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Preface

I set out to write this book in the firm belief that a truly introductory text on nonlinear
optics was not only needed, but would also be quite easy to write. Over the years, I have
frequently been asked by new graduate students to recommend an introductory book on
nonlinear optics, but have found myself at a loss. There are of course a number of truly
excellent books on the subject — Robert Boyd’s Nonlinear Optics, now in its 3rd edition
[1], is particularly noteworthy — but none of them seems to me to provide the gentle lead-in
that the absolute beginner would appreciate.

In the event, I found it a lot harder to maintain an introductory flavour than I had expected.
I quickly discovered that there are aspects of the subject that are hard to write about at all
without going into depth. One of my aims at the outset was to cover as much of the subject
as possible without getting bogged down in crystallography, the tensor structure of the
nonlinear coefficients, and the massive perturbation theory formulae that result when one
tries to calculate the coefficients quantum mechanically. This at least I largely managed
to achieve in the final outcome. As far as possible, I have fenced off the ‘difficult’ bits of
the subject, so that six of the ten chapters are virtually ‘tensor-free’. Fortunately, many key
aspects of nonlinear optics (the problem of phase matching, for example) can be understood
without knowing how to determine the size of the associated coefficient from first principles.

In the process of writing, I also discovered several areas of the subject that I had not
properly understood myself. It is of course always said that the best way to learn a subject
is to teach it, so perhaps I should not have been too surprised. There were also things that I
had simply forgotten. There was one ‘senior moment’ when, after struggling with a thorny
problem for several hours, I found the answer in a book which cited a paper by Ward
and New!

As to the subject itself, I have sometimes teased research students by telling them that
nonlinear optics was all done in the 1960s. This statement is of course manifestly ridiculous
as it stands — what have all those thousands of papers on nonlinear optics published in the
last 40 years been about then? On the other hand, the statement that all the basic principles
of nonlinear optics were established in the 1960s, does embody an element of truth. There
really are very few fundamental concepts underlying the nonlinear optics of today that
were not known by 1970. What has happened is not so much that new principles have
been established, but rather that the old principles have been exploited in new ways, in
new materials, in new combinations, in new environments, and on new time and distance
scales. Technology has advanced so that many possibilities that could only be dreamt of in
the 1960s can now be realised experimentally and, more than that, may even be intrinsic to
commercial products. This point is elaborated in Section 1.12.
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The book itself has a modular rather than a serial structure. Consequently, some chapters
stand on their own feet, and most readers will probably not want to read the ten chapters
in sequence. Beginners should certainly start with Chapter 1, but a reader wanting to get
up to speed on crystal optics could read Chapter 3 on its own, while someone interested
in dispersion could jump in at Chapter 6. The purpose of both these chapters is to support
those that follow. On the other hand, readers who are not interested in crystallography
should avoid Chapters 3 and 4, while those who are not concerned with the tensor nature of
the nonlinear coefficients should certainly skip Chapter 4 and maybe the start of Chapter 5
too. And anyone who is allergic to quantum mechanics should be able to survive the entire
book apart from Chapter 8 and parts of Chapter 9. Of course, some people may be looking
for more detailed information, which they may be able to find in one of the nine appendices.

The following table shows what the reader can expect in each chapter; ticks in brackets
imply a small amount of material.

Chapter Tensors Crystallography Quantum Mechanics
1 X X X
2 X X X
3 ) v X
4 v Vi X
5 W) W) x
6 X X
7 X X X
8 v W) v
9 ) X v
10 X X X

As the table suggests, the chapters have a varied flavour. Some are fairly specialist
in nature, while others contain mostly bookwork material. Chapter 1 serves as a gentle
introduction. The polarisation is expanded in the traditional way as a power series in the
electric field (treated as a scalar) with expansion coefficients that are regarded as constants.
A range of potential nonlinear interactions is explored in this way. The problem of phase
mismatch emerges naturally from the discussion. Although in one sense the procedure
amounts to little more than cranking a mathematical handle, a surprisingly large number
of important nonlinear processes can be discovered in this way. At the end of the chapter,
attention is drawn to the shortcomings of the simple approach adopted, and the necessary
remedies are outlined. The chapter ends with a brief overview of the entire field.

Chapter 2 starts with a detailed analysis of second harmonic generation, based on
Maxwell’s equations and proceeding via the coupled-wave equations. The fields and polar-
isations are now complex numbers, but their vectorial nature is still not taken into account.
The discussion broadens out into sum and difference frequency generation, optical para-
metric amplification and optical parametric oscillators. The chapter ends with a treatment
of harmonic generation in focused beams.

In Chapter 3, real nonlinear media are encountered for the first time. The chapter focuses
on the linear optics of crystals, and contains a fairly detailed treatment of birefringence in



Xiii

Preface

uniaxial crystals. The principle behind quarter- and half-wave plates is outlined. A section
on biaxial media is included at the end.

Chapter 4 deals with second-order nonlinear effects in crystals, and there is now no way to
avoid defining the nonlinear coefficients with all their tensor trappings. Though I have tried
hard to keep it simple (as much material as possible has been relegated to Appendix C), the
treatment that remains is still rather indigestible. Permutation symmetries are outlined, the
contracted suffix notation for the nonlinear coefficients is introduced, and the Kleinmann
symmetry condition is explained. The structure of the nonlinear coefficients for the three
most important crystal classes is highlighted, and examples are given to show how the
results are applied in some typical nonlinear interactions.

Chapter 5 is devoted to a selection of third-order nonlinear processes. Although the cov-
erage is restricted to amorphous media, there are still places (especially early in the chapter)
where the tensor structure of the coefficients in unavoidable. The later parts of the chapter
deal with stimulated Raman scattering, acousto-optic interactions, and stimulated Brillouin
scattering. A section on nonlinear optical phase conjugation is included at the end.

Chapter 6 focuses on dispersion. Although basically a linear effect, dispersion plays a
crucial role in many nonlinear processes, and the material covered here therefore provides
essential background for Chapter 7. After a general introduction, the evolution of a Gaussian
pulse in a dispersive medium is analysed in detail, and this leads on naturally to a discussion
of chirping, and pulse compression. A hand-waving argument then enables a rudimentary
pulse propagation equation to be deduced, which provides an opportunity to introduce the
local time transformation.

Nonlinear optical interactions involving short optical pulses are treated in Chapter 7.
The choice of examples is somewhat arbitrary, but the selection covers quite a wide range,
and includes self-phase modulation, nonlinear pulse compression, optical solitons, second
harmonic generation in dispersive media, optical parametric chirped pulse amplification
(OPCPA), pulse diagnostics, and the phase stabilisation of few-cycle optical pulses.

Up to this point in the book, the strength of the nonlinear interactions has been repre-
sented by the value of the appropriate nonlinear coefficient or, more exactly, the set of
numbers contained in the non-zero tensor elements for the process in question. Chapter
8 focuses on the quantum mechanical origin of the coefficients. The perturbation theory
formulae that emerge are large and cumbersome and, to this extent, they may leave the
reader not much the wiser! However, every effort has been made to simplify things by
taking special cases, and by highlighting dominant terms in the equations, the structure of
which is relatively simple. The discussion continues in Chapter 9, which deals with res-
onant effects including self-induced transparency (SIT) and electromagnetically-induced
transparency (EIT).

No book on nonlinear optics would be complete without a mention of high harmonic
generation (HHG), and the quest for attosecond pulses. The treatment of these topics in
Chapter 10 is essentially classical, and certainly simple. So if the promise in the title of an
introductory treatment to the subject has not always been fulfilled in some of the intermediate
chapters, at least it is kept in the last chapter.

Some more detailed material is included in the appendices, the last of which contains
values of useful constants in nonlinear optics.
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The varied nature of the material covered in the book has affected how the reference
list has been compiled. A comprehensive list of sources would be almost as long as the
book itself, so I have had to adopt a selective policy on which papers to refer to. Broadly
speaking, references are of three types: historical papers describing things done for the first
time, books and recent journal articles where an aspect of the subject is reviewed, and (in a
few cases) papers on topics of particular current interest. To find further sources, it is always
worth using the Internet. The information available there may not always be of impeccable
quality, but one will almost always be led to an authoritative source within a few minutes.

There are bound to be errors of one sort or another in any book of this type. I have of
course made every effort to avoid them, but I doubt if anyone has ever written a physics
book without getting a few things wrong. Colleagues who read the book in draft picked up
quite a few glitches, but I am sure there are more. If you find something that you think is
wrong, please e-mail me on g.new(@imperial.ac.uk, so that I can build up a corrections file.

Geoff New

Le Buisson de Cadouin
France

July 2010
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Introduction

1.1 Nonlinearity in physics
. ____________________________________________________________________________________|

The response of real physical systems is never exactly proportional to stimulus, which is a
way of saying that we live in an inherently nonlinear world. The deviation from linearity
may be very slight, especially if the stimulus is weak; the assumption of linearity will then
be an excellent approximation and probably the only route to an analytical solution. But
that does not change the fact that linearity is an idealisation.

A simple example of the linear approximation occurs in elementary mechanics where
one assumes that restoring force is proportional to displacement from equilibrium (Hooke’s
law). This leads to the equation of motion

mi = —s1x (1.1)

where m is the mass and s is the Hooke’s law constant (the stiffness of the system). Equation
(1.1) has the simple harmonic motion solution

x = A cos{wpt + ¢} (1.2)

where wy = +/s1/m is the angular frequency of oscillation, and A and ¢ are fixed by the
initial conditions. Equation (1.1) is usually an excellent approximation when the amplitude
A of oscillations is small. But, since real systems are never perfectly linear, their oscillations
will never be precisely (co)sinusoidal, and will contain harmonics of wy.

Nonlinearity can be incorporated into Eq. (1.1) by including additional terms on the right-
hand side to represent the fact that the restoring force is no longer linear in the displacement.
For example, it might be appropriate to write

mxX = —s1x + szx2 = — (51 — X)X (1.3)

where the second form highlights the fact that the nonlinear term makes the stiffness
dependent on amplitude. Notice that the inclusion of a term in x> makes the stiffness
asymmetrical in the displacement; if s > 0, the net stiffness is lower for positive x and
higher for negative x.

Since Eq. (1.3) has no analytical solution, a numerical solution is generally called for.
However, the role of the extra term in introducing harmonics can be appreciated by regard-
ing it as a perturbation, with Eq. (1.2) as the zeroth-order solution. To the first order of
approximation, the system will be subject to the additional force term

s2x? = 5247 cosH{wot + ¢} = $52A%[1 + cos 2{wot + ¢}, (1.4)
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and this will lead (through Eq. 1.3) to a second harmonic component in the motion. In
principle, the process can be repeated to higher orders of approximation, although the terms
quickly become negligible if the nonlinearity is weak.

In many situations in life, one seeks to minimise the effects of nonlinearity. Manufac-
turers of audio equipment are for example keen to advertise the lowest possible figures for
‘harmonic distortion’. But in other circumstances, nonlinearity can be put to good use, and
this book is about how it can be exploited to spectacular effect in optical physics.

1.2 The early history of nonlinear optics
- |

In optics, one is interested in the response of atoms and molecules to applied electromagnetic
(EM) fields. The interaction of light and matter is of course governed by the Schrodinger
equation, which is linear in the wave function but nonlinear in the response of the wave
function to perturbations. Despite this, optics proceeded quite successfully for many years
on the assumption that the response of optical materials was linear in the applied electric
field E. If P is the polarisation of the medium (i.e. the dipole moment per unit volume),'
one writes

P=gyxVE (1.5)

where x (V) is the linear susceptibility. So if E = A coswt, the consequence is that P =
gox VA cos wr. It also follows from Eq. (1.5) that the electric displacement is

D =gyE + P =¢go(1 + X(l))E =¢gocE (1.6)

where ¢ = 1 4+ x U is the relative dielectric constant. As we will see later, ¢ is the square
of the refractive index, n = /1 + x .

Equation (1.5) served as a good approximation for so long because the electric field
strengths that scientists were able to deploy in those early years were far weaker than the
fields inside atoms and molecules; the perturbations were therefore very small. It was not
until the 1870s that the Rev. John Kerr, a lecturer at the Free Church Training College in
Glasgow, UK, demonstrated that the refractive index of a number of solids and liquids is
slightly changed by the application of a strong DC field [2]. This phenomenon, now known
as the DC Kerr effect,> was the first nonlinear optical effect to be observed.

Two decades later, in the 1890s, Friedrich Pockels at the University of Gottingen studied
a related process known today as the Pockels effect [3]. The Kerr effect and the Pockels
effect differ in two respects. In the Kerr effect, the refractive index change is proportional
to the square of the applied DC field, whereas in the Pockels effect, the change is directly

' The word “polarisation’ has two meanings in optics. It refers (as here) to the dipole moment per unit volume (in
coulombs m_z), and would be represented by the vector P in a more rigorous treatment. But the word is also
used to describe the polarisation of light where it refers to the direction of the fields in the transverse EM wave.
The direction (or plane) of polarisation is normally taken to be that of the electric field in the wave.

2 Sometimes it is just called the Kerr effect, but it must be distinguished from the optical (or AC) Kerr effect.



1.3 Optical second harmonic generation

proportional to the field.?> Secondly, whereas the Kerr effect is observable in liquids and
amorphous solids, the Pockels effect occurs only in crystalline materials that lack a centre
of symmetry. This vital distinction and the reason behind it will be discussed in detail later.

1.3 Optical second harmonic generation
|

There now followed a long gap in the history of nonlinear optics. Further progress had to wait
for a source of strong optical frequency fields to become available, in other words for the
invention of the laser in 1960. With the arrival in the laboratory of the ruby laser, nonlinear
optics underwent a second birth, and it has been flourishing ever since. Indeed, since lasers
themselves are inherently nonlinear devices, one could even argue that laser physics is itself
a compartment within the wider field of nonlinear optics. Traditionally, however, the field
of nonlinear optics is taken to exclude lasers themselves, which is fortunate insofar as this
book would otherwise be much longer.

The first nonlinear optics experiment of the laser era was performed in 1961 by a team
led by the late Peter Franken at the University of Michigan in Ann Arbor [4]. As shown
in Fig. 1.1, a ruby laser was focused into a slab of crystalline quartz to discover if the
nonlinear response of the medium to the intense optical frequency radiation at 694.3 nm
was strong enough to create a detectable second harmonic component at a wavelength of
347.15 nm.*

The way to think about this experiment is diagrammed in Fig. 1.2. Consider the response
of the electrons in the quartz to the stimulus of the optical frequency electric field of the
laser beam written as £ = A coswt. The displacement of the electrons creates a dipole
moment p per atom,> or P = Np per unit volume where N is the atomic number density.

QUARTZ
RUBY LASER - CRYSTAL L

PHOTOGRAPHIC
PLATE

Schematic diagram of the first second harmonic generation experiment by Peter Franken’s group at the University of
Michigan in 1961 [4].

3 The Pockels effect is also known as the electro-optic effect, or sometimes (confusingly) as the linear electro-optic
effect because the index change is linearly proportional to the DC field.

4 The vacuum wavelength of the second harmonic component is of course half that of the fundamental.

5 One could also write p = ega E where « is the atomic polarisibility, in which case x ) = Na.
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Linear and nonlinear response of polarisation P to applied electric field £: (a) linear case (dotted), (b) quadratic
nonlinearity, (c) cubic nonlinearity.

We allow for the possibility of a nonlinear response by writing
P=coxVE+xPE>+...). (1.7)

For x® > 0, the dependence of P on E is represented by curve b in Fig. 1.2, while in
the absence of the nonlinear term, Eq. (1.7) reverts to Eq. (1.5), and the linear relationship
between E and P represented by the dotted straight line a in the figure is recovered.

If E = Acoswt is substituted into Eq. (1.7), the polarisation now reads

P :gO(X(I)A cosa)t+%x(2)A2(l + cos2wt)). (1.8)
T
linear term nonlinear term

The analogy between Eqs. (1.7)—(1.8) and Eqgs. (1.3)—(1.4) is obvious. Figure 1.3 shows
graphs of the total polarisation (in bold) and the linear term on its own (bold dotted); notice
how the waveform is stretched on positive half-cycles and flattened on negative half-cycles,
in accordance with curve b of Fig. 1.2. The solid grey line in Fig. 1.3 representing the
nonlinear term in Eq. (1.8) clearly contains a DC offset (dotted grey), the significance
of which is discussed in Section 1.6, and a second harmonic component, which is what
Franken and his team were looking for in 1961. A useful picture is to regard the second
harmonic polarisation of the nonlinear medium as an optical frequency antenna. Just as
radio and TV signals are broadcast by accelerating charges in the transmitter aerial, so the
oscillating nonlinear polarisation in Franken’s quartz crystal should radiate energy at twice
the frequency of the incident laser field. The key question in 1961 was simply: will the
radiation from the second harmonic antenna be strong enough for photons at 347.15 nm to
be observed experimentally?

The University of Michigan experiment was a huge success to the extent that second
harmonic generation (SHG) was detected. The down side was that the harmonic intensity
was extremely weak, so weak in fact that the photographic plate reproduced in the 15
August 1961 issue of Physical Review Letters [4] appears to be totally blank! In fact, the
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Response (bold line) of a system exhibiting a quadratic nonlinearity to a (co)sinusoidal stimulus (dotted line). The
difference between the two (grey line) contains both second harmonic and DC frequency components.

energy conversion efficiency from fundamental to harmonic was about 1 part in 10%, a
clear demonstration that SHG was a real effect although, at this minuscule efficiency, it was
clearly a curiosity rather than a practical means of generating ultraviolet (UV) light.

1.4 Phase matching

Why was the efficiency so small? The reason is easy to understand as soon as one includes
the spatial dependence of the fields in the equations. Assuming that the ruby laser field is a
plane wave propagating in the z-direction, we write

E = A cos{wt — k1z} (1.9

where the angular wave number of the fundamental beam is k; = njw/c, and n; is the
refractive index.® The second harmonic term in the polarisation is therefore

P> = Yeox P Af cos{2wt — 2k z} (1.10)

which seems fine at first sight. But now compare the space-time dependence in Eq. (1.10)
with that of a freely propagating field at 2w namely

E> = Aj cos{2wt — kyrz} (1.11)

where k; = ny2w/c by analogy with k;. Notice that the arguments of the cosines in
Egs (1.10) and (1.11) are different unless 2k; = kp, which is only true if the refractive
indices | and n, are the same. But dispersion ensures that the indices are usually not the

6 Here and throughout the book, the default space-time dependence of an optical field is (wf — kz), where the
parameter k is called the angular wave number, by analogy with angular frequency w = 2mwv. However,
many authors use (kz — wt) instead of (wt — kz). The choice is immaterial under a cosine but, with complex
exponentials, it leads to a difference in sign that permeates into many subsequent equations. See Appendix A
for more discussion.
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same. The severity of the mismatch is easily quantified by asking over what distance the
cosine terms in Eqs (1.10) and (1.11) get 7 radians out of step. This distance, known as the
coherence length for the second harmonic process, is easily shown to be’

I3 oo A
N T Akl T 4lng —ny|

(1.12)

where Ak = kp — 2k is called the mismatch parameter. For typical optical materials,
Leon is a few tens of microns® (um) after which, as we will show in the next chapter, the
SHG process goes into reverse, and energy is converted from the harmonic back into the
fundamental wave. Hence, only a few microns of the 1 mm quartz sample contributed to
the signal in the first SHG experiment, and the rest was redundant.

The phase-matching problem was soon solved. Within a few months of the University
of Michigan experiment, researchers at the Ford Motor Company’s laboratories, around
30 miles from Ann Arbor in Dearborn, Michigan, had exploited birefringence in a KDP
crystal® to keep the w and 2w waves in step with each other [5]. They did this by finding
a particular direction of propagation in KDP for which the refractive index of the ordinary
wave at w was the same as that of the extraordinary wave at 2w. The process is called phase
matching or sometimes birefringent phase matching (BPM) to distinguish it from other
methods of achieving the same end; see Chapter 2. Under phase-matched conditions, the
SHG conversion efficiency jumped to tens of percent with careful experimental adjustment,
and from that moment on, nonlinear optics stopped being a curiosity and became a practical
proposition.

Phase matching is of vital importance in many nonlinear processes. The key principle
to grasp is that the direction of energy flow between fundamental and harmonic waves is
determined by the relative phase between the nonlinear polarisation and the harmonic field.
If the two can be held in step by making the fundamental and harmonic refractive indices
the same, the energy will keep flowing in the same direction over a long distance. Otherwise
it will cycle backwards and forwards between the fundamental and the harmonic, reversing
direction more frequently the more severe the phase mismatch.

1.5 Symmetry considerations
- |

Before moving on, it is worth considering some other key features of the SHG process.
First of all, notice that the quadratic term in Eq. (1.6), represented by curve b in Fig. 1.2,
implies that the medium responds differently according to the direction of the electric field.
A positive field creates a slightly greater (positive) response than that of curve a, whereas a
negative field produces a slightly smaller response than in the linear case. This implies that

7 Sadly, there is no generally agreed definition of ‘coherence length’ in nonlinear optics, and definitions with
1, 2, m,and 27 in the numerator of Eq. (1.12) can be found in different textbooks. The definition in Eq. (1.12)
is the one used almost universally by researchers in the 1960s, and I see no reason to change it.

8 “Micron’ is still widely used for micrometre in colloquial usage.

9 KDP stands for potassium dihydrogen phosphate.
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SHG (and all other nonlinear processes that depend on x ?) can occur only in media that
are structurally different in one direction from the opposite direction. Media of this kind
are variously said to lack inversion symmetry, to lack a centre of symmetry, or to be non-
centrosymmetric. In simple terms, one could say that they have an inherent ‘one-wayness’, a
property that only crystalline materials can possess. Fortunately, many non-centrosymmetric
media also exhibit double refraction (birefringence), and so are candidates for birefringent
phase matching.

A more detailed discussion of inversion symmetry is given in Chapter 3, but the simple
schematic pictures shown in Fig. 1.4 may be helpful at this stage. Imagine you are looking
into a crystal along the line of the laser beam. The structure shown on the left possesses
inversion symmetry. It can be flipped horizontally (x — —x) or vertically (y — —y) and
the pattern is unchanged; the centre of symmetry at the mid-point is marked with a dot. It is
therefore impossible in principle for this medium to exhibit the asymmetrical characteristics
shown in Fig. 1.3. The structure on the right is different because, in this case, a flip in either
direction results in a different pattern. So left is different from right, up is different from
down, and the response in Fig. 1.3 is no longer forbidden.

A simple mathematical proof of the principle runs as follows [6]. In one dimension,
consider the term Py = ggx mE #. Under inversion symmetry, P, must change sign if Ey
changes sign. But, when n is even, E7 is unchanged if £, — —E, and it follows that
x @, x®, etc. must be zero in this case. No such restriction applies for odd , so processes
involving x @ for example (see Section 1.10) can occur in centrosymmetric media.

1.6 Optical rectification
e ——

After the successful demonstration of second harmonic generation, the nonlinear optics
bandwagon began to roll, and a multitude of other nonlinear processes were discovered in a
‘gold rush’ period in the mid-1960s. One such process was optical rectification, which has
already appeared in the polarisation in Eq. (1.8) above [7]. This is probably the simplest
nonlinear optical process both to visualise and to observe. To detect optical rectification,
all one has to do is to pass a laser beam through a non-centrosymmetric crystal located
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Schematic diagram of optical rectification. Positive and negative charges in the nonlinear medium are displaced,
causing a potential difference between the plates and current to flow in an external circuit.

Optical rectification signal (top trace) and laser monitor (lower trace).

between a pair of capacitor plates, as shown in Fig. 1.5. As suggested in the figure, the
asymmetric response of the material to the field of the laser displaces the centre of gravity
of the positive and negative charges in the medium, creating a DC polarisation in the
medium. Dipoles oscillating at the opfical frequency are of course created in all materials,
and these are represented by the linear polarisation of Eq. (1.5). What is shown in Fig. 1.5
is rather the DC offset of Fig. 1.3, and its effect is to induce a potential difference between
the plates, which allows a rectified component of the optical frequency field to be detected;
see Problem 1.2.

An example of an optical rectification (OR) signal is shown in the dual-beam oscilloscope
record of Fig. 1.6, where the upper and lower traces are the OR and the laser monitor
signals, respectively. In fact, so accurately does the OR signal track the laser intensity that
it is impossible to tell them apart from the record itself.!? Since the OR process also leaves
the laser field essentially unchanged, it was considered as a possible basis for laser power
measurement in the early days of the subject. But other technologies prevailed in the end.

Notice that the phase-matching issue does not arise in the case of optical rectification,
because the DC term in the polarisation (analogous to the second harmonic contribution in

10 The fact that one trace is the negative of the other is a trivial result of the polarity of the electrical connections.
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Eq. 1.10) is
Pge = feox P A7 (1.13)

which has no space-time dependence.

1.7 The Pockels effect

The Pockels effect [3] relates to the change in the refractive index of a non-centrosymmetric
medium when a DC electric field is applied. The effect can be discovered within the
framework of Eq. (1.7) if a DC term is included in Eq. (1.9) so that

E = Ag+ A cos{wt — k1z}. (1.14)

Substituting this form into Eq. (1.6) produces a new nonlinear term in the polarisation with
the same space-time dependence as the linear polarisation. When the two are combined, the
net contribution at frequency w is

P=co(xV +2xPAp)A| cos{wr —kiz} + - (1.15)

The new term is proportional to the DC field Ag, and is in phase with the optical frequency
field provided x @ is real. No phase-matching considerations arise since, as for optical rec-
tification, phase matching is automatically ensured. It is clear from Eq. (1.15) that the linear
susceptibility has been modified by 2x® A, and the refractive index has correspondingly
changed fromn = /1 + xD ton = /1 + xD +2x@ A4,

The Pockels effect allows the polarisation properties of light to be controlled electrically
and, in combination with a polarising beam splitter, is routinely used to create an optical
switch. A more detailed discussion of a Pockels cell can be found in Chapter 4.

1.8 Sum frequency generation
- |

The catalogue of second-order nonlinear processes can be extended further by considering
the process of sum frequency generation (SFG), a possibility that emerges if the incident
electric field contains two different frequency components namely

E = Ajcos{wit — ky.r} + Aj cos{wrt — ko.r}. (1.16)

The angular wave numbers have now been written as vectors to allow for the possibility that
the waves at @| and w; are non-collinear (i.e. travelling in different directions).!! Inserting
Eq. (1.16) into the polarisation expansion of Eq. (1.7) yields a term of the form

P=cgo(- 4+ xPAAs cos{wst — (k1 + ka).r} + --) (1.17)

11 When written as a vector, the angular wave number is variously called the wave vector, the propagation vector
or simply the k-vector.
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ks

Wave vector triangle for phase-matching non-collinear beams.

where w3 = w; 4+ wy. It must be stressed that the subscripts 1-3 are now merely labels,
their only numerical significance being that w3 is the highest frequency of the set. In this
notation, second harmonic generation is the special case where w; = wy = w3 /2.

If the polarisation wave of Eq. (1.17) is to match the space-time dependence of a freely
propagating field at the sum frequency w3 and space-time dependence cos{wst — k3.r}, the
phase-matching condition to be satisfied is

ki +ky =k;3 (1.18)

which is represented by the vector triangle of Fig. 1.7. For collinear beams, this equation
becomes

niwi +nywry = n3w3 (1.19)

which is more complicated than for SHG where phase matching simply requires that the
fundamental and harmonic refractive indices are the same. The term ‘phase matching’is to be
preferred to ‘index matching’ for this reason. In media that exhibit normal dispersion, !? the
right-hand side of Eq. (1.19) will always be larger than the left-hand side (see Problem 1.2).
This means that adjusting the angle between k; and k; is not sufficient on its own to fix the
phase-mismatch problem, although it may still be useful for adjusting the phase-matching
condition. An example of the use of non-collinear beams for increasing the bandwidth of a
nonlinear interaction can be found in Chapter 7.

At the photon level, one can regard the SFG process as the annihilation of photons Aw;
and hw,, and the creation of a photon hws, so that

hw1 + hwy = hws (1.20)

which is a statement of conservation of energy. This equation has been written to suggest
that the process may go into reverse, which will happen for certain phase relationships
between the three fields.

Notice that multiplying all terms in Eq. (1.18) by & yields

hky + hky = fiks. (1.21)

Since momentum is p = Fik, this equation demonstrates that the phase-matching condi-
tion for the interacting waves is equivalent to the momentum-matching condition for the
interacting photons.

12 Normal dispersion means that the refractive index rises with frequency (or falls with wavelength).
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1.9 Difference frequency generation and optical parametric

amplification
|

We now consider a further possibility. Suppose that the relationship w; + wr = w; still
applies, but that the two waves entering the nonlinear medium are w, and w3 (> w;y) rather
than w; and w,. In this case, the relevant term in the polarisation is

P=cgy(- 4+ xPA34; cos{wit — (k3 — ka).r} +---). (1.22)

This represents the process known as difference frequency generation (DFG) in which w is
generated through the interaction of w3 and w,.'® Equations (1.18)—(1.21) are all unchanged
in the DFG case, although it perhaps makes more sense to write Eq. (1.20) the other way
round, namely

hws = how + hw;. (1.23)

This equation highlights an important feature of DFG. Since the difference frequency
component grows as photons at w3 divide into photons at w; and w;, it follows that the
other input beam at wp grows at the same time, indeed it gains a photon for every photon
created at w.

A further scenario now presents itself. What would happen if the sole input wave were
the one at w3? Since there is always some background noise covering the optical spectrum,
might this be able to provide seed signals at w; and w, to get the DFG process off the
ground? If so, how would an w3 photon know how to divide its energy between the two
smaller photons? After all, there is an infinite number of ways to break a pencil into two
parts, so which of the infinite set of possibilities would the photon choose?

The quick answer to these questions is that the process does indeed work as suggested,
and that the split that most closely satisfies the phase-matching condition is the one that
prevails. If you like, you can think of the photons trying out all options at once, with
the most efficient being the one that wins. The process under discussion is called optical
parametric amplification (OPA), and it can be performed in an optical cavity to create an
optical parametric oscillator (OPO) [8]. OPOs offer a route to generating tunable coherent
radiation because the output frequency can be varied by controlling the phase matching. As
an alternative source of coherent radiation, the OPO should be regarded as a close relative
of the laser in which the fundamental physical process is optical parametric amplification
rather than stimulated emission.

Frequency-mixing processes are conveniently represented diagrammatically as shown
in Fig. 1.8, where the first three frames depict SHG, SFG, and DFG/OPA, respectively.
Up-arrows indicate waves that are (ideally) being depleted, and down-arrows those that are
being enhanced. But unless the phase-matching conditions are satisfied, these directions
apply only to the first (and subsequent odd-numbered) coherence lengths, and are reversed

13 Of course, the difference frequency (wp — 1) would also have appeared in Eq. (1.17) had that equation been
written out in full. The focus on (w3 — wy) is to emphasise the fact that difference frequency generation is sum
frequency generation in reverse.
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Diagrammatic representation of various nonlinear processes including second harmonic generation (SHG), sum
frequency generation (SFG), difference frequency generation (DFG), optical parametric amplification (OPA), and third
harmonic generation (THG).

in the others. More sophisticated versions of these diagrams featuring virtual energy levels
will be introduced in Chapter §.

1.10 Third-order processes
- |

A number of important third-order processes can be identified within the framework used
in this chapter if we include a cubic term in Eq. (1.7), in which case the equation becomes

P=coxVE+xPE>+ O +...). (1.24)

The kind of nonlinear response represented by the new term is typified by curve c in Fig.1.2.
Notice that, unlike the quadratic term, the way the response depends on the magnitude of
E is independent of the sign of E, so the behaviour is symmetrical between positive and
negative fields. The consequence is that x ) is non-zero in centrosymmetric materials in
which x® = 0 by symmetry, so an ordinary block of glass (and liquids and gases too)
exhibit processes arising from the third-order nonlinearity.

What new processes does the cubic term give rise to? If one inserts Eq. (1.14) into
Eq. (1.24), one obtains a number of new polarisation components including

P =cgo(--- +3xP(Af + FAD A cos{or — kiz}
(1.25)
+ 3 x P AgAT cos(2wt — 2k1z} + §x P AT cos{3wt — 3k} + ).

As we discovered in Section 1.6, terms in cos wt represent refractive index changes, and
indeed the DC Kerr effect is represented by the term in A% in Eq. (1.25). However, there
is clearly now a further index change based on the following term, which involves A% =
21 /ceon where [ is the intensity (i.e. the power per unit area) of the field at w. This term
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arises from the optical-frequency Kerr effect (sometimes called the AC Kerr effect), and it
is the origin of the intensity-dependent refractive index, a process in which a beam of light
changes its own refractive index. It is quite easy to show from Eq. (1.25) that the index

change is'*
3,0
An ~ ( ) (1.26)

This effect underlies the potentially damaging effect of self-focusing, as well as the temporal
effects of self-phase modulation (SPM) and self-steepening. Self-phase modulation plays
a crucial role in a variety of pulse compression processes, as well as in optical soliton
formation.

A generalised version of the intensity-dependent refractive index can be discovered if one
inserts the two-frequency field of Eq. (1.16) into Eq. (1.24). In this case, the polarisation
includes the terms

P=co-- + (gX“)A%) Ay cos{wnt — ko.r} + (%X@)A%) Aj cos{wit — kp.r})). (1.27)

The first term represents a change in the refractive index at w; associated with the intensity
of the wave at w1, while in the second term the roles are reversed. This process in which one
beam modifies the refractive index of another is known as cross-phase modulation (XPM).
The case of the intensity-dependent refractive index mentioned earlier is the special case
where a single beam modifies its own propagation environment.

The two final terms in Eq. (1.25) represent DC-induced second harmonic generation
and third harmonic generation, respectively. SHG is of course normally forbidden in cen-
trosymmetric materials, but an applied DC field lifts the symmetry and enables the process
to occur. Third harmonic generation (THG; see the right-hand frame of Fig. 1.8) is the
third-order analogue of second harmonic generation. Unlike SHG, it can occur in a cen-
trosymmetric medium, although the larger frequency difference between the fundamental
and the harmonic means that birefringent phase matching is harder to achieve.

1.11 Theoretical foundations
1

We now consider the strengths and weaknesses of the simplified treatment given in this
introductory chapter. By expanding the polarisation in powers of the electric field (see
Eq. 1.24), we have certainly succeeded in discovering quite a number of nonlinear opti-
cal phenomena, all of which exist, and most of which are in the mainstream of current
technology. The vital importance of achieving phase matching (in processes where it is
not automatic) has also emerged, and the entire treatment has been simple and straightfor-
ward. It is in fact remarkable how much activity in nonlinear optics today has its roots in
phenomena that have featured in this chapter.

14 1t is common to write An = npI where ny is known as the nonlinear refractive index; see Section 5.2.6. We
have not done that here to avoid notational confusion with the refractive index at frequency w,.
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The approach we have adopted is, however, deficient in a number of respects, and one or
two false impressions have been given. Firstly, the fundamental origin of optical nonlinearity
has never even been mentioned nor, in consequence, has any proper justification been given
for writing the polarisation as a power series in the electric field to begin with. Indeed,
plugging different electric field combinations into the expansion, and finding the resulting
contributions to the polarisation feels more like a mathematical exercise than a serious
exercise in nonlinear physics.

The key point is that, so far, all the physics at the atomic and molecular level has been
hidden inside the nonlinear coefficients x ™. To do things properly, one needs to study the
origin of optical nonlinearities quantum mechanically. Perturbation theory can normally be
used for this purpose provided the applied electric fields are weak compared to those within
the nonlinear material. The expansion of the polarisation in powers of the electric field then
arises naturally as the theory is taken to successive orders. Elaborate quantum mechanical
expressions for the nonlinear coefficients emerge from the analysis (take a quick glance at
Chapter 8!), and numerical values can be calculated, at least in principle. One discovers that
the coefficient for a given process depends on the frequencies of all the participating fields,'>
so the implication in this chapter that all nonlinear processes of a given order share a single
nonlinear coefficient (i.e. that all second-order interactions depend on the samey ?)), turns
out to be incorrect. For example, the nonlinear coefficient governing optical rectification is
not the same as the one controlling second harmonic generation, nor (at third order) is the
coefficient of the DC Kerr effect the same as that for the optical Kerr effect.

Things become more complicated under resonant conditions, in other words when one
or more of the field frequencies approaches transition frequencies in the nonlinear medium.
Resonance does not of itself necessarily invalidate the perturbation theory approach. In
some circumstances, the nonlinear coefficients simply become complex, and a range of
resonant nonlinear interactions (such as two-photon absorption and stimulated scattering)
then appear. However, perturbation theory certainly fails in the case of coherent interactions
(such as self-induced transparency) where relatively strong fields act on time-scales that are
shorter than the damping times. These issues are discussed in Chapters 5 and 9. Resonance
or no resonance, perturbation theory invariably fails if the field strength is sufficiently
high, an obvious example being high harmonic generation, which is based on the brute
force ionisation of an atom and the subsequent recollision of the extracted electron with the
parent ion. The topic is treated in Chapter 10.

Other important issues that have so far been ignored include the vector nature of the
field and polarisation, along with all structural aspects of the nonlinear media, many of
which are crystalline and probably birefringent too. The parameters in Eq. (1.24) were all
written as scalars, whereas the polarisation and the field are in fact vectors, and the nonlinear
coefficients are actually tensors. So the equation should really be written

P=co(xVE+ x?EE + x“EEE + - - .) (1.28)

15 Some deeper questions about the nature of optical susceptibilities, and whether the equations for P as a function
of E should be interpreted in the time domain or the frequency domain, are considered in Appendix B.
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where x (U, x® and x® are second-, third-, and fourth-rank tensors, respectively. Readers
who are daunted by tensors will be reassured to know that, just as a simple vector (a first-
rank tensor) can be written as a column matrix containing its Cartesian components, so a
second-rank tensor can be written as a two-dimensional matrix and, in general, an nth-rank
tensor written as an n-dimensional matrix. In matrix form, Eq. (1.28) duly becomes

1 2 3 ..
P =¢gg ZX[(j)Ej"_ZXi(j]zEjEk + ZXi(jk)lEjEkEl @, J, k1 =x,y,2).
j jk jkl

(1.29)

Notice that Eq. (1.29) appears to suggest that the linear susceptibility X,-(jl) has 32 = 9
components, the second-order nonlinear coefficient Xl.(fk) has 3% = 27 components, and the
third-order coefficient Xi(j3,3[ has 3* = 81. Fortunately, the situation is not as bad as it seems.

At worst, it turns out that there are three independent components of Xi(jl), while in many

. 2 . .
common nonlinear crystals, most elements of Xi(j ,3 are zero. Again, third-order processes

are most often studied in isotropic media,'® where most of the 81 potential coefficients are
zero by symmetry. These issues are treated in more detail in Chapters 3, 4 and 5.

1.12 The growth of nonlinear optics
- |

It was suggested in the Preface that most of the foundations of nonlinear optics were
laid in the 1960s. It is certainly a salutary experience to re-read the seminal 1962 paper
of Armstrong, Bloembergen, Ducuing and Pershan (ABDP) [9] and see the depth and
breadth of its coverage of the subject at such an early date. By the end of that decade,
most of the basic principles of the field as we know it today were established. However,
knowing the principles is one thing; exploiting them is quite another. Lasers them-
selves were still in their infancy in the 1960s, and the story of the last half-century
has been of laser physics and nonlinear optics growing in parallel, each fertilising the
other, and with technological advances always making yesterday’s dreams today’s real-
ity. The basic themes have constantly been re-orchestrated using superior materials, in
new combinations and environments, and especially on increasingly challenging time and
distance scales.

Nowhere has progress been more crucial than in materials technology where develop-
ments in ultrahigh purity crystal growth and the fabrication of complex semiconductor
heterostructures, ‘designer’ nonlinear media, photonic crystals, and quantum-confined
materials have been astonishing. Consider, for example, the early history of the optical
parametric oscillator (or OPO). The possibility of generating tunable coherent light using
OPOs was understood as early as 1962, and the first OPO was demonstrated in 1965 [10].

16 The distinction between structural and optical isotropy is addressed in Chapter 5.
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But for the next 20 years, OPO research proceeded only slowly, primarily because the non-
linear materials required to create viable devices were not available. But by the 1980s, the
necessary fabrication techniques had been developed, and sophisticated OPO sources based
on high-grade crystals are now in widespread use.

A similar story can be told about quasi-phase matching (QPM). Suggested as a phase-
matching technique in ABDP (see Fig. 10 in [9]), QPM could not be implemented reliably
for many years, because it was not possible at that time to grow thin-layered stacks of
nonlinear crystals with alternating orientation. But once periodic poling techniques were
perfected [11], QPM quickly became standard, to the point where, today, some researchers
regard birefringent phase matching (BPM) as outdated.

Of the nonlinear optical phenomena discovered in this chapter, almost all the frequency-
mixing processes are now commonplace. It turns out that a remarkably large number of
nonlinear optical techniques are based in one way or another on the optical Kerr effect, which
appeared in Eq. (1.25). As mentioned in Section 1.10, this leads to self-phase modulation
in which a beam or pulse of light changes its own local refractive index. This effect is
the physical basis of self-focusing, spatial and temporal soliton formation, optical bistable
devices, as well as standard techniques for optical pulse compression and laser mode-
locking.

As noted already, cross-fertilisation between nonlinear optics and laser physics has been
an important feature of developments in both areas; indeed the two fields are so closely
related, that it is sometimes hard to draw a clear line between them. The technique known
as Kerr-lens mode-locking (KLM) is an example of this synergy [12]. The spatial prop-
erties of a laser beam are altered by the optical Kerr effect because the refractive index
near the beam centre, where the intensity is greatest, is increased relative to that at the
periphery. If the effect becomes strong enough to overcome diffractive beam spreading,
catastrophic self-focusing can occur. But at a weaker level, the effect on an optical pulse
can be exploited to remarkable effect. If it can be arranged that, at an aperture placed some-
where in the beam path, the beam size decreases as the intensity increases, the transmission
through the aperture will be greatest at the peak of the pulse. But this is precisely the
recipe for a passive mode-locking device, and this is basically how KLM mode-locking
works. The technique is widely used today and, in Ti:sapphire lasers (among others), it
enables pulses shorter than 10 fs to be generated. Of course, a modest amount of energy
compressed into 10 fs corresponds to high peak power, and this is just what is needed to
excite optical nonlinearities. In one scenario, after further compression into the sub-10 fs
regime (using other nonlinear optical techniques), the conditions are met for high harmonic
generation (HHG) in which a wide range of harmonics is generated in a gas jet serving
as the nonlinear medium. Detailed analysis (see Chapter 10) indicates that a train of ultra-
broadband pulses is generated with a periodicity that is twice the optical carrier period.
Under optimum conditions, the signal emerges as a train of attosecond pulses,!” or pos-
sibly as a single pulse. At the time of writing, this particular problem lies at the research
frontier.

17 1 attosecond (1 as) = 10~ 18,
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The principle behind high harmonic generation is radically different from anything envis-
aged in the 1960s, and this process certainly involves new principles. They may have been
called ‘the swinging sixties’, but it is very doubtful if anyone in that decade had the idea of
tearing an electron out of an atom in an intense optical field, and then using the field to drive
the electron back to collide with the parent ion [13]. Of course, Eq. (1.24) is a series expan-
sion, and series expansions always break down when signal strengths are high. It would
therefore not be surprising to find that other strong-field effects involve new principles too.
The foundations for many strong-field coherent effects in optics were in fact laid in the
classic papers of McCall and Hahn on self-induced transparency (SIT) [14], and the effects
studied there can certainly not be accommodated within Eq. (1.24). However, some of the
principles and much of the terminology and mathematical notation in McCall and Hahn’s
work were inherited from nuclear magnetic resonance, which was discovered by Isidor
Rabi in 1938.'® The terms ‘Rabi frequency’ and ‘Rabi flopping’ are now commonplace in
optics (see Chapter 9). Coherent nonlinear optical processes studied more recently include
electromagnetically-induced transparency (EIT) [15,16], lasing without inversion (LWI)
[17] and slow light [18,19]. Both EIT and LWI arise when there are three atomic levels
coupled by two EM fields, one strong and the other weak, and the strong field transition
modifies the properties of the weak field transition. Rabi flopping on the strong transition
is crucial in both cases, as it is in SIT, but the way in which the process is exploited is novel.

Most of the topics mentioned in the foregoing discussion will be treated in more detail
later: OPOs in Chapter 2, self-focusing in Chapter 5, pulse compression and solitons in
Chapter 7, SIT and EIT in Chapter 9, and high harmonic generation and attosecond pulses
in Chapter 10. But nonlinear optics is a huge subject, and no book, let alone an introductory
text like this one, can include everything of importance in the field.

Problems

1.1 Consider second harmonic generation in lithium niobate for a fundamental field whose
(vacuum) wavelength is 1.064 wm. If the effective refractive indices are 2.2339 and
2.2294 for the fundamental and second harmonic fields, respectively, find the coherence
length.

1.2 Assuming that the DC polarisation in Fig. 1.5 is uniform throughout the crystal, and
that edge effects are neglected, show that the open circuit voltage between the plates is
Vopen = Pacd/e&0, where d is the plate separation and ¢ is the DC dielectric constant
of the crystal. What is the polarity of the induced voltage? Determine the magnitudes
and directions of the vectors P, E and D in the crystal.

1.3 Prove Eq. (1.17).

1.4 Show that Eq. (1.19) can never be satisfied in a normally dispersive medium (one where
the refractive index rises monotonically with frequency).

1.5 A phase-matching configuration is possible in beta-barium borate (BBO) in which
two separate non-collinear beams at 1.064 pm generate a second harmonic beam at

18 Rabi received a Nobel Prize for this achievement in 1944.
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0.532 pm. If the effective refractive indices at the two wavelengths are 1.65500 and
1.55490, respectively, find the angle between the two fundamental beams.
1.6 What are the dimensions of the three coefficients in Eq. (1.25)?
1.7 (a) Show that the refractive index change implied at the end of Section 1.7 is An =
x@Ao/n.
(b) Prove Eq. (1.26).



Frequency mixing

2.1 Introduction and preview
L

In this chapter, we will consider several of the basic frequency-mixing processes of nonlinear
optics. The simplest is second harmonic generation (SHG), and we will take this as our basic
example. In SHG, a second harmonic wave at 2w grows at the expense of the fundamental
wave at w. As we will discover, whether energy flows from w to 2w or vice versa depends on
the phase relationship between the second harmonic field and the nonlinear polarisation at
2w. Maintaining the optimal phase relationship is therefore of crucial importance if efficient
frequency conversion is to be achieved.

The SHG process is governed by a pair of coupled differential equations, and their
derivation will be our first goal. The analysis in Section 2.2 is somewhat laborious, although
the material is standard, and can be found in many other books, as well as in innumerable
PhD theses. The field definitions of Eqs (2.4)—(2.5) are used repeatedly throughout the
book, and are worth studying carefully.

In Section 2.3, the coupled-wave equations are solved for SHG in the simplest approxi-
mation. The results are readily extended to the slightly more complicated cases of sum and
difference frequency generation, and optical parametric amplification, which we move on
to in Section 2.4. The important case of Gaussian beams is treated in Section 2.5, where the
effect of the Gouy phase shift in the waist region of a focused beam is highlighted.

2.2 Electromagnetic theory
. . ______________________________________________________________________________________|

We start from Maxwell’s equations for a non-magnetic medium with no free charges namely
divD=0; divB=0; curlE=—-0B/dt; curl B= updD/oz. (2.1a—d)

By taking the curl of Eq. (2.1c) and the time derivative of Eq. (2.1d), the B vector can be
eliminated. This leads to'

1 3°E 9%P

“VE+ —— = —po—s
+ c? 912 Hoge

2.2)

' In writing this equation, a term —&y 1 grad div P has been dropped from the right-hand side. While div D is
always zero in a charge-free medium, it cannot necessarily be assumed that div E and div P are zero for waves
propagating in a medium that is not optically isotropic. However, in practice one is usually justified in assuming
that div E and div P are small.
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where ¢ = (u0g0)~!/? is the velocity of light in vacuum. Ignoring the vectorial nature of
the fields for the moment, and specialising Eq. (2.2) to the case of plane waves travelling
in the +z-direction, the equation reduces to

92E 1 0°E a2(PL + pNL)

S T 2.3
972 + 2 912 Ho 312 (2.3)

where PL and PN are the respective linear and nonlinear contributions to the polarisation,
and the electric field and the polarisation are so far both real quantities.

We now express the field and polarisation waves in complex form, writing them (as is
conventional in nonlinear optics) as sums of discrete frequency components with angular
frequencies w, namely?

E(z,t) = % Z E, exp{iwyt} +c.c. = % Z E, exp{i(wpt — k,2)} + c.c. (2.4)
n n

P(z,t) = % Z P, exp{iwpt} +c.c. = % Z P, exp{i(wpt — kn2)} + c.c. 2.5)
n n

where c.c. is short for ‘complex conjugate’. As we will discover shortly, the natural choice
of angular wave number? is k,, = n,wy /¢, where n,, is the refractive index at w,.

Although the time dependence of the optical carrier waves has been separated out, the
complex amplitudes E,, P, E, and P, in Egs (2.4) and (2.5) may themselves vary in
time in the case of pulsed excitation. However, we will assume for the moment that the
waves are strictly monochromatic, so the complex amplitudes are time independent. The
two parameters carrying tildes are distinguished from those carrying carets by the fact that
the rapidly varying spatial factors exp{—ik,z} have been removed.*

In terms of E,, and P,, the linear polarisation is ISnL = gox VY E, where x (1) is the linear
susceptibility. Substituting Eqs (2.4)—(2.5) into Eq. (2.3), and taking the linear part of the
polarisation over to the left-hand side, we obtain

8E 21 (1) B 215NL
zn"'(k'z’_—wn( ) Enzwn -

2.6)

n
c2 cZeg

where the second z-derivative of E, has been neglected. The natural choice of angular
wave number is clearly the one that makes d £, /dz = 0 in the linear approximation (where
PNL = 0), and we duly set®

L)

ky = ‘% 14 xM = 2.7)

2 Some authors omit the factors of% in Eqs (2.4) and (2.5), and some use exp{i (k,z—wpt)} instead of exp{i (w, t —
knz)}. These choices affect many subsequent equations, so you should always check what conventions are being
used when looking for definitive results in books or journal articles. See Appendix A for a review of different
conventions.

3 The term angular wave number is used throughout this book for k = 27/A.

4 Note that the complex amplitudes are not uniquely defined in terms of the real field and polarisation. See
Appendix E for further discussion of this issue.

5 Of course, we could have made a different choice for k;, at the price of making E,, a function of z.
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where n, = /1 + x (D is the refractive index at frequency w,. The susceptibility x " will
turn out to be frequency dependent, which is a manifestation of dispersion.
Equation (2.6) reduces, with the help of Eq. (2.7), to

JdE, . wy pNL

2.8
9z 2cnugg " 28)

This simple differential equation is the basis for all the coupled-wave equations of nonlin-
ear optics. It contains critical information about the effect of different phase relationships
between the nonlinear polarisation and the field. If the polarisation wave has a phase
lead of /2 with respect to the field (i.e. the arguments of f’,{‘m and i E, are the same),
Eq. (2.8) indicates that £, will grow, whereas, if the sign of the phase difference is reversed
(a phase lag of 7 /2), the field will decay. If, on the other hand, the polarisation and field
are in phase, the amplitude of the field will be unchanged, but the phase rather than the
amplitude of the field will change under propagation. In this case, it is the angular wave
number and hence the refractive index that are modified.

It must be stressed that any time dependence of the complex amplitudes has been ignored
in the derivation of Eq. (2.8), so a more sophisticated equation will have to be developed
before we can study the nonlinear optics of short pulses. This is done in Section 7.2.

2.3 Second harmonic generation
- |

2.3.1 Coupled-wave equations

While discussing second harmonic generation, we will use the labels n =1, 2 for the fun-
damental and harmonic waves, so w; = w and wy = 2w. The first task is to find PlNL and
P2NL for use in Eq. (2.8), which can be done by evaluating g9 x ? E? for a field of the form

E(z,t) = %[El exp{iwit} + E, exp{iwat}] + c.c. (2.9)

The relevant contributions to the second harmonic polarisation (see Eq. 2.5) are
Y = Legx @ E? and PN- = g0 x @ E> E7 or, equivalently PN" = Legx P E? expl{i Akz)
and f’lNL = gox P ELE 1 exp{—iAkz} in terms of parameters that are slowly varying in
space. Notice in the second two equations the appearance of the phase-mismatch parameter
Ak defined by

Ak = ky — 2ki = 2w(ny — ny)/c. (2.10)

This originates from the slightly different spatial dependencies of the nonlinear polarisations
and the fields they are driving.

Substituting the expressions for the nonlinear polarisation into Eq. (2.8), and relabelling
x @ as xSHG yields
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IE .

