].

The dispersion of bands of UPt3 is due to the hybridization of the U 5f shell with the
Pt 5d shell. Direct overlap of the U atoms is negligible since the minimum U–U distance
is 4.13 Å well below the Hill limit of 3.4 Å at which 5f orbitals cease to overlap. The
bandwidth is generally about 20 mRy which is greater than the crystal-field splitting.
UPt3 can be classified as an extreme type II superconductor as the magnetic penetration
length of 
 � 6000 Å is relatively large compared to the superconducting coherence
length of � � 120 Å.

One of the noteworthy features of UPt3 is the absence of a peak in electrical resistiv-
ity unlike other heavy fermion compounds, a feature attributed to the single-impurity
Kondo effect. The electrical resistivity of UPt3 is shown as a function of temperature up
to 300 K in Figure 8.7.

In Figure 8.7(b), the resistivity of UPt3 is shown as a function of temperature up to
300 K for a current along each of the high-symmetry directions, J ||c and J�c. There is no
difference between J ||a and J ||b. In addition, at all temperatures �a,b � 2�c. In fact,
�a,b(300 K) � 230 �� cm and �c(300 K) � 130 �� cm.

In Figure 8.7(a), the low-temperature behavior of resistivity is shown. It obeys the �(T) �
�0 � AT2 up to 1.5 K. A � 1.55 ± 0.1 �� cm/K2 for J ||a, b and A � 0.55 ± 0.05 �� cm/K2

for J ||c independent of �0. In the low low-temperature region (below �1 K), the anisotropy
in conduction is almost independent of temperature [40]. The fact that the anisotropy is
the same for the elastic and inelastic terms (�0 and A) suggests that it arises from the
Fermi velocities rather than from the scattering rates.

A few months after the discovery of superconductivity in UPt3 by Stewart et al. [2], the
evidence of a second superconducting phase was found from a kink in the upper critical
field to the hexagonal c axis [41]. The anomalies in ultrasonic attenuation [42, 43] pro-
vided evidence for a transition in finite fields within the superconducting state and also
within the superconducting phase. Fischer et al. [4] found two successive transitions to
superconductivity at Tc

� and Tc
� in the specific heat which is shown in Figure 8.8.

In Figure 8.8, the zero-field specific heat of UPt3 is shown as C/T versus T. It is seen that
out of the Fermi-liquid regime (well-defined up to 1.5 K), a first discontinuity appears at
Tc

� � 490 mK, signaling the onset of superconductivity and a second discontinuity is
observed at Tc

� � 434 mK.
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In order to resolve the presence of a second superconducting order parameter (OP)
(Tc

�), already well inside the superconducting regime of UPt3, the use of the ionic hexag-
onal lattice of UPt3 as an indirect probe of its superconducting state has been done. In
Figure 8.9, the thermal expansion coefficient � � L�1dL/dT [44], for the two main direc-
tions of the lattice response (parallel and perpendicular to the c axis), has been plotted as
a function of temperature.

In Figure 8.10, the velocity of longitudinal sound (propagating along the a axis), meas-
ured as deviations �v from its value v at T � 0.53 K [45], has been plotted as a function of
temperature.

We note that there are several thermodynamic quantities including the specific heat,
the thermal expansion, and sound velocity, in which the two transitions Tc

� and Tc
� are

evident. The measured values of Tc
� and Tc

� are in excellent agreement with each other.
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Figure 8.7. Temperature dependence of the electrical resistivity of a high-quality single crystal of UPt3 for
current directions parallel [0 0 0 1] and perpendicular to the hexagonal c axis. Reproduced with the permission 

of the American Physical Society from Ref. [39].
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Hasselbach et al. [5] measured the specific heat of UPt3 at different magnetic fields.
Figure 8.11 shows their result and how the specific-heat peaks merge in a magnetic field.

Based on the thermodynamic evidences, Hasselbach et al. [5] have proposed a (B, T )
phase diagram with three different superconducting critical phases (A, B, and C) which
exist below an upper critical field line Bc2(T ) that separates them from the normal state.

Figure 8.8. Specific heat of UPt3 in the vicinity of the transition to superconductivity, in the absence of a
magnetic field. It reveals the presence of a second (lower) transition at Tc

� � 434 mK, within the super-
conducting regime the onset of which is at Tc

� � 490 mK. Reproduced with the permission of Elsevier
from Ref. [34].

Figure 8.9. Coefficient of linear thermal expansion (�) of UPt3, parallel and perpendicular to the hexagonal
axis as a function of temperature, in zero magnetic field. The two discontinuities in �|| are at Tc

� � 442 mK and 
Tc

� � 494 mK. Reproduced with the permission of Elsevier from Ref. [34].
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Figure 8.10. Temperature dependence of the longitudinal ultrasonic velocity at H � 0 and 2.5 kOe. The inset
shows the result of a very slow temperature sweep through the anomaly centered at T � 434 mK. The onset of 

superconductivity is at T � 495 mK (H � 0). Reproduced with the permission of Elsevier from Ref. [34].

Figure 8.11. Specific heat C of UPt3 plotted as C/T versus T for magnetic fields B applied perpendicular to 
the c direction. Reproduced with the permission of Elsevier from Ref. [37].
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They have also shown that these phases all meet at a tetracritical point (T*, H*). Their
(B, T ) phase diagram is shown in Figure 8.12.

By analyzing the various thermodynamic data in a magnetic field, Bogenberger et al.
[46] have concluded that the BC transition line is most likely of second order. This can
also be inferred from the shape of the anomaly in the magnetocaloric effect when cross-
ing the BC line. The large number of experimental data provide strong evidence that the
multiple phases are due to superconductivity. For example, while Tc� � 0.5 K can differ
by �0.1 K for different samples, Tc

� � Tc
� is always of the order of 50 mK. In addition,

the repeated observation of only one broad transition in the specific heat of width �0.1 K
can be interpreted as a smeared double transition.

Figure 8.12. (B, T ) phase diagram of UPt3 for a field B applied perpendicular (a) and parallel (b) to the
c direction as determined from the specific heat (�) and magneto-caloric effect (�). Solid lines have slopes 

consistent with a tetracritical point [46]. Reproduced with the permission of Elsevier from Ref. [37].



The lower critical point Bc1 is for T � 0 between 6 and 10 mT which depends on the
criteria of determination [47]. It also exhibits a kink [48] similar to Bc2, indicating that
the lower transition is indeed a thermodynamic phase transition leading to a lowering of
the condensation energy. The Meissner effect is very weak, accounting to a few percent
of the diamagnetic-shielding signal [48].

The multiplicity of superconducting phases can be interpreted in various ways. All
these scenarios postulate an unconventional OP. The possible OP representations allowed
for the hexagonal point group of UPt3 can be classified under the assumption of strong
spin-orbit interaction [6]. The OP can be classified according to parity where even parity
corresponds to “singlet” or “d-wave” superconductivity when turning on the spin-orbit
interaction adiabatically, and odd parity corresponds to “triplet” or “p-wave” superconduc-
tivity. One possibility is that the two (zero-field) phases belong to different OP representa-
tions which are nearly degenerate [48]. The other possibility is that the two transitions arise
from a splitting of an otherwise degenerate state within a single degenerate representation.
The theory for these different scenarios will be discussed in detail in Chapter 10.

Behnia et al. [49] showed that the kink in Bc2(T ) curve (Figure 8.12), which is associ-
ated with the tetracritical point, vanishes when hydrostatic pressure is applied. Trappmann
et al. [50] have studied the specific heat of UPt3 under pressure. They have shown that
the two sharp transitions observed at ambient pressure merge into a single and equally
sharp transition at a critical pressure p* � 3.7 kbar. Their results of specific heat measure-
ments for different hydrostatic pressures plotted as C/T versus T is shown in Figure 8.13.

The pressure–temperature phase diagram of UPt3 for hydrostatic pressure, as deter-
mined from specific heat studies by Loheneysen et al. [51], is shown in Figure 8.14.

Figure 8.14 shows that the two transitions observed at ambient pressure collapse into
a single transition thereby confirming that the two transitions at low p are both super-
conducting transitions. The earlier speculations [52] that the weak AF is suppressed on
the same pressure scale on which the two transitions merge were confirmed by a neutron-
scattering study under pressure [53]. This strengthened the case of a coupling between
superconducting and AF OPs.

Some of the unresolved questions raised by Lohneysen [37], in his excellent review,
are summarized as follows: (i) Tc

� is rather isotropic when a magnetic field is applied
within the basal plane which can be understood if the magnetic moments rotate under the
influence of the magnetic field and always are oriented perpendicular to the field.
However, the isotropy with respect to field direction within or perpendicular to the basal
plane are more difficult to understand. (ii) The magnetic correlation length is of the order
of the superconducting coherence length �. It is not clear how this can produce a Tc split-
ting. (iii) Although the magnetic order breaks the hexagonal symmetry and thus is a
prime candidate for symmetry-breaking field (SBF), it is unclear how the tiny AF mag-
netic moments (0.02 �B/U atom) can produce a sizable Tc splitting. We will address some
of these issues in the following.

Elastic neutron scattering [54] and magnetic X-ray diffraction [55] measurements at
low temperatures revealed that UPt3 shows a weak AF order below TN � 6 K with an
ordered moment of only 0.02 �B/U atom [56]. The AF order was found to coexist with
the superconductivity at low temperature. In most of the scenarios proposed [57–61] to
explain the exotic superconducting phase diagram, the double transition is caused by a SBF
which lifts the degeneracy of the components of a vector OP within a single-symmetry
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representation. The most likely candidate for the SBF is the weak AF order since the
magnetic order lowers the symmetry of the system [56].

Some of the unusual magnetic and superconducting properties of UPt3 can be under-
stood by analyzing the neutron-diffraction and �SR experiments in UPt3 doped with
either Pd [62] or with Th [63]. In pure UPt3, a small-moment antiferromagnetic (SMAF)
phase develops below TN � 6 K [64]. The size of the ordered moment is unusually small,
m � 0.02 � 0.01 �B/U atom. Neutron-diffraction experiments were carried out on annealed
U(Pt1�xPdx) single crystals with x � 0.001, 0.002, 0.005, and 0.01 [64], and the temper-
ature variation of m2 was plotted to demonstrate that small-moment magnetism is robust

Figure 8.13. Specific heat C of UPt3 under hydrostatic pressure p plotted as C/T versus T. Reproduced with 
the permission of Elsevier from Ref. [37].



upon alloying with Pd. The size of the ordered moment increases gradually with Pd con-
centration, but SMAF invariably sets in near TN � 6 K for x 
 0.01. This suggests that the
transition to SMAF is not a true phase transition. In addition, the fact that SMAF does not
show up in the zero-field �SR signal strongly suggests that the small moment fluctuates
with time [62].

Neutron-diffraction experiments were carried out on annealed single crystals of
U(Pt1�xPdx), with x � 0.01, 0.02, and 0.05 [64] where a large-moment antiferromagnetic
(LMAF) phase developed with TN � 1.8, 3.8, and 5.8 K, respectively. In Figure 8.15, the
temperature variation of m2 measured at the magnetic Bragg peak Q � (1/2, 0, 1) for
annealed U(Pt1�xPdx)3 is shown.

The temperature dependence of the Bragg intensity of the sample with x � 0.01 shows
that m2(T ) starts to rise slowly below TN � 6 K, grows rapidly below �2 K, and then
saturates below �0.5 K. The rapid rise near 2 K suggests a crossover from the small-
moment to the large-moment state, with an estimate of TN � 1.8 K for the LMAF phase.
For T � 0 K, m reaches a value of 0.11 � 0.03 �B/U atom.

The suppression of the double superconducting transition (Tc
� � 0.56 K and Tc

� �
0.51 K for UPt3) as a function of Pd doping, which has been studied in specific heat [65]
and electrical resistivity [66, 67] experiments for a large number of crystalline and
polycrystalline samples. Figure 8.16 shows the specific heat divided by T versus T of
U(Pt1�xPdx)3 for various samples.
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Figure 8.14. (p, Tc) phase diagram of UPt3 for hydrostatic pressure p. Reproduced with the permission of 
Elsevier from Ref. [37].
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Figure 8.15. Temperature variation of m2 measured at the magnetic Bragg peak Q � (1/2, 0, 1) for annealed
U(Pt1�xPdx)3 with x � 0.01. The sharp increase in the intensity near 1.8 K indicates a crossover from SMAF to 

LMAF. Reproduced with the permission of Elsevier from Ref. [62].

Figure 8.16. C/T versus T of U(Pt1�xPdx)3 for several values of x. The solid line represents ideal transition 
from an equal entropy construction. Reproduced with the permission of Elsevier from Ref. [62].



The main findings of Figure 8.16 can be summarized as follows: (i) Tc
� is suppressed

linearly with Pd content at a rate of 0.79 � 0.04 K/at% Pd, (ii) Tc
� is suppressed at a faster

rate of 1.08 � 0.06 K/at% Pd. Thus, �Tc increases at a rate of 0.30 � 0.02 K/at% Pd. The
high-temperature low-field A phase gains stability at the expense of the low-field B phase.
The increase in �Tc is accompanied by an increase in the size of the SMAF-ordered
moment [65]. This provides additional evidence that the SMAF acts as the SBF.

Figure 8.17 shows the magnetic and superconducting phase diagram for U(Pt1�xPdx)3

alloys [62, 64, 66–69].
The differences between SMAF and LMAF can be summarized as follows: (i) the OP

for the LMAF is conventional and conforms a real phase transition while the OP of
SMAF is unusual and grows quasilinearly, indicating a crossover phenomenon; (ii) TN for
the SMAF does not change with Pd content (or pressure), while TN for the LMAF com-
pounds follows a rather Doniach-type phase diagram; (iii) SMAF is not observed in zero-
field �SR (and NMR) experiments in contrast to LMAF. The failure to detect the SMAF
phase in the zero-field �SR experiments indicates that the moment is fluctuating in time
with a frequency �10 MHz. The summary of other experimental results [62] also con-
firms the fact that it is the LMAF, and not the SMAF phase, which presents the magnetic
instability in U(Pt, Pd)3.
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Figure 8.17. Magnetic and superconducting phase diagram for U(Pt1�xPdx)3 alloys. The Neel temperatures
TN are measured by neutron diffraction (� and �) [64], specific heat (�) [67], and �SR (�) [68, 69].
Resistively determined superconducting (SC) temperatures Tc

� (�) are taken from Ref. [66]. The solid lines are 
guide to the eye. Reproduced with the permission of Elsevier from Ref. [62].
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The magnetic and superconducting phase diagram for x � 0.012 is shown in
Figure 8.18.

The superconducting (Tc
�) phase-transition temperatures have been taken from Ref.

[66]. From Figure 8.18, it is obvious that the critical concentration for the suppression
of superconductivity coincides with the concentration for the emergence of LMAF,
xc,s � xc,A � 0.006. This suggests that superconductivity is not mediated by AF interac-
tions, but rather by ferromagnetic fluctuations [62] which cannot coexist with long-range
AF order.

Graf et al. [70] have studied the onset of LMAF in UPt3 via Th substitution by muon
spin spectroscopy. At low-Th content (x 
 0.002) magnetic ordering on the time scale of
the �SR experiment (10�8 s) is not detected, as in the case of UPt3. For 0.006 
 x 
 0.05,
spontaneous oscillations in the �SR spectra signal the presence of the LMAF phase. The
data are well described by a two-component depolarization function, combining the con-
tribution of a polycrystalline antiferromagnet and a Kubo–Lorenzian response. For x � 0.01
and 0.02 the magnetic signal extends up to �7 K, which suggests that the broadening
may be a result of the effects of disorder on the time scale associated with the anomalous
AF state (SMAF). These results imply that SMAF-to-LMAF is not a true phase transition
but a crossover behavior [70].

Another interesting comparison between U1�xThxPt3 and U(Pt1�xPdx)3 shown in
Figure 8.19 is the transition widths for samples with x � 0.01, 0.02, and 0.05, as illustrated
by the temperature-dependent amplitude associated with magnetism.

Figure 8.18. Magnetic and superconducting phase diagram for U(Pt1�xPdx)3 alloys for x � 0.012. The solid 
lines are guide to the eye. Reproduced with the permission of Elsevier from Ref. [62].
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Figure 8.19. Transition widths as illustrated by the temperature-dependent fractional amplitude associated
with magnetism. Circles are U1�xThxPt3 while triangles are for U(Pt1�xPdx)3 with equivalent x values from
the work of Ref. [68]. Solid and dashed lines are guides to the eye for the Th-substituted and Pd-substituted 

data, respectively. Reproduced with the permission of the American Physical Society from Ref. [70].

Figure 8.20. Specific heat results for four samples of U1�xThxPt3. Arrows mark the Neel temperatures from 
Ref. [70]. Curves are offset for clarity. Reproduced with the permission of Elsevier from Ref. [63].
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It may be noted from Figure 8.19 that all the Pd-substituted samples have narrow tran-
sition widths, as does the Th-substituted sample with x � 0.05. However, the Th-substi-
tuted samples with x � 0.01 and 0.02 are quite broad and have a magnetic component
up to T � 7 K, which is the transition temperature for x � 0.05. This indicates that some
form of magnetic inhomogeneity is present [70].

Hettinger et al. [63] have presented specific heat measurements of U1�xThxPt3 which
corroborate the �SR measurements [70] and show signs of an increase near 7 K for
x � 0.01. Their results are shown in Figure 8.20. This supports the conjecture that Th
impurities slow down the fluctuating AF, rendering them observable on the time scale of
thermodynamic measurements.

The x � 0.05 data show a sharp transition near 7 K, in agreement with �SR measure-
ments [70]. For x � 0.02, the size of the anomaly is smaller and broader than for 0.05, as
is true for Pd samples. There is also a weak structure near 6.5 K for x � 0.02 [63].

8.4. URu2Si2

URu2Si2 is a moderate heavy fermion compound (� � 180 mJ/mol K2). Palstra et al. [9]
made susceptibility, magnetization, and specific heat measurements on single-crystal
samples and discovered both a magnetic phase transition at 17.5 K and a superconduct-
ing transition at �1.2 K. In fact, superconductivity coexists with AF order below the
superconducting transition temperature Tsc. Palstra et al. [9] also found that the magnetic
and superconducting properties are highly anisotropic in the sense that the c axis is strongly
magnetic while the a axis strongly favors superconductivity. Their results for specific
heat measurements are shown in Figure 8.21.

The AF order is characterized by a propagation vector k � (001) with the ordered
dipolar moments pointing along the c axis of the body-centered tetragonal structure
(space group I4/mmm) [71]. The magnitude of the ordered moment is only (0.03 �
0.01 �B/U atom) [72] at low temperatures. The ordered moment develops at Tm � 17.5 K,
where clear anomalies are observed in bulk properties. It is indeed difficult to reconcile
the small size of the ordered moment with the large jump of �C/Tm � 0.3 J/mol K2 in the
specific heat at Tm as seen in Figure 8.21.

Recent experiments of neutron scattering [73, 74] and 29Si NMR [75, 76] performed
under hydrostatic pressure have revealed that inhomogeneous AF order with moments of
a normal size (�ord � 0.25 �B/U atom) is induced by pressure in the range from 0.3 to
0.83 GPa. An extrapolation to ambient pressure indicates that the tiny AF moment is
ascribed to a 1% volume fraction of this AF phase. Thus, the 17.5 K transition is due to
an unidentified, non-magnetically ordered phase which occupies the rest 99% of the crys-
tal [77]. Luke et al. [78], on the basis of �SR spectra taken at ambient pressure, had
pointed out the possibility of the inhomogeneous AF phase in URu2Si2. In the hidden-
ordered (HO) region, it is widely accepted that weak and isotropic internal fields occur
below T0 [75–84], which are expected to be coupled to the hidden order parameter [85].

To summarize, URu2Si2 undergoes a successive phase transition at T0 � 17.5 K and
TSC � 1.2 K with lowering temperature, where T0 and TSC are transition temperatures of
a HO and superconductivity (SC), respectively. The HO state is thought to be an SMAF
state although it has also been argued that the tiny moment develops below a temperature



higher than T0 [86]. In addition to these phase transitions, a weak ferromagnetic anomaly
occurs at TFM � 35 K [71, 87].

Amitsuka et al. [88] have studied the low-temperature phase below 17.5 K in URu2Si2

using the zero-field �SR technique under hydrostatic pressures P up to 0.85 GPa. They
have confirmed that pressure induces unusual evolution of an inhomogeneous AF phase
which spatially competes with some non-magnetic HO. The AF volume fraction devel-
ops abruptly around 0.6 GPa, the AF volume evolution is lower than 17.5 K, whereas the
nominal Neel temperature is about 20 K. These results, shown in Figure 8.22 suggest that
the AF phase exists as a metastable state.
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Figure 8.21. Specific heat of URu2Si2 plotted as C/T versus T 2 (above) yielding � and �D, and as C/T versus
T (below) showing the entropy balance. Reproduced with the permission of the American Physical Society 

from Ref. [9].
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Three different groups [89–91] have reported a pressure (P) versus temperature (T )
phase diagram. These phase diagrams consist of three transition lines, i.e., T0(P), TM(P),
and TN(P). T0(P) separates HO from a paramagnetic (PM) state; TM(P), which is a first-
order phase transition, separates HO from a pressure-induced LMAFstate, and TN(P)
indicates a direct transition under pressure between PM and LMAF.

In order to probe the origin of the HO, Bourdart et al. [91] have performed specific
heat and neutron-scattering measurements on URu2Si2 under pressure and doped with
2% Rh. The electronic contribution to the specific heat, Ce, was estimated by subtracting
the specific heat from the non-magnetic isomorphic compound ThRu2Si2. The value of
Ce/T of the two compounds as a function of temperature is shown in Figure 8.23.

From Figure 8.23, we note that URu2Si2 shows two transitions: a superconducting
transition at TSC � 1.5 K and a lambda-type anomaly at Tm � 17.5 K. U(Ru0.98Rh0.02)2Si2

also shows two transitions, a magnetic first-order transition at TM � 8.3 K with an
entropy jump of �S(TM) � 23 mJ/K mol and a second-order transition at Tm � 13.2 K,
which resembles strongly the lambda-type anomaly in the pure compound. However, no
superconducting transition is observed in U(Ru0.98Rh0.02)2Si2.

Bourdart et al. [91] have conducted neutron-scattering experiments under pressure on
URu2Si2 which show strong similarities with the Rh-doped compound. At hydrostatic
pressures above 5 kbar, a large-moment phase appears with a transition temperature

Figure 8.22. Pressure variations of the AF volume fraction estimated by Amitsuka et al. (�) [88] and
29Si-NMR (�) [75, 76]. The frequency � of the spontaneous muon-spin rotation observed in the AF region
(�) is also shown. The broken lines are guide to the eye. Reproduced with the permission of Elsevier 

from Ref. [88].



TM(p) that is smaller than the small-moment phase, Tm(p). The variation of the ordered
moment with temperature is steep at TM(p), which suggests that the transition is of first
order, as in U(Ru0.98Rh0.02)2Si2. The temperature dependence of the magnetic intensity,
M2(T), is shown in Figure 8.24 after background subtraction and normalization to nuclear
Bragg peaks.
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Figure 8.23. Electronic specific heat (after subtraction of the phonon contribution obtained from ThRu2Si2)
divided by temperature for URu2Si2 (circles) and for U(RhU0.98Rh0.02)2Si2 (squares). Reproduced with the 

permission of Elsevier from Ref. [91].

Figure 8.24. Neutron-scattering measurements of the temperature dependence of the [1 0 0] magnetic Bragg
peak intensity M2 in URu2Si2 for different applied pressures. The lines are fits to equation (8.2). Reproduced with 

the permission of Elsevier from Ref. [91].
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The temperature variation of the magnetic intensity is much faster near TM than near Tm.
This has been by fitting the expression [91]

(8.2)

to the data, with N � M or m. In the SMAF phase (N � M), � � 2.5, while in the LMAF
phase (N � M), � � 8.5.

We note from Figure 8.24 that the large moment M � 0.33 �B for p � 6.4 kbar is inde-
pendent of pressure. From the data of Figure 8.24, the transition temperature TM(p) is
determined as the onset of magnetic order as defined in equation (8.2). The p–T phase
diagram is shown in Figure 8.25, where the results of resistivity measurements [92–94]
have been used to obtain Tm.

The SMAF phase is characterized by a small moment, �0.03 �B and a finite-correlation
length. The transition between the PM phase and the SMAF phase at Tm is of second
order while the transition TM between LMAF and SMAF phases is of first order in
character. The LMAF phase is of long-range order and the ordered moment M � 0.33 �B.
The first-order transition line between the SMAF and LMAF phases does not join the
second-order transition line between the SMAF and the PM phases up to 11.8 kbar. This
suggests a linear coupling between the magnetic moment and a hidden order parameter,
which breaks time-reversal symmetry.
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Figure 8.25. Pressure–temperature phase diagram of URu2Si2 showing the SMAF and LMAF phases deter-
mined from resistivity data (open circles, Refs. [92–94]) and neutron-scattering data (closed circles for pres-
sure clamps, closed squares for hydrostatic helium-cells). The lines are guides for the eye. Reproduced with 

the permission of Elsevier from Ref. [91].



Sato et al. [95] have presented a revised pressure–temperature phase diagram of
URu2Si2 constructed from the ac magnetic susceptibility, dc magnetization, and dilatation
measurements under pressure. This phase diagram is shown in Figure 8.26.

The inset shows the T-dependence of the real part of the ac magnetic susceptibility �(T)
which determines the superconducting transition temperature TSC. At ambient pressure
TSC � 1.1 K. As the pressure increases, TSC decreases monotonically and rapidly decreases
to zero at around critical pressure PX � 4.0 kbar. Correspondingly, the magnitude of �(T )
at low temperatures, which measures the superconducting volume fraction, decreases
from unity corresponding to the fully shielding effect at ambient pressure, to zero at
around 5 kbar. In fact, PX almost coincides with a pressure where TM(P) � 0 in the phase
diagram. When an external magnetic field is applied, PX shifts to low pressures thereby
implying that it is due to the effect of the magnetic field on the phase boundary between
HO and LMAF. In any case, the revised phase diagram shows that the superconducting
state competes with the LMAF state, implying the repulsion of superconductivity with
the antiferromagnetism.