72 ;D2 SHG 2 inks @.11)
0z 4cny

dE N

o1 O SHG ) frremitke, 2.12)
0z 2cny

These are the coupled-wave equations governing second harmonic generation. Notice the
slight asymmetry in the factors on the right-hand side.® This can be traced back to the factor
of 2 in the cross-term of (a + b)? = a® 4 2ab + b*; Eq. (2.12) contains a cross-term in the
electric fields on its right-hand side, whereas Eq. (2.11) does not.

2.3.2 The low-depletion approximation

The simplest solution to the coupled-wave equations is obtained when the energy
conversion to the second harmonic is so small that the fundamental field remains essentially
undepleted. In this ‘low-depletion’ approximation, Eq. (2.12) can be ignored, and E| treated
as a constant in Eq. (2.11), which is now readily integrated. Setting E; = 0 at z = 0, one
obtains’

XSHGE% eiAkz -1

SHG g2
= W2 . iNkz/2 @2X IS Akz
E =— = —je! = — 2.13

2(2) ' 4cny iAk e 4cny &sine 2 2.13)

where sinc x = (sin x) /x. Equation (2.13) s easily written in terms of intensities (in W m~2)
rather than fields (in Vm™") with the help of the formula

~ 2
I,(z) = Legon, En(z)‘ (n=1,2). (2.14)

The second harmonic intensity is readily shown to be

(w2 xSHO1)? 2{Akz}
= — X SInC —_— .

I(z) (2.15)

8eoc3nan?
This is a crucial result. Notice that I, varies as the square of both the nonlinear coefficient,
and the fundamental intensity /1. Moreover, if Ak = 0, the sinc function goes to unity, and
I, grows as the square of the distance too. On the other hand, when Ak # 0, Eq. (2.15)

becomes

 (w2xSH61)? sin? {Akz/2})

L(z) = 2.16
2(2) 28oc3n2n% AK? (2.16)
In this case, the intensity oscillates between zero and a maximum of
1 wr X SHG 1, 2
L = 5 ( > . (2.17)
2e0c3nany Ak

6 Had we written 2w instead of @ in Eq. (2.11), it would have been even easier to overlook the asymmetry.
7 Tt is a common notational convention to replace x SHG with 2d,fr; see Chapter 4.
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Second harmonic intensity as a function of propagation distance under phase-matched (PM) and two non-PM
conditions. The distance scale applies to the non-PM solid line. The dotted line is for a coherence length that is 1.5
times greater.

The intensity reaches this value for the first time at z = Lo, where

T

Lcoh

which is known as the coherence length.®

Within the present plane-wave analysis, the conversion efficiency is given by 1>(z) /11 (0).
However, in the more realistic case where the fundamental and harmonic are in the form of
beams (see Section 2.5), a more sophisticated definition that takes the beam profiles into
account is needed.

Figure 2.1 shows the behaviour of I5(z) under phase-matched (PM), and two non-phase-
matched (non-PM) conditions. The distance axis is in units of coherence length for the
non-phase-matched case plotted as a solid line; the dotted line is for a coherence length 1.5
times larger. Notice that /" increases as Ak gets smaller, in line with Eq. (2.17).

2.3.3 Manley—Rowe relations for second harmonic generation

Naturally, when significant energy is transferred to the second harmonic, the fundamental
field will be depleted, and the approximation on which Eqs (2.15)—(2.17) are based will break
down. It is then necessary to solve Eqs (2.11) and (2.12) as a coupled pair. In the present
context, we simply note that these equations ensure that the total energy (and therefore
the intensity) of the field is conserved in the energy exchange between fundamental and

8 Sadly, there is no generally agreed definition of ‘coherence length’ in nonlinear optics. Definitions with 1,2, 7,
and 27 in the numerator of Eq (2.18) can be found in different textbooks. The definition in Eq (2.18) is the one
that was used almost universally in the 1960s, and I see no reason to change it.
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harmonic. For it is easy to show (see Problem 2.1) that Eqs (2.11) and (2.12) ensure that

dl dl
S (2.19)
dz dz
In terms of the number of photons ®,, in each beam, it is also easy to show that
dod dod
a7 i (2.20)
dz dz

which is a statement that for every photon gained (or lost) at 2w, two photons are lost (or
gained) at w. Equation (2.20), and its counterpart in more general situations (see Section
2.4.1), are known as Manley—Rowe relations.

2.3.4 Interlude: third harmonic generation

We interrupt the discussion of second harmonic generation in order to highlight the
close analogy with third harmonic generation (THG), which is its third-order counter-
part. The equations governing the two processes are in fact so similar that one can almost
write them down by guesswork. The key difference is of course that SHG requires a
non-centrosymmetric medium, whereas THG can be observed in centrosymmetric media

including amorphous solids, liquids and gases.
Third harmonic generation arises from the frequency combination w + w 4+ w = 3w and,
for the purposes of this section, we write w; = w and w3 = 3w. The analogue of Eq. (2.13) is
Fy(o) = ek 202X O

Ak
< } 2.21)
2cns3

Z SInc {T

where the mismatch parameter is now defined as Ak = k3 — 3k;. The corresponding
expression for the third harmonic intensity is

Ii(z) = (2.22)

Gw XTHG)213 sin {Akz/2}\?
(%)

2 .4 3
degcnsng

which is analogous to Eq. (2.16) for SHG. Notice the cubic relationship between the funda-
mental and the third harmonic intensities, a feature that is clearly evident in the experimental
results of Fig. 2.2.

When Ak = 0, Eq. (2.22) indicates that I3(z) (like I>(z)) increases as the square of the
distance of propagation. However, it is much more difficult to achieve phase matching for
THG than for SHG. Under non-phase-matched conditions, it is clear from Eq. (2.22) that
I3(z) varies as (x TH9 /Ak)?. Since the nonlinear coefficient and the mismatch parameter
are both proportional to the number density of the nonlinear medium, this implies that the
harmonic intensity is independent of the number density. It follows that the harmonic signals
generated by gases and solids may be of comparable magnitude.
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m Third harmonic intensity as a function of fundamental intensity plotted on a log-log scale and showing wide
experimental scatter.

2.3.5 The antenna picture

After this brief excursion into the third harmonic case, we return to second harmonic gener-
ation. A useful way of understanding the SHG process is to write the second harmonic field
at the exit surface of the nonlinear medium as the sum of contributions from all upstream
points in the nonlinear medium, shown as slices of width dz’ in Fig. 2.3. Each slice acts
as an optical frequency antenna, radiating its contribution to the total harmonic field in the
forward direction.” In this spirit, we write

Z
~ ~ iw A
£20) = Ea@ explikaz) =~ [ @ o) exploibac =) (223)
0 harmonic propagation

where ﬁz (z')dz’ represents the strength of the antenna, and the final term is the phase
change of the harmonic field generated at 7' in propagating from z’ to z. Substituting

9 The antennae actually radiate in all directions, but the phasing is correct for constructive interference only in
the forward direction.
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dz'
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\ 4
e
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0 z' z

The antenna model. The harmonic signal at the exit of the crystal is viewed as the sum of contributions from upstream
sources.

Pr(Z) = %8() XSHGE% exp{—i2k1z'} into the equation yields
~ Z
5 la)X SHGE% , ' ,
Ex(z) = ———— | dZ' expl{iAkzZ'} (2.24)
2cna
0

which leads immediately to Eq. (2.13).

Within the present plane-wave approach, the antenna picture of Eq. (2.23) merely offers
an alternative interpretation of Eq. (2.13). It will, however, be used in the next section to
provide important insight into the SHG process, and will prove to be an indispensable tool
for the treatment of focused beams in Section 2.5.

2.3.6 Phase relationships and quasi-phase matching

We will now focus our attention on the way in which the phase of the harmonic field develops
in second harmonic generation, particularly when the process is not phase matched. To
display the results, we will use a graphical representation of the complex line integral of
Eq. (2.24), known as a phasor diagram. This is constructed by treating the integral as a sum
of infinitesimal vectors in the complex plane, as shown in Fig. 2.4.

If the fundamental field E| is real and positive, Eq. (2.24) indicates that E is negative
imaginary under perfect phase-matching conditions (Ak = 0). In this case, the phasor dia-
gram consists of a straight line running in the negative imaginary direction from O towards
A in Fig. 2.4. The length of the line (representing the second harmonic field amplitude)
increases linearly with propagation distance, so the intensity goes as the square of the
distance, as in Fig. 2.1.

In the presence of dispersion, the phasor plot becomes a curve. For normal dispersion
(n2 > ny), Eq. (2.10) indicates that Ak > 0, and the effect (through Eq. 2.24) is to cause
the phasor line to veer away from OA, and to trace out the circular arc OB.!? The change
in the phase-matching conditions does not affect the length of the phasor path, only its
shape. At point B in the figure, the net field E»(zp) is given by the straight line OB. It
is easy to see from Eq. (2.24) that the (obtuse) angle between OA and the tangent to the

10 The distinction between normal dispersion (np > n1) and anomalous dispersion (ny < n1) is discussed in
Section 6.2 of Chapter 6.
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imag D

A
o
Phasor representation of second harmonic generation in the complex plane. OA represents the phase-matched
harmonic field, 0BC the phasor path for the first coherence length under non-phase-matched conditions, and D part
of the second coherence length. For quasi-phase-matching, the path is OBCEF.

circle at B (dotted in Fig. 2.4) is Akz, and it can also be shown (see Problem 2.3) that
OB = OCsin{Akz/2}.

After one coherence length, the phasor plot reaches C, where z = Leon, = 7/ |Ak].
The net harmonic field is real at this point, so it is tempting to conclude that the funda-
mental and harmonic fields are in some sense ‘in phase’. However, the slowly varying
envelopes only provide phase information in combination with the appropriate exponen-
tial factors from Eq. (2.4) and, in any case, one should always treat statements like ‘in
phase’ or ‘in quadrature’ with caution for two waves of different frequency. (After all,
if the fundamental and second harmonic fields interfere constructively at one point, they
will interfere destructively half a cycle later.) What counts in SHG is the relative phases
of the harmonic field and the associated nonlinear polarisation, which is basically the 2w
component of the fundamental field squared. After one coherence length, this has changed
by m, which is why the phasor path at C in Fig. 2.4 is running in the positive imaginary
direction, in exact opposition to its initial direction at O. The amplitude of the second
harmonic field Ez(z = L¢on) has clearly reached a maximum at C and, thereafter, the
phasor path will continue via D, returning to O (zero harmonic field) after two coherence
lengths.

But Fig. 2.4 invites us to consider another possibility. Suppose that at C, the sign of
the nonlinear coefficient could be changed. The phasor path would then reverse direction,
proceeding via E to F, where the amplitude of the harmonic field would be double what it
was at C. And if, at F, the sign could be changed again, and the reversal repeated after every
coherence length, the harmonic field could be increased without limit.

Fortunately, changing the sign of the nonlinear coefficient at regular intervals can be
realised experimentally by growing a non-centrosymmetric crystal as a series of slabs,
each slab one coherence length thick, and with the orientation of alternate slabs reversed.
Imagine a loaf of sliced bread with every other slice turned upside down. This method of
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overcoming refractive index mismatch was in fact proposed by Armstrong, Bloembergen,
Ducuing and Pershan (see Fig. 10 of [9]). However, it was many years before it was
reliably achieved in the laboratory by using a process known as periodic poling [11].
This approach to overcoming the phase-mismatch problem is called quasi-phase matching
(QPM) to distinguish it from birefringent phase matching (BPM) [5]. Notice from Fig.
2.4 that the second harmonic field generated in QPM is phased in a direction close to
the real axis, roughly in quadrature to the harmonic field in BPM under phase-matched
conditions.

The poling period of a periodically poled material is defined as the thickness of one pair
of inverted slabs or, in other words, two coherence lengths. Hence

2

AR (2.25)

Lpole = 2Lcoh =

In practice, this is typically a few tens of microns, so the slices of bread are very thin!
The intensity growth of a second harmonic under QPM conditions is shown in Fig. 2.5;
notice that the curve follows the non-phase-matched curve for the first coherence length,
but the paths separate as soon as the polarity is reversed. The step-like nature of the QPM
line follows directly from the geometry of Fig. 2.4, although that figure represented the field
whereas Fig. 2.5 shows the intensity. Had the field rather than the intensity been plotted,
the steps would have been of equal height.

It is clear from Figs 2.4 and 2.5 that the second harmonic field under QPM is smaller
than for perfect phase matching. After integral numbers of coherence lengths, the relevant
factoris 2/m = 0.637, which is the ratio of the diameter of a circle to half its circumference
and a result that follows immediately from Fig. 2.4. Since intensity goes as the square of
the field, the QPM intensity after two coherence lengths (at F in Fig. 2.4) is four times that
at C, and the intensity ratio is (2/ )% = 0.405.
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Second harmonic intensity as a function of propagation distance for quasi-phase-matching (QPM). The dotted lines
are reproduced from Fig. 2.1 for comparison.
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2.3.7 Additional features

A number of important features have been left out of the simple treatment given in this
section. In particular:

(A) The plane wave is an idealisation that is never realised in practice. SHG experiments
are normally conducted using beams of finite lateral extent that may pass through a
focus in or near the nonlinear medium.

(B) Most nonlinear materials used for SHG are birefringent, and at least one of the coupled
fields is usually an extraordinary wave. As we shall see in the next chapter, this means
that the energy will angle off to the side, reducing the efficiency of the nonlinear
interaction.

(C) The nonlinear coefficient that couples the fields is a tensor, and the fundamental and
harmonic fields are often orthogonally polarised.

Item (A) is discussed in Section 2.5 below, and items (B) and (C) in Chapters 3 and 4.
Notwithstanding its limitations, the simplified treatment we have presented has revealed
the crucial importance of phase matching for SHG, and indeed for many other second-order
frequency-mixing processes, some of which we consider next.

2.4 General three-wave processes
|

2.4.1 Coupled-wave equations and the Manley—Rowe relations

We now move on to the general case where three waves with frequencies linked by the
equation w| + wy = ws interact through the second-order nonlinearity.!! As for SHG, we
need to find a set of coupled-wave equations based on Eq. (2.8), but this time we must use
a field of the form

E(z,t) = %[El exp{ioit} + E, expliwat} + E; exp{iwst}] + c.c. (2.26)

We work out gox® E? as before and, of the terms that then appear, those of spe-
cial interest are P3NL =eoxPEEs expf{i Akz}, P2NL =eox P Es E} exp{—iAkz} and
PlNL =gox P E; E3 exp{—i Akz}. Substitution of these expressions into Eq. (2.8) yields
the three coupled differential equations.

3E3 w

- 3 XTWMEIEZeiAkz (2.27)
0z 2cns3

11 In this section, the only numerical significance of the subscripts is that w3 is the highest frequency of the three.
Frequencies wy and w3 are no longer the second and third harmonics as in earlier sections.
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OF L

022 P2 TWM ik (2.28)
0z 2cny

OF o

Sl O TWM o fxpmidks (2.29)
0z 2cny

where the label TWM stands for three-wave mixing, and Ak = k3 — k» — k1.'2 These
equations are evidently close relatives of Eqs (2.11)—(2.12). The equation paralleling
Eq. (2.19) is

dl +d12 _d13

—_—t — = —— 2.30
dz dz dz ( )

which is a statement of conservation of energy among the three interacting fields. For the
photon numbers, Eq. (2.20) generalises to

dd; dd, dds

= = — 2.31
dz dz dz ( )

where the set of identities within Eq. (2.31) are the Manley—Rowe relations for the general
three-wave mixing process. In physical terms, they state that, for every photon gained (or
lost) at w3, one is lost (or gained) at both w; and w;.

Notice that the derivation of Eqs (2.27)—(2.29) was based on selecting ‘terms of special
interest’, and discarding all the others. But what allowed us to throw other terms away?
What about terms at 2w; for example? Or at w; + w3? The answer is that we are assum-
ing that the w; + wy = w3 process is the only one close to phase matching, while other
frequency combinations are not phase matched and can therefore be ignored. The assump-
tion is normally justified in practice, which highlights the importance of phase matching in
nonlinear frequency mixing.

While Eqgs (2.27)—(2.29) govern all nonlinear processes of this type, there are a number
of different cases depending on which waves are present initially and their relative strengths
and phases. In brief these are:

e Sum frequency generation (SFG), where two waves at w; and w; add to give w3 =
w1 + wy. As the wave at w3 is enhanced, the waves at w| and w, are depleted (or vice
versa if and when the process goes into reverse). When one of the incident frequencies
is much stronger than the other, SFG may be termed ‘parametric up-conversion’, the
thought being that the strong wave converts the weak wave to the sum frequency.

o Second harmonic generation is a special case of SFG. In quantitative work, it makes a
difference whether there is a single fundamental beam, or two distinct beams at the same
frequency that might for instance be non-collinear. The analysis of Section 2.3 applies to
the former case. In the latter case, the formulae for SFG should be used with w; = w;;
see Section C2.3 of Appendix C for further discussion.

12 This is our standard definition of the mismatch parameter in which the high-frequency value comes first; see
Appendix A.
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¢ Difference frequency generation (DFG), where w3 and one of the two lower frequencies
(say wy) subtract to give w3 — wy = w. Once w; is present, it also subtracts from ws3
to interact with wy. DFG is just SFG in reverse, so w3 is depleted, and both w; and w;
grow. It may perhaps come as a surprise that the wave at w, increases in strength, but
this becomes obvious as soon as one writes the DFG process in terms of photons, i.e.
hws — hw) + hwo; see also Eq. (1.23). Every time a photon at w; is created, so is a
photon at w;. Again, when one of the incident frequencies is much stronger than the
other, DFG may be termed ‘parametric down-conversion’.

o Optical parametric amplification, which is based on exactly the same equations as DFG.
The only difference is that the two lower frequencies w; and w; are normally very weak
initially, and one or both may even be generated from noise. As shown below, this affects
the nature of the solution to Eqs (2.27)—(2.29).

Although general analytical solutions to Eqs (2.27)—(2.29) can be obtained, approximate
solutions are usually more than adequate, and more manageable too. As for SHG, approxi-
mations are possible if at least one of the incident fields is sufficiently strong that the change
in its magnitude resulting from the nonlinear interaction can be neglected. However, the
results exhibit some quite subtle features, and care is necessary.

2.4.2 Modified field variables

For the discussion of specific three-wave processes such as sum and difference frequency
generation, we will write the coupled-wave equations in terms of the modified field
variables [20]

A= |ME, (2.32)
wj
Equations (2.27)—(2.29) then simplify to
dA — dA R dA -
T0 o inAAgetthe T2 o ipAgAteitke, Z0L o iy A A%emiNke (233)
9z a9z a9z

where the coupling coefficient common to all three equations is
TWM
w3Wrw
p= [BRX (2.34)
ninan;  2c¢

The simplification occurs because ‘Ai‘z is directly proportional to the photon flux F;
(photons per area per time) through the relation

. -2

L 2ceon Ei) ceo

hﬂ)i ha)i - E

~,-)2

(2.35)

Since the coupled-wave equations govern processes where gain (or loss) of a photon at w3
is accompanied by the corresponding loss (or gain) of photons at w| and w,, the nearer one
can get to photon language, the simpler the equations are bound to become.
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2.4.3 Sum and difference frequency generation

In the case of SFG, if ] and w; are roughly equal in strength and the energy conversion to
w3 1s small, depletion of both incident waves can be ignored, which leads to

Akz } . (2.36)

A3(Z) = —ieiAkZ/znAIAQ zsinc {T

This equation is clearly a close analogue of Eq. (2.13), and it is worth comparing the
formulae carefully to appreciate the close relationships between then.

A parallel result can be obtained for DFG (w3 — wy = wy) if the energy conversion to
w1 is sufficiently small that both Az and Aj can be treated as constants. In this case, one
obtains

- , S Ak
A1(z) = —ie 2% /2) A3 A% 7 sinc {TZ} . (2.37)

However, care must be exercised with this equation, as it is only valid under these very
restricted conditions. The more general case where A» is allowed to vary is treated in the
following section.

2.4.4 Optical parametric amplification

In an optical parametric amplifier (OPA), the high frequency w3 is called the pump, the
lower frequency of primary interest is called the signal, and the remaining frequency is
called the idler. In practice, the signal usually has a higher frequency than the idler, and we
will identify the signal with the wave at w; for the purpose of the present discussion.

We now examine the behaviour of Eqs (2.33) in the case where depletion of the pump
beam at w3 can be neglected, so that As is a constant, and the first of the three coupled
equations can be ignored. Both A and A are allowed to vary, and combining the remaining
two differential equations yields

92A . .

8z22 = g?Ay — gAk Ate Ak (2.38)
%A 27 ik —iAkz

722 =g A — gAk Ase (2.39)

where g is the parametric gain coefficient given by

TWM }
~ X Az o3
g=nAsz = / . (2.40)
2c ninjyni

TWM

For convenience, we will assume that x and A (and hence also g) are real quantities.'3

13 The nonlinear coefficient will be real provided the fields are well away from material resonances. The pump
field can be taken to be real without any loss of generality.
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Remarkably, Eqs (2.38)—~(2.39) possess the analytic solution'

- ) - - ~ sinh g’
Ar(2)e /2 — 35(0) cosh g'z + i (%AkAz(O) - gAT(O)) ( g,g Z) (2.41)
- ) - - ~ sinh g’
A1(2)e ™22 = §,(0) cosh gz + i (%AkAl(O) - gA§(0)) ( ng,g : ) (2.42)

where g’ = /g2 — (Ak/2)2. The important general conclusion to draw from Eqgs (2.41)—
(2.42) is that, provided g > Ak/2, the equations support the exponential growth of both
signal and idler with an effective gain coefficient of g’. On the other hand, when g < Ak/2,
g’ becomes imaginary, the hyperbolic functions become trigonometric functions, and the
solutions are oscillatory.

One can gain valuable insight (and have some fun too) by plotting graphs of Eqs (2.41)—
(2.42). A good starting point is the case where A1(0) = 0 (zero initial idler), for which the
signal and idler fields are

. ~ . Ak sinh g’

A () = Ay (0)e Ak <cosh g7+ z$> (2.43)
~ ~ . inh ¢’

A1(2) = A3(0)e~ k12 (—i%) . (2.44)

- 2 - 2 .
Figure 2.6 traces the growth of ‘Al (z)‘ and ‘Az(z)‘ in the case where A;(0) =1,g =3
and Ak = 4. The distance scale is in units of the nominal coherence length (= 7 /Ak),

15

10 —

AP

Solutions of Eqs (2.41)—(2.42) forg = 3, Ak = 4, and ﬁz(O) = 1. The distance scale is in units of the nominal
coherence length (= 7t/ Ak).

14 This result is quoted by Yariv in Chapter 17 of the 3rd edition of Quantum Electronics [20], albeit in a slightly
different notation, and with a different definition of Ak.
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Solutions of Eqs (2.41)—(2.42) forg = 1.5, and other parameters as Fig. 2.6.

although that is of little significance for these parameter values. The two curves are identical
in shape, and are separated by 1 unit in the vertical direction (see Problem 2.5). After
5 units of distance, they rise to roughly 2 x 10%, and are virtually indistinguishable. At
this huge gain factor, the assumption that the pump is undepleted will probably have been
infringed.

The dramatic effect of reducing g from 3 to 1.5 is shown in Fig. 2.7. Since g is now less
than Ak/2, g’ is imaginary, and it makes sense to define Ak’/2 = ig’ = /(Ak/2)? — g2
and to write Eqs (2.43) and (2.44) in terms of trigonometric functions (see Problem 2.6).

As in Fig. 2.6, the curve for ‘Al (2) ’2is identical to the one for )Az (2) ’2apart from a vertical
displacement of 1 unit, but this is the only significant feature the two figures have in
common. Both curves are evidently now oscillatory and restricted to low values. Notice the
increase in the coherence length by the factor of Ak/Ak’ = 4/+/7 ~ 1.5. The dotted line
traces the solution predicted by Eq. (2.37), which is based on conditions that are clearly not
fulfilled in this case (see Problem 2.7).

The case of perfect phase matching (Ak = 0) is also interesting. Equations (2.41)—(2.42)
then become

As(z) = A2(0) cosh gz — iAT(O) sinh gz (2.45)
A1(z) = A1(0) cosh gz — i A%(0) sinh gz (2.46)

which highlight the fact that, when A1(0) # 0, the initial phase relationship of the three
waves has a crucial effect on the evolution, particularly when A, and A, are of comparable
magnitude. This is a standard feature of multi-wave nonlinear interactions whenever all the
interacting fields are present at the outset.
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|A?

Solutions of Eqs (2.41)—(2.42) forg = 1, Ak = 0,A;(0) = 1and |/31 (0)| = 0.9.Itisleft to the reader to
discover the argument of A1(0); see Problem 2.8.

Anexample is shown in Fig. 2.8 inwhich g = 1, 45(0) = 1 (andreal),and |4 (0)| = 0.9.
It is left to the reader to deduce the phase of A1(0), and to work out what would happen if
|A1 (0)’ were increased to 1 (see Problem 2.8).

2.4.5 Tuning characteristics

In a typical practical application, the idler alone might be absent initially (as in Eqs (2.43)—
(2.44) above), or the signal and idler might both grow from noise. In the former case, the
idler phase adjusts automatically to optimise the interaction. In the latter case, the division
of the pump photon energy between signal and idler is determined by the phase-matching
conditions, as explained in Chapter 1. It follows that varying the phase-matching conditions
enables the optical parametric amplification process to be tuned.

A thorough discussion of angle tuning using birefringent phase matching (BPM) must
wait until we have studied the properties of birefringent media in Chapter 3, and the tensor
nature of the nonlinear coefficients in Chapter 4. However, the principle of tunability can
be illustrated in the case of quasi-phase matching (QPM), which was discussed in Section
2.3.6. As we saw there, if the mismatch parameter of a nonlinear interaction is Ak, effec-
tive phase matching can be achieved by using a periodically poled medium with a poling
period of Lpole =27/ |Ak|. Figure 2.9 illustrates how the signal and idler wavelengths
in an optical parametric amplifier depend on the poling period in lithium niobate. For a
given period (on the abscissa), the two wavelengths can be read off the ordinate. The upper
and lower branches of the curve meet at 1.568 pm, which is twice the pump wavelength
of 784 nm.
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Tuning curve for optical parametric amplification as a function of poling period. The lower and upper branches of the
curve trace the signal and idler wavelengths.

Unfortunately, once a poled sample has been fabricated, the period is fixed, so continuous
tuning is not possible using this technique. However, samples are frequently made with
several different periodicities on the same wafer, so a limited degree of tunability can be
achieved by switching from one to the next.

2.4.6 Optical parametric oscillators

Figure 2.6 showed that an optical parametric amplifier delivers gain at the signal and idler
frequencies in the presence of a suitably strong pump, while it was shown in the previous
section how the process can be tuned. Taken together, these ingredients provide a solution
to one of the key problems of the laser era: how to create tunable coherent radiation.
Of course, broadband lasers can sometimes be tuned to a limited degree, but the tuning
range is invariably restricted, and the freedom to generate any desired wavelength at will
is lacking. But now, all that is necessary to achieve this long-sought-after goal is to put an
optical parametric amplifier within an optical cavity, where the nonlinear crystal replaces
the amplifying medium of a traditional laser. Such a device is called an optical parametric
oscillator (or OPO).

As noted already, the first OPO was demonstrated in 1965 [10], although 20 years or so
were to elapse before efficient and reliable OPOs could be realised. In designing an OPO,
one has to decide which of the three participating frequencies (pump, signal and idler) the
cavity mirrors should be designed to reflect and which they should transmit. Obviously the
pump beam has to reach the nonlinear medium somehow or other. Various different OPO
configurations can be employed but, for longitudinal pumping, it is clearly necessary for
at least one of the mirrors to transmit the pump beam. As far as the signal and idler are
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Schematic diagram of an optical parametric oscillator.

concerned, there are two options: in a ‘singly-resonant” OPO, the mirrors reflect the signal
and transmit the idler, whereas in a ‘doubly-resonant’ device, both beams are strongly
reflected.

Broadly speaking, singly-resonant OPOs tend to be better behaved, because problems
with conflicting mode conditions that afflict doubly-resonant systems are avoided. The point
at issue here is that an optical cavity of length L exhibits Fabry—Perot resonances at angular
frequencies given by w, = gmc/L where q is a (normally very large) integer. Even if the
signal is the only frequency of the three constrained by this feature, the smooth tunability of
an OPO may be somewhat impaired. But if both the signal and idler must simultaneously
satisfy a mode condition of this kind, the problems become much more severe.

A schematic diagram of a longitudinally pumped singly-resonant OPO is shown in
Fig. 2.10. If birefringent phase matching is employed, tuning can be achieved by rotat-
ing the crystal in conjunction with other tuning elements. Short-pulse OPOs can be realised
by synchronous pumping with a mode-locked laser, which involves accurate matching of
the length of the OPO cavity to the periodicity of the mode-locked pulse train of the pump.
In this case, fine tuning can be achieved by harnessing group velocity dispersion (GVD).
Because of GVD (see Chapter 6), the cavity round-trip period of the signal pulse will be
wavelength dependent. But the period is tied to that of the pump so, if the physical length
of the cavity is changed, the signal wavelength changes too to maintain synchronism. In
other words, the signal shifts to a wavelength where the group time delay in the nonlinear
medium cancels the change in the mirror spacing.

Further material on OPOs can be found in [8] and [21].

2.5 Focused beams
1

2.5.1 Introduction

Everything said so far has been based on a plane-wave analysis in which the transverse
variation of the interacting fields has been ignored. But in the real world, one is invariably
working with beams, and this affects nonlinear interactions in several different ways.
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The most obvious property of a beam is that it is more intense in the centre line than on
the periphery. So, since the efficiency of nonlinear frequency mixing depends on intensity
(see, e.g. Eqs 2.16 and 2.22), the conversion efficiency will be higher in the centre than
at the edges, and we should expect output beams in nonlinear frequency conversion to
be narrower than input beams. In a rough-and-ready approach to SHG with finite beams,
one could simply apply the formulae of Sections 2.3 and 2.4 at arbitrary points across the
fundamental wavefront, and work out the associated profile of the harmonic. Beams expand
and contract as they propagate, of course, and that would need to be taken into account.
However, if a beam passes through a focus in the course of a nonlinear interaction, the
crucial phase relationships between the various frequency components will be upset by a
feature known as the Gouy phase shift, and a more sophisticated analysis is needed. The
origin and effects of the Gouy phase on nonlinear frequency mixing will be studied in the
following sections.

2.5.2 Gaussian beams and the Gouy phase

The simplest beam-like profile is the Gaussian beam. This is an exact solution of the paraxial
wave equation (PWE), which is derived in Appendix G, and reads

IE_ g (2.47)
0z 2k
where V% = 9%/0x% + 9%/0y? is the transverse Laplacian operator. In most practical
situations, the PWE is an excellent approximation to Maxwell’s equations, which means in
turn that a Gaussian beam is very close to an exact solution of Maxwell’s equations.

The spatial structure of a Gaussian beam is given by

E( )_<i> _—”2 (2.48)
PO=\—ic )P\ wa—in '

where r = \/x2 + y2 is the transverse displacement from the axis, wy is a measure of the
beam width in the focal plane (z = 0), and ¢ = z/zg is the axial distance!> normalised to
the Rayleigh length defined by'®

= T L, (2.49)

Note that A and k in this equation are the wavelength and angular wave number in the
medium of refractive index n.

The basic geometry of a Gaussian beam is shown in Fig. 2.11. The beam is symmetrical
about the origin (or focal point) at x = y = z = 0 where the transverse profile is narrowest.

15 The symbol ¢ is lower-case zeta, the sixth letter of the Greek alphabet.
16 The confocal parameter b = 2zR is sometimes defined instead of the Rayleigh length.
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Geometry of a Gaussian beam. The distance scale is in units of the Rayleigh length. The solid lines track the
half-maximum intensity contour.

The beam converges towards the focal point from the upstream side, and expands away
from it in an entirely symmetrical manner on the downstream side. In the vicinity of the
focus, the beam exhibits a waist-like structure that extends between roughly z = £zr (or
¢ = =%1). The field strength on-axis (r = 0) is given by the first term in Eq. (2.46), which
can be rewritten

- Ey .
E0,z) = (\/T—;z> exp{idGouy}- (2.50)

Squaring the modulus of E(0, z) yields the on-axis intensity, namely

2

~ 2 EO
’E(O,z)‘ = @2.51)

The phase term in Eq. (2.50) is the crucial Gouy phase mentioned at the start of this
section and given by

PGouy = tan"' ¢. (2.52)

As shown in Fig. 2.12, ¢Gouy rises from —7 at { = —oo to +7 at { = +o0. In combination
with the fast-varying spatial term exp{—ikz}, its effect is to reduce the effective value of k in
the waist region, and correspondingly to increase the local wavelength. As we will discover
shortly, the Gouy phase has a profound effect on nonlinear frequency-mixing processes in
focused beams.

The beam profile transverse to the axis is governed by the second term in Eq. (2.48)
which can be recast in the form

exp | zexp{_ﬁ_iﬁ}, 2.53)
wi(1—i¢) w? o w?
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The Gouy phase as a function of normalised distance.

The parameter w(¢), which governs the variation of the beam width along the axis, is
given by

w(t) = wov/ 1 + 2. (2.54)

It is easy to show that the beam diameter measured at half-maximum intensity is given by

d(¢) = w(¢)y/2log2 = 1.18wey/1 + ¢2. (2.55)

Clearly wy is the value of w at the focal point where the diameter is d(0) = 1.18wjq. The
solid lines in Fig. 2.11 trace the half-maximum intensity contours.

The complex term in Eq. (2.53) shows how the phase of the beam varies as one moves
away from the axis, and this enables the radius of curvature R of the beam wavefront to be
found. By using the well-known intersecting chords theorem, it can be shown (see Problem
2.9) that the link between the phase ¥ (r,¢) = —¢r?/w? and R is

(2.56)

r? = (2R) (M) .
2w

and it follows that
~ I 2R
R=1zr §+E =Z+7. (257)

This result indicates firstly that R — oo as z — 0 (the wavefront is plane at z = 0), and
secondly that R — z as z — 00, so when z > zgr the centre of curvature tends to the
focal point. The curved dotted lines in Fig. 2.11 indicate the curvature of the wavefront at
{==xland ¢ =4.
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2.5.3 Harmonic generation with Gaussian beams

The theory of harmonic generation with Gaussian beams is quite involved [22, 23], so we
will merely present the most important results for second and third harmonic generation
(SHG and THG), and argue that they are reasonable.

The first important result to emerge from a detailed study of the problem is that the
Rayleigh length of the harmonic beam (at gw) is the same as that of the fundamental beam
that created it. This means that the dimensionless distance measure { = z/zr is the same
for both beams. Furthermore, since zr = %kw(z) with k = n(qw)/c (see Eq. 2.49), it follows
that the harmonic beam is narrower than the fundamental. For SHG, the factor is roughly!’
V2, aresult that is entirely reasonable given that I ~ I 12 (see Eq. 2.15). In the general case
of gth harmonic generation, I, ~ I f and the narrowing factor is roughly ,/q.

The most insightful way of presenting the expression for the harmonic field is through the
antenna picture of Eq. (2.23). Assuming the conversion efficiency is small so that depletion
of the fundamental field can be ignored, the formulae for the harmonic field in the SHG
and THG cases are'®

By — i 2wy SHO E} B 2k r? fdg/exp{iAzg’}
O G N ™ Uma - )™ ) —a-w

(2.58)
By(e) = —i (3a)XTHG> E} {_ 3kir? } 7d§/exp{iA3§’}
T ey 0= TP ma =i ) Ta=ion
(2.59)

where A, = Akgzr = (kg — gk1)zr and ¢’ = 2’ /zR.

These equations contain critical information about the effect of the Gouy phase on optical
harmonic generation. An important point to appreciate is that, in each case, the overall
Gaussian beam structure of the harmonic beam resides in the central bracket, while the final
integral governs the phase-matching characteristics including the role played by the Gouy
phase. Think carefully about the (1 —i¢)?~! factor in the denominators of these integrals.
Why is this factor raised to the (g — 1)th power? The reason is that it represents the difference
between the strength and phase of the polarisation antenna driving the harmonic field, and
the harmonic field itself. Notice how this factor introduces a = phase difference between
the extremes of the integral for the SHG case, and a 27 phase difference for THG.

The key properties of the phase-matching integrals are summarised in Table 2.1, which
also includes the general case of gth harmonic generation.!” The most important feature to
emerge is that all the integrals are zero when Ak, > 0. This means that when a fundamental
beam is focused through a medium that exhibits normal dispersion and is of infinite extent,

17 The factor will only be exact under phase-matched conditions when the refractive indices at the fundamental
and harmonic frequencies are the same.

18 Throughout this section, the indices 2 and 3 refer once more to the second and third harmonic waves.

19 The leading factor of —i from Eqs (2.58)—(2.59) has been included with the integrals in Table 2.1.
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Table 2.1 Properties of the integral of Eqs (2.53)—(2.54).

Akg >0 Akg=0 Akg <0
. % di expliAkpZ') . .
SHG  —i [ (11’_—1,;/) 0 —in —2ni exp{Akazr)
—0oQ
. %9 dt! expli Aksz} .
THG —1 f W 0 0 —2mi |Ak3|ZR CXp{Ak3ZR}
—0oQ
00 dr’ expli Akyz _
gthHG —i [ de explidhg) 0 —2mi (|Akg| zr)? 2 expl{Akszr)

oo (1—ighal

no second or third harmonic will be generated, or in fact, any higher harmonic either. In
practice, ‘infinite’ means that the focus lies many Rayleigh lengths from either the front or
back surface.

Further insight into these properties can be gained by displaying the integrals as phasor
diagrams, as explained in Section 2.3.5 above. Some examples are shown in Fig. 2.13. Finite
limits were used to create some of the plots in this diagram to prevent them from running off

the page. For example, curve a shows the phasor plot of —i j{ de’'(1 — i;/)—l with ¢ =16,
which applies to SHG under perfect phase matching. For in%nite limits, the length of the
curve is itself infinite, so the two arms of the curve would disappear off the right-hand side
of the page. The grey arrow connecting the end points at {’ = £16 represents the value of
the integral. This is clearly negative imaginary, and inspection shows that its magnitude is
roughly 3, which is consistent with its value of —iz for infinite limits (see Table 2.1). The
locations of ¢ = =1 on the phasor plot are also indicated. The 7 phase difference between
the extremes of the integral (associated with the factor (1 —iz)™!) is clearly evident in the
180 degree swing in the direction of the curve in the figure.

Curve b in Fig. 2.13 represents SHG for Akyzr = +0.02 between integration limits of
¢’ = £1000. The two end-points converge to the same point on the real axis in this case, so
the value of the integral is tending to zero, as indeed it does for any positive value of Ak;.

Curves c and d are for THG with Ak3zr = 0 and —0.5, respectively, and corresponding
limits of ¢ = £10 and +1000. In the former case, the end-points converge towards +1 on
the real axis; the curve is in fact a perfect circle. Because the factor in the denominator of the
integral is (1—i¢) ™2, the phase difference between the ends of the curve is now 277 For curve
d, Table 2.1 gives the value of the integral for infinite limits as —27i |Ak3| zr exp{Ak3zr},
which is —1.905/1n this case.

Finally, it is reassuring to see that Eqs (2.58) and (2.59) are consistent with earlier results
in the plane-wave limit. For instance, if we consider Eq. (2.58) on-axis (r =0), close to
the beam waist (¢ =~ 0), and for a thin nonlinear medium extending from z/ = 0 to
7/ = z (K zR), the second harmonic field reduces to

Z

/dz/ exp{i Akyz'} (2.60)
0

i2w) xSHCES

Ez @ =~ 4cny
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(=-16

(=+16

Phasor diagrams for harmonic generation in a Gaussian beam: (a) SHG at Ak, = 0 for a symmetric focusin a
medium extending from ¢ = —16to +16, (b) Akyzzg = +0.02, (c) THG for Aks = Ointherange { = —16to
+16, (d) Akszg = —0.5. See text for details.

which is equivalent to Eq. (2.23). If Aky = 0, the field is clearly negative imaginary, just
as in the plane-wave case; see the line OA in Fig. 2.4.

2.5.4 Focused beams: summary

The key conclusion of Section 2.5 is that if a beam is focused into an infinite nonlin-
ear medium exhibiting normal dispersion (Ak > 0), no net harmonic radiation will be
generated. In practical terms, this mathematical statement means that negligible harmonic
generation will result if the focal point lies within the medium and many Rayleigh lengths

from either the front or back surface. The physical interpretation of this remarkable result

is that the Gouy phase conspires with normal dispersion to ensure that the net contri-
butions to the harmonic from sources upstream and downstream of the focus interfere
destructively.

If there is no way of making Ak negative (and there rarely is), the best strategy for
circumventing the problem is to restrict the extent of the nonlinear medium within the
focal region. This ensures that at least one of the integration limits in Table 2.1 is no
longer 0o, which means that the cancellation of the contributions to the harmonic sig-
nal from the two sides of the focus is no longer complete. For a relatively thick nonlinear
medium, the focus can be moved towards the front or the back surface, or even located
outside the medium altogether, which may be a sensible measure anyway if one wants
to avoid destroying expensive nonlinear crystals. The narrow gas jets used in exper-
iments on high harmonic generation are good examples of thin nonlinear media; see
Chapter 10.
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Problems

Use Eq. (2.14) to show that Egs (2.11) and (2.12) ensure that the total energy in the
two waves is conserved in the SHG interaction.

A square law relationship between the harmonic and fundamental intensities applies
for the second harmonic (Eq. 2.16), and a cubic law for the third harmonic (Eq. 2.22).
Convince yourself that, in the case of pulsed excitation, the same relationships apply
to the energy.

Assuming perfect phase matching in a second harmonic generation experiment, find
the second harmonic intensity when xSHO = 0.5pm V!, the sample thickness is
3 mm, the fundamental vacuum wavelength is 600 nm, and the fundamental intensity
is 1 GW cm~2. Assume that the fundamental and harmonic indices are 1.52. Assume
the fundamental beam is effectively undepleted, and comment on the validity of this
approximation under these circumstances. (Hint: Watch out for mixed units in this
question.)

Prove that the angle AOB in Fig. 2.4 is equal to Akz/2, and hence that
OB =0C sin{Akz/2}.

Show that, under quasi-phase-matched conditions, the field amplitude during the sec-
ond coherence length is E(z) = ECL\/%(S — 3 cos{Ak(z — L¢on)/2}) where Ecr is
the field after one coherence length.

Convince yourself that )Az(z) ‘2 — ‘Al (z))zin Egs (2.41)—(2.42) is a constant. What
fundamental physical principle does this fact reflect?

Rewrite Eqs (2.41)—(2.42) in terms of trigonometric functions in the case where
g < Ak/2.

Under what conditions is Eq. (2.37) a good approximation to Eq. (2.42)?

Deduce the modulus and argument of the initial idler field in Fig. 2.8, and discover
how the figure would change if the modulus were increased from 0.9 to 1. Could this
outcome be achieved experimentally?

Verify that the Gaussian beam solution of Eq. (2.48) is a solution of the paraxial wave
equation of Eq. (2.47).

Prove Eq. (2.56) and sketch a graph of R(¢) in Eq. (2.57).

Abeam at 1 wm and its second harmonic (at 500 nm) are phased in such a way that zeros
of the fundamental are aligned with positive peaks of the harmonic. After what distance
of propagation in air do zeros of the fundamental harmonic coincide with zeros of the
harmonic? (na;; — 1 = 2.7412 x 10~% at 1 pm; ngir — 1 = 2.7897 x 10~* at 500 nm.)
(As noted in Section 2.3.6, phase relationships in SHG are best handled by comparing
the harmonic field with the square of the fundamental field.)

Since the cosh and sinh terms in Eqs (2.41)—(2.42) separately satisfy the original differ-
ential equations, why are both necessary in the solution? Equally, why does the initial
idler field occur in the solution for the signal, and vice versa? After all, Eqs (2.38)—
(2.39) seems to suggest that signal and idler are completely decoupled when Ak = 0.
Show that curve c in Fig. 2.13 traces a perfect circle.
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3.1 Preview
. |

The central feature of this chapter is the phenomenon of birefringence, also known as double
refraction, which occurs in crystals that are optically anisotropic. Given that birefringence
is a linear optical effect, why is the whole of Chapter 3 being devoted to it? Firstly, most
nonlinear crystals are birefringent, and so one naturally needs to know how light propagates
in these media. Secondly, several important nonlinear optical techniques (the most obvious
being phase matching) exploit birefringence to achieve their goal. Lastly, the material in
this chapter provides essential background for the following chapter on the nonlinear optics
of crystals.

Section 3.2 is a brief tutorial on crystal symmetry. Crystallography is something of a
world on it own, and many people find it a complete mystery. Although the summary
offered here is very basic, it should provide everything needed for what comes later.

Section 3.3 discusses the propagation of EM waves in optically anisotropic media, and
contains a fairly detailed analysis of birefringence (double refraction), ordinary and extraor-
dinary waves, and associated topics. The treatment is mainly centred on uniaxial media
because of their relative simplicity and the fact that most nonlinear crystals are of this type.

Section 3.4 describes how birefringence can be exploited in the construction of wave
plates, while Section 3.5 is reserved for a brief mention of biaxial media in which the
propagation characteristics are considerably more complicated.

3.2 Crystal symmetry
O N —

Two questions about a crystalline medium are of critical importance in nonlinear optics:

(1) Isthe crystal centrosymmetric or non-centrosymmetric? In other words, does it or does
it not possess inversion symmetry?

(2) Is the crystal optically isotropic or anisotropic? Does it, in other words, exhibit
birefringence (double refraction)?

Ifthe crystal is non-centrosymmetric, second-order nonlinear optical effects can of course
be observed. Because the second-order tensor governing the nonlinear electromechanical
phenomenon of piezoelectricity has identical symmetry properties to Xi(jzlg in Eq. (3.1), all

45



46

Crystal optics

second-order nonlinear crystals are also piezoelectric.! If, on the other hand, the medium is
centrosymmetric (i.e. it possesses inversion symmetry), all even-order nonlinear processes
are forbidden, and so one is restricted to observing odd-order effects. A simple explanation
of this principle was given in Chapter 1. A slightly more general version is based on the
tensor/matrix form of Eq. (1.29), in which the second-order polarisation reads

2 .o
P; =8OZX,'(/~/3EjEk (i, j,k=x,y,2). (3.1
jk

If the medium possesses inversion symmetry, the polarisation must change sign if all com-
ponents of the field change sign. But if both fields change sign in Eq. (3.1), the right-hand
side is unchanged. So the polarisation must be zero, which can only be true if all 27 elements
of Xi(jzlg are zero. The way this conclusion arises in a quantum mechanical calculation of
the coefficients is discussed in Chapter 8. The argument obviously applies equally to any
even-order term in the polarisation of order higher than 2.

We turn now to the second question at the start of this section. As we shall discover
shortly, most common nonlinear optical crystals are both non-centrosymmetric and optically
anisotropic, but it is important to understand that there is no fundamental connection between
the two properties. Some crystals have one property without the other, some have both, and
some neither. An optically isotropic crystal will not of course exhibit birefringence and so,
even if it is non-centrosymmetric and second-order nonlinear processes are allowed, it will
not be possible to employ birefringent phase matching (BPM). But there are of course other
methods of phase matching (e.g. quasi-phase matching).

Every crystalline medium belongs to one of 32 point symmetry classes, which are grouped
into seven symmetry systems as shown in Table 3.1 [24,25]. Materials in six of the seven
systems (containing 27 of the 32 classes) are optically anisotropic, while those in the seventh
(the cubic system, containing five classes) are optically isotropic.” The seven crystal systems
are referred to by name, and the 32 classes by point group.’ The classes are sometimes
referred to by class number, but there is more than one numbering scheme, so caution is
necessary. The numbers in Table 3.1 are those used by Cady [25].

The data in column 3 of the table indicate whether or not a crystal possesses inversion
symmetry. It can be seen immediately that the presence of birefringence says nothing about
whether or not a crystal is non-centrosymmetric. For example, copper sulphate (class 2) is
biaxial (the more complicated kind of anisotropy), yet it possesses a centre of symmetry.
On the other hand, gallium arsenide (class 31) is optically isotropic, but lacks inversion
symmetry.

Indeed, the word ‘piezoelectric’ is sometimes used as a synonym for ‘non-centrosymmetric’.

The word ‘isotropic’ meaning ‘the same in all directions’, carries two distinct meanings in optics and crystal-
lography depending on whether the reference is to optical isotropy or to structural isotropy. Gases, liquids and
amorphous solids are structurally isotropic, but crystals are by definition structurally anisotropic. On the other
hand, media that do not exhibit birefringence are said to be optically isotropic, and these include all crystals in
classes 28-32 in Table 3.1. But since they are crystals, none is structurally isotropic. In the absence of external
perturbations, all structurally isotropic media are optically isotropic too.

Each point group possesses particular symmetry properties with respect to a point. Fortunately, it is not necessary
to have a detailed understanding of the point group codes listed in Hermann—Mauguin (international) notation in
the second column of Table 3.1. Readers are referred to [6] or [7], or to other specialist texts on crystallography.

()
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Table 3.1 The 32 crystal classes.

System/Class No. Symmetry code Inversion sym. Examples
Biaxial crystals

Triclinic system

1 no

2 1 yes Copper sulphate
Monoclinic system

3 2 no

4 m no

5 2/m yes

Orthorhombic system

6 222 no

7 mm 2 no LBO, KTP, KTA
8 2/m 2/m 2/m yes

Uniaxial crystals

Tetragonal system

9 4 no

10 4 no

11 42 m no KDP, ADP, CDA
12 422 no Nickel sulphate
13 4/m yes

14 4mm no

15 4/m 2/m 2/m yes

Trigonal system

16 3 no Sodium periodate
17 3 yes

18 32 no o-quartz

19 3m no BBO, Lithium niobate
20 3 2/m yes Calcite
Hexagonal system

21 6 no

22 62m no Gallium selenide
23 6 no Lithium iodate
24 622 no B-quartz

25 6/m yes

26 6 mm no Cadmium selenide
27 6/m 2/m 2/m yes

Optically isotropic crystals

Cubic system

28 23 no Sodium chlorate
29 432 no

30 3m=2/m3 yes Pyrite

31 43m no Gallium arsenide, zinc blende
32 4/m 3 2/m = m3m yes Sodium chloride, diamond
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Table 3.2 (rystal classes with key properties summarised.

Anisotropic Isotropic4 All

Non-centrosymmetric 18 3 21
Centrosymmetric 9 2 11
All 27 5 32

The statistics summarised in Table 3.2 indicate that 18 of the 32 crystal classes are both
non-centrosymmetric and optically anisotropic. Second-order nonlinear processes (such as
second harmonic generation) are allowed, and birefringent phase matching can be used to
enhance them. As noted earlier, most common nonlinear materials fall into this category,
and a number of these are listed against their class in the right-hand column of Table 3.1.
Most common nonlinear crystals happen to belong to classes 7, 11 or 19.

The shape and size of a crystal’s unit cell is defined by three vectors a, b and ¢, and the
associated abc-axes are known as the crystallographic axes. The abc-axes are orthogonal
in the orthorhombic, tetragonal, and cubic systems, but are non-orthogonal in the others. A
right-handed set of orthogonal xyz-axes, known as the principal dielectric axes (or some-
times the physical axes), is invariably used in addition, but unfortunately the conventions
for relating these to the abc-axes are not as consistent as one might wish. Even when the
crystallographic axes are themselves orthogonal, it cannot necessarily be assumed that abc
maps to xyz. In the orthorhombic system, for instance, the translation might be bac — xyz.
Reference works such as Dmitriev et al. [26] should be consulted for detailed information
of this kind. We shall return to this confusing feature in Chapter 4.

Interestingly, the geometric structure of a crystal (i.e. the location of the atoms within
the lattice) does not in itself determine its symmetry properties. For example, the geometry
of gallium arsenide (class 31; see Fig. 3.1) is identical to that of diamond (class 32), but
diamond possesses inversion symmetry while gallium arsenide does not. The reason is that
the centre of symmetry in diamond lies mid-way between two nearest neighbours, both
of which are of course carbon atoms in that case. But nearest neighbours in GaAs are
always gallium and arsenic, and since these are different atoms, the inversion symmetry of
diamond is lost [27]. Conversely, crystals of the same point symmetry group may have a
wide variety of different internal geometries. For example, diamond and sodium chloride
are both members of class 32, but the arrangement of atoms in the unit cell is different.

3.3 Light propagation in anisotropic media
. ____________________________________________________________________________________________|

3.3.1 Maxwell’s equations

We now discuss how birefringence originates, and how light propagates in birefringent
media (see also [28,29]). As the first step, we undertake a simple exercise in electromagnetic

4 In this context ‘isotropic’ refers to optical isotropy. See footnote 2 on page 46.
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The face-centred cubic structure of GaAs. Ga and As have equivalent status in the lattice so, if each black dot
represents Ga, each grey dot represents As (or vice versa). Every atom lies at the centre of a tetrahedron with atoms of
the other species at the vertices. If the cube in the figure is divided into eight cubes of half the side length, then four of
the eight contain tetrahedra. The stubs indicate bonds to atoms in adjacent cubes. Diamond has the same geometrical
structure, but all atoms are carbon.