Barnal et al. [96] have conducted NMR experiments at ambient pressure in single-crystal
URu2Si2 and have shown that there exists a linewidth enhancement effect below the HO
transition temperature T0. By comparing oriented-powder and single-crystal data, they
have observed that the size of the linewidth enhancement below T0 correlates with the
size of the high-T broadening. They have measured a 29Si up-field line shift below T0 which
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Figure 8.26. P–T phase diagram of URu2Si2 determined from the ac magnetic susceptibility, dc magnetiza-
tion, and thermal expansion experiments. T0(P) and TM(P) denote the transition between the PM and the HO
states and between the HO state and the LMAF states induced under pressure, respectively. Closed circles cor-
respond to TSC at zero external fields, and crosses (squares) are TSC measured under the external field of 6 (10)
kOe. Triangles on the TM(P) line denote the data of the dc magnetization measured at 5000 Oe. Reproduced 

with the permission of Elsevier from Ref. [95].
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indicates the presence of an internal-field average. They have shown that both NMR and
NQR measurements suggest a connection between linewidth/disorder effects and the
transition to HO. Barnal et al. [96] have confirmed a growth of tiny local fields inside the
HO phase that had previously been seen in powdered experiments. These local fields
(about 4.8 G) do not change even in a 14.5 T field. This field insensitivity adds support
to the idea that these tiny fields derive from staggered orbital currents rather than from
spin dipoles.

One of the interesting characteristic of URu2Si2 is the “nexus of critical points” which
appear to cluster around a field-induced QCP. Figure 8.27 shows such a nexus determined
from a combination of magneto-caloric and resistivity measurements [97] which has
been presented by Coleman in his brilliant summary of the ‘05 SCES conference [98].

Recently, Oh et al. [99] have measured the Hall effect of pure and 4% Rh-doped
URu2Si2 at high magnetic fields and at different temperatures. They have shown low-
density (0.03 hole/U atom) high-mobility carriers to be unique to the “hidden order”
phase and consistent with an itinerant density-wave OP. The Fermi surface undergoes a
series of abrupt changes as the magnetic field is increased. The Hall effect data combined
with the de Haas–van Alphen data, shows a strong interplay between the stability of the
“hidden order”, the degree of polarization of the Fermi liquid, and the Fermi-surface
topology. Oh et al. have summarized the results of several experiments [97, 99, 100] in
Figure 8.28.

Figure 8.27. Nexus of critical points in URu2Si2 determined from a combination of magneto-caloric and
resistivity measurements [97]. Color coding is determined by the resistivity. The extrapolation of T* to zero
(red circle) is thought to be a quantum critical end point associated with a metamagnetic transition. Phase (I) is
a “hidden order” phase of URu2Si2. Phase (IV) is a fully polarized Fermi liquid. Reproduced with the permission

of Elsevier from Ref. [98].



8.5. UPd2Al3

UPd2Al3 was discovered as a heavy fermion superconductor in 1991 by Geibel et al. [11].
UPd2Al3 crystallizes in the PrNi2Al3 structure type, a rather simple hexagonal structure,
with lattice parameters of a � 5.365 A and c � 4.186 A. UPd2Al3 presents a new variant of
the interplay between magnetism and superconductivity. It orders antiferromagnetically
at TN � 14.4 K [11] with a value of AF-ordered moment �0.85 �B [101]. The supercon-
ducting transition temperature Tc � 2 K [11], is quite large for a heavy fermion supercon-
ductor. It is also one of the heavy fermion metals which has coexistence of long-range AF
order with an LFL state above Tc (�TN) and with HF superconductivity below Tc.
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Figure 8.28. Left axes: (a), (b) Phase diagram [97, 100], (c), (d) longitudinal resistivity �xx, and (e), (f ) Hall
resistivity �xy. (g), (h) linear extrapolations to estimate the anomalous Hall contribution of URu2Si2 at T�2.5 K
and U(Ru0.96Rh0.04)2Si2 at T � 1.5 K, respectively. Dotted lines passing through the origin are guides for
the eye. The other dotted lines are linear extrapolations. Right axes: (c), (d) �xy /�xx for both components. 

Reproduced with the permission of the American Physical Society from Ref. [99].
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In Figure 8.29, the crystal structure of UPd2Al3 is shown. The large circles represent
the positions of uranium ions with the bold arrows marking the relative directions of the
magnetic moments. The smaller circles in the same planes represent the positions of the
palladium ions, and the smallest circles in the intercalating plane represent the aluminum
ions [102].

In Figure 8.30, the experimental results of dc susceptibility of two single crystals of
UPd2Al3 [103] is shown. The dc susceptibility of single crystals (measured at B � 10 mT)
is strongly anisotropic, indicating that the basal plane is an easy plane for magnetization.
A maximum Tx � 40 K is observed only in the basal plane but the decrease of � below
TN is visible in both directions.

In Figure 8.31, the magnetoresistivity, ��B(T ), and �/T (� is the thermal expansion
coefficient) are plotted as a function of temperature. ��B(T ) (Figure 8.31(a)) is positive
at low temperature, drops at TN, changes sign, and assumes a minimum at Tmin � 40 K,
which is a phenomenological measure of the Kondo (-lattice) temperature T*. �/T
(Figure 8.31(b)) exhibits a huge negative peak at TN. Along with the large anisotropy,
observed in � at lower temperatures on the single crystals (Figure 8.32(b)), this indicates
that the AF state results (upon cooling) in a dominating expansion of the c axis and a
relatively small shrinking of the basal plane. The dashed curve in Figure 8.31(b) as well
as in Figure 8.32(b) (symbol – p.c.) is for temperature variation of 2/3 �100�1/3 �001 for
polycrystalline crystals.

The specific heat (C/T ) versus T of single crystal #1 is plotted for various magnetic
fields B (B||c) in Figure 8.32(a). �/T versus T is plotted in Figure 8.32(b) for single
crystals #1 and #2 in different orientations. Dashed line in Figure 8.32(b) indicates 2/3
�100�1/3 �001 and for comparison, low-T data for polycrystalline sample (from Figure 8.31(b))
are also shown.

Neutron-scattering experiments in zero field have revealed a simple AF structure with
ordered moments of 0.85 �B parallel to the basal plane, coupled ferromagnetically within
the basal plane and antiferromagnetically along the c axis. When a field is applied along
the basal plane, further anomalies at T � TN appear in the susceptibility, magnetization,
magnetostriction, and magnetoresistance. Figure 8.33 shows the B–T phase diagram

Figure 8.29. The crystal structure of UPd2Al3. Reproduced with the permission of Elsevier from Ref. [102].



which indicates the complex magnetization process with three AF regimes (I, II, III)
[104]. The transition from phase I to phase II (as found from a distinct increase in both
m(B)/B and �l(B) measured along [1 1 0]) is of first order (as indicated from the hysteresis
found for the anomaly in M(B)/B) and persists in the superconducting state. The transi-
tion between phases II and III (reflected by a peak in ��� /�T for B � 0.5 T, an inflection
point in the magnetization curve, a break of slope in the transverse magnetoresistivity,
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Figure 8.30. dc susceptibility for UPd2Al3 single crystal #2 and #3, with B (�10 mT) perpendicular and 
parallel to c. Reproduced with the permission of Elsevier from Ref. [103].

Figure 8.31. Magnetoresistivity for different values of B, ��B (a), and �/T (b), as a function of 
temperature for polycrystalline UPd2Al3. Reproduced with the permission of Elsevier from Ref. [103].
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and a very shallow shoulder in the magnetostriction) is of the second (or weakly first)
order since no hysteresis effects are resolved. The details of as to how the data were
obtained are described in Ref. [104].

In Figure 8.34, the B–T phase diagram of the superconducting state of UPd2Al3 is
shown. B1(T ) and T1(B) define a line of first-order phase transition which separates from
the Bc2(T ) line at B

~ � 1 T and T
~

� 1.5 K. It was proposed by Gloos et al. [105] that this

Figure 8.32. (a) C/T versus T and (b) �/T versus T for UPd2Al3 single crystals. Reproduced with the 
permission of Elsevier from Ref. [103].

Figure 8.33. Magnetic phase diagram of UPd2Al3 for B� c as constructed from results of dc susceptibility
(�, �), magnetization (�, �, �), magnetostriction (�, �), magnetoresistivity (�), and ultrasound measurements

(�). Reproduced with the permission of Elsevier from Ref. [104].
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Figure 8.34. B versus T/Tc phase diagram of UPd2Al3 for B||[0 0 1] (a) and B||[1 1 0] (b). Symbols mark posi-
tions of jumps in C(T) (�) and in FC �(T) (�), which both correspond to Tc(B), of the onset (�) of irreversible
changes in ZFC �l(T), and of the offset (�) and onset (�) fields of �l(B) anomalies. Hatched region marks 
existence of non-uniform conducting state [105]. Reproduced with the permission of Elsevier from Ref. [104].

Figure 8.35. Temperature dependence of the specific heat divided by T of UPd2(Al1�xGax)3. Reproduced with 
the permission of Elsevier from Ref. [111].
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first-order transition indicates the d evelopment of a Fulde–Ferrell–Larkin– Ovchinnikov
(FFLO) [106, 107] state.

The ordered moments �s � 0.85 �B for UPd2Al3 points to the existence of quasilocalized
5f electrons [108]. On the other hand, an enhanced Sommerfeld coefficient, � � 140 mJ/mol
K2, of the electronic specific heat determined slightly above Tc � 2 K indicates moderate
HF behavior due to a strong hybridization of less localized 5f states with the ligand states.
The two-component nature of the uranium 5f shell, including both “localized” and “itin-
erant” 5f states, is evident [108] from the bulk properties, i.e., susceptibility, specific heat,
and �SR. It has also been suggested that superconductivity in UPd2Al3 is mediated by the
spin fluctuations [109, 110]. In order to study the interplay between magnetism and
superconductivity, Aso et al. [111] have measured the specific heat and magnetization for
single-crystal samples of UPd2(Al1�xGax)3 for Ga concentrations of x 
 0.2. The super-
conducting transition temperature Tc indicates a rapid decrease, and the AF transition
temperature TN reduces gradually as the gallium atom is substituted for aluminum. The
magnetic entropy released at TN decreases with the increase of x, suggesting that the
increase of spin fluctuations is responsible for the reduction of TN. The temperature
dependence of the specific heat is shown in Figure 8.35.

The temperature dependence of the magnetic susceptibility � of UPd2 (Al1�xGax)3 is
plotted in Figure 8.36. At high temperatures, the susceptibility in the external magnetic

Figure 8.36. Temperature dependence of the magnetic susceptibility � of UPd2(Al1�xGax)3 for x � 0, 0.1,
and 0.2. Reproduced with the permission of Elsevier from Ref. [111].



field perpendicular to the c axis follows a Curie–Weiss law � � C/(T � �) with an effec-
tive Bohr magneton �eff � 3.6 �B and Weiss temperature � � 40 K for x � 0 and 0.1. This
value of �eff is close to a free ion of either U3� or U4�. For x � 0.2, Aso et al. [111]
obtained �eff � 3.0 �B and � � 0.

In fact, tunneling [12] and inelastic neutron-scattering experiments [108] have shown
a “strong coupling” between the “localized” and the “itinerant” 5f states of U. In Ref.
[12], because of the low-energy structure of the tunneling density of states, UPd2Al3 was
assumed to be a spin-fluctuation-mediated superconductor in which overdamped AF
paramagnons of the Fermi sea provide the effective attractive interaction between the
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Figure 8.37. Temperature evolution of the INS spectrum for a UPd2Al3 spectrum for a UPd2Al3 single crystal
at q � (0,0, qL) � (0,0,0.5) � Q0 (center of the AF Brillouin zone), through Tc � 1.8 K. Solid lines represents
fits using the microscopic “two-component” model described in Ref. [108]. Inset: The magnetic-excitation
energy �E(q) for T � 2.5 K (crosses) and 0.15 K (circles). Reproduced with the permission of Elsevier 

from Ref. [112].
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itinerant quasiparticles. However, due to the low energy of �1 meV, the role of AF para-
magnons in forming Cooper pairs is doubtful.

As analyzed in Ref. [108], the susceptibility results for T � TN show the existence of
two quasilocalized 5f electrons and of another “itinerant” one. The interaction of the
localized 5f 2 configuration with the crystal electric field (CF) separates a singlet ground
state from the first excited state (perhaps a doublet), about 7 meV above the ground state.
Intersite interactions allow this local CF excitation to progress through the crystal, forming
a band of “magnetic excitons” which manifests itself in the inelastic neutron-scattering
data, (Figure 8.37 [112]) in a q-dependent broad peak. At the center of the AF Brillouin
zone, Q0�(0,0,qL�1/2), the latter occurs for T � 2.5 K � Tc, around h– � � 1.5 meV.
The large ordered moment �s � 0.85 �B must be excited by the excited magnetic CF
states below TN � 14.3 K, where magnetic order forms due to the same intersite inter-
actions that cause the band magnetic excitations to form above TN.

The localized 5f states dominate the neutron-scattering cross section due to their large
form factor. However, the fact that the low-energy peak has high intensity and follows
upon cooling the shift of the quasiparticles to the gap edge of the superconductor (Figure
8.37) confirms the interaction between the localized and itinerant 5f states [108].

UPd2Al3 is the first superconductor for which a magnetic-pairing mechanism can be
demonstrated experimentally by INS and tunneling results. The CF excitation that is
propagating through the lattice of U-ions plays the same role as high-energy phonons do
in classical superconductors.

8.6. UNi2Al3

UNi2Al3 was discovered as a heavy fermion superconductor in 1991 by Geibel et al. [10].
It crystallizes in the hexagonal PrNi2Al3 structure belonging to the space group P6/mmm.
It undergoes AF transition at TN � 5 K and superconducting transition at Tc � 1 K.
Neutron-scattering measurements [113] show UNi2Al3 which is unique among heavy
fermion superconductors displaying long-range magnetic ordering which is incom-
mensurate with its crystal lattice. The magnitude of the ordered moment �ord � 0.24 �B.
Mihalik et al. [114] have measured the heat capacity, ac–susceptibility, and dc suscepti-
bility of UNi2Al3 single crystal and their results are summarized below. In Figure 8.38,
their specific heat data in the temperature range 0.4–16 K is presented. The electronic
specific heat coefficient � � 130 mJ/mol K2 was obtained by extrapolating the specific
heat data between 1 and 3 K to T � 0 K. The onset of anomaly at Tc � 1 K is due to tran-
sition to superconducting state, and the onset of the second anomaly is at TN � 4.8 K due
to transition to AF ordered state. The specific heat jumps at Tc, �C/Cn(Tc ) � 0.2. A third
anomaly is observed between TN and 11 K. The magnitude of C/T � 145 mJ/mol K2 is
almost temperature independent and C/T(T) shows a dull minimum at about 9 K.

Mihalik et al. [114] have measured the ac susceptibility of UNi2Al3 in a magnetic field
with induction �0H � 12 mT applied along a axis. In Figure 8.39, the temperature
dependence of real part �� and imaginary part �� of ac susceptibility �ac � (�� � i��)
between 0.1 and 1.2 K is shown.

The diamagnetic response appears below Tc � 1.1 K. The size of the diamagnetic
response is large, indicating that superconductivity is a bulk property of UNi2Al3.



The transition is broad and no saturation of �� down to 0.1 K was observed. The “broad tran-
sition” is probably due to imperfection in the single crystal which could also account for the
lack of any clear indications of the AF transition in the ac susceptibility measurements [114].

The temperature dependence of dc susceptibility between 2 and 350 K, with induction
�0H � 2 T applied along and perpendicular to the c axis, is shown in Figure 8.40.

The susceptibility � is very anisotropic and the maximum of the ratio �a-axis/�c-axis � 3.
There are two pronounced maxima in �a-axis(T ) data. The maximum at Tmax � 100 K cor-
responds to the flattening of the resistivity versus temperature data [10, 115] and indi-
cates Kondo-lattice behavior. A cusp in �c-axis(T ) data at TN � 4.8 K corresponds to the
AF transition. The 1/�a-axis(T) are linear above 200 K but �eff � 3.95 �B calculated from the
slope 1/�a-axis(T) is larger than the free ion value. The �c-axis(T) data linearly increases with
decreasing temperature but the sharp increase below 30 K is probably due to magnetic
impurities [114].

Ishida et al. [116] have reported 27Al Knight shift (27K) measurements on a high-quality
single-crystal UNi2Al3 which exhibits a sharp superconducting transition at Tc � 0.9 K.
Their experiments reveal a coexistence of superconductivity and a spin-density-wave
(SDW) type of magnetic ordering (TSDW � 4.5 K). In general, the shift in the NMR spectrum
is expressed as K(T) � Ks(T) � Korb � KQ(H), which are the spin, orbital, and quadrupolar
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Figure 8.38. Temperature dependence of specific heat C/T of UNi2Al3 between 0.4 and 16 K. Reproduced with
the permission of Elsevier from Ref. [114].



Figure 8.39. Temperature dependence of ac susceptibility of UNi2Al3 between 0.1 and 1.2 K. Reproduced 
with the permission of Elsevier from Ref. [114].

Figure 8.40. Temperature dependence of dc susceptibility between 2 and 350 K. Reproduced with the
permission of Elsevier from Ref. [114].



components of the Knight shift. The quadrupolar shift originates from the second-order
electric quadrupole interaction and is inversely proportional to H2.

The results of T dependence of (a) ac susceptibility, (b) 1/T1T for a||H0 � 27.2 kOe
(open circles), and 11.2 kOe (solid circles), and (c) Knight shift at � � 60° peak are
shown in Figure 8.41 [117]. The vertical dotted line indicates Tc (2.4 kOe).

For H0||a, (Ha), there exist two inequivalent Al sites. For one-third of the Al sites H0

is parallel to a (denoted as the � � 0° site) and for two-thirds of the Al sites, the angle
between H0 and a is ±60° (denoted as the � � 60° site). In order to deduce Ks, K(T ) was
measured under a strong field of H0 so that KQ could be neglected. Normally, only Ks is
T-dependent while Korb is independent of T. 27Ks was measured at � � 60°. However,
in case of UNi2Al3,

27Ks does not change down to 50 mK across the superconducting
transition temperature Tc � 0.90 K as evident from Figure 8.41. The invariance of 27K
suggests strongly that a spin-triplet pairing state is realized in UNi2Al3, with parallel
spin in the ab plane. In addition, the T dependence of 1/T1 in UNi2Al3 was consistent
with the itinerant SDW type [118]. The 5f electrons in UNi2Al3 possess an itinerant
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Figure 8.41. T dependence of (a) ac susceptibility, (b) 1/T1T for a||H0 � 2.72 kOe (open circles), and 11.2
kOe (solid circles) and Knight shift at the � � 60° peak. The vertical dotted line indicates Tc (2.4 kOe). 

Reproduced with the permission of Elsevier from Ref. [117].
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character and are in an AF spin-fluctuation regime in the PM state as evidenced by the
T1 measurements.

8.7. UGe2

The discovery of superconductivity in UGe2 [119, 120] in single crystals of UGe2 under
pressure below Pc � 16 kbar was very surprising. The sensational part of this discovery
is that the pressure P � 12 kbar, where the superconducting temperature TS � 0.75 K is
strongest and the Curie temperature TC � 35 K is two orders of magnitude higher than
TS: superconductivity occurs in a very highly polarized state (�(T � 0 K) � �B).

The superconductivity in UGe2 disappears above a pressure Pc � 16 kbar that coincides
with the pressure at which the ferromagnetism is suppressed. The pressure–temperature
phase diagram of UGe2 is shown in Figure 8.42 [121].

The existence of an additional phase transition, not shown in this figure, has been
previously suggested by Oomi et al. [122]. We shall show this transition in Figure 8.45.
The striking fact in the p–T phase diagram of UGe2 is the disappearance of supercon-
ductivity, just at Pc, as if superconductivity and ferromagnetism are cooperative. The field
reentrant “metamagnetic behavior” above Pc, observed earlier in UGe2 [123], indicates
that the magnetic transition becomes first order just below Pc. This suggests that one does
not expect low-energy spin fluctuations and another soft mode, directly related to the
lattice structure, exists in UGe2.

Figure 8.42. The pressure–temperature phase diagram of UGe2. Reproduced with the permission of Elsevier 
from Ref. [121].
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The resistivity is plotted as a function of temperature and pressure in Figure 8.43
[121]. One can notice that superconductivity occurs in a highly polarized state.

A clear indication of another transition at Tx (TS � TX � TC), which is detected between
9 and 12 kbar, comes from the observation of supplementary marked drop of � as shown
in Figure 8.44. This transition, TX, seems to be a low-temperature continuation of a broad
maximum in ��/�T already observed at P � 0 by Oomi et al. [122].

From Figure 8.44, one notes the remarkable phenomenon that TS reaches its maximum
when TX seems to cross the superconducting boundary. Huxley et al. [120] have carefully
analyzed the effect of the magnetic field and suggest that the magnetic field shifts the line
TX(P) measured in zero field to higher pressure. This supports the view that TX might
correspond to a phase transition facilitated by a special geometry of the Fermi surfaces.
The Fermi surface for the majority and the minority spin directions are expected to
expand and contract as the spin polarization is increased. When the splitting approaches
a particular value, the nesting of the spin majority Fermi surface might be fulfilled which
could give rise to a phase line in the ferromagnetic state below TCurie(P) corresponding to
a constant value of the ordered ferromagnetic moment.

Neutron-scattering experiments have shown that the ferromagnetic component
detected on the (0,0,1) peak persists even in the superconducting state of UGe2. Figure 8.45
shows the temperature dependence of the magnetic intensity, at different pressures,
measured on the (0,0,1) reflection in UGe2.

Harada et al. [123] have conducted 73Ge-NMR/NQR measurements in UGe2 under
pressure. The NQR spectrum reveals that the ferromagnetic phases are separated into

Figure 8.43. Resistivity of UGe2 as a function of temperature. Reproduced with the permission of Elsevier 
from Ref. [121].
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Figure 8.44. A new marked resistivity anomaly appears at TX at 12 kbar. The inset shows the respective 
pressure variation of TC, TX, and 3TS. Reproduced with the permission of Elsevier from Ref. [121].

weakly and strongly polarized phases around a critical value of Pc* � 12 kbar, indicat-
ing a first-order transition around Pc*. They have also shown that there is a phase separa-
tion into ferromagnetic and PM phases around a critical pressure Pc � 16 kbar. The
measurements of spin-lattice relaxation rate 1/T1 have probed that superconductivity sets
only in the ferromagnetic phase at Tsc � 0.2 K, but not in the PM phase. Their results for
temperature dependence of 1/T1 are shown in Figure 8.46.

To summarize, UGe2 is a ferromagnetic spin-triplet superconductor with unusual
properties. The fact that superconductivity is confined to the ferromagnetic phase makes
the theoretical study of UGe2 more interesting.

8.8. URhGe

URhGe orders ferromagnetically below 9.5 K in an orthorhombic collinear magnetic
structure, with a tiny ordered moment of �0.4 �B, oriented along the c�-easy axis [124].
The linear term of the specific heat is � � 160 mJ/mol K2. At lower temperature, URhGe
exhibits a pronounced jump in the heat capacity around 0.25 K which coincides with the
onset of zero resistivity establishing the fact that the compound is a bulk superconductor
[124]. Superconductivity with a non-negligible band polarization due to ferromagnetism
can be explained by spin-triplet OP.



At ambient pressure, the magnetic and superconducting properties of URhGe are of
the same order as that of UGe2 around 15 kbar. The Curie temperature of UGe2 decreases
monotonically from 53 K at ambient pressure to zero at P � 16 kbar where supercon-
ductivity also collapses [120]. Thus, one can reasonably expect that URhGe is close to
such a critical pressure. Hardy et al. [125] have measured the temperature dependence of
C/T for different pressures which is shown in Figure 8.47.

In Figure 8.47, the observed jump corresponds to the ferromagnetic anomaly at the
Curie point and the Curie temperature is defined as the top of the anomaly. On increasing
the pressure, the transition becomes broader while the height of the anomaly decreases.
This decrease can be partly related to a slowly decreasing ordered moment observed by
magnetization measurements.

In Figure 8.48, the temperature dependence of the resistivity of URhGe at low
temperatures for different values of the applied pressure is shown [125].

The pressure–temperature phase diagram of URhGe [125] is shown in Figure 8.49.
The Curie temperature is found to increase in URhGe while ferromagnetism disap-

pears around 17 kbar for UGe2. In fact, Sheng and Cooper [126] had predicted that
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Figure 8.45. Temperature dependence of the magnetic intensity measured on the (0,0,1) reflection in UGe2. 
Reproduced with the permission of Elsevier from Ref. [121].
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pressure increases the hybridization of 5f electrons with band states leading to a sup-
pression of ordered moment. However, this hybridization also enhances the exchange
coupling, thus increasing the Curie temperature. The latter mechanism prevails up to 130
kbar for URhGe. However, moment reduction is expected to occur at higher pressures as
observed in U(In0.6Sn0.4)3 [127].

Roussev et al. [128] have suggested that for triplet superconductivity in an Ising fer-
romagnet, Tc can be affected by the distance to a quantum phase transition. Mineev [129]
has suggested that in such a case, Tc can also be affected by the value of the ordered
moment. The P–T phase diagram of Hardy et al. [125], as shown in Figure 8.49, supports
the former model but contradicts the latter.

Figure 8.46. The T dependence of 1/T1 for the PM and ferromagnetic phases. The long component in 1/T1 for
the ferromagnetic phase indicates that Sc sets at Tsc � 0.2 K, but the short one does not for the PM phase. 

Reproduced with the permission of Elsevier from Ref. [123].
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Figure 8.48. Temperature dependence of the resistivity of URhGe for different pressures at low temperatures.
The critical temperature is defined by the zero-resistivity point. Reproduced with the permission of Elsevier 

from Ref. [125].

Figure 8.47. Temperature dependence of the specific heat divided by temperature (C/T) of URhGe for different 
pressures. Reproduced with the permission of Elsevier from Ref. [125].
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8.9. UIr

The pressure-induced superconductivity in UIr was discovered recently by Akazawa et al.
[130]. UIr is an itinerant ferromagnet with a lack of inversion symmetry in its crystal
structure. The superconductivity in ferromagnets UGe2 and URhGe coexists with the
ferromagnetic order. The itinerant 5f electrons which produce the band ferromagnetism
are considered to form Cooper pairs in the superconducting state. The existence of crystal
symmetry in their crystal structure is supposed to favor superconductivity since it guaran-
tees the degeneracy of equal-spin states of the spin-triplet pairing with opposite momen-
tum. In contrast, for a system without inversion symmetry such as CePt3Si, the Cooper pair
is a mixture of spin-singlet and spin-triplet states since the spatial part of the wave func-
tion cannot be taken to be symmetric or antisymmetric under electron exchange [131].