(EM) wave propagation to determine the constraints imposed by Maxwell’s equations on
the directions of the four vectors E, D, B and H. In most of what follows, we consider
plane EM waves of angular frequency w propagating in the direction of the unit vector §.
The space-time dependence is then of the form expi(wt — k.r) where the wave vector
kK (= k8) is perpendicular to the wavefront, which is the plane of constant phase. To make
the argument simpler (but with no loss of generality), we will temporarily assume that k
points in the +z-direction. In this case, the four vectors depend only on z through their
space-time dependence expi(wt — kz). In a non-magnetic medium (in which B = uoH),
containing no free charges, Maxwell’s equations read

divD=0; divB=0; curlE=—-0B/dt; curlB=—-0D/or. (3.2a-d)
Three simple deductions can now be made:

o Since B (like the other three field vectors) is independent of x and y, Eq. (3.2b) reduces
to dB;/dz = 0, which can only be true if B, = 0; hence B and H lie in the x-y plane,
which is the plane of the wavefront.

e Applying the same argument to Eq. (3.2a) leads to a similar conclusion for D, which
therefore lies in the plane of the wavefront too.

o If for convenience we choose the y-axis to lic along B and H, the only non-zero term on
the left-hand side of Eq. (3.2d) is —Xd B, /dz, and it follows that D lies along the x-axis;
hence B, H and D all lie in the plane of the wavefront, with D perpendicular to B and H.
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Field vector directions in a non-magnetic medium as prescribed by Maxwell’s equations. D, B and H lie in the plane of
the wavefront, while s and k are normal to the wavefront. E is perpendicular to B and H, and so is coplanar with D, s
and k. But E is not normally parallel to D in an anisotropic medium, so the Poynting vector N = E x H s not usually
perpendicular to the wavefront. The angle between N and k is the walk-off angle.

o It remains to consider the direction of E, which is restricted by Eq. (3.2¢c). Since the only
non-zero terms in curl E are —X0E, /0z+y9d E, /dz, and since B only has a y-component,
it follows that £y = 0. Hence E is perpendicular to B, but Maxwell’s equations impose
no other constraint.

The directions of the four field vectors are therefore as shown in Fig. 3.2. The vectors
D, B (and H), and k are mutually perpendicular, while E is coplanar with D and k, but
its direction is otherwise not determined. These conclusions are in no way affected by
the assumption that k points along the z-axis, which was merely a convenient choice that
led quickly to the general conclusion. From here on, the assumption is withdrawn and, in
subsequent figures, the direction of k is arbitrary once again.

The direction in which light is polarised is related to the directions of the vectors in
Fig. 3.2. As mentioned in Chapter 1, the word polarisation is used in optics in two senses:
in relation to the polarisation of light, on the one hand, and to the polarisation of matter,
on the other. The vector P representing the macroscopic electric dipole moment per unit
volume of a medium is of course the polarisation in its second sense. Since D = ¢oE + P,
the three vectors are coplanar.

Most modern authors associate the polarisation of light (i.e. the direction in which it is
polarised) with the direction of the electric field vector E. However, Born and Wolf [29]
comment that it has been more common in the history of optics to associate the polarisation of
light with the direction of the magnetic field! To avoid ambiguity, they speak of the ‘direction
of vibration’ or the ‘plane of vibration’, taking care to specify the vector concerned in all
cases.

In this book, we define the plane of polarisation of light as the plane perpendicular to B
and H, and containing the four vectors D, E, P and k, which is drawn as a horizontal plane
in Fig. 3.2.
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3.3.2 The constitutive relation

If Maxwell’s equations do not define a unique direction for E, what does? The answer
is the so-called constitutive relation of the medium, which determines the magnitude and
direction of E for a given D, and vice versa. In its simplest form, this relation is simply

D = gycE (3.3)

where the scalar ¢ = 1 + x( is called the dielectric constant, and x(V is the linear
susceptibility. However, this only applies in an optically isotropic medium. In an anisotropic
(nonm-isotropic) material, the constitutive relation reads

D = geE (3.4)

where € is now the dielectric constant tensor. Written in matrix form, Eq. (3.4) reads

Dx EXX EXy €xz Ex
Dy | =e| evrx evy evz Ey (3.5)
Dz £zX E€zy €zz Ez

in which the vectors have become column matrices and the (second-rank) tensor has become
the square dielectric constant matrix. Capital letters have been used to define an arbitrary set
of orthogonal axes; lower case letters will be reserved for the principal axes to be introduced
shortly.

The key message of Egs. (3.4) and (3.5) is that D and E are not necessarily parallel in
an anisotropic material, and the tensor/matrix machinery is needed to specify the precise
relation between them. The matrix in Eq. (3.5) makes it look as if nine numbers are needed
for this purpose but, fortunately, only three are sufficient even for a medium of the most
general symmetry. For a start, it is easy to show that the dielectric constant matrix is
symmetric, and consequently that a special set of orthogonal axes known as the principal
dielectric axes always exists with respect to which the matrix is diagonal. We shall write
these axes xyz. A mathematician would say that ‘the dielectric constant matrix can be
diagonalised in a similarity transformation’. With respect to the principal axes, Eq. (3.5)
becomes

Dy gy O 0 E,
D, | =& 0 &, 0 E, (3.6)
D, 0 0 & E,

where the three diagonal elements are the three principal dielectric constants of the medium.
Note that the principal axes are not the same as the crystallographic axes (abc) which, as
noted earlier, are not necessarily even orthogonal. More information about the relationship
between the two sets of axes in a given crystal can be found in the next chapter.

From Eq. (3.6), there are clearly three different types of material. Media in which all
three dielectric constants are different are called biaxial, those in which two of the three
are the same (by convention &,y = &y,) are called uniaxial, and when all three are the
same, Eq. (3.6) reverts to Eq. (3.3), which is the isotropic case. Optically anisotropic media
therefore divide into biaxial and uniaxial materials, represented respectively, by classes 1-8
and 9-27 in Table 3.1 Members of classes 28—32 are optically isotropic.
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We can now begin to understand some of the characteristic features of EM wave prop-
agation in anisotropic media. The conditions imposed by Maxwell’s equations are shown
in Fig. 3.2, while the missing condition determining the direction of E for a given D is
provided by Eq. (3.6). A little thought suggests however that these conditions will normally
conflict. What happens, for example, if the constitutive relation specifies a direction of E
that is not perpendicular to B and H, as it almost invariably does? The answer is that such a
wave will not propagate. Indeed, it turns out that, for an arbitrary direction of k, Maxwell’s
equations and the constitutive relation are simultaneously satisfied for only two directions
of D. These directions are mutually orthogonal, and define the planes of polarisation of
the two allowed EM wave solutions. A wave entering the medium polarised in any other
direction will divide into two orthogonally polarised components, which will propagate
according to different rules.

3.3.3 Theindex ellipsoid: ordinary and extraordinary waves

The characteristics of anisotropic media can be displayed pictorially in several different
ways. The first of the two representations used in this chapter is called the index ellipsoid
(or the wave normal ellipsoid), and is defined by the formula

RS — 3.7)
or equivalently
—+5+—=1L (3.8)

In Eq. (3.8), the three principal dielectric constants have been replaced by the three
associated refractive indices, the significance of which will emerge shortly.

In the general (biaxial) case, the three semi-axes of the ellipsoid ny, n, and n, are all
different. However, to keep things simple, we will confine ourselves mostly to uniaxial
media in which n, = n, = n, (the ordinary refractive index) and n, = n. # n, (the
extraordinary refractive index). In this case, Eq. (3.8) reduces to

)C2 4 2 Z2
A o=t (3.9)

(V]

n

The x and y semi-axes are now of equal length, the x-y section is circular (so the ellipsoid
technically becomes a spheroid), and the z-axis is known as the optic axis. There are now
two distinct cases depending on which index is the larger. If ne > n,, the spheroid is
‘prolate’ (like a rugby ball) and the medium is termed ‘positive uniaxial’; on the other hand,
if ne < n,, the spheroid is ‘oblate’ (more like a pumpkin) and the medium is ‘negative
uniaxial’. Most crystals used in nonlinear optics happen to be negative uniaxial, and the
form of the spheroid in this case is shown in Fig. 3.3.

Detailed analysis [28, 29] reveals that sections of the spheroid through the origin O have
a particular significance in determining the properties of EM wave propagation. Consider
a wave for which the vector k is directed at an arbitrary angle 6 to the z- (or optic) axis.
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z (OPTIC AXIS)

The index ellipsoid for a negative uniaxial medium. The section in the x-y plane is a circle, so the object is technically a
spheroid. The shaded ellipse is perpendicular to k.

The plane perpendicular to k and parallel to the wavefront (shaded in the figure), generally
cuts the spheroid in an ellipse, except in the special case when § = 0 when the section is

circular. This ellipse has several important properties:

(a)

(b)

The axes of the ellipse define the two orthogonal directions of D that simultaneously
satisfy Maxwell’s equations and the constitutive relation. One of the two axes (the major
axis in the negative uniaxial case, shown dash-dotted in the figure) always lies in the
x-y plane. It corresponds to the direction of polarisation of the ordinary wave, and has
the same length irrespective of the direction of k. The other axis (shown dotted) relates
to the extraordinary wave, and its length depends on the angle 6 between k and the
Z-axis.

The lengths of the semi-axes of the ellipse are the refractive indices of the associated
waves, namely n, for the ordinary wave, and n.(0) for the extraordinary wave. The
value of 71¢(0) is easily deduced from Fig. 3.4. This shows the projection of the index
ellipsoid onto the k—Z plane or, equivalently, the view along the dash-dotted line in
Fig. 3.3. The length of the bold line perpendicular to k in Fig. 3.4 is the value of 71, (6)
and, since the section of a spheroid is necessarily an ellipse, it is easy to show that

—-1,2
cos? 6 sin29} /_ (3.10)

e = { R
€

o

Notice that 71.(90°) = n. and, for propagation along the optic axis, 71.(0°) = n,, in
which case the refractive index for all polarisations is the same.
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\\ E 7 (OPTIC AXIS)

Projection of the index ellipsoid onto the k-2 plane.

(c) Where the axes of the ellipse (representing the directions of D) intersect the spheroid,
the normals to the surface define the corresponding directions of E. For ordinary waves,
D and E are parallel and lie in the x-y plane, and this wave propagates in the usual way.
However, the two vectors are generally not parallel for the extraordinary wave (see Fig.
3.4), which leads to peculiar propagation properties discussed in Section 3.3.5 below.

The fact that the extraordinary refractive index n. is not the same as the refractive index
of the extraordinary wave given by 71.(6) in Eq. (3.10) is a perennial source of confusion. It
is vital to distinguish between the two. The parameter 7. (0) is angle-dependent and varies
between n, at & = 0° and n at 6 = 90°; on the other hand, n. is the maximum value of
ne(0) for positive uniaxial media (ne > n,), and the minimum value of 71¢(6) for negative
uniaxial media (n. < n,). Values of n, and n. as a function of wavelength are quoted for
different materials in the literature.

3.3.4 Index surfaces

An alternative method of displaying the properties of an anisotropic medium now presents
itself. For every direction of the propagation vector k, we measure out the values of n,
and n.(0), creating a double surface of rotation comprising a sphere of radius n, for the
ordinary wave, and a spheroid formed by rotating the ellipse of Eq. (3.10) about the optic
axis for the extraordinary wave.> For a positive uniaxial medium, the spheroid lies outside

5 Instead of creating the double surface from the two effective refractive indices for each direction of propagation,
Yariv and Yeh [28] plot the components of k; their diagram, which they call the normal surface, is therefore a
scaled version of ours. On the other hand, Born and Wolf [29] construct what they also call the normal surface
by plotting the two phase velocities in each direction. Their diagram is therefore based on the inverse refractive
indices.
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Index surfaces for a negative uniaxial medium.

the sphere; for a negative medium, it lies inside. The two surfaces touch along the optic axis.
A section through the index surfaces for a negative uniaxial medium is shown in Fig. 3.5.
Careful thought shows that the inner extraordinary surface is simply the ellipse of Fig. 3.4
rotated by 90°. Notice that the bold line representing n.(8), which was perpendicular to k
in Fig. 3.4, lies along k in Fig. 3.5. The radius of the circle outside the ellipse corresponds
to the ordinary refractive index n,.

The fact that Figs 3.3 and 3.5 both involve spheroids, circles and ellipses is another
potential source of confusion. It is worth repeating that the index ellipsoid of Fig. 3.3 is a
single surface object from which the refractive indices of the two orthogonally polarised
waves in a given direction of propagation can be obtained by a geometrical construction.
The double-layered surface of Fig. 3.5, on the other hand, traces those two refractive indices
for any given direction of propagation. The plane of polarisation of the waves can also be
deduced from the figures. You should convince yourself that the ordinary wave is polarised
perpendicular to the plane of the paper in Figs 3.4 and 3.5, while the extraordinary wave is
polarised in the plane of the paper.

3.3.5 Walk-off

The fact that E and D are generally not parallel for an extraordinary wave means that the
wave exhibits peculiar propagation properties. According to EM theory, the direction of
energy flow in an EM wave is given by the Poynting vector N = E x H. Hence, if E is not
parallel to D, the energy does not flow in the same direction as the normal to the wavefront
defined by k, but walks off to the side as indicated in both Figs 3.4 and 3.5.

As mentioned in Section 3.3.3, E lies along the normal to the ellipse of Fig. 3.4. The walk-
off angle, p (the angle between D and E and equivalently between N and k), is therefore
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Walk-off of an extraordinary wave, showing the walk-off angle p.

the angle between the radial line from the origin to the ellipse, and the normal to the ellipse
at that point. Some tricky trigonometry leads to the formula

0(0) = + [tan_]{(no/ne)z tan ) —9] 3.11)

where the upper and lower signs apply to negative and positive crystals, respectively. Pos-
itive p means that the Poynting vector points away from the optic axis (as in Fig. 3.5). The
walk-off angle is typically a few degrees; see Problem 3.5.

Figure 3.6 contrasts the propagation of an ordinary and an extraordinary wave with
parallel wavefronts. It highlights the way in which the energy in an extraordinary wave slips
sideways, so that the extraordinary beam ultimately separates completely from the ordinary
beam. The effect is similar to the behaviour of an aircraft attempting to fly (say) north in
a strong easterly cross-wind. Though the plane is flying on the correct northerly bearing,
the sideways air flow pushes it to the right of its intended flight path. Some supermarket
trolleys exhibit a similar property, although the problem there is wear and tear!

3.4 Wave plates

The principle behind quarter- and half-wave plates can now be understood. Consider the
propagation of ordinary and extraordinary waves in the plane normal to the optic (z-) axis,
where 0 = 90°. To simplify the discussion, we assume that the direction of propagation is
along the y-axis which points into the paper in Fig. 3.7. Suppose that a wave that is linearly
polarised at 45° to the x- and z-axes (along the line PP) is incident on the entry surface of the
sample at y = 0. The wave must be resolved into two equal components, an ordinary com-
ponent (refractive index n,) polarised in the x-direction, and an extraordinary component
(refractive index n.) polarised in the z-direction. The respective electric fields are
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Change in polarisation direction from PP to HH in a half-wave plate.

A
Ey = — cos{w(t —noy/c)}

V2

E, = % cos{w(t —ney/c)}
where A is the amplitude of the original field. Although the two components are in phase at
y =0, a phase difference develops during propagation given by ¢ (y) = 2w yAn/rg, where
Ao is the vacuum wavelength and An = n, —n.. After propagating a distance y = Ao /4|An|,
the components are 77 /2 out of phase (technically they are said to be ‘in quadrature’), and
careful inspection will convince you that the total field is now circularly polarised (see
Problem 3.3). An element that creates circularly polarised light in this way is called a
quarter-wave plate.

The phase difference continues to increase under further propagation, and reaches 7 at
y = Xo/2|An|. The components are now in anti-phase, so that £, = —E. This implies
that the total field is once again linearly polarised, but at 90° to the original orientation,
as indicated by the dotted line HH in Fig. 3.7. A device with these properties is called a
half-wave plate.

Quarter- and half-wave plates are used routinely for manipulating the polarisation of
optical beams. Bear in mind that, because the refractive indices are wavelength dependent,
wave plates have to be specified for a particular wavelength.

(3.12)

3.5 Biaxial media
1

3.5.1 General features

Professor Arthur Schawlow, one of the inventors of the laser and a great humourist too,
liked to define a diatomic molecule as a molecule with one atom too many. In the same
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spirit, one might define a biaxial crystal as a crystal with one axis too many, because the
optical properties of biaxial media are much more complicated than those of their uniaxial
counterparts. Happily, most common nonlinear materials are uniaxial, but several members
of biaxial class 7 (e.g. LBO and KTP) are in widespread use, so one cannot escape the topic
of biaxial media altogether.

In a biaxial medium, the semi-axes of the index ellipsoid, which represent the values of
ny,nyandn; inEq. (3.8), are all different, and the principal axes are always chosen so thatn,
is intermediate between n, and n,.> Most of the ideas set out in Section 3.3.3 for finding the
polarisation of waves propagating in a particular direction are unchanged in biaxial crystals,
but the details are more complicated than before. Two waves with orthogonal directions
of D still propagate for every value of k but, except in special cases, both solutions have
extraordinary wave characteristics, with the Poynting vector angled to k and associated
walk-off effects. Moreover, these media are called bi-axial rather than uni-axial because
they have two optic axes rather than one.

3.5.2 Propagation in the principal planes: the optic axes

Fortunately, biaxial crystals are almost invariably used in nonlinear optics with all the
interacting waves in one of the principal planes. The propagation characteristics are then
relatively straightforward, and similar to those in uniaxial media.

The index surfaces of a biaxial crystal with n, > n, > n, are represented in Fig. 3.8,
where sections of the double surface in the principal planes are shown. The three solid
lines are quadrants of circles; the three dotted lines are quadrants of ellipses. Diagrams of

Index surfaces for a biaxial medium showing sections in the principal planes. Solid lines indicate circular quadrants
and dotted lines elliptical quadrants.

6 Some highly respected sources (e.g. Born and Wolf [29] and Yariv and Yeh [28]) choose principal axes to ensure
that n; > ny > ny. While this is certainly a possible convention in principle, leading reference works such as
Dmitriev et al. [26] quote the indices of some biaxial crystals (e.g. KNbO3 and KBS) with ny > ny > n;.



59

3.5 Biaxial media

this kind can be quite confusing, so it is worth spending a little time understanding how
to interpret this one. Propagation along one of the principal axes is the simplest case. The
figure indicates that for propagation along (for example) the z-axis, the two indices are n,
andny (> ny); these are the radii of the two solid circles touching the z-axis. The waves are,
of course, polarised transversely to the z-direction, in the x and y directions respectively.
The D and E vectors are parallel in this special case, so walk-off effects do not occur, and
both solutions can be regarded as ‘quasi-ordinary’ waves.

When Kk is not aligned with one of the principal axes, but still lies in one of the three
principal planes, the situation is straightforward too, because there is a close analogy with
uniaxial media. Under these circumstances, one of the two solutions is always a quasi-
ordinary wave; for any direction in the x-z plane, for instance, one wave is always polarised
in the y-direction and has index n,. A similar situation applies in the x-y and y-z planes.
However, the choice of n, and n; (in either order) as the highest and lowest of the three
refractive indices means that the x-z plane is different from the other two. This is evident
from Fig 3.8, which shows that the two index surfaces intersect in the x-z plane. The line
through the intersection (drawn dashed in Fig. 3.8) defines one of the two optic axes of a
biaxial medium, and the other one lies symmetrically on the other side of the z-axis in the
x-z plane, as shown in Fig. 3.9.

The directions of the optic axes are easily found. Consider a wave propagating in the x-z
plane with wave vector k at an angle 6 to the z-axis. We already know that the y-polarised
wave has index ny for all 8, and it is easy to show that the index of the other wave rises
from n, at @ = 0° to n; at & = 90°, varying as it does so according to the formula

_ —12
20 20
7i(6) = {COS L7 (3.13)

2 2
ni ns

The x-z sections of the index surfaces of a biaxial medium, showing the two optic axes angled at €2 to the z-axis.
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which is analogous to Eq. (3.10). The directions of the optic axes can now be found from
Eq. (3.13) by setting 71(6) = ny. Both waves then have the same refractive index and the
same phase velocity, which is the defining characteristic of an optic axis. The angles of the
optic axes to the z-axis, conventionally written €2 (or V), are readily found from Eq. (3.13)
to be

Ny n% —n?

Q=dcos ' { = [ S—= 1. (3.14)
ny\ n; —ng

Notice from this equation that when n, = n, (the case of a uniaxial medium), the two axes
merge into the single axis of a uniaxial medium along the z-axis, i.e. 2 = 0.

It is a surprising fact that the two optic axes of a biaxial crystal are the only directions for
which the two effective refractive indices are the same [29]. This is strange because, given
that the optic axis in Fig. 3.8 lies at the intersection of the two index surfaces, one would
expect there to be other directions close to the optic axis (but out of the x-z plane, indicated
by the grey double arrow) where the surfaces would also intersect and the indices were also
identical. After all, two planes normally intersect in a line, not at a point. The answer to this
conundrum is that the index surfaces do not behave as simple surfaces, and it turns out that
the surface intersection is ‘avoided’ (in the mathematical sense of an avoided crossing) for
all directions other than the two optic axes.’

3.5.3 Positive and negative crystals

As in the uniaxial case, biaxial crystals are classified into positive and negative types,
although the criterion is unfortunately not immediately obvious. The rule is that, if 2<2 is
acute, a biaxial medium is positive if n, > n, and negative if n, > n,. The designations
are reversed if 2€2 is obtuse. There is a logic to this apparently arbitrary system insofar as
positive biaxial media are those in which the optic axes are closer (an acute angle between
them) to the axis of the index ellipsoid exhibiting the highest refractive index. This matches
the designation in uniaxial media (with a single optic axis along the z-axis), where the
crystal is positive uniaxial if n, = ne > no.

Problems

3.1 Express the elliptical x-z section of Eq. (3.9) in polar form. How does it differ from
Eq. (3.10)?

3.2 Consider a wave propagating along the x-axis of a uniaxial medium. In what direc-
tions are the two allowed wave solutions polarised? What are the respective refractive
indices? Do any walk-off effects occur in this case?

7 The fact that there really are just two directions for which the indices are the same follows also from a geo-
metrical property of an ellipsoid. It can be shown that an ellipsoid with unequal axes has only two circular
sections through its centre, which are perpendicular to the plane containing the largest and smallest semi-axes.
The two optic axes are normals to these circular sections.
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3.3 A wave propagates for a distance A/4 |An| in the +y-direction of a positive uniaxial
crystal (ne > ny); see Fig. 3.7. Is the resulting circularly polarised wave polarised in a
clockwise or an anticlockwise direction (looking in the direction of wave propagation)?

3.4 Prove Eq. (3.14).

3.5 Beta-barium borate (BBO) is used in a second harmonic generation experiment. The
fundamental wavelength is A = 1.064 uwm, and the angle between the direction of
propagation and the optic axis is 22.8°. Find the walk-off angle.

(BBO refractive indices at 0.532 wm: n, = 1.67421, n. = 1.55490.)
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4.1 Introduction and preview

As noted in Section 1.8, the treatment presented in Chapter 1 was greatly over-simplified.
The fact that the frequency dependence of the coefficients in the polarisation expansion
was neglected gave the false impression that the coefficients governing all processes of a
given order are the same, apart from simple factors. The tensor nature of the coefficients
was completely ignored too.

Unfortunately, if one wants to understand nonlinear optical interactions in crystalline
media, one cannot avoid getting to grips with the tensor nature of the nonlinear coefficients,
atopic that is intricate and hard to simplify. At the very least, one needs to be able to interpret
the numerical notation used to label the coefficients, and to know how to apply the data
supplied in standard reference works in a given crystal geometry.

There is no disguising the fact that Section 4.3 in the present chapter is rather complicated.
Readers who want to avoid the worst of the difficulties should skim it, always bearing in
mind that the situation turns out to be far less alarming at the end of the journey than it
seemed it might be at the beginning. Early on in that section, it looks as if there could
be literally hundreds of separate nonlinear coefficients to deal with. But it soon emerges
that the number is almost certainly no larger than 18, and perhaps only 10. And even this
worst-case scenario applies only in crystals of the triclinic class, of which there are no
members in regular use in nonlinear optics. Indeed, in most common crystals, the number
of independent coefficients is typically only two or three and, for a given geometry, there
may be only one.

4.2 The linear susceptibility
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We start by writing the relationship between the polarisation and the field in linear optics

in its general form. The defining equation is'

Pi@)=20Y %) @Ej@) (,j=1x,y2) 4.1)
J

' The summation sign may be omitted because, under the repeated suffix convention, summation is implied over
any repeated suffix on the right-hand side.
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where X,'(jl) (w) is the frequency-dependent matrix of the linear susceptibility (the component

form of the associated tensor), and ﬁi (w) and E i (w) are the (complex) amplitudes of quasi-
monochromatic terms in the summations of Eqs (2.4) and (2.5). Since the indices i and j
can each be x, y or z, Eq. (4.1) is shorthand for three equations.

When combined with D = goE + P, Eq. (4.1) becomes

Di(w) = e0Ei(@) + 80 Y 1) @Ej(@) =20 Y & (@) Ej(w) (4.2)
J J

where ¢;; () is the dielectric constant matrix from Section 3.3.2. From Eq. (3.6), we know
that, with respect to the principal dielectric axes, only the three diagonal elements of &;; (@)
are non-zero and, from the subsequent discussion, that these elements are the squares of the
associated refractive indices. The frequency dependence of Eq. (4.2) is therefore simply the
well-known phenomenon of dispersion.

A more detailed discussion of Eq. (4.1) can be found in Appendix B. The connection
between the frequency dependence of the susceptibility and the non-instantaneous response
of the polarisation to the field is established, and it is shown that the equation is in fact a
hybrid form, with some time-domain and some frequency-domain characteristics.

4.3 Structure of the nonlinear coefficients

4.3.1 Formal definition

‘We now turn our attention to the structure of the second-order nonlinear coefficients, which
is the central topic of this chapter. For the second-order nonlinear polarisation governing
the three-wave interaction w1 + w> = w3 of sum frequency generation (SFG), we write by
analogy with Eq. (4.1) the expression?

Pi(w3) =380 Yy Y xoh(ws; o1,00) Ej(@1) Ex(a2)
P jk

= %80 Z [X,%G (w3; w1, w2) Ej(wl)ﬁk(wz)
jk

X (w3; 03,01 E (wz)Ek(wl)] (4.3)
where w; # @, and the suffices i, j and k can each be x, y, or z. The symbol Y in the

first line of the equation implies that the terms with w; and w; permuted must be izcluded,
as shown explicitly in the second line. The pre-factor of % is a consequence of the field
definitions of Eqs (2.4) and (2.5).

Equation (4.3) merits detailed discussion. Notice first of all that the nonlinear coefficients
have three frequency arguments representing the frequency of the polarisation to the left of

2 A detailed discussion of Eq. (4.3) can be found in Appendix C.
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the semicolon, and those of the two fields in the order that they appear to the right. Since w3z =
w1 +wy, only two frequency arguments are strictly necessary, but it is conventional to quote
all three. As regards the coordinate suffices ijk, each of which can be x, y or z, the component
of the polarisation (i) comes first, followed by those of the fields (jk) in the appropriate
order. Under the repeated suffix convention, the summation_ ik {rhs} is redundant, and
could have been omitted. Negative frequencies are associated with complex conjugate fields
and polarisations, and must be treated as distinct from their positive counterparts.

4.3.2 Intrinsic permutation symmetry

Equation (4.3) can be simplified once it is recognised that some pairs of terms on
the right-hand side are indistinguishable in their effect, for example )(xSyFZG (w3; w1, w2)
L:?y (a)l)l‘_:?Z (wy) and XEZF)G (w3; w2, a)l)Ez (a)z)EAy (w1).As explained in Appendix C, it is com-
mon practice in this situation to equate the two contributions, in other words to assume that
a coefficient is unchanged if the two field frequencies are reversed, together with the asso-
. . .. . (SFG) . (SFG) . ; i
ciated coordinate indices, i.e. Xijk (w3; w1,wp) = Xikj (w3; w2, w1). This assumption
of intrinsic permutation symmetry (IPS) enables Eq. (4.3) to be abbreviated to

Pi(@3) =0 ) Xk (@3 1,02 Ej(@1) Ex(@2) (4.4)
jk
where Xi(jzk) (w3; wi,wy) and Xi(,f; (w3; w2, w1) are both included in this expression. It must

be stressed that IPS is a convenience, not a fact that can be proved. The point is that only
the sum of the two coefficients can be measured, and so it is sensible to assume that the
individual components are the same.

Equation (4.4) needs to be adjusted when w; = w», or when any of the frequencies is
zero. Further discussion of the issues involved, and a general formula covering all situations,
can be found in Appendix C. Here we simply quote results for the most important cases:

Second harmonic generation (w3 = 2w; w] = w2 = W)

Pi2w) = 80 Y xiiC Qw; 0,0)E (@) Ex(w). 4.5)
Jjk

The Pockels effect (w3 = w; w1 = w, wy = 0)

Pi(@) =260 ) xi(@; ,0)E (@) Ex(0). (4.6)
Jjk
Optical rectification (w3 = 0; w1 = w, w2 = —w)
Pi(0) = 380 Y xp (05 0, —0)E (@) Ef (w) 4.7)
Jjk

where E ;" (w) = E j (—w). As explained in Appendix C, in all these equations the order of the
two frequencies after the semicolon is fixed by definition, and terms with the frequencies
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in reverse order do not appear. Notice that the pre-factors are identical to those that arose
naturally in the simple treatment of Chapter 1.

4.3.3 Full permutation symmetry and the Manley—Rowe relations

At this point, one is bound to feel daunted by the accelerating complexity of the analy-
sis. Consider, for example, the case of sum frequency generation. It is already clear from
Eq. (4.4) that there is the potential for 27 separate nonlinear coefficients (since ijk can each
be x, y or z), and that is bad enough. But what about negative frequencies? Do we have to
deal with coefficients like Xg)z(—ag; —w1, —wy) as well, which would double the num-
ber of coefficients to 54?7 And there is another problem too. In Chapter 2, we discovered
that a proper treatment of SFG involves three coupled-wave equations, but so far we have
only considered the coefficient driving the equation for the field at ws. If the coefficients
involved in the other two equations have to be included as well, that could multiply the
number of coefficients by a further factor of 3, raising the total to 162.

Happily, the worry about the large number of coefficients turns out to be far less serious
that it appears at first sight. Firstly, reversing the signs of all participating frequencies turns
a coefficient into its complex conjugate. But in a lossless medium where the frequencies
of the fields are far from atomic and molecular resonances, the coefficients are real to an
excellent approximation, so reversing all the signs makes no difference.

Secondly, under loss-free conditions, a principle known as full permutation symmetry
can be invoked under which the nonlinear coefficients are unchanged if the three Cartesian
indices ijk are permuted together with their associated frequency arguments. This enables
one to write, for example,

X (@35 @1,0) = X\ (@15 —02,03) = x5 (@2; 03, 1) (4.8)
where the signs have been adjusted to maintain the convention that the first frequency is the
sum of the other two. The three coefficients in Eq. (4.8) are those needed in the coupled-wave
equations for SFG. We recall that the Manley—Rowe relations of Eqs (2.20) and (2.31) rely
on the three coefficients being the same, and it is entirely consistent that this is ensured by
the principle of full permutation symmetry, which only applies under loss-free conditions.

That brings us back to the 27 independent coefficients with which we started this section.
But we will shortly discover that, for second harmonic generation at least, the number is
actually only 18. And, better still, even that worst-case scenario never arises in practice
because all common nonlinear materials belong to symmetry classes in which most of the
coefficients are zero in any case.

4.3.4 Contracted suffix notation

We now introduce the commonly used contracted suffix notation for the nonlinear
coefficients. We start from Eq. (4.5) for SHG which reads (for j # k)

Piw) = Jeo (x5HC Qs 0,0) + 43O 0,0)) Ej@Er(@) (G £K).  (49)



66

Nonlinear optics in crystals

Table 4.1 Contracted suffix notation for uniaxial media.

i X y z

n 1 2 3

jk XX yy zz yz, Zy Xz, zX Xy, yx
p 1 2 3 4 5 6

The two coefficients in this equation are clearly indistinguishable, so we take them as equal
(under IPS) and define XSEG = Xl.SkI;G = 2d;(jk), where the brackets around jk serve as
a reminder that the order is irrelevant.> The first suffix i and the suffix pair jk are now
translated into numbers n and p (d;(jxy — dup) according to the prescription shown in

Table 4.1.% Thus, for example x¥¢ = x?HY = 2414 and for these coefficients Eq. (4.9)
yields the contribution
P 2w) = 2e0d14 E () E- (). (4.10)

Similarly, when the second two suffices are the same, we have for example Xﬁ; — 2dp3,
which leads to

Py2w) = eod3 E2 (o). (4.11)

Combining everything into a single equation we have

E}E(w)
éx(2w) diy dip diz dis dis dis gﬁig;
PyQw) | =eo| da1 dn dyz dos dos dos N . (4.12)
P, (2w) dy1 dy dyz dy dis  dsg 2By (@) E; (@)
2E;(w)Ex(w)
2E, () Ey(w)

From the form of the d-matrix, it is clear that the number of independent SHG coefficients
is now no more than 18, even for a crystal of the most general symmetry. In practice, the
number is normally far less, as we will shortly discover.

4.3.5 The Kleinmann symmetry condition

The notational contraction of Table 4.1 can be applied more generally if all the frequencies
involved in the interaction are small compared to the resonance frequencies of the medium.

3 The origin of the factor 2 in the definition of d is lost in the history of the subject. Note that when d appears in
the literature with three suffices, the contracted form is equal to the original separate coefficients, not to their
sum. So, for instance, d14 = dxyz(= d123) = dxzy(= d132). We could incidentally have defined 2d;(jr) =

% (Xz(jzlg + Xi(lg;) in which case we would not have needed to equate Xi(jzk) and XI%?; see Appendix C.

4 The mapping in Table 4.2 is not necessarily the same in biaxial media; see Table 4.4.
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Dispersion can then be neglected, making the nonlinear susceptibilities independent of
frequency, in which case all coefficients with the same set of ijk indices become equal,
€.8. Xxyy = Xyxy = Xyyx, etc. In fact, this identity, which is called the Kleinmann sym-
metry condition (KSC), is often approximately true even when significant dispersion is
present.

Under the KSC, x;;« is the same if j and k are interchanged, so the contracted notation
of Eq. (4.10) can now be used in the general three-wave case, not just for SHG. But the
KSC has the further consequence that the number of independent coefficients drops from
18 to 10, one for each of the sets xxx, xxy, xxz, xyy, xyz, xzz, yyy, yyz, yzz and zzz. Hence,
some of the elements in the 3 x6 d matrix of Eq. (4.12) are now interrelated, namely

diy dip diz dis dis dig dy dip diz dig dis dis
dyy dy dyz dyg dys dy | > | die dn dyz dra dis dp2
dy1 dyp diz diys dis dig dis dyg diz dy3 diz dug
(4.13)

where the eight elements now linked to others are printed in bold. The equation for sum
frequency generation analogous to Eq. (4.12) now reads

ffx(w3) diy dip diz dis dis dig
PAy(w?)) =2¢0| dig doo doz3 drs dig dp2
P (w3) dis dyg d33 dyz diz dig
Er(@1)Ex(@2)
Ey(01)Ey(@2)
« R E(0)Er (@) (4.14)
Ey(@1)E(02) + Ex (1) Ey(2)
E;(w1) Ex(w2) + Ex(w1) Ez(w2)

>

(@) Ey(@2) + Ey(01)Ex(@2)

4.4 Crystal symmetry

Invariably, crystal symmetry drastically reduces the number of non-zero nonlinear coeffi-
cients still further. The non-zero SHG coefficients for each of the 21 non-centrosymmetric
crystal classes, and the relationships between them, are detailed in Appendix D. The most
important conclusion is that the worst-case scenario of 18 independent coefficients only
occurs in triclinic class 1 crystals, no member of which is in regular use in nonlinear optics.
In fact, most popular nonlinear materials are in uniaxial classes 11 and 19, and biaxial
class 7; common members of these three categories are listed in Tables 4.2 and 4.3, and
the non-zero coefficients of the two uniaxial classes are shown in Table 4.4. The situation
is more complicated in biaxial class 7 because of the awkward relationship between the
physical and the crystallographic axes in these materials shown in column 6 of Table 4.3.
The implications of this latter point will be discussed later.



68 Nonlinear optics in crystals

Table 4.2 Common uniaxial crystals.

Abbreviation Formula Sign
Class 11 (4 2 m)
Potassium dihydrogen phosphate KDP KHPO4 negative
Ammonium dihydrogen phosphate ADP NH3H,PO4 negative
Cesium dihydrogen arsenate CDA CsHpAsOq4 negative
Class 19 (3 m)
Lithium niobate LiNbO3 negative
B-barium borate BBO B-BaBy04 negative
Proustite Ag3AsS3 negative
Table 4.3 Common biaxial crystals.

Abbrev. Formula Sign Indices xyz=
Class 7 (m m 2)
Lithium triborate LBO LiB3Os negative ny <ny <nz; ach
Potassium titanyl phosphate KTP KTiOPO4 negative ny <ny <ng; abc
Potassium niobate KNbO3 negative ny > ny > ng; bac
Potassium pentaborate tetrahydrate KBS KBsOg.4HyO positive ny > ny > n; abc
Potassium titanyl arsenate KTA KTiOAsOy4 positive ny <ny <n; abc

1 2 3 4 5 6
Class 11 (3 m): dj4 = dos; d3g

1 dia

2 =d4

3 d36
Class 19 (4 2 m): di5 = daa; di6 = do) = —da; d31 = d32; d33

1 dis di6
2 =dj6 =—di6 =dis

3 d3 =d3] d33

4.5 Second harmonic generation in KDP
O

Let us consider second harmonic generation by birefringent phase matching in a uniaxial
class 11 crystal such as KDP, which is a fairly straightforward case. The simplest scenario,
envisaged in Chapter 2, and shown in Fig. 4.1, is where two ordinary waves at w combine to
create an extraordinary wave at 2w, a process that is described by the shorthando+0 — ¢
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z (optic axis)

ki

Type 1 phase-matching geometry in a class 11 crystal. kq is the wave vector of the fundamental, which is polarised in
the x-y plane (indicated by 0-0) and is therefore an ordinary wave. The polarisation of the extraordinary second
harmonic wave (shown as e-e) is perpendicular to 0-o and to k.

and called Type-I phase-matching. Phase matching requires that

cos? 0 sin® 6 2
— 72 —
ng‘)—new(e) = {(I’l(z)—w)2+(llg—w)2} (415)
where the second step follows from Eq. (3.10), and 6 is the angle between the direction of
propagation and the z-axis, as shown in the figure. Rearranging Eq. (4.15) yields

n2e (n2w)2 _ (nw)2
cosf = an W (416)
o € o

For a fundamental wavelength of 1.064 pm, n¢ = 1.4938, n2® = 1.5124 and n2® =
1.4705, and if these values are inserted, Eq. (4.16) gives 6 = 41.21°.

But this is not the end of the story, because it is still necessary to find the optimum value
of the azimuthal angle ¢. From Table 4.4, the three elements d14, d>s and d3¢ are non-zero
in KDP and, since the ordinary fundamental wave will be polarised in the x-y plane (see
the double arrow o0-o in the figure), it is clear from Eq. (4.12) that the operative term in the
polarisation is

P,(2w) = 2e0d36 Ex () Ey (). (4.17)

From Fig. 4.1, it can be seen that Ex (w) = Eo(w) sin ¢ and Ey (w) = Eo(a)) cos ¢, where
Ey(w) is the field amplitude of the incident ordinary wave, while the second harmonic
polarisation transverse to the direction of propagation (represented by the double arrow e-¢
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in the figure) is 13z (2w) sin 0. The conclusion is that

P.(Qw) = 2e0d36 Eo(w)? sin 0 sin ¢ cos ¢
. . (4.18)
= &0 [d36 sin 0 sin 2¢] Eo(w)? = odefr Eo(w)?

where the final step defines the effective nonlinear coefficient dqgr for the ooe interaction
as defr = d36sin 6 sin 2¢. To ensure phase matching, 6 must be close to the value set by
Eq. (4.16); the optimum value of ¢ is clearly 45°.

Notice that the role of the effective nonlinear coefficient is to link the polarisation of
the extraordinary wave to the field of the ordinary wave, in contrast to the individual d
coefficients which relate the Cartesian components of P and E.

Phase-matched SHG in KDP is also possible by combining an ordinary and an extraordi-
nary fundamental wave to create an extraordinary second harmonic. The condition for this
oee interaction (Type Il phase matching) is that no(w) + ne(w) = 2n.(2w). This is satisfied
at 0 = 59.13°, although it is not possible to write down an exact analytical formula in this
case. An intricate piece of three-dimensional geometry (see Problem 4.3) shows that [30]

PeQw) = £0 [ 3(dss + di4) sin 20 sin 26 ] Eo(@) Ee(@) = sodefy Eo (@) Ee(@)  (4.19)

where the effective nonlinear coefficient in this case is’ dogr = %(d36 + d14) sin 26 cos 2¢.

4.6 Second harmonic generation in LBO
- |

It is quite easy to treat the case of second harmonic generation in one of the principal planes
of a biaxial crystal such as lithium triborate (LBO), once a potentially confusing feature is
understood. For class 7 crystals, the crystallographic axes abc on which the fundamental
symmetry properties are based do not always translate in the obvious way to the xyz axes
used to define the index ellipsoid and the direction of the optic axes. Of course, problems
of this kind are to be expected given that the crystallographic axes are not even orthogonal
in four of the seven crystal symmetry systems. But even in the orthorhombic system (that
includes class 7) where the crystallographic axes are orthogonal, one cannot necessarily
assume that a — x, b — y, ¢ — z. The different mappings for the five class 7 crystals
listed in Table 4.3 are shown in column 6.

Why is this a problem? Because it is the abc axes, not the xyz axes, that determine the
structure of the d-matrices, and the numerical suffix notation is based on the former, not the
latter. For LBO, the axes mapping isa — x, b — z, ¢ — y, and the non-zero d-elements
are d31 = dega = dyxx, d3o = deppy = dyzz, d33 = dece = dyyy as shown in Table 4.5.
Notice that 3 now means y, and 2 means z!

Apart from this, it is straightforward to analyse SHG in LBO. The refractive indices at
1.06 pm and 0.53 pm are listed in Table 4.6, and the x-y section of the index surfaces is

5 The formula for the effective coefficient quoted by Dmitriev ef al. [26] assumes that dj4 = d3g which is a
reasonable approximation in KDP.
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Table 4.5 Non-zero d-elements in LBO.

1 =aa 2 =bb 3=cc 4 = bc,chb 5 =ac,ca 6 = ab,ba

=xx =2zz =yy =2zy,¥2 =Xy, yx =Xxz,2x
l=a=x dys

2=b=2z doy

3=c=y d3) d3) d33

Table 4.6 Refractive indices of LBO.

LBO Ny ny ng

1.06 pm 1.5648 1.5904 1.6053
0.53 pm 1.5785 1.6065 1.6216

Nz (®)

Ny (20)

1 X
nz(®) ny(2w)

@ TR The x-y section of the LBO index surfaces showing the phase-matching direction for SHG. The index variations are
exaggerated.

shown in Fig. 4.2. Two waves can propagate at an angle ¢ to the x-axis: the one polarised
in the z-direction is a quasi-ordinary wave® with refractive index n,, while the refractive
index of the other wave falls from ny at ¢ = 0° ton, at ¢ = 90°. Since ny (2w) > n; () >
ny(2w), phase matching is possible at a value of ¢ that can be found from

n2e [@30)? = (ne)?
cos¢p = E W (4.20)

6 A ‘quasi-ordinary’ wave has the propagation characteristics of an ordinary wave in a uniaxial medium, although
there are strictly speaking no ordinary waves in biaxial media; see Section 3.5.
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which has the same structure as Eq. (4.16). Using the data of Table 4.6 yields a value of ¢
around 11.6°.

The d coefficient mediating the generation of the second harmonic waveis dy;;, = depp =
d3p; another possibility would be dy,, = d,pp = d12, but this coefficient is zero in class 7
crystals. Since the angle between the y-axis and the plane of the wavefront is ¢, the effective
nonlinear coefficient is defr = d32 €0 ¢pm Which is close to d3; because @py is small.

4.7 The Pockels effect and the Pockels cell

As described in Chapter 1, the Pockels effect relates to the change in refractive index of a
non-centrosymmetric medium induced by an applied DC field. From Eq. (4.6) we have

Pi(w) =280 Y xfk(@; @,00Ej(w)EXC (4.21)
Jjk
where, as explained in Section 4.3.3, the order of the fields on the right-hand side is fixed
by definition.
The Pockels effect is in fact more usually described in terms of the effect of the DC field
on the inverse dielectric constant matrix, which reads

o
el= 0 n2 0 (4.22)
0

when referred to the principal axes of a uniaxial medium. Use of €' turns out to be
convenient insofar as the equation of the index ellipsoid (Eq. 3.6) can be written

relr=1 (4.23)

where T is the row (xyz), r is the associated column, and I is the identity matrix. In terms
of its effect on e !, the Pockels effect can be represented by

ANy = ik EXC (4.24)
k

Since the symmetry of ™! means that the order of the indices ij is irrelevant, a similar
contracted notation to that of Table 4.1 can be introduced. Equation (4.24) then reads

1
A(s‘l)p=A(n—2> =Zr,mE,?C n=1-3,p=1-6) (4.25)
P n

where the index p represents a pair of subscripts as before. The relationship between the r
and yx coefficients can be shown to be

J
Eii€jj €ii€jj

X ©,0) + X7 (@ 0,00 2x[i(; ©,0)

(4.26)

Tijk = Tjik = T'pn = —
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Consider the simple case of a class 11 crystal such as KDP. In close analogy with the
d coefficients in the upper section of Table 4.4, the only non-zero r coefficients are r4; =
rsy # re3. For a wave polarised in the x-y plane propagating in the +z-direction through a
sample of thickness / with a DC voltage V between the exit and entrance surfaces, Eq. (4.25)

reads
1 1 \%
A <—2> SN <—2) SLAS 4.27)
n= /. n< )y l

Equations (4.22) and (4.23) now yield for the equation of the index ellipsoid

x+yr 22 2xyreV
2 2T =1
n [
o €

(4.28)

It is readily shown that the z = 0 section of the ellipsoid is an ellipse whose axes are
inclined at 45° to the x- and y-axes, as shown in Fig. 4.3. The lengths of the semi-axes,
which represent the refractive indices of the two orthogonally polarised fields that can
propagate in the z-direction are

ne = no(l £ ndres v /D). (4.29)

The nonlinear medium therefore behaves as a wave plate whose strength can be controlled
by varying the applied voltage; this is the principle on which the Pockels cell is based.
Section 3.4 gives the quarter-wave distance as A/4 |An| and this, with An = I’l(3)r63 v/
from Eq. (4.29), yields for the quarter-wave voltage the formula

Vija = (4.30)

4”8"63 '

The Pockels effect causes the x-y section of the index ellipsoid in a uniaxial medium to become elliptical. The circular
(zero DC field) profile is shown in grey.
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Notice that the thickness of the crystal has cancelled out. This is because doubling the
crystal length doubles the interaction length but halves the longitudinal electric field for a
given applied voltage.

Unfortunately, the voltages required to operate Pockels cells on this basis are very high
(see Problem 4.5), but it is possible in principle to construct wave plates, modulators,
and beam deflectors using these principles. An alternative configuration in which the DC
potential is transverse to the beam has the advantage that the interaction length can be
increased without lowering the DC field.

4.8 Optical rectification

In Chapter 1, we saw how a beam propagating in a non-centrosymmetric medium can create
a DC polarisation proportional to the intensity. This process, known as optical rectification,
was studied extensively in the early days of nonlinear optics, and was then largely forgotten
for 20 years until it was rediscovered as a means to create terahertz radiation. The process
is described by the formula

PPC = lgg ZX;}}}(O; w, —)E () E} (w) 4.31)
jk

from Eq. (4.7). At this point, the principle of full permutation symmetry enables us to write

X (05 @, —w) = X} (@3 0,0). (4.32)

This exact relationship between the Pockels effect and optical rectification coefficients can
be incorporated into Eq. (4.26) to yield

PE, .. OR (). _
Fik =i =1 _ _2Xijk(w5 w, 0) _ _2'ij1 (09 w, C()) (4 33)
s iiejj £iiejj '

We have therefore discovered two nonlinear optical effects with a direct numerical
relationship between their coefficients.

Problems

4.1 What are the units of the second-order nonlinear coefficients defined in this chapter?

4.2 Consider a possible set-up for implementing the situation envisaged in Problem 1.5.
What beam directions could be used and what nonlinear coefficient would mediate the
interaction?

4.3 Try to prove Eq. (4.19). A good start is to write down the components of unit vectors
in the o and e directions. It does not matter which direction of the double arrows you
count as positive, provided you are consistent throughout the calculation. This is a
tricky question.
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4.4 Prove Eq. (4.29). This formula, which involves an approximation, was used to plot
Fig. 4.3.

4.5 The electro-optic coefficient r¢3 for ammonium dihydrogen phosphate (ADP) is
8.5 pmV~!. Find the quarter-wave voltage at the wavelength of a HeNe laser.
(n0(632.8nm) in ADP = 1.522.)
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Third-order nonlinear processes are based on the term gox®E3 in the polarisation
expansion of Eq. (1.24). Just as the second-order processes of the previous chapter coupled
three waves together, so third-order processes couple four waves together, and hence are
sometimes called four-wave processes.

Third-order processes are in some ways simpler and in other ways more complicated than
their second-order counterparts. Perhaps the most important difference is that third-order
interactions can occur in centrosymmetric media. This means that, while crystals can be used
if desired, one is often dealing with optically isotropic materials in which the complexity
of crystal optics is absent. However, the tensor nature of the third-order coefficients is still
not entirely straightforward, even in isotropic media.

A second issue is that phase matching is automatic for many third-order processes and,
even when it is not, the existence of four waves, potentially travelling in four different
directions, makes phase matching easier to achieve. Of course, phase matching was also
automatic at second order for the Pockels effect and optical rectification, but those were
somewhat special cases involving DC fields.

At first sight, automatic phase matching sounds like a good thing, but the benefit (if it
is such) comes at a serious price. When phase matching was critical, and one had to work
to achieve it for a particular combination of frequencies, it did at least provide a way of
promoting one particular nonlinear process, while discriminating against all the others. The
problem with the third-order processes tends to be that, when one of them occurs, so do
several others, and disentangling them can then be very difficult.

In principle, we could follow the same routine at third order as we did for the second-
order processes in Chapter 4. Although all the ideas are the same, the higher order makes
things more complicated than before, and then it was bad enough! Here, we shall make
things simpler by confining attention almost exclusively to structurally isotropic media, i.e.
non-crystalline media such as gases, liquids and amorphous solids.

In Section 5.2, we will discuss several basic third-order interactions including third har-
monic generation (THG), the DC and optical Kerr effects, and intensity-dependent refractive
index (IDRI). IDRI in particular has widespread applications in optical pulse technology,
some of which are covered in Chapter 7. Stimulated scattering processes are introduced in
Section 5.3 by extending the Kerr effect analysis to include a material resonance. The stim-
ulated Raman effect is discussed from two different perspectives, one of which highlights
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the travelling wave nature of the Raman excitation. The insight gained from this exercise
carries over into Section 5.4, which is concerned with the interaction of optical and acoustic
waves. We consider two cases involving the diffraction of light by ultrasound, before mov-
ing on to stimulated Brillouin scattering in Section 5.5. Section 5.6 deals with optical phase
conjugation, and the chapter ends with a brief comment on supercontinuum generation in
Section 5.7.

5.2 Basic third-order processes
|

5.2.1 Definitions

The most general third-order nonlinear process involves the interaction of waves at four
different frequencies linked by w; + @) + w3 = w4. Fortunately, in all common cases, some
of the frequencies are the same, and some may also be zero, or the negatives of others.
Important examples including third harmonic generation and three different variants of the
Kerr effect were mentioned in Chapter 1 in connection with Eqs (1.25) and (1.27). Those
equations were of course based on a simple formalism where the nonlinear coefficients were
assumed to be scalar quantities. However, to appreciate all the features of these effects, and
especially their response to different polarisation states of light, one cannot avoid treating the
coefficients as tensors, even in the case of structurally isotropic media. Since the associated
mathematics is intricate, most of the detail has been relegated to Appendix C.

According to the most general formula (see Eq. C3.1), and in close analogy with Eq. (4.3),
the polarisation at w4 is given by

Pi(ws) = &0 ZZX}%(M; 1,02, 03) Ej(01) Ex(02) Ey (3) (5.1
P jki

where ijkl can each be x, y or z, and ) » indicates that the right-hand side is to be summed
over all distinct permutations of w, wy and w3. This means that the form of the polarisation
depends on the frequency set, and so is process-specific. Some particular examples are:

Third harmonic generation (o + o + o = 3w)

Pi(Bw) = Je0 Y x5 Gw: 0,0,0)E (@) Ex(@)E(). (5.2)
Jjki

Third harmonic generation is closely analogous to second harmonic generation at second
order, and is discussed in Section 5.2.3 below.

The DC Kerr effect (w = 04 0 + w)

Pi(@) =360 ) x5u(@; 0,0,0)E;(0)Ex(0) Ei(w). (5.3)
jkl
The first nonlinear effect to be observed (see Chapter 1), this concerns refractive index
changes caused by an applied DC field; see Section 5.2.4.



78

Third-order nonlinear processes

The optical Kerr effect (w1 = w2 — w2 + w1)

Pi(w1) = 3e9 ZX,’?}I;((UIQ w2, —w2, 1) E j(02) Ef (w2) Ei(w1). (5.4)
jki
In this case, the refractive index of an optical wave at w;is modified in the presence of a
wave at wy; more details are given in Section 5.2.5. If the difference between the frequencies
of the two waves coincides with a resonance in the nonlinear medium, the same formula
governs stimulated Raman scattering, which is discussed in Section 5.3.

Intensity-dependent refractive index (v = v — @ + w)

Pi(w) =320 Y Xy (@3 0, —0,0)Ej(@)Ef(©)E /(). (5.5)
jki
This is a special case of the optical Kerr effect in which the two waves of Eq. (5.4) are one
and the same, and a single wave modifies its own refractive index; see Section 5.2.6.

A full justification of Eqs (5.2)—(5.5) is given in Section C3 of Appendix C. It is worth
pointing out that the different numerical pre-factors in Eqs (5.2)—(5.5) result from the per-
mutation operation in Eq. (5.1). Once this has been performed, there is no more permutation
to do and, thereafter, the order of the field frequencies in the coefficient arguments is fixed
by definition. The pre-factors are incidentally identical to those in Eqs (1.25) and (1.27) of
Chapter 1.

It should also be noted that in cases where two (or more) optical waves are involved,
these need not necessarily travel in the same direction. There is, for example, no reason in
principle why the two waves in Eq. (5.4) need be collinear, and in this case their frequencies
could even be the same. An important special case known as ‘degenerate four-wave mixing’
(DFWM) involves four waves with the same frequency, but travelling in different directions;
see Eq. (5.104).

5.2.2 Symmetry considerations

Now that the tensor character of the nonlinear coefficients is explicit, we need to consider
the effect of symmetry. All the principles developed at second order in Chapter 4 extend to
the third-order case. The key conclusion is that, in a lossless crystal of the most general tri-
clinic symmetry, there are 3* = 81 independent nonlinear coefficients. For other symmetry
classes, the number is lower, and tables listing the independent coefficients in each class can
be found in Boyd [1]. We are restricting ourselves to structurally isotropic media, in which
there are no intrinsic axes, all directions are equivalent, and the orientation of the xyz-axes
can be chosen to make calculations as simple as possible.! In this case, only 21 of the 81
coefficients are non-zero, and these are of four types: type | (three members) in which all
indices are identical (x1 = xiiii), and types 2, 3 and 4 (six members each) in which two
pairs of indices are the same, namely x> = x;jkk, X3 = Xjkjk and x4 = xjkkj (j # k). The

1 Once again, it is important to distinguish between the structural isotropy of gases, liquids and amorphous solids,
and optical isotropy, which is exhibited by cubic crystals too (see Table 3.1). By its very nature, a crystal is not
structurally isotropic although, in cubic crystals, all directions are optically equivalent.
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numbering scheme ensures that indices 1 and 2 are the same in x>, indices 1 and 3 in x3, and
1 and 4 in x4. Within each type, all members are equal and, as we shall show in a moment,
the symmetry of a structurally isotropic medium imposes the further constraint that

X1 = X2+ X3+ x4 (5.6)
In terms of indices, the 21 non-zero coefficients can be listed as follows:

type 1 © xxxx = yyyy = zzzz (= xxyy + xyxy + xyyx)

type 2 : xxyy = yyzz = 2ZXX = YYXX = ZZYy = XXZZ (5.7)
type 3 : xyxy = yzyz = ZXZX = yXyX = ZyZy = XIXZ '

type 4 : xXyyx = yzzy = XXz = YXXy = ZyyZ = XX

where the final step of the first line follows from Eq. (5.6). The key conclusion of Egs (5.6)
and (5.7) is that a structurally isotropic medium has just three independent third-order coef-
ficients. As we shall discover in the following sections, further links between the different
types of coefficient apply in certain cases. For collinear beams, it makes sense to set the z-
axis along the direction of propagation, in which case all coefficients involving z in Eq. (5.7)
can be ignored; this reduces the number of relevant non-zero coefficients from 21 to 8. More-
over, if all beams are plane polarised in the same direction, the x-axis can be chosen as the
direction of polarisation, in which case the only relevant coefficient is yyxrx = X1-

In cubic crystals, which are optically (but not structurally) isotropic, the same 21 elements
as in Eq. (5.7) are non-zero, but there are fewer links between them. For crystal classes 29,
31, and 32, the number of independent elements is four, the only change in this case being
that Eq. (5.6) no longer applies. For classes 28 and 30, on the other hand, there are seven
independent elements.?

5.2.3 Third harmonic generation

This is the simplest third-order effect to analyse. The generation process is a direct extension
of the second harmonic case at second order, and has already been treated in Section 2.3.4
of Chapter 2. Since all field frequencies on the right-hand side of Eq. (5.2) are the same,
permuting the last three coordinate indices (j, k and /) of the THG coefficients makes no
difference, and so x2 = x3 = x4. In the case of plane-polarised incident light, everything
is especially straightforward since the only element of interest is x;. Of course, there is
nothing to stop one choosing coordinate axes that are rotated (say by 45°) with respect to
the incident field, as shown in Fig. 5.1. A simple exercise (see Problem 5.1) demonstrates
that the effective coefficient with respect to the new axes is

Xeft = (X1 + X2 + X3 + X4). (5.8)

Clearly x.fr must equal x1, since the coefficient cannot depend on the choice of axes, and
this constitutes a proof of Eq. (5.6). It is also quite easy to show (see Problem 5.2) that the
THG polarisation goes to zero in the case of circularly polarised light.

2 The type 2, 3 and 4 coefficients divide into two sets of three at the mid-point in Eq. (5.7).
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Slanting axes used to prove Eq. (5.8); see Problem 5.1.

5.2.4 The DCKerr effect and the Kerr cell

In the DC Kerr effect, a strong DC field changes the refractive index of a medium. If the
DC field is y-polarised, Eq. (5.3) indicates that the respective polarisations in the x- and
y-directions are

P(@) = 3e0x K, (@; 0,0,0)E2(0)Ey () = 3e0x) E2(0) Ex ()
. R R 5.9
Py(w) =3e0x K,y (@; 0,0,0) EZ(0)Ey(w) = 3eoxf E3(0)Ey ().

It follows that the DC field creates arefractive index difference between the two polarisations
given by

300 = xHES ) 3x5 ES(0)
n|| —n] = = =

5.10
2n n ( )

where n|| and n are the respective indices for light polarised parallel and perpendicular
to the DC field, and n is the zero field index. The second step follows from Eq. (5.6), and
because X; and X%ﬁ are indistinguishable from Eq. (5.3). The Kerr constant K of a medium
is defined by the equation

An =nj—ng = rKE*0) (5.11)

where )¢ is the vacuum wavelength. This implies that K = 3 Xf /(Aon) for consistency
with Eq. (5.10). The sign of K is normally positive, although exceptions occur.

An optical switch based on the DC Kerr effect can be based on the same ideas as those used
in a Pockels cell (see Section 4.7). A Kerr cell is placed between a pair of crossed polarisers
set at 45° to the x- and y-axes. In the end-on view shown in Fig. 5.2, the electrodes are set to
apply a DC field in the y-direction, while PP and AA indicate the respective alignments of
the polariser and analyser. From Section 3.4, we know that to rotate the plane of polarisation
oflight by 90°, a phase change of 7 needs to be introduced between the x - and y-components
of the field. From Eq. (5.10), this is clearly realised when the light propagates through the
half-wave distance is given by

Ao 1

~ (5.12)

L, = = )
T 21An| T 2|K| E(0)2

3 Sometimes called simply the Kerr effect, this was the first nonlinear optical effect to be observed [2].
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Schematic diagram of a Kerr cell looking along the line of the beam. The lines PP and AA show the alignment of
polariser and analyser.

For liquids (such a nitrobenzene) commonly used in Kerr cells values of K are typically on
the order of 10~!2 m/V. This implies (see Problem 5.3) that Kerr cell switching voltages
tend to be in the tens of kV range. Kerr liquids exhibit a multiplicity of relaxation times,
mostly in the subpicosecond regime, but the response times of real Kerr cells are determined
by other factors, and 100 ps is certainly achievable.

5.2.5 The optical Kerr effect

In the optical Kerr effect,* a strong wave at frequency w, and intensity 7 (w;) changes the
refractive index of a weak probe wave at wy, a process known as cross-phase modulation; the
acronym XPM is often used. If the strong and the weak waves have the same polarisation,
the operative term in the polarisation is

. A 2 .
Po@n) = 3e0x 0, @15 @2, —wr,00) |Ev(@n)| Econ) (5.13)
which implies that the refractive index of the weak wave is changed by

An, = el (@)

= s = (5.14)
2n(wi)n(wy)ce,

If, on the other hand, the weak and strong waves are, respectively, x- and y-polarised,
Eq. (5.13) becomes

N A 2 .
Pr(w1) = 3e0X 00y (@13 @2, —w), 1) ‘Ey(a)Z)} Ex(o1). (5.15)

4 This is sometimes known as the AC Kerr effect.
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This is the same as Eq. (5.13) apart from the fact that it contains a type 4 coefficient, and
so the index change is weaker. One cannot say that it is three times as weak, because the
type 2, 3 and 4 coefficients are not necessarily equal in this case.

5.2.6 Intensity-dependent refractive index

An important special case of the optical Kerr effect occurs when a single beam at w = w1 =
wy modifies its own refractive index. In the next section, we will discuss some physical
effects that arise from this important ‘self-action’ effect, which is known as intensity-
dependent refractive index (IDRI).

For the case of plane-polarised light, Eq. (5.5) can be written in the simple form

A A 2 .
Pe@) = Jeox(™™ |Ev(0)| Ev(o). (5.16)

This implies that the refractive index is changed to°

3XIDRI
n=noy+ I =nog+nyl (5.17)
4nocso

where I is the intensity, ng is the low-intensity index, and the equation defines n, as
the nonlinear refractive index. It is no surprise that the refractive index change implied by
Eq. (5.17) is essentially the same as that of Eq. (5.14); the extra factor of 2 in the denominator
of ny arises from the different pre-factors in Egs (5.4) and (5.5).

Equations (5.16)—(5.17) include only the type 1 coefficient. However, IDRI exhibits some
particularly interesting features in the case of circularly and elliptically polarised light, and
so we should also consider these more complicated situations in which other coefficients are
involved too. Because the second and fourth frequency indices of the IDRI coefficient are
the same (see Eq. 5.5), it follows thatJPR! = JPRI(s£ »IPR) Under these circumstances,
it can be shown (see Eq. C3.8 of Appendix C, and Problem 5.4) that

B, = Leg (A(E.E*)Ex + %B(E.E)E;‘)
. - (5.18)
P, = ke (A(E.E VEy + %B(E.E)E;‘)

where we have adopted the traditional convention [31] that A = 6 XéDRI and B=16 XIDRI
Since we continue to focus on waves propagating in the z-direction, we are only con51der1ng
the x- and y-components of the field and polarisation, and so EE=E.E, + E E etc.

A feature of special interest in Eq. (5.18) is the presence of E¥ and E;‘ in the B terms.
The complex conjugation indicates that, for circularly polarised light, the handedness of
this contribution to the polarisation is opposite to that of the incident field. This becomes
clearer if we write down the clockwise component of the polarisation namely®

A

Pe—iP, = leg (A(E.E*)(Ex —iEy) + LBEE)E, + iEy)). (5.19)

5 See also Eq. (1.26).
6 Clockwise looking in the +z-direction.
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Incident light with counter-clockwise circular polarisation in E will therefore induce a
clockwise contribution to the polarisation P of the medium.’

A detailed analysis of this feature and its ramifications can be found in Chapter 4 of Boyd
[1]. The most important conclusion is that, for elliptically polarised light, the axes of the
ellipse rotate under propagation. In contrast, for plane polarised and circularly polarised
beams, the state of polarisation is unaffected by the intensity-dependent index change.
In the former case, the change is given by Eq. (5.17). For circularly polarised light, the
corresponding equation is

A
n=ngy+ 1 5.20
0 (4n%cso) ( )

so the B coefficient plays no part in this case.

5.2.7 Spatial solitons, self-focusing, and self-phase modulation

Intensity-dependent refractive index (IDRI) is probably the most important of the third-order
processes in terms of its consequences. The spatial modulation of refractive index that it
creates has a direct influence on optical beam propagation, while the corresponding temporal
modulation affects the amplitude and phase structure of optical pulses, and the spectral
structure of optical signals in general. In this section, we will concentrate on the spatial
aspects of IDRI. Its contribution to supercontinuum generation is discussed in Section 5.7,
and a detailed analysis of its effects on optical pulse propagation (and the many ways in
which these can be exploited) is presented in Sections 7.3-7.6.

Consider first an intense optical beam with a bell-shaped transverse intensity profile
propagating through a block of glass. The index change of Eq. (5.17) introduces an intensity-
dependent spatial phase modulation, altering the shape of the wavefront, and hence its
focusing and defocusing properties. Since the nonlinear index 7 is almost invariably pos-
itive,® the refractive index will be raised at the centre of the beam where the intensity is
greatest. This leads directly to a reduction in the wavelength, with the further consequence
that the wavefronts bend in on themselves as shown in Fig. 5.3. If this effect is strong enough

Beam collapse due to self-focusing.

7 Notice both meanings of the word “polarisation’ in this sentence. See footnote 1 in Chapter 1.
8 In fused silica, ny is on the order of 3 x 10~ 10cm? W1,
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to overcome diffraction, which works in the opposite direction, the self-focusing tendency
will predominate, and the beam will get narrower, causing the intensity to rise further and the
process to accelerate. In the worst-case scenario, the end result is the catastrophic collapse
of the beam, leading to severe and irreversible damage to the optical material.

Fortunately, the competition with diffraction means that ‘whole beam self-focusing’,
which is what has been described, has a definite threshold. Unfortunately, a closely related
phenomenon called ‘small-scale self-focusing’ also occurs, and leads to local hot-spots and
filamentation. These effects were first considered by Kelley [32], and were observed by
Alfano and Shapiro [33]. Precautions against all forms of self-focusing are routine in large
laser systems. These are usually based on spatial filters in which the beam is focused through
a small aperture to smooth out distortions in the wavefront. To prevent breakdown near the
focus, the process takes place in a vacuum.

The theory of all types of self-focusing has had a long and chequered history. We will
concentrate on the simplest case of whole-beam self-focusing in the case of one transverse
dimension, i.e. a slit geometry. As we will discover, the competition in this case between
diffraction and self-focusing can result in a stable balance, and the formation of spatial
solitons. In two transverse dimensions, the analogous solution is normally unstable, which is
unfortunate insofar as it would otherwise be possible to create optical beams that propagated
without diffractive spreading.

We start by inserting the nonlinear polarisation term from the standard coupled-wave
equation (2.8) into the paraxial wave equation (2.47). The resulting equation is

IE® I 5=~ wngl’”E“’
j—— = —V7EY + —————— 5.21
! 0z 2k T + c ( )

where the transverse Laplacian V% = 9%/0x% + 92/0y? takes care of diffraction, and a
simplified version of Eq. (5.16) has been used to form the nonlinear term.

Itis important to remember that, without the second term on the right-hand side, Eq. (5.21)
is simply the paraxial wave equation, which has the Gaussian beam of Eq. (2.47) as an exact
solution. However, when the second term is present, the potential exists for the equation
to have a stationary solution, where the transverse profile does not vary with z. This is
because, provided n5 is positive (which it normally is), the phase of the second term is that
of +E®, whereas, for a beam with a bell-shaped transverse profile and a plane wavefront,
the phase of the first term is that of —E®. As we now show, in one transverse dimension,
an analytical solution to Eq. (5.21) can be obtained in which the effects of diffraction and
nonlinear refraction are in perfect balance.

To adapt Eq. (5.21) to a single transverse dimension, we assume that the electric field
is constant in (say) the y-dimension, so the second derivative in y can be dropped. We
introduce three characteristic length parameters, a beam width W, the diffraction length Lq4
linked to W through Lq = kW? (where k is the angular wave number), and a nonlinear
propagation distance defined by

Ly=—— (5.22)
 |na| Ipk
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where I,y is the peak intensity. Defined in this way, Ly is the distance over which the
nonlinear index change introduces a phase change of 1 radian, while Ly = kW? is related
(though not identical) to the Rayleigh length in Section 2.5.2.°

We now use W and Ly to define the dimensionless variables ' = z/Lq and &€ = x/W.10
We also introduce a dimensionless variable for the field U = E / Epk and, for reasons that
will emerge very shortly, we define

N =./Lq/Lny = kga)no |na| kaWZ. (5.23)

In terms of these new variables, and assuming that n, > 0, Eq. (5.21) reduces to the simple
form

U

) 0. (5.24)

A0 82 Y
I— =\ 5s—
8§'/ 28§2

Equation (5.24) is in the form of the celebrated nonlinear Schrédinger equation, which pos-
sesses a hierarchy of remarkable analytical solutions known as solitons [34]. The parameter
N defined in Eq. (5.23) is the soliton ‘order’.

Solitons arise in a wide variety of physical systems when nonlinear and dispersive effects
(diffraction in the present case) are in opposition. In the lowest order (N = 1) case, the two
terms on the right-hand side of Eq. (5.24) are in perfect balance, and the soliton propagates
as a beam of constant width. The N = 1 solution of Eq. (5.24) is

U(&,¢) = sech{t}exp{—1i¢'}. (5.25)

When this is substituted into the right-hand side of Eq. (5.24), the result is zero, which is
of course the mark of a stationary solution. Moreover, since N = 1 in this case, it follows
from Eq. (5.23) that

C
—————(= L) = kW*(= Lagisp) (5.26)
 |na| Ik

so the peak intensity of the soliton is related to the width parameter W through the equation

2

I W? = (5.27)

w?ng |na|
The physical meaning of this equation is that the smaller the beam width W, the stronger the
diffraction, and the higher the peak intensity needs to be to maintain the balance between
the focusing effect of the nonlinear term, and the defocusing effect of diffraction. Rewriting
Eq. (5.25) in terms of the original parameters yields

E(x,z) = Epcsech{x/W}exp{—1iz/Lui}. (5.28)

9 If W is identified with wq in Gaussian beam theory, the diffraction length Lq = kw2 corresponds to twice
the Rayleigh length, otherwise known as the confocal parameter b = 2zR.
10 The prime on ¢ reflects the x 2 difference between Ly and the Rayleigh length noted in the previous footnote.
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We could of course have written Ly instead of L, because the two are the same when
N = 1. The final term on the right-hand side implies that the phase velocity of the soliton
solution is slightly less than that of a free-propagating wave, which is expected given that
the index at the centre of the beam is raised by the nonlinear refractive index term.

Spatial solitons in a slit geometry have been observed experimentally [35,36], and have
potential applications in all-optical devices. However, the problem we have been discussing
has an exact parallel in the context of optical pulse propagation, where £ becomes a time
variable, and group velocity dispersion takes the role that diffraction plays here. This impor-
tant topic is treated in Section 7.4, where higher-order solitons are discussed, and pictures
of the soliton solutions presented.

To what extent can the results we have obtained be extended to the case of two transverse
dimensions? Even without doing any more mathematics, an interesting feature of this new
case can be deduced from Eq. (5.27). In circular geometry where the beam widths in the
x and y dimensions are the same, W? will be a measure of the beam area, and Eq. (5.27)
now indicates that the balance between diffraction and self-focusing depends on power!!!
Moreover, according to the equation, the critical power for self-focusing depends only on
the wavelength of the light, and the nonlinear refractive index of the medium. The standard
formula for critical power, which is the same as the right-hand side of Eq. (5.27) apart from
a numerical factor, is [37]

Perit = a (A2 /4mnony). (5.29)

The parameter o depends on the precise beam profile, and is usually close to 2.

Typical values of P are remarkably modest. For fused silica, which has a notably
low value of ny, P is still only a few megawatts, a very small laser power by any stan-
dard. This raises an immediate question about what can be done to prevent self-focusing
occurring. Fortunately, the distance scale over which self-focusing occurs is linked to
Ly, which depends on intensity not on power. The power may exceed P but, pro-
vided the beam is wide and the intensity low, nothing dramatic will happen for a long
distance.

There are several other issues too. As we have seen, stable soliton solutions exist in the
case of one transverse dimension. However, the corresponding solutions in two transverse
dimensions are unstable if the Kerr effect is the only nonlinear process involved. Stable
solutions can, however, exist, at least in principle, if saturable absorption occurs at the
same time. As noted at the beginning of this section, rather than whole-beam self-focusing,
which is what we have been discussing, what tends to happen in practice is that beam
profiles become subject to local filamentation, a process that is driven by a complicated
four-wave mixing interaction. The detailed theory of self-trapping is complex, and beyond
the scope of the present book.

Whereas intensity-dependent refractive index causes self-focusing when the intensity
varies in space, it leads to temporal self-phase modulation (SPM) when intensity varies in

11 previously, W2 was the square of the beam width in the x-direction, and the extent of the beam in the y-direction
was arbitrary.
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time.!? SPM plays a crucial role in many techniques involving short optical pulses, and the
topic is treated in detail in Sections 7.3—7.6 of Chapter 7.

5.3 Stimulated Raman scattering
- |

5.3.1 Raman coupling of laser and Stokes waves

We now move on to consider the process of stimulated Raman scattering (SRS). SRS was
discovered accidentally by Woodbury and Ng in 1962 [38-39], while they were working
with a ruby laser that was Q-switched using a nitrobenzene Kerr cell. As well as 694.3 nm
(431.8 THz) radiation, they found that laser action was also occurring at 765.8 nm (391.5
THz), and noticed that the 40.3 THz frequency difference corresponded exactly to a vibra-
tional resonance frequency of the nitrobenzene molecule. They called the device a Raman
laser, and the principle is now in widespread use, especially in fibre Raman systems.

SRS is the stimulated version of spontaneous Raman scattering, a process that was first
observed in the 1920s using conventional light sources. In those experiments, the scattered
frequency component was called the Stokes wave, and this terminology has been retained
for the stimulated process.!? In practice, SRS is frequently based on vibrational resonances,
although rotational or electronic states may also be involved. The terms ‘stimulated rota-
tional Raman scattering’ and ‘stimulated electronic Raman scattering’ are sometimes used.
A further possibility is that the laser and Stokes waves interact via an acoustic wave; this
case is called stimulated Brillouin scattering, and is discussed in Section 5.5 below.

For all the third-order processes discussed earlier in the chapter, the optical field fre-
quencies and their simple combinations (i.e. sums and differences) have been assumed to
be far from any material resonances, whatever their origin. As a consequence, the nonlinear
coefficients were real, and the energy in the optical fields conserved. To discover how SRS
originates, we start by writing Eq. (5.13) for the optical Kerr effect in the modified form

5 () = 20y (we: wr  — S|’ B
P(ws) = 580x 7 (ws; oL, —0L,©s) )E(wL)’ E(ws). (5.30)

To make things simple, the spatial aspects of the original equation have been dropped, and
the polarisation and the fields have been replaced by their slowly varying envelopes.'* In
anticipation of their role in stimulated Raman scattering, the frequencies of the strong and
weak waves have been written wp, and ws (< wr) where L and S stand respectively for
‘laser’ and ‘Stokes’.

12 The word ‘temporal’ in this sentence is normally omitted, so ‘self-phase modulation’ (SPM) invariably refers
to the time-dependent case.

13 The reference is to Sir George Stokes, who first discussed the change of wavelength of light in the context of
fluorescence in a famous paper of 1852. The terminology is increasingly used to describe any down-shifted
frequency.

14 The relationship between Pand P,and E and E is specified in Eqs (2.4)—(2.5). As explained later, the process
is automatically phase matched, so direct replacements can be made.
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As long as the third-order coefficient in Eq. (5.30) remains real, the Stokes wave polar-
isation will be in phase with the Stokes field, and the equation will therefore mediate the
intensity-dependent refractive index change characteristic of the optical Kerr effect. But
suppose the coefficient becomes complex. What will be the effect of the imaginary part?
If we substitute Eq. (5.30) with x® = x’ +ix” into the general coupled-wave equation
(2.8), we obtain

IEs _ 3ws

x"—ixH

~ 12 -
EL’ Es (5.31)

9z 4cng

where the field frequencies are now indicated by suffices. Clearly the sign of x” is critical,
since it determines whether the Stokes field grows or decays. To resolve the issue, we
anticipate a result from Chapter 9 where the quantum mechanical basis of SRS is discussed.
Equation (9.10) indicates that x” is positive, in the absence of a population inversion
in the nonlinear material. If the population is concentrated in the ground state, we duly
conclude that the Stokes wave in Eq. (5.31) will grow, and this is the basis of the SRS
process. The corresponding equation governing the growth of the Stokes wave intensity
Is = %nsceo ‘Es‘z is readily shown to be

dls <3wSXl/{/IL

Folk ) Is = gsls (5.32)
z

cZegnpns
where the second step defines the factor in brackets as the Stokes gain coefficient gg. The
subscript R (for Raman) has been added to the nonlinear coefficient at the same time. If
the energy conversion from wp, to ws is small, we can assume that the laser intensity is
undepleted, in which case Eq. (5.32) has the straightforward exponential solution

Is(z) = Is(0) exp{gsz}. (5.33)

According to this equation, the Raman gain coefficient is proportional to the pump laser
intensity, so enormous gain factors are potentially available by increasing 1 .'> Indeed, the
Stokes wave will grow from noise in a cell of length L, once exp{gsL} gets sufficiently
large. When gsL ~ 25, for example, the gain factor is approaching ~ 10'!, which is likely
to be more than sufficient. Once the stimulated Raman process takes off, the assumption that
the pump laser field is undepleted is of course likely to break down, and we will consider
this aspect of the problem shortly.

A simple energy level diagram of SRS is shown in Fig. 5.4(a). Peak gain occurs when
the difference frequency (wp — ws) between the laser and Stokes waves coincides with
a resonance (at angular frequency 2) in the medium. As mentioned already, the level
associated with the resonance (labelled 2 in Fig. 5.4) is often a vibrational state, but it could
also be rotational or electronic in origin.!® As already noted (and suggested by the figure),
the growth of the Stokes field will be accompanied by depletion of the laser field, which is

15 We refer to gg as the gain coefficient and exp{gsz} as the gain factor. It is important to distinguish the two,
and good practice to avoid using the word ‘gain’ on its own.
16 Strictly speaking, all frequency labels in Fig. 5.4 should be multiplied by % as befits an energy level diagram.
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Schematic energy level diagrams for stimulated Raman scattering (a) first Stokes, (b) second Stokes, (c) first
anti-Stokes, (d) parametric anti-Stokes.

governed by equations analogous to Eqs (5.31) and (5.32), namely

3EL 3wr vy ‘N 2 .

Sk = O (o —ixk) |Bs| E 5.34
9z 4an( XR lXR) S L ( )
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For every photon gained by the Stokes wave, one is lost by the laser, but optical energy is
not conserved because the population of the Raman level grows at the same time. The sign
changes in Eqs (5.34)—(5.35) compared to Eqs (5.31)—(5.32) arise because the nonlinear
coefficient governing the polarisation at wr, is the conjugate of the coefficient in Eq. (5.30)
since

x(wL; ws, —ws, o) = xP*(ws; oL, —oL, ws). (5.36)

There has been no mention of phase matching in the discussion of SRS simply because it is
automatic, as indeed it is for the optical Kerr effect. Had the spatial aspects of the travelling
waves been shown explicitly in Eq. (5.30), that equation would have read

- - 2 .
P (ws) expli(wst — ks.r)} = a9 ‘E(a)L)‘ E(ws) expli(wst —ks.r)}  (537)
where
- 2 - 2
’E(a)L)‘ = ’E(a)L)exp{i(a)Lt — kL.r)}’ . (5.38)

All the space-time terms therefore cancel out, which is another way of saying that the wave
vector mismatch is zero, namely

Ak = ks — (kp — kr + ks) = 0. (5.39)
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This equation also highlights the fact that, since the SRS process is automatically phase
matched, the Stokes wave is free to grow in any direction it chooses. Of course, the laser
field is normally in the form of a beam, and so Stokes waves propagating in roughly the
same direction will receive preferential growth simply because that gives them the best
opportunity to feed off the laser energy. But this criterion could equally be met by a Stokes
wave travelling in the opposite direction to the pump and, indeed, backward stimulated
Raman scattering is a viable process.

5.3.2 Anti-Stokes generation and higher-order effects

It would be more accurate to refer to the frequency component at wg = wp, — Q2 as the first
Stokes wave because, once generated, it can become the pump for a further Raman process
in which a second Stokes wave at wgy = wr, — 2€2 is created; see Fig. 5.4(b). A cascade of
further down-shifted frequencies may occur.

Up-shifted (anti-Stokes) frequency components can also be generated through the Raman
resonance. There are at least two possible ways in which the first anti-Stokes (AS) compo-
nent at was = wr + 2 can be produced. First of all, by analogy with Eq. (5.30), it could
arise from the anti-Stokes polarisation term

5 3 2 .
P(was) = 3e0x® (was; oL, —wL, as) ’E(CUL)‘ E(was)- (5.40)

Aswith Eqs (5.30) and (5.31), the key issue is the sign of the imaginary part of the coefficient.
Detailed examination of the quantum mechanics (see Chapters 8 and 9) reveals that if most
of the population is in the ground state, the wave at wag will decay, but if a population
inversion exists between states 0 and 2 in Fig. 5.4, the anti-Stokes wave will grow and the
Stokes wave will decay. The anti-Stokes process is represented by Fig. 5.4(c); a photon is
lost at wr,, one is gained at wag, and the difference in energy is provided by de-excitation
of the medium. These conclusions are entirely reasonable. If the population is mostly in the
ground state, the process that moves population from state 0 to state 2 dominates, while if
the population of state 2 is larger than that of state 0, the reverse process takes precedence.

Up-shifts are also possible through the sequence shown in Fig. 5.4(d), where the anti-
Stokes wave is produced by the four-wave mixing combination wp +wp, = was+ws, where
two laser waves combine to create a Stokes wave and an anti-Stokes wave. This is sometimes
referred to as parametric anti-Stokes Raman generation, even though a Stokes wave is driven
as well. Whereas the Raman processes discussed so far have all been automatically phase
matched, this parametric process!’ involves the phase-matching condition

Akps = kas + ks — 2ki. (5.41)

The corresponding wave vector diagram for phase-matched anti-Stokes generation is shown
in Fig. 5.5. If the optical dispersion curve in the region between ws and wag were a straight
line, it is easy to show that the anti-Stokes generation process would be phase matched
when all three waves propagated collinearly. Normally, the curvature of the line ensures

17 See Section 9.4 for a discussion of the word ‘parametric’.
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Wave vector diagram for parametric anti-Stokes scattering.

that phase matching occurs when the Stokes and anti-Stokes waves are at a small angle
to the laser beam. This gives rise to the ring structure which is characteristic of Raman
generation via this (and other) four-wave mixing process.

There are many other possibilities too. For example, the four-wave process o, + ws =
was + ws2, where collinear laser and Stokes waves create angled anti-Stokes and second
Stokes waves, can be phase matched in a similar scheme to Fig. 5.5. And a new and exciting
scenario is created if two strong waves with frequency separation 2 are inserted into the
Raman medium. In this case, a wide frequency comb of waves extending in both the Stokes
and anti-Stokes directions is created in a process called ultra-broadband multi-frequency
Raman generation [40—42].

5.3.3 Raman waves

In the treatment of Section 5.3.1, the physical origin of the Raman resonance was hidden
inside the nonlinear coefficient. We noted that the resonance could be electronic, vibrational,
or rotational in origin, but the characteristics of the associated oscillations did not feature
anywhere in the analysis. We will now discuss an alternative approach to SRS in which the
Raman oscillations appear explicitly in the calculation.

For the purposes of discussion, we will assume that the Raman resonance has its origin
in the molecular vibrations in a liquid. An important concept to grasp at the outset is that
the vibrational oscillators at different positions in the nonlinear medium are driven by the
laser and Stokes waves in such a way that specific phase relationships are established
between them. Together, these oscillators create a travelling vibrational wave, with its
own wavelength, wave vector, and dispersion characteristics.'® The idea that disconnected
oscillators can be phased to create a travelling wave may be unfamiliar to some readers, but
sports fans will immediately recognise the analogy with the ‘audience wave’ phenomenon,
where spectators stand and sit in a controlled time sequence, creating a wave that travels
around a large stadium.'®

We start by going back to first principles and writing the equation for the linear polarisation
in the simple form

P = goNaE (5.42)

18 These have been called ‘Raman waves’ in the section heading to cover the more general possibility that they
might alternatively be rotational or electronic in origin.

19 This is also known as a ‘stadium wave’ or (in the UK) as a ‘Mexican wave’ because it first attracted widespread
attention during the 1986 football World Cup in Monterrey, Mexico.
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where Na (= xV = n? — 1) is the linear susceptibility, and n is the refractive index.
Let us suppose that the microscopic susceptibility & of a molecule depends weakly on a
coordinate (call it ¢) that measures the vibrational amplitude such that

a(g) =ao+oa1qg+--- (5.43)

wherea; = (da/dq)|,—o. Suppose also that, within the liquid, the molecular displacements
are so phased that as a function of time and position, g forms a travelling wave of angular
frequency 2 and wave vector K given by

q = 3G expli(Qt — K.r)} + c.c. (5.44)
with an associated wave of refractive index
n(q) = no + (a1/2n9) [q exp{i (2t — K.r)} +c.c.]. (5.45)

Thus, if £ = 1 (EL expli (wf — kp.r)} + c.c.), it follows from Egs (5.43)(5.44) that the
polarisation in Eq. (5.42) will include terms such as

P=...4+ %soNozl (ELcj* exp{i(wst — (kp — K).r}
+ ELg expli(wast — (ki + K).r)}) . (5.46)

where ws = wp, — Q2 and was = wr + 2. These terms serve as source antennae for the first
Stokes and first anti-Stokes waves. Inserting the Stokes term into the general coupled-wave
equation (2.8) yields

IE .
28 o i Ny Bt (5.47)
0z 2cng

while the analogous equation for the laser field is

OF .
L i NegEsg. (5.48)
0z 2cny,

The corresponding differential equation for ¢ is

2

%’+%Z—f+95q =§1 (5.49)
where F is the effective force driving the vibrations, m is the mass, €2¢ the natural resonance
frequency, and t the damping time. An expression for the force can be found from F =
—du/dq, where u = —%awz(q)E2 is the oscillator energy. With the help of Eq. (5.43),
we obtain F' = %eoalﬁ, where the time-averaging overbar removes the optical frequency
terms. We now substitute F' into Eq. (5.49) along with Eq. (5.44) for ¢, and we assume that
both the laser and Stokes fields are already present so that

E = % (EL exp{i(wrt — kp.r)} + Es expf{i(wst — kp.r)} + c.c.) . (5.50)
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Neglecting terms in é and FcL], we obtain

at

%a 9 _ (ro) ELE} (5.51)
T 4m
where we have set Q = Q¢ and ki, — ks = K.

Equations (5.47), (5.48) and (5.51) are the differential equations governing the three
waves involved in the stimulated Raman interaction. In the strongly damped case, it is easy
to get from here to the results of the previous subsection. When t in Eq. (5.51) is small, the
time derivative can be dropped, and the vibrational amplitude, which is now slaved to the
laser and Stokes fields, is

. . SOOM) -
=— ELEg. 5.52
§=—i(o) ELES (5.52)

When this result is substituted into Eqs (5.47) and (5.48), these equations become

aEs -4 ws 80N0l12‘l.' i
0z 2cng 4mQ
AE goNo?t \ | = 12] =

L__ e oNaj ‘ES‘ BL (5.54)
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which are consistent with Eqs (5.32) and (5.35) if

2 ~
L } Es (5.53)
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The terms in curly brackets in Eqs (5.53) and (5.54) are the coefficients governing gain at
the Stokes frequency, and loss at wr . At the beginning of the process, the Stokes field is
small, and the laser field Ey is approximately constant. At all stages, the local value of §
follows from Eq. (5.52).

Notice how the final few steps have served to hide the vibrational wave from view once
again. As soon as Eq. (5.52) is substituted into Eqs (5.47) and (5.48), and the brackets in
Eqs (5.53) and (5.54) have been replaced by xg from Eq. (5.55), all explicit reference to
the molecular vibrations disappears.

To gain further physical insight, we now consider the properties of the vibrational wave
of Eq. (5.44). We have seen that the wave consists of a spatial distribution of vibrat-
ing molecules whose phases are determined by the interference of the laser and Stokes
waves according to Eq. (5.52). In fact, the wave vectors of all three waves are linked by
kp = ks+ K, which can be represented by the vector triangle of Fig. 5.6. The figure
includes a hint of the wavefront structure of the Raman wave, and this raises the question
of its dispersion characteristics. In most circumstances, the oscillators participating in SRS
interact with each other extremely weakly, and this means that there is virtually no con-
straint on the magnitude of K, or on the wavelength of the wave. The dispersion curve is
therefore essentially a flat horizontal line positioned at frequency €2 for all |[K|, as shown
schematically in Fig. 5.7. The velocity of the wave is of course £2/K and, since €2 is essen-
tially fixed while K is free to vary, the velocity varies widely too. Similar attributes apply
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Wavevector triangle for stimulated Raman scattering showing the wave vector K of the Raman wave.
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Schematic dispersion diagram (not to scale) for Raman waves (and optical phonons) (top), and acoustic waves
(bottom).

incidentally to optical phonons, which mediate the stimulated Raman process in crystalline
materials.?”

Since the magnitude of K is unconstrained, the direction of kg in Fig. 5.6 is not fixed, and
this confirms the fact that the Stokes wave is free to grow in any direction it chooses. This
is another way of saying that the stimulated Raman process is automatically phase matched
in all directions.

20 Acoustic phonons in a solid are basically sound waves, in which neighbouring atoms are generally displaced
in the same direction. For optical phonons, on the other hand, neighbouring atoms are displaced in opposite
directions; the oscillations are therefore of a very different kind, and have very different dispersive properties.
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Figure 5.6 highlights another interesting aspect of the Raman wave approach, namely that
itmakes SRS look like a three-wave process, whereas the viewpoint of Section 5.3.1 made it
seem like a four-wave process. We have seen the transition from one viewpoint to the other
in Eqgs (5.52)—(5.55). The distinction between three- and four-wave processes is evidently
less clear-cut than we might have thought. Earlier in the book, three-wave processes have
normally involved three electromagnetic waves coupled by a x ? nonlinearity, and we have
become accustomed to the idea that these can only be supported in media lacking a centre of
symmetry. As we have seen, however, the Raman waves we are dealing with here are waves
of vibration or rotation or (in the case of electronic states) waves of excitation, created in
the interference between the laser and Stokes waves. There is no ‘one-wayness’ in them,
and so no violation of symmetry principles.

5.4 Interaction of optical and acoustic waves
|

5.4.1 Physical basis

In their simplest form, acoustic waves are waves of compression and rarefaction, waves
therefore in which the density varies in space and time about its mean value. Since refractive
index depends on density, acoustic waves are associated with waves of refractive index,
and we have already seen in Section 5.3.3 how a refractive index wave (see Eq. 5.45)
couples the laser and the Stokes waves in stimulated Raman scattering. This suggests that
light and acoustic waves can interact too, and acousto-optics is the name given to this field
of study.

The dictionary definition of ‘acoustic’ is ‘relating to sound’, but it must be stressed at
the outset that the acoustic frequencies we will be dealing with in this section are far higher
than 20 kHz, which is normally regarded as the upper limit of hearing for a young person.
We shall rather be considering the frequency range from a few MHz up to a few GHz, which
is at the high end of the ultrasound spectrum.

A number of different physical processes are potentially involved in the interaction
of light and ultrasound, and it is worth listing some of them and summarising their key
features.

The photoelastic effect: Also known as the piezo-optic effect, this concerns the change
in the dielectric properties of a material in the presence of strain. Since photoelasticity is
often measured by recording changes in birefringence, it is sometimes thought to occur
only in anisotropic media. But in fact the symmetry properties of the photoelastic tensor
are identical to those of the third-order coefficients described in Section 5.2.1 above, and
so photoelasticity can certainly occur in amorphous media.

Electrostriction: This is a universal property of dielectrics in which stress and strain are
created in the presence of an electric field. The effect varies as the square of the applied
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field (so it is not reversed when the sign of the field is reversed), and it is sometimes
known as quadratic electrostriction for this reason. Thermodynamic arguments indicate
that electrostriction and photoelasticity are closely interrelated.

Piezoelectricity: The piezoelectric effect describes the appearance of an electrical polari-
sation in a material when a strain is applied. Although this sounds a little like photoelasticity,
it differs insofar as piezoelectricity occurs only in non-centrosymmetric crystals. Indeed the
symmetry properties of the piezoelectric tensor are identical to those governing second-order
nonlinear effects such as second harmonic generation.

The inverse piezoelectric effect:>' As the name implies, this is piezoelectricity in
reverse. Instead of stress/strain causing the medium to become polarised, the inverse piezo-
electric effect relates to the creation of stress/strain in a non-centrosymmetric medium
by the application of an electric field. Unlike electrostriction, the effect is directly pro-
portional to the applied field, and the sign changes when the field is reversed. In broad
terms, inverse piezoelectricity is to electrostriction as the Pockels effect is to the DC Kerr
effect.

Optical absorption: If two optical beams interfere in an absorbing medium, the material
will tend to heat up in the region of the anti-nodes, and the associated thermal expansion
can drive an acoustic wave.

The two most important processes involved in the coupling of optical and acoustic waves
are usually photoelasticity and electrostriction. The first describes how ultrasound affects
light through the effect of stress and strain on refractive index, while the second describes
how light creates stress and strain, enabling two optical waves to drive an acoustic wave. It
is worth noting that processes of these two kinds were implicated in stimulated Raman
scattering; see Eqs (5.42)—(5.45) for the first kind and the discussion after Eq. (5.49)
for the second. As we shall discover, a Raman-type process known as stimulated Bril-
louin scattering (SBS) exists in which an acoustic wave plays the role of the vibrational
wave of Section 5.3.3. However, there are important differences between SBS and SRS,
which arise because acoustic frequencies are much lower than vibrational frequencies,
and because the dispersion characteristics of ultrasound are very different from those of
Raman waves. For the vibrational waves of Section 5.3.3, we have seen that frequency
is virtually independent of wavelength, so the schematic dispersion relation in Fig. 5.7 is
essentially horizontal. In contrast, the dispersion relation for an acoustic wave is much
closer to a straight line through the origin, and this is represented by the lower plot in
Fig. 5.7; the gradient of the line is basically the velocity of an acoustic wave. It must be
stressed that the figure is purely schematic, and completely out of scale. The ultrasound
frequencies we will be considering are four to five orders of magnitude smaller than typical
vibrational frequencies so, if Fig. 5.7 were drawn to scale and the Raman wave line were

21 Also known as the ‘converse’, ‘reciprocal’, or ‘reverse’ piezoelectric effect.
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visible at the top, the acoustic dispersion line would be indistinguishable from the K -axis
at the bottom.

In Sections 5.4.2 and 5.4.3, we will consider two situations where a laser signal is
diffracted from an acoustic wave generated externally, that is itself essentially unaffected
by the diffraction process. Then, in Section 5.5, we will move on to stimulated Brillouin
scattering, in which the acoustic wave plays the role of the Raman wave in stimulated
Raman scattering.

5.4.2 Diffraction of light by ultrasound

Consider an acoustic wave of angular frequency Q24 travelling in the y-direction. The
longitudinal acoustic displacement Q can be written

0 =1 (Qexpli(@ar — Kay) +cc.), (5.56)

where Q is the slowly varying complex amplitude, K5 = Q4 V is the angular wave number,
and V is the wave velocity. Since in one dimension, strain S = dQ/dy, the associated
acoustic strain wave is given by

S=3 (—iKAQ expli(Qar — Kay)} + c.c.) : (5.57)

The presence of strain influences the propagation of optical fields through changes in the
dielectric constant given by

de = —yeS (5.58)

where y, is the electrostrictive constant.?? It follows that
se = Ly, (iKAQ expli (Qaf — Ka.r)) — i Ka O exp{—i(Qar + KA.r)}> (5.59)
where the equation has been generalised to allow for propagation in an arbitrary

direction. The change in the dielectric constant leads to a nonlinear polarisation

PNL = go8gE. If the field in this equation is an incident laser beam given by E =

% (EL exp{i(wLt —KkrL.r)} + c.c.) and we use Eq. (5.58) for §¢, we obtain

PN = Legy K (iELQ expli(wL + 2a) — (KL + Ka).1)}
—iEL Q" expli(wr — Q) — (kL — Ka).1)} + c.c.) . (5.60)

The terms in this equation clearly represent optical antennae driving up-shifted and down-
shifted fields in new directions, in other words the diffraction of light by ultrasound. A
schematic diagram of the interaction is shown in Fig. 5.8, where the acoustic wave is

22 The electrostrictive constant is defined by ye = (pde/dp) p=; where p is the mean value of the density p.
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ACOUSTIC WAVE

Diffraction of an optical wave by an acoustic wave.

shown propagating at right angles to the incident laser wave, creating diffracted waves in
the directions of k; £ K4 . The process is used in acousto-optic modulators and deflectors.

The diffraction angles drawn in the figure are roughly 4+15°, but a simple calculation
shows that deflections of this magnitude are hard to achieve. The angular wave number of
an optical wave at 1 pm is 277 x 10 rads~! and, since tan 15° = 0.25, the magnitude of
K needs to be about %n x 100 rads~!. Since the velocity of ultrasound in solids is around
4000m s, the necessary acoustic frequency is

QA 10% x 4000

A X | GHz 5.61
2 4 z (5-61)

While acousto-optical devices at a few GHz are now available, frequencies in the 20-200
MHz range are more common.

Although 1 GHz is a high frequency for ultrasound, it is very small compared to typical
optical frequencies of around 300 THz. It follows that the relative optical frequency shifts
in acousto-optical diffraction are minute, and so the angular wave numbers of the incident
and scattered beams are virtually the same (i.e. k+ = k_ = kg ). This is relevant to the phase
matching conditions. Figure 5.9(a) shows that, if the acoustic wave is perpendicular to the
incident light wave, the wave vectors cannot form a closed triangle. A simple calculation
(see Problem 5.7) shows that the wave vector mismatch in this case is Ak = %kLQZ, and
so the coherence length for the process is

Loy = L= 2A (5.62)

where A1 and A are the respective optical and acoustic wavelengths. This works out as
around 16 pm for Ay, = 1 pwm and 6 = 15°, although the figure rises to around 150 pm
at 5°.

Acousto-optic devices in which the interaction length is substantially smaller than L,
are said to operate in the Raman—Nath regime. Longer interaction lengths can be realised
under phase-matched conditions. Phase matching is easily achieved by angling the light
and acoustic waves so that one of the triangles is closed, as shown in Fig. 5.9(b). The figure
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Wavevector triangles for (a) the acoustic wave perpendicular to the optical wave (as in Fig. 5.8), (b) a slanted acoustic
wave to ensure the phase matching of the k_ wave.

shows the case where

kL = k_ + Ka. (5.63)

Notice that, since ki, = k_, the closed triangle in Fig. 5.9(b) is effectively isosceles. Equation
(5.63) is similar to the Bragg condition in X-ray diffraction, and indeed the case where phase
matching is achieved in acousto-optics is known as the Bragg regime. Whereas in X-ray
diffraction, the ‘grating’ arises from a stationary spatial pattern of atoms in a crystal, here
it characterises a travelling acoustic wave. In fact, it is precisely because the acoustic wave
presents a refractive index grating moving slightly away from the incident laser beam in
Fig. 5.9(b), that the k_ beam is slightly down-shifted (by ©24) in angular frequency. The
frequency change is consistent with the Doppler shift from a moving mirror. An even closer
analogy with X-ray diffraction occurs in a process called stimulated Rayleigh scattering
where the laser beam scatters from an essentially stationary refractive index pattern in the
nonlinear medium.

5.4.3 The acousto-optic dispersive filter

The acousto-optic programmable dispersive filter (AOPDF) devised by Tournois [43], com-
monly known by its trade name (the Dazzler), is designed to control and customise the
structure of femtosecond optical pulses. Consider, in the simplest case, a pulse of acoustic
waves given by

0@ n=1 (Q(Z,t) expli (a7 — Kaz)) + c.c.) . (5.64)

The pulse travels through a birefringent crystal in the z-direction, collinearly with two
optical pulses, the input (1) and the output (2). One of the optical pulses (say the input)
travels as an ordinary wave, and the other (the output) as an extraordinary wave. A schematic
diagram is shown in Fig. 5.10.

Phase matching is crucial to the operation of the device. The key idea is to tailor the
acoustic pulse so that the phase-matching condition determines the point in the crystal
at which the input channel couples to the output channel. Because all three waves are
collinear, the condition can be written in scalar form as ky = k| + K. The frequency
condition wy = w; + Q4 naturally applies too and, since acoustic frequencies (typically
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Collinear configuration for an acousto-optic dispersive filter.

~50 MHz in an AOPDF) are tiny compared to optical frequencies, @ and w, will be the
same to about 1 part in 107. However, k; and k; will be significantly different because
they are associated with ordinary and extraordinary waves, which have different refractive
indices. The relationship between the three angular wave numbers under phase-matched
conditions is shown in the lower part of Fig. 5.10.

The velocity of acoustic waves is typically more than five orders of magnitude smaller
than the velocity of light, so the acoustic pulse is effectively frozen in the crystal as far as
the optical pulses are concerned, as indicated in the figure. Hence we can remove the time
dependence from Eq. (5.64) and write

0() =} (|0 |expl-iKL @)z} + ) (5.65)

where the phase characteristics of the acoustic pulse have been absorbed into K, , which is
now a function of z. Each spectral component of the input pulse will therefore couple into
the output channel at the point in the acoustic wave where the phase-matching condition is
satisfied, in other words when??

o |ie(®) — no(w)|

Ki(z) = (5.66)

c

Once the dispersion characteristics of the crystal are known, this equation can be solved
numerically to give z as a function of w. For a crystal of length L, the frequency-dependent
phase accumulated by the optical pulses in the crystal is easily shown to be

® N
¢ (w) = —;(noz(w) + (@) (L — 2(0))) (5.67)

which controls the phase of the transfer function 7' (w) from input to output. However, the
process also allows the amplitude of the transfer function to be controlled, because this is

determined by ‘ Q(w) ‘ Overall we can write

Ex(w) = T(w)E) () (5.68)

23 fie(w) is the refractive index of the extraordinary wave; see Section 3.3.3.
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which implies that amplitude and phase modulation of the optical pulse can be effected
simultaneously provided an acousto-optic pulse with the appropriate amplitude and phase
structure can be constructed. The problem in practice is of course to find the acoustic profile
needed to deliver a desired T (w), while compensating for the group velocity dispersion
introduced by the device itself at the same time.?* This non-trivial task has to be done using
a specially designed software package.

In summary, the AOPDF enables the structure of a femtosecond pulse to be managed in
a programmable way through the mediation of a precisely tailored acoustic signal. How-
ever, the details are usually rather more complicated than the simple treatment given here
suggests. For example, the acoustic pulse might be a shear wave rather than a compression
wave and, for various reasons, a non-collinear beam configuration is necessary in the popular
acousto-optic crystal TeO,. Moreover, since acousto-optic crystals tend to be mechanically
as well as optically anisotropic, the acoustic Poynting vector will not necessarily be parallel
to K, and so acoustic walk-off will need to be taken into account as well.

5.5 Stimulated Brillouin scattering
- |

5.5.1 Introduction

The previous two sections dealt with the diffraction of light by ultrasound generated exter-
nally by an acoustic transducer. We now consider a process, similar to stimulated Raman
scattering, in which an acoustic wave plays the role of the Raman wave, and the Stokes and
acoustic waves are driven by the laser. First observed in 1964 [44], the process might logi-
cally be called stimulated acoustic Raman scattering, but it is in fact known as stimulated
Brillouin scattering (SBS).