UIr is an Ising-like ferromagnet with the easy axis parallel to [1 0 1
–
] direction. The Curie

temperature is TC � 46 K at ambient pressure [132]. The magnetic susceptibility follows
the Curie–Weiss law with the effective moment �eff � 2.4 �B/U atom while the saturation
moment in the ordered state is 0.5 �B/U atom. These results indicate an itinerant nature
of 5f electrons [133]. Superconductivity is observed in the narrow pressure range near the
ferromagnetic QCP, where the temperature dependence of resistivity follows the NFL
form of T1.6. The superconductivity is supposed to be associated with critical fluctuations
with disappearance of the ferromagnetic phase.

Figure 8.49. Pressure–temperature phase diagram of URhGe from ac calorimetry (�) and resistivity 
measurements (�). Lines are guide to the eye. Reproduced with the permission of Elsevier from Ref. [125].



The temperature dependence of ac susceptibility (AC-�) along the [1 0 1
–
] direction

under high pressure is shown in Figure 8.50.
The three series of peaks indicate the successive ferromagnetic transitions with transi-

tion temperatures TC1�TC3. The P–T phase diagram is shown in Figure 8.51.
Kobayashi et al. [134] have also investigated the possibility of the canted spin struc-

ture (expected in a system without inversion symmetry due to Dzialoshinsky–Moriya
interaction) by analyzing the anisotropic magnetization process in the FM3 phase as well
as the temperature dependence of magnetization. Their data show that there is no evidence
of canted ferromagnet.
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Figure 8.50. Temperature dependence of ac susceptibility along the [1 0 1
–
] direction under high pressure. 

Reproduced with the permission of Elsevier from Ref. [134].
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The detailed P–T phase diagram determined by the AC-� measurement is shown in
Figure 8.52. The Meissner effect is observed successfully as shown in the inset of
Figure 8.52.

The onset temperature of Meissner effect (inset of Figure 8.52) is TSC � 0.09 K at 2.67 GPa
which is close to TSC � 0.14 K at 2.61 GPa defined as the midpoint of resistance drop [130].
The Meissner effect is observed in 2.64 GPa � P � 2.74 GPa where the obvious peak
corresponding to the FM3 transition exists and vanishes with the FM3 phase. Thus, the
superconducting phase is embedded in the FM3 phase. This indicates that the time-reversal
symmetry is also broken similar to the cases of UGe2 and URhGe.

Figure 8.51. (a) Pressure–temperature phase diagram of UIr. The phase boundaries determined by the
resistivity, ac–susceptibility, and magnetization measurements have been plotted. The phase diagram consists
of three ferromagnetic phases FM1–3 and a superconducting phase in the vicinity of the QCP of FM3.
(b) Pressure dependence of the ordered moment along the [1 0 1

–
] direction. In the FM2 and FM3 phases, the 

ordered moment is less than 0.05 �B/U atom. Reproduced with the permission of Elsevier from Ref. [134].



To summarize, because of the lack of inversion symmetry in the crystal structure of
UIr and the appearance of superconductivity adjacent to the ferromagnetic QCP in the
ferromagnetic phase FM3, the Cooper pair is the mixture of spin-singlet and spin-triplet
states and also lacks time-reversal symmetry. It is possible that the ferromagnetic order
enhances the superconductivity mediated by spin fluctuations due to the longitudinal
magnetic susceptibility [135].
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Chapter 9

Filled Skutterdites and Transuranium 
Heavy Fermion Superconductors

9.1. Filled skutterdites

Jeitschko and Braun [1] first synthesized the filled skutterdites with a chemical formula
RT4X12, where R is rare earth or U; T is Fe, Ru, or Os; and X is P, As, or Sb. The com-
pounds with this crystal structure have been extensively investigated. One can obtain
widely different features such as heavy fermion superconductivity, metal-insulator transi-
tion, quadrupolar ordering, or field-induced heavy fermion state by replacing the consti-
tuting elements in the same crystal structure [2–4]. The crystal structure of filled
skutterdite compounds is shown in Figure 9.1.

The RE-ions form a bcc structure and each one is surrounded by 12 pnictogen ions
forming slightly distorted icosahedron and eight transition elements forming a cube. The
pnictogens are not shared with neighboring R which results in strong isotropic c–f
hybridization. In addition, R in the pnictogen cage feels isotropic field compared to that
in the low dimensional systems where the RE-ions feel uniaxial CEF. The difference in
local symmetry Th of rare earth sites compared to Oh brings about qualitative difference
in the CEF levels [6]. The two pure triplets �4 and �5 in Oh symmetry are mixed together
into �(1)

4 and �(2)
4 in Th symmetry, resulting in different response to dipoles and

quadrupoles. In addition, the tunneling of an R-ion between off-center positions in a
pnictogen cage could be a key mechanism in the variety of unusual properties of filled
skutterdites [7].

9.2. PrOs4Sb12

Bauer et al. [8] discovered superconductivity in PrOs4Sb12 at Tc � 1.85 K which appears
to involve heavy fermion quasiparticles with the effective mass m* � 50me. This was
inferred from the jump in specific heat at Tc, the slope of the upper critical field at Tc, and
the electronic specific heat coefficient �. The � versus T curve displayed a metallic behav-
ior and a distinct decrease below �7 K before abruptly dropping to zero at T � Tc. Bauer
et al. [8] argued that since the ground state of Pr3� ions in the cubic CEF appears to be
the �3 non-magnetic doublet, the heavy fermion behavior possibly involved the interac-
tion of the Pr3� �3 quadrupole moments and the charges of the conduction electrons. In
such a case, the quadrupolar fluctuations would play a role in the heavy fermion super-
conductivity of PrOs4Sb12.
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Kotegawa et al. [9] have reported the observation of unconventional superconduct-
ing property probed by the nuclear-spin-lattice-relaxation time T1, in PrOs4Sb12 through
121,123Sb nuclear quadrupolar resonance (NQR) experiments at zero field. The summary
of their experimental results of the T dependence of 1/T1T revealed that the 4f-derived
moments behave as if localized at the higher T than T0 � 10 K. The NQR frequency at
the Sb site increased considerably while 1/T1 decreased below T0, which indicated a low-
lying crystal-electric-field splitting, associated with the Pr3�(4f2)-derived ground state.
For T � 4 K, the relaxation process is well accounted for by incorporating both the CEF
contributions arising from the first excited state and the (T1/T )qp � constant contribution
from the heavy-quasiparticle state. In the SC state, PrOs4Sb12 has a large and isotropic
energy gap 2�/kBTc � 5.2 indicating a new type of strong-coupling regime. This would
support the idea of Cooper pairing via quadrupolar fluctuations.

Vollmer et al. [10] have measured the magnetic field dependence of the specific heat
(C) of single crystals of PrOs4Sb12. The variation of C at low temperature and the mag-
netic phase diagram inferred from C, the resistivity, and magnetization showed that there
was a doublet ground state. The two distinct superconducting anomalies in C provided
evidence of two superconducting critical temperatures at Tc1 � 1.75 K and Tc2 � 1.85
K. This could arise from a weak lifting form of the ground-state degeneracy which sup-
ports the theory of quadrupolar pairing, i.e., superconductivity in PrOs4Sb12 is neither of
electron-phonon nor of magnetically mediated origin.

The temperature-dependence of specific heat (Cp/T ) at zero field as well as the real
part ��ac of the ac susceptibility measured with an ac magnetic field of 0.278 Oe at 2.11
Hz, of PrOs4Sb12, was measured by Measson et al. [11] and is shown in Figure 9.2. They
found two sharp distinct anomalies at Tc1 � 1.887 K and Tc2 � 1.716 K. The high
absolute value of the specific heat (Cp/T � 3.65 J/K2 mol at T � 1.7 K) and the large
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Figure 9.1. Filled skutterdite structure: R � rare earth; T � Fe, Ru, Os; X � P, As, Sb. Reproduced with the 
permission of Elsevier from Ref. [5].
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height of the two superconducting jumps and the sharpness of the two transitions (16 and
58 K) provide evidence for the high quality of the sample. However, Figure 9.2 also
shows that the transition at Tc1 is not bulk-homogeneous in which case the susceptibility
would have shown perfect diamagnetism far before Tc2 is reached.

Izawa et al. [12] have investigated the superconducting gap structure of PrOs4Sb12

using thermal transport measurements in magnetic field rotated related to the crystal
axes. They have demonstrated that a novel change in the symmetry of the supercon-
ducting gap function occurs deep inside the superconducting state. This clearly indicates
the presence of two superconducting phases with twofold (B phase) and fourfold 
(A phase) symmetries. They infer that the gap function in both phases have a point node
singularity, in contrast to the line node singularity observed in most unconventional
superconductors. The H–T phase diagram obtained by Izawa et al. [12] is shown in
Figure 9.3.

Measson et al. [11] have also drawn the H–T superconducting phase diagram of
PrOs4Sb12 from ac specific heat measurements which is shown in Figure 9.4. It has the
same features as reported by Tayama et al. [13] from magnetization measurements.

Comparing Figures 9.3 and 9.4, we note that H�(T ) does not match the line H*(T )
drawn by the angular dependence of thermal conductivity under magnetic field [14]. One
possible explanation could be the strong sample dependence of these lines. We also note
that the paramagnetic limit plays an important role in Hc2, since a different fit is obtained
without the paramagnetic limit. However, H�(T ) can be reproduced with the same model
with the same parameters (except for a scaling of Tc). This means that Tc2 has the same
field dependence as Tc1, and the second transition cannot be identified as a symmetry
change of the order parameter in contrast to the case of UPt3.

Figure 9.2. Specific heat of PrOs4Sb12 as Cp /T versus T at zero field measured with a quasiadiabatic method.
Real part �� of the ac susceptibility measured with an ac magnetic field of 0.287 Oe at 2.11 Hz. Reproduced with 

the permission of Elsevier from Ref. [11].



A third B–T phase diagram derived from the temperature and magnetic field depend-
ence of the ac susceptibility by Drobnik et al. [15] is shown in Figure 9.5. They have
obtained the phase diagram from the real part �� and the imaginary part �� of the ac sus-
ceptibility. As a function of temperature at zero field, �� displays a drop at the supercon-
ducting transition, while �� displays a broad maximum. They have defined two
superconducting transitions, Tc1 � 1.85 K at a change of slope and Tc2 � 1.74 K at a
shoulder of ��, respectively, consistent with the two transitions in the specific heat (see
Figure 9.2). Bc2 and Bc2* are the upper critical field corresponding to Tc1 and Tc2, respec-
tively. In addition, they have observed a well developed minimum in ��� � �(T ) � �(2 K),
and have defined a field value Bpk at the low-field side of the minimum.

Figure 9.5 indicates that the first observation of superconductivity at Tc1/Bc2 decreases
at Bc2 � 2.3 T. The signature of the second transition at Tc2 / Bc2* tracks Tc1/Bc2 and dis-
appears at a slightly lower field B � 2.1 T consistent with specific heat studies [11]. The
evidence for a peak effect is confined to the phase bounded by Tc2 / Bc2* , where Bpk drops
to zero at B � 1.6 T. This places the line Bpk(T ) much lower than Bc2* (T ). According to
Drobnik et al. [15], in the phase diagram obtained from thermal conductivity (�) results
(Figure 9.3) which suggests lower values of Bc2* (T ), � essentially captures the same
property as the peak effect Bpk(T ) in the ac susceptbilty.
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Figure 9.3. The H–T phase diagram of the superconducting gap symmetry of PrOs4Sb12 from thermal con-
ductivity measurements. The filled circles represent the magnetic field H* at which the transition from four-
fold to twofold symmetry takes place. The open circles represent Hc2. The area of the gap function with fourfold
symmetry is shown by A phase and the area of the gap function with twofold symmetry is shown by blue B phase. 

Reproduced with the permission of Elsevier from Ref. [14].
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Figure 9.4. H–T superconducting phase diagram of PrOs4Sb12 determined by specific heat measurements.
The field dependence of Tc1 and Tc2 are identical. The lines are fits by a two-band model of the upper critical
field, including the paramagnetic limitation. The dash-dotted line is the same fit with the same parameters but

without paramagnetic limitation. Reproduced with the permission of Elsevier from Ref. [11].

Figure 9.5. Phase diagram derived from the temperature and magnetic field dependence of the ac suscepti-
bility. The inset displays the ac susceptibility as a function of temperature in zero dc magnetic field, where
the arrows mark Tc1 and Tc2, defined in correspondence to the specific heat. Reproduced with the permission 

of Elsevier from Ref. [15].



In order to study the origin of the attractive interaction between superconducting elec-
trons in PrOs4Sb12, inelastic neutron scattering experiments have been performed by
Kuwahara et al. [16] on single crystals. The observed excitation softens at a wave vector
Q � (1, 0, 0) which is the same as the modulation vector of the field-induced anti-
quadrupolar ordering. Taking into account the fact that the intensity at Q � (1, 0, 0) is
reduced compared to that around the zone center, this excitonic behavior is derived
mainly from non-magnetic quadrupolar interactions. Furthermore, the narrowing of the
linewidths (full widths at half maximum) of the excitations, as shown in Figure 9.6, indi-
cates the close connection between the superconductivity and excitons.

Nishiyama et al. [17, 18] report an NQR study of PrOs4Sb12 using Ru impurity as a
probe for the gap function. They have replaced Os with Ru and studied its effect on the
superconducting density of states (DOS). Figure 9.7 shows the T dependence of 1/T1 in
the Ru-doped samples.
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Figure 9.6. Temperature dependence of the linewidth of the peak in the dynamic structure factor 
Q � (1, 0, 0) in PrOs4Sb12. Reproduced with the permission of Elsevier from Ref. [5].
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From Figure 9.7, we note that above T � 100 K, the data for all x merge to a same line
indicating that at high T, the relaxation is not governed by the electronic state. Below
T � 100 K, 1/T1 is reduced as x increases. Below T � 1 K, 1/T1 is proportional to T and
the magnitude of 1/T1T increases with increasing x. The fact that 1/T1T is constant indi-
cates that a finite DOS is induced by the impurity which provides strong evidence for the
existence of nodes in the gap function [19]. In addition, the relatively weaker suppression
of Tc by the impurity with respect to x (Figure 2 of Ref. [18]) suggests that point nodes
in the gap function are more plausible [20].

In order to investigate the nature of the superconducting pairing state in PrOs4Sb12,
Ozcan et al. [21] have measured the temperature dependence of the in-plane magnetic
penetration depth, at temperatures as low as 20 mK. The measurements were made using
a superconducting resonant coil with the RF magnetic field pointing along the coil axis

Figure 9.7. Temperature dependence of 1/T1 in Pr(Os1�xRux)4Sb12 (x � 0.1, 0.2). The straight lines indicate 
the T1T � const relations. Reproduced with the permission of Elsevier from Ref. [18].



which was parallel to the c axis of the crystal. When T � Tc, the expulsion of magnetic
flux from the interior of the sample causes a temperature-dependent shift in the resonant
frequency f0. The shift in the oscillator frequency –�f0 is related to the penetration depth
�
 (for small changes in the inductance) by the relation �
(T ) ����f0(T ), where � is a
constant scaling factor. The temperature variation of ��f0(T ) is plotted in Figure 9.8.

The most interesting results of this experiment are the existence of gapless excitations
and the onset of a superconducting-transition-like drop in the magnetic penetration depth
at about 450 mK. This additional superconducting transition in PrOs4Sb12 has not been
reported in earlier experiments.

Custers et al. [22] have investigated the superconducting gap of PrOs4Sb12 by field-
angle-dependent specific heat C(H, �) measurements. H was varied at fixed temperatures
and rotated in the basal planes. Their results are shown in Figure 9.9.

Here, two samples of different quality have been measured. Sample #1 shows a broad
single jump in C(T ) at T #1

c1 � 1.81K(�0H
#1
c2 � 2.1T) while sample #2 demonstrated two

SC jumps at T #2
c1 � 1.85K and T #2

c2 � 1.67K(�0H
#2
c2 � 2.35T), respectively. No evidence

was found for a symmetry transition which would have resulted in a change of a four to
twofold oscillation of C(H, �) as found in �(H, �) [12] from thermal conductivity
experiments.

As shown in Figure 9.9, a fourfold oscillation of C(H, �) was observed in the H–T SC
phase diagram. The minima are located along the [1 0 0] directions suggesting the existence
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Figure 9.8. Temperature variation of the frequency shift –�f0(T ) due to the expulsion of magnetic flux from the
interior of PrOs4Sb12. The inset shows a fit of –�f0(T ) � a � bT 3 for 450 mK 
 T 
 1100 mK. At T � 450 mK
a superconducting-transition-like drop in the magnetic penetration depth sets in. Reproduced with the permission 

of Elsevier from Ref. [21].
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Figure 9.9. Field and temperature behavior of the amplitude |A| of the fourfold oscillation: (a) |A| versus
H/Hc2. Dotted lines are guide to the eyes. Gray area marks the normal state; (b) |A| versus T/Tc1 of S#2 meas-
ured in �0H � 1.2 T rotating in the ac plane. The dashed line is a fit to the data C(t) � t�2, with t � T/T* 2

c1 . 
Reproduced with the permission of Elsevier from Ref. [22].



of gap nodes or minima along these directions. The oscillation amplitude |A| becomes max-
imum at H/Hc2 � 0.03. Below, |A| � 0. The temperature variation of |A| follows a quartic
dependence.

The other filled skutterdite superconductor is YFe4P12 [23] with Tc � 7 K. However, since
it is not a heavy fermion compound, we shall not discuss its properties in this chapter.

9.3. PuCoGa5

The discovery of superconductivity in the transuranium compound PuCoGa5 with 
Tc � 18.5 K has attracted considerable attention [24]. This is by far the highest critical
temperature for any heavy fermion superconductor. PuCoGa5 crystallizes in the
HoCoGa5 structure, the same type as the CeMIn5 materials [25–27]. The existence of a
local moment magnetic susceptibility in the normal state [24] and photoemission of par-
tially localized 5f electrons [28] indicate that CeMnIn5 and PuCoGa5 have similar elec-
tronic structure.

The H–T phase diagram [29] of PuCoGa5, inferred from the heat capacity data as a
function of temperature in a magnetic field applied along the three orthogonal directions,
is shown in Figure 9.10.

The data indicate that Tc is suppressed at an approximate rate of 10 T/K irrespective of
field orientation. This initial slope indicates that the upper critical field Hc2 is of the order
of 75 T. In addition, there is no evidence of anisotropy.

Curro et al. [30] have performed nuclear magnetic resonance (NMR) experiments in
PuCoGa5 in the normal and superconducting states. Measurements of the Knight shift
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Figure 9.10. Magnetic field–temperature phase diagram of PuCoGa5 inferred from single-crystal heat capac-
ity measurements with magnetic field applied along three orthogonal directions. The inset shows representative 
heat capacity data from which Tc(H) was inferred. Reproduced with the permission of Elsevier from Ref. [29].
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and nuclear-spin-lattice-relaxation rate in the superconducting state show a spin-singlet
with lines of nodes in the gap function. Their calculations indicate that their data are con-
sistent with a strong-coupling d-wave gap function with � /kBTc � 4. In the normal state,
the temperature dependence of the spin-lattice-relaxation rate suggests the presence of
antiferromagnetic correlations, and scales with Tc in the same manner as in the other
heavy fermion superconductors and high-Tc superconductor YBa2Cu3O7.

The resonance frequency of a nucleus in the superconducting state is given by 
f � �B0(1��B)(1�K0���s(T )), where �B is given by the demagnetization field, K0 is
a temperature independent chemical shift of the particular nucleus, A the hyperfine cou-
pling between the nucleus and the conduction electrons, and �s the spin susceptibility
which is proportional to the Knight shift. K0 and A are measured in the normal state and
are known constants [31] while �s(T ) and �B are unknown. The temperature dependence
of �s(T ) was obtained by Curro et al. [30] by measuring the frequencies of the 59Co and
the 71Ga. Their results for temperature dependence of �s(T) is shown in Figure 9.11. They
also determined that �B � 40 G.

Curro et al. [30] have measured the spin-lattice-relaxation rate, T1
�1, in the normal and

superconducting states on a second powder sample of PuCoGa5 in zero field at the 69Ga
NQR frequency. Their results are shown in Figure 9.12. T1

�1 � T 3 down to �0.3Tc, then
crosses over to a linear behavior below due to impurity scattering. The best fit to the data
(the solid line) is given by a d-wave order parameter with � /kBTc � 4 [31].

Figure 9.11. The normalized Knight shift of the 59Co (�) and the 71Ga (�) of PuCoGa5 below Tc. The solid 
line is a fit to the dirty d-wave [31]. Reproduced with the permission of Elsevier from Ref. [30].



Figure 9.13 shows T1T normalized to the value at Tc versus T/Tc for three d-wave super-
conductors, the high-Tc cuprate YBa2Cu3O7, CeCoIn5, and PuCoGa5. Even though their
transition temperatures vary by two orders of magnitude, the normal state relaxation
scales Tc up to 5Tc. This suggests that the same antiferromagnetic fluctuations present in
YBa2Cu3O7 and CeCoIn5 and intimately connected with d-wave superconductivity must
also be present in PuCoGa5.

Recently, Joyce et al. [32] have examined the electronic structure of select Pu materi-
als, by means of photoemission (PES) and mixed-level model (MLM) calculations 
[33, 34], of the heavy fermion superconductor PuCoGa5 as well as PuIn3 and �-Pu metal.
The MLM is a multi-electron extension of the generalized gradient approximation. The
direct comparison of the PES data with the MLM calculations for the three Pu materials
is shown in Figure 9.14.

The results indicate that there is excellent agreement of the PES data with MLM data
for PuCoGa5 and fairly good agreement for the �-Pu and PuIn3. The photoemission
results indicate that the 5f electrons exhibit both localized and itinerant character. In fact,
the dual nature of the Pu 5f electrons demarks the boundary between localized and itin-
erant 5f character. The MLM calculations were done by assuming that four of the five Pu
5f electrons are localized. The agreement between the PES data and the MLM calcula-
tions for PuCoGa5 is remarkably good with the model and data in agreement with the
width, intensity, and energy position of both the peak at the Fermi level and the
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Figure 9.12. The spin-lattice relaxation of Ga(1) in PuCoGa5 versus temperature. The solid line is given by 
a d-wave order parameter with �/kBTc � 4 [31]. Reproduced with the permission of Elsevier from Ref. [30].
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main 5f peak centered 1.2 eV below the Fermi level. However, we note that there are a
large number of other models which have been proposed for Pu-based compounds [32].

Since superconductivity coexists with magnetic order in cerium isostructural systems,
PuCoGa5 could be close to a quantum critical point. In order to study this possibility,
Colineau et al. [35] have investigated the influence of Pu substitution by U and Np on the
electronic properties of superconductor PuCoGa5 by SQUID magnetometry. The critical
parameters are dramatically reduced compared to the pure sample. In Pu0.9U0.1CoGa5 and
Pu0.9Np0.1CoGa5, the critical temperature drops from Tc � 18.6 K to 8.4 and 7.2 K and
the upper critical field, from Hc2(0) � 74 T down to 8.7 and 3.4 T, respectively. Their
results are shown in Figure 9.15.

In Figure 9.15, a sharp decrease to negative values of the zero-field-cooled magnetic
susceptibility indicates the occurrence of superconductivity in Pu0.9U0.1CoGa5 and
Pu0.9Np0.1CoGa5 below Tc � 8.4 and 7.2 K, respectively. While Pu0.9U0.1CoGa5 is close
to perfect diamagnetism, Pu0.9U0.1CoGa5 reaches only �5% of the ideal �1/4� value
which suggests that the latter may contain other non-superconducting phases.

9.4. PuRhGa5

The discovery of superconductivity in PuRhGa5 with Tc � 9 K was reported by Wastin
et al. [36] in 2003. PuRhGa5 crystallizes in the tetragonal HoCoGa5 structure with the lattice
parameters a � 4.2354 Å and c � 6.7939 Å. This structure has a two-dimensional feature,

Figure 9.13. T1T for several unconventional superconductors, normalized to the value at Tc versus T/Tc. The 
solid line is a linear fit. Reproduced with the permission of Elsevier from Ref. [30].



Figure 9.14. Photoemission (green diamonds) and MLM calculations (blue lines) for �-Pu, PuIn3, and
PuCoGa5. Reproduced with the permission of Elsevier from Ref. [32].
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where alternating PuGa3 and RhGa2 layers are stacked along the c axis. There are two crys-
tallographically inequivalent Ga sites in this structure, which are denoted Ga(1) (the 1c site)
and Ga(2) (the 4i site), respectively. The Ga(1) site is surrounded by four Pu atoms in the c
plane while the Ga(2) site is surrounded by two Pu and two Rh atoms in the a plane.

The high-pressure measurements on PuRhGa5 is shown in Figure 9.16 in which the
electrical resistance has been plotted against temperature for pressures up to 18.7 GPa. It
displays a metallic shape in the normal state but an NFL behavior (�(T ) � T 1.3 ) devel-
ops up to 50–60 K. The inset of Figure 9.16 shows the plot of Tc of both PuRhGa5 and
PuCoGa5 against pressure.

For PuRhGa5, Tc increases rapidly with increasing pressure and reaches 16 K at 
10 GPa. After that it decreases with pressure; PuRhGa5 remains superconducting up to
20 GPa. There is a large broadening of Tc (�6 K) at 18.7 GPa. In contrast, Tc continues
to increase with pressure up to 18.7 GPa for PuCoGa5. This suggests that the pairing
mechanism is differently affected by pressure for the two materials. The layered crystal
structure associated with the quasi-2D Fermi surface calculated for these materials [38]
suggests that anisotropic properties might be the cause for this difference.

The (T–P) phase diagram of PuRhGa5 and PuCoGa5 can be compared to that of
CeCoIn5. In these isostructural compounds, the superconducting transition temperature
increases with increasing pressure and reaches a maximum before decreasing at higher
pressure. The NFL behavior is also maintained over a large range of pressure. However,
PuIrGa5 is different in the sense that its resistance versus temperature plot displays Fermi
liquidproperties and there is no indication of a superconducting transition even at very
low temperatures.