There are close parallels between SBS and SRS, but significant differences too. The
most important is that, for reasons connected with the dispersion characteristics of acoustic
waves, the Stokes wave in SBS is normally observed in the backward direction. In the typical
configuration shown in Fig. 5.11, the laser beam is focused into the nonlinear medium where

A
L s <] —fti=—""

Schematic diagram of backward stimulated Brillouin scattering.

24 The group velocity dispersion of optical pulses is treated in Chapters 6 and 7.
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the SBS interaction takes place in the region of the focus. The laser drives a forward-going
acoustic wave and a backward-directed Stokes wave, which is picked off by the partially
reflecting mirror beyond the lens.

The most common process by which two optical waves drive an acoustic wave is based
on the longitudinal electrostrictive effect. The existence of an electrostrictive force can be
deduced from Eq. (5.58) by inferring that the stored electrostatic energy density is changed
in the presence of strain by Su, = —%soyeSEz. This in turn implies the existence of a
pressure p = due/S = —%soyeE 2, from which it follows that the force on unit volume of
material resulting from optical fields travelling along the z-axis is

op _y  (E)
Fy=——= —_— 5.69
v 9z 72¢0Ve a2 ( )
The equation of motion for the acoustic displacement Q in response to the force is
AEY 1320 90 %0
1
> —t—-——-T—==p— 5.70
e TGl P TR e (>.70)

where the force terms on the left-hand side respectively represent electrostriction, elasticity,
and loss. The parameter C is the compressibility of the medium, p is the mass density, and
[ is the acoustic damping coefficient.

It has been mentioned already that the Stokes wave in SBS travels in the backward
direction, and we now need to consider why that is. It is in fact quite easy to see that
collinear propagation in which all waves travel in the same direction is not a viable option.
As for the programmable dispersive filter (PDF) of Section 5.4.3, the conditions to be
satisfied are w;, = ws + R4, and ki = ks+K and, as in that case, the laser and Stokes
frequencies (wr and wg) will be virtually identical. For the PDF, the magnitudes of kg,
and kg (the angular wave numbers k1, and ks) were significantly different because one
wave was ordinary and the other extraordinary. But SBS is normally observed in isotropic
materials, so ki and ks will now be virtually equal, while the magnitude of Ka(=Kx) will
be determined by the angle in the vector triangle of Fig. 5.12(a). Clearly, if the laser and
Stokes waves co-propagate, kr, and kg will be parallel, K5 will be extremely small, the
acoustic wavelength will be extremely large, and Q4 (= Ka V), which was already small,
will be effectively zero.

It will also emerge later that the Brillouin gain is proportional to K, so the gain would
in any case be negligible under collinear conditions. Anyway, with this point in mind, it
is desirable to make K as large as possible and, from Fig. 5.12(a), it is clear that this
is achieved when the triangle is opened right out, and the laser and Stokes wave counter-
propagate, as shown in Fig. 5.12(b). The acoustic wave travels in the +z-direction and the
laser wave scatters off it, as from a moving mirror, leading to a Stokes wave travelling
in the —z-direction with a marginal frequency down-shift. It is clear from the figure that
KA = kp + ks = 2k, = 2kg, and it follows that the frequency shift is given by

QA 2I’lLV

= v (5.71)
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(b)

Wave vector orientations in stimulated Brillouin scattering: (a) general angle; (b) the backward case.

where V(= Q4/Ka) is the speed of ultrasound in the nonlinear medium, and A{? is the
vacuum wavelength of the laser. Values of 24 /27 around 5 GHz are typical for liquids,
with rather lower frequencies in gases, and rather higher frequencies (15-25 GHz) in solids.

5.5.2 The coupled-wave equations of stimulated Brillouin scattering

To analysis the SBS process, we write the optical and acoustic waves in the form
E=1} (EL expli(wrt — kL2)} + Es expli(wst + ksz)} + °-°-> g (5.72)
0 =} (Qexpli(Rnr — Ka2)} + 0% exp(—i(2at — Ka2)}) (5.73)

where the first equation includes the incident laser beam and the counter-propagating Stokes
wave; notice the plus sign in the Stokes wave argument. We substitute Eqs (5.72) and (5.73)
into Eq. (5.70) and, after some algebra, we obtain
9 [ TO _ _ & f g (5.74)
dz 2oV 8pV2
where we have used wp — ws = Q4 and kp 4+ ks = K. The proof uses the relation V =
(Cp)~1/2, and several first and second space and time derivatives of Q have been dropped.
Equation (5.74) governs the process in which the optical fields drive the acoustic wave;
notice particularly the presence of the electrostrictive constant with the laser and Stokes
fields on the right-hand side. The equation for the Stokes field can be found from the second
term on the right-hand side of Eq. (5.60). The nonlinear polarisation that drives the wave
at wg 18

(5.75)
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where the second step defines Ps. We again customise the standard coupled-wave equation
(2.8) to the wave at wg and, when Pg is inserted into the right-hand side, the result is

IE KA\ = =
9Es _ [ @SYeRA EL Q. (5.76)
0z 4cng

The analogous equation for the laser field (based on }3L = %i g0Ye K Es Q) is
IE Ka\ = =
L (SLYe2A) 56D (5.77)
0z 4dcny,

The three coupled differential equations (5.74) and (5.76)—(5.77) govern the evolution of
the three fields in the Brillouin interaction. If we now introduce the new parameters

- ~ r K K
A=—0, a=——, b= = OVRA Lqo = CLTRA
20V 4vr 4cng deny,
the equations take on the more manageable appearance
0A _—
Z
dEs .-
=cgELA* 5.79
3o — sh (5.79)
IE .
L EsA. (5.80)
9z

We have defined A as the negative of the acoustic displacement since this makes the signs
more convenient, and we have also included a negative sign in the derivative of Eq. (5.79)
to highlight the fact that the Stokes wave propagates in the backward direction.

5.5.3 Approximations and solutions

Solutions to Eqs (5.78)—(5.80) can be obtained within several different approximations.
First of all, the equation for A can be simplified if one or other of the terms on the left-hand
side can be ignored. Discarding the second term amounts to neglecting acoustic damping
which, though rarely appropriate, leads to an interesting solution, which we discuss later. In
the case of strong acoustic damping, which is normally more realistic, the spatial derivative
is dropped, and this leads immediately to

A =DbELES. (5.81)

This means that the acoustic wave is slaved to the laser and Stokes waves, just like the
vibrational wave in the SRS case in Eq. (5.52). When Eq. (5.81) is substituted into Eqs (5.79)
and (5.80), we obtain

3E~'S ~ 12] -~

o= +{ch ‘EL‘ }Es (5.82)

IE . 2] -

L —{bcL‘Es‘ }EL (5.83)
Z
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from which it is easy to show that

1 dls 1 olL
— =———. 5.84
hws d(—z) hor dz ( )

This means that for each Stokes photon gained in the —z-direction, a laser photon is lost in
the +z-direction.
The equations can be simplified further if depletion of the laser field is negligible.

-2
Equation (5.83) can then be discarded, and ‘EL‘ treated as a constant in Eq. (5.82), which
now has a solution in which the Stokes wave grows exponentially in the —z-direction, with
a gain coefficient given by

-2
_ 2 osyeKag ‘EL‘
= bes|BL| = ————". 5.85
gs = bcs |EL T6ensV T (5.85)
In a cell of length L, as suggested in Fig. 5.12(b), the solution is
Es(z) = Es(L) exp{gs(L — 2)) (5.86)

where Es(L) is the Stokes field at the rear surface, which would be the input field in the case
of a Brillouin amplifier. The form of the solution is plotted in Fig. 5.13, where Es(L) =1
(arbitrary units), and gsL = 5. The Stokes field grows from right to left, and because the
acoustic wave is tied to the Stokes wave through Eq. (5.81), A is strongest at z = 0 and falls
away exponentially thereafter. This is despite the fact that the acoustic wave propagates in
the +z-direction. As for SRS, the Stokes wave will grow from noise if the gain coefficient,
which depends on the laser intensity through Eq. (5.83), is sufficiently high.
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Stokes and acoustic wave amplitudes as a function of distance for stimulated Brillouin scattering in the case of strong
acoustic damping. Laser depletion is ignored.
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An analytical solution is also possible when laser depletion and acoustic damping are both
ignored. As noted earlier, the latter assumption is usually unrealistic, but it is instructive to
pursue this case because it has some interesting features. As an added bonus, the system
comes with the impressive title of ‘contraflow Hermitian parametric coupling’ [45], so it is
clearly worthy of attention! The equations to be solved are now

A - dE .
LBy S —Ar (5.87)
0z 9(—2)
where r = abEp and s = cgEp. It is easy to show that a solution of the type A(z) =
A(0) exp{gz} and Es(z) = Es(0) exp{gz} exists. However, g is now imaginary, and given
by
g = tivrs* = %ik (5.88)

— 2K a0 |EL|?
k =+/abcs |ELI* = M. (5.89)
32cngpV?

This implies that the solutions are oscillatory, but there turns out to be a singularity after a
quarter of a cycle, so complete oscillations are never seen.

Once again, we consider the evolution of A and Eg in the configuration of Fig. 5.12(b).
As before, the pump wave enters at z = 0, while the Stokes wave develops in the backward
direction. If we set the boundary condition that A(0) = 0, the solution is

where

- rﬁg(L) sinkz ] COSKZ

Az) = . Es(z) = Es(L
@ K cosk L s@) s )COSKL

i _ ei¢L ceons )
K 2wspKAV?

The key feature of this result is the dependence of both amplitudes on (cos« L)~!. This
implies that the gain factors of the Stokes and acoustic waves become infinite when « L —
7 /2, which occurs when the laser intensity reaches

(5.90)

where

4n2c2nsanV2

IL = 591
b wsyezKALz ( )

This is the threshold for stimulated Brillouin scattering in this albeit unrealistic case.

A plot of the solutions given in Eq. (5.90) is shown in Fig. 5.14 for the case where
kL = 0.99 x (7r/2) for which (cos k L)™' = 63.7. The field units are arbitrary and we have
set Es(L) = r/k = 1 for the purposes of illustration. The acoustic wave grows to the right
and the Stokes wave to the left, each field being linked to the gradient of the other through
Eq. (5.87).

Notice especially the presence of K in the numerator of Eq. (5.89) and the denominator
of Eq. (5.91), confirming that the Stokes wave in stimulated Brillouin scattering grows most
strongly when K » is maximised, which is in the backward direction according to Fig. 5.12.

Recent review material on SBS can be found in [46, 47].
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As for Fig. 5.13, but with acoustic damping neglected.

5.6 Optical phase conjugation
|

5.6.1 Phase conjugate beams

When an optical beam passes through an aberrating medium, it emerges with a distorted
wavefront. If it is then reflected back through the medium by a normal mirror, the damage is
compounded. By contrast, phase conjugate reflection creates a beam that retraces its steps
through the medium as in a time-reversed movie so that the beam emerges with its aber-
rations removed. Phase conjugate beams have important applications in laser engineering
and, in this section, we will consider how they can be created.

Before discussing how a phase conjugate wave can be generated, we need to understand
what it is, and how it differs from a normal wave. As usual, we start by considering a beam
(call it wave 1) travelling broadly in the +z-direction, namely

Ey(r,r) =1 (I;"l(r) expliot) + EX(r) exp{—iwt}) . (5.92)

Here El(r) = Ei(r) exp{—ikiz}, and Ei(r) is slowly varying with respect to r =
(x,y,2).25 As the name suggests, the corresponding ‘phase conjugate’ wave Ec(r,1) is
obtained by replacing E1(r) in Eq. (5.92) by its complex conjugate £} (r) so that

Ec(r,n) =1 (Af(r) expliot) + E1(r) exp{—iwt}) . (5.93)
But the terms could equally be written in reverse order, in which case we would have

Ec(r,0) =4 (El(r) exp{—iwt} + EX(r) exp{iwt}) — E\(r, —1) (5.94)

25 We are assuming a continuous (CW) beam. More generally, the fields would of course be time dependent.
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where the final step shows that the phase conjugate wave is identical to the ‘time reversed’
version of the original wave, which is obtained by changing 7 to —¢ in Eq. (5.92). The
conclusion is that replacing Ei(r)in Eq. (5.92) by its conjugate is equivalent to reversing
the sign of ¢, so it is immaterial whether one regards the phase conjugate field as being E 1(r)
running in forward time, or Ei (r) running in reverse time. A movie tracing the evolution
of Ec(r,t) would be identical in every respect to a movie of E1(r, t) run backwards.

A trivial first example is the plane wave. While E: (z) = Aexp{—ik;z} travels in the +z-
direction, its conjugate E f (z) = A exp{+ik;z}travels inthe —z-direction, and is equivalent
to E 1(2) under time reversal. As a second example, consider the Gaussian beam, which is
given (see Section 2.5) by

Eq( )—(L>x —L—'k (5.95)
o= 1—iz/zr exp w%(l—iz/ZR) s ’

where r2 = x? + y?, zg is the Rayleigh length, and w?(z) = w%(l + (z/zr)?). Once again,
taking the complex conjugate is equivalent to replacing z by —z, so the direction of travel
(or the direction of time if you prefer) is reversed.

It is now easy to see that phase conjugate reflection is fundamentally different from what
happens when a beam encounters a conventional mirror. The two cases are contrasted in
Fig. 5.15. The focus of the Gaussian beam is at z = 0, and the solid black line shows the
spherical wavefront (labelled 1) as it approaches the normal mirror M at z = zy,. After
reflection, the beam continues to expand in the —z-direction, as shown by the dotted line
RR, which is now curved in the opposite sense. The reflected wave is in fact equivalent
to a leftward travelling Gaussian beam centred at z = 2zy,; see Problem 5.9. By contrast,
the phase conjugate wave simply retraces the path of the original wave, a possibility that
is represented in the figure by the dotted line CC, which is curved in the same sense as
the original wave, and is contracting back towards z = 0. The difference in the width and
curvature of RR and CC highlights the difference between normal reflection and phase
conjugated reflection.

Asnoted at the start of this section, interest in phase conjugation is centred on the potential
cancellation of optical aberrations, so we now need to consider how aberrated beams behave
after reflection at a phase conjugate mirror. The key point always to keep in mind is that

Conventional reflection (RR) and phase conjugate reflection (CC) for a simple spherical wavefront.
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Spherical wavefront (1) is distorted (2) after propagating through an aberrating plate. Conventional reflection creates
wavefront 2R, which will be further aberrated by its backward passage through the plate. The phase conjugated
wavefront 2C will have its aberrations removed as it returns through the plate creating wavefront C.

the phase conjugate wave is the same as the time-reversed wave so, if a beam acquires
aberrations in (say) an optically imperfect window, its phase conjugate reflection will pass
back through the window and emerge with the aberrations removed. A double pass through
a laser amplifier using a phase conjugate mirror to return the beam is clearly an attractive
prospect in laser engineering. However, it is important to appreciate that the procedure only
cancels linear optical aberrations, and that distortions stemming from nonlinear optical
phenomena are added rather than subtracted in the second pass.

To illustrate these points, consider the spherical wavefront labelled 1 in Fig. 5.16, where
it is shown approaching an aberrating plate from the left. As it passes through the plate, it
picks up phase distortions ¢ (x, y), and emerges as the distorted wavefront 2 given by

Ex(r) = Eq(r) explip(x, y)). (5.96)

The beam is shown expanding away to the right with ripples in its wavefront. If it were
reflected back by an ordinary mirror, it would return as wavefront 2R, which is curved in
the opposite sense. After passing through the plate a second time, the beam would emerge
doubly distorted, and would continue to expand away to the left. On the other hand, a phase
conjugate reflector would return wavefront 2 to the plate as wavefront 2C given by

EX(r) = ET(r) expl—ig (x, ). (5.97)

This has exactly the same shape as wavefront 2, but is now travelling in the opposite direc-
tion. Moreover, since it is equivalent to a time-reversed version of wavefront 2, it retraces
the steps of that wavefront, and emerges on the left as wavefront C with its aberrations
removed. The operation can be represented by the equation

Ec(r) = Ef(r) exp{—i(x,y)} explid(x, )} = E}(r). (5.98)
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The phase distortions cancel out, and a phase conjugate replica of the original clean beam
is recovered.

5.6.2 Phase conjugation by four-wave mixing

Various ways of generating phase conjugate beams have been studied. As we shall dis-
cover, the process is closely analogous to holography, but holography performed in real
time through a nonlinear interaction, rather than via the creation and development of a
photographic plate. Any medium in which a refractive index grating can be imprinted
and instantaneously read out is a potential candidate for mediating the phase conjugation
process.

Letus assume (see Fig. 5.17) that the wave to be phase conjugated (again denoted wave 1)
travels in the +z-direction, while a pair of waves (2 and 3) travel along a different line but
with oppositely directed wave vectors ky and —k;. The three waves can be written

Ei =1} <E1(r) expli (ot — k12)} + EF(r) exp{—i (ot — klz)}) (5.99)
E> =} (Ex(v) expli (o1 — ko)) + ) (5.100)
Es =} (B expli(or — (—ka)) +cc.). (5.101)

Even without going into the fundamental mechanism of the process, the possibility of
phase conjugate wave generation can be spotted within the basic formalism of third-order
nonlinear processes. For if one works out the cube of the total field (E| + E> + E3), a term
appears in the nonlinear polarisation of the form

PNY(r) ~ Ey(r)E5(r) expli2wt) x Ef(r) exp{—i(wt — kiz)} (5.102)

which comes from the product of the second term in Eq. (5.99) and the first terms in
Eqs (5.100) and (5.101). If waves 2 and 3 are plane waves, then E»(r) E3(r) = A>A3, and

Phase conjugation by four-wave mixing. Wave 1and plane wavefront 2 write a grating in the nonlinear medium. The
reverse plane wavefront 3 interacts with the grating to create the phase conjugated beam 4.
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we have
PNE(r) ~ Ay A3 EF(r) expli(wt + k12)). (5.103)

This polarisation antenna will therefore radiate a field (wave 4) in the backward direction,
with a wavefront that is the phase conjugate of the original wave. The interaction could be
mediated by the non-resonant four-wave mixing process defined by?°

PN (r) = 3e0x D (@; @, —w, ) E2(r) EF () E3(r) (5.104)

where Ez(r) = Ez(r) exp{—iky.r}, etc. in accordance with the definitions of
Eqgs (2.4)-(2.5).

It is instructive to divide the process into two distinct stages. In the first stage, the
interference of wave 1 and wave 2 (assumed plane) writes a stationary pattern in the medium
with the structure

p12(r) ~ A2 Ef(r) expli (k12 — ka).r). (5.105)

This comes from the product of the second term in Eq. (5.99) with the first term in
Eq. (5.100). In the second stage, wave 3 interacts with this pattern, creating a term in
the polarisation

PNE(r) ~ Azp1a(r) expli(wf — (—ka.r))} = A3ALES(r) expli(ot + k12)}  (5.106)

which is the form given by Eq. (5.103). In Fig. 5.17, the first stage is displayed in black and
the second stage in grey. The fine lines indicate the orientation of the stationary interference
pattern. Although these lines are drawn straight in the figure, in practice they will be distorted
by aberrations in wave 1, and it is of course precisely these distortions that wave 3 reads to
create the phase conjugate wave 4.

The roles of waves 2 and 3 could equally be reversed. In that case, instead of Eqs (5.105)
and (5.106), we would have

p13(r) ~ A3E7(r) expli (k2 + k).r} (5.107)
and
PNE(r) ~ App13(r) expli(of — (ka.r)} = Ay A3 EF(r) expli(wt +kiz)}  (5.108)

which is the same as Eq. (5.106). The corresponding diagram is shown in Fig. 5.18. Notice
that the interference pattern is at right angles to the one in Fig. 5.17, and the lines forming
the pattern are also drawn closer together because the wavelength will be smaller at these
angles.

The patterns of Eqs (5.105) and (5.107) take different physical forms depending on the
type of interaction involved. In the case of four-wave mixing envisaged in Eq. (5.104),

26 Tt is in fact necessary only for waves 2 and 3 to be conjugates of each other for the phase structure of the waves

2
to cancel out, and for Eq. (5.103) to apply. The pre-factor comes from 6 x (%) because six cross-terms appear

when the cube is taken.
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As Fig. 5.17, but with the roles of wavefronts 2 and 3 reversed.

p12(r) and p13(r) would be second-order terms in the density matrix (see Chapter 8), and
the symbol has been chosen with that in mind. The interference patterns would certainly
register on a photographic plate, which points to the parallel with conventional holography.
In that case, the intention is normally the re-creation of the original wavefront, rather than the
production of a phase conjugated wave. The initial stage of the process would then involve
the combination of the first term in Eq. (5.99) with the second term in the ‘reference wave’
of Eq. (5.100) to produce the pattern

p12(r) ~ E1(r) Ay expli(ky — k12).r}. (5.109)

The second stage would involve the illumination of this pattern with the reference wave to
re-create the original wavefront through the combination

PNE(r) ~ p12(r) Ag expli(wf — ka.r)} = ASE/(r) expli(wf — k12)}. (5.110)

There would of course be an interval between the two stages, during which the photo-
graphic development of the three-dimensional hologram would take place. By contrast, the
two stages of phase conjugation by four-wave mixing occur simultaneously, and the term
real-time holography has been coined for that reason.

5.6.3 Phase conjugation by stimulated Brillouin scattering

Phase conjugation can also be effected by stimulated Brillouin scattering. In early experi-
ments on SBS, it was noticed that the backward Stokes wave was so similar in structure to a
time-reversed version of the pumping wave that it worked its way back into the laser source
and interfered with its performance. It was soon recognised that the phase conjugating
property was an inherent feature of SBS.

At first sight, this phenomenon is unexpected, because there is nothing in Eq. (5.82) to
suggest that the Stokes wavefront Eg should have any specific relationship to the conjugate
of the laser wavefront E}f On the other hand, Fig. 5.11 (shown enlarged in Fig. 5.19),
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Schematic diagram of phase conjugation by stimulated Brillouin scattering.

indicates that the Stokes beam, propagating in the backward direction from the focal region
where the interaction is strongest, is likely to be far closer to E~f than to Ep for purely
geometrical reasons. After all, we have seen in Fig. 5.15 the difference between the reflection
from an ordinary mirror and from a phase conjugate mirror. A mirror placed at the focal point
in Fig. 5.19 would certainly cause the incoming beam broadly to retrace its steps, but this
would not be the case for any other mirror position. In particular, if we wanted to seed the
Stokes beam by launching a weak signal into the cell from the right, the wavefront (shown
as the dotted line S on the right of Fig. 5.19) should clearly be curved to match the rightward
propagating wavefront Ep (labelled L in the figure). It should therefore correspond to the
time reversal of £y, in other words to E |- After passing through the SBS interaction region,
the Stokes beam wavefront will emerge on the left, curved in the same sense as the laser
wave as it approaches the focal region from the left, as shown in the figure.

The issue is therefore not so much whether the structure of the Stokes beam is closer to
the conjugate of Ep than to Ey itself — it clearly will be. Rather it is whether the wavefront
of Es will match E [ sufficiently accurately to display all the attributes of a phase conjugate
beam. The evidence of experiment is clearly that it does, so the burden is on the theorist to
explain why that is the case.

A qualitative argument runs broadly as follows.?” If the laser wavefront is aberrated, the
spatial structure of the beam throughout the focal region will exhibit corresponding spatial
complexity. If one then imagines a range of possible backward-propagating Stokes beams,
all competing for the energy of the incident laser through the SBS process, the winner of
the competition will be the beam that can march most accurately backwards through the
pattern laid down by the laser. This will be the beam that is closest to the phase conjugate
of EL.

A question remains. Does the fact that the wavelength of the Stokes beam is slightly
higher than that of the laser affect the argument? Does it compromise the accuracy needed
if the Stokes beam is to negotiate its way back along the path laid down by the laser? The
wavelengths (and frequencies) of the two differ in SBS typically by 1 part in 2 x 10* so,
for a laser at 1 um, serious mismatch between the two will occur over a distance of around
20 mm. But this is far longer than the effective length of the interaction region in a typical
SBS experiment, and suggests that the difference is not an issue.

Reviews of phase conjugate optics can be found in [49-51].

27 A semi-quantitative argument along these lines is offered by Boyd [1]. A more complicated picture of phase
conjugation in SBS, based on Brillouin-assisted four-wave mixing, is presented by He and Liu [48].
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5.7 Supercontinuum generation
- |

At the beginning of the chapter, it was mentioned that when one third-order process occurs,
several others often do so at the same time. Nowhere is the tendency more evident than in
supercontinuum generation.”®

In supercontinuum generation (SCG), an intense narrow-band incident pulse undergoes
dramatic spectral broadening through the joint action of several third-order processes, result-
ing in an output pulse of essentially white light. The effect was first observed by Alfano
and Shapiro [33] in various glasses, and output spectra spanning the visible spectrum were
recorded. The spectral broadening was attributed to self-phase modulation (SPM) but, since
it was ten times stronger than anything previously observed, it became known as a super-
continuum [52-53]. In bulk media, the threshold for SCG coincides with the threshold
for self-focusing, and the increase in intensity that accompanies beam collapse promotes a
family of third-order processes including self-phase modulation, cross-phase modulation,
self-steepening, and plasma formation. The mechanism of self-focusing is complicated
enough in itself but, despite this, a detailed model of SCG in bulk materials was presented
by Gaeta in 2000 [54].

Understanding SCG in optical fibres is significantly simpler because the complexities
of self-focusing are absent. Even there, however, a whole family of third-order processes
conspires together to deliver the strong spectral broadening, including stimulated Raman
scattering and associated four-wave mixing processes, as well as self- and cross-phase
modulation [55]. For a recent book on supercontinuum generation in optical fibres, see [56].

When driven by a mode-locked pulse train, SCG is the basis for the generation of wide-
band frequency combs that have applications in optical frequency metrology. If combs
at the fundamental and second harmonic frequencies are present at the same time, and
both span a substantial fraction of an octave, the two will overlap, and this is the basis
of an important technique in laser technology for the phase stabilisation of femtosecond
pulses; this is explained in more detail in Section 7.10. More generally, SCG can be used
as a broadband light source in a wide variety of contexts including spectroscopy, optical
coherence tomography, and telecommunications.

Problems

5.1 Show that, with respect to the axes defined in Fig. 5.1, the effective third harmonic
generation coefficient for a plane-polarised fundamental field is xefr = %( X1+ x2+
x3 + x4) (Eq. 5.8).

5.2 Show that third harmonic radiation cannot be generated using circularly polarised light.

5.3 Find the half-wave voltage for a Kerr cell based on nitrobenzene (K =4.4 x
10~2m V=2). The cell is 10 cm long, and the plate separation is 1 cm.

28 I am indebted to Dr Louise Hirst for providing me with some useful background material on supercontinuum
generation
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54
55

5.6

5.7

5.8

5.9

Verify Eq. (5.18) starting from the relevant equations in Appendix C.

Show that the phase velocity of an N = 1 soliton is approximately (cna Ipk/ 2n(2)) lower
than its low-intensity value in the same medium.

Show that Eq. (5.35) follows from Eq. (5.34), and that Eqs (5.32) and (5.35) together
ensure that the photon flux (photons/area/time) is conserved.

Prove Eq. (5.62) for the coherence length of the acousto-optic process diagrammed in
Fig. 5.8.

Equations (5.90) give the solutions to Eqgs (5.87) for the boundary condition A(0) = 0.
Show that for the alternative boundary condition Es(L) =0, the analogous solutions are
cosk(L—2) Bop) = Kk A*(0) sin k(L — )

A(z) = A0 :
@ © sk L r cosk L

Show that when the Gaussian beam of Eq. (5.95) encounters the ordinary mirror at
z = zm in Fig. 5.15, the reflected wave corresponds to a backward-travelling Gaussian
beam centred at z = 2z, as indicated in the figure.



Dispersion and optical pulses

6.1 Introduction and preview

Just as Chapter 3 on crystal optics served as a prelude to Chapter 4, so the present chapter
lays the foundations for Chapter 7 on nonlinear optics in ultrashort pulse technology. The
central topic is the phenomenon of dispersion. Although itself a linear effect, dispersion
plays a vital role in many nonlinear interactions, and in many techniques used for short pulse
generation too. We have already seen how dispersion in the phase velocity leads to phase
mismatching in frequency-mixing processes and how, in combination with birefringence,
it can also become part of the solution. However, whenever optical pulses are involved,
dispersion in the group velocities invariably becomes important, a feature that will crop up
repeatedly in the following chapter.

In Section 6.2, we consider the relationship between phase velocity dispersion (PVD) and
group velocity dispersion (GVD). The ideas are then applied and elaborated in Section 6.3
where we demonstrate how, in the presence of GVD, a Gaussian pulse broadens and
develops a frequency sweep. Hyperbolic secant pulses are contrasted with Gaussians in
Section 6.4, and a discussion of chirped pulse compression using gratings and prisms fol-
lows in Section 6.5. A partial differential equation governing pulse propagation in the
presence of GVD is developed in Section 6.6 for applications in Chapter 7.

6.2 Dispersion in the phase and group velocities

116

In Section 1.2, we showed that the linear susceptibility is related to refractive index through
the equation n(w) = /1 + x (I (w). But the susceptibility, and hence also the refractive
index, are frequency dependent (as indicated), and this underlies the phenomenon of disper-
sion, a word that means ‘distribution in different directions’ or ‘spreading out’. Dispersion
describes the separation of white light into colours by a prism, and equally the temporal
spreading of an optical pulse as it propagates through a dispersive material. These and
similar phenomena arise from the effect of the frequency dependence of n on two key
characteristics of light propagation: the phase velocity and the group velocity
For a simple travelling wave of the form cos{w? — kz}, the phase velocity is

w C
Uphase = ;

6.1)

~ ()
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where k = n(w)w/c. On the other hand, the group velocity is given by

dw
Vgroup = e (6.2)

For an optical pulse, one can say in general terms that vphase is the speed of the high-
frequency optical oscillations (the optical carrier wave), while vgroup is the speed of the
pulse envelope. So one might expect a propagating pulse to have a profile of the form
E(z,1) = A(t — 2/Vgroup) cOS{@ (t — z/Vphase)}. The analytic result derived in Eq. (6.14)
below broadly confirms this conclusion, but also shows that the envelope broadens, and the
pulse develops a frequency sweep, known as a ‘chirp’.

The phase and group velocities can be conveniently represented on the plot of w against
k, shown schematically in Fig. 6.1. This is called a dispersion diagram because it embodies
the frequency dependence of the refractive index, which is the origin of dispersion in both
Uphase aNd Vgroup. It is clear from Eqgs (6.1) and (6.2) that the gradient of OA represents the
phase velocity, while the gradient of the tangent TT to the dispersion curve at A represents
the group velocity. In the case shown, the group velocity is lower than the phase velocity.
If one could watch the propagation of an optical pulse under these conditions, the optical
carrier wave oscillations would be seen to be travelling faster than the envelope, growing
as they approached the peak from the rear, and dying away as they departed towards the
front. There are points on the dispersion curve where the situation is reversed, and the group
velocity is higher than the phase velocity.

The excursions of the dispersion curve in Fig. 6.1 are in fact grossly exaggerated. Graphs
of the phase and group velocities in fused silica, shown dotted in Fig. 6.2, indicate that
the difference between the two (and their individual variation over the wavelength range
shown) is barely more than 1%. The eye would therefore find it hard to distinguish a scale
drawing of a typical dispersion curve from a straight line through the origin.

Schematic dispersion diagram. The excursions of the dispersion curve are exaggerated.
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Group time delay dispersion characteristic of fused silica (solid line). The phase and group velocities (plotted against
the right-hand axis) are shown dotted.

It is evident from Eq. (6.1) that the frequency dependence of the refractive index leads
directly to variation in the phase velocity. This is known as phase velocity dispersion
(PVD) or sometimes chromatic dispersion. In regions of the spectrum when n(w) rises
with frequency (dn(w)/dw > 0), the dispersion is said to be ‘normal’, because this is the
case for most transparent optical materials in the visible part of the spectrum. The opposite
case (dn(w)/dw < 0) is referred to as ‘anomalous’ dispersion. !

The characteristics of group velocity dispersion (GVD) are conveniently expressed in
terms of the group time delay (GTD), defined as the time it takes a wave group to propagate
a distance z, namely

z dk 2 dn z dn
= —-- = _—= - e = - - )\,— . 6.3
Feroup Vgroup Zda) c <n + Coda)) c (n dk) (6.3)

The final step in the equation expresses the result in terms of the vacuum wavelength. In
the context of optical pulse propagation, one is interested in the variation of the group
time delay with frequency or wavelength, a property that is known as the group time delay
dispersion (GTDD), and is equivalent to GVD in the information it provides. The key
formulae, obtained by differentiating Eq. (6.3), are

dtgowp  d’k  z [ dn d’n
S = (2= o 6.4
dw Zda)2 c\ dw wda)z (6-42)
and
d Tgroup zh d*n
T cai (6:40)

1 These definitions are frequently quoted in terms of the (vacuum) wavelength rather than the frequency. The
index falls with increasing wavelength in the case of normal dispersion.
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Table 6.1 Signs of parameters controlling PVD and GVD.

dn dUphase d*n dvgroup dTgroup

— — , D), —— Chi

. dn 2 an 2 2 P
Phase velocity (chromatic) dispersion
Normal — +
Anomalous + —
Group velocity dispersion
Positive + + — Up/+
Negative — — + Down/—

Notice the simplicity of the group time delay dispersion (GTDD) when expressed in terms
of the vacuum wavelength. The GTDD is commonly characterised (especially in optical
fibres) by the dispersion parameter

rd*n
D, = — PUTVE (6.5)
Convenient units for D, are picoseconds (of pulse spread) per nanometre (of bandwidth)
per kilometre (of fibre).

The wavelength dependence of D, in fused silica is plotted as a solid line in Fig. 6.2.
Below 1.3 wm, d2n/dA? is positive, so D, and dtgoup/dA are both negative. The
group time delay falls with increasing wavelength, and the group velocity correspond-
ingly rises, as shown in the figure. Close to 1.3 wm, d?n/d)? passes through zero
and, at higher wavelengths, d’n /af)»2 goes negative, while Dj and dtgroup/dA become
positive.

The GVD is said to be ‘positive’ or ‘negative’ according to the sign of d?n/d)?. Occa-
sionally people speak of ‘normal’ and ‘anomalous’ GVD, but this usage is best avoided
because it encourages the erroneous belief that dispersion in the group velocity neatly par-
allels dispersion in the phase velocity. But Fig. 6.2 makes it quite clear that there is no
necessary correspondence between the two kinds of dispersion. The phase velocity of fused
silica rises with wavelength (and the refractive index therefore falls) throughout the range
displayed, and so the PVD is ‘normal’ everywhere. However, the group velocity rises on
the left-hand side of the figure (‘positive’ GVD), reaches a maximum near 1.3 pm, and falls
away thereafter (‘negative’ GVD).

The signs of the various dispersion parameters are summarised in Table 6.1, which
highlights the point that the signs of PVD and GVD are determined by different
characteristics.

The fact that the GVD goes to zero near 1.3 pm makes this an attractive wavelength
for high bit-rate optical communications in optical fibres. The zero dispersion wavelength
can also be shifted to some extent by adjusting the fibre geometry and, in practice, it is
normally moved to around 1.55 pm where InGaAsP lasers operate and the transmission of
fused silica is maximised.
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6.3 Dispersion and chirping of a Gaussian pulse
|

6.3.1 Propagation analysis

Group velocity dispersion (the fact that different frequency groups travel at different speeds)
has two important consequences: the pulse envelope broadens, and the carrier wave within
the envelope acquires a frequency sweep. For positive GVD, low frequencies travel faster
than high frequencies, and so arrive earlier. The carrier frequency duly rises through the
pulse, which is said to have acquired a positive ‘chirp’ (or an ‘up-chirp’). In the opposite
case, the frequency sweep is negative, and the pulse exhibits a ‘down-chirp’.

We will now perform a simple exercise on a Gaussian pulse to see how it changes during
propagation in a dispersive medium.? We use the general definition of the real field

E(z,t) = J(E(z,1) expliwot} + c.c.) (6.6)

where wy is the angular frequency of the optical carrier wave before dispersion is introduced.
The field envelope E(z, t) is generally complex, but we will assume that initially (at z = 0)
it has the real Gaussian form

E(0,1) = Aexp{—1%/22}. (6.7)

The full width at half maximum intensity (FWHM) of the intensity profile is easily shown
to be Atg = tpv/41In2 >~ 1.6651.

To discover how the pulse changes as it propagates, we take the Fourier transform of the
analytic signal V (0,¢) = E (0,1) exp(iwpt), namely3

o0

V0, 0) = % / E(0,1) exp{—i (@ — wo)t}dt = jztin exp {—%(a) - wo)%g} (6.8)

which is a Gaussian centred on the carrier frequency wy.

The evolution of the pulse as it propagates through the dispersive medium is governed
by a factor of the form exp{—ikz} within E(z, ); see Eq. (2.4). The effect of dispersion can
therefore be found by applying a phase change of ¢ (w) = —k(w)z to V (0, w) namely

V(z,w) = V(0,w) exp{—ik(w)z)}. (6.9)

We expand the phase ¢ (w) as a Taylor series about wg namely
2

do d=¢
$(©) = —k@z=do+ ——| (@—wo)+3 ——| (@—w0)+: (6.10)
| dw* |
where ¢g = —k(wp)z, and it follows from Eqs (6.3) and (6.4) that the derivatives are
d¢ d2¢ dTgroup
k) I ;. —| == 6.11
do|, feroup: 72 0 dw (6.11)

2 Readers who are not interested in the details of the following proof can skip to Eq. (6.14).
3 See Appendix E for a discussion of the analytic signal.
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It will also be convenient for later use to write the analogous expansion for k(w) in the form
k(@) = k(o) + Bi(@ — o) + B2 (@ — w0)* + - -- (6.12)
where the expansion coefficients, which will feature in several later formulae, are

dk| | Tgow. d’k

1dr D; )2
,31 = | = vgroup — '32 = — _ group
dw| dw

= = — . 6.13
0 2 do 2mce ( )

Z b
Substituting Eq. (6.10) into Eq.(6.9), and transforming back to the time domain yields

o0

E(z,1) expliwot} = / V(z, ) expliot}dw
0
2 re 2
A . ! group i&1 group
= —— expliwot eXpl——5———(EXpPy —5—
JIFiE EXPU @0phase} eXP i 22(1+£2) } P {2;3(1 1 £2)

— term 2
term 1

term3 term 4

(6.14)

where fphase =t — Z/VUphase» fgroup = ¢ — Tgroup, and & is a dimensionless distance given by

2
g:ﬁ_zzzz—(D“ )z. (6.15)

2
ty 2 ¢ty

Of the four terms on the right-hand side of Eq. (6.14), two (terms 1 and 3) affect the pulse
envelope, and two (terms 2 and 4) affect the phase of the carrier. The result has five key
features:

o the optical carrier wave (term 2) moves at the phase velocity since fyhase = # — 2/VUphase;

o the envelope (term 3) moves at the group velocity since #group = — 2/Vgroups

o the pulse width (term 3) is increased by the factor /1 + £2;

o the pulse peak intensity (term 1) is reduced by the factor /1 + &2, which follows when
one works out the modulus squared;

o the pulse acquires a frequency chirp (term 4), which means that the optical carrier
frequency changes through the pulse.

These issues are reviewed in the following subsections.

6.3.2 Characteristic dispersion distance

The first question to ask is: how far must the pulse travel through the dispersive medium
before || = 17 This characteristic dispersion distance Lgis, marks the point at which
the peak intensity has fallen by +/2 and the pulse duration has increased by +/2. From
&= (ﬁz/tg)z, it follows that

2 2
15 At

Ly — 0 _ 2 6.16
P81 T 4log2 Byl (6.16)
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We conclude that the larger |8>| the smaller Lgjs, (as expected), and that Lg;s, increases
as the square of the initial pulse duration. The square arises because a pulse of twice the
duration needs to travel twice as far to be broadened by +/2, but also has half the bandwidth
to be dispersed.

6.3.3 The bandwidth theorem and the time—bandwidth product

Next, we consider the relationship between the pulse duration and the spectral bandwidth.
From Eq. (6.8), the FWHM of the spectral intensity is easily shown to be
1 2log2 0.441
V= — = .
Aty T Aty

(6.17)

Moreover, we have seen from Eq. (6.14) that dispersion causes the pulse duration to increase
according to

At = Atgy/1 + £2. (6.18)
Hence the time—bandwidth product is
AtAv = 0.441/1 + &2. (6.19)
This is a special case of the bandwidth theorem, which states that
AtAv > K (6.20)

where K, a number of order unity, is 0.441 for Gaussian profiles. When the minimum
time—bandwidth product is realised, which occurs at £ = 0 in the present example, a pulse
is said to be bandwidth-limited or transform-limited.

6.3.4 Chirp

The magnitude of the frequency chirp can be determined by writing term 4 of Eq. (6.14)
as exp{iy}, and remembering that dv/dt represents the shift in the carrier frequency. The
chirp (in rad s—2) is therefore

do  d?
do_dv___ 5 6.21)
dt dt ty(1+ &%)
For long propagation distances (|£| > 1), this simplifies to
dw 1 1 2mc dv 1 c
== = S (EI>D (6.22)

dt T %6 Pz MDiz di 2wPz A2Daz

where the result has been quoted in both rad s~ and in Hz s~!.

It is worth trying to understand the physics behind these formulae. First of all,
Eqgs (6.21) and (6.22) indicate that, if B8, > 0, the chirp is positive. Positive S, means
that the GTD increases with frequency, so higher frequencies suffer a greater delay than
lower frequencies, which is consistent with an increase in carrier frequency through
the pulse.



123

6.3 Dispersion and chirping of a Gaussian pulse
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Profile of a chirped Gaussian pulse with & = 3. The parent pulse is shown dotted. The slanting dotted line is the
relative frequency shift (plotted against the right-hand axis), and confirms that the chirp is linear.

Secondly, Eq. (6.21) indicates that, as the pulse propagates through the dispersive
medium, the chirp increases until |§| = 1, and decreases thereafter. The initial increase
occurs as the pulse spectrum begins to be spread out, but the chirp ultimately falls as the
fixed bandwidth is distributed over an increasingly long time.

Let us follow this line of thought a little further. For |£] > 1, the pulse duration is
At = |&| Atg from Eq. (6.18), so dividing the bandwidth from Eq. (6.17) by the pulse
duration yields

Av 1 2log2 c

At A2 w0 A2IDilz

(6.23)

with the help of Eq. (6.15). This is very reassuring, because it is in perfect agreement with
Eq. (6.22), apart from the sign which has not been considered.

An example of a pulse chirped by dispersion is shown in Fig. 6.3. In order to make the
chirping clearly visible, a pulse only two optical cycles in duration has been chosen as the
parent (shown dotted). The value of £ is +3, and careful inspection of the figure shows that
the pulse is indeed up-chirped; the carrier frequency is clearly higher for ¢, > 0 than for
te < 0.

The slanting dotted line (plotted against the right-hand axis in the figure) records the
frequency shift relative to that of the optical carrier. This ranges from around —0.3 on
the leading edge to around +0.3 on the trailing edge which, in real world terms, are high
numbers. However, had more realistic values been used, the chirp would have been hard to
see by eye.

Finally, notice that dispersion has reduced the amplitude of the pulse because of term 1 in
Eq. (6.14). If a quick glance at the figure suggests that energy is not conserved, remember
that the field rather than the intensity is plotted in the figure.
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6.4 Hyperbolic secant profiles
|

Gaussian profiles possess some convenient mathematical properties; for example, no other
bell-shaped function would have allowed the calculation leading to Eq. (6.14) to have been
performed so simply. However, hyperbolic secant profiles arise in the analysis of optical
solitons, and indeed most real optical signals are probably closer to sech than to Gaussian
pulses. It is therefore worth considering the basic properties of sech profiles.

The analogue of Eq. (6.7) for a hyperbolic secant profile is

Eo(0,1) = A sech{t/to}. (6.24)

Remember that if the field profile is a sech, the intensity varies as sech?, the FWHM of the
intensity profile is then easily shown to be Az = 1y In{3 + +/8} ~ 1.763 1.

Just as the Fourier transform of a Gaussian is another Gaussian, so the Fourier transform
of a sech is another sech, namely

V(0,0 — wg) = Atg//2 sech {37 (0w — wo)to} . (6.25)

2
The time—bandwidth product comes out to be ArAv = 72 <ln{3 + \/§}> ~ 0.315,

slightly less than the figure of 0.441 for Gaussians (see Eq. 6.20).

The key difference between Gaussian and sech (or sech?) profiles lies in the behaviour
in the wings. This is best appreciated by viewing the profiles on a log scale as in Fig. 6.4.
Whereas the sech? function (curve S) has exponential wings, which appear as straight
lines on the log scale, the wings of the Gaussian (curve G) plunge increasingly steeply

1x100
1x1072
1x10~4 G

1x1078

log10(intensity)

1x1078

1x10710 T T T T T
—4 0 4
time

Comparison of Gaussian and sech? profiles of the same intensity FWHM plotted on a logarithmic intensity scale. In
reality, the wings are always embedded in a noise background (shown in grey).
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downwards. Naturally, in any experimental situation, the wings ultimately end in the noise
background, as indicated in grey.*

6.5 Compression using gratings and prisms
- |

The pulse broadening and chirping that result from GVD could easily be reversed if a mate-
rial with the opposite GVD characteristics could be found. However, materials exhibiting
negative GVD are needed to reverse the effects of positive GVD, and these are virtually
unobtainable. Fortunately, the same effect can be realised by using arrangements of diffrac-
tion gratings or prisms; indeed the grating arrangement shown in Fig. 6.5, first proposed by
Treacy in 1969 [57], has been widely used ever since for compressing up-chirped pulses.

A simple geometrical argument shows that the optical path of a plane wave negotiating
the Z-shaped path between the gratings is shorter for short wavelengths and longer for long.
As the wavelength increases, the diffraction angle § in Fig. 6.5 increases too; points B and
C will lie higher in the diagram (see arrows), and the path length ABC will increase. Hence,
the lower wavelengths (higher frequencies) at the rear of an up-chirped pulse will take a
shorter path, and hence will catch up the lower frequencies at the front. In terms of the
frequency-dependent phase, we can write

P (@) = —1(Br2) (@ — @0)* +3(12p) (@ — wp)? (6.26)

GVD grating pair

G2

Geometry of a grating pair.

4 The fluctuating noise background shown in Fig. 6.4 is numerically generated random noise.
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Yy

Four-prism compressor.

where the first term comes from Eqs (6.10) and (6.12), and p is the perpendicular distance
between the gratings. If y; p is positive, the second term counters the quadratic term in Sz
in the case of normal GVD (see Section 6.3).

To find y, in Eq. (6.26), it is necessary to calculate the group time delay 7group of different
frequency groups travelling from the point of incidence A on grating G1 in Fig. 6.5 to B on
the second grating G2, and thence to C. The result (see Appendix F for details) is

dTgroup . 4712cp

—_ - - 6.27
dw v2p A2w3 cos3 § (627)

where A is the ruling spacing of the gratings, and § is the mean value of angle § in Fig. 6.5.
Notice that y, p is necessarily positive, so it is correctly signed to offset positive 82z in
Eqg. (6.26). On the other hand, dtgroup/dw is negative, which means that higher frequencies
overtake lower frequencies. These are the characteristic features of negative GVD.

Grating pairs are often used in a double-pass configuration. The output is either reflected
back through the system by a plane mirror, or two grating pairs are used in series. Apart
from doubling the dispersion, both schemes have the advantage that different frequency
components are not spatially separated in the output beam.

Gratings can deliver substantial amounts of negative GVD, but they introduce significant
loss at the same time. An alternative technique based on chromatic dispersion in sets of
prisms offers much higher transmission, and is therefore suitable for dispersion control
inside laser cavities.’ Prisms are also less expensive that gratings, and prism systems can
deliver dispersion of either sign too. On the other hand, the amount of GVD they can
introduce is smaller than for gratings, basically because chromatic dispersion in glass is
much weaker than diffractive dispersion from gratings. The four-prism configuration shown
in Fig. 6.6 is a popular arrangement; as for gratings, placing two prism pairs in series ensures
that different frequency components are not spatially separated in the output beam.

The properties of a single prism pair can be understood from the geometry of Fig. 6.7
in which a typical ray follows the path shown from A to B. As pointed out by Martinez
et al. [58], the frequency-dependent phase introduced by refraction through the prisms can
be measured between any pair of points on the input and output wavefronts, so the line

between the prism vertices at V and W can be used as a convenient reference in this case.

5 Another option for intra-cavity dispersion control is to use chirped dielectric mirrors.
6 This technique could equally have been used to analyse the grating pair (see Problem 6.6).
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Geometry of a prism pair.

G1 G2

Schematic grating stretcher.

If the distance VW is given by s, and the angle between VW and the ray path is 6 , we have

ws cos O (w)
(w) = ———— (6.28)
and hence
dTeroup _ _dzqf) __ws cos @ d_@ 2 3 ssin @ 2d_9 wd2_9 . (6.29)
do dw? c do c dw dw?

The key conclusion is that dtgroup/dw will be negative if the first term is dominant,
which will be the case for small . Under these conditions, the prism pair, like the grating
pair, exhibits the characteristic of negative dispersion. However, an arbitrary amount of
positive dispersion can easily be included by increasing the distance a pulse travels in the
body of one or both of the prisms. Moreover, if one of the prisms is translated along a line
perpendicular to its base, as suggested by the arrows on the third prism in Fig. 6.6, the
amount of positive GVD can be controlled.

Finally, we note that placing a telescope between a pair of gratings, as shown in Fig. 6.8,
reverses the sign of the dispersion, and this kind of arrangement is routinely used to introduce
positive GVD for stretching pulses in chirped-pulse amplification systems. Mirrors are often
used instead of the lenses shown in the figure; indeed placing a single spherical mirror of the
correct strength between a pair of gratings in a reflective double-pass arrangement offers
an elegant solution.
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6.6 Optical pulse propagation

6.6.1 Pulse propagation equation

The simple differential equations developed in Chapter 2 (see e.g. Eq. 2.8) were suitable
for tracing the growth and decay of signals that are essentially monochromatic. To study
the propagation and nonlinear interaction of optical pulses, more sophisticated differential
equations are required. For a detailed derivation, one needs to go back to Maxwell’s wave
equation, but it is possible to advance a reasonable argument in favour of the correct result
by developing some of the formulae obtained in this chapter in a simple hand-waving way.

For an incremental propagation distance 8z, Eq. (6.9) can be written in the differential
form 8V (w) = —ik(w)V (w)dz. With the help of Eq. (6.12), this result can be used to
construct the differential equation

dV (z,) . -
— =Bt A=)+ 3h0 =00+ )V o). (6.30)
This equation can now be Fourier transformed, term by term, into the time-domain equation
IE(z,1) . o ., 9 -
———=\|—-ifo—Bi—+3ifo— + - ) E(z,t 6.31
3z ( o= P +5ibrgs + (z,1) (6.31)

where standard formulae for transforming differential operators have been used. Since
B1 = ’Ug_nlmp, Eq. (6.31) can be rewritten in the form

3 1 3\ » , L, 92 ~ 632
(£+ Ugmup5> E(z,t) =i <—/30+7,32ﬁ+-~-> E(z,1) (6.32)
which contains all the ingredients needed to produce the features seen in Eq. (6.14). The
directional derivative on the left-hand side represents the rate of change of the field with
distance as seen by an observer travelling with the pulse, and ensures that the pulse envelope
travels at the group velocity. The first term on the right-hand side ensures that the carrier
wave travels at the phase velocity, while the term in 8, underlies the development of chirp
and the change in the pulse shape.

6.6.2 Transformation to local time

A number of refinements to Eq. (6.32) can now be introduced. First of all, the phase velocity
term can be removed by writing E(z,1) = E(z,t) exp{—ikoz} where kg = By. The reduces
the equation to

d 13\ - I?E(z,1)

— + — | E 1) = L; _— 6.33
<8Z Vgroup 3t) (Z ) 21/32 atz ( )

A further very common procedure is to transform to the so-called local time frame, where

local time is measured relative to the time of arrival of a particular point on the pulse. This
removes the motion of the pulse from the equations, which has the advantage that changes
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to the pulse profile are highlighted, and that a steady-state pulse is represented by a function
with zero derivatives in the direction of propagation.
The local time coordinates (Z, T') are duly defined by Z = z, T = tgroup = t — 2/Vgroup-
By using the chain rule, it is easy to show that
0 1 9 0 0 0

— — = — and — = ,
0z Vgroup 0t 0Z ot T

and Eq. (6.33) therefore becomes

dE'(Z,T) . 9°E'(Z,T)
Y, =ib— (6.34)

where the field E'(Z, T) in transformed coordinates is related to E(z, 1) by
E(z,n)=E"(Z,T) = E'(z,t — 2/Vgrowp)- (6.35)

Strictly speaking, E and E’ are different mathematical functions, a point that is often glossed
over. The distinction can be understood by considering the trivial case of a pulse travelling
at the group velocity without change of shape, i.e. with 82 = 0. A schematic representation
of E (z,t) in this case is shown in the lower part of Fig. 6.9, where the slanting lines are
contours of E(z, ), and thicker lines represent higher field values. Notice how the peak of

N

< WNgoyp ——>

.

0 t

Pulse propagation in (top) the local time frame (Z-T), and (bottom) in the normal z-t frame.
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the pulse moves from ¢ = 0 to # = z/vgroup in propagating a distance z. This should be
compared with the upper part of the figure, which shows the corresponding representation
of E'(Z, T). The contours now run parallel to the Z-axis, at fixed values of local time 7. The
difference between the two parts of Fig. 6.9 is precisely the difference between Eand E'.
For future purposes, we will set these niceties aside, and write Eq. (6.34) in the form

02E
2972

OF

9z

Li (6.36)
where the distinction between E and E’ has been ignored, and Z has been replaced by z on
the left-hand side on the understanding that the derivative is to be performed at constant 7',
not at constant #. The parameter 7" has been retained on the right-hand side as a reminder that
this is a local time-frame equation. Equation (6.36) will be used to construct the differential
equation governing short pulse propagation at the beginning of the next chapter.

Problems

6.1 Prove the final step of Eq. (6.3).

6.2 It appears from Fig. 6.2 that the zero-dispersion wavelength (where the group time
delay dispersion changes sign) might perhaps correspond to a point of inflexion in the
phase velocity as a function of wavelength. Is this suggestion correct or incorrect?

6.3 (a) Prove the formula Afg = t9/4In2 =~ 1.665ty for the intensity FWHM of the

Gaussian pulse defined in Eq. (6.7).

(b) A transform-limited Gaussian pulse at 1 pm has an intensity FWHM of 1 ps. Find
its bandwidth in both THz and nm.

(c) What is the maximum chirp (in GHz/ps) that can be realised by dispersing the pulse
of part (b)?

6.4 Prove the result for the intensity FWHM of a sech? pulse quoted after Eq. (6.24).

6.5 Find the characteristic dispersion distance Lgisp for a 100 fs Gaussian pulse at 1 jum in
a medium with a dispersion parameter of 20 psnm~! km~!.

6.6 Apply the technique used to find the dispersion characteristics of the prism pair in
Eqgs (6.28) and (6.29) to derive Eq. (6.27) for the grating pair.



Nonlinear optics with pulses

7.1 Introduction and preview
. ____________________________________________________________________________________|

While everything in Chapter 6 came under the umbrella of linear optics, in this chapter
we will be looking at a range of nonlinear phenomena associated with optical pulses. We
will consider the process of self-phase modulation in considerable detail, and see how it
can be used, in combination with dispersion, to stretch and compress optical pulses, and to
generate optical solitons. We will examine the adverse effects of group velocity dispersion
on second harmonic generation, and examine various ways of optimising the bandwidth
in optical parametric chirped pulse amplification. Finally, we will discover how nonlinear
optical techniques can be used in the diagnosis of ultrashort pulses and for the stabilisation
of the carrier-envelope phase.

7.2 Wave equation for short pulses
e

A detailed derivation of the differential equation governing the propagation of short optical
pulses under nonlinear conditions is long and intricate; see for example [59]. To avoid this,
we will take a series of reasonable steps that lead to the correct conclusion.

We start, as in Section 2.2, by substituting Eqs (2.4) and (2.5) into Eq. (2.3), but we now
retain three time-dependent terms that were previously discarded. The result is

IE . 2iwdE o - L 9(PL 4+ PNL
2ik—= + K E + 092 Y E— <w2(PL 4+ ANy Ziw% (1.1
Z C C

We will mainly be dealing with signals close to a single frequency w, so only one frequency
component has been included, and the subscripts on £ and PN have therefore been dropped
We now set P& = ggx W E and k = now/c, where ng = /1 + x (1 is the refractive index.!
Equation (7.1) then becomes

IE 1 9E 2i 9\ -
=+ o2 (122 AN (72)
dz  Vphase dt 2cepng w dt

' The symbol n is used for the low-intensity value of the refractive index in this chapter. The symbol n will be
reserved for the value when intensity dependence effects are taken into account; see Section 7.3.

131
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where vVphase = ¢/no. When the complex envelopes have no time variation, this equation
reduces to Eq. (2.8).

The most obvious deficiency of Eq. (7.2) is that it takes no account of dispersion. This
shortcoming can be remedied by switching to the frequency domain and expanding the
angular wave number as a Taylor series in w, as was done in Sections 6.3 and 6.6. Equation
(7.2) then becomes

OFE 1 OE 92E 2i 9\ =
il gt i (1 - —’—) PN (1.3)
dz  Ugroup dt ot 2ceony w dt

where the dispersion parameter is given by

_ 1d Tgroup

B =

z dow

as explained in Chapter 6.
When Eq. (7.3) is transformed to the local time frame Z = z, T = t — z/vgroup (s€E
Section 6.6.2), it reduces to?

IE 02E(z,t 0\ =~
OE _1ig, X E@D ;@ (] PNE,
dz aT? 2cepn

T (7.4)
In writing this equation, some of the finer details discussed at the end of the last chapter
have been glossed over. Although Z has been replaced by z on the left-hand side, it must be
remembered that the derivative is to be performed at constant 7', not at constant 7. Notice that
the factor 2 in the final operator of Eq. (7.3) has disappeared in the local time conversion. In
fact, it is frequently a good approximation to ignore this operator altogether and, for much

of this chapter, we will abbreviate Eq. (7.4) to

oOF 92E o o~
— =1ip, j PNL,

—_— = 7.5
9z T2 12cs0no (7:5)

However, the term that has been omitted plays an essential role in a number of important
nonlinear processes, especially when pulses containing very few optical cycles are involved.
We shall return to this issue at several points later in this chapter.

7.3 Self-phase modulation
|

We first encountered the process of intensity-dependent refractive index (IDRI) in Chapter 1
and then (in more detail) in Chapter 5. We now consider the effect of IDRI on the propagation
of an optical pulse. Written in terms of slowly varying envelopes, and with the coordinate
subscripts dropped, Eq. (5.16) reads

PNL _ IDRI ‘ E

2
3 -
= 780X ‘

E. (7.6)

2 The step from Eq. (7.3) to Eq. (7.4) is not straightforward; see [59] for a detailed treatment.
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As shown in Chapter 5, this implies that the refractive index acquires an intensity-dependent
term given by

( 3y %DRI )
n=ngy+ 5 I =ng+nyl (7.7)
4njceo

where ng is the refractive index at low intensities, and the second step defines the nonlinear
index n,.3 In fused silicany ~ 3 x 10716 cm? W~!; in most other materials, the value is one
or two orders of magnitude larger. The sign of n; is almost always positive, which means
that refractive index normally increases with intensity.

The most obvious consequence of Eq. (7.7) for an optical pulse is that the phase velocity
(= ¢/n) varies with intensity, and this causes the phase of the optical carrier wave to become
modulated in the process known as self-phase modulation (SPM). Specifically, since the
angular wave number is k = nw/c, and an optical signal acquires a phase of —ikz as it
propagates, a pulse will develop a phase modulation given by ¢ = —wn21(t)z/c. The same
conclusion follows from Eq. (7.5). If we ignore the GVD term for the moment, and insert
Eq. (7.6) for the nonlinear polarisation, the equation reads

9E _ <“’”21) E. (7.8)
0z c
The solution is clearly E(z) = E(0) exp {i¢ (z)}where
#(z,1) = —wnzl(t)z/c. (7.9)

Notice that these equations imply that the pulse envelope will not be affected by the nonlin-
earity, and this is certainly borne out in practice when the IDRI is weak and/or the distance
of propagation is small. Under other conditions, the more sophisticated Eq. (7.4) has to be
used as the governing equation, and one such case is dealt with in Section 7.5 below.

Equation (7.9) shows that the phase change at the peak of the pulse rises to 1 radian
after a propagation distance of ¢/wn; Ik, and this provides a convenient definition of the
characteristic distance for SPM, namely

L < 7.10
P = Tl ok (7.10)

which is identical to Eq. (5.22). After travelling a distance of (say) 4w X Lspm, the phase
change at the peak will therefore be 477, and Fig. 7.1 shows what the field profile looks like
at this point. Although superficially similar to Fig. 6.3 (the case of GVD), the structure of the
frequency modulation is more complicated in the present figure. For SPM, the frequency
shift (plotted as a dotted line in the figure) is

dp _omz ol

at ¢ ot
from Eq. (7.9), while the rate of change of frequency (the chirp) is
do d*¢ wnaz 921

dr —di2 T ¢ e

3 The definition of the nonlinear refractive index is sometimes based on the equation n = ng + ns |E |2.
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Characteristics of Fig. 7.1: (solid line) time-dependent phase; (dotted line) relative frequency shift (= first phase
derivative); (grey line) chirp (= second phase derivative).

Whereas in the dispersive case (shown in Fig. 6.3), the chirp is constant and positive across
the entire profile, now it is negative on both wings, but positive in around the peak of the
profile.

More detailed information is contained in Fig. 7.2, which shows the phase ¢ (¢), and
curves based on its first and second time derivatives. From Eq. (7.9), ¢(t) ~ —I(t),
and this is the solid line in Fig. 7.2. The dotted line is the relative frequency shift from
Fig. 7.1, which varies as d¢/dt, while the solid grey line is the chirp. Notice that the
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Spectra of pulses chirped by SPM: peak phase shift 7t (top), 4.5 (bottom).

region of positive chirp lies between the two points of inflexion of 7 (¢), which are close to
the half-maximum intensity points.

Figure 7.3 shows spectra of self-phase modulated Gaussian pulses for peak phase shifts
of 7w and 4.5 (top and bottom, respectively). The frequency scale is normalised to the
intensity FWHM of the parent pulse spectrum. In general, the spectra consist of a series
of lobes, the number corresponding roughly to the peak phase shift in units of & [60, 61].
We will discuss how the increased bandwidth can be exploited to create shorter pulses in
Section 7.6 below.

7.4 Self-phase modulation with dispersion: optical solitons
- |

Dispersion has been ignored in Section 7.3, so we must now consider what happens to a
pulse when both SPM and GVD occur together. We duly restore the dispersion term to its
rightful place in Eq. (7.8), which now reads

IE y PE  [onmd i
SiPr— — i .
2P g2 c

(7.11)

0z
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We now use the dispersion distance Lgjsp from Eq. (6.16), and the pulse width measure
to from Eq. (6.24) to define dimensionless distance and time coordinates ¢ = z/Lgisp =
|82 Z/tg and t = T /to. In terms of the relative field U = E/Epy, Eq. (7.11) then becomes

ﬁ —i (Sgn{ﬁZ} 82 LdlSp

U 7.12
a¢ 2 92 Lspm ‘ ) ( )

This equation has very different properties depending on the sign of the GVD parameter
B>. As we have seen earlier, both GVD and SPM cause pulse chirping. Since the nonlinear
index nj is almost invariably positive, SPM generally creates an up-chirp. Positive GVD
(B2 > 0; see Table 6.1) creates an up-chirp too so, in this case, GVD and SPM reinforce
each other; see Section 7.6 below. On the other hand, when 8, < 0, the two processes work
in opposition, and Eq. (7.12) then reads

U 9? 21~ 12\ £
z¥_<—ﬁ+N‘U‘>U (B < 0) (7.13)

L Lot?
N= 2O 2Rk (7.14)
Lspm clBal

Equation (7.13) is in the form of the nonlinear Schrédinger equation (NLSE), and is essen-

where

tially identical to Eq. (5.24). In Chapter 5, we were discussing spatial solitons; now we are
dealing with temporal solitons — time-dependent pulse solutions of Eq. (7.13). Whereas,
before, the dispersive term involved the transverse spatial coordinate £, and was associated
physically with diffraction, now the corresponding parameter is t, and the term represents
GVD. The scale length Lg;fr (diffraction) is replaced by Lgisp (GVD), while the definitions
of Lspm and Ly are identical. Once again, N is the soliton ‘order’.

For the lowest-order (N = 1) solution of Eq. (7.13), the GVD and SPM terms are in
perfect balance, and the soliton propagates as an unchanging solitary pulse. The solution is

Ut,¢) = sech{r}exp{—%i;}. (7.15)

It is easy to verify that this result is a stationary solution of Eq. (7.13); i.e. 83U /3¢ = 0.
Since N = 1, it follows from Eq. (7.14) that
t2
— (= Lypm) = (= Laisp) (7.16)
ol T ) = gy B

so the peak intensity of the soliton is related to the duration through the equation

I3 = . (7.17)

The equations imply that if the soliton duration is halved, the strength of the dispersion is
quadrupled, and the peak intensity must be quadrupled to compensate if a stationary N = 1
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solution is to be maintained. Rewriting Eq. (7.15) in terms of the original parameters yields
E(z,T) = Ep sech{T /to} exp{—3%iz/L} (7.18)

where L = Lgisp = Lspm. While the soliton envelope travels at the group velocity, the
phase term implies that the phase velocity is reduced from its original value of c¢/ng; see
Problem 7.3.

A numerical solution to Eq. (7.13) for N = 1 is shown in Fig. 7.4. The figure is entirely
unexciting visually, but its truly remarkable feature lies precisely in the fact that the pro-
file does not evolve as it propagates. In fact, since we already know that Eq. (7.15) is a
stationary solution to the NLSE, the figure is largely a test of the numerics. However, the
simulation does provide the additional information that the first-order soliton is stable under
propagation.

More complex analytical solutions of Eq. (7.13) exist for higher integer values of N,
i.e. when SPM is N? times stronger relative to GVD than for N = 1. For all higher-order
solitons, the solutions are periodic rather than stationary. The profiles evolve cyclically
under propagation with a universal period of zg = %nLdisp that does not depend on N; in
all cases, the profile returns to its initial form at integral multiples of zg. Figure 7.5 shows
the structure of the N = 2 soliton over the first complete period. The contortions within the
period become increasingly complicated as N increases.
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An interesting practical issue arises if the pulse launched into a soliton-supporting system
does not exactly match a soliton solution. Broadly speaking, the initial pulse evolves into the
soliton whose order N s is the nearest integer to the initial (non-integer) value N; given by
Eq. (7.14). The peak intensity and pulse width adjust themselves until Eq. (7.14) is satisfied
for N = Ny, and some fraction of the initial energy is dissipated in the process. If N; < %,
no soliton is formed, and the pulse simply disperses.*

Optical soliton propagation was first reported in 1980 by Mollenauer, Stolen and Gor-
don, who observed picosecond pulse narrowing and subsequent steady-state propagation in
an optical fibre [62]. Because the spreading associated with GVD was perfectly balanced
by SPM, solitons immediately became candidates for high bit-rate optical communica-
tions. However, the solitons still tended to lengthen under propagation because of energy
losses (see Eq. 7.17), and so frequent replenishment of the energy was necessary. In 1988,
Mollenauer and Smith demonstrated transmission of 55 ps pulses over 4000 km by supply-
ing Raman gain at 42 km intervals [63]. Despite this, very few soliton-based fibre links are
currently in commercial use, largely because of advances in conventional fibre transmission.
Further information can be found in [64, 65].

7.5 Self-steepening and shock formation
|

When the effects of intensity-dependent refractive index are weak, its principal effect is on
the phase and spectral structure of an optical pulse. However, when it is strong, the pulse
envelope is distorted as well as the optical carrier wave [60,66]. To analyse this case, it is
necessary to go back to Eq. (7.4), which includes the differential operator on the right-hand
side that has been ignored in the previous two sections. When Eq. (7.6) is inserted for the
nonlinear polarisation and the terms rearranged, the equation becomes

(a+<ngmup+nzl>g . ’E .n2<

E 1',38E XAV (7.19)
— =5ifpp——i—|wo—i— . .
3z c a1 P22 T, 31

The most significant feature of this result is that the group index is now intensity dependent,
so the group velocity falls with intensity in the same way as the phase velocity. This means
that the pulse peak travels more slowly than the wings, so the trailing edge of the pulse
envelope will begin to steepen, leading potentially to the formation of a shock.

The simple geometry of Fig. 7.6 enables the propagation distance before a shock forms
on the pulse envelope to be calculated. Time runs horizontally in the figure, and distance
vertically. The slanting lines trace the paths of two neighbouring points on the pulse profile,’
which travel at different speeds because of the different local intensities. The figure shows
the lines meeting at S after propagating a distance L, at which point the intensity gradient
becomes infinite. The trajectory starting at A travels at speed v and reaches S in time #,
while the neighbouring trajectory from point B travels at v — dv and takes t + d to reach

4 See Agrawal [61] for more details.
5 These lines are known mathematically as the characteristics of the governing differential equation.
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Space-time geometry of self-steepening and shocking.

the same point. Clearly L = vt = (v — dv)(¢ + dt) and it follows that

dv v v? 2
b _v_vr__ < (7.20)
dt 1t L Lngy,
where ngoyp is the group index. On the other hand, we also know that
c
V=,
Ngroup + nal
)
d dl dl
dt (ngroup + n21)* dt N group dt

Combining Eqs (7.20) and (7.21) yields

_ c

T mdldt
The shock first occurs at the minimum value of this function, in other words at the point
where the intensity is falling most rapidly. Hence

c _ cAt
noMin{d1/dt}  1.83n2lnax
Note that Min {d [ /dt} in the denominator refers to the steepest negative gradient; the final
step applies to a Gaussian pulse with a full width at half maximum intensity of Az. Figure 7.7
shows the intensity profile as the point of shocking is approached.

While this analysis is entertaining, one should probably not get too excited by the possibil-
ity of optical shock formation. The steepening of the trailing edge of an intense pulse (known
as self-steepening) is certainly a real phenomenon, but the analysis of shocking given here
is very simplistic. We have for instance ignored the other terms in Eq. (7.19), particularly
the one representing group velocity dispersion, which is the principal counter-balance to
shock formation. After all, as the profile steepens and a shock is imminent, the bandwidth
will be widening rapidly, and dispersive effects will be correspondingly strengthened.

An even more esoteric possibility is that steepening and shock formation might occur
not on the envelope of a pulse but within its carrier-wave structure. Surprisingly, the

Lghock = Min L = — (7.22)
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intensity

A self-steepened pulse envelope.

theory of this process was studied by Rosen as early as 1965 [67], before work on
envelope shocking had been developed. The issue was revisited in the late 1990s [68],
and carrier wave steepening has been considered as a tool in high harmonic generation
experiments [69].

7.6 Compression of self-phase modulated pulses
|

We saw in Chapter 6 that when a pulse is subject to positive group velocity dispersion
(GVD), the spectral width is not changed, but the temporal profile broadens, and the pulse
acquires a positive frequency sweep. In Section 6.5, we studied ways in which combinations
of gratings and prisms can be used to reverse this chirp, and potentially return the profile to
its original shape. We discovered in Section 7.4 that solitons occur when SPM and negative
GVD are judiciously balanced. On the other hand, we saw in Section 7.3 that, when a pulse
is up-chirped by SPM acting on its own, the temporal profile is largely unaffected, but the
spectrum is broadened, and the broadening can be dramatic (see Fig. 7.3). But once the
spectral width is increased, the bandwidth theorem (Section 6.3.3) tells us that the potential
pulse duration after compression is decreased, and this suggests that it should be possible
to use gratings and prisms to achieve shorter pulse durations than at the outset. Our aim in
the present section is therefore to discover how to manipulate the spectral phase profile to
compress pulses that have been chirped by SPM.

Although gratings and prisms work well for countering GVD, this is because GVD
creates an essentially linear chirp that is readily reversed. Unfortunately, things are not so
straightforward for SPM. There is no problem with the signs; SPM produces an up-chirp,
and requires negative GVD to reverse it. The difficulty is that, as indicated in Figs 7.1 and
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relative frequency

Spectral profiles of a pulse chirped by SPM with a peak phase shift of 6.5z : spectral phase (bold), spectral intensity
(grey), spectral phase after optimal quadratic correction (dotted).

7.2, the chirp produced by SPM is not linear. The point is further evidenced in Fig. 7.8,
where the phase variation across the spectrum of a self-phase modulated pulse with a peak
phase shift of 6.5 is displayed (solid black line); the spectral intensity is shown as a grey
line for reference. The complexity of Fig. 7.8 is the manifestation in the frequency domain
of the non-uniform frequency sweep within a pulse chirped by SPM; see Fig. 7.1.

So what happens when one tries to compress the pulse of Fig. 7.87 First of all, let us try
the effect of an ‘ideal’ compressor, one that simply eliminates the spectral phase variations
in the figure. Such a device is virtually impossible to realise in the laboratory, but the
operation is easily performed numerically by a single line of code that sets all the spectral
phase to zero. The result is shown as the bold line in Fig. 7.9, where the intensity scale is
normalised to the peak intensity of the original pulse (shown dotted grey), and the time-scale
is normalised to its FWHM. The peak intensity has increased by a factor of over 11, and
the width reduced by roughly the same amount. However, the quality is poor as evidenced
by the lobes in the wings.

A more realistic possibility is to try compressing the parent profile using a quadratic
phase correction. Of course, the phase variation in Fig. 7.8 is not quadratic so, to optimise
the process, one has to scan a range of values and choose the one that yields the highest peak
power. The corrected phase profile for this optimum condition is shown dotted in Fig. 7.8,
and the dotted black line in Fig. 7.9 shows the corresponding temporal profile. The peak
intensity is slightly lower than for ideal compression, and the side lobes have been replaced
by a broad pedestal supporting the central peak.

The key to improving the quality of the compressed pulse is to combine SPM with an
appropriate amount of positive GVD. This recipe turns out to produce a broad temporal
profile with a much smoother spectrum than when SPM acts alone, and it can therefore be
more efficiently compressed. However, the exact way in which SPM and GVD conspire to
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Spectral profiles of a pulse chirped by SPM combined with GVD: spectral phase (bold), spectral intensity (grey). The
corresponding profiles without GVD from Fig. 7.8 are shown dotted.

achieve this desirable end is not entirely clear, and whole research papers have been written
about how to optimise the process. In practical compressors, one typically introduces SPM
and GVD in an optical fibre. Both processes act throughout the length of the fibre, but
whereas the effect of GVD increases with distance as the spectral bandwidth gets larger,
the SPM process weakens as the pulse spreads out and the peak power drops.

For simulation purposes, it is convenient to use the same scale lengths as in the soliton
studies. In the examples that follow, the strength of the initial pulse is N = 12, and the dis-
tance of propagation is 2.05 L g;sp (= 1.3z9 where z is the soliton distance measure defined
at the end of Section 7.4).

The solid lines in Fig. 7.10 show the spectral characteristics of the broadened pulse
(before compression) for comparison with those of Fig. 7.8 (shown dotted). In the lower
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Temporal intensity profiles corresponding to Fig. 7.10: broadened profile before compression (top), compressed
profile (bottom). In both frames the original parent profile is shown in grey.

part of the figure (in grey), the multiple peaks in the original spectral intensity profile have
been smoothed out, while the ripples in the original phase profile (shown higher up) have
largely been eliminated.

The corresponding temporal profiles are shown in Fig. 7.11. The broadened pulse before
compression is shown in the upper frame, and the corresponding profile after compression
in the lower frame. In both cases, the original parent pulse is shown in dotted grey, and
time and intensity are normalised to the characteristics of the parent, which has unit peak
intensity and unit FWHM on the scales used. The compression factor (relative to the parent)
is about 12, but the pulse still exhibits small side lobes, so it would be wise to display the
results on a logarithmic intensity scale to see the wing structure more clearly. After all,
experimentalists are interested in pulse ‘contrast’ (the dynamic intensity range between the
pulse peak and its wings), and this cannot be assessed properly in the figure as it stands.

The profiles from Fig. 7.11 are displayed on a log scale in Fig. 7.12. The compressed
profile is shown in bold, while the dotted line shows the profile after quadratic compression
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Experimental pulse compression result. A 30 fs parent pulse (grey) is narrowed to under 7 fs (black) using a hollow
fibre compressor. (Courtesy of J.W.G. Tisch, Imperial College Attosecond Laboratory.)

from Fig. 7.9. The grey line shows the profile of the original pulse. It can now be seen that
the broad pedestal of Fig. 7.9 has been eliminated, and the contrast ratio in the wings has
been improved by nearly four orders of magnitude.

The idea of first broadening the bandwidth of an optical pulse, and subsequently com-
pressing it using diffraction gratings or their equivalent, goes back as far as 1969 [70].
However, it was not until the 1980s that the development of optical fibre technology allowed
the principles to be put effectively into practice. Some remarkable experimental results with
fibre-grating compressors were soon achieved. In 1984, for example, Johnson et al. [71]
compressed a 33 ps pulse to 410 fs, which corresponds to a compression ratio of 80, an
extremely impressive figure for a single-stage compressor. The recent result [72] shown in
Fig. 7.13 is on a much more challenging time-scale. The combination of a hollow fibre and
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a grating was used to compress a 30 fs parent pulse (shown in grey) to under 7 fs (shown
in black). Since the pulse energy was around 0.5 mJ, the peak power after compression is
approaching 100 GW.

7.7 Group velocity dispersion in second harmonic generation
- |

We now turn from self-action effects, in which a pulse modifies its own propagation char-
acteristics, to inter-pulse effects in which pulses (often at different frequencies) interact.
We start by returning to second harmonic generation (SHG), and considering what hap-
pens when the process is driven by pulses rather than by quasi-monochromatic beams.
Pulses are attractive because the high peak power they offer makes for high conver-
sion efficiency. But there is also a down side if dispersion causes the fundamental and
harmonic pulses to travel at different speeds. To understand this problem, which was
recognised in the early days of nonlinear optics [73, 74], we must consider once again
the relationship between phase velocity and group velocity that we first encountered in
Section 6.2.

Phase matching is, of course, as crucial to achieving high-efficiency nonlinear interac-
tions with pulses as it is with monochromatic beams. In the case of SHG, the term implies
phase velocity matching between the fundamental and second harmonic waves.® The ques-
tion is: what about group velocity matching? In an SHG experiment with optical pulses,
what happens if the group velocities of the fundamental and second harmonic pulses are
different?

The key point to understand here is that, as explained in Chapter 6, phase and group
velocity effects are manifestations of the same phenomenon — dispersion — and hence they
are closely interrelated. In particular, when significant group velocity mismatch occurs in
SHG, it means that part of the bandwidth covered by the fundamental and harmonic pulses
is not phase matched.

To appreciate this important idea, consider the schematic dispersion diagram shown in
Fig. 7.14. The centre of the fundamental spectrum lies at A, and the centre of the correspond-
ing second harmonic spectrum at B. If OAB is a straight line (as drawn), it means that the
centre frequencies are phase matched, while OB is double the length of OA because SHG
doubles the frequency. The dotted line CAD represents a section of the dispersion curve
around A, and its gradient corresponds to the group velocity of the fundamental pulse, just
as the gradient of OA represents the phase velocity. Now consider second harmonic genera-
tion for the frequency component represented by point C. The second harmonic component
that is phase matched lies at E, where OCE is a straight line, and OE is twice the length of
OC. A similar argument shows that the phase matched second harmonic of component D
lies at F. Since it follows from simple geometry that OCD and OEF are similar triangles,
the gradient of EBF, which is the section of the dispersion curve near B, is equal to that of

6 As we saw in Chapter 1, a more complicated condition applies in a general three-wave interaction.
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o

Schematic dispersion diagram showing the phase-matching conditions for second harmonic generation using a short
optical pulse.

CAD. So the group velocities of the fundamental and second harmonic pulses must be the
same for the pulse to be fully phase matched.

In practice, CAD and EBF are of course dispersion curves, and reflect properties of the
nonlinear material that cannot be adjusted, except sometimes to a limited extent in optical
fibres. Their gradients at A and B will not generally be the same, so the group velocities
of the fundamental and harmonic pulses will be different. Hence OCD and OEF will no
longer be similar triangles and, if the A and B components are themselves phase matched,
the same will not be the case for adjacent components.

It is worth mentioning that, under birefringent phase matching, CAD and EBF would be
sections of separate ordinary and extraordinary dispersion curves. For quasi-phase match-
ing, one could perhaps think of EBF as a section of the curve that has been shifted to a
lower value of k by the periodic poling.

We now return to the original question: what is the effect of a group velocity mismatch
on SHG? As the fundamental pulse propagates through the medium, it starts to generate a
pulse of second harmonic in the normal way. But the harmonic pulse travels at a different
speed from the fundamental — usually slower — and so it begins to fall behind. Meanwhile,
the fundamental pulse continues to generate second harmonic waves as before, and these
continue to exude from the back end of the fundamental pulse. The final result is a flat second
harmonic signal, stretching out behind the parent pulse over a time interval determined by
the group time delay dispersion (GTDD) between the two frequencies accumulated through
the nonlinear medium.

A numerical simulation of the behaviour is shown in Fig. 7.15. A 1 ps fundamental pulse
(1 nJ at 1560 nm) generates a second harmonic signal at 780 nm in a 75 mm slab of
periodically poled lithium niobate (PPLN). The group time delay dispersion between the
two signals is 304 fsmm™!, which amounts to 22.8 ps in the entire slab. Centred on
zero local time in the figure are the original fundamental pulse (dotted grey), and its
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Second harmonic generation by a short optical pulse in the presence of group velocity dispersion.

depleted profile (solid grey) after propagation through the slab, by which time 44% of
the original energy has been lost to the harmonic. The harmonic signal at four stages
during the interaction (12.5 mm, 25 mm 37.5 mm and 75 mm) is spread out behind
the fundamental, as expected, and the extent of the final harmonic profile corresponds
to the 22.8 ps group time delay noted earlier. The slanting tops of the harmonic sig-
nals are caused by depletion of the fundamental; without depletion the tops would be
essentially flat.

Group velocity mismatch not only distorts the shape of the SHG pulse, but it also low-
ers the overall conversion efficiency too. This is because the second harmonic intensity
increases as the square of the distance under phase-matched conditions but, once a section
of the second harmonic becomes detached from the parent, its growth is ended and so its
effective interaction distance has been reduced. For example, consider a simplistic picture
in which the GTDD through the sample was ten times the fundamental pulse duration. The
first tranche of second harmonic would detach itself from the parent one-tenth of the way
through the nonlinear medium, so its peak intensity would reach only one-hundredth of
the level it would have achieved had detachment not occurred. This is partially compen-
sated by the fact that the final second harmonic pulse is ten times as long as the parent,
but the overall account shows an energy deficit of a factor of ten. The bottom line is that
group velocity mismatch is bad for efficiency, and smears out the second harmonic pulse
as well.

Another example of the same phenomenon is shown in Fig. 7.16, this time for a funda-
mental pulse (~5 fs duration) containing only a few optical cycles [75]. This result was
obtained by the direct solution of Maxwell’s equations using a variant of the well-known
finite difference time domain (FDTD) method. As in Fig. 7.15, the group velocity of the
second harmonic is lower than that of the fundamental, so the high-frequency harmonics
lie to the rear (the right) of the fundamental pulse in the figure.
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Second harmonic generation by a few-cycle pulse computed by the direct solution of Maxwell’s equations; from [75]
by permission.

7.8 Optical parametric chirped pulse amplification
|

7.8.1 The basic principle

Optical parametric chirped pulse amplification (OPCPA) [76, 77] combines the technique
of chirped pulse amplification (CPA) with optical parametric amplification (OPA).” In
chirped pulse amplification [78], a principle originally developed in radar engineering
(and known as ‘chirp radar’) is applied to short-pulse laser physics. The problem to be
solved is how to amplify pulses of EM radiation to extreme peak power without damaging
the equipment that supplies the energy. The recipe is simple. Start with a short pulse of
the desired duration but only modest energy: stretch it in a systematic way, normally by
chirping; amplify it to form a broad high-energy pulse; and finally compress the pulse
back to its original duration. This creates high-energy pulses that are both extremely short
and extremely intense. The peak power needs to be kept within acceptable limits in all
system components. In the optical case, both stretcher and compressor are normally based
on diffraction gratings; the arrangement of Fig. 6.8 is used for the stretcher, and the standard
zigzag configuration of Fig. 6.5 for compression. Damage to the compressor is avoided by
the use of large gratings, and by putting the entire compression system under vacuum if
necessary.

7 The process is occasionally called chirped pulse optical parametric amplification (CPOPA).



149

7.8 Optical parametric chirped pulse amplification

Local time (compressed pulse) (ps)

-2.0 -15 -1.0 05
6x108 : : 5x107
. S
n - 4x107 =
@
4x10° g
= - 3x107 3
5 - 2
2 8
o N - 2x10 _g'
2x106 \ c
w
o
| 7 —_
i 1X1O g
0x10° T 1 T J 0x10°
-5 0 5 10

Local Time (ps)

Pulse profiles in OPCPA showing inefficient use of the available bandwidth: signal pulse (bold line), idler pulse
(dotted), pump pulse (grey — with parent dotted). The 65 fs compressed signal pulse is shown on the right.

[Pump: 50 1J, 10 ps, 400 nm (centre). Signal pulse: 2 nJ, 7 ps, 714 nm (centre) chirped at 10 THz/ps (= 17 nm ps ™).
Crystal: 8 mm LBO, all beams in the x-y plane, beam angle 31.14°.]

The attraction of combining chirped pulse amplification with optical parametric amplifi-
cation is the wide bandwidth offered by parametric amplifiers. The standard procedure is to
use asignal pulse with arelatively broad temporal profile and a strong chirp. These character-
istics necessarily imply wide spectral bandwidth, and hence the potential for exceptionally
short and intense pulses after compression. The potential of pulses with such extreme char-
acteristics in novel scientific applications is immense, and this is why OPCPA is the focus of
so much current attention [79]. The pump pulse must naturally be wide enough to amplify
the full temporal (and spectral) extent of the signal. The pump itself need not be chirped,
although a weak chirp can sometimes be applied to enhance the amplification bandwidth
as we shall see shortly.

As a practical example, we demonstrate the OPCPA process for a 10 ps pump pulse
driving a 7 ps signal pulse chirped at 10 THzps~! (= 17 nmps~!) in an 8 mm sample of
LBO. Figure 7.17 shows the various profiles after the interaction, the signal in black, the
idler in dotted black, the pump in grey, and the initial pump in dotted grey. The separate
profile on the right (plotted against the top time axis and the right-hand power axis) shows
the 65 fs signal pulse after optimal quadratic compression. A full list of parameter values is
given in the figure caption.®

8 Further background to the numerical techniques used to create to Fig. 7.17 and similar figures can be found
in [80].
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Why are the signal and idler profiles in Fig. 7.17 so narrow? Why has only a thin slice
in the centre of the pump pulse been used, and the rest of its energy wasted? The rea-
son is that the signal pulse is strongly chirped, and only the central part of the signal
spectrum is phase matched. Time corresponds to frequency in a chirped pulse, and so
only a small part of the temporal profile can participate in an efficient nonlinear inter-
action. Different methods for overcoming this problem are described in the following
sections.

7.8.2 Bandwidth enhancement with a chirped pump

Insight into the problem is provided by Fig. 7.18, where the phase matched signal wave-
length for LBO is plotted as a function of the pump wavelength. The upper branch of the
graph (dotted) traces the idler wavelength. The positive slope of the signal branch near 400
nm indicates that slightly lower (or higher) pump wavelengths are needed to phase-match
lower (or higher) signal wavelengths. So the problem could be at least partially solved if
the pump pulse carried a chirp that was accurately matched to that of the signal. Careful
measurement of Fig. 7.18 reveals that the gradient at 400 nm is around 17, and this sug-
gests that if the pump chirp were %th that of the signal, or roughly 1 nmps~! (which
converts to 1.875 THzps~!), phase matching could be maintained over a much wider
bandwidth.

Figure 7.19 shows how Fig. 7.17 is transformed when a chirped pump pulse with the
specified characteristics is used. A much wider time (and frequency) slice is now involved
in the interaction and, with the wider bandwidth, the compressed profile narrows from 65 fs
to 18 fs. Further refinements are possible too. One could, for instance, introduce a nonlinear
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Non-collinear phase matching in OPCPA for bandwidth optimisation.

chirp on the pump or signal, a possibility that has been demonstrated successfully in the
laboratory [81].

7.8.3 Bandwidth enhancement with non-collinear beams

Another approach to bandwidth enhancement in OPCPA is to use non-collinear beams. To
understand how this might help, consider the case of a narrow-band pump at w3 driving
a broadband signal at w; [79]. The k-vector triangle that ensures phase matching for the
signal and idler centre frequencies is shown in Fig. 7.20, where the signal propagates at
an angle « to the pump. The question is now whether there is a particular value of « that
maximises the phase-matched bandwidth.

We will suppose that the signal and idler are quasi-ordinary waves, while the pump is
an extraordinary wave. In this case, the magnitudes of k; and k; are fixed, but the length
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of k3 depends on its angle ¢ to the x-axis.? For particular values of ¢ and « that close the
triangle, the cosine rule gives

2kzka cosa = k3 + k3 — k3. (7.23)

Keeping the angle o fixed, we now seek the condition for which the phase matching is
unaffected (i.e. the k-vector diagram remains closed) when small changes are made to w;.
As this is done, there will be changes of opposite sign to wi, as well as to ki, kp, and the
angles B and y in the figure. Differentiating Eq. (7.23) with respect to frequency, and using
the fact that dwy = —dw1, yields

dk dk
ki S = (ky — k3 cos @) =2 (7.24)
dwq dwy
which reduces to
k3 cosa = ky + ki (vg2/vg1) (7.25)

where vg7 and v are the signal and idler group velocities. By combining Eqs (7.23) and
(7.25) and with further use of the sine and cosine rules, one obtains for the angle « the
expression

o sin 8
o = tan <—k2/k1 n cosﬂ) (7.26)

where the angle 8 (defined in the figure) is given by = cos™! {vg2/vg1}.

The application of this technique in LBO is illustrated in Fig. 7.21 where the results of
simulations based on collinear and non-collinear beams are compared directly. The dotted
and solid black lines in the figure show the signal profiles at the end of the interaction
in the respective cases, while the corresponding pump profiles are shown in grey. For the
parameter values used, which are similar to those in Figs 7.17 and 7.19, the angles are
o = 1.55° B ~ 4.03° and y =~ 2.48°. As before, since the signal is strongly chirped,
a wider pulse translates immediately to a wider spectrum. The compressed signal pulse
widths in the collinear and non-collinear cases are respectively 31.0 and 12.5 fs, which
underscores the benefits of non-collinear geometry.

7.8.4 Optical parametric generation in three dimensions

Virtually every example in this book has been based on the plane-wave approximation in
which transverse variations in intensity and phase across the wavefronts of the interacting
beams are ignored. By contrast, the contour plots displayed in Fig. 7.22 show the transverse
intensity profiles of the pump (top), signal (centre), and idler (bottom) after interacting in
an optical parametric amplifier. The three beams have been separated purely for display
purposes; in reality they lie on top of each other, and the cross-hairs define the common
centre line. Once again, the nonlinear medium is LBO, with all beams in the x-y plane.

9 LBO is a biaxial crystal (see Sections 3.5 and 4.6). If, as we are assuming, all beams lie in the x-y plane, those
polarised in the z-direction propagate as quasi-ordinary waves.
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m Two-dimensional pump, signal, and idler profiles in OPCPA, with the three profiles separated for display purposes.
White crosses mark the common centre line. The seed signal pulse is angled to the right, and the idler runs to the left

to ensure phase matching; see Fig. 7.20. Pump walk-off (to the left) is evident.
[Pump 523.5 nm, 1 mJ, 40 ps, 240 pum super-Gaussian. Signal 850 nm, 25 pJ, 20 ps, 240 L m super-Gaussian, 1.3 deg.

Crystal: LBO xy, 7 mm, 14.49 deg, 0.85 pm V"]



154

Nonlinear optics with pulses

microns

Top view of an OPCPA interaction similar to Fig. 7.22, but with narrower beams to illustrate the separation of signal
and idler more clearly.
[Pump: 0.5 mJ, 125 um super-Gaussian. Signal 0.1 mJ, 125 pum super-Gaussian, — 1.3 deg. Other data as Fig. 7.22.]

The signal and idler are quasi-ordinary waves, but the pump is polarised in the x-y plane
and so is subject to walk-off, which is clearly visible in its leftward movement of about
60 wm in the 7 mm crystal. The walk-off angle is about 0.5° in this case. A non-collinear
beam configuration is used, in which the signal beam is angled rightward at about 1.3°, and
this leads to an idler angled leftward at 2.1° (see Fig. 7.20). Over 7 mm, these angles would
suggest a ~160 pm rightward shift of the signal, and a ~250 pm leftward shift of the idler,
neither of which is evident in Fig. 7.22.

A vivid demonstration of what is happening is provided by Fig. 7.23, which shows an
aerial view of the process, with the three beam paths superimposed. To make the point more
dramatically, this figure was generated using narrower beams than in Fig. 7.22, and the
relative intensities of the three signals were also adjusted for the same reason.!? For the
first 4 mm in the crystal, there is no sign of signal or idler; the pump appears undepleted
and, apart from pump walk-off, nothing appears to be happening at all. The parametric
generation process is however “slow-cooking”. Detailed examination of the data shows
that the signal and idler are in fact growing steadily in this region, but this is invisible on
the linear scale used in the figure. After all, according to the coupled-wave equations, the
signal and idler both need the presence of the other (and of course the pump) in order to
grow. Since the interaction would cease if the two parted company, they are forced to cling
together for survival. However, about two-thirds of the way through the sample, the pot
comes to the boil, and the signal and idler burst out on opposite sides of the pump beam,
travelling at the expected angles.!!

Further results on transverse effects in OPCPA are presented in [82].

10 The angling of the signal and idler beams is reversed in Fig. 7.22, but this does not affect the argument in any
way.

11 Because the axial and transverse scales are different, the beam angles in Fig. 7.22 are magnified by about a
factor 10.
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7.9 Nonlinear optical diagnosis of short pulses
|

In the late 1960s, the development of laser mode-locking techniques enabled picosecond
optical pulses to be generated for the first time and, since these were beyond the time
resolution of oscilloscopes, new measurement techniques had to be devised. Two approaches
were explored: streak cameras, and autocorrelation techniques based on nonlinear optics.
Versions of the latter approach, highly developed to various levels of sophistication, continue
to be used for optical pulse diagnosis today, when pulses in the femtosecond (fs) regime are
commonplace, and pulses deep in the attosecond regime are hot topics of current research. '?

To measure something, one always needs a benchmark. But optical pulses are shorter
than all the normal benchmarks, so one resorts to using an optical pulse as its own measure,
and this is what is done in autocorrelation methods. The principle is to overlap two replicas
of an optical signal with a controllable time displacement between them, and to record some
parameter that is sensitive to the degree of overlap as a function of the time displacement.
One needs to find a property of the system that behaves differently when the two replicas
overlap than when they travel separately (i.e. without overlapping).

A device that immediately springs to mind is the Michelson interferometer, in which an
optical signal is divided into two beams that follow paths of different length before being
recombined. It is easy to show that the fraction of the pulse energy that reaches the detector

under these circumstances is!3

_1 Gg(7)
f(@) =3 <1 + —GE(O)) (7.27)

o

where Gg = f E(t)E(t + t)dt is the autocorrelation function of the (real) electric field
—0oQ

E(t). However, it is easy to show that G, is the Fourier transform of the intensity spectrum,

so a Michelson interferometer records the same information as a spectrometer, albeit in a
different form.

Additional information can be obtained from a Michelson interferometer if nonlinear
optical detection is used, the most common practice being to record the second harmonic of
the interferometer output. To analyse this case, we introduce the complex analytical signal,
which is related to the real field by

E(t) = ReV(t) = 3(V(1) + V*(1)). (7.28)

This equation is actually just a version of Eq. (2.4) in which the electric field is evaluated at
a fixed point in space (say z = 0), and V (¢) includes the complete carrier wave structure.'#

12 1 fs=10"13sand 1 as = 107185,

13 The rest of the energy is reflected back to the source. Note that, in what follows, E(¢) is the field amplitude
after two encounters with the 50-50 beam splitting, and therefore one-half that entering the interferometer.

14 Equation (7.28) does not define V () uniquely; a rigorous procedure for doing this is given in Appendix E.
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The second harmonic signal depends on the time-averaged fourth power of the total
optical field at the output of the interferometer, namely

S(t) = (E(t) + E(t + 1))*. (7.29)

Alaborious calculation now reveals that the relative harmonic signal registered at the output
is given by

S(t) {1 L2610+ R(r)} 730)

S(o0) G1(0)

where G1(7) is the autocorrelation function of the intensity (defined here as I () = |V (¢) 1)
given by

[e.e]

Gi(r) = / I(@)I(t 4+ 1)dt. (7.31)

—00

The background harmonic signal represented by S(oco) in Eq. (7.30) is the net harmonic
signal created by the two replicas travelling separately (i.e. with such a large time separation
that there is effectively no overlap at all). Rapidly varying terms contained in R(7) in
Eq. (7.29) are given by

o0 o
R(7) = Re { 207 f V2V2dt + 26/0° / (VEV*V* 4 VV,VF)de (7.32)
—0Q —0oQ

where V (1) = V (t)e~ 0" isthe slowly varying part of V (¢), and V and V; are abbreviations
for V() and V(¢ + 1), respectively

If the rapidly varying terms in Eq. (7.30) are ignored, it is easy to see that the equation
predicts that the signal at the centre of the overlap region (7 = 0) is three times what it is
in the wings (t = 00). The contrast ratio of the intensity autocorrelation function (IACF)
is therefore said to be 3. Unfortunately, however, the mathematics is tending to obscure the
physics of what is going on, so we shall adopt a simple-minded approach to try to interpret
the result. Consider two square replica pulses of unit width and intensity I’. Outside the
overlap region, where the pulses travel separately, 2/’? units of harmonic intensity will be
registered, where the 2 arises because there are two pulses in succession, and the square
because the second harmonic varies as the square of the fundamental intensity. By contrast,
at the centre of the overlap region (z = 0), the intensity will presumably be doubled, which
suggests that the harmonic signal should be (217)? = 41'%, twice what it is in the wings.

Although this argument indicates correctly that a higher signal is registered within the
overlap region, it is wrong in detail because the fine structure in the interference between the
two replicas (and contained in R(t)) has been ignored. Constructive interference doubles
the field at the anti-nodes, so the anti-node intensity rises by x4 (not x2), and the corre-
sponding harmonic signal rises to 161’?, or eight times what it is in the wings. Away from
the anti-nodes, the interference pattern will be characterised by cos? fringes in the intensity,
which will lead to cos* fringes in the harmonic signal. Since the cycle average of cos? is
%, the cycle-averaged harmonic signal is 61’2, which is 50% higher than the crude result
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SHG autocorrelation trace showing the fine structure resolved and (grey) unresolved.

obtained in the previous paragraph, and a factor 3 above the 21'> background value. This
confirms the x3 peak-to-background ratio implied by Eq. (7.30) when the rapidly varying
terms are ignored.

Figure 7.24 shows the IACF of the linearly chirped pulse of Fig. 6.3. The full record
(including rapidly varying terms) is shown in black, and the cycle-averaged record in grey.
Notice that the fine structure does not extend over the entire overlap region, let alone beyond
it. This is a consequence of the chirp, which means that strong constructive and destructive
interference between the two replicas of the pulse only occurs near the centre of the pattern,
where the temporal displacement is small. If one moves sufficiently far enough from the
centre, the fine structure is completely smeared out.

The TACF, however accurately measured, does not provide sufficient information to
reconstruct even the complete intensity profile of the original pulse, let alone its phase
structure [83]. A technique (crude by modern standards) for observing the frequency sweep
of'a chirped pulse was demonstrated by Treacy as early as 1970 [84]. In Treacy’s experiment,
pulses were spectrally dispersed, and IACFs of the separate components were recorded
simultaneously. The tilted autocorrelation record created by a chirped pulse provided a
direct visual demonstration of the frequency sweep.'>

A number of highly sophisticated techniques of this general type are now available which,
in conjunction with suitable numerical tools, enable the complete field structure of the origi-
nal waveform to be reconstructed. Most of the popular techniques are known by memorable
acronyms such as FROG (Frequency-Resolved Optical Gating) [85] and SPIDER (Spectral
Phase Interferometry for Direct Electric field Reconstruction) [86]. The field of optical pulse
measurement has become increasingly complex, and a full-length book has been written on
one single technique [87].

15 This kind of measurement is known technically as an optical sonogram.
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Exhaustive studies of all the available options for optical pulse characterisation can be
found in [88, 89]. Most of these methods involve nonlinear optics, although there is no
reason in principle why linear techniques cannot be used, provided a non-time stationary
filter of some kind is involved.'® Linear methods would certainly offer increased sensitivity
and they continue to be studied for this reason [90].

7.10 Mode-locked pulse trains and carrier envelope phase control
- ________________________________________________________________________________|

In a typical mode-locked laser, a parent pulse circulating in the laser cavity creates a train of
replicas that emerge through the output mirror with a temporal spacing close to the round-
trip period of the cavity. Even in a CW laser, there are always sources of jitter, so the parent
pulse inevitably changes slightly from one round trip to the next, and one replica pulse
is never precisely identical to the one that came before. However, even in the ideal case
where the pulse envelope itself is perfectly stable, differences between the phase and group
velocities will cause the optical carrier wave to shift under the pulse envelope from transit
to transit. This phase slip is highly undesirable in experiments where precise waveform
control is needed, and methods are being developed to control it.

The spectrum of a mode-locked pulse train can be found by convolving the spectrum of
an individual pulse (e.g. Eq. 6.8) with the longitudinal mode structure of the cavity. In the
idealised case, the modes are represented by a simple comb function of the form

Clw) =) 8-w) (7.33)
j

where the angular frequencies of the modes w; follow from the standing-wave condition
L = jXx;/2 in a cavity of length L. If we assume the cavity to be filled with a mate-
rial of refractive index n; =n(wj), it is easy to show that the mode frequencies are given
by wj = j(mwe/n;L). The presence of n; in this formula means that, if the material is
dispersive, the modes will not be uniformly spaced, so a pulse circulating freely in the
cavity will spread out, just as it would if it propagated through the same length of mate-
rial under any other circumstances. However, the mode-locking mechanism, be it active
or passive, will counter this tendency, enforcing equal mode spacing §w, and enabling us
to write

wj = jéw + Sap (7.34)

where dwg (< dw) is a small frequency remainder that takes account of the fact that w; will
generally not be an integral multiple of w. Under mode-locked conditions,

Tc

T L

sw (7.35)

16 We saw earlier that a basic Michelson interferometer yields nothing more than an intensity spectrum, but no
non-time stationary filter is involved in this case.
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Few-cycle pulses with a carrier-envelope phase slip between them.

where 11 is an effective refractive index that depends on the values of n; within the
bandwidth, and also on the mode-locking mechanism.
The time-dependent real field comes from the sum of all participating modes, namely

E()=1 ZAj expli(w;t + ¢)} + c.c.
j

=3 Z Ajexpli(jéot + dwot + @)} + c.c. (7.36)
j

where the amplitudes A ; are real, and ¢ is the common phase of all modes at t = 0. Careful
thought indicates that the pulse envelope repeats with a periodicity of T = 27 /5w, while
the phase of the optical carrier changes from one pulse to the next by d¢cep = Tdwo =
21 (8wp/dw), which is known as the carrier-envelope phase slip (CEP slip).

Figure 7.25 shows an example of the phenomenon described. In the pulse on the left, the
peak of the envelope coincides with a peak of the carrier wave, and the pulse structure is
‘cosine like’, i.e. symmetrical about the centre; in this case the carrier-envelope phase offset
is zero. On the other hand, the carrier wave of the pulse on the right has slipped leftward
relative to the envelope by 0.4, and the structure is therefore skewed. If the inter-pulse
phase slip were raised to 0.5, the pulse would be anti-symmetrical (and “sine-like”). In
pulses containing many optical cycles, CEP effects are hard to spot by eye, but in few-cycle
pulses of the kind shown in Fig. 7.24, they are much more obvious.

Since dw in Eq. (7.35) depends on L, fine adjustment of the cavity length should enable
the frequency comb w; to be adjusted, and wp (and hence §¢cep) to be brought to zero. In
this case, CEP will not change from pulse to pulse. Various techniques for CEP stabilisation
have been devised. Consider, for instance, what happens if a mode-locked signal with
a spectrum given by Eq. (7.34) is subject to second harmonic generation. The frequency
comb governing the harmonic can be found by summing the frequencies of two fundamental
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combs so that!’

o =wj+ o= (j+k)dw+ 28wp. (7.37)

If the mode-locked pulse bandwidth is sufficiently wide, the high-frequency wing of the
fundamental comb will overlap the low-frequency wing of the second harmonic comb.
Now, comparison of Eqs (7.34) and (7.37) indicates that the two combs will be aligned in
the region of overlap only if §wp = 0. But in that case, the CEP slip will be eliminated,
so it follows that CEP stabilisation can be achieved if the two combs can be forced into
synchronism.