Figure 9.15. Zero-field-cooled (ZFC, full symbols) and field-cooled (FC, open symbols) magnetic susceptibil-
ity of Pu0.9U0.1CoGa5 (squares) and Pu0.9Np0.1CoGa5 (circles), measured at H � 0.001 T and H � 0.01 T, respec-
tively. No diamagnetic transitio n is observed on FC curves due to the enhanced flux pinning of the material. 

Reproduced with the permission of Elsevier from Ref. [35].



Recently, Saki et al. [39] have carried out NMR/NQR measurements on the Ga(2) site
for PuRhGa5. The 1/T1T versus T plots for NMR/NQR on the 69Ga(2) site is shown in
Figure 9.17.

As Figure 9.17 shows, below Tc, 1/T1T decreases sharply and paraboloically as T
decreases. This result suggests that PuRhGa5 has an unconventional superconductivity with
an anisotropic gap. Saki et al. [39] have estimated that the gap value, 2�0(T � 0) � 5kBTc,
and the ratio of the residual DOS to that of normal state, Nres/N0 � 0.25, if one assumes
a polar state �0(T )cos(�). This estimated gap is similar to that of CeIrIn5 [41] while it is
smaller than 8kBTc for CeCoIn5 [42] and PuCoGa5 [31]. This type of anisotropic super-
conductivity would take place on a cylindrical Fermi surface predicted by band calcula-
tion [43].

In the normal state, 1/T1T for the NQR is almost temperature independent below 
30 K. This Korringa behavior (1/T1T � constant) is a typical feature of Fermi liquid.
Sakai et al. [39] measured 1/T1T for the 69Ga(2) NMR center line under an applied field
(H0) of �110 kOe parallel to the c axis. Tc was suppressed from 8.5 K (zero field) to
�4 K in this applied field. As shown in Figure 9.17, the Korringa behavior of 1/T1T of
the NMR is also present in the normal state below �30 K. This result indicates that
superconductivity sets in PuRhGa5 after a coherent Fermi-liquid state is established.
The coherence in the Fermi-liquid state is slowly reduced above 30 K since 1/T1T
decreases gradually as T increases. The difference in NQR and NMR values of 1/T1T
is probably caused by different quantization axes, which are the a axis and the c axis,
respectively. The 1/T1T behavior in the normal state of PuRhGa5 is thus different than
that of PuCoGa5, in which case, 1/T1T increases monotonically from room temperature
right down to Tc [31].
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Figure 9.16. Evolution of the electrical resistance of PuRhGa5 crystal up to 18.7 GPa. The inset shows Tc

behavior of PuCoGa5 as a function of the applied pressure. Reproduced with the permission of Elsevier
from Ref. [37].
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In order to study the sensitivity of Tc to structural distortions which would clarify the
role of 5f-electronic anisotropy in the related materials PuMGa5 and CeMIn5 (where M
is an isoelectronic transition metal), Sarrao et al. [29] have plotted Tc as a function of the
tetragonal distortion (2zc-a)/a. Here, a and c are the tetragonal lattice parameters of
the HoCoGa5 structure and z is a structural parameter locating the Ga(4i) position along
the c axis. Their Tc versus tetragonal distortion (2zc-a)/a for a set of CeMIn5 and PuMGa5

materials is shown in Figure 9.18.
From Figure 9.18, one observes that there is a linear relationship for both the families

of superconductors. However, the slope of Tc versus (2zc-a)/a is �10 times larger for
PuMGa5 than for CeCoIn5 which indicates that there is greater degree of freedom and
hence stronger coupling of the 5f electrons when compared with the 4f case. Another
interesting result is the observation that the maximum Tc in CeMIn5 is obtained for
(2zc-a)/a � 0, whereas all known values of (2zc-a)/a for PuMGa5 are negative. This
suggests that further Tc optimization may be possible in this system.

9.5. Similarities between Cu and Pu containing “high Tc”
superconductors

Recently Wachter [44] has compared the Cu “high Tc superconductors” with equivalent
measurements on “high Tc” PuCoGa5 and PuRhGa5. He has observed the following
common features. First, in all materials, spin pseudogaps have been observed which

Figure 9.17. 1/T1T versus T plot for the 69Ga(2) NQR/NMR lines in PuRhGa5 lines. Reproduced with the 
permission of Elsevier from Ref. [40].



necessitates at least antiferromagnetic short-range order, i.e., in clusters. Second, all Cu
and Pu superconductors are of mixed valence as photoemission data have shown. The
majority ions (Cu or Pu) are magnetic and the minority ions are non-magnetic and act
as spin holes. Only short-range correlations remain since these spin holes have a con-
centration of 10% and hence dilute the antiferromagnetic order. According to Wachter
[44], two dimensionality is not essential and n- or p-type conductivity is not important.

References

[1] W. Jeitschko and D. Braun, Acta Crystallogr. B 33, 3401 (1977).
[2] B.C. Sales, in Handbook on the Physics and Chemistry of Rare Earths, Vol. 33, eds.

K.A. Gschneidner, Jr., J.-C.G. Bunzli, and V.K. Pecharsky, p.1 (Elsevier,
Amsterdam, 2003).

[3] Y. Aoki, H. Sugawara, H. Hisatomo, and H. Sato, J. Phys. Soc. Jpn. 74, 209 (2005).
[4] B. Maple, J. Phys. Soc. Jpn. 74, 222 (2005).
[5] H. Sato, H. Sugawara, D. Kikuchi, S. Sanada, K. Tanaka, H. Aoki, K. Kuwahara,

Y. Aoki, and M. Kohgi, Physica B 378–380, 46 (2006).
[6] K. Takegahara, H. Harima, and Y. Yanase, J. Phys. Soc. Jpn. 70, 1190 (2001).
[7] T. Goto, Y. Nemoto, K. Onuki, K. Sakai, T. Yyamaguchi, M. Akatsu, T. Yanagisawa,

H. Sugawara, and H. Sato, J. Phys. Soc. Jpn. 74, 263 (2005).
[8] E.D. Bauer, N.A. Frederick, P.-C. Ho, V.S. Zapf, and M. B. Maple, Phys. Rev, B 65,

100506(R) (2002).
[9] H. Kotegawa, M. Yogi, Y. Imamaura, Y. Kawasaki, G.-Q. Zheng, Y. Kitaoka,

S. Ohsaki, H. Sugawara, M. Aoki, and H. Sato, Phys. Rev. Lett. 90, 027001 (2003).

252 Chapter 9. Filled Skutterdites and Transuranium Heavy Fermion Superconductors

Figure 9.18. Tc versus tetragonal distortion (2zc-a)/a for a set of CeMIn5 and PuMGa5 materials. Reproduced 
with the permission of Elsevier from Ref. [29].



References 253

[10] R. Vollmer, A. Fai�t, C. Pfleiderer, H.v. Lohneysen, E.D. Bauer, P.-C. Ho, V. Zapf,
and M.B. Maple, Phys. Rev. Lett. 90, 057001 (2003).

[11] M.-A. Measson, J.P. Brison, G. Seyfarth, D. Braithwaite, G. Lapertot, B. Salce,
J. Flouquet, E. Lhotel, C. Paulsen, H. Sugawara, H. Sato, P.C. Canfield, K. Izawa,
and Y. Matsuda, Physica 359–361, 827 (2005).

[12] K. Izawa, Y. Nakajima, J. Goryo, Y. Matsuda, S. Osaki, H. Sugawara, H. Sato,
P. Thalmeier, and K. Maki, Phys. Rev. Lett. 90, 117001 (2003). 

[13] T. Tayama, T. Sakakibara, H. Sugawara, Y. Aoki, and H. Sato, J. Phys. Soc. Jpn. 72,
1516 (2003).

[14] Y. Matsuda, K. Izawa, T. Watanabe, Y. Kasahra, Y. Nakajima, T. Sakakibara,
C.J. van der Beek, M. Nohara, T. Hanaguri, H. Takagi, J. Goryo, K. Maki,
P. Thalmier, S. Osaki, H. Sugawara, H. Sato, H. Shishido, R. Settai, and Y. Onuki,
J. Phys. Chem. Solids 66, 1365 (2005).

[15] S. Drobnik, K. Grube, C. Pfleiderer, H.v. Lohneysen, E.D. Bauer, and M.B. Maple,
Physica 359–361, 901 (2005).

[16] K. Kuwahara, K. Iwasa, M. Kohgi, K. Kaneko, N. Metoki, S. Raymond, M.-A.
Measson, J. Flouquet, H. Sugawara, Y. Aoki, and H. Sato, Phys. Rev. Lett. 95,
107003 (2005).

[17] M. Nishiyama, T. Kato, H. Sugawara, D. Kikuchi, H. Sato, H. Harima, and G.-Q.
Zheng, J. Phys. Soc. Jpn. 74, 1938 (2005).

[18] M. Nishiyama, T. Kato, H. Sugawara, D. Kikuchi, H. Sato, H. Harima, and G.-Q.
Zheng, Physica B 378–380, 192 (2006).

[19] R. Fehrenbacher and M.R. Norman, Phys. Rev. B 50, 3495 (1994).
[20] N.A. Frederick, T.D. Do, P.C. Ho, N.P. Bulch, V.S. Zapf, and M.B. Maple, Phys.

Rev. B 69, 024523 (2004).
[21] S. Ozcan, W.M. Yuhasz, N.A. Frederick, and M.B. Maple, Physica B 378–380, 182

(2006).
[22] J. Custers, Y. Namai, T. Tayama, T. Sakakibara, H. Sugawara, Y. Aoki, and H. Sato,

Physica B 378–380, 179 (2006).
[23] I. Shirotani, Y. Shimaya, K. Kihou, C. Seikene, N. Takeda, M. Ishikawa, and

T. Yogi, J. Phys. Condens. Matter 15, S2201 (2003).
[24] J.L. Sarrao, L.A. Morales, J.D. Thompson, B.L. Scote, G.R. Stewart, F. Wastin,

J. Rebizant, P. Boulet, E. Colineau, and G.H. Lander, Nature 420, 297 (2002).
[25] H. Hegger, C. Petrovic, E.G. Moshopoulou, M.F. Hundley, J.L. Sarrao, Z. Fisk, and

J.D. Thompson, Phys. Rev. Lett. 84, 4986 (2000).
[26] C. Petrovic, P.G. Pagliuso, M.F. Hundley, R. Movschovich, J.L. Sarrao, Z. Fisk, and

A. Monthoux, J. Phys. Condens. Matter 13, L337 (2001).
[27] C. Petrovic, R. Movschovich, M. Jaime, P.G. Pagliuso, M.F. Hundley, J.L. Sarrao,

Z. Fisk, and J.D. Thompson, Europhys. Lett. 53, 354 (2001).
[28] J.J. Joyce, J.W. Willis, T. Durakiewicz, M. T. Butterfield, E. Guziewicz, J.L.

Sarrao, L.A. Morales, A.J. Arko, and O. Erikssion , Phys. Rev. Lett. 91, 157001
(2003).

[29] J.L. Sarrao, E.D. Bauer, L.A. Morales, and J.D. Thompson, Physica B 359–361,
1144 (2005).

[30] N.J. Curro, T. Caldwell, E.D. Bauer, L.A. Morales, M.J. Graf, Y. Bang,
A.V. Balatsky, J.D. Thompson, and J.L. Sarrao, Physica B 378–380, 915 (2006).



[31] N.J. Curro, T. Caldwell, E.D. Bauer, L.A. Morales, M.J. Graf, Y. Bang,
A.V. Balatsky, J.D. Thompson, and J.L. Sarrao, Nature 434, 622 (2005).

[32] J.J. Joyce, J.M. Wills, T. Durakiewicz, M.T. Butterfield, E. Guziewicz, D.P. Moore,
J.L. Sarrao, L.A. Morales, A.J. Arko, O. Eriksson, A. Delin, and K.S. Graham,
Physica B 378–380, 920 (2006).

[33] A.J. Arko, J.J. Joyce, L. Morales, J. Wills, L. Lashley, P. Westin, and J. Rebizant,
Phys. Rev. B 62, 1773 (2000).

[34] O. Erikssion et al., J. Alloy Compds 287, 1 (1999).
[35] E. Colineau, F. Wastin, P. Boulet, P. Javorski, and J. Rebizant, Physica B 359–361,

1075 (2005).
[36] F. Wastin, P. Boule, J. Rebizant, E. Colinneau, and G.H. Lander, J. Phys. Condens.

Matter 15, S2279 (2003).
[37] J.-C. Griveau, P. Boulet, E. Collineau, F. Wastin, and J. Rebizant, Physica B

359–361, 1093 (2005).
[38] T. Hotta and K. Ueda, Phys. Rev. B 67, 104518 (2003).
[39] H. Sakai, Y. Tokunaga, T. Fujimoto, S. Kambe, R.E. Walstedt, H. Yasuoka, D. Aoki,

Y. Homma, E. Yamamoto, A. Nakamura, Y. Shikoawa, K. Nakajima, Y. Arai,
T.D. Matsuda, Y. Haga, and Y. Onuki, J. Phys. Soc. Jpn. 74, 1710 (2005).

[40] H. Sakai, Y. Tokunaga, T. Fujimoto, S. Kambe, R.E. Walstedt, H. Yasuoka, D. Aoki,
Y. Homma, E. Yamamoto, A. Nakamura, Y. Shiokawa, K. Nakajima, Y. Arai,
T.D. Matsuda, Y. Haga, and Y. Onuki, Physica B 378–380, 1005 (2006).

[41] G.-Q. Zheng, K. Tanabe, T. Mito, S. Kawasaki, Y. Kitaoka, D. Aoki, Y. Haga, and
Y. Onuki , Phys. Rev. Lett. 86, 4664 (2001).

[42] Y. Kohori, Y. Yamato, Y. Iwamoto, T. Kohara, E.D. Bauer, M.B. Maple, and
J.L. Sarrao, Phys. Rev. B 64, 134526 (2001).

[43] T. Maehira, T. Hotta, K. Ueda, and A. Hasegawa, Phys. Rev. Lett. 90, 207007
(2003).

[44] P. Wachter, Physica C 453 (2007).

254 Chapter 9. Filled Skutterdites and Transuranium Heavy Fermion Superconductors



Chapter 10

Brief Review of Theories of Heavy Fermion
Superconductivity

10.1. Introduction

We have discussed in the previous three chapters the experimental properties of the vari-
ous types of heavy fermion superconductors. In some cases, we have also briefly discussed
the theories proposed for these exotic compounds. In fact, the heavy fermion compounds
which become superconductors below a certain temperature have a rich variety of ground
states and offer many examples of unconventional superconductivity in strongly correlated
electron systems. It is not possible to review in detail the various theoretical models pro-
posed for the superconductivity in each heavy fermion compound. Some of these theo-
ries had been originally developed for the cuprate superconductors but are also applicable
to heavy fermion superconductors. We shall discuss in more detail a few of the recent exotic
theoretical models but only briefly outline a few theoretical models for which excellent
review articles are available in the literature.

The superfluid 3He, the physical properties of which were extensively studied prior to the
discovery of heavy fermion superconductivity [1, 2], exhibited gap anisotropy and nodal
structures like some heavy fermion compounds. These properties have been extensively
reviewed by Leggett [3]. After the discovery of heavy fermion superconductors, it was nat-
ural to compare them with superfluid 3He in order to understand the former. However, there
are many differences between the two systems. For example, the presence of a crystal field
and the fact that charged particles are paired in heavy fermions instead of pairing of the
neutral atoms in 3He are important. In addition, the strong-correlation effects and the spin-
orbit interaction in heavy fermion systems are major factors to be considered.

In heavy fermion compounds, the f-shell electrons are strongly correlated. These f
electrons determine the properties of the quasiparticles at the Fermi level which gives
rise to a large effective mass. It is generally believed that superconductivity is mainly
by the heavy quasiparticles. These quasiparticles with f characters would have difficulty
in forming ordinary s-wave Cooper pairs, characteristic of the BCS theory [4] of super-
conductivity due to the strong Coulomb repulsion. In order to avoid a large overlap of the
wave functions of the paired particles, the system would rather choose an anisotropic
channel, like a p-wave spin triplet (as is done in superfluid 3He [3]) or a d-wave spin singlet
state to form pairs.

The theoretical foundations for heavy fermion superconductivity were developed by
Coffey et al. [5], Volvik and Gorkov [6], Hirschfeld et al. [7], Pethick and Pines [8],
Schmitt-Rink et al. [9], and Monien et al. [10]. Excellent reviews of the earlier theories
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have been made by Varma [11], Lee et al. [12], Gorkov [13], Fulde et al. [14], and Sigrist
and Ueda [15]. Recent reviews include the excellent discussion of the superconductivity
phases of UPt3 and theoretical models by Joynt and Taillefer [16] and theory of super-
conductivity in strongly correlated electron systems by Yanase et al. [17].

Joynt and Taillefer [16] have described the four basic results which emerged from the
pioneering work [5–10, 18] and considered as key elements in the analysis of key thermal
properties of any unconventional superconductor. These can be summarized as follows:
(a) instead of the conventional activated behavior, there is a power-law dependence on
temperature at T �� Tc; (b) it is necessary to treat the impurity scattering in the unitary limit
of strong (resonant) scattering [8] described by a scattering phase shift �0 � 
/2; (c) a gapless
regime appears at low energy, even for small concentrations of non-magnetic impurities,
giving rise to a residual normal fluid of zero-energy quasiparticles [7, 9]; (d) the recogni-
tion that there can be asymptotic low-temperature behavior in some transport properties
and gap structures which is independent of the impurity concentration. These results are
based on the fact that the gap has nodes.

We cannot review here in detail the theory of superconductivity of each heavy fermion
compound. In addition, heavy fermion system is one of the areas in physics where the
experimentalists are well ahead of the theorists, and superconductivity in various heavy
fermion compounds has different origin. In this chapter, we shall very briefly discuss
some of the theoretical models which have been extensively reviewed in the earlier work
and then describe the models which have been proposed recently for the exotic uncon-
ventional heavy fermion superconductors. A complete review of the theories of super-
conductivity of heavy fermions is a project for a future book after satisfactory theoretical
models have been developed for each system and a consensus has been reached among
the physics community actively engaged in research in this area.

10.2. BCS theory of anisotropic superconductivity

Anderson and Morel [19] and Balian and Werthamer [20] had examined the general type
of superconductivity where the electron–phonon mechanism was not the only mechanism
to obtain an attractive potential. Other interactions could favor anisotropic pairing which
became important in the theory of superfluid 3He, in which a spin-fluctuation mechanism
was responsible for the creation of p-wave (spin triplet) pairs [3, 21]. We shall briefly dis-
cuss the generalized BCS theory and consider a pairing potential in the momentum space
which yields the effective Hamiltonian [15]

(10.1)

where �(k) is the band energy measured relative to the chemical potential � and
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The operator V̂ is an effective electron–electron interaction which is attractive in a small
range near the Fermi surface where –�c 
 �(k) 
 �c and �c is the cutoff energy. The degen-
erate Fermi gas is unstable in the presence of this attractive potential. We define a mean
field, which is also known as a pair potential and a “gap function” [15]:

(10.3)

and

(10.4)

Here,

(10.5)

One can write

(10.6)

The term in the brackets ( ) is the fluctuation of the operator around its mean-field
value and can be neglected beyond the first order [15]. From equations (10.1), (10.3),
(10.4), and (10.6), along with the approximation stated above, we obtain an expression
for the one-particle Hamiltonian,

(10.7)

The mean-field term, which only contributes to the ground-state energy, has been
omitted in this Hamiltonian. The corresponding eigenvalues and eigenoperators have the
following property:

(10.8)

By using a Bogoliubov transformation, one obtains
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and write equation (10.9) in the form ak � Uk�k, where

(10.11)

Here the 2�2 matrices ûk and v̂k are defined by equation (10.9). From equations (10.7)
and (10.11), one can write diagonalization of Ĥ as

(10.12)

where

(10.13)

and

(10.14)

Here �̂0 is the 2�2 unit matrix, �̂(k) the matrix defined in equation (10.3), the diago-
nal elements of Êk correspond to the excitation spectrum of the system, and �̂k the
representation of Ĥ. Since �̂(k) has the antisymmetric nature of a pairing wave function
in k space,

(10.15)

Since �̂(k) is an even function of k, for singlet pairing, it can be written as

(10.16)

�̂(k) is an odd function of k for triplet pairing and can be parameterized by an odd-
vectorial function d(k) [20]:

(10.17)

where �̂ are the Pauli spin matrices. The solution of equation (10.12), if �̂(k) is unitary
(s�̂�̂� is proportional to the unit matrix �̂), is of the form [15]

(10.18)u
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and

(10.19)

Here, Ek� � Ek� � Ek � [�2(k) � 1�2Tr �̂�̂�(k)]1�2 is the energy spectrum of the elemen-
tary excitations with a gap [1�2Tr�̂�̂�(k)]1�2. The excitation spectrum is twofold degenerate
since Ek� � Ek�.

The transformation matrices for a non-unitary �̂(k) are [15]

and

(10.20)

where

and

(10.21)

Using these results, the mean-field equation (10.3) can be written as [15]

(10.22)

For a unitary pairing state

(10.23)

and for non-unitary pairing states

(10.24)
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Here � � (kBT )�1. At temperatures very close to Tc, a linearization of the gap equation
(10.22) leads to

(10.25)

where

(10.26)

This is the weak-coupling definition of v and � �k means the average over the Fermi
surface with the density of states N(0). The precise pairing potential V̂ has to be known
to solve equation (10.25) and it is important to use the symmetry properties of equation
(10.25). The Hamiltonian in equation (10.2) has a certain symmetry represented by a
group G which consists of the point group G of the crystal symmetry, the spin-rotation
symmetry group SU(2), the time-reversal symmetry group R, and the gauge symmetry
group U(1). The symmetry transformation properties of the gap function �(k) and d(k)
have been listed in Table I of Ref. [15].

10.3. Symmetry classifications and generalized
Ginzburg–Landau theory

For strong spin-orbit coupling, the point-group transformations of k and the spin trans-
formations cannot be treated independently since the spins have to be considered
“frozen” in the lattice. Thus, the spin-rotation group is “absorbed” by the point group G.
Since the single-particle states are affected by the spin-orbit coupling, they are no longer
eigenstates of the spin operator. They can be labeled as pseudospin states, which are
superpositions of spinor states [15],

(10.27)

where � is the pseudospin index. Their field operator can be written as

(10.28)

where �k,�s(r) is a periodic function in the crystal space. The pseudospin state is gener-
ated from a spin eigenstate by turning on adiabatically the spin-orbit interaction.
Thus, there is a one-to-one correspondence between the original spin states (�, �) and the
pseudospin states (�, �). The transformation properties under the symmetry group G �
G � R � U(1) must be formally identical but the spin and orbit space do not transform sep-
arately. Cooper pairs in such a system are composed of two particles belonging to ener-
getically degenerate states and combining to a total of zero momentum. For even-parity
pairing, the pseudospin state $k, �� is paired with its time-reversal state K $k, �� � $�k, ��
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and four degenerate states are involved for odd-parity pairing: $k, ��, K$k, �� � $�k, ��,
J $k, �� � $�k, ��, and KJ $k, �� � $k, ��, where J is the parity operator. The even-parity
states correspond to the (pseudospin) singlet states and the odd-parity states correspond
to the (pseudospin) triplet states.

The form of the gap function is obtained by the solution of the linearized gap equation
(equation (10.25)). The largest eigenvalue gives the transition temperatures and the eigen-
function space of �̂(k). The eigenfunction spaces for every single eigenvalue form a basis
of an irreducible representation of the symmetry group of the function. Sigrist and Ueda
have listed (Tables II–IV in Ref. [15]) the representations of the symmetry groups [22] for
the three crystal-lattice symmetries of the heavy fermion superconductors CeCu2Si2, UBe13,
and UPt3, represented by their point groups D4h (tetragonal), Oh (cubic), and D6h (hexagonal),
respectively.

Among the representations �, there is one which contains the eigenfunctions with the
largest eigenvalue Tc. It is assumed that this Tc(�) is larger than the Tcs of all the other
representations. The stable superconducting state immediately below Tc is described by
a linear combination of the basis functions �̂(�, m; k) of the corresponding eigenspace

(10.29)

where the �(�, m) are complex numbers.
The phenomenological Landau theory is based on the concept that the equilibrium of

a macroscopic system usually has lower symmetry at low temperatures than at high tem-
peratures. The high-temperature symmetry corresponds to that of the microscopic struc-
ture of the system, which is expressed in the Hamiltonian. A macroscopic order parameter,
which vanishes for high temperatures but starts to be finite below a certain critical tem-
perature, can break this symmetry. The free energy F can be expanded with respect to the
order parameter close to the transition point.

The gap function, as the mean field in the Hamiltonian, is an appropriate quantity to
describe the superconducting state in terms of its symmetry properties. The pair wave
function �a�ksa�

�ks�� has the same symmetry and can be described by a set {�(�, m)} as
shown in equation (10.29). Thus, the set of �(�, m) can be used as the order parameter
which describes the system. The description is restricted to one representation � and the
free energy is expanded in terms of �(�, m) which transforms like coordinates in the basis
function space {�̂(�, m; k)}. The time reversal acts on them as � � �* and the gauge trans-
formation by the multiplication of the same phase factor � � �ei�. It can be shown [15]
that the free energy can be expanded (up to fourth order) as

(10.30)

where F0(T) is the free energy of the normal state of the system, A�(T) � ��[T/Tc(�) � 1].
The symbol f�(� 4) denotes all fourth-order terms of �(�, m) invariant under the symme-
try group G. They have been listed in Table V(a)–(c) of Ref. [15] for the different repre-
sentations of the point group. In order to maintain the overall stability of the free energy,
f�(�4) � 0. The coefficients �i in these terms ensure that in the decomposition, only the
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terms that are invariant are retained. Above Tc(�) with A� � 0, the second-order terms
are positive definite. However, at Tc(�) A� changes sign, producing a minimal free energy
for finite �(�, m) for T � Tc. These minimum points of F determine the symmetry of the
stable superconducting state below Tc(�).