This desirable outcome can be realised experimentally by heterodyning the frequency
components of the fundamental and harmonic waves in the region of spectral overlap, and
using a servo loop controlling the cavity mirror spacing L to bring the beat note to zero.
This creates a train of mode-locked pulses in which the location of the carrier waves under
the pulse envelope is stabilised, and no inter-pulse phase slip occurs [91-93].

It must be emphasised that stabilising the CEP simply stops it varying, and does not of
itself determine the absolute carrier phase at the peak of the envelope, which is given by
¢ in Eq. (7.36). However, it is important to recognise that few-cycle pulses are extremely
fragile objects and, even if pulses with a specific CEP could be generated on demand, the
CEP would be significantly altered if the pulses passed through a few microns of glass;
see Problem 7.6. This property can in fact be turned into an opportunity, because it means
that the CEP can be tuned by fine adjustment of the path length through a rotatable plate.
As explained in Chapter 10, the absolute CEP is of crucial importance in applications such
as high harmonic generation and attosecond pulse generation, and CEP tuning is used to
optimise the process.

Problems

7.1 Calculate Lgpm (the characteristic length for self-phase modulation) in fused silica at
an intensity of 1 TW cm™2. Express the answer in units of the vacuum wavelength.
[n> (fused silica) =3 x 10710 cm? W~ ]

7.2 Verify that Eq. (7.15) is a solution to Eq. (7.13).

7.3 Show that the phase velocity of an N = 1 soliton is approximately (cn3 Ipk/ Zn%) lower
than its low-intensity value in the same medium. (This question is essentially the same
as Problem 5.5. It is equally applicable to the spatial solitons of Section 5.7 and to the
temporal solitons of Section 7.4.)

7.4 Prove the final step of Eq. (7.22) for Lgpock. Show that the ratio Lgpock / Lspm is roughly
four times the number of cycles contained within the intensity FWHM of an optical
pulse.

7.5 Try the effect of adding a 3w component to cos wt and notice how the distortions of the
carrier wave depend on the relative phase. This is most conveniently done by plotting
the waveforms using a PC.

17 Notice that the ‘second harmonic’ process includes sum frequency generation among the components of the
fundamental.
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7.6 CEP phase slip arises in the propagation of an optical pulse through fused silica as
a manifestation of the difference between the phase and group velocities. Using the
information given in Fig. 6.2 as a guide, estimate the distance the pulse needs to travel
before the phase and group time delays differ by a quarter optical cycle (i.e. before a
phase slip of 7 /2 has occurred). Assume that the vacuum wavelength is 800 nm. Think
about the implication of the answer.
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A key weakness of the simple approach to nonlinear optics adopted in Chapter 1 was
that the physical origin of nonlinearity in the interaction of light and matter was hidden
inside the x ™ coefficients of the polarisation expansion.! This is such a fundamental issue
that it is difficult to avoid some mention of how nonlinearity arises within a quantum
mechanical framework, even in an introductory text. Unfortunately, the standard technique
for calculating the nonlinear coefficients is based on time-dependent perturbation theory,
and the expressions that emerge begin to get large and unwieldy even at second order.
While every effort has been made in this chapter to provide a gentle lead-in to this aspect
of the subject, this is almost impossible to achieve given the inherent complexity of the
mathematical machinery.

From a mathematical point of view, Schrodinger’s equation is linear in the wave function,
but nonlinear in its response to perturbations. At a fundamental level, this is where nonlinear
optics comes from. The perturbations of atoms and molecules referred to here arise from
external electromagnetic fields. When the fields are relatively weak, the perturbations are
relatively small, and the theoretical machinery of time-dependent perturbation theory can
be deployed to quantify the effects. This is the regime where the traditional polarisation
expansion of Eq. (1.24) applies, indeed the terms in the expansion correspond to successive
orders of perturbation theory.

The early part of this chapter is devoted to a brief review of quantum mechanical princi-
ples. Perturbation theory techniques are then developed, and expressions for the coefficients
governing many of the basic nonlinear processes described elsewhere in this book are
derived. The focus is mainly on simple cases, and no attempt is made to obtain expressions
for the coefficients in their most general form.

When the perturbations become sufficiently strong and/or the time-scales sufficiently fast,
the polarisation expansion breaks down, and otheranalytical techniques have to be developed.
This situation frequently arises close to a resonance, although resonances can sometimes be
treated within perturbation theory. Examples of resonant effects, including the stimulated
Raman effect, self-induced transparency and electromagnetically-induced transparency are
discussed in Chapter 9. High harmonic generation also occurs within the strong-field regime,
and this topic is treated in Chapter 10, albeit from an essentially classical standpoint.

! The other defect was that the tensor nature of the coefficients was ignored.
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8.2 Basicideas
1

The state of a quantum mechanical system can be specified in several different ways: the
wave function ¥ (x), or the state vector |y) of Dirac are two obvious examples. The most
fundamental approach to quantum mechanics is based on |}, which is a vector in an abstract
Hilbert space, whereas v (x) is one of many possible representations of |y/) in particular
Hilbert spaces [94].2

The idea that the state of a system can be represented in different ways should not come
as a surprise. After all, the position-dependent wave function ¥ (x) is related by Fourier
transformation to the momentum space wave function W (p), where p = hk, and x and k
are transform variables. Since 1 (x) and W (p) both contain complete information about the
same state, they are equivalent representations of the system.

Although we will use Dirac formalism in the early part of this chapter, readers who are not
familiar with the notation can treat it simply as shorthand for the traditional wave function
expressions. As noted by Rae [95], in an equation such as

/ Wi Avadx = (1A 12) (8.1)

the object on the right-hand side can be regarded as a code for the expression on the left-hand
side. The bra vector (1| translates into the conjugated wave function v/}, the ket vector |2)
into v, and integration is implied.

The words ‘represented’ and ‘representation” have appeared several times in the last few
paragraphs. In the early history of quantum mechanics, the words were also used to describe
different ways of apportioning the time dependence of the system between the state vectors
and the operators. Most modern texts use the word “picture’ in this latter connotation.® In
the Schrédinger picture, the time dependence resides entirely in the state vectors, while
in the Heisenberg picture, it resides entirely in the operators. On the other hand, in the
interaction picture, the time dependence is split, with the intrinsic element in the operators
and the remainder (which is usually the interesting part) in the state vectors.

8.3 The Schrodinger equation
- |

In state vector notation, the Schrodinger equation reads

y)  in
= —hH|1/f) (3.2)

where H = Hy+ V includes the unperturbed Hamiltonian Hpanda perturbation Hamilto-
nian V. In the context of nonlinear optics, V is often written in the dipole approximation as
V = —L.E = er.E, where e is the elementary charge and L. = —ef is the dipole operator.

2 For simplicity, a single space coordinate is applied to wave functions in this section
3 Throughout Messiah [94], the word ‘representation’ is put in quotation marks when it is used in this sense.
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It is convenient to expand |v/) in terms of the orthonormal energy eigenstates of the system
using one of the two alternative forms*

W)= baln) =Y anln). (83)

Here, the state vector |n;) contains the intrinsic time dependence of the system, and is
related to the time-independent |n) by

Ing) = |n) exp{—iwnt} (8:4)

where w,, = E,/h and E,, is the energy eigenvalue. It follows that a, = b, exp(—iwyt} so,
in the second form of Eq. (8.3), the intrinsic time dependence is contained in the coefficients
ap, rather than in |n;). The occupation probabilities of the different energy eigenstates are
lan|? (: |by, |2), and these sum to unity so that

D lan? =) bal* =1. (8.5)

n n

Written in terms of wave functions, Eq. (8.3) reads
w = anw,; = Zanwn (86)
n n

where the energy eigenfunctions |, = Y, exp{—i E,t/h} and the ¥, are time independent.
The orthonormality of the energy eigenstates implies that [ Yy, dr = 8, = (n | n’)
where dr stands for dxdydz.

Substituting Eq. (8.3) into Eq. (8.2) allows the time evolution of the quantum system to
be expressed is terms of either a,, or b, via the equations

. . i . i
= —iwnay — & ; Vaar; b, = - ; Vb (8.7
where V,;; = (n|‘7|l) is the perturbation matrix element, V,, = Vy expliwyt}, and w, =
w, — wy. Since V = —[i.E, we can write the matrix element out in full as
Vin = _(anEx + ,ulynEy + l/«lzn E) = —((x) Ex + (Y Ey +zinEy) (8.8)

where the jth Cartesian component of y;,, is written ,uljn, or equivalently as (j);, which is
slightly easier on the eyes.
The expectation value of an arbitrary operator A is given by

WIAIY) = aarAu = bib; Ay exp{—iout) (8.9)

nl nl

4 In terms of ‘bras’ rather than ‘kets’, the equation reads (Y| = Y (n/| b =Y (nla;).

n n
5 This is easily proved from Eq. (8.3) using the orthonormality of the energy eigenstates and the fact that the wave
vector has unit norm.
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where A;, = (/| A |n) . In nonlinear optics, the operator of primary interest is the dipole

operator L. = —er, because it leads directly to the polarisation via the equation
P=N(w =Ny wyaa, (8.10)
nl

8.4 The density matrix

8.4.1 Definition of the density matrix

Later in the chapter, we will treat a range of nonlinear optical problems using state vectors
and wave functions as in the previous section. However, an alternative formalism based
on the density operator (or density matrix) offers significant advantages in some contexts,
particularly when resonant effects are involved and/or damping becomes important. We
will review the density matrix approach in this section.
The Schrodinger equation (8.2) is entirely equivalent to the equation

ap i [ A

L2 h,5] 8.11

2 = | HP (8.11)
where 0 = |¢¥)(¥| is known as the density operator, and the commutator [I:I , ,5] =
Hp — pH. Using Eq. (8.3), we can write the density operator in the form

p=1V)Wl=>" anaiim)| (8.12)
ml

and define the density matrix as
Pnn' = (I’l|,5|l’l/> = ana:/- (8.13)

Readers who are not familiar with Dirac notation should feel reassured by the second form
of Eq. (8.13), which defines the density matrix in terms of the probability amplitudes from
Eq. (8.3). Indeed, for the simplest two-level system (shown in Fig. 8.1), the density matrix
becomes simply

2 *
R £00 P01 laol” aoa
P10 P11 aiag lapl
1 4
oy,
O v

Two-level system.
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in which the diagonal elements p,,, = |a, |* are just the population probabilities of the energy
eigenstates 0 and 1. The sum of the diagonal elements is therefore unity. The population
density N, of level n is given by N p,, where N is the total atomic/molecular number
density. As we shall discover shortly, the off-diagonal elements govern the dipole moment
of the atoms, and hence the polarisation of the medium. Notice that when (for example)
ap = 1, it follows that a; = 0, from Eq. (8.5), and that the off-diagonal elements of o are
Zero.

The time evolution of p can be found by differentiating Eq. (8.13) and using Eqs (8.7).
The result is

. . i
Pnn’ = —1®pp' Pun’ — E Xq: (anpqn’ — Png an’) (8.15)

where the first term on the right-hand side indicates that the intrinsic time dependence of
the off-diagonal element p,,, is exp{—iw,,/t}. However, it is easy to remove this intrinsic
motion by defining 0,y = Py €xpliwpyt} = byb},. The time dependence of oy, is then
given by
. i
Gt = =2 Y (V,Zqoq,,/ — Ong Vq’n,) (8.16)
q

where V,:q = Vugexpliwpgt}, etc. The switch from p to o represents a transformation
to the interaction picture where the intrinsic time dependence has been transferred to the
operators, and the remaining time dependence in o,/ is the result of external perturbations.

At this point, an important issue must be raised: if the density matrix method is entirely
equivalent to the state vector method of Section 8.2, what is its advantage? Why not stay
with the more familiar state vectors and wave functions? The answer is that the density
matrix approach offers clear benefits when one is dealing with mixed (as opposed to pure)
states. If all members of an ensemble of atoms/molecules are in the same quantum state, the
state is said to be ‘pure’. However, it is far more common for different atoms/molecules to
be subject to different stochastic influences, and it is much easier to incorporate these effects
within a density matrix treatment than in the state vector approach. Using the two-level case
as an example, we can adopt the generalised definition of the density matrix given by

p= < laol®  aoaf ) (8.17)
aray lail?

where the overbars imply averages over all members of the representative ensemble.
Stochastic processes affecting the diagonal elements of the density matrix (e.g. sponta-
neous emission) redistribute the population between the different states, of which there are
just two in this simple case. But effects also exist that randomise the phase relationships
between the states but have no effect on the populations, and these cause the off-diagonal
elements of p to decay on a faster time-scale.

We can take these stochastic effects into account by adding phenomenological damping
terms to Eq. (8.15). For off-diagonal elements of the generalised density matrix, the equation
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becomes
. .~ J
Pnn’ = —1®np/ Ppn’ — g Z (anpqn’ — Png an’) (n # n') (8.18)
q

where @y, = Wy — [V and e is the rate of loss of phase coherence between states
n and n’. For diagonal elements, the general form is

Pnn = ;ampmm — Bonn — ;l_; (anpqn — Png Vl]n) (3.19)

where the first term represents a population arriving from other levels, and the second
population departing to lower levels. These results could equally have been written in terms
of .

8.4.2 Properties of the density matrix

It is clear from its definition that the density matrix is Hermitian, which means that p,,,,, =
ou,» and that its trace is unity (see Egs 8.5 and 8.14). But it also possesses the key property

that the expectation value of any operator Ais <A> = Tr{pA}. In the context of nonlinear

optics, this enables one to find the dipole moment from (ﬁ) =Tr{p} = > Pun'Wyry, and
n/

n
once the dipole moment is known, the polarisation follows immediately from P = N (),
which is consistent with Eq. (8.10). Typically, only the off-diagonal elements of the dipole
moment matrix are non-zero so, for the simplest two-level model, we have

- 0 IL01>
= . 8.20
" (lklo 0 (8.20)

P = N () =N (po1i19 + P10lo1) (3.21)

in this special case. The result highlights the important point mentioned earlier that the
polarisation is associated with the off-diagonal elements of the density matrix. If P is non-
zero, it necessarily implies that the system is in a superposition state; otherwise, all but one
of the a, would be zero, and hence all the off-diagonal elements of the density matrix would
be zero too.

Notice that () isreal because iy = ;. We shall in fact assume that the matrix elements
themselves are real, in which case pjg = Rg; this can usually be arranged without loss
of generality. As already noted, we use the notation (j);( to represent the jth Cartesian
component of pLyg.

It follows that

8.5 Introduction to perturbation theory

In the context of nonlinear optics, perturbation theory involves the successive approximation
of the solution for the quantum mechanical state of the system. The procedure can be
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implemented using either the probability amplitudes a, (or b,), or the density matrix p,,,’.
It is good to be familiar with both approaches, because each has its particular merits and
demerits. The density matrix method includes stochastic effects in a natural way, which is
an obvious advantage. But the associated algebra is often more awkward, and one needs
to keep a careful watch out for spurious cancellations — situations where terms appear to
cancel, but only if causality is ignored. We shall encounter some of the problems that may
arise in Section 8.8.2 below.

The application of perturbation theory proceeds in the same way whichever approach
is used. Starting from a zeroth-order solution, the relevant evolution equation is used to
calculate a first-order correction. The modified solution is then reinserted into the equation,
and a second-order correction duly emerges. The operation can in principle be repeated
ad infinitum, but the algebraic labour increases at an alarming rate. In practice, perturbation
theory is rarely extended to fourth order (at least in nonlinear optics), but the complexity at
third order is already severe.

In standard perturbation theory notation, one writes H = Hy + AV, and the successive
corrections to the probability amplitudes in the form

an = al® +raV +12aP +12al + - (8.22)

The parameter A (which is nothing to do with wavelength) is used to keep track of terms
of different order, and is set to unity at the end of the calculation. In nonlinear optics,
however, there are numerous other indicators of term order (the number of matrix elements,
for example), and so we simply write

an=a +al’ +a® +af + - (8.23)

or the analogous density matrix equation

0 1 2 3
Punt = Pyt + Pry + Oyt + Py (8:24)

From Eq. (8.13), we have p,,y = aya},, and so it is tempting to assume (for example) that

P2 = a®a®* 4 o DalV* 4 DO (825)
in which orders of the amplitudes in the right-hand side terms always sum to 2. One must
be a little cautious here, because the density matrix potentially includes damping, while
the probability amplitudes do not. However, in the absence of damping, Eq. (8.25) can
be verified by taking the time derivatives of both sides and using the relevant evolution
equations; see Problem 8.1.

8.6 First-order perturbation theory
- |

In deriving perturbation theory formulae for the linear and nonlinear susceptibilities, we
will focus mostly on simple cases where only two or three levels are involved. Readers
wishing to see the results in their most generalised form should consult books such as Boyd
[1] or Butcher and Cotter [96].
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First-order perturbation theory in a two-level model system is very simple, and leads to a
formula for the linear susceptibility x (1), a parameter that we first encountered in Chapter 1.
In the state vector approach, we take the zeroth-order solution as a(o) =1, (0) = 0, which
means that all the atoms are in the ground state. Equations (8.7) then read

(1) + za)loai ) = —ivlo (8.26)

h

where a( ) is the first-order contribution to a1 . If the atoms are subject to a (real) perturbing

field Whose components are
Ej=3 (Ej explior} + C-C~) (J=x,y,2) (8.27)
then

Vio=—-3Y_ (o (Ej expliwt} + C~°-) (8.28)
J

where (j);, = ,uljn andj = x, y, z. Equation (8.26) can now be integrated to give

b expli E* exp{—i
ay) = iX:(j)m(E] eXp{la)t}+ j X! lwt}). (8.29)

2h I w10 + o w0 — @

The analogous result within the density matrix approach is

1 1 E; exp{zwt} exp{—la)t}
o = po* = Z i ( (8.30)

®10 + @ ®10 —

which is identical to Eq. (8.29) apart from the presence of damping via the complex
frequency @19 = w19 — iy10-
The polarisation of the medium is

P = xpl{iwt} + c.c.

NI'—‘

= (aoal 10 + alao (i >01)
(,001) (i)10 + /010 (i )Ol)

_ ﬁz<(ﬂ01 {i)o n (o1 (10

2h Dfy — @ w10 +

) Ejexpliot) +c.c. (8.31)

where the more general form of the result with damping included has been quoted. Notice
that terms in exp{zwt} from both ,0(1) and its conjugate ,001) have contributed to the final

result. From P; = g Z X( E; j» it follows that the linear susceptibility is

(1)_£((j>01 (i)10+(i)01 (J')10>'

Xii = po =
L goh \ @f) — @10 + w

(8.32)
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For a many-level system, Eq. (8.30) generalises to

1 E; expliwt} E* exp{—iwt}
(€)) . j €Xp j
T 8.33
Pn0 = 5 j (7m0 ( oot + - (8.33)
and Eq. (8.32) then becomes
N (J)on (i) (Don (J)
(eY) On n0 On n0
ij = . 8.34
6 <cb:o—w T ot o (8.34)

In summary, the applied electric field of Eq. (8.27), acting via the perturbation matrix
elements in Eq. (8.28), creates first-order components ail) in Eq. (8.29), or equivalently
the off-diagonal density matrix elements p(g}) and pf(l)) of Eq. (8.30). These lead directly to
corresponding terms in the polarisation of the medium (Eq. 8.31), and hence in the linear
susceptibility (Eqs 8.32 and 8.34). The resonance structure of Eq. (8.34) will be explored
in Section 9.2.

As in any forced oscillator system, the correction terms oscillate at the applied frequency
rather than the natural resonance frequency, and this fact can be represented by adding
‘virtual’ levels at £hw into the energy level scheme of Fig. 8.1, as shown in Fig. 8.2. We
will offer an interpretation of Egs (8.32) and (8.34) in Section 8.7.2, where the significance
of the virtual levels is considered in greater detail.

Finally, it is worth remembering that the linear susceptibility is directly related to the
dielectric constant matrix through the equation &;; = 1 + X,-(jl), which we encountered in
Chapter 3; see the discussion surrounding Eqs (3.5) and (3.6). In general, ¢;; is Hermi-
tian (g;; = 5;’?1.) but, away from resonance, the elements are real and the matrix becomes
symmetric. It is this property that allows it to be diagonalised (Eq. 3.6), and the principal
dielectric axes defined. However, Eq. (8.34) indicates that, if x;; is to be real, {j), (i),0
must be real too. We have, of course, assumed the individual matrix elements themselves
to be real, so the issue does not arise. But had we not done so, the need for the product to be
real when i # j raises some interesting issues. When i = j, the product is real in any case.

7wy

Two-level system showing virtual levels accessed in first-order perturbation theory.
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8.7 Second-order perturbation theory
- |

8.7.1 Second harmonic generation

We have just played round 1 of perturbation theory, and we now move on to round 2. First
of all, we add a third level (2) to the two-level scheme of Fig. 8.2, to create the three-level
system shown in Fig. 8.3; the stack of virtual levels to be discussed later is shown on the
right. We will now work out the second harmonic generation coefficient for this system on
the assumption that the dipole matrix elements between all three pairs of levels are non-
zero, as indicated by the double arrows in the top-left-hand section of the figure. We ignore
damping (setting @,,; = wy,’), and we use the probability amplitude approach because it
turns out to be algebraically simpler.

At first order, we already have ail) from Eq. (8.29) and, since levels 1 and 2 are
functionally equivalent, we have by analogy

1 E;ex {iwt} E* exp{—iwrt}
(1 . Jj €Xp J
= — . 8.35
% 2h - <)20< @ + + Wy — W (8:33)
The second-order corrections can now be found from
Q) (2) i M _ 1 . M
a,” +iwyoa,” = _Evuaz =5 Xk: (k)12 (Exe' +c.c)ay . (8.36)
—
I
——————— +2
1 —
7@y
we |\ [ | T 7% +
Y 10)
O v
Y10
———————— 1
——————— -2

Three-level system showing virtual levels accessed in second-order perturbation theory
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Substituting Eq. (8.35) into Eq. (8.36) yields

<z>=LZ . E; Ey expli2ot) N ETE} exp{—i2wt)
4h? 12

! (@10 + 20) (w20 + ®) (w10 — 20) (w20 — ®)
(8.37)

where only terms at 2w are shown explicitly. The analogous result for aéz) is obtained by
the exchange 1 <> 2. The second harmonic polarisation can now be found from®

PSHG % ; exp{i2wt} 4 c.c.
— (af)a{)‘”* (i)op +a2ai (i) + atPal* (i), +c.c.> (8.38)

and the final result is’

12 {i)20 (J)o2 (k)ay ()10
B = 5 Z ((wm - w)(a)zo “2w) T

(w20 — w) (w10 — 2w)

<k>o1 ()12 (/)20 n (k)oa ()21 ()10
(w10 — W) (@20 + @) (w20 — w) (w10 + )

(o1 ()12 (k)20 n ()02 {721 k10 ) Boie. (8.39)
(w10 + 20) (w20 + @) (w20 +2w) (w10 + )/ 7/

The same result can of course be obtained using the density matrix approach, but the algebra
is less straightforward. The problem is that when ﬁiz“’ is evaluated in that case, the result
has eight terms rather than six, and four contain factors of the type (w21 £ w), etc. in the
denominator. These combine to form terms 3 and 4 in Eq. (8.39), but the step is best avoided.

Equation (8.39) is readily generalised to a many-level system and made more compact at
the same time. By introducing summations over multiple intermediate levels, the formula
becomes

plw _ On nn <i)n/0 (k>0n <i)nn’ <j>n/0
LTS Z Z ((wno — )0 —20) | (@m0 — @)(@no +0)

<l>0n (])nn/ <k>n/0 Ao B
(@no + 20) (w0 + a))) EVE (8.40)

Equation (8.39) is just the special case of Eq. (8.40) where there are just two intermediate
levels, and the terms with (n,n’) = (1,2) and (2,1) are written separately.

8.7.2 Discussion and interpretation

Equations (8.39)—(8.40) merit detailed discussion. In fact, it will be helpful to start by
revisiting the first-order case, and relating the terms in the linear susceptibility (Eq. 8.32)

6 Note that all six terms in the second line contain terms at +2w.
7 Since j and k are equivalent dummy indices in Eqs (8.39) and (8.40), they can be exchanged at will within the
matrix element products, to make the expressions look neat.
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term1 term2

Diagrammatic representation of the structure of Eq. (8.32).

to Fig. 8.2. As noted in Section 8.5, this diagram represents the two real levels (0 and 1)
that feature in the equation by solid lines, and the two ‘virtual’ levels at +Aw by dotted
lines. Both terms in the equation use the same real level sequence 0 — 1 — 0, and the
matrix elements in (j)g; (i)19/(@], — @) and (i)g; (j)10/ (@10 + @) have been ordered so
that the subscript sequence 01-10 reflects this. On the other hand, the first term involves
the virtual level at +Aw and the second term the virtual level at —hw. This can be seen by
inspecting the respective denominators. If the complex nature of @ is ignored, (@}, — ®)
becomes (w19 — w), which is the angular frequency separation between the real level 1 and
the virtual level +1; equally, (w19 + w) is the separation between the same real level and
the virtual level —1.

Figure 8.4 uses these ideas to construct a more detailed diagrammatic representation
of the mathematics. The two solid arrows in the centre represent the real level sequence
0 — 1 — 0, which is common to both terms. The two grey arrows on the left indicate
the virtual level sequence 0 — +1 — 0 used by the first term, while the grey arrows
on the right indicate the sequence 0 — —1 — 0 used by the second term. The centre-
left portion of Fig. 8.3 therefore represents the first term (term 1), while the centre-right
portion represents the second term (term 2) as indicated. The broad double arrows indicate
the energy (or frequency) differences between the participating real and virtual levels in
each case, a short double arrow implying a strong term. Term 1 (with the negative sign in
the denominator and the smaller detuning) will naturally dominate term 2 in this case. In a
multi-level model, the situation will naturally be more complicated, but it often remains true
that a good approximation to the susceptibility can be obtained from a single dominant term.

It is also worth writing the dominant term in Eq. (8.31) in a slightly different way in order
to highlight the structure of the result. In terms of P;, the equation reads

h(o}, — o)

Bi=N(Y ((j oL 25 0 {iwt}> (3.41)
J
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where the term in brackets is the (dimensionless) ratio of an interaction energy (on the top)
and the detuning energy (on the bottom).

We now turn to Eq. (8.39), which is the product of second-order perturbation theory and
so naturally more complicated. There are now two intermediate states in the real and virtual
level sequences and, accordingly, three matrix elements in the numerator of each term and
two brackets in the denominator representing successive angular frequency differences.
The equation has been organised so that reading the brackets in the denominator from left
to right reveals the sequence of participating real and virtual levels, by direct extension of
the procedure used at first order. Thus, in the first term of Eq. (8.39), the appearance of
w1o and wyo in the successive brackets indicates that the sequence of real levels is 0 —
1 — 2 — 0, while the respective appearance of —w and —2w implies that the removal of a
fundamental photon from the field first takes the system to virtual state +/w and the removal
of a second then raises the system further to +2Aw. Finally, a second harmonic photon is
emitted, which returns the system to its ground state. Notice that the matrix elements in
the numerator have been arranged so that the same real level sequence appears when the
indices are read from right to left, namely 01-12-20.

The six terms in Eq. (8.39) represent two different real level sequences each with three
different virtual level sequences. Terms 1, 3 and 5 (the three on the left) are for the real level
sequence 0 — 1 — 2 — 0, while the other three are for the sequence 0 — 2 — 1 — 0.
A diagrammatic representation of the first three is presented in Fig. 8.5, which is based on
the same ideas as Fig. 8.4. The black arrows (on the far left and right) indicate the real level
sequence, and the three possible virtual level sequences are shown in the central columns.
The sequences for each of the six terms are summarised in Table 8.1.

AsinFig. 8.4, the double arrows in Fig. 8.5 indicate the values of the frequency denomina-
tors, and there are, of course, now two per term whose product affects the term strength. The
equation, the table, and the figure have all been arranged so that term 1 is the strongest and
term 6 the weakest. The matrix elements have been ordered to reflect the level sequences.

term 1 term 3 term 5
————— R i R
2 o— : — : 4P> —
- — . . » ——
0 . --_:-- ————
________ _i____lv_'__.z.__ N 4
________ IS D P A V¢S D

Diagrammatic representation of the structure of Eq. (8.39).
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Table 8.1 Real and virtual level sequences in Eq. (8.39).

Term Real sequence Virtual sequence

1 0—-1—-2—-0 0 — +hw — +2hw — 0
2 0—-2—>1—0 0 —> +hw — +2hw — 0
3 0—>1—-2—->0 0 —> +hw — —hw — 0
4 0—>2—>1—0 0 — +hw — —hw — 0
5 0—->1—-2—-0 0— —hw — —2hw — 0
6 0—-2—->1—0 0— —hw —> —2hw — 0

Consider, for example, term 4, which involves (k) (i)21 (J)10/ (w20 — @) (@10 + W)).
Reading both top and bottom from left to right, the interpretation is that in the first step, a
fundamental photon is absorbed and the system goes to real state 2, in the second a harmonic
photon is emitted and the system goes to state 1, and in the final step, a further fundamental
photon is absorbed and the system returns to the ground state.

The most important point to come out of this discussion is probably the existence of a
‘dominant path’ determined by real levels that lie close to the virtual levels at +Aw and
+2hw. Taking the dominant term on its own, Eq. (8.39) reduces to

i 2h2 Z ( 12 <'>20 )EAv;uEAvlc{u (842)

(w10 — w)(wzo —2w)

which in many cases will give a good approximation for the second harmonic polarisation.
For comparison with Eq. (8.41), we can reorganise the equation into the form

$20 _ 1y (k) Ey
- 2°Z(h<wm—w)xh<wzo—2w)>' ®4

This shows that the most basic effect of taking perturbation to the next order has been to
add a second energy ratio into the formula.

8.7.3 The second harmonic coefficient

We now need to reconcile Eq. (8.40) with Eq. (4.5) where the SHG coefficient was defined
via the equation

P = Leg Z XRCEYE. (8.44)
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The notation differs slightly from that in Chapter 4, but in an obvious way. The conclusion
is that

SHG — ” hz Z ( (Fon (k) nn () nro + (k) 0n D) nn (J w0

Xijk ww—wx@m—zw (@n0 — ©) (W0 + ©)

(8.45)

(l>0n<]>nn’<k)n/n )
(wno + 2w) (wyro + @) ’

We consider the special case where i = x and the field contains y and z components. Then
Eq. (8.44) becomes

P2 = Lo (13000 + 310 £y (546
while Eq. (4.10) reads
PY =2e0di4 EYE?. (8.47)
If we focus just on the dominant path, Eq. (8.45) gives
5 N ((z)o1{y)12(x)20 + (¥)o1(z)12{x)20 \ A £
2
P = — ( EVE?

T p2 (@10 — @) (w0 — 20)

(8.48)

and the conclusion is that

N ({2o1{y)12(x)20 + (yo1(2)12(x)20
SHG ,_, SHG
=2di4 = . (849
(XW +47) =21 212g ( (@10 — @) (@20 — 20) (8.49)
One should not seek to associate x %HZG and x ng with the individual terms in the numerator

ofEq. (8.49). Not only is there no way of distinguishing the two contributions by experiment,
but the order of the fields has not been preserved in the derivation in any case.

Finally, we must address the symmetry issue. Back in Chapter 1, we used simple symmetry
principles to show that SHG (and other second-order processes) are forbidden in media
possessing inversion symmetry. So what basic principle ensures that the SHG coefficient
of Eq. (8.44) is zero under these circumstances?

The answer is that quantum states possess definite parity in a medium with inversion
symmetry. But transitions between states of the same parity are forbidden and the associated
dipole matrix elements are zero. In Eq. (8.40), the sequence of states in the matrix element
triple productsis 0 — n — n’ — 0, and there is no way of choosing even and odd parity for
the three states alternately to close the loop. In general, it follows that the product of any odd
number of dipole matrix elements involving a closed sequence of states is necessarily zero.

8.7.4 Sum frequency generation

The case of sum frequency generation w| + wy = w3 can be treated by direct extension
of the second-order perturbation theory techniques deployed above in the special case of
SHG. The most important message is that there will be twice as many terms as for SHG;
twice as many diagrams of the type shown in Fig. 8.5 can be drawn because there are now
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two distinct orders in which the upward arrows can appear: w; first and then w, or vice
versa. Equation (8.42) for the dominant term now generalises to

B (i)20Ej(@1) Ex(@) | (k)or{j)2(i)a0 Ej(@2) Ex(w1)
Filw) = 2n? Z ( (w10 — w2) (w20 — w3) * (w10 — @1) (w20 — @3) )

(8.50)

which, by exchanging j and k in the second term (which is OK because they are dummy
indices under a summation) can be compacted to

- N Yol ) )
P (ws) = - Z( koi(j)12(i)20 n (J)o1(k)12(i)20 )Ej(a)l)Ek(wz)-

(w10 — w2) (w20 — @3) (w10 — w1) (w20 — W3)

(8.51)

As expected, this equation contains two terms, whereas there was only one in Eq. (8.42).
For the same special case that we used in Section 8.7.3, the x-component of polarisation
is now

P _ N (( (z)o1(y)12{x)20 (Mo1(z)12{x)20
x(wfi) = 577 +
202 \\ (w10 — @) (w20 — w3) (w10 — 1) (w20 — @3)
( (o1(z)12(x)20 4 (2)o1(y)12(x)20

(w10 — W) (w0 —w3) (w10 — w1) (w0 — w3)

) E)7(w1)Ez(w2)

) Ey(m)E, (w1)> (8.52)

which parallels Eq. (8.48) for SHG. From the definition of the sum frequency generation
(SFG) coefficient in Eq. (4.4), we also have

Pe@3) = e (XN Ey (@D (@) + ) E(on By (@2)). (8.53)

Notice that, in contrast to SHG, XxSyFZG and XXSZF}Q are distinct, and can be associated with the
respective terms in Eq. (8.52). The first coefficient relates to the situation where the fields
at w; and w; are, respectively, in the y- and z-directions, and the second to the case where
the frequencies are reversed.

A related issue is intrinsic permutation symmetry (IPS), which was first discussed in

Section 4.3.2. When Eq. (4.3) is written out in full for SFG, the x-component reads
Po(@3) = beo (1559 @3 01,02) + x5 @33 @2,00) By (@) Ex(@2)

+ 380 (XffyG(ws; o1, @) + x5 (@3; wz,wl)) Ey(@)E (@), (8.54)

Given the structural similarity between Eqs (8.54) and (8.52), it is tempting to try to match
the coefficients in the latter equation with the individual terms in the former. However,
as noted in Chapter 4, the effect of xf)sz (w3; wi,wy) and XEZF}G
distinguished, since both involve the same product E y (a)l)EAZ (wy), and nor can that of
XffyG(wg; w1, @) and x| SYG(w3; @, 1) in the second row of Eq. (8.54). There is in fact
no justification for making the suggested identifications.

Under IPS, it is conventional (but not obligatory) to assume that the paired coeffi-

cients in Eq. (8.54) make equal contributions, and hence to write xl.sj.],zG (w3; wi,w) =

(w3; wy, w1) cannot be
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Xix JG (w3; w2, w1). This enables the equation to be contracted to

Pe@3) = 20 (x50 (@35 o102 By (@) Ex(2) + x5 @35 01,00 By (@) Ex ().

(8.55)
Matching Eqs (8.55) and (8.52) now yields
SFG, . N (Zho1{y)12{x)20 (o1 {z)12{x)20
Xzyz (@33 01,02) = 2h%eg ((wlo — ) (w20 — w3) +(6010 — w1) (w0 — w3)> (8.36)

with a closely analogous formula for Xizy SFG (w3; w1, w?). Notice that the order of the fre-

SFG SFG
quencies is now fixed because Xizy (w3; wy, wy) is included within Xiyz

conclusion, remember that IPS is merely a sensible convention, not a fundamental principle.

(w3; w1,w3). In

8.7.5 Optical rectification

The case of optical rectification (OR) can be treated if one goes back to Section 8.7.1 and
extracts the zero frequency terms instead of those at 2w. Like most perturbation theory
derivations, the calculation is arduous. The result for the DC polarisation is

Don G Ko (@om () (o
= g ZZ(( T om0 + @) )

wnO(wn/O —w)

jk nn'
( (J)On (D an' (K)o (k) on (i)nn’(j)n’o )
(wno — @) (wyro — @) (@no + ) (wpo + )

n ((j)On (k) (Dm0 n (k)on (J)un' <i)n’0)) EE} (8.57)

(wno — w)wyro (wno + w)wpo
and an expression for the optical rectification coefficient can be deduced from
Pi(0) = 20 Y xR (0 0, —0)E (@) Ef (). (8.58)
Jjk

The matrix element involving the coordinate i is associated with the polarisation and those
carrying j and k with the incident field. As before, the terms have been organised so that,
by reading from left to right, the sequence of real and virtual states can be worked out.

An intriguing aspect of Eq. (8.57) is the need for the right-hand side to be real, since the
DC polarisation is real by definition. But even if we take the matrix elements to be real,
the presence of E; E; makes it less than obvious that the equation satisfies the condition.
In fact, detailed examination shows that the expression really is real; see Problem 8.2.

8.8 Third-order perturbation theory

8.8.1 Third harmonic generation

There is no problem in principle with taking perturbation theory to third order, but the
mathematics becomes hugely tedious. Fortunately, there is no need for this labour if one
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0

Four-level system with virtual levels for the dominant term in third harmonic generation.

is prepared to trust the diagrams of Fig. 8.5, and make the necessary extensions. Indeed
for a system of four levels 0123 of alternate parity, the contribution to the third harmonic
polarisation from the dominant path shown in Fig. 8.6 can be written down by inspection,
namely

1{k l A A
po - Z( (k)12(1)23(i)30 >E;”E,‘;’E,‘” (8.59)

(w10 — w)(wzo —2w) (w30 — 3w)

Notice the extra matrix element, the extra bracket, the extra field component, and the extra
2h in the denominator. In reality, the single path 0 — 1 — 2 — 3 — 0 would naturally
be summed over multiple intermediate paths.

8.8.2 Intensity-dependent refractive index

To end this chapter, we tackle the more challenging case of intensity-dependent refractive
index (IDRI). Some intriguing problems arise in the calculation of the IDRI coefficient,
which provide valuable insight into the inner workings of perturbation theory, and highlight
the relative advantages and disadvantages of the probability amplitude (PA) and density
matrix (DM) approaches.

We simplify the discussion by restricting attention to a three-level system in which
states 0 and 2 have the same parity (and hence w2 = w2 = 0), and we also assume
that all fields are polarised in the x-direction. The terms we need to calculate in order
to obtain the third-order polarisation using the two different approaches are listed in
Table 8.2.
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Table 8.2 Terms needed to calculate the IDRI coefficient

0 1 2 3 Third- order polarisation
Probability @—1 «® @@ W aP® a@a* e
amplitude
. . 0 1 2 2 2 3 3 3 3
Density matrix —— pog =1 plg  £G0-P11-P50  Plo-P3i Al -Pal e
2 =y i i . : :
il 1 iy i it et st it el
y f | } | |
B a = ' a
0 \ & i :: i

m Real level sequence (bold) for Eq. (8.60), with virtual level sequences (grey) for each of the six terms in the equation.

It can be shown quite straightforwardly (using either the PA or the DM method) that
the contribution to the IDRI polarisation from the real level sequence 0 — 1 — 2 —

1 —0is
_N| 1 |ut, |* E2E 1 1
PIDRI Hor|” |#1a %2 i
(via state2) — 443 - — _ — —
WWro@1g  W1p@W20W g

1 1 1 1
+ + + + (8.60)
- T T - T T + T

Ww20W1y  WpW20W1y W20y “’10“’20 @1

where we have adopted a shorthand notation where a)fo = wpo T 0, Wy, = wyo — 2w and
a);:'o"’ = wyo + 2w. Diagrams representing the terms in this equation are shown in Fig. 8.7.
The real state sequence (0 - 1 — 2 — 1 — 0) is indicated by the black arrows at the far
left, while the six sets of grey arrows show the virtual state sequences for the six terms in

Eq. (8.60) in the same order. With the pre-factor of 2, these are in fact the 12 terms in Table
VII of Ward [97].8

8 Each path in Fig. 8.7 represents two terms because one downward arrow corresponds to the E} in Eq. (8.60)
and the other to the polarisation; these can come in either order.
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We now need to incorporate the state sequence 0 —- 1 — 0 — 1 — 0 into this result,
and this is where the problems begin. It turns out that the DM approach provides the easiest
route to the right answer, although it is decidedly trickier than the PA method at the first step.

Consider, for example, what happens when one tries to find pﬁ). If we assume (correctly)
@) M (D

that p;}” = a, 'a; " in the absence of damping, the answer in that case is easily found from
Eq. (8.29) to be
LD, (% _ H10ttol (E2e2 +c.c.) E.E} N EXE, 8.61)
“ 4n2 \ (@10 + o) (@10 —0)  (@o+)?  (@o—w?]

On the other hand, if we try to derive the more general form of this result starting from

Eq. (8.15), the time derivative of pfl) comes out as

2
( )= = (VIO)O()l - ,010)V01)

1 . 1 Ez Dot 4 1 _ 1 E*2p—i2ot
_okor [\af)—w  @nto dfg+o  dp—o) "
T 1 1 1 1 '
+1= - = + = - =
wj) to wio + o W) — wl) — @

(8.62)

We now face a puzzling situation. For if damping is ignored and a)m replaced by wio,
integration yields the terms in e*72*! in Eq. (8.61), but the terms in E, E * are not recovered
because the curly bracket in Eq. (8.62) goes to zero.

What has gone wrong? The answer is not connected with damping. It is certainly true that,
when damping is included, the cross-term in Eq. (8.62) no longer vanishes, and pﬁ) then
diverges on integration. This feature is associated physically with the population growth of
level 1 caused by absorption from level 0 in the wings of the resonance. But the PA approach
on which Eq. (8.61) is based does not include damping in any case, so this cannot be the
origin of the extra terms in the equation.

We can recover the missing terms if we use a device suggested by Takatsuji [98], and
include a causality factor e in the electric fields, where 1 is a small positive constant that is
taken to be zero at the end of the calculation. As well as attaching this factor to the fields in
Eq. (8.62), it is also necessary to take account of its effect at first-order, which can be done
simply by reinterpreting 1o as (w19 — in). With n thus included, the curly bracket in Eq.
(8.62) is no longer zero, and when the equation is integrated, the missing terms in Eq. (8.61)
reappear. The moral of this story is that one should exercise caution when cancelling terms
under an integral that would diverge if integrated separately.

We have in fact now surmounted the main obstacle within the DM approach to finding
the contribution to the IDRI polarisation from the level sequence 0 - 1 — 0 - 1 — 0,
i.e. where the central level is the ground state. This is the same problem that arises from the
appearance in the general formula for the IDRI coefficient quoted in Ward [97] of terms
such as (w0 — @)wmo(wyo — @)~ The four central terms in Eq. (8.60) are of this type,
and of course presented no difficulty when m = 2. But the term becomes singular if we try
to set m = 0, and that is precisely what we are now seeking to do.
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Within the PA approach, this problem manifests itself in a different but revealing way
when one tries to calculate a(()z)from the equation

j 2
;@) Ly (D) | ot 1 1 O
“o o1 i |: 4h? (a)lo +o + o —w) |0 (8.63)

where only time-independent terms on the right-hand side are shown. The expression in
the square brackets clearly represents a frequency change in ag, which is associated with
a shift in the energy of the ground state (0) in the presence of the excited state (1) and the
coupling field. This is a real effect, known as the AC Stark shift. Since the intrinsic time
dependence of ag is exp{—i Eot/h), it is clear from Eq. (8.63) that the ground state energy
is lowered if @ < w19. An upward shift of the same amount will occur for level 1, which
means that the two levels move apart. One would therefore expect that, for these two levels
alone, IDRI causes a reduction in the polarisibility.
There are several ways of managing this problem:

o Orr and Ward [99] used a technique based on Bogoluibov and Mitropolsky’s method
of averages to remove the singularities and to derive a modified formula for the IDRI
coefficient;

o Takatsuji [98] obtained the identical result by renormalising the zeroth-order Hamiltonian
to include the AC Stark shifts;

e Boyd [1] cites Hanna, Yuratich and Cotter [100] for an algebraic device that leads to the
same conclusion.

But, as noted already, we have no need to adopt any special measures because the difficulties
we encountered with Eqs (8.61) and (8.62) were the manifestation within the DM approach
of the same basic difficulty. Now that we have solved them, we can simply press on.
The contribution to the IDRI polarisation from the sequence 0 —- 1 — 0 — 1 — 0 is
included in

3 3
P =N (pf 10+ pf3 1on) (8.64)
where
3,3 i @ _ @ PO (A o
Plg Tiwiopyy = % <V10,000 - 0] Vl()) = (Exe + c.c.). (8.65)

Aterm in Vi p%) has been omitted from this equation because its contribution has already
been included in Eq. (8.60). The final step in Eq. (8.65) follows because p(()(z)) = —pﬁ).
Of course, we already have ,oﬁ) from Eq. (8.61), so the only hurdle left to surmount is the
algebra. The final result is

4
[10]

A 2 2 PO
Plastaco =N 3~ | —= — 26+ —————— | E}E} (8.66)
4n wo(=2w)wy, wjp(2w)wy,

where
1 1 1 1

= + — + — +——.
(“)Top (wfro)zwlo wfro(“)lo)z (w10)3

(8.67)
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Notice that the first and last terms in Eq. (8.66) mirror the first and last terms in Eq. (8.60)
and the first and last diagrams in Fig. 8.7. On the other hand, the terms in G replace the
central four terms and diagrams. The total IDRI polarisation is therefore

PRI = PscfateZ + scé)ateO (8.68)
where the two contributions come from Eqs (8.60) and (8.66), respectively. Notice that the
contribution from level 0 is invariably negative. The contribution from level 2 could be of
either sign although, for a multi-level system, the overall sign is almost invariably positive.
Refractive index almost always increases with intensity.

The conclusion to draw from this section depends on one’s point of view. On the one
hand, perturbation theory clearly has some nasty surprises in store for the unwary; on the
other, it holds some fascinating secrets for the enthusiast.

Problems
8.1 Verify Eq. (8.25) for the three-level system of Fig. 8.3 in the case where a((]o) =1, and
hence a}o) = aéo) =0.

8.2 Show that the right-hand side of Eq. (8.57) is real. (This is quite easy once you know
what to look for but, if you do not spot the trick quickly, you could waste a lot of time.)
8.3 Foraclass 11 crystal such as KDP, Eq. (4.14) reads

Py(w3) = 2e0d14(Ey(01) E;(02) + Ez (1) Ey(@2)).

Why is there only one d coefficient in this equation when there are two distinct x
coefficients in the analogous Eq. (8.39)?
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9.1 Introduction

Although resonant effects were largely ignored in Chapter 8, some of the machinery for
handling them was included at the start of the chapter. Damping terms were, for example,
introduced in Section 8.4.1, and complex frequencies were retained through much of the
discussion of Section 8.6.

Moving close to a resonance does not necessarily invalidate the perturbation theory
approach, as indeed the inclusion of damping in Eqgs (8.30)—(8.34) indicated. We will
examine the properties of those equations in the next section, and extend the discussion
to include Raman resonances in Section 9.3. However, the application of sufficiently strong
fields on fast time-scales certainly violates the weak perturbation assumption on which
the approach of Chapter 8§ was based. In Section 9.5, we will explore the properties of
the density matrix equations in this ‘coherent’ limit and, in Sections 9.6 and 9.7, we will
apply the results to two well-known coherent effects: self-induced transparency (SIT) and
electromagnetically-induced transparency (EIT).

9.2 Resonance in the linear susceptibility

184

The linear susceptibility of a multi-level system was shown in Chapter 8 (see Eq. 8.34) to be

N (2 N I
M () = On 2_2 — O 9.1
X (@) soh;<£):0—w) goh = (wno—w—l-i)’no e

where the definition @,0 = w,0 — iy»0 has been used in the second step, and only the
dominant terms have been included. The tensor nature of the susceptibility has been ignored,
and the matrix elements 1o, have been assumed to be real as before.

In the single-level case, Eq. (9.1) becomes

Nu? [(A—i
XDy = (leyz) = X' (&) —ix"(8) 92)
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where A = w19 — w, and other subscripts have been dropped. The real and imaginary parts
of x(A) are

/ Nu? (A p Nu* [y
AN =E (=2 A= (L), 9.3
x' (D) ol \AZ 1,2 x"(A) ol \ 2212 9.3)

Equation (2.6) can now be used to link the susceptibility to the angular wave number of the
field via the sequence

w — _ hw ! 1.
k=—l+x —ix)=—\1-7=5|=——ji« 9.4)
¢ c

where the refractive index is n(A) = /T + x’(A) and the approximation is valid if x” is
small. The negative imaginary part of k leads to absorption (via e k%), and « is the intensity
absorption coefficient given by

wx"(A) _ Nptomg(d)

A =
(&) cn ceonh

(9.5)

where g(A) = 71y /(A2 + y?) is the normalised Lorentzian lineshape function.

The linear dispersion characteristics of the medium are evidently governed by x'(A), and
the absorption profile by x”(A). Graphs of these two parameters (normalised to x”(0)) are
presented in Fig. 9.1. Since n(A) = 1+ %X’(A), the graph of x'(A)/x” (0) (shown in solid
black) shows how the refractive index varies in the vicinity of the resonance; notice that the
abscissa scale runs from positive to negative A (= wo—w) to ensure that the field frequency
w increases to the right. The refractive index falls sharply in the immediate vicinity of the res-
onance (anomalous dispersion), but rises with frequency (normal dispersion) further out on
both wings. The Lorentzian frequency profile of the absorption coefficient is shown in grey.

Real systems are of course normally characterised by a large number of resonances,
not just one. The summation in Eq. (9.1) takes care of this, and the way in which two
neighbouring resonances run together is shown in Fig. 9.2.

X (relative)

1—

1

Real part (bold) and imaginary part (grey) of the linear susceptibility near a resonance; see Eq. (9.3). Both graphs are
normalised to the peak value of the imaginary part.
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20 -20

As Fig. 9.1, but for two adjacent resonances.

9.3 Raman resonances

Several two-photon resonant effects could be examined in detail, but stimulated Raman
scattering is particularly interesting and was of course discussed in Chapter 5. We therefore
focus on that case. We will not engage in the same level of detail as in Chapter 8, but
concentrate rather on the main features by including only the dominant path in the analysis.

A simplified energy level scheme for stimulated Raman scattering (SRS) is shown in
Fig. 9.3. As explained in Chapter 5, SRS involves beams at frequencies wr, and ws (< wr),
where subscripts L and S designate the ‘Laser’ and ‘Stokes’ waves, respectively. When the
frequency difference (wp, — ws = wp) is close to the frequency separation wyg of level 2
and the ground state 0 (the Raman resonance frequency), gain is recorded at ws, loss at wr ,
and population is transferred from level 0 to level 2 at the same time. Level 2 could be a
vibrational state, a rotational state, or even an electronic state.

Under these circumstances, the methods developed in Chapter 8 lead to the hierarchy of
first-, second- and third-order density matrix elements

a _ o1 Er expliopr)

= 9.6
o1 2h% (w19 — wL) ©-6)
5 Motk ELES expli(wr, — ws)t)
Py = ©.7)
4h# (w10 — wL)(@5) — wp)
3) 1ot 12p1 ELES Es expliopt)
Po1” = <72 — 9-8)
8= (w10 — wL)(@Wyy — wp) (w10 — wL)
where @9 = wyo — iy2. These lead to a term in the polarisation at wp of the form
A HO1 12421 10 A |2 A
PL= d Bs| Ev. (9.9)
412 (w10 — oL) (&%) — @p)(wig — wL)
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o Wg

0

Real and (dominant) virtual levels for stimulated Raman scattering in a three-level system.

The focus of attention here is on the middle term in the denominator. Away from resonance
(w20 — wp| > y2), the polarisation in Eq. (9.9) is a manifestation of the optical Kerr effect,
in which the refractive index of the wave at wr, is modified by the presence of the wave at
ws. On resonance, on the other hand, @3, — wp = iy», and it follows that P~ —iEL, a
condition that we know from Chapter 2 leads to attenuation of the wave at wr.!

Clearly there must be an equation analogous to Eq. (9.9) for the Stokes polarisation Ps. It
turns out that this is driven by the third-order density matrix element ,og) and the associated
polarisation is

2 L

A MO 12421 10 Es. (9.10)

Ps = 3 =
4h* (w10 — wL) (@20 — wp) (w10 — wL)

A

EL

The interpretation of this equation is closely analogous to that of Eq. (9.9). Away from the
Raman resonance, this equation governs the change in the refractive index of the Stokes
wave in the presence of the laser field. On resonance, however, it implies that the Stokes
wave will grow; notice that the middle term in the denominator of Eq. (9.10) is the conjugate
of the corresponding term in Eq. (9.9), so Ps ~ +iEg which implies gain. Indeed, for
every photon lost at wy , a photon is gained at ws. But of course the energies do not balance,
because the photon energies are different. The energy difference is delivered to the medium,
as population is transferred from level 0 to level 2.