In the Landau formulation, the parameters �i, which characterize the superconducting
system are considered as undetermined material-dependent constants if unknown strong-
coupling effects are taken into account. Thus, one can obtain all possible stable super-
conducting states of the system, which includes crystal field, spin-orbit coupling, and
strong-coupling effects by a simple minimization of the free energy below Tc(�) [23–27].
A complete list of all the states specifying their dependences on the parameters �i have
been listed in Table VI(a)–(c) in Ref. [15].

In some cases, the sixth-order terms have to be included in the free-energy expansion
since a spurious continuous degeneracy appears if only terms up to fourth-order are
included. Some examples [15] are the two-dimensional representations of Oh, �3

�, and of
D6h, �5

�, and �6
�, for �2 � 0. The sixth-order terms which lift the degeneracy are

(10.31)

for the �3
� representation of Oh and

(10.32)

for both �5
� and the �6

� representations of D6h. Either the state (�1, �2) � (1,0) for �3 � 0
or the state (�1, �2) � (0,1) for �3 � 0 is stabilized in both cases. The stable supercon-
ducting states for the various representations have been listed in Table VI in Ref. [15]. It
may be noted that in unconventional superconductors, at the superconducting transition,
several symmetries of the system can be broken. These include the U(1) gauge symme-
try causing the superconducting transition, the point group, and the time-reversal symme-
try. Thus, there is a possibility that the superconducting states may not be “pure” states
belonging to only one irreducible representation for all temperatures below Tc since the
symmetry properties of the gap equation are changed due to the breakdown of the point-
group symmetry.

The gap equation can be written in the form [15]

(10.33)
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Below Tc, V
~

has the symmetry of Tr (�̂��)(k). If V
~

has a lower symmetry than the original
one, the gap function �̂(k) is no more an eigenfunction. The conditions as to which gap
functions �̂�(k) of other representations can mix with the original �̂(k) are determined by
the existence condition of matrix elements of the form:

(10.34)

This matrix element is finite provided both gap functions belong to the same repre-
sentation of the point group where V̂ is invariant. The possibility of such an admixture is
determined by the necessary conditions that the gap function �̂(k) breaks the point-group
symmetry and �̂�(k) belongs to the same irreducible representation of G� (the largest
subgroup of G in which Ek is an invariant function of k) as �̂(k).

The spatial variation of the order parameter and the gauge-invariant coupling of the
order parameter to the magnetic field are taken into account in the Ginzburg–Landau
theory of superconductivity. The formulation of this theory in the conventional case is
well known. The free energies in equation (10.30) are extended by a simple procedure to
complete Ginzburg–Landau theories of unconventional superconductors. One combines
the gradient D � " � 2ieA/c (A is the vector potential) with the order parameter �(�,m)
into invariant second-order terms. These terms are obtained by decomposition of the
product,

(10.35)

The representation of D is denoted by D(D). Only the invariant �1
� component is

included in the free-energy expansion. The point-group symmetries and the correspon-
ding gradient terms have been listed in Table VII of Ref. [15]. The free energy now
includes additional parameters Ki because of the gradient terms. In the strong-coupling
limit, Ki are material constants, undetermined by this theory, similar to the �i parameters
introduced earlier.

The complete Ginzburg–Landau theory including the magnetic energy term can be
expressed as

(10.36)

The generalized Ginzburg–Landau theories describe the phenomenology of unconven-
tional superconductors, close to Tc, disregarding fluctuation effects. Most of the theories
developed in the 1980s were based on the phenomenological generalized Ginzburg–
Landau theory. These theories, in which the various thermodynamic properties of various
heavy fermion systems have been calculated, have been elegantly reviewed by Sigrist and
Ueda [15]. In order to highlight the differences between conventional and unconventional
superconductors as well as the two superfluid phases of 3He, we shall briefly discuss the
density of states of the quasiparticles in the next section.
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10.4. Density of states of quasiparticles

The density of states of quasiparticles is defined as [15]

(10.37)

where Ek� is the quasiparticle energy given in equation (10.21), but we shall restrict to
the case of unitary states Ek� � Ek.

In an ordinary s-wave superconductor, the density of states is

(10.38)

where N(0) is the density of states at the Fermi energy in the normal phase and �0 is the
magnitude of the gap function.

In 3He, two superfluid phases exist under different pressures. The low-pressure B phase
is the Balian–Werthamer (BW) state [28] of p-wave pairing. The gap function in the BW
state is

(10.39)

which has a constant product ��� � �0
2. The density of states have the same form as the

ordinary s-wave state. However, the non-equilibrium properties of the BW state exhibit
certain differences from those of the BCS state.

The high-pressure A phase of 3He is the Anderson–Brinkman–Morel [19, 21] (ABM
or axial) state. The gap becomes zero at two points in the ABM or axial state, where the
gap function has the form

(10.40)

The density of states is given by

(10.41)

Another example of the p-wave state is the polar state, where the gap function is
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The gap has line zeros on the equator. The density of states are

(10.43)

We note that �(�) has a linear form for low energies (� � �0) and is finite at � � �0.
The three states of p-wave pairing are examples of how the generic form of �(�) at low

energies depends solely on the topology of the gap zeros. For line zeros, �(�) � � and
if they are point nodes, �(�) � �2. The difference in the energy dependence of �(�) is
reflected in the various physical quantities at low temperatures.

10.5. Collective modes

In unconventional superconductors, there can be several low-energy collective modes due
to multicomponent order parameters. The pairing interaction can be generalized to include
the finite total momentum q of the Cooper pairs, which would reduce to equation (10.1)
when only the q � 0 terms are retained. After solving the linearized gap equation, the
matrix element is expressed by the basis gap functions [15],

(10.44)

where V(�) is the coupling constant for an irreducible representation �.
The field operators for the Cooper pairs are defined as

(10.45)

(10.46)

The interaction Hamiltonian can be expressed as

(10.47)

The gap function �s1s2
(k) is the average of the field operators,

(10.48)

The collective modes, which are essentially the oscillatory motion of the order param-
eter around its equilibrium values can couple with charge and spin-density fluctuations.
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It is important to consider the fluctuations of the order parameter around the expectation
value, equation (10.48), and the charge- and spin-density fluctuations simultaneously.
Hirashima and Namaizawa [29–31] have studied the collective modes in triplet p-wave
superconductivity (charged Fermi gas) and for d-wave pairing [32].

10.6. Coexistence of antiferromagnetism and superconductivity

The coexistence of magnetism and superconductivity in heavy electron systems is a com-
mon phenomenon. The same f electrons are responsible for both the antiferromagnetism
and the superconductivity. For example, for a simple cubic lattice, if one takes into
account the residual interactions between quasiparticles in real space, the first term is the
on-site interaction [33],

(10.49)

where V0 is different from the bare on-site Coulomb interaction and is repulsive even if
one includes the electron–phonon coupling but is related to the Landau parameter F0

s.
For the nearest-neighbor pairs, there are couplings between charge densities and also

between spin densities,

(10.50)

(10.51)

URu2Si2 and CeCu2Si2 have tetragonal ThCr2Si2 structures and there are two uranium or
cerium atoms in the unit cell, forming a body-centered tetragonal lattice. For body-centered
tetragonal lattice (bct), the effective couplings start from the on-site interaction [34]

(10.52)

There are couplings between charge densities for the nearest-neighbor basal planes

(10.53)

as well as between spin densities

(10.54)

For the next-nearest-neighbor pairs, the couplings between charge densities are

(10.55)

and between spin densities

(10.56)J s si ic ��� .

V n ni ic �� ,
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UPt3 has a hexagonal Ni3Sn structure and the uranium sites form a hexagonal closed-
packed lattice which are slightly modified from an ideal one along the c axis. Since there
are two uranium atoms in the unit cell, one can use the same form (equations (10.52)–
(10.56)) for the hexagonal closed-packed lattice [34].

In this section, we follow the simpler procedure described by Sigrist and Ueda [15] to
derive the coupling term using a weak-coupling theory. We note that once spin-orbit inter-
action is included, there can be additional terms in the coupling term which break the rota-
tional symmetry of the spin space. An unconventional superconducting state can be more
favorable for co-existence of superconductivity and antiferromagnetism than the conven-
tional s-wave state. The compatibility depends on the translational symmetry of the order
parameter. This type of classification, including the translational property, has been dis-
cussed by Puttika and Joynt [35], Konno and Ueda [34], and Ozaki and Machida [36].

The lowest order coupling term is a biquadratic form of the two order parameters. We start
with the magnetic part of the free energy [33, 34], which can be written as [15]

(10.57)

where Mi (i � x, y, z) is the staggered magnetization, �ij the staggered susceptibility in the
superconducting state, and I the interaction constant responsible for the antiferromagnet-
ism. The susceptibility is expanded in terms of the superconducting order parameter as

(10.58)

where ��ij is the change in the susceptibility due to the superconducting order parameter.
Using a staggered magnetic field defined as

(10.59)

the coupling term has the form

(10.60)

The problem is now reduced to a staggered susceptibility

(10.61)
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Here, the contribution of the orbital moment has been neglected. It can be shown [15]
that the susceptibility can be expressed by the Green’s functions

(10.63)

Sigrist and Ueda [15] have derived the expansion form for the Green’s functions,

(10.64)

(10.65)

(10.66)

The coupling term is obtained after frequency summation in the expression for the
susceptibility [15],

(10.67)

where � � denotes the average on the Fermi surface. The parameterization introduced in
equations (10.16) and (10.17) have been used for the gap function. The coefficients �1 and
�2 are given by

(10.68)

(10.69)

where an energy cutoff is assumed for �(k) in �1. �
_

2 is defined by the same equation as �2

with an additional cutoff for �(k � Q).
We need to emphasize certain aspects in the following. First, as seen from the above

expression, the coupling coefficients are of the order of N(0)/TF
2, where N(0) is the density

of states at the Fermi energy. Second, the compatibility of superconductivity and anti-
ferromagnetism depends on the translational symmetry of the superconducting order
parameter under Q. For a singlet (even-parity) state, it is favorable to coexistence [36, 37]
if the translational symmetry is odd [�(k � Q) � � �(k). Third, if the translational sym-
metry is even (mixed), the state is classified as unfavorable for coexistence. Fourth, in the
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absence of spin-orbit coupling, a triplet state is always favorable to coexistence if it has
a pure translational symmetry (d||B for d(k � Q) � –d(k); and d�B for d(k � Q) � d(k))
and intermediate for coexistence if it has mixed translational symmetry. Fifth, when there
is spin-orbit coupling, the odd-parity states are in most cases intermediate since the free-
dom of rotation of the d vector is limited. There can be additional terms in the coupling
term which break the rotational symmetry of the spin space.

10.7. Influence of antiferromagnetic fluctuations in
superconductivity

Quantum transitions between superconducting and magnetic phases have been observed
in well-known superconducting heavy fermion systems [38–40]. Some heavy fermions
exhibit superconductivity near or in coexistence with an antiferromagnetic phase close
to a quantum critical point (QCP) which can be reached by varying some element
concentration or pressure [41]. Ferreira et al. [42] have considered a Ginzburg–Landau
functional which contains both the magnetic and superconductor order parameters and
restrict the model to zero temperature and to a region near the magnetic QCP but in the
disordered side.

The Ginzburg–Landau model contains three fields: one corresponding to an antiferro-
magnetic order parameter (the sub-lattice magnetization in one direction) and the others
corresponding to the two-component superconductor order parameter. The propagator
associated with the superconductor is given by

(10.70)

where k2 � �2 � q2. The magnetic part is described by a quadratic functional which takes
into account the interactions in RPA near the magnetic phase. The propagator is given by

(10.71)

which shows the damping of the paramagnon excitations with a lifetime �. The minimum
interaction between the two fields (in the classical approximation) is

(10.72)

where �1 and �2 are the superconducting fields and �3 is the field associated with the
order parameter. Here m represents the mass of the superconducting part and mp the mass
of the magnetic part. The last term is the interaction of the relevant fields. For u � 0, anti-
ferromagnetism and superconductivity are in competition.
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It can be shown from the regularized solution of the first loop correction in the para-
magnetic side (�3c � 0), the renormalization effective potential is [43]

(10.73)

It can be shown that since m and mp are small, �c
5 terms can be neglected [42]. The

three possible phase diagrams (the finite-temperature part is merely a sketch) are shown
in Figure 10.1 [41]. However, the approach of Ferreira et al. [42] allows the study of only
the cases (A) and (B) in T � 0, since the dissipative paramagnon propagator (equation
(10.71)) only holds in the paramagnetic, nearly AF region.

In case (A), which has SO(5) symmetry [43, 44], both magnetic and superconducting
critical points coincide. Since the model is restricted to the non-magnetic region, the
system is inside the superconducting phase and m2 � 0. In equation (10.73), in order to
make the QCPs coincide, m2 � �mp

2 . One can show [42] that the classical mass term is
corrected by a new quadratic term which renormalizes the mass as

(10.74)

The symmetry is broken for m2 � 0 and the location of the QCP is unchanged. By
analyzing the extrema potential, Ferreira et al. [42] have found a second-order transition
on the double QCP.

In Figure 10.1(B), there is a separation �2 between the superconducting and magnetic
QCPs. The normal region between the two phases is studied by changing the mass in
equation (10.73) as m2 � �2 �m p

2 � 0. The quantum corrections induce a symmetry
breaking thereby extending the region where superconductivity is found in the phase dia-
gram. The shift of the superconductor QCP occurs toward antiferromagnetic QCP, but on
the non-magnetic side. Ferreira et al. [42] have made an analysis of the transition and
have concluded that it is a weak first-order transition.
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Figure 10.1. Possible phase diagrams for the system. Reproduced with the permission of Elsevier from Ref. [42].
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10.8. Fulde–Ferrell–Larkin–Ovchinnikov (FFLO)
superconducting state

Normally a magnetic field B suppresses superconductivity resulting in a metallic ground
state when the kinetic energy of the induced screening currents exceeds the supercon-
ducting (SC) condensation energy. This orbital limit is characterized by a first-order
phase transition at the critical field Bc in type-I superconductors, or by a second-order
transition at the upper critical field Bc2 when the magnetic pressure is continuously
relaxed through the vortex mix of type-II superconductors. In the Pauli paramagnetic
limit, the singlet states formed by the pairs is polarized by an external B when the
Zeeman energy of partially polarized spins overcomes the condensation energy, breaking
the pairs and destroying SC. The Maki parameter [45] � � �––––

2Bo/Bp,
—

where Bo and Bp are
orbital and paramagnetic critical fields, characterizes whether a superconductor is orbital
or Pauli limited.

In the pure paramagnetic limit (� � 	), it was predicted that the phase transition might
change from second order to first order below a critical temperature T0 [46]. Fulde and
Ferrel [47] and Larkin and Ovchinnikov [48] independently proposed a new inhomoge-
neous superconducting state (FFLO state) in which the superconducting order parameter
is modulated along the magnetic field direction developing nodes where normal electrons
take advantage of the Zeeman energy and become polarized. Gruenberg and Gunther [49]
have shown that even in the presence of orbital states, the FFLO state can be realized for
T � T0 and close to Bc2 as long as the paramagnetic state is dominant (� � 1.8). We shall
discuss the theory of Gruenberg and Gunther [49] which is a generalization of the theo-
ries by Fulde and Ferrel [47] and Larkin and Ovchinnikov [48] who had considered the
problem of a magnetic field acting only on the electron spins. They have concluded that
although the orbital effects of a real magnetic field are detrimental to the FFLO state,
such a state can exist in type-II superconductor.

Gruenberg and Gunther [49] have assumed that the transition from normal to FFLO
state is a second-order one. They have considered the linearized gap equation:

(10.75)

where

(10.76)

Assuming that the field is along the axis of spin quantization and using the quasiclas-
sical approximation to determine the thermal Green’s function G��, they obtain

(10.77)

where � � | r� � r��|. The second term in the exponential is the Pauli paramagnetism of
the normal state. K 0

�(�) is the kernel for a pure superconductor in the absence of an
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applied field which is given by

(10.78)

Gruenberg and Gunther [49] have chosen the gauge A
�

� � 1/2(H
�

� r�) where
H
�

� (0,0,H), and studied the solutions of the form

(10.79)

where

(10.80)

By using the approach of Helfand and Werthamer [50], it can be shown that equations
(10.88) and (10.89) lead to

(10.81)

where

(10.82)

Equation (10.81) is an implicit equation for Hc2 as a function of Q, whose value must
be chosen so as to maximize Hc2. The Fulde–Ferrel solution is obtained provided the
exponential damping in the integrand of equation (10.82) is not too strong, i.e., provided
that �0H is sufficiently large compared to some average frequency �n � (2n � 1)
kT and
also compared to S � h–vF /2rc. The first condition holds good for low temperatures. The
second condition can be written as

(10.83)

where �0 is the BCS energy gap, Hp � �0 /�2
–�0 is the Clogston limited field [51], and

Hc2 � 6.59�0
2xc/eh– v 2

F is the upper critical field at T � 0 K in the absence of the para-
magnetic effect [52]. Since �0H/�0 � 1 in the region of interest, the inequality in
equation (10.83) would be satisfied provided Hc20 /Hp is sufficiently large.
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Gruenberg and Gunther [49] have inserted the Fourier transform of exp [�2(� �i�0H)�/
hvF], and done the � integration by restricting to T � 0 K. The sum over frequency is
replaced by an integral

(10.84)

After the integration is done, by using the BCS relation 1/N0V � ln 2�0/�0, they obtain

(10.85)

where

(10.86)

h � 2�0H/�0, k � q/�0H, and � � �2
–

Hc20 /Hp is the Maki parameter [45] which measures
the strength of the paramagnetic effect. Gruenberg and Gunther [49] have done the
integral numerically. They found the value of k which maximizes h for each value of �h.
Then the solution was inverted to find � and Q. They have shown that the optimum solution
has a non-vanishing Q for � � �c.

10.9. Magnetically mediated superconductivity

A consensus has developed in recent years that in most cases, the heavy fermion super-
conductivity is mediated by spin fluctuations [41, 53–56]. For nearly antiferromagnetic
metals, the magnetic interaction is oscillatory in space, and superconductivity depends on
the ability of electrons in a Cooper pair state to sample mainly the attractive region of
these oscillations. However, because of the strong retardation in time, the relative wave
function of the Cooper pair must be constructed from the Bloch states with wave vectors
close to the Fermi surface. The allowed symmetries of the Cooper pair wave function are
restricted by the crystal structure. Thus, the robustness of magnetic pairing is very sensi-
tive to the details of the electronic and the lattice structure. Since there is no such oscil-
latory nature of the magnetic interaction on the border of ferromagnetism, one expects
that this would be the case for magnetically mediated superconductivity. However, the
numerical results of Monthoux and Lonzarich [55] indicated that the highest mean-field
Tc is obtained for the d-wave pairing in the nearly antiferromagnetic case in a quasi-2D
tetragonal lattice. In this case, it is possible to ideally match the Cooper pair state to the
attractive regions of the magnetic interaction. In this section, we shall compare the pre-
dictions of the mean-field theory of superconductivity for nearly antiferromagnetic and
nearly ferromagnetic metals for cubic and tetragonal lattices. We shall essentially discuss
the recent work of Monthoux and Lonzarich [56] in which the calculations are based on
the parameterization of an effective interaction arising from the exchange of the magnetic
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fluctuations and on the assumption that a single band is relevant for superconductivity.
Their results show that for comparable model parameters, the robustness of magnetic pair-
ing increases gradually as one goes from a cubic structure to a more anisotropic structure
either on the border of ferromagnetism or antiferromagnetism.

Monthoux and Lonzarich [56] have considered quasiparticles in a single tetragonal
lattice described by a dispersion relation:

(10.87)

Here t and t� are the hopping matrix elements and �t represents the electronic structure
anisotropy along the z direction. �t � 0 corresponds to the quasi-2D limit while �t � 1
corresponds to the 3D cubic lattice. All lengths are measured in the units of respective
lattice spacing. In order to reduce the number of independent parameters, t� � 0.45t and
a band-filling factor n � 1.1 is taken.

The effective interaction between quasiparticles is assumed to be isotropic in spin
space and is defined in terms of the coupling constant g and the generalized magnetic
susceptibility [56]

(10.88)

where � and �0 are the correlation wave vectors or inverse correlation lengths in units of
the lattice spacing in the basal plane, with and without strong magnetic correlations,
respectively.

We define

(10.89)

where �m parameterizes the magnetic anisotropy. �m�0 corresponds to quasi-2D magnetic
correlations and �m � 1 corresponds to 3D magnetic correlations.

In the case of a nearly ferromagnetic metal, the parameters q̂2 and �(q̂ ) in equation
(10.88) are defined as

(10.90)

(10.91)

where TSF is a characteristic spin-fluctuation temperature. In the case of a nearly antifer-
romagnetic metal, the parameters q̂2 and �(q̂ ) are defined as
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Monthoux and Lonzarich [56] have considered the quasiparticles on a cubic or tetrag-
onal lattice. They have assumed that the dominant scattering mechanism is of magnetic
origin and postulated the following low-energy effective action for the quasiparticles

(10.94)

where N is the number of allowed wave vectors in the Brillouin zone and the spin density
s(q, �) is given by

(10.95)

where � denotes the three Pauli matrices. The quasiparticle dispersion relation �p is defined
in equation (10.87), � denotes the chemical potential, � the inverse temperature, g2 the cou-
pling constant, and �†

p,� and �p,� are Grassman variables. The temperatures, frequencies,
and energies are measured in the same units. The retarded magnetic susceptibility �(q, �)
that defines the effective interaction in equation (10.94) is defined in equation (10.88).

The spin-fluctuation propagator on the imaginary axis �(q, i�n) is related to the imaginary
part of the response function Im �(q, �), equation (10.88), via the spectral representation

(10.96)

In order to get �(q, i�n) to decay as 1/�n
2 when �n � 	, a cutoff frequency �0 is intro-

duced so that Im �(q, �) � 0 for � � �0. A natural choice for the cutoff is �0 � � (q̂ )�0
2.

The Eliashberg equations for the critical temperature Tc in the Matsubara representation
reduce, for the effective action in equation (10.94), to

(10.97)

(10.98)

(10.99)

where �(p, i�n) is the quasiparticle self-energy, G(p, i�n) the one-particle Green’s function,
and � (p, i�n) the anomalous self-energy. The chemical potential is adjusted to give an
electron density of n � 1.1 and N is the total number of allowed wave vectors in the
Brillouin zone.
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In equation (10.99), the prefactor g2/3 is for triplet pairing, while the prefactor –g2/3 is
appropriate for singlet pairing. Only the longitudinal spin-fluctuation mode contributes
to the pairing amplitude in the triplet channel. Both transverse and longitudinal spin-
fluctuation modes contribute to the pairing amplitude in the singlet channel. All three
modes contribute to the quasiparticle self-energy. The techniques applied to make numer-
ical calculations have been described in Ref. [56]. Their calculations for a nearly antifer-
romagnetic metal reveal a clear pattern in the variation of Tc with both anisotropy
parameters �t and �m. Tc increases gradually and monotonically as the system becomes
more and more anisotropic in either the electronic structure or in the magnetic interac-
tion. In going from 3D to quasi-2D, Tc/TSF increases by an order of magnitude for other-
wise fixed parameters of the model. The increase becomes least pronounced for small �2

and large g2�0/t. The behavior in the nearly ferromagnetic case is broadly similar to that
of the antiferromagnetic metal but there are few differences. In some cases, the minimum
Tc occurs for 3D electronic structure, but quasi-2D magnetic interaction. In all cases, the
maximum Tc is obtained for a quasi-2D electronic structure and strongly anisotropic, but
not 2D magnetic interactions.

10.10. Superconductivity due to valence fluctuations

As described in Chapter 7, alloying experiments on CeCu2(Si1�xGex)2 by Yuan et al. [57]
had shown that the superconducting Tc(p) dependence can be split into two domes, the
lower one with a maximum at Tc at a QCP. Holmes and Jaccard [58] showed in a series
of high-pressure experiments on CeCu2Si2 that the superconducting “dome” found at
high hydrostatic pressure of p � 4–5 GPa is due to valence fluctuations. Holmes et al.
[59] have shown that there exists at least three reasons to believe that critical valence fluc-
tuations, the theory of which has been proposed by Miyake and co-workers [59–63], are
the origin of the pressure-induced peak of the SC transition temperature Tc. First, the A
coefficient of the T 2 resistivity law decreases drastically by about two orders of magni-
tude around the pressure corresponding to the Tc peak [64]. Since A scales as (m*/m)2 in
the Kondo regime, this implies that the effective mass m* of the quasiparticles also
decreases sharply there. Since the following relation for the renormalization factor q holds
in the strongly correlated limit [65, 66],

(10.100)

where nf is the f electron number per cerium ion, the decrease in m* is possible only if there
is a sharp change of Ce valence, deviating from Ce3�. Second, the Kadowaki–Woods
ratio [67] A/�2, where � is the Sommerfeld coefficient of the electronic specific heat,
crosses over quickly from that of a strongly correlated class to a weakly correlated one
[68]. In fact, � essentially consists of two terms:
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where �band is due to the band effect, �(�) the self-energy of the correlated electrons, and

(10.102)

is due to many-body correlation effects. When �cor �� �band, the Kadowaki–Woods (KW)
ratio [67] is large but when �band � �cor, A/�2 should be considerably reduced from the KW
ratio since �band can no longer be neglected in the denominator. Third, there is a sharp peak
in the residual resistivity �0 at around P�Pv [64], which is a many-body effect enhanc-
ing the impurity potential. This enhancement is proportional to the valence susceptibility
�(�nf /��f)�, in the forward scattering limit. �f is the atomic f level of the Ce ion and
� the chemical potential [69]. The local valence change coupled to the impurity or disorder
gives rise to a change of valence in a wide region around the impurity which scatters the
quasiparticles, leading to an increase of �0. The enhancement of �0 is therefore directly
related to the degree of sharpness of the valence change.

Onishi and Miyake [60] have studied the effect of f-c Coulomb interaction Ufc on the
valence of f electrons on the basis of an extended periodic Anderson Model. They have
considered the following periodic Anderson model:

(10.103)

where the other conventional notations have been introduced in earlier chapters and Ufc is
the f-c Coulomb interaction. Onishi and Miyake [60] have investigated a one-dimensional
model with tight-binding dispersion �k � �2tcosk for the conduction electrons. They have
introduced two projection operators in the variational function as follows:

(10.104)

with

(10.105)

where |0� is the vacuum without electrons, and

(10.106)

Here it has been assumed that Uff � 	 thereby eliminating the doubly occupied f state.
A variational parameter h in the second factor of equation (10.104) adjusts the loss of
potential energy owing to the repulsion Ufc causing the charge transfer between c- and
f-electron states. Onishi and Miyake [60] have optimized three variational parameters, h,
�~f, and V

~
, to minimize the variational ground-state energy, E[� ] � �� | H | ��/�� |��,

calculated by means of the variational Monte Carlo (VMC) method [66, 70].
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The average number of f electrons per site, �nf�, is shown in Figure 10.2 as a function
of �f, the atomic level of f electrons measured from the band center of c electrons. For
Ufc/t � 1.5, the valence of f electrons decreases rapidly and the transition becomes dis-
continuous for Ufc � 1.75. The valence susceptibility of f electrons, �v

ff � ���nf / ��f�,
is strongly enhanced or divergent here. This is the origin of the enhancement of valence
fluctuation which probably induces a sharp peak of superconducting transition tempera-
ture under suitable conditions.

The valence fluctuation mediated SC pairing model and the calculation of Tc [61] was
initially treated with lot of skepticism. The calculation of T-linear resistivity and
enhanced Sommerfeld coefficient � around P–Pv by Holmes et al. [59] satisfactorily
explained some of the features observed experimentally. They have adopted an exponen-
tially decaying phenomenological form of the valence-fluctuation propagator (dynamical
valence susceptibility) �v:

(10.107)
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Figure 10.2. �nf� as a function of �f for various values of Ufc, �f is measured from the band center of c electrons.
The lattice size is 24 sites and the number of electrons per site is 1.75. Reproduced with the permission of 

Elsevier from Ref. [60].
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where nf (q) is the Fourier component of number of f electrons per Ce site, K a constant
of O(1), and �v parameterizes closeness to criticality. �v is inversely proportional to the
valence susceptibility �v(0,0) � �(�nf / ��f)�. The real and imaginary parts of the retarded
self-energy �R

vF ( p, � �i�), respectively, give a measure of the quasiparticle mass and life-
time. They can be calculated by using a simple one-fluctuation mode exchange process
[61]. After some algebra [61], one obtains

(10.109)

(10.110)

Equation (10.110) implies that almost all valence-fluctuation modes can be regarded
as classical at T � �v. The real part of the self-energy can be calculated at T � 0 and � � 0,
and in the limit �v �� vpF it is given by [61]

(10.111)

(10.112)

where u � vqt/�v.
The T-linear dependence of Im �R

vF ( p, 0), for T � �v, in equation (10.110), implies
T-linear resistivity, as the quasiparticles are subject to large-angle scattering by the critical
valence-fluctuation modes. This result is consistent with the experimental fact that 
T-linear resistivity is observed in a narrow pressure region around Pv, which is considered
to correspond to a nearly critical valence transition of the Ce ion.

The result in equation (10.112) implies that the mass enhancement [1 � �Re �R
vF (�)/��]

is expected around P � Pv. The effective mass is given by [61]

(10.113)

where m– is the effective mass renormalized by the conventional correlation effect, leading
to heavy electrons, i.e., not including the effect of critical valence fluctuations. This latter
effective mass m– exhibits a drastic decrease around P � Pv, while the second factor in
equation (10.113) is enhanced. Both factors should be reflected in the Sommerfeld coef-
ficient �, so that the peak of � � m* is shifted to the lower pressure (large m–) side, and the
anomaly of � due to valence-fluctuation effects may be smeared to some extent.

In order to further understand the nature of quantum-valence criticality and super-
conductivity, Watanabe et al. [63] have noted that in CeCu2Ge2, CeCu2Si2, and
CeCu2(Si1�xGex)2, the superconducting transition temperature TSC increases in the pressure
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regime where the T 2 coefficient of the resistivity drops indicating the sharp valence
change of Ce. They have tried to clarify the mechanism of multiple instabilities of diverg-
ing valence-fluctuation and Fermi-surface instability, since the critical end point of the
first-order valence transition (FOVT) (the �–� transition in Ce metal) is suppressed in the
above compounds. They have studied the one-dimensional periodic Anderson model with
a Coulomb repulsion between f and conduction electrons Ufc (very similar to equation
(10.103) with slightly different notations),

(10.114)

by the density matrix renormalization group (DMRG) method [62].
The numerical results obtained by Watanabe et al. [63] are shown in Figure 10.3. The

details of the DMRG method are described in Ref. [62] and the numerical calculations in
Ref. [63]. The filling n is defined by n � (nf � nc)/2, na � �N

i�1 �na
i �/N for a � f and c,

and N is the number of lattice sites.
For large Ufc, nf shows a jump as a function of �f, which indicates the FOVT between

the Kondo state with nf � 1 and mixed valence state with nf � 1. As Ufc decreases, the
magnitude of the jump in nf decreases and vanishes at the QCP, at which the valence sus-
ceptibility �f � ��nf /d�f diverges. Watanabe et al. [63] have found no evidence of the
phase separation of the FOVT such as negative compressibility, and an inhomogeneous
charge distribution in the DMRG results for the ground state. The phase separation is
destabilized by quantum fluctuation and electron correlation due to which the crossover
regime from Kondo to MV states is strongly stabilized. They have also calculated the
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Figure 10.3. Compressibility (solid triangle) and charge velocity (solid circle) for t � 1, V � 0.1, U � 100,
and Ufc � 7/8. The K� (shaded diamond) obtained by the least-square fit of correlation functions and nf (open 

square) are shown. Reproduced with the permission of Elsevier from Ref. [63].
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superconducting correlation functions and the charge- and spin-correlation functions
from which they have estimated the Tomonoga Luttinger (TL) exponent K�, assuming that
the system is described by the single-component TL liquid. K� � 1 in the Kondo regime
near the sharp valence crossover (Figure 10.3), which implies that the superconducting
correlation becomes dominant.

The charge compressibility � � limN�	 2/(N� c), and the charge velocity vc � limN�	

�c /�q have also been plotted as a function of �f in Figure 10.3. Here, �q � 
/(N � 1) and
�c � [E(2nN � 2,0) � E(2nN � 2, 0) � 2E (2nN, 0)]/2 where E(Ne, S) is the ground-state
energy for the electron number Ne and total spin S. The increase of vc in the Kondo
regime just near the valence crossover is due to the broadening of the Kondo peak. The
charge velocity is suppressed as �f further increases, since Ufc interrupts the coherent
motion of the electrons in the MV state. The enhanced vc implies the enlargement of the
effective bandwidth and the coherent motion of electrons with enhanced valence fluctu-
ation is the origin of the development of the pairing correlation.

Finally, Ufc is large in Ce metal because of the on-site 4f–5d interaction, whereas in Ce
compounds Ufc is smaller even if the coordination number between Ce and surrounding
compounds is taken into account, since Ufc corresponds to the intersite 4f-(d or p) inter-
action. This is the reason why the FOVT is difficult to be realized in the Ce compounds.

10.11. Magnetic-exciton-mediated superconductivity

In some uranium heavy fermion compounds like UPd2Al2, the 5f electrons are partly
localized and partly itinerant. The former occupies crystalline-electric-field (CEF) split 5f2

states. The latter, more itinerant, 5f electrons have a strong effective mass due to a coupling
to virtual excitations between CEF states. We shall briefly discuss the strong-coupling the-
ory of McHale et al. [71], originally proposed for UPd2Al2, who have considered an effec-
tive pairing mechanism based on the virtual exchange of collective CEF excitations known
as “magnetic excitons”. These are propagating bosonic modes which give rise to pairing.

According to the j-j coupling scheme, the U4� (5f2) ions have total angular momentum
J � 4. The twofold degeneracy of the ionic ground state is lifted by a CEF. Considering
only the excitation between the non-degenerate ground state, we obtain

(10.115)

and the first excited state

(10.116)

McHale et al. [71] have considered a three-dimensional lattice of localized 5f2 CEF states
and itinerant f electrons. In the subspace of {$�3�, $�4�}, the CEF part of the Hamiltonian
can be written as
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where S represents a pseudospin (S � 1/2) and � is the CEF energy splitting. The CEF
ground state has Sz � �1/2 and energy –�/2, and the excited CEF state has Sz�1/2 and
energy �/2. In the pseudospin representation, the only non-zero component of the phys-
ical total angular momentum J is the Jz component:

(10.118)

where � � 6. The two-component Hamiltonian can be written as

(10.119)

After carrying out a Holstein–Primakoff-like transformation (valid at T �� �) and an
additional Bogoliubov transformation, McHale et al. [71] obtained

(10.120)

where

(10.121)

�q is the dispersion of those bosons which have creation and dispersion operators �q� and
�q, respectively. The electron and magnetic-exciton Green’s functions are defined as

(10.122)

(10.123)

Assuming that the superconducting order parameter ��� (p, i�n) can be written as the
product of a part which contains the momentum and frequency dependence �(p, i�n) and
a part that represents the spin state of the paired quasiparticles $��,

(10.124)

The Eliashberg equations for the conduction-electron self-energy �(p, i�n) and gap
function �(p, i�n) which follow from the Hamiltonian (10.120) are
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(10.126)

Here, N is the total number of lattice sites. The kernel K is given by

(10.127)

In equation (10.126), the prefactor p ��� $ �̂z�̂z $ �� allows the decoupling of the gap
equation into the ESP (pairing of spins oriented in the same direction) and OSP (pairing
of spins in opposite directions) channels. It can be shown [71] that

(10.128)

The conduction-band filling, defined as the ratio of the number of electrons to the
number of lattice sites, is

(10.129)

where np is the quasiparticle occupation factor

(10.130)

Since experimentally the magnetic exciton has its strongest dispersion �q along the
z direction, McHale et al. [71] have neglected the weaker dispersion in the xy plane thus
reducing the three-dimensional problem to one dimension. They have made some further
approximations [71] to carry out the integrations analytically. Finally, they obtain

(10.131)
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(10.135)

(10.136)

(10.137)

and

(10.138)

Here

(10.139)

where c is the lattice constant in the z direction and is considered a model parameter
motivated by experiment. The complex number z has a real part

(10.140)

and an imaginary part

(10.141)

McHale et al. [71] have used the renormalization group technique of Pao and Bickers
[72] to calculate the superconducting transition temperature and mass renormalization of
UPd2Al3 and find reasonably good agreement with experimental results. They have com-
mented that while other uranium-based superconductors are not likely candidates for such
type of exciton-mediated superconductivity, the thermodynamic and transport measure-
ments suggest that the unconventional superconductivity [73, 74] and the heavy fermion
state of PrOs4Sb12 arises from the interaction of electric quadrupole moments of the CEF-
split 4f2 states of Pr3� with the conduction electrons. The ground state is probably a singlet
and the first excited state is a triplet. The superconducting order parameter is anisotropic,
making this compound a candidate for CEF-exciton-mediated superconductivity but of
quadrupolar nature.

10.12. Quadrupolar exciton exchange

The skutterdite HF superconductor PrOs4Sb12 compound with Th symmetry has Pr3�

ions with stable 4f2 (J � 4) configurations and small hybridization with conduction
electrons. There are well-defined low-energy CEF singlet (�1)–triplet (� 4

(2)) excitations at
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� � 0.7 meV as evident from the field-induced antiferroquadrupolar (AFQ) order [75].
Kuwahara et al. [76] have reported inelastic neutron-scattering experiments on single crys-
tals of PrOs4Sb12 to investigate the low-lying singlet-triplet interactions. They have found
a clear softening of the excitation at the zone boundary Q � (1,0,0) and a peculiar Q
dependence of the excitation intensity. This result gives direct evidence for the excitations-
derived non-magnetic quadrupolar interactions between 4f electrons. The temperature
dependence of the excitations suggests that the new “quadrupolar” excitons are coupled
to the HF superconductivity.

Thalmeier et al. [77, 78] have proposed a quadrupolar exciton exchange model for the
skutterdite HF superconductor PrOs4Sb12. There low-energy singlet–triplet CEF excita-
tions [71] exist which disperse into quadrupolar exciton bands as observed in inelastic
neutron scattering [76]. Virtual exchange of these collective modes due to aspherical
Coulomb (ac) scattering leads to Cooper pair formation. Their calculations of the effec-
tive pairing interactions in non-retarded weak-coupling approximation for the irreducible
Th channels are presented.

If one assumes that the effective quadrupolar interactions originate in aspherical
Coulomb (ac) scattering of conduction electrons, the corresponding Hamiltonian is

(10.142)

Here Oxy � (JxJy � JyJx) (cycl.) are 4f-quadrupolar operators. Since in tetrahedral
symmetry, the triplet excited state �4

(2) is a mixture of the two cubic (Oh) triplets, the tran-
sition �1 � �4

(2) has dipolar matrix elements leading to additional isotropic exchange
scattering whose strength depends on the unknown tetrahedral CEF parameter �. The
Fermi surface of PrOs4Sb12 [79] can be approximated by an n.n.n. tight-binding model.
It consists of electron-spheroids around the bcc H-points, e.g., (�2�,0,0). Since PrOs4Sb12

is non-magnetic but shows AFQ order close to the SC phase, the AFQ bosons associated
with �1 � �4

(2) transitions mediate SC pairing [77, 80].
Since Hac conserves �, the non-retarded effective pair interaction is a scalar in spin

space given by (q̂i � qi / $ q$, i � x, y, z),

(10.143)

where

(10.144)

Here q � k � k� and F(T) � (1 � exp(��))/(1 � 3exp(��)), � � 1/T, and GQ
2 � I 2

ac.
fQ(q̂) is the quadrupolar form factor due to the anisotropic scattering of the conduc-
tion electrons off the local �1 � �4

(2) transitions. The denominator is the quadrupolar
exciton dispersion �Q(q) with �Q(q) � cos (qx/2) cos (qy /2) cos(qz /2). It was determined
by INS scattering [76] from which the intersite quadrupole coupling D0/� � 0.24 is
obtained.
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The pair interactions in the Th irreducible channels �(n � 1, . . . , nf) of orbital order l
are given by

(10.145)

Here K(l)
�n(k̂) are the tetrahedral harmonics which have been used since the model

Fermi surface consists of electron spheroids around H points. For fQ (q̂) � 1, the l � 0 channel
is strongly repulsive while the l � 2 (Tg) d-wave channel is marginally attractive due to
the small non-critical �Q(q) dispersion. Therefore, it is essential to include the quadrupo-
lar fQ (q̂) (equation (10.144)). As seen in Figure 10.4, it leads to a strongly attractive pair-
ing in the triplet (l � 1, Tu) p-wave channel. The triplet d-vector for strong spin-orbit
coupling is [81]

(10.146)

and u2 � v2 � 1.
The SC state of PrOs4Sb12 is most likely in the space spanned by � � (�1, �2, �3) [81].

One possibility is the threefold degenerate non-unitary state with � � (0, 1, �i) (x domain)
and two similar y domains. The effective normalized pair interactions V̂�

(l) � V�
(l)/GQ

2 as
function of �(�� � �, n) up to orbital order l � 3 is shown in Figure 10.4.
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Figure 10.4. Effective normalized pair interactions V̂�
(l) � V�

(l)/GQ
2 as a function of �(V� � �, n) up to orbital

order l � 3. The insert shows a polar plot of the gap function ��
SC (k̂) for the � � (0, 1, ± i) domain along with a

point node along the k̂x direction. Reproduced with the permission of Elsevier from Ref. [78].
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The quasiparticle excitations have two branches and for u � v � 1/�2
–

, i.e., approxi-
mate Oh symmetry, one is gapped and the other is gapless. The corresponding gap func-
tions in polar angles (�, �) are given by

(10.147)

��
SC has point nodes along (�k̂x, 0, 0) as shown in the insert of Figure 10.4. The y and

z domain gap functions have nodes along the other cubic axes. This node structure is
compatible with the pattern of twofold field-angular oscillations observed in the low-field
thermal conductivity [82] in the “B-phase” of PrOs4Sb12 if a single-domain structure of
the SC state is realized.
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Chapter 11

Kondo Insulators

11.1. Introduction

A new type of strongly correlated f-electron materials called Kondo insulators have recently
attracted much attention because of their unusual physical properties. At high tempera-
tures they behave like metals with a local magnetic moment while at low temperatures
they behave as a paramagnetic insulator with a small energy gap at the Fermi level [1].
It appears that a gap in the conduction band opens at the Fermi energy as the temperature
is reduced. Despite intensive theoretical and experimental studies, the mechanism of gap
formation is still unclear and there is considerable controversy on how to describe the
physics of Kondo insulators. We shall concentrate on the 4f and 5f compounds, i.e., those
classes of f-element compounds [1] which are in a certain sense “valence” compounds. The
general properties of these materials are characterized by a small gap. The f-elements
which are present in these compounds have unstable valence, with the valence corre-
sponding to the non-magnetic f-state of the element satisfying the valence requirements
of the other elements in the material. The Kondo insulator can be viewed as a limiting
case of the correlated electron lattice: exactly one half-filled band interacting with one
occupied f-level. This can also be viewed as the limiting case of the Kondo lattice with
one conduction electron to screen one moment at each site. However, there has been no
clear definition of Kondo insulators and this situation stems from the confusion on how
to understand various types of Kondo insulators consistently [2]. In this section, we shall
first discuss their general properties from the point of view of the pioneering work done
by experimentalists [3]. Later, we shall discuss the Kondo insulators from the viewpoint
of theorists working in the same area.

Some of the early salient experimental features of Kondo insulators had been exten-
sively studied by Fisk and co-workers [3]. They had shown that the high-temperature
Curie–Weiss magnetic susceptibility evolves into low-temperature paramagnetism on the
same temperature scale describing the rise in resistivity at low temperature. This scale
also describes the temperature development of the Hall constant which indicates that
each carrier corresponds to one f-moment [4]. There is also an anomalous part of the ther-
mal expansion which tracks the moment evolution [5]. Thus, the magnetic moments
accompanying the excitations across the low-temperature gap distinguishes these semi-
conductors from conventional ones. In addition, optical conductivity studies in CeBi4Pt3

showed that the gap only opens below a characteristic temperature T * which is approxi-
mately equal to 0.6 �, the mean-field expression [6, 7]. The spectral weight lost at low
energies when the gap opens is not recovered until an energy of order 10 �.
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CeNiSn, which has a non-cubic crystal structure, has a small gap of 10 meV and was
discovered to be well defined in certain directions in phase space [8, 9]. There is evidence
that a small concentration of heavy-conduction electrons remain at low temperatures in
parallel with the gap [10]. Thus, the pertinent question arises whether Kondo insulators
are actually true insulators at low temperatures or whether an intrinsic small conduction-
electron carrier concentration is present. We shall discuss the earlier experimental results
on the temperature variation of resistivity along the three principal axes for four CeNiSn
single crystals (Figure 11.1) to highlight this point. Nakamoto et al. [10] had prepared
four single crystals of CeNiSn using different methods. The crystals were in increasing
order of purity (# 1 was the least pure and # 4 was the purest sample). They measured the
resistivity �(T ) as a function of temperature for each of the four samples along the three
principal axes and their results are presented in Figure 11.1.

As shown in Figure 11.1, the increase in �(T ) strongly depends on sample quality. The
increase in �(T ) below 10 K is most remarkable for crystal # 1 along all the directions.
The value of �a and �c at 1.4 K decreases by a factor of 13 and 5.3, respectively, on going
from crystal # 1 to # 4. The purest crystal (# 4) has the smallest resistivity at low
temperatures. The local maximum in �a(T ) near 13 K, which has been attributed to the
development of the coherence in the Kondo lattice [11], becomes sharper as the impurity

292 Chapter 11. Kondo Insulators

Figure 11.1 Temperature variation of resistivity along the three principal axes for four different CeNiSn
single crystals. Reproduced with the permission of Elsevier from Ref. [10].
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concentration decreases. In crystal # 4, which has the least amount of impurities, �a(T )
shows metallic behavior down to 1.3 K and �c(T ) exhibits the coherence peak at 13 K.
The enhancement of resistivity below 10 K is thus stronger for less pure crystal, which
suggests strong localization of residual carriers in the pseudogap.

Similar results have been obtained by Boebinger et al. [12], who have measured the
longitudinal susceptibility versus temperature at fixed magnetic field for Ce3Bi4Pt3. Their
results are plotted in Figure 11.2. It can be seen that below 10 K and above 50 T, �xx

and �xy become field- and temperature-independent at finite values corresponding to
approximately 0.02 carriers per formula unit (Figure 11.2).

Fisk et al. [3] have extensively discussed various experimental properties of some
Kondo insulators and have arrived at the following qualitative conclusion. It appears that
a particular set of crystal structures are particularly disposed at suitable electron count, to
the Kondo insulating ground state: the physics involves a single half-filled conduction
band mixing with one occupied magnetic level, which can be a d- or an f-level, per site.
A spectral weight shift is seen in the optical conductivity which develops corresponding
to a weakly bound, non-magnetic state at low temperature. The development of this
ground state occurs below a temperature of the order of 0.6 �. The transition is continu-
ous although Fisk et al. [3] have not ruled out a first-order phase transition.

11.2. Ce3Bi4Pt3

We have discussed in Section 11.1 that the Kondo insulators behave like metals but a gap
� in the conduction band opens at the Fermi energy as the temperature is reduced. It has
been proposed that the formation of the low-temperature gap is a consequence of the

Figure 11.2. Longitudinal resistivity versus temperature at fixed magnetic field for Ce3Bi4Pt3. The dashed
line is B � 55 T data. The resistivity is relatively constant for T � 10 K and B � 50 T. Reproduced with the 

permission of Elsevier from Ref. [3].



hybridization between the conduction band and the f-electron levels. If this is true, Kondo
metal physics should be recovered when the gap is closed at high magnetic fields. In order
to directly probe the evolution of the excitation spectrum, and Kondo gap in particular,
Jaime et al. [13] have measured the specific heat of cubic Ce3Bi4Pt3 (Figure 11.3) in pulsed
magnetic fields up to 60 T (in a long pulse magnet) at temperatures between 1.4 and 20 K.

The presence of the spin gap in Ce3Bi4Pt3 should be evident in the temperature depend-
ence of the specific heat at temperatures comparable to the gap as the conduction band is
depopulated (if the phonon contribution is not too large). Since the zero-field gap is 50 K,
the heat capacity has also been measured by Jaime et al. [13] in zero field as well as in
18 T in an SC magnet at temperatures between 4 and 60 K. The results of this experiment
are shown in Figure 11.4.

294 Chapter 11. Kondo Insulators

Figure 11.3. The crystal structure of Ce3Bi4Pt3 is cubic (bcc, Y3Sb4Au3 structure), each unit cell is composed 
of four formula units. Reproduced with the permission of Elsevier from Ref. [13].
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Jaime et al. [13] have subtracted the zero-field specific heat (C0) from the specific heat
in 18 T (C18) to remove the phonon contribution, and have divided the difference by the
temperature to obtain the differential Sommerfeld coefficient ��18(T). They have dis-
played it in the inset (bottom right) of Figure 11.4. ��18 is rapidly suppressed below 30 K
and remains finite at low temperatures which indicates a reduction of the magnitude of
the gap due to the applied magnetic field and a loss of charge carriers as the temperature
is reduced. However, a magnetic field of 18 T is not enough to completely close the gap.

They have also computed the specific heat of a system with narrow conduction and
valence bands of equal width BW � 600 K, separated by a gap �, and a narrower impurity
band of width w � 100 K centered at the chemical potential � (top-left inset of Figure 11.4).
The valence and conduction bands were assumed to accommodate 2N electrons each and
the impurity band accommodated 0.01N, where N is the number of Ce atoms in the sam-
ple. The difference in specific heat, shown in the solid line in Figure 11.4, was calculated
with � � 155 K and 220 K (simulating 18 T and zero field, respectively). Jaime et al.
[13] have obtained very good quantitative agreement with the data.

The results of direct measurements of the specific heat [13] C/T as a function of T 2,
performed in magnetic fields up to 60 T, are shown Figure 11.5. From Figure 11.5, it can
be seen that C/T is linear in T 2 and one can calculate that the zero temperature extrapo-
lation of �H increases from about 18 mJ/mol K2 in zero field to 60 mJ/mol K2 in 60 T (all
molar specific heat capacities are in unit formula unit).

�H was also evaluated by Jaime et al. [13] for Ce3Bi4Pt3 sample # 2, in magnetic fields
up to 60 T which is shown in Figure 11.6. The values of �H were obtained from a single
parameter fit of the form C(T ) � �HT � �HT 3, with the coefficient �H of the lattice term
fixed to its zero-field value. 

There is a monotonous increase in �H as the magnetic field increases until it reaches
a saturation value of �H � 62 � 3 mJ/mol K2 above 40 T. The strong enhancement of

Figure 11.4. Specific heat measured in zero field (�) and 18 T (�) in a SC magnet. Top-left inset: Band
diagram described in the text. Bottom-right inset: Field-dependent contribution to the heat capacity in 18 T,

versus temperature. Reproduced with the permission of Elsevier from Ref. [13].



�H from its zero-field value and the quantitative agreement with the estimate based on TK

on a metallic ground state of Ce3Bi4Pt3 prove that the Kondo insulator-to-Kondo metal
boundary has been crossed [13].

11.3. CeRhAs

CeRhAs, like CeNiSn and CeRhSb, is one of a few orthorhombic members of the known
Kondo insulators [1]. Each one of these has �-TiNiSi type crystal structure. Okamura
et al. [14] have measured the optical conductivity �(�) of CeNiSn, CeRhSb, and CeRhAs
single crystals at several temperatures. The �(�) spectra were obtained from the reflectivity
spectra R(�) measured on single-crystalline samples, using Kramers–Kronig relations.
Their results for the optical conductivity of the three crystals, which are bunched together,
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Figure 11.5. Specific heat divided by the temperature versus T 2 for magnetic field different fields up to 60 T. 
Reproduced with the permission of Elsevier from Ref. [13]. 

Figure 11.6. Sommerfeld coefficient �H versus magnetic field. Reproduced with the permission of Elsevier 
from Ref. [13].
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are shown in Figure 11.7. We note that for CeRhAs, upon cooling, �(�) decreases more
strongly over a much wider range than for either CeNiSn or CeRhSb. At 7 K, a well-
developed gap of �0.1 eV is observed in CeRhAs. The changes in the electronic struc-
tures responsible for the observed T variations of �(�) are presumably caused by a
strongly T-dependent hybridization between the conduction (c) and the Ce 4f electrons.

The c-f mixing in these compounds is largest in CeRhAs and smallest in CeNiSn, as
indicated by their Kondo temperatures, TK � 40 K (CeNiSn), �60 K (CeRhSb), and
�1500 K (CeRhAs). Therefore, it is consistent that CeRhAs has the strongest T variation
and the widest gap in �(�) among these compounds. The two mid-IR peaks for CeNiSn
and CeRhSb have been interpreted [14] as parity-allowed optical excitations from the d
states below EF to two narrow bands originating from the spin-orbit (s-o) split Ce 4f states
( j � 7/2 and 5/2) above EF, rather than excitations between the s-o split bands [15]. In
CeRhAs, the c-f hybridization is so strong that the s-o split bands are broadened, resulting
in the absence of mid-IR peak. We note that the charge gap �char � 100 meV estimated
from optical study [14].

Kumigashira et al. [16] have studied the electronic structure of Kondo insulators
CeRhAs and CeRhSb using high-resolution photoemission spectroscopy. They have
found that the 4f-derived density of states shows a depletion (pseudogap) at EF in contrast
to Kondo metallic materials. They have also found that the size of the f pseudogap as well
as that of the conduction electron DOS scales with the Kondo temperature. Their exper-
imental results are shown in Figures 11.8 and 11.9.

Figure 11.7. Optical conductivity (�) of CeNiSn, CeRhSb, and CeRhAs single crystals measured at several
temperatures. The arrows indicate mid-IR peak discussed in the text. Reproduced with the permission of 

Elsevier from Ref. [14]. 
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Figure 11.8. High-resolution PES spectra of CeRhSb and CeRhAs measured with He I� (solid lines) and
He II� (filled circles) at 13.5 K. Reproduced with the permission of Elsevier from Ref. [17].

Figure 11.9. Ce 4f-derived PES spectra of CePd3, CeRhSb, and CeRhAs obtained by subtracting the He I
spectrum from the He II. The inset shows the ratio of pseudogap size to the Kondo energy (kBTK) in both the
f-derived DOS (�f) and the conduction-electron DOS (�c). Reproduced with the permission of Elsevier 

from Ref. [17].
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As evident from these experiments, the size of the f pseudogap is always smaller than
that of the conduction-band pseudogap. These results suggest that the energy (pseudo)gap
in Ce-based Kondo insulators is formed by the c-f hybridization between a renormalized
f state and a conduction band near EF. We note that these high-resolution photoemission
studies give a gap of �PES � 90–100 meV [16].

To summarize the various experimental studies of the gap energy of CeRhAs, it has
been found that the energy estimated from transport measurements is �trans � 12.4 meV
[18], �PES � 90–100 meV [16], �char � 100 meV [14], and �NMR � 23 meV [19]. In order
to resolve these anomalies and the key question whether the gap features in small-gap
Kondo systems are established in the two different channels of charge and spin sectors,
Adroja et al. [20] have carried out inelastic neutron-scattering measurements on
CeRhAs over a wide energy range. Their low-energy studies with an incident energy of
Ei � 20 meV do not show any evidence of magnetic scattering below 20 meV. However,
measurements done with Ei � 500 meV exhibit a spin gap of 150 meV at 7 K. This
spin-gap energy is in good agreement with a single-ion Kondo temperature obtained from
bulk measurements, indicating the importance of single-ion-type interactions in the gap
formation. Their experimental results for inelastic response from CeRhAs and LaRhAs
measured with Ei � 500 meV is shown in Figure 11.10.

Figure 11.10. Inelastic response from CeRhAs and LaRhSb measured with Ei � 500 meV: (a) from the low
scattering angle (4.9°); (b) from the high scattering angle (110°); and (c) estimate of magnetic response func-
tion for CeRhAs at the low scattering angle. The solid line represents the fit using a Lorenzian function. The
inset in (b) shows the Q dependence of the inelastic peak intensity integrated from 120 to 350 meV (symbols)
and the solid line represents the square of the theoretical Ce3� magnetic form factor [21]. Reproduced with the 

permission of Elsevier from Ref. [20].



11.4. CeRhSb

In Figure 11.7, the optical conductivity (�) of CeRhSb (along with CeNiSn and CeRhAs)
has been plotted for several temperatures in the infrared (IR) region [14]. For CeRhSb,
the �(�) spectra at 295 K show metallic behavior, with an increasing intensity toward
lower energy. As T is lowered to 7 K, two pronounced peaks appear in the mid-IR, as indi-
cated by the arrows. Okamura et al. [14] have attributed the two mid-IR peaks to parity-
allowed optical excitations from the d states below EF (Ce 5d, Rh 4d) to two narrow
bands originating from the spin-orbit split of Ce 4f states ( j � 7/2 and 5/2). Further, a
partial depletion of the spectral weight or a “pseudogap” is observed below 0.22 eV for
CeRhSb. The Kondo temperature of CeRhSb is �60 K.

In Figure 11.8, the high-resolution PES spectra [17] of CeRhSb (along with CeRhAs)
measured with He I� or He II� photons at 13.5 K has been shown. The photoionization
cross section of the Ce 4f orbital at the He I is very small or negligible compared with
that of Rh 4d states [22], the He I spectra predominantly represents the Rh 4d partial
DOS. In Figure 11.9, the Ce 4f-derived PES spectra of CeRhSb (along with CeRhAs) has
been shown [17]. The position of the 4f-derived peak in CeRhSb near EF is slightly
shifted away (20–30 meV) from EF. This depletion near EF is a characteristic feature in
Kondo insulators. Since a Kondo gap is formed through the c-f hybridization, the ratio
of the 4f-derived pseudogap (�f) to the Kondo energy (kBTK) has also been shown in
Figure 11.9 together with that of �c. In CeRhSb and CeRhAs, both �f and �c scale well
with kBTK but �f is always smaller than �c [17].

The temperature variation of electrical resistivity measured by Takabatake et al. [23]
along the three principal axes for single crystals of CeRhSb grown by using Mo (1%
impurity) and W (less than 0.2% impurity) crucibles is shown in Figure 11.11.

The difference in the resistivity for crystal M and crystal W becomes evident below 50 K,
where the drop in �(T) is more significant in crystal W. The values of �a, �b, and �c at 1.4 K
of crystal M are several times larger than that of crystal W. Thus, the semiconductor-like
increase in resistivity is more striking in less pure crystal.

The Hall coefficient RH is a measure of the carrier density related to the pseudogap
formation. A comparative study of RH for CeRhSb has been made by Takabatake et al.
[23] between the single crystal W and a polycrystal. Their results for RH, �, and the Hall
mobility �H � RH/� are presented in Figure 11.12.

As shown in Figure 11.12, � of the single crystal is smaller by one order of magnitude
than that of the polycrystal, whereas RH is of the same order of magnitude. �H of the single
crystal increases by one order of magnitude as temperature decreases from 10 to 1.6 K.

11.5. CeNiSn

There has been a controversy between different research groups as to whether CeNiSn is
a Kondo insulator or a semimetal with a partially closed gap. Some groups believe that
CeNiSn becomes a Kondo insulator due to “impurity effects” [24]. We shall discuss here
some experimental results for CeNiSn and discuss the theory later. The temperature vari-
ation of resistivity of CeNiSn along the three principal axes for four different CeNiSn
crystals is presented in Figure 11.1. It was seen that the resistivity strongly depended on
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the sample quality. The purest crystal (# 4) has the smallest resistivity at low tempera-
tures. The local maximum in �a(T ) near 13 K, which was attributed to the development
of coherence in the Kondo lattice [11], becomes sharper as the impurity concentration
diminishes. For crystal (# 4), �a(T ) shows metallic behavior down to 1.3 K, and �c(T )
also exhibits the coherence peak at 13 K. The more extensive results of Takabatake et al.
[23] of the temperature variation of resistivity along the three principal axes for single
crystals of CeNiSn and CeNi0.95Co0.05Sn is presented in Figure 11.13.

The total concentration of impurities decrease from 4% to less than 0.1% on going
from crystal # 1 to crystal # 5. It can be seen in Figure 11.13 that the �(T ) curve diverges
below about 15 K. The metallic behavior of crystal # 5 is a complete contrast to the semi-
conductor-like behavior in crystal # 1. Thus, the rise in resistivity is due to the effect of
impurities, which is supported by the enhanced resistivity of CeNi0.95Co0.05Sn compared
to that of crystal # 4. For the purest crystal # 5, the local maximum appears not only in
�a but also in �c, which reflects the development of coherence in the Kondo lattice.

The resistivity data of Takabatake et al. [23] for crystal # 5, extended to 0.4 K, is shown
in Figure 11.14.

Figure 11.11. Electrical resistivity versus temperature for sigle cryastals CeRhSb grown by using Mo and 
W crucibles. Reproduced with the permission of Elsevier from Ref. [23].
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Figure 11.12. Hall coefficient, resistivity and Hall mobility versus temperature for single crystal and a 
polycrystal of CeRhSb. Reproduced with the permission of Elsevier from Ref. [23].

From Figure 11.14, we note that �a behaves as in a metallic Kondo system and
becomes independent of temperature below 1.5 K. �b and �c increase below 3 and 2 K,
respectively, and pass through weak maxima at 0.8 K. From the log–log plot in the inset
of Figure 11.14, �a is found to be proportional to T1.8 between 2.2 and 7 K. The metallic
behavior of �a suggests that the energy gap is closed along the a axis [23].

The specific heat capacity of single crystals of CeNiSn # 2, # 4, and # 5 were meas-
ured by Takabatake et al. [23] in a temperature range from 25 mK to 5 K. Their results
are presented in Figure 11.15.
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As shown in Figure 11.15, the value of C below 1 K is substantially decreased with
decreasing impurity concentration. The C/T value of crystal # 2 at 30 mK is 130 mJ/K2 mol,
which decreases to 40 mJ/K2 mol for crystals # 4 and # 5. The slope of the C versus T curve
for # 5 changes near 1 K, below and above which C can be expressed as C/T � � � �T.
Since the nuclear-spin-lattice-relaxation rate changes from T 3 dependence to T-linear

Figure 11.13. Temperature variation of resistivity along the three principal axes for single crystals of CeNiSn 
and CeNi0.95Co0.05Sn. Reproduced with the permission of Elsevier from Ref. [23].



dependence [25] near 1 K, both the Korringa behavior in the relaxation rate and the large
residual � value below 1 K suggest the presence of density of states at the Fermi level.

The Hall coefficient RH is the parameter which measures the change in the carrier den-
sity related to the pseudogap formation. In Figure 11.16, the results of RH are compared
between two crystals of CeNiSn # 2 and # 4 [23]. 

We note that the data separate at temperatures only below the maximum near 8 K. The
absolute value of RH of # 4 at 1.5 K is twice that of # 2, while the resistivity of # 4 is half
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Figure 11.14. Electrical resistivity versus temperature for CeNiSn crystal # 5. The inset shows the resistivity 
in a log–log plot. Reproduced with the permission of Elsevier from Ref. [23].

Figure 11.15. Specific heat capacity of single crystals of CeNiSn # 2, # 4, and # 5 between 25 mK and 5 K. 
Reproduced with the permission of Elsevier from Ref. [23].
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that of # 2 (see Figure 11.13). Takabatake et al. [23] have commented that this inverse
correlation between RH and � cannot be accounted for by considering one type of carrier
with temperature-independent mobility. 

Raymond et al. [26] have studied the magnetic excitation spectrum of CeNiSn at low
energies both on a polycrystalline sample using time-of-flight technique and on a single
crystal with a triple axis spectrometer. The energy gap in the excitation spectrum is
observed in both samples and the experimental results are consistent with the occurrence
of a quasielastic signal within the gap without any wave vector dependence and charac-
terized by an energy scale � � 0.2 meV. Their results for a constant Q-scan of the signal
using the triple-axis-spectrometer (TAS) technique on a single crystal sample is shown in
Figure 11.17 at Q � (0, 1, 0) (center of the “second” Brillouin zone). 

The corresponding value of the momentum transfer is Q � 1.37 Å�1 at � � 0 meV.
The magnetic excitation spectrum exhibits the 2 meV excitation [27, 28] (the centroid is

Figure 11.16. Hall coefficient versus temperature for single crystals of CeNiSn # 2 and # 4. Reproduced with 
the permission of Elsevier from Ref. [23].



situated at 2.3 meV with a half width at half height of the order of 0.5 meV) and a
quasielastic signal with a half width at half maximum of the order of 0.2 meV. Raymond
et al. [26] have commented that their bulk measurements are in agreement with the model
of Ikeda and Miyake [29], based on a hybridization potential assuming that the crystalline
field level |5/2, ±3/2� hybridizes with the conduction electrons (with the quantization axis
along the a axis).

11.6. CeRu4Sn6

Das and Sampathkumaran [30] first reported an increasing electrical resistivity �(T ) of
the tetragonal ternary compound CeRu4Sn6 over a wide range of decreasing temperature.
Pottgen et al. [31] showed the coexistence of heavy-fermion-like behavior which was
connected to the heat capacity data and Kondo properties in low-carrier density system.
Strydom et al. [32] have measured the specific heat, electrical resistivity, thermo-electric
power, thermal conductivity, and the Hall coefficient on with the purpose of investigating
the coexistence of heavy-fermion-like behavior that was connected to the heat capacity
data [31].

Figure 11.18 shows a semi-log plot of the 4f-electron derived resistivity �4f (T ) for
CeRu4Sn6 in zero field which was obtained by subtracting the temperature dependence
of � for LaRu4Sn6 from that of the total measured � for CeRu4Sn6.

The solid line superimposed onto the data suggests that the incoherent Kondo scattering
mechanism could adequately explain the fall of � observed from 30 K to room temperature.
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Figure 11.17. Constant Q-scan performed at Q � (0, 1, 0) at T � 1.5 K using kf � 1.55 Å�1. The line is the
best fit to the signal using a Gaussian for the incoherent signal, a Lorentzian for the quasielastic signal and an 

oscillator for the inelastic signal. Reproduced with the permission of Elsevier from Ref. [26]. 
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A plateau in �(T ) and a weak decrease below 10 K is followed by another increase that
persists toward the lowest temperature, which collectively resemble the overall features
of other Kondo insulators [1]. The low-temperature upturn in � is rapidly diminished by
applied fields (inset of Figure 11.18) which is either due to a field-induced tuning of the
system into the metallic state or to the magnetoresistance (MR) effects of a Kondo lattice
well above the coherence temperature.

Figure 11.19 shows the temperature dependence of the Hall constant RH of CeRu4Sn6 [32],
which indicates that the Hall coefficient RH increases with lowering of temperature.
A single-band treatment of RH indicates a carrier density which reduces by two orders of
magnitude between room temperature and 1.9 K, amounting to 0.03 carriers per formula
unit in the low-temperature limit.

Strydom et al. [32] have measured the electronic specific heat C/T versus T of CeRu4Sn6

in a magnetic field. They have also plotted the C/T versus T 2 to facilitate a comparison
between the T � 0 limiting behaviors. Their results are shown in Figure 11.20. The major
features of the electronic specific heat C/T data are a minimum near 5 K, which is followed
upon further cooling by a logarithmic divergence that persists over one decade in 10 T.
An upturn of this nature is reminiscent of quantum critical effects in strongly correlated
electron systems. There is a broad maximum in C/T which gradually elevates in T with
increasing fields. The inset of Figure 11.20 shows that the �(T � 0) coefficient for metallic
LaRu4Sn6 exceeds that of the carrier deficient CeRu4Sn6.

The experimental data presented by Strydom et al. [32] suggest the formation of a
ground state of strongly correlated quasiparticles out of a low-carrier density state.

Figure 11.18. Semi-log plots of the temperature dependence of �(T) for CeRu4Sn6 in zero field (main panel) 
and in various applied fields (inset). Reproduced with the permission of Elsevier from Ref. [32].



11.7. U2Ru2Sn

U2Ru2Sn has a tetragonal P4/mbm structure and is the first uranium-based compound to
be classified as a Kondo insulator. We shall present some experimental results performed
on U2Ru2Sn single crystals by Steglich and co-workers [33] which establishes this
unusual property of a tetragonal compound. In Figure 11.21, the temperature dependence
of the magnetic susceptibility �(T ) of a single crystal (sc) with a magnetic field H along
either the a or the c axis and of a polycrystal (pc) of U2Ru2Sn, in fields of 1 T (sc) and
5 T (pc) is shown [33].
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Figure 11.19. The temperature dependence of Hall coefficient RH for CeRu4Sn6. Reproduced with the
permission of Elsevier from Ref. [32].

Figure 11.20. The electronic specific heat C/T of CeRu4Sn6 in zero field (open circles) and in applied fields
(filled symbols). C/T data for non-f-electron counterpart LaRu4Sn6 are shown using open squares. The inset 

plots C/T versus T 2. Reproduced with the permission of Elsevier from Ref. [32].
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In Figure 11.22, the temperature dependence of the specific heat Cp(T ) of a single
crystal, a polycrystal of U2Ru2Sn, and a polycrystal of non-f reference compound
Th2Ru2Sn has been plotted. The difference between U2Ru2Sn and the Th2Ru2Sn data has
also been displayed [33].

The results of Paschen et al. [33] of the temperature dependence of the electrical
resistivity of U2Ru2Sn are shown in Figure 11.23. 

From Figure 11.23, it may be noted that the electrical resistivity of U2Ru2Sn is
anisotropic. � increases monotonically with decreasing T when the current I is along the
a axis but passes over a maximum at approximately 140 K below which it decreases to

Figure 11.21. Temperature dependence of the the magnetic susceptibility (�), of single crystal (sc) with the
magnetic field H along either the a or the c axis and of a polycrystal (pc) of U2Ru2Sn. Reproduced with the 

permission of Elsevier from Ref. [33].

Figure 11.22. Left scale: Temperature dependence of the specific heat Cp(T ) of a single crystal (sc), a poly-
crystal (pc) of U2Ru2Sn, and a polycrystal of Th2Ru2Sn. Right scale: Difference of the U2Ru2Sn and Th2Ru2Sn
data, �Cp, in units of the gas constant R versus Temperature T. The solid line shows the best Schottky fit to 

both (sc and pc) data sets. Reproduced with the permission of Elsevier from Ref. [33].



the lowest temperatures when I is parallel to c. The polycrystal shows a mixture of both
characteristics. 

The temperature dependence of Hall coefficient RH(T ) of the single crystal U2Ru2Sn
measured with I along the a axis and the magnetic field along the c axis is similar as that
of the polycrystal [33] and is shown in Figure 11.24. 

From Figure 11.24, it is apparent that RH(T ) is isotropic. Since RH(T ) is isotropic while
�(T ) is anisotropic, the Hall mobility �H � RH/� of U2Ru2Sn must be anisotropic.

One of the key features of the Kondo insulators is the formation of a narrow gap at the
Fermi level at low temperatures frequently related to the hybridization of 4f (or 5f) and
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Figure 11.23. Temperature dependence of the electrical resistivity normalized at room temperature, �/� (300 K)
of single crystal (sc) with I along either the a or c axis and of a polycrystal (pc) of U2Ru2Sn. Reproduced 

with the permission of Elsevier from Ref. [33].

Figure 11.24. Temperature dependence of the Hall coefficient, RH(T ), of a single crystal (sc) with I along the
a axis and H along the c axis, and of a polycrystal (pc) of U2Ru2Sn. Reproduced with the permission of Elsevier 

from Ref. [33].



11.8. CeFe4P12 and CeRu4P12 311

conduction electrons [1]. Baenitz et al. [34] have performed 117,119Sn (I � 1/2) NMR
measurements on polycrystalline powder samples of U2Ru2Sn. Their results of spin-lattice-
relaxation rate 1/T1 as a function of temperature obtained from the NMR signals is plotted
in Figure 11.25. 1/T1 is plotted together with the data for CeNiSn (�0H � 1.26 T) from
Ref. [35].

It can be noted from Figure 11.25, below 150 K, the rate for U2Ru2Sn decreases dras-
tically over three orders of magnitude whereas a linear temperature dependence is
observed at very low temperatures. As a first approximation, Baenitz et al. [34] have fit
the rate with an exponential curve: 1/T1 � exp (��/kBT ). They have obtained a gap
value of �/kB � 140 K, which is about 10 times larger than that of CeNiSn. The plot ver-
sus normalized temperature T/T0 (kBT0 � �) in the inset of Figure 11.25 indicates the
same behavior for both systems.

11.8. CeFe4P12 and CeRu4P12

The Ce-based filled skutterdite phosphides CeT4P12 (T�Fe, Ru, and Os) show semi-
conducting behavior, i.e., their resistivities have negative temperature coefficients. They
have smaller lattice constants than that expected from trivalent lanthanide contraction.
This indicates that the Ce 4f states have strong hybridization with conduction electron

Figure 11.25. T dependence of 1/T1 for U2Ru2Sn and CeNiSn (data from Ref. [35]). Solid lines represent a
fit to the data (see text). Inset shows the data on a normalized T scale. Reproduced with the permission of 

Elsevier from Ref. [34].



states and an intermediate valence. The strong hybridization leads to the semiconducting
behavior with energy gap which increases with decreasing lattice constant.

The energy gap of CeFe4P12 has been estimated to be �1500 K from electrical resis-
tivity [36] and optical experiment [37]. CeRu4P12 is a semiconductor with the gap �900 K
estimated from the resistivity [38] and the XANES spectroscopy [39]. Magishi et al. [40]
have carried out the 31P NMR measurements on Ce-based filled skutterdite phosphides
CeFe4P12 and CeRu4P12. Figure 11.26 shows the temperature dependences of the
nuclear-spin-lattice-relaxation rates 1/T1 of the 31P nuclei for CeFe4P12 (�) and CeRu4P12 (�).
At higher temperatures, 1/T1 decreases rapidly upon cooling. The inset of Figure 11.26
shows the Arrhenius plots of 1/T1 versus 1/T. Since ln(1/T1) is proportional to 1/T, the
activated temperature dependence (1/T1) � exp [�Eg / kB T ] for temperatures above 280
and 150 K for CeFe4P12 and CeRu4P12, respectively. The slope of the Arrhenius plot gives
Eg/kB � 1300 and 1000 K for CeFe4P12 and CeRu4P12, respectively. The electrical resis-
tivity [36] and optical measurements [37] are in good agreement with these values. The
solid lines in the mainframe of the figure display the fit to the relation 1/T1 �
exp [�Eg / kBT ] using the energy gaps mentioned above.

It has been observed that the magnitudes of 1/T1 at 300 K for LaT4P12 (T�Ru or Fe)
are 40–50 s�1 [41, 42]. Thus, 1/T1 for CeT4P12 are much smaller than those for LaT4P12

without 4f electrons. Thus, 4f-spin fluctuation effect is not dominant on 1/T1. In addition,
other relaxation effects take place at low temperatures. For CeFe4P12 below 280 K,
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Figure 11.26. Temperature dependence of 1/T1 for CeFe4P12 (�) and CeRu4P12 (�). Inset: Arrhenius plots of 
1/T1 versus 1/T. Reproduced with the permission of Elsevier from Ref. [40].
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1/T1 is practically independent of temperature, which could be due to paramagnetic local
moments. Below 70 K, 1/T1 gradually increases upon cooling and has a maximum around
20 K. For CeRu4P12, 1/T1 has a peak around 70 K and decreases below 20 K.

11.9. CeOs4Sb12

CeOs4Sb12 is reported to exhibit a Kondo insulating behavior with a large specific heat
coefficient, � � 92 mJ/K2 mol and a very small gap of about �/kB � 10 K at the Fermi
level [43]. In addition, CeOs4Sb12 exhibits an anomaly around 1 K. It was suspected that
the anomaly was due to impurity effects [43]. However, the measurement of specific heat
in magnetic field suggested that this anomaly was due to a phase transition [44]. In order
to verify as to whether the anomaly at �1 K is intrinsic to CeOs4Sb12, Yogi et al. [45]
have measured the nuclear-spin-lattice-relaxation rate 1/T1 and NQR spectrum of Sb
nuclei of single crystals of CeOs4Sb12. In Figure 11.27, their experimental results for the
temperature (T ) dependence of 1/T1 of CeOs4Sb12 are shown.

As shown by the solid line in Figure 11.27, 1/T1 follows a relation 1/T1 � (T – �)1/2

with � � 0.06 below 25 K, which is consistent with the SCR theory of three-dimensional

Figure 11.27. Temperature dependence of 1/T1 at 123Sb-2�Q transition. Solid line is a fit to the relation of
1/T1 � (T � �)1/2, expected from the SCR theory of three-dimensional antiferromagnetic spin fluctuations with
� � 0.06. Dashed line is an activation type fit with �/kB � 1.83 K. Inset shows semi-log plot of 1/T1 versus 1/T.

Reproduced with the permission of Elsevier from Ref. [45].



(3D) antiferromagnetic spin fluctuations (AFSF) [46]. The system approaches an anti-
ferromagnetic critical point since � � 0.06. Below 1.3 K, there is a deviation from such
behavior. A significant decrease in 1/T1 is observed at �0.9 K, which indicates that an
anomaly occurs below 0.9 K in the electronic structure.

The T dependence of the NQR spectrum at 123Sb-2�Q transition below 4.2 K is shown
in Figure 11.28. It shows a distinct Lorentzian shape with a small value of full-width-
half-maximum (FWHM) of about 6.5 kHz above 0.9 K. Below 0.9 K, with decreasing T,
it starts to broaden and 1/T1 begins to decrease rapidly. The data are consistent with an
activation type of behavior 1/T1 � exp(�� / kBT) with a gap being �/kBT � 1.83 K. Thus,
a gap is induced below the Fermi level below the anomaly temperature. In addition, the
tail in the spectrum is significantly long, making the NQR spectral shape deviate from
the Lorentzian type. This strongly suggests a spin-density-wave (SDW) type of ordering
triggered by a nesting of the Fermi surface.

Sugawara et al. [47] have measured the MR of CeOs4Sb12 using a high-quality single
crystal. They have found distinct anomalies in MR indicating the existence of an ordered
phase at low temperatures below �2 K. The huge suppression of resistivity which occurs
by applying the magnetic field at low temperatures indicates that the electronic state
changes from insulating to metallic.

Figure 11.29 shows the temperature (T) dependence of electrical resistivity �(T ) under
selected magnetic fields. Sugawara et al. [47] have measured �(T) down to 0.3 K and
found a step-like increase at TX � 0.8 K.

We note that under magnetic fields, the resistivity is strongly suppressed. Below 7 T,
�(T) shows almost metallic behavior, and TX shifts to higher temperatures with increasing
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Figure 11.28. Temperature dependence of the NQR spectrum of 123Sb-2�Q transition. Reproduced with the 
permission of Elsevier from Ref. [45].
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magnetic field as shown by arrows. The large negative MR could be explained as a
destruction of the hybridization gap by application of the magnetic field except that �(T )
shows a shoulder or maximum around 2–10 K, which is not typical for Kondo insulators.

The H–T phase diagram of CeOs4Sb12 is shown in Figure 11.30 in which TX is plotted
as a function of H. Sugawara et al. [47] have also plotted TX defined by the peak tem-
perature in C/T in the phase diagram. The difference of TX determined from �(T ) and
C(T ) becomes perceptible above 5 T probably because measurements were made using
different types of crystals. The feature of the phase diagram is reminiscent of antiferro-
quadrupole phase transition but as pointed out based on C(T) measurements [43, 44], the
electronic part of the entropy released (0.05R ln2) below TX is too small to be attributed
to localized f-electron contributions.

Figure 11.29. Temperature dependence of electrical resistivity, �(T ), of CeOs4Sb12 under selected magnetic 
fields. Reproduced with the permission of Elsevier from Ref. [47].

Figure 11.30. H–T phase diagram of CeOs4Sb12. Reproduced with the permission of Elsevier from Ref. [47].



As a follow up of their earlier 123Sb-NQR experiment [45] in which they had observed
a large residual density of states inside the gap and spin fluctuations, Yogi et al. [48] have
made a 121Sb-NMR study of filled skutterdite CeOs4Sb12 in order to report on a magnetic
field effect for the spin fluctuation observed below �25 K via a measurement of T1. Their
results are shown in Figure 11.31.

The temperature dependence of 1/T1T via 121Sb-NQR was measured at �0H � 0 T and
shown in the inset of Figure 11.31. There is a significant enhancement of 1/T1T below
�25 K, similar to the result of 123Sb-NQR [45]. This enhancement of 1/T1T indicates
the existence of spin fluctuation. In order to investigate the effect of a magnetic field,
H variation of 1/T1T was measured at 4.2 K and is shown in the main panel of Figure 11.31.
1/T1T shows continuous decrease with increasing magnetic field and does not level off
even at 10 T. This shows that the spin fluctuation is strongly suppressed by applying
magnetic field.

11.10. UFe4P12

UFe4P12 is the first actinide-based ferromagnetic Kondo insulator. It was found from
experiments on the basis of ac susceptibility [36], specific heat [49], and magnetization
measurements [50] that it has a ferromagnetic ordering with a Curie temperature TC �
3.15 K. In Figure 11.32, the specific heat C versus T data below 15 K for UFe4P12 are
displayed.

The neutron-diffraction study on a single crystal UFe4P12 was made by Nakotte et al. [51].
Their data show that UFe4P12 orders ferromagnetically at 3.1 K, with magnetic moments
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Figure 11.31. H variation of 1/T1T at T � 4.2 K. Inset shows semi-logarithmic plot of T versus 1/T1T at
T � 4.2 K. Inset shows semi-logarithmic plot of T versus 1/T1T at �0H � 0 T. Reproduced with the permission

of Elsevier from Ref. [48].
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on Uranium only. They also found that the nuclear intensities of UFe4P12 are best fitted
using the cubic Im 3

–
structure with structural parameters given in Table 11.1.

Nakotte et al. [51] have also drawn a schematic diagram of the crystal structure of
UFe4P12 (shown in Figure 11.33) based on their neutron-diffraction results.

11.11. TmSe

TmSe is a mixed valence (MV) semiconductor. The local-moment properties in samples
with composition closest to the stoichiometry continue up to T � 3.46 K below which a
long-range (type-I, k � (1, 0, 0)) antiferromagnetic (AF I) order sets in (TN � 3.46 K)
[52, 53]. The electronic MV gap in such samples is very sensitive to the onset of the AF
state and there is a significant enhancement of the resistivity just below TN [53]. TmSe
undergoes a metamagnetic transition [54] at Hc � 0.55 T to a ferromagnetic (FM) state

Figure 11.32. Specific heat C versus temperature for UFe4P12. The dashed line represents the lattice con-
tribution to C, determined from LaFe4P12 data. The inset shows a plot of C versus lnT. Reproduced with the 

permission of Elsevier from Ref. [49].

Table 11.1 Structural parameters of UFe4P12 at 15 K

Space group: Im 3
–

Lattice parameter: a � 7.2228(5) Å
Atomic positions

Atom Position x y z

U 2a 0 0 0
Fe 8c 1/4 1/4 1/4
P 24g 0 0.1494(3) 0.3506(5)
R-factor: Rwp � 9.8%

Note: Reproduced with the permission of Elsevier from Ref. [51].



where the semiconducting state is quenched [55]. Application of pressure enhances the
semiconducting ground state up to 1.3 GPa and then suppresses it until a metallic regime
is obtained at 3.0 GPa [56]. This has been explained by a schematic view of the electron
density that the 4f level is situated around the Fermi level and the 5d band is above. With
increasing pressure, the broadening of the band implies a change in the relative position
of the Fermi level. The 5d band becomes populated and the equilibrium moves toward
the trivalent configuration and a clear change occurs under pressure around 3.0 GPa [56].
This pressure-induced electronic transition is accompanied by a change in the magnetic
structure from (fcc) AF I to AF II (k � (1/2 1/2 1/2) [57, 58].

Mignot et al. [59] have performed the first single-crystal neutron-diffraction study
under simultaneous application of pressures up to 4.1 GPa and magnetic fields up to
6.5 T at temperatures down to 1.5 K. Their results are summarized in the magnetic phase
diagram in Figure 11.34. The phase diagram reveals the existence, above 1.6 T, of an
AF I phase similar to the ambient-pressure, zero-field structure. The phase boundaries at
P � 0, obtained in Ref. [60] from specific heat measurements, are shown in the phase
diagram. The main differences between the two phase diagrams are the change in the
magnetic ground state and the significant enhancement of the AF I � FM transition field
(line III in the notation of Ref. [60]). However, TN (line I in Ref. [60]) increases only mar-
ginally at 4.1 GPa. In the phase diagram displayed in Figure 11.34, line “IV” is the crossover
from polarized paramagnetic (PM) to FM state or “extension of a tricritical point into the
para phase”.

Derr et al. [61] have obtained the (P,T ) phase diagram of TmSe in a wide pressure
range (0–14 GPa) by using an ac microcalorimetry setup. At very high pressures, TmSe
becomes almost trivalent and can be compared to TmS which is quasitrivalent at ambient
pressure and they have done the same kind of experiment with TmS for comparison. Their
phase diagram of TmSe is shown in Figure 11.35 along with previous measurements.
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Figure 11.33. Schematic diagram of crystal structure of UFe4P12. The uranium atoms form a bcc lattice. The
Fe atoms are positioned in the center of tilted FeP3 octahedra. These octahedra are formed by 6 P atoms, each 

of which is shared among two octahedral. Reproduced with the permission of Elsevier from Ref. [51].
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The P–T phase diagram obtained by Derr et al. [61] confirms the low-pressure behavior
(P � 3 GPa) and the break in the slope of the Neel temperature at 3 GPa which signals a
change in the magnetic structure of TmSe. However, it rules out a possibly new transition
toward an insulating state at 6 GPa [62]. The new feature of their experiment is the splitting
of the magnetic anomaly above 10 GPa indicating two successive magnetic structures.

Figure 11.34. Magnetic phase diagram of TmSe at P � 4.1 GPa for H || [0 0 1]. Solid lines represent
the P � 0 results of Ref. [60]. (I) Neel point, (III) metamagnetic transition, (IV) see text. Reproduced with the 

permission of Elsevier from Ref. [59].

Figure 11.35. Phase diagram of TmSe along with results of other experiments: Ribault et al. (Ref. [56]),
Ohashi et al. (Refs. [62, 63]), and Mignot et al. (Ref. [58]). Reproduced with the permission of Elsevier 

from Ref. [61].



11.12. U2Ru2Sn

U2Ru2Sn has a tetragonal crystal structure. The magnetic, thermodynamic, NMR, and
transport properties indicate the formation of an energy gap [64] �/kB � 140–160 K.
Figure 11.36 shows the temperature dependence of the magnetic susceptibility, �(T ), of
a single crystal (sc) with the magnetic field H along either the a or c axis and of poly-
crystal (pc) of U2Ru2Sn in fields of 1 T (sc) and 5 T (pc).

The magnetic susceptibility �(T ) of a single crystal shows a distinct anisotropy. It is
approximately 1.5 times larger along the c axis (the easy magnetic axis) than along the a
axis. The pronounced decrease of �(T) below Tmax � 160 K is typical of Kondo insulators
and reflects the opening of an energy gap �. The temperatures of the steepest increase of
�(T ) range between 74 and 80 K.

The temperature dependence of the electrical resistivity of U2Ru2Sn normalized to
room temperature, �/�(300 K)(T), of single crystals (sc) with I along either the a or c axis
and of a polycrystal (pc) is shown in Figure 11.37. 

From Figure 11.37, it can be seen that for the current I along the a axis, � increases monot-
onically with decreasing T. For I parallel to the tetragonal c axis, � passes over a maximum
at approximately 140 K below which it decreases to the lowest temperatures. This indicates
the onset of coherence effects. The polycrystal shows a mixture of both characteristics. 

Rajarajan et al. [65] have measured the Knight shift K(T ) from 119Sn(I � 1/2)-NMR in
single crystals of U2Ru2Sn. Their results for K(T) in the parallel (H || c) and perpendicular
(H � c) are shown in Figure 11.38.

From Figure 11.38, we note that K(T ) is anisotropic in the entire range. However,
below 150 K, K(T ) in the parallel direction exhibits a rapid decrease as indicated by the
�K plot. Assuming that the dominant contribution to K(T ) and hyperfine field is the
s-f exchange interaction (polarization of conduction electrons via strong correlations of
U-5f moments), such a K(T ) might be attributed to opening of a gap in the quasiparticle
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Figure 11.36. Temperature dependence of the magnetic susceptibility �(T ) of a single crystal (sc) with the
magnetic field H along either the a or the c axis and a polycrystal (pc) of U2Ru2Sn, in fields of 1 T (sc) and 

5 T (pc). Reproduced with the permission of Elsevier from Ref. [33].
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density of states [65]. Such a gap opening is more prominent in the parallel direction as
evident from the anisotropy of K(T ).

Recently, Sichelschmidt et al. [66] have measured the optical reflectivity of single-
crystalline U2Ru2Sn in the energy range 6 meV–3 eV using a Fourier-transform spec-
trometer. The optical reflectivity, R(�), in the tetragonal basal plane is strongly reduced
for energies lower than �opt � 60 meV. Narrow infrared excitations occur at 14.4 and

Figure 11.37. Temperature dependence of the electrical resistivity normalized to room temperature, �/�
(300 K)(T ), of single crystal (sc) with I along either the a or c axis and of a polycrystal (pc) of U2Ru2Sn. 

Reproduced with the permission of Elsevier from Ref. [33].

Figure 11.38. K(T ) in parallel and perpendicular directions. The solid lines through the symbols are a guide
to the eye generated by fitting a seventh-order polynomial to the data. The difference curve �K (solid lines
without symbols) is obtained by subtracting the two polynomials. Reproduced with the permission of Elsevier 

from Ref. [65].



19.8 meV at unusual high reflectivity values (�0.9). The temperature dependence of
these narrow excitations is shown in Figure 11.39.

It may be noted from Figure 11.39 that when decreasing the temperature from 295 to
20 K, a blue shift of 1.5% is visible for the peak at 14.4 meV. Further, while �opt corresponds
to approximately 700 K, the gap becomes visible around 150 K and there is no signifi-
cant shift of the gap energy when reducing the temperature. Sichelschmidt et al. [66] have
interpreted the temperature dependence of the far-infrared reflectivity of U2Ru2Sn in
terms of a pseudogap formation due to the temperature-dependent 5f-conduction electron
hybridization. This results in the partial opening of a gap (or “pseudogap”) in the quasi-
particle excitation spectrum.

11.13. YbB12

YbB12 has a NaCl-type crystal structure (D2f), where Na and Cl correspond to Yb and B12

cubo-octahedra, respectively. The magnetic susceptibility has a pronounced peak near 80 K
and rapidly decreases as T decreases. The presence of an excitation gap in YbB12 was
clearly established by the 11B NMR experiments [67]. The 11B nuclear-spin-lattice-relaxation
rate, 11(1/T1), significantly decreases below 80 K, which was explained by a simple band gap
of 70 K. Ikushima et al. [68] have performed 171Yb NMR experiments using a high-quality
single-crystal YbB12. Their results of the temperature dependence of 171(1/T1) is shown in
Figure 11.40.
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Figure 11.39. Optical reflectivity of U2Ru2Sn in the tetragonal basal plane at various temperatures. Arrows 
denote narrow phonon-like excitations. Reproduced with the permission of Elsevier from Ref. [66].
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In Figure 11.40, the temperature dependence of 171(1/T1) can be fit with an exponen-
tial function with the activation energy of 87 K. This can be interpreted [68] as the pres-
ence of an excitation gap in the density of state at the Fermi level and is consistent with
that of 90 K obtained from the Hall coefficient measurements. However, this result is
larger than the gap of 68 K obtained in resistivity measurements [67]. From Figure 11.40,
it may also be noted that the T dependence of 171(1/T1) shows an activation type behav-
ior, in contrast to the 11B behavior with a minimum near 15 K.

Takeda et al. [69] have measured the temperature dependences of the Yb 4f and 3d
states of YbB12 single crystal by high-resolution photoemission spectroscopy taken at
h� � 100 and 5951 eV. Figure 11.41 shows the temperature dependence of the Yb2�4f7/2

state at h� � 100 eV. The surface component of Yb2�4f7/2 is located at �1 eV, which is
well separated from the spectral feature at EF in which the bulk component is assumed
to dominate the spectral intensity. As shown in Figure 11.41, the Yb2�4f7/2 state at EF is
significantly enhanced on cooling.

From XPS measurements using h� � 5951 eV, Takeda et al. [69] have observed that
the spectral intensity ratio Yb2�/Yb3� is slightly increased on cooling. The increase of
Yb2� component is small but the c-f hybridization becomes stronger as temperature
increases. They estimate the Yb valence at 22 K to be �2.88, which is close to Yb3�.

Mignot et al. [70] have studied the spin dynamics of YbB12 by inelastic neutron scattering
on a single crystal. The spectra exhibit a spin-gap structure in the Kondo-insulating regime,
with two dispersive in-gap excitations at h� � 15 and 20 meV. The narrow, dispersive low-
energy excitations can be qualitatively described as “spin-exciton” in-gap modes. However,
their results are not amenable to a conventional coherent hybridization gap picture.

Figure 11.40. Temperature dependence of 1/T1 at low temperatures in YbB12. The solid curve represents the
activation-type behavior with an activation energy of 87 K. (�): 171(1/T1) in the sample powdered by crushing
the single crystal. (�) � 11(1/T1) at H ||�0 0 1� in the single crystal. Reproduced with the permission of Elsevier 

from Ref. [68].



11.14. SmB6

SmB6 crystallizes in the cubic CsCl structure and is a mixed valent semiconductor at ambi-
ent pressure [71]. Its valence (v � 2.6 at ambient pressure and room temperature) increases
smoothly, reaching the trivalent state only above �22 GPa. Above �70 K the resistivity and
number of carriers are those of a metal, while in the range between 5 and 70 K the resistiv-
ity increases by several orders of magnitude due to the opening of a gap Eg � 10–20 meV.
Below 5 K the resistivity saturates. The gap was shown to close at a pressure pc in the range
between 4 and 7 GPa. Barla et al. [71] have performed high-pressure 149Sm nuclear forward
scattering of synchrotron radiation and specific heat measurements on SmB6. Their data
show that at about 6 Gpa a likely first-order transition occurs from a low-pressure state,
which shows short-range magnetic correlations, into a magnetically ordered state with a sat-
urated moment of �0.5 �B and an ordering temperature of �12 K, stable to at least 26 GPa.

It is evident that pressure is a key parameter in SmB6 and the onset of metallic behavior
has been observed in a very wide range of pressure between 4 and 7 GPa. These critical
pressures were always much less than 9 GPa where evidence of homogeneous magnet-
ism has been found [72]. Derr et al. [73] have obtained evidence of gap anisotropy in
SmB6 by performing resistivity measurements under uniaxial stress on SmB6 for various
directions of the crystal. They have observed that the effect of stress in the decrease of
residual resistivity is much higher in the �1 1 1� direction than in the �1 0 0� and the �1 1 0�
orientations. Their results are shown in Figure 11.42.

As evident from Figure 11.42, for the �1 0 0� direction �0/�0,0 decreases with 0.01 kbar�1,
for the �1 1 0� direction the slope is 0.02 kbar�1 and for the �1 1 1� direction, the slope is
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Figure 11.41. The temperature dependence of the Yb 4f7/2 state at h� � 100 eV. Reproduced with the
permission of Elsevier from Ref. [69].
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0.07 kbar�1. In the excitonic model [74], the valence fluctuation is due to an electron trans-
fer between a 4f band centered at a samarium site and a conduction band coming from
the boron network but having the same f-symmetry to allow hybridization. The actual
transfer is done between a Sm and a B6 site, along the �1 1 1� direction forming a electron
polaron complex. The key question remains whether there are two gaps as predicted by
the excitonic theory [74] or only one anisotropic gap.

Glushkov et al. [75] have measured the temperature dependence of the magnetic suscep-
tibility �(T ) of SmB6 with magnetic field along �1 0 0� and �1 1 1� directions. Their results
are shown in Figure 11.43. The experimental data at T � 50 K can be applied by fitting
�(T ) � �0 � �a(T ), where �0 � 1.5 � 10�3 emu/mol and �a(T ) � C/T exp(�Ea/kBT ) cor-
respond to the activation type contribution with the parameters C � 0.31 emu/(mol K)
and Ea/kB � 65 � 1 K. Since �0 and Ea/kB agree with earlier results, Glushkov et al. [75]
conclude that this behavior can be treated as an evidence of a spin-gap formation with
thermally induced magnetic moments �eff � 1.6 �B which has been estimated from the
pre-exponential factor C in �a(T).

11.15. SmS

SmS is a non-magnetic semiconductor (black phase) where the samarium ions are divalent
(4f6:7F0). At room temperature and at pB-G � 0.65 GPa, it undergoes a pressure-induced
isostructural (NaCl-type) first-order transition toward a metallic phase (gold phase) with
a large volume collapse (�8%). Gold SmS is a homogeneous mixed valence state with a
Sm valence, just after transition, ranging from 2.6 to 2.8 depending on the experimental
technique used. The ground state of the gold phase is a semiconductor and the metallic
behavior is observed only above p� � 2 GPa. Barla et al. [76] performed 149Sm high-pressure
nuclear forward scattering (NFS) of synchrotron radiation. The data show that above

Figure 11.42. Pressure dependence of the residual resistivity �0 (taken at 2 K). The residual resistivity �0 is
renormalized by the residual resitivity �0,0 at 2 K and zero pressure. A linear fit is given for each sample. 

Reproduced with the permission of Elsevier from Ref. [73].



p� the collapse of the insulating gap coincides with the appearance of magnetic ordering.
At about 2 GPa a probable first-order phase transition occurs from the non-magnetic IV
state onto a magnetically ordered state with a saturated moment of �0.5 �B stable to at
least 19 GPa.

Matsubayashi et al. [77] have measured the specific heat of SmS single crystals under
pressure. In Figure 11.44, the temperature dependence of specific heat is plotted at sev-
eral pressures. The specific heat can be represented by C(T) � �T � �T 3 � CSch, where
�T and �T 3 are the electronic and lattice contributions and CSch denotes the Schottky-type
anomaly with an excitation energy �. In the inset of Figure 11.44, they have plotted the
� value (obtained by fitting the data to the above equation) as a function of pressure,
together with 1/� (determined by thermal expansion measurements). They find that �� is
independent of pressure and since � is an intrinsic bulk property, � is also intrinsic.

11.16. Theory of Kondo insulators

11.16.1. The Anderson lattice model

We shall essentially follow the theoretical description of Riseborough [78] for Kondo insu-
lators by using the Anderson lattice model and give a brief summary. The Hamiltonian can
be written as

(11.1)H H H H� � �f d fd ,
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Figure 11.43. The temperature dependence of magnetic susceptibility of SmB6 as measured along �1 0 0� and
�1 1 0� crystallographic directions. The activation-type contributions (see text) are shown by solid lines. 

Reproduced with the permission of Elsevier from Ref. [75].
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where Hf is the Hamiltonian of the lattice of localized f electrons, Hd the Hamiltonian of
the conduction electron states, and Hfd the hybridization Hamiltonian.

(11.2)

(11.3)

and

(11.4)

Here ed(k) is the dispersion relation for the d bands, and the summation runs over the
total number of lattice sites Ns. The other symbols have their usual meanings as described
in the earlier chapters. When Uff � 0, the Hamiltonian is exactly soluble and the elec-
tronic states fall into two quasiparticle bands of mixed f and conduction band character.
Riseborough [78] has considered four states per atom: two states per atom in the upper
hybridized band and two states per atom in the lower hybridized band. At half filling, the
two electrons per atom completely fill the doubly degenerate lower band and the non-
interacting system is a semiconductor. If the interactions are turned on adiabatically,
Luttinger’s theorem implies that the ground state of the system will be an insulator.
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Figure 11.44. Temperature dependence of specific heat of SmS at different pressures. The inset shows the
electronic specific heat coefficient � inferred from the experiment as a function of pressure together with the 

inverse of excitation energy �. Reproduced with the permission of Elsevier from Ref. [77].



In the mean-field approximation, using the slave boson technique [79] which replaces
the f electron operators by a product of an f quasiparticle operator and a slave boson field,

(11.5)

where bi and b†
i are the annihilation and creation operators for the site i. These operators

satisfy the constraints

(11.6)

The slave boson field satisfies the equation of motion [78]:

(11.7)

The lowest order approximation, in which the terms of zeroth order in the boson
fluctuation operators are retained, is equivalent to assuming that the boson field has
undergone Bose–Einstein condensation [78]. In this approximation, equation (11.7) can
be written as

(11.8)

b0 and 
i can be determined self-consistently from equations (11.7) and (11.8). The
hybridization matrix element is renormalized through

(11.9)

and

(11.10)

The quasiparticle dispersion relations are obtained as [78]

(11.11)

In this formulation, the amplitude of the slave boson condensate b0 is temperature
dependent and vanishes at a critical temperature, Tc, for the semiconductor system [80, 81]

(11.12)

where � � |V|2 / W, W represents approximately half the width of the conduction band
and the direct gap has a magnitude of 2 V. It is interesting to note that this temperature
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dependence is related to the Kondo temperature, in which the effects of both band edges
are taken into account.

It may be noted that the slave-boson mean-field theory is exact only when the
degeneracy of the f level approaches infinity. In addition, it is valid only when the
lower band is fully occupied, which is true only for some Kondo insulators but not
others such as SmB6.

11.16.2. Spin excitons

As we have earlier noted, a narrow peak with excitation energies less than that of the gap has
been observed in inelastic neutron-scattering experiments on the mixed valent Kondo insu-
lators such as SmB6 and YbB12. The excitation energy disperse with the neutron momentum
transfer q, and has a minimum at q values which correspond to the corner of the first
Brillouin zone. Riseborough [82] has conjectured that these excitations are the bound states
of an electron–hole pair with non-zero total angular momentum. These narrow and disper-
sive magnetic excitations should soften as the strength of the magnetic interactions increase
and a magnetic instability is produced. A brief summary of his theory is presented here.

The dynamic magnetic susceptibility �(q;�) is calculated from the following expres-
sion [82]:

(11.13)

where �0(q;�) is the irreducible susceptibility associated with particle–hole excitons.
�0(q;�) is calculated from the slave-boson mean-field Greens function dressed by the

self-energy and the vertex function, which corresponds to the emission and absorption of
a slave boson [83]. Im[�0(q;� � i�)] shows a q independent threshold at the indirect gap.
At q � Q[�(
, 
, 
)] (corner of the zone), Im[�0(q;� � i� )] has a square root singular-
ity like variation close to the threshold, while for q � (0, 0, 0), �0 (0;�) shows a slight
peak at the direct gap. However, it has a long low-energy tail due to boson-associated
process which extends down to the indirect gap [84].

The exchange interaction J(q) is obtained from process involving the exchange of two
slave bosons [85]. The exchange interaction can be approximated as

(11.14)

where Jsw � |V |2/Ef is the Shrieffer–Wolf exchange interaction and �d(q) the static sus-
ceptibility of the unhybridized d band. This is an RKKY-like interaction between the f
moments. Here, Jsw polarizes the conduction band and then interacts with another f
moment. The d band is modeled by a tight-binding band of width 12t which indicates that
the exchange interaction should be large due to perfect nesting at half filling.

The spin-excitation manifests itself as a pole in Im[�(q;� � i�)] � 0. The energy dis-
persion is found from [82]
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At the threshold for the continuum of spin flip particle–hole excitations, there is a
sharp rise in Im[�0(Q,� � i�)]. This produces a large peak in the real part through the
Kramers–Kronig relation. The combined effect of the large Re[�0(q;�)] and J(Q) pro-
duces a bound state in the gap. The existence of a bound state depends crucially on the
f valence and on Ef.

11.16.3. Conclusion

It is generally admitted that the periodic Anderson Model is too simple to describe the
physical properties of the wide variety of Kondo insulators. In fact, the Kondo insulators
have a variety of crystal structures and one needs a many-body theory and techniques
which takes into account this structure, to explain their properties. A variety of powerful
numerical calculations have yielded more accurate results for certain Kondo insulators
but a review of these techniques will be a future project due to limitation of space. As we
have noted earlier, powerful microscopic theories are also required to explain the prop-
erties of other heavy fermion systems which are strongly correlated electron systems.
Many alternate models have been recently proposed to explain the properties of various
types of Kondo insulators. In fact, the research on the theory of Kondo insulators is rapidly
growing in a very fast pace just as in other areas of heavy fermion systems. 
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