The analysis of this section has been based on the implicit assumption that the initial
(unperturbed) population of the medium is in the ground state 0. However, if the calculation
were reworked with the initial population in level 2, it would emerge that an anti-Stokes
wave at frequency was = wp + wyo would receive gain, accompanied by population
transfer from level 2 to level 0. But, as explained in Chapter 5, an anti-Stokes wave can
also be generated without initial population in level 2 through the frequency combination

1 See the discussion after Eq. (2.8).
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o1, — ws + wr, a process that is mediated by the polarisation

MO1 12421 110

_ ELELEL. 9.11)
4R (w10 — wL) (@20 — @p) (W10 — WAS) S

Pas =
Notice that when the basic spatial dependence of the fields is made explicit, we have
ELESEL = E EXEp exp{—i(2k — Kg).r} 9.12)

and exp{—i(2kyL — kg).r} needs to match exp{—i(kas).r} if the interaction is to proceed
efficiently. This anti-Stokes generation mechanism is therefore subject to a phase-matching
condition, in contrast to the Raman generation process represented by Eqs (9.9) and (9.10).

We remark that density matrix formulae have been quoted in this section because they
enable stochastic damping terms to be included. However, the same results (albeit without
the damping terms) can be obtained more easily using the state vector approach, where the
algebra is more straightforward. The advantages and disadvantages of the two approaches
were discussed in detail in Chapter 8.

9.4 Parametric and non-parametric processes
|

The process described in Eqgs (9.11) and (9.12) is sometimes called parametric anti-Stokes
Raman generation to distinguish it from the anti-Stokes mechanism mentioned earlier which
was based on the initial population of level 2 and which (like Stokes wave generation) counts
as ‘non-parametric’. Although widely used, the meaning of the word ‘parametric’ is obscure,
and it would be as well to avoid the word altogether were it not already entrenched in the
terminology of nonlinear optics.

Three questions are relevant in attempting to make the distinction between parametric
and non-parametric processes:

1. Is the energy in the participating optical fields conserved?
2. Does the medium return to its initial energy level at the end of the interaction?
3. Is the process subject to a phase-matching condition?

If the answer to all three questions is Yes, the process can confidently be classed as paramet-
ric. An obvious example is second harmonic generation; two fundamental photons combine
to form one harmonic photon, the state of the medium is not changed, and there is certainly
a phase-matching condition to satisfy. On the other hand, if the answer to all the questions
is No, the process is almost certainly non-parametric. The generation of a Stokes wave in
stimulated Raman scattering seems to be a good example; a laser photon is lost, a Stokes
photon of lower energy is gained, and the nonlinear medium is lifted to an excited state.
Phase matching is automatically satisfied.

Unfortunately, things are not in fact so straightforward, and there are a number of com-
plications and pitfalls in this area. How, for example, should one classify the optical Kerr
effect? Far from the Raman resonance, Eqs (9.9) and (9.10) merely govern refractive index
changes. On resonance, however, the same equations govern stimulated Raman scattering
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(SRS), which we have just argued is ‘non-parametric’. Admittedly, no phase-matching con-
dition is involved, but energy in the EM fields is certainly conserved. However, as Butcher
and Cotter [96] point out, when SRS occurs in a solid, the phonon can be treated as a wave
that is subject to a phase-matching condition, as indeed has been pointed out in Chapter 5
with regard to Raman waves in general. And one could of course argue that there is actually
a phase-matching condition in SRS, albeit one that is automatically satisfied!

Again, how should one regard a process that is subject to a phase-matching condition,
but has an intermediate resonance? ‘Parametric’ anti-Stokes Raman scattering governed
by Eq. (9.11) above is a case in point. As to question 2, which is sometimes taken to
be definitive, the problem here is that different viewpoints of the same process can give
different answers. After all, the matrix element sequences in Eqs (9.9) and (9.10) start and
end at level 0, but that does not make SRS a parametric process.

The word ‘parametric’ is clearly of doubtful value and should be used with caution.

9.5 Coherent effects
1

9.5.1 The optical Bloch equations

We now move on to study ‘coherent’ effects in nonlinear optics where the interactions take
place on time-scales that are short compared to the relevant damping times. Coherent pro-
cesses cannot normally be handled using perturbation theory, so a new set of mathematical
tools must be developed to describe them.

We start by treating a two-level atomic system excited by a near-resonant optical pulse
given by E = A(t) cos wt. To simplify the analysis, we will take the pulse envelope A(#) to
be real, and we will also assume that it is substantially shorter than the relaxation times of
the medium so that damping effects can be ignored. Under these conditions, the off-diagonal
and diagonal terms in Eq. (8.15) read

. . [

P10 = —iwipp10 + EV(PII — £00) (9.13)

. . iV

o0 = —pi1 === (010 — po1) 9.14)
where V = — A cos wt, and we have assumed . = w19 = (o1-

These two equations have several important features. Firstly, the upper state population
has been included; notice that the final term on the right-hand side involves the population
difference between the two levels. Secondly, the damping terms of Eqs (8.18) and (8.19)
have not been included, so Eqs (9.13) and (9.14) will provide an accurate representation of
a real system only on very fast time-scales where damping plays an insignificant role.

The intrinsic time dependence of pjg governed by the first term on the right-hand side
of Eq. (9.13) could, of course, be removed by using the representation based on o1g =
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p10 expl{iwiot} from Eq. (8.16). In this case, Eqs (9.13) and (9.14) become

i

o10 = tho(Gu — 000) (9.15)

. . i

o000 = —O011 = _7_i (VO/IUIO — V{OUOI) (9.16)
where Vl’o = Vipexp{iwiot} and 0j; = pj;. If we now substitute V19 = —u10A cos ot,

etc., assume that © = w19 = w1, and neglect rapidly varying terms (in what is known as
the rotating wave approximation (RWA)), it follows that

. A .

G0 = —lﬁ(fm — 000) expfi (w10 — w)t} 9-17)
. . A . .
600 = =011 = —-~ (@10 expli (w10 — @)1} — o1 exp{—i(wi0 — W)t}) . (9.18)
Actually, it is more common to make a subtly different transformation of Eqs (9.13) and
(9.14), one that is based not on the transition frequency between levels 0 and 1, but rather
on the frequency of the applied field. If we duly define o{, = p1o exp{iwt}, the equations
read

inA(t) (o], — og)

Glo = —iAo]y — (9.19)
10 10 2k
i LA (t . . . .
Gl = —6], = _luz h( ) (e,w, n e_m) (Umem _ moe_mt)
WAt
~ A0 (010 — o41) (9.20)

2h

where A = w19 — w, and the RWA has been invoked to drop rapidly varying terms in the
final form of Eq. (9.20).
It is now a simple matter to obtain the celebrated optical Bloch equations. We define

u = 2Re{o|,} = o{, + oy,
v = =2Im{o})} = i(o], — 0oy;) 9.21)
w = O—1/1 _U(;() = P11 — Poo

and Eqgs (9.19) and (9.20) can now be written

= —vA

. wpA(t)

U=ul+ (9.22)
_ _’U/LA(Z‘)
=

The sign conventions have been chosen to correspond to those of Allen and Eberly [101].
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9.5.2 The Bloch vector

A powerful geometrical interpretation of the atomic dynamics now presents itself. For if we
define a vector r = (u, v, w), Eq. (9.22) can be written [14, 101, 102]

r=yxr (9.23)

where y = (—unA(t)/h, 0, A). Equations (9.22)—(9.23) are known as the optical Bloch
equations, and r as the optical Bloch vector. Since r is perpendicular to r according to
Eq. (9.23), the magnitude of the Bloch vector is clearly constant, a property that can also
be seen from Eqs (9.22) where uu + vv + ww is evidently zero. From Egs (9.21), it is
also clear that the vector has unit magnitude, so u? + 0?2 + w? = 1, and the vector moves
on the surface of a sphere of unit radius, which is known as the Bloch sphere. However,
it must be remembered that the present analysis neglects damping and, when stochas-
tic effects are taken into account, the components of the Bloch vector are subject to
relaxation.

A diagram of the Bloch sphere is shown in Fig. 9.4, where the 1, 2 and 3 axes correspond to
the respective components of r (i.e. u = ry, v = rp, w = r3). The first point to appreciate
is that, when the Bloch vector points to the south pole of the sphere (w = —1), the system is
in the ground state while, at the north pole (w = +1), it is in the excited state; this should be
clear from the third of Eqs (9.21). A useful connection can also be established between the
transverse components (¢ and v) of r, and the polarisation of the medium. If we combine

The Bloch vector ¥ = (u, v, w) showing the Bloch sphere and its north and south poles.
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the definition of the polarisation in Eq. (8.21) with o, = p10 exp{iwt}, we obtain
P =LINpwu+iv)e® +c.c. (9.24)

Hence, when w = £1 and u = v = 0, the polarisation is zero. However, at all other points
on the sphere, the system is in a superposition state, and the polarisation is non-zero, while
maximum polarisation occurs on the equator, where the magnitude of P is N .

Stochastic damping of the off-diagonal elements of the density matrix will ultimately
cause u and v, and hence the polarisation P, to relax to zero. But we are, of course,
assuming the pulse envelope A(f) to be much shorter than the relevant relaxation times
precisely so that these effects can be ignored. However, another source of dephasing arises
in the presence of inhomogeneous line broadening, when there is a distribution of detuning
Aw among the different two-level atoms/molecules. Under these circumstances, Eq. (9.24)
generalises to

P = INu(i +iv)e'™ +c.c. (9.25)

where
o0
u(z,t) = / u(A,z,t)gi(A)dA
—0o0
o0
v(z,t) = / v(A,z,1)gi (A)dA. (9.26)
—00
The parameters u and v are averages over the inhomogeneous lineshape function g; (A),
which is normalised so that ffooo gi(A)d A = 1.Inhomogeneous broadening plays an impor-

tant role in several coherent dynamic effects including self-induced transparency, which we
turn to next.

9.6 Self-induced transparency
- ________________________________________________________________________________|

9.6.1 Preview

The process of self-induced transparency (SIT) was first identified by McCall and Hahn in
1967 [14]. They showed that the equations derived in the previous section, in combination
with Maxwell’s equations, allow the propagation of a resonant pulse through a two-level
medium without loss, provided the pulse is short compared to the damping times. In the
simplest terms, the front of the ‘27 -pulse’ swings the Bloch vector from the south to the
north pole of the Bloch sphere. Energy is removed from the pulse in this process, and
transferred to the medium, which becomes (temporarily) fully excited. But the pulse drives
the vector on over the north pole, returning it to the south pole down the opposite side of
the sphere. The population falls back to the ground state as the energy is returned from the
medium to the field.
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The detailed theory of SIT is complicated. Whole books have been written on coherent-
transient phenomena, processes that include SIT itself, and related effects such as photon
echoes; see [101]. We shall restrict ourselves to a highly simplified version of the theory,
in which the tendency of the mathematics to obscure the physics will hopefully be avoided
as far as possible.

9.6.2 Motion of the Bloch vector: the Rabi frequency

Consider first the motion of the Bloch vector in the presence of a time-independent field
that is tuned to exact resonance. In this case, y = (—uA/h, 0, 0), so r rotates about the
1-axis at an angular frequency A /h, which is known as the Rabi frequency Qg. If the
medium is initially in the ground state, the vector starts at the south pole of the sphere and
rotates in the 2—3 plane, cycling backwards and forwards between the south and north poles
at the Rabi frequency, with the polarisation oscillating correspondingly. The motion of the
Bloch vector in this simple case is easily shown to be described by the equations

u=~0
v = — sin QRrt 9.27)
w = — cos QRr¢.

Figure 9.5 illustrates the motion, if the angle 6 is interpreted as Qg¢; motion of this type
is sometimes called ‘Rabi flopping’. From Eq. (9.24), it is easy to show that the associated
polarisation is

P = N sin Qrt sin wt. (9.28)

w=t — !

Motion of the Bloch vector in the v-wv plane for a pulse of area @ = 57z /4. The diagram also illustrates the motion
defined in Eq. (9.27) if 6 is interpreted as 2gt.
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A much more elaborate calculation is needed to solve the problem when the system is
detuned from resonance. If, as before, w = —1 initially, the solution can be shown to
be [101]

u = ab(1 — cos Qx1)
v = —bsin Qs (9.29)

w=— (a2 + b? cos ri)

where a = A/Qp, b = Qr/Qy and Qf is the Rabi frequency, modified to take detuning

into account, and given by
Qp =/ Q& + A2 (9.30)

It is easy to show (see Problem 9.4) that Eqs (9.29) describe motion in a plane that passes
through the south pole of the Bloch sphere and is slanted from the 3-axis at an angle whose
tangent is A/ Qg.

9.6.3 Pulse area and the area theorem

We now consider the more general case of pulsed excitation, where the field is given by
E(t) = A(t)cos wt and the pulse envelope A(t) (assumed real) is short compared to the
damping times. As before, we assume that the Bloch vector is initially at w=—1, and
the detuning is zero (A = 0); this, of course, ensures that u =0 at all times, and restricts
the motion to the v-w plane. It is easy to show that the solution in this case is

u=20
v=—siny (9.31)
w = —Ccos Y
where
'
lu’ / /
() = m / A(thdt'. (9.32)

The final position of the Bloch vector is determined by the angle

e ¢]

6 = v (c0) = % / A(ydr' (9.33)

—0o0

which is commonly referred to as the pulse ‘area’. Notice that 6 is related to the time integral
of the field profile A(r), not to the that of A%(¢), which is related to the pulse energy. It is
therefore possible for the pulse energy to rise while the pulse area remains unchanged, as
we shall shortly discover.

The swing of the Bloch vector in the v-w plane for pulse area of 6 = 57/4 is shown in
Fig. 9.5. As noted after Eq. (2.8), when the polarisation has a 77 /2 phase lag with respect to
the electric field (so that P ~ —i E), energy flows from the field to the medium. This is the
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case forv < 0 (see Eq. 9.24), which applies in the initial part of the process in Fig. 9.5 where
w is rising. But as the Bloch vector passes the north pole (r = (0, 0, +1)) of the sphere,
v goes positive, the phase of the polarisation changes from a lag to a lead, the direction of
energy flow reverses, and w begins to fall.

As in the case of constant field treated earlier, the path of the Bloch vector is confined to
the v-w plane only for perfect tuning. When the detuning A # 0, the vector traces a looped
path on the surface of the sphere, starting at the south pole and returning to it, provided 6
is sufficiently large. The motion is no longer in a plane, as it was for a time-independent
field, except in the case of perfect tuning when the vector passes through the north pole
(w = +1). Otherwise, the path veers away from the pole, reaching a maximum value of
w (< +1), and then retreating south again. For very small detuning, the ‘furthest north’
point will be close to the north pole; for large detuning, the vector will never leave the
southern hemisphere, and for very large detuning, it will never get far from the south pole.

The question that must now be addressed is: how does 8 evolve as the resonant pulse prop-
agates? The answer is contained in the celebrated ‘area theorem’ of McCall and Hahn, which
applies in the presence of inhomogeneous line broadening, The area theorem states that,
irrespective of the pulse shape, the pulse area evolves with propagation distance according to

deo Nawou*mg;i (0 '
—=— M sinf = X sinf (absorbing case) (9.34)
dz 2hcneg 2

where the final step defines

o = M. (9.35)

hcegn
Here, g;(0) is the inhomogeneous lineshape function at line centre, and » is the refractive
index. The signs in Eqs (9.34) and (9.35) are appropriate for an absorbing medium, which
is the case we have been treating throughout this section.

We now consider the implications of the area theorem. It is evident from Eq. (9.34) that
d6/dz = 0when6 = mm (integral m), butitis easy to see that the solution is stable for even
m, and unstable for odd m. For example, if 6 is close to 7w (m = 1), the sign of d6 /dz ensures
that 6 runs away from 7, whereas, near m = 2, 6 converges on 27 from either direction.
Pulses with & = 2w (known as 27 pulses) are not only stable in pulse area but, because the
medium is returned to the lower state at the end of the process, the pulse energy is constant
too. This suggests that 2 pulses with stationary pulse profiles might exist, a conjecture
that turns out to be correct, and will be examined in a little more depth in a moment.

The graphical solutions to Eq. (9.34) shown in Fig. 9.6 provide full details of the evolu-
tion of the pulse area. The abscissa is in units of &'z, so the characteristic length-scale is
determined by (a’)~!. For very weak fields, sin6 — 6, and the solution to Eq. (9.34) is
6(z) = 6(0)e~%'%/2. Now, the expressions for &’ in Eq. (9.35) and « in Eq. (9.5) are identical
apart from the nature of the respective lineshape functions, so it is tempting to assume that
the pulse energy decays as (e¥'%/2)2 = ¢~ in this weak-field limit. However, extreme
caution is necessary in this context because, if the pulse envelope develops a negative field
lobe, the area can fall to zero while energy still remains. A detailed analysis of small-area
pulses has been given by Crisp [103].
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Evolution of pulse area with propagation distance according to Eq. (9.34). In the case of an amplifier (Eq. 9.36), the
evolution is from right to left.

An intriguing feature of Eq. (9.35) is the presence of g; (0) in the numerator. This implies
that ' — oo in the absence of inhomogeneous broadening (IHB), because g;(0) then
becomes a delta function. This in turn means that the distance scale of Fig. 9.6 shrinks to zero,
and the pulse area reaches its stable limit immediately. What is the physical interpretation of
this surprising feature? According to Eqs (9.24) and (9.31), a pulse of initial area 6; leaves
the medium with a polarisation P = —%i N sin6;e!®" + c.c., and this optical antenna will
continue to radiate until it is either washed out by IHB, or all the stored energy is used
up. So, in the absence of IHB, the radiation will continue until the final area 6 becomes
mm (m even) and w = —1. If §; < 7, the radiation adds a negative lobe to the rear of the
pulse, making 6y = 0 while, if 7 < 6; < 27, a positive lobe is added and 6y = 27. The
extension to higher values of 6; is straightforward.

So far, the discussion has been based on the assumption that the medium is in the lower
state (w; = —1) before the arrival of the pulse. In the case of an amplifying medium,
w; = 41, and the area theorem changes to

do !
o= +% sinf  (amplifying case). (9.36)
Z

The sign reversal means that the stable values of 6 are now mm with m odd; Fig. 9.6 can still
be used, provided it is read from right to left since, in effect, the sign change means z — —z.
In the amplifying case, an initial pulse with 0 < 6; < 27 will gravitate towards a so-called
m-pulse with & = 7. However, a 180° swing takes the Bloch vector for perfectly tuned
atoms with Aw = 0 from w; = +1 to wy = —1 so, even though the area has stabilised,
the energy will continually increase as the pulse picks up energy from the medium. And the
only way this combination of circumstances can occur is if the pulse continually narrows.
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9.6.4 Outline proof of the area theorem

The proof of the area theorem is very involved, and only a brief sketch will be attempted
here. All parameters must now be treated as functions of space and time, and A () is replaced
by E(z,1) which is assumed real. The field equation is given by
OE  ndE 0 =
— 4+ —— =—i—P" 9.37
dz + c dt ! 2ceon ( )
which is a simplified version of Eq. (7.2). Equation (9.37) leads, with the help of Egs (9.25)
and (9.26), to

~ o8] ~
JE  Npuwy 10E
—_— = A, z2,D)g(A)dAN — ——. 9.38
4z = 2eoon /v( ,2,1)8(A) P (9.38)
—00

From the definition of pulse area, and with the help of the previous equation, we have

t

do (7,1
dz 1ok 9z
—0o0
l N T 19E(z, 1)
.M ’ Mo ’ z,t
= Lim — dt A, z,t AdA — —————|. 9.39
z—lgloh/ 2ceon /v( 2 1)8(A) c dr ©-39)
—0o0 —0o0

The final term in this equation, when integrated, involves the factor (E(z,00)— E(z, —00)),
which is zero for a pulse. A comparison of the remaining term with Eq. (9.34) shows that
the area theorem is proved if it can be demonstrated that

' o0
Lim [ dt f dA v(A,z,t)g(A) = —mg(0)sin 6. (9.40)

—>0o0
—00 —00
It is in this final step that most of the mathematical difficulty lies, and a lengthy analysis
is necessary to verify the identity [101]. The appearance of g(0) on the right-hand side
underlines the fact that the double integral is dominated by the part of the lineshape in the
immediate vicinity of A = 0. In view of the second of Eqs (9.31), the result of Eq. (9.40)
seems quite reasonable.

9.6.5 The steady-state solution

The fact that a 27 pulse propagates without change in either area or energy suggests that a
steady-state solution might exist. This is indeed the case, although the proof leading to the
solution is even more unfriendly than the one for the area theorem. The result is

B = Pech (l - Z/V) (9.41)
754

T




198

Resonant effects

where T is a measure of the pulse width, and can take any value that keeps the pulse within
the coherent regime. The pulse envelope travels at speed V given by

1 n o'7? r gi(A) ,
Voo (271g,-(0)) / T+ @At ©42)

—00

This formula can be approximated when the pulse duration 7 is either very short or very
long compared to the inverse linewidth; see Problem 9.3.

9.7 Electromagnetically-induced transparency and slow light
- |

To end this chapter, we apply the density matrix machinery to the study of another strong-
field effect known as electromagnetically-induced transparency (EIT), which was first
studied by Boller ef al. in 1991 [104,15]. The treatment of EIT presented here is similar
to that in Section III of Fleischhauer et al. [16], where research on EIT and related topics
such as slow light is reviewed. The energy level scheme shown in Fig. 9.7 is the same as in
[16]; much of the notation is the same too, although the numbering of the energy levels is
different.

Under optimal EIT conditions, absorption at line centre of a transition from the ground
state (0) to an excited state (1) is eliminated in the presence of a strong resonant coupling
field between state 1 and a third state 2. At the same time, a narrow region of strong
normal dispersion appears at the centre of the resonance in which the group velocity is
very low; this leads to the effect known as slow light. Moreover, while absorption from the
ground state is artificially removed by EIT, stimulated emission fo the ground state turns

]
J

A

A, I A ©

-—

coupling field

A4

0

Three-level system used for analysing electromagnetically-induced transparency, showing the three detunings
defined at the beginning of Section 9.7.
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out to be unaffected. This opens the way to a further phenomenon known as lasing without
inversion [17].

The excited state 2 has the same parity as the ground state, and both are coupled to state 1,
which has the opposite parity. Of the two EM waves involved in the process, the strong
‘coupling’ field at w. is tuned close to the spacing wi; between state 1 and state 2, while
a weak ‘probe’ field at wp scans the properties of the 0-1 transition in the presence of wc.
We introduce detuning parameters A, = w19 — wp and A¢ = w1 — w, for the respective
probe and coupling fields. The two-photon detuning Ay = Ap — Ac = wyo — (wp — w¢)
also turns out to be useful. The coupling field is shown twice (by double arrows) in Fig. 9.7,
in order to highlight all three detuning parameters.

Nine density matrix equations can be written down for this three-level system, three for
the diagonal elements and six for the off-diagonal elements (of which three are conjugates
of the other three). It turns out, however, that the key features of EIT can be understood by
considering the equations for just two off-diagonal elements, namely?

MOlEp

501 = —Y10001 — 5i (QRcUoz exp{—iAct} + (000 — o11) CXP{—iApt}> (9.43)

602 = —¥20002 — 3iQRc001 expli Act}. (9.44)

In these equations, Qrc = (12Ac/h is the Rabi frequency associated with the coupling
field, and Ep is the probe field; damping terms have been included. An equation for 01>
can easily be written down too, but this element plays no direct part in the action. As for
the diagonal elements, it turns out to be sufficient simply to assume that o9 = 1 and
o111 = 022 =0.

The steady-state solutions of the equations are readily obtained once one spots that
o001 varies as exp{—iApt} and ogy as exp{—iAst}. This enables the replacements 691 —
—iApoo1 and 692 — —iAy002 to be made, and one then quickly obtains the solutions

_ QpeexpfiAct}

o0 = ; 001 9.45
282+ 1a0) 04
_ QRre exp{—.iAct} o0 o1 Ep exp{.—iApt} (9.46)
2(Ap +iy10) 21(Ap + iy10)
Combining these equations yields
. 101 Ep (A2 +iy20)
001 exp{—iApt} 3 ) (947)
where
2 . .
D = (3Qre)” — (Ap +iv10) (A2 + i y20). (9.48)

The structure of the 01 transition can now be explored by studying the susceptibility at
the probe frequency. From Eq. (8.21), it can be shown that the dominant term in the

2 The damping constants defined in Eqs (9.43) and (9.44) are half the corresponding factors in [16].
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polarisation is

N o1 (Ap + iy20)
h D

Py = Nogi 10 expli(wio — wp)t) = — Ep. (9.49)

Writing the susceptibility in the form x = x’ — i x” as in Section 9.2, we obtain

= N o1 ? A2(A2Ap — (3R + (72002 Ap

e P (9.50)

¥ = N o> Advio + v20((32Re)* + Y10¥20)

e o7 (9.51)

Despite the relative simplicity of Eqs (9.43) and (9.44) with which we started, the structure
of the susceptibility is evidently quite complicated. However, careful examination of the
formulae yields a rich reward, because EIT, slow light, and indeed the Autler—Townes
splitting too, are all hidden inside Eqgs (9.50) and (9.51).

We will look at the special case where y»¢ is negligible, and the coupling field is perfectly
tuned to the 12 transition, so that A; = 0 and A, = A;,. Equations (9.50) and (9.51) then
reduce to

,_ Nlnoi? [ 7108p(A5 — (G2Re)) ©.52)
heoyio |D|? i

" N o1l A12>V120 (9.53)
heoyio |D|2 '

where | DI* = ((3Qre)* — AL + A2y

In Figs 9.8 and 9.9, the square-bracketed terms in Eqs (9.52) and (9.53) are plotted as a
function of the normalised detuning A, /y1¢ for two different values of Q2r¢. Notice that the
abscissa scale decreases to the right, which ensures that the probe frequency wp = w10 —Ap
increases in that direction. Positive values of x” represent absorption.

Figure 9.8 shows the behaviour when Qg = 4.0y19, with graphs for Qr, = 0 (i.e.
zero coupling field) shown dotted for comparison. Several important features are apparent
from the figure. Firstly, the absorption profile, which consists of a single maximum when
QRrc = 0 (dotted line), is split into two in the presence of the coupling field. This effect is
known at the Autler—Townes splitting. Inspection of Eqgs (9.52) and (9.53) reveals that the
peak separation corresponds to the Rabi frequency, and this is confirmed by the figure.

Secondly, the absorption near exact resonance is very small, and careful inspec-
tion reveals that it is actually zero at A, = 0; see Eq. (9.53). This is the basis
of electromagnetically-induced transparency (EIT). Exactly on resonance, the medium
becomes perfectly transparent!

Thirdly, there are now two regions of anomalous dispersion, one associated with each
component of the double peak. But between them lies a region of normal dispersion so, at
the point of exact resonance (A, = 0), the type of dispersion has changed.

What happens when the strength of the coupling field is reduced is no less remarkable. In
Fig. 9.9, where Qr. = 0.6y10, the Autler—Townes splitting has narrowed, but the feature at
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4 2 0 -2 —4
detuning

Real part (top) and imaginary part (bottom) of the susceptibility of Eqs (9.52) and (9.53) as a function of normalised
probe detuning for A = 0and S2gc = 4y, showing the Autler-Townes splitting, strong normal dispersion near
the centre of the resonance, and transparency at exact resonance. The results for zero coupling field are shown dotted.
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As Fig. 9.8 but for Qp. = 0.61.

exact resonance still exists, and has become notably sharper. And it continues to sharpen as
the coupling field is further reduced. Indeed, under these idealised conditions, the frequency
dependence of thereal partat A, = 0 increases without limit, tending to infinity as Qrc — 0
at which point the EIT features naturally vanish. From Section 6.2,

Cc
Vgroup = — dn (9.54)

n
n—+w—-

dw
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~ 1

and, sincedn/dw = 5dx’/dw, EIT is associated with very low values of the group velocity.
This is the phenomenon of slow light.

While the existence of transparency at exact resonance is fascinating from a theoretical
perspective, it is not in itself of particular importance experimentally. After all, if one wants
to avoid absorption, one can easily do so by moving away from line centre. The crucial
point here is that the third-order nonlinear coefficient x ) can be shown to be subject
to constructive rather than destructive interference at the resonance, and so resonantly
enhanced nonlinear optical interactions can take place at the centre of the transparency
window. A number of four-wave mixing schemes involving the coherent linkage of states
1 and 2 have been considered.

Numerous experiments demonstrating the dramatic reduction in the optical group velocity
at the centre of the EIT resonance have been conducted [18,19]. In one example, based on
ultracold sodium atoms in a Bose condensate, light was slowed to 17 ms™!, or roughly 60
kmhr~! [105], which means that ¢/vgroup = 2 x 107. It is easy to see that this massive
speed reduction will be accompanied by a corresponding spatial compression of the pulse
envelope by the same factor. After all, a 1 ps pulse is spread over 300 m at the speed of light
in vacuum, but at 17 ms~! its extent will be only 17 wm. However, it is only the envelope
that is slowed down and compressed; the optical carrier wave continues to travel at the
normal speed, and its wavelength is unaltered. The strength of the electric field and hence
the photon flux are also not significantly changed by the slowing down, and the consequence
is that the number of photons in the pulse will also be reduced by the compression factor.
This raises a serious question about where the energy has gone, and it turns out that almost
all the incident energy is temporarily stored in the medium.

It is also possible to bring a light pulse to a complete halt by switching off the coupling
field while the pulse is confined within the interaction region [ 106]. And, when the coupling
field is switched back on, the pulse starts moving again. This has potential applications in
optical data processing and data storage.

Problems

9.1 Convince yourself that the approximation in Eq. (9.4) is correct.

9.2 Use Eq. (2.8) in conjunction with Eqs (9.9)—(9.10) to verify that the energies gained
at wg and lost at wy, in stimulated Raman scattering are in the ratio of the respective
photon energies.

9.3 When the steady-state pulse duration t in self-induced transparency is very small
compared to the inverse inhomogene(z)us linewidth g;(0)~!, show that Eq. (9.42) can

n o't

~

1
be approximated to — — — =
V ¢ 2 gi (0)

opposite limit (z > g; (0)™1).
9.4 Show that Eq. (9.29) represents motion in a plane that passes through w = —1 and is
slanted away from the 3-axis at an angle of tan~ ' {A / Qg]}.

1
. Show similarly that v I~ 5ot in the
c
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9.5 Show that the refractive index gradient at the centre of the EIT resonance in Fig. 9.9 is

given by
dn 2N |uo B
do — eoh(Qre)*

9.6 Use a PC to explore the properties of Eqs (9.52) and (9.53) in a more general case
than that considered in this chapter. For example, how are Figs 9.8 and 9.9 modified
when y»9 # 0? See if you can discover the Raman resonance, when A; 7% 0 and Aj is
scanned through zero.
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10.1 Introduction to high harmonic generation
. ________________________________________________________________________________________________|

The treatment of frequency mixing in the early chapters of this book was based on the
assumption that the applied EM fields were weak compared to the internal fields within the
nonlinear media. This enabled the polarisation to be expanded as a power series in the field,
and perturbation theory to be used to calculate the nonlinear coefficients.

In this chapter, we consider the generation of optical harmonics in the strong-field regime,
where the fields are sufficiently intense to ionise the atoms in a gaseous medium, and the
electrons released then move freely in the field, at least to a good approximation. As we
shall discover, an enormous number of harmonics can be generated in these circumstances,
extending across a broad spectral plateau that extends deep into the soft X-ray region.
High harmonic generation (HHG) therefore creates a table-top source of coherent X-rays,
which has already been applied in lensless diffraction imaging [107]. Moreover, if the huge
spectral bandwidth is suitably organised, HHG enables pulses as short as 100 attoseconds!
oreven less to be generated [ 108]. These can then serve as diagnostic tools on unprecedented
time-scales. They have already been used to probe proton dynamics in molecules with a
100-as time resolution [109], and to measure the time delay of electron emission in the
photoelectric effect for the first time [110]. Other applications are described in [111].

Experiments on third harmonic generation in the noble gases in the late 1960s involved
laser intensities of around 1 GW cm™2, far below those employed in current HHG exper-
iments, which are typically five or six orders of magnitude higher. The early experiments
[22] were definitely in the perturbative regime, and they were performed under non-
phase-matched conditions in an extended nonlinear medium. Conversion efficiencies were
minuscule, at around 1 in 10'4.

Experimental results on harmonic generation in gases and metal vapours in the 1970s
and early 1980s continued to exhibit the typical characteristics of the perturbative regime,
namely that the conversion efficiency for successive harmonics dropped off rapidly.2 How-
ever, by the late 1980s, much higher laser intensities were being deployed, and some
remarkable experimental results on the noble gases [113,114] suggested that a new strong-
field regime was being entered. For lower harmonics, the conversion efficiency still fell
away as before but, beyond a certain point (typically around the seventh to the ninth

11 attosecond (1 as) = 10~ 18,
2 See [112] for citations to this work.

204
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harmonic), the development of the spectral plateau mentioned earlier was clearly seen.
Once on the plateau, the efficiency remained essentially constant up to a fairly well-defined
high-frequency cut-off. The plateau could be extended and the cut-off pushed further into
the UV by raising the laser intensity, although a saturation intensity existed beyond which
further extension was not possible.

By the early 1990s, harmonic orders well into the hundreds had been recorded in Ne
[115,116] and, by the end of the decade, orders around 300 were reported [117]. At the time
of writing, the figure is over 1000 [118] which, with a fundamental wavelength of 800 nm,
corresponds to a harmonic wavelength of around 0.8 nm at the spectral extremity, which is
deep in the soft X-ray part of the spectrum beyond the water window.

Thin gas jets are normally used in HHG work, as this gets round at least some of the
problems associated with focused beams in normally dispersive media (see Section 2.5).
Conversion efficiencies are many orders of magnitude higher than in the very early work,
but are still small at around 1 in 10°. Excitation intensities are typically around 1041013
W em ™2 for Nd:YAG and Ti:sapphire lasers or perhaps a little higher for KrF excitation at
249 nm.? These are the levels at which ionisation of the atoms becomes significant, and
this means that an entirely new set of concepts is needed to model the HHG process.

Highly sophisticated theoretical techniques are needed to do full justice to the HHG
problem, and some aspects lie at the current frontier of knowledge. However, a general
appreciation of how high harmonics are produced in the strong-field regime can be gained
by using the ‘three-step model’, the foundations of which were laid in[119,120]. The process
is divided into the following stages:

(1) Tunnel-ionisation in which an electron is removed from an atom by the field.

(2) The subsequent motion of the ionised electron in the oscillating EM field, in the course
of which the electron acquires significant kinetic energy.

(3) The ‘recollision’ of the energised electron with the parent atom, in which the accu-
mulated energy is emitted in the form of radiation. The frequency of the emission
corresponds to the kinetic energy of the electron, plus the energy of ionisation.

The schematic diagram of Fig. 10.1 illustrates the concept behind stage 1. It shows a
one-dimensional Coulomb potential (frame b) tilted by a strong electric field, which is
positive on the left (frame a) and negative on the right (frame c). In an oscillating field,
the slope naturally changes with time, so a movie would show a see-saw motion with the
potential sloping to the left and to the right on successive half-cycles. The key point is that
the potential barrier is lowered on each side in turn, increasing the probability of ionisation
in the favoured direction, the more so as the amplitude of the field is increased.

Many of the main features of the second stage (the motion of the ionised electron in the
field) can be understood within the simple classical model outlined in the next section. It is
fairly easy to understand that linearly polarised light is a prerequisite if the electron is to be
returned accurately to its starting point in the parent atom. We already know from Chapter 5
that the effective third harmonic generation coefficient is zero for circularly polarised light,
so this feature of HHG should not come as a complete surprise. However, the criterion on

3 Intensities are traditionally quoted in W cm™2 in the research literature.
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potential energy

Schematic diagram showing a Coulomb potential (frame b) tilted by a positive electric field (frame a) and a negative
electric field (frame ). Notice the lowering of the potential barrier on the left in frame a, and the right in frame .

the polarisation is more stringent in the HHG case; indeed it turns out that any significant
ellipticity will cause the electron to move away from the atom along a curved path which is
highly unlikely ever to return to the starting point.* The need to employ linearly polarised
light has the benefit that a meaningful quantum mechanical treatment based on the time-
dependent Schrodinger equation in one dimension can be used to trace the evolution of the
electron wave packet in the interval between ionisation and recollision. We shall, however,
confine ourselves to a classical approach in this chapter.

The simplest statement that can be made about the recollision event is that the electron
returns to its bound state, and the energy of the emitted photon corresponds to the kinetic
energy acquired by the electron during its journey in the continuum, plus the energy of
ionisation. Quantum mechanically, the optical antenna driving the emission is formed in
the interference between the electron wave packet and the bound-state wave function of
the atom. The cut-off in the spectrum is determined by the maximum kinetic energy that
the electron can acquire, and a simple formula for this is easily obtained from the classical
model that we now describe.

10.2 Classical model
|

10.2.1 Electron trajectories

The treatment of HHG that follows is essentially classical, although Planck’s constant is
used to convert recollision energy to emission frequency, and a formula derived from a more
sophisticated model is used for a weighting factor (see Eq. 10.11 below). It is remarkable
how far one can progress with the HHG problem on this very simplistic basis. The reason is

4 If the electron and the ion are treated classically as point particles, even the slightest ellipticity in the field
polarisation precludes a recollision; see Problem 10.2. Quantum mechanically, however, the electron wave
packet and the ion have finite size, which reduces the strength of the recollision while making it more likely to
occur.
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that classical physics does a relatively good job at handling the motion of the ionised electron
in the continuum, which turns out to be the critical stage of the process. The conclusion
is confirmed by quantum mechanical results in the strong-field approximation [121]. The
excursions of the electron are also quite large (see Problem 10.4), so it is an acceptable
approximation to neglect the influence of the parent ion.

We assume that the HHG process is excited by an optical field, linearly polarised in the
x-direction, and given by E(t) = A(t) cos wt, where A(¢) is in general the time-dependent
envelope of an optical pulse. The equation of motion of the electron is

mi = —eA(t) cos wt (10.1)

where e is the elementary charge and m the electron mass. If we ignore the time variation
of A for the moment and assume the field is monochromatic, simple integration yields the
electron velocity as

. . e A sin wt
X = Xdrift — —— (10.2)
mo
where the constant of integration is the cycle-averaged velocity. Setting X4;if = 0 yields
a formula for the ‘quiver energy’ (or ponderomotive energy) of the electron in the field,

namely

N 2 2
m?) = CA G = A

Up = = .
P 2mw? 4mw?

(10.3)

B —

Consider now the situation of an electron immediately after ionisation. If the electron is
released from the atom at time #y, and its initial velocity is assumed to be zero, the solution

to Eq. (10.1) is
4U
i=v/—L (10.4)
m

V(t) = (sinwty — sin wt) . (10.5)

where

The nature of this solution depends on the point in the cycle where ionisation occurred (i.e.
on wty). The electron is initially accelerated away from the atom by the field but, sooner
or later, the field changes sign and the electron is slowed to a standstill (V(¢) = 0). The
velocity then changes sign, and the electron starts moving back toward the parent ion, but
whether it actually reaches it before the velocity changes sign again depends on wfg.

If ionisation occurs while the field magnitude is rising (i.e. in a quarter-cycle preceding
an extremum), it can be shown (see Problem 10.3) that the electron will never return to the
parent atom. On the other hand, in quarter-cycles where the field magnitude is falling, the
time of recollision can be found by integrating Eq. (10.4) and setting the net excursion to
zero, i.e.

t
_ R,d,_eAX_ !
X = xt—ma)z—o (10.6)

fo
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Set of one-dimensional electron trajectories showing the displacements X (in grey) from Eq. (10.7), and the
velocities I/ (in black) from Eq. (10.5), both as a function of wt (in radians). The (co)sinusoidal field profile is shown at
the top.

where
X(t) = (coswt — cos wty + w(t — ty) sin wty) . (10.7)

The transcendental equation X (frr) = 0 can now be solved for the recollision time g, and
the result substituted into Eq. (10.5) to obtain the velocity and kinetic energy at the point of
recollision. The equation is in fact represented by an interesting geometrical construction
that links the times of ionisation and recollision (see Problem 10.5). If the tangent to E(t) =
Acoswt att = 1y intersects E () at some subsequent time, this is the point of recollision.
As noted earlier, the light must be plane-polarised if the electron is to remain on the correct
line; otherwise the electron trajectory will be curved and, classically at least, the electron
will never return to its starting point (see Problem 10.2).

Some results are displayed in Fig. 10.2 in which the solid grey lines are a set of one-
dimensional electron trajectories X (¢) from Eq. (10.7) for departure times from the parent
atom at 12 equally-spaced values of wty between 0 and /2 radians. The electric field is
shown at the top for reference. The black lines trace the corresponding variations of V () =
(sin wty — sin wt) from Eq. (10.5), and represent the electron velocities as a function of
time. Both sets of lines terminate at the point of recollision where X (fr) = 0. On the graphs
of V(¢), the length of the verticals to the axis where the lines end represents the recollision
velocity VRr. The kinetic energy at recollision is therefore given by Uxg = %mxz =2Up VI%
from Eqgs (10.3) and (10.5).

All trajectories shown in Fig. 10.2 involve a negative X excursion from the phase (or
time) axis, and end at recollision.” Electrons leaving the atom at exactly the peak of the field
(wtp = 0) have the longest trajectories in terms of both distance and duration, but these

5 The excursion is negative because negatively charged electrons move in a field that is initially positive.
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electrons only just manage to complete the return journey, arriving back at the starting
point at wt = 2 with zero velocity and zero kinetic energy. For electrons ionised after
the peak, the trajectories do not extend quite so far from the parent ion, although they are
still counted as ‘long trajectories’ at this stage. The recollision velocities rise quite rapidly
as the ionisation time increases, reaching a maximum of |V| = 1.26 when wty >~ 0.314,
which corresponds to a recollision kinetic energy of 2 x 1.262Up. This is the origin of
the equation, frequently repeated in the literature, that the maximum energy available at
recollision is [120]

UR™ = 3.17Up + Uy (10.8)

The ionisation energy U is included here because the electron returns to a bound state in
the parent atom.

As wty increases further, the trajectories continue to shorten, and the recollision velocities
for these ‘short trajectories’ fall away too, until wfy = 7 /2 where the field is zero. Through-
out the next quarter-cycle of the field when the field magnitude is rising, no trajectories
return to the starting point, and all electrons escape. The quarter-cycle ends at wty = 7w,
after which the entire sequence repeats with the opposite polarity.

It is worth emphasising that trajectories are classified as ‘long’ or ‘short” according to the
time interval between ionisation and recollision. From Fig.10.2, it is clear that the earlier
the time of ionisation, the later the time of recollision, so the long trajectories correspond to
early departures and late arrivals, and short trajectories to late departures and early arrivals.
The boundary between the long and short trajectories is taken to be the point where the
recollision energy is maximised according to Eq. (10.8).

10.2.2 Recollision energy

The kinetic energy component Uxg of the recollision energy is plotted (in units of Up) in
Fig. 10.3. The solid black line (on the left) shows Ukg plotted as a function of the phase
at ionisation. The graph shows a sharp initial rise in the energy, the peak at 3.17, and the
subsequent fall to zero. The solid grey curve to the right is exactly the same data, but now
plotted as a function of the phase at recollision, rather than at ionisation. Since electrons
ionised early follow long trajectories and recollide late, the left-hand side of the black curve
corresponds to the right-hand side of the grey curve, which is labelled ‘long’ for that reason.
Similarly, the right-hand wing of the black curve and the left-hand wing of the grey curve
are associated with the short trajectories. These two wings meet where the phase is /2
(arrowed), which corresponds to the first zero of the field. Notice that ionisation times
are spread over a quarter-period of the field, whereas the recollisions are spread over the
remaining three-quarters of the cycle.

As explained in Section 10.1, when the electron returns to the parent atom at recollision,
the available energy, made up of the acquired kinetic energy plus the ionisation energy, is
emitted in the form of radiation at frequency v = (Uxg + Ur)/h. Written in terms of laser
intensity, the kinetic energy at recollision is given by

2
Uke = 3.17 x [ —— ) 122 (10.9)
8m2epc3m
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The kinetic energy at recollision (in units of Up) plotted as a function of the phase at ionisation ety (on the left) and
the phase at recollision wig (on the right). The dotted lines show the corresponding variation of the weighting
function of Eq. (10.117).

where Eqgs (10.3) and (10.8) have been used. In terms of intensity and wavelength, the
corresponding number of harmonics is

U
Hge = % =239 x 1073 (A (um))> T (Wem™2). (10.10)
vV

An ionisation component (see Eq. 10.8) must of course be added to both these equations to
obtain the corresponding values at recollision.

Notice especially that the kinetic energy element of the recollision energy is proportional
to the laser intensity, and so varying the intensity has a direct effect on the cut-off point.
However, the range of viable intensities is quite limited. At the lower end, Eq. (10.10)
indicates that, for A = 1 pwm, little of interest is likely to happen at intensities under about
5%10'> W em™2. On the other hand, an upper limit on the intensity is set by the point at which
the atoms become fully ionised, and the efficiency of the recollision process is consequently
seriously impaired. In practice, this limit is maybe 3 x 10'>W cm™2. Incidentally, at even
higher intensities, the Lorentz force associated with the magnetic component of the EM
field would become significant. This would drive the electron along a curved path and,
as for elliptically-polarised light, recollisions would be prevented. But this regime is well
above the ionisation limit.

Equations (10.9) and (10.10) also suggest that higher recollision energies can be realised
by moving to higher wavelengths. This is a controversial issue at the time of writing because
it seems that the advantage may be offset by a severe reduction in conversion efficiency as
the wavelength is increased. At a lower fundamental frequency, the time interval between
ionisation and recollision is lengthened, and this gives the electron wave packet more time



21

10.2 Classical model

1x108
= 1x10%
k7] |
C
:‘E — ¥ __J
@ ]
5
S _
[oN
® %100
1x1074
T T T T T T T ]
0 20 40 60 80

harmonic order

Simulated emission spectra for a neon atom excited by 750 nm radiation at 5 x 10'* W cm™2, under three different
conditions: no weighting (black line), full weighting factor of Eq. (10.11) (upper grey line), ionisation weighting term
only (lower grey line).

to disperse, reducing the strength of the recollision. Some degree of trade-off between the
two effects may be possible but, as noted earlier, conversion efficiencies in HHG are already
small, with best results in the region of 1 in 10°.

10.2.3 High harmonic spectra

A rough idea of the overall emission spectrum can be gained by computing the emission
frequency for a large number of electron trajectories spread over a quarter-period, and
plotting the distribution of values. The result of this exercise for a neon atom excited by a
5% 10" W ecm™2 beam at 750 nm is plotted as the black line in Fig. 10.4. At this frequency,
the 21.56 eV ionisation potential of neon lies close to the thirteenth harmonic, while the
kinetic energy gained in the continuum (Uxg = 1.33 x 1077 J) corresponds to roughly
50 harmonic orders from Eq. (10.10). The figure duly shows that the spectrum exhibits a
broad plateau, starting at the thirteenth harmonic and running up to a sharp cut-off close
to the sixty-third harmonic, which is at a wavelength of approximately 12 nm, in the XUV
region of the EM spectrum.

There are several weaknesses in the argument as it stands, apart from the obvious one
that it is essentially classical. First of all, it is based on the false assumption that the atom
is equally likely to be ionised at all points within the quarter-cycle. In fact, the ionisation
rate will inevitably drop as the magnitude of the field falls, so the contribution of the late
departing electrons to the low-frequency side of the spectrum will certainly have been exag-
gerated in our analysis. However, this effect is offset to some extent in more sophisticated
treatments by the fact that the quantum mechanical wave packet representing the electron
in the continuum has more time to spread out on the long trajectories, and this weakens the
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Schematic diagram of the experimental set-up used to generate the data of Fig. 10.6, showing the grazing incidence
flat-field diffraction grating and the soft X-ray sensitised microchannel plate detector. (Courtesy of J.W.G. Tisch,
Imperial College Attosecond Laboratory.)

emission at recollision. The precise weighting functions that should be used to account for
these effects is hotly debated, but one possible expression that takes both into account is
[122,123]

_(TY [E©) 202U))3?
——

spreading ionisation

In the first factor, which governs wave packet spreading, 7 is the time the electron spends
in the continuum and 7 is the optical period. Primes on the ionisation potential and the
optical field in the final factor indicate that values in atomic units are to be used.®

The dotted lines in Fig. 10.3 show plots of Eq. (10.11) for the parameter values used for
Fig. 10.4, while the grey lines in Fig. 10.4 show the effect of the weighting factor on the
spectrum. The lower of the two shows the result when the spreading factor in the equation
is omitted; as expected, weighting the distribution in this way has a stronger effect at lower
frequencies.

A schematic diagram of a typical HHG experimental set-up is shown in Fig. 10.5 [72].
The fundamental laser beam is focused into a pulsed gas jet, and the resulting harmonics
are dispersed by a grating onto a soft X-ray detector. All the equipment must be enclosed
in a vacuum chamber in order for the gas jet to function properly, and of course to ensure
that the harmonics are transmitted to the detector.

An experimental spectrum obtained under broadly similar conditions to those of
Fig. 10.4 is shown in Fig. 10.6 [72]. This confirms the presence of a broad plateau of
harmonics, extending to around the fifty-ninth harmonic in this case, after which there is
a sharp cut-off. The main qualitative difference between the two figures is the appearance
of discrete odd harmonics in Fig. 10.6, which arise from the periodic nature of the driving

6 1 a.u. of potential =27.212 V, and 1 a.u. of field = 5.142 x 1olvm=1,
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Experimental HHG spectrum in neon excited by a 7 fs 250 j1J CEP stabilised Ti:sapphire laser pulse centred at 780 nm
(average over 25 shots). See the caption to Fig. 10.5 for more details. (Courtesy of J.W.G. Tisch, Imperial College
Attosecond Laboratory.)

field. By contrast, Fig. 10.4 was based on ionisations within a single quarter-cycle of the
field. This point is discussed further in Section 10.4 below.

10.2.4 Phase matching

A further weakness in the model outlined so far is that it is based on the behaviour of a single
atom, rather than on a spatial distribution of atoms. The propagation of harmonic radiation
from individual source atoms to the detector, through the gas, and quite possibly through
the focal region of the driving field too, needs to be taken into account in a fully-fledged
analysis.

The phase-matching problem for second and third harmonic generation in a focused
beam was treated in Section 2.5. There are of course now large numbers of harmonics in the
analysis, rather than just one, although, as indicated in Table 2.1, the diffraction integrals
are zero under normal dispersion for all harmonics higher than the second. Thin gas jets are
used in HHG work for this reason. But there are two major complications in the HHG case.
For one thing, the presence of ionised free electrons in the interaction region changes the
local refractive index. But a more serious problem is that whereas, for harmonic generation
in crystals, the phase of the polarisation antenna is linked directly to the phase of the relevant
power of E, now the antenna phase is dependent on intensity, and it therefore varies both
spatially and temporally within the interaction region. It may turn out to be possible to
balance this effect against the variation of the Gouy phase, but this is certainly a difficulty
that one could well do without.

A full discussion of these issues is beyond the scope of the present chapter, although
an overall feature that emerges is that phase matching is harder to achieve for radiation
from the long trajectories than from the short trajectories. There is therefore this further
aspect to include in the balance between long- and short-trajectory emissions, in addition
to ionisation weighting and wave-packet spreading.

For a wider discussion of HHG and related issues, readers are referred to [112,124].
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10.3 Attosecond pulses
|

The sequence shown in Fig. 10.2 repeats every half-cycle of the field with alternating
polarity, but the same emission spectrum. Two bursts of harmonic radiation are therefore
emitted in each cycle of the field, one on the positive field excursion, and one on the
negative. These are commonly known as ‘half-cycle bursts’. The overall behaviour is shown
in Fig. 10.7 where the emission frequency (in units of harmonic order) is plotted as a function
of time (in cycles). The driving waveform is shown at the bottom for reference. The section
of'each burst where w(¢, ) > 0.1 (see Eq. 10.11) is drawn as a solid line. The tails where the
weighting factor is smaller are drawn dotted. The leftmost burst in the figure derives from
electrons ionised in the first quarter-cycle of the field. A burst further to the left, generated
by electrons ionised in the quarter-cycle between —% and — }‘ is not shown.

The key question that now arises is: what kind of intensity profile is associated with
the time-dependent spectra of Fig. 10.7? Clearly there will be some kind of high harmonic
pulse train, but what will be the form of its individual components? The overall bandwidth,
covering a range up to and beyond the sixtieth harmonic, is certainly sufficient to support
pulses as short as 30 as (1 as = 10~ !8s), provided the phases can be properly organised, but
how can that be done? While more sophisticated theoretical models are needed to answer
this question definitively, some aspects of the classical picture are preserved in the various
quantum mechanical treatments. For example, Fig. 10.7 implies (correctly) that, if attention
is focused on a band of harmonics, between (say) order 40 and 50, this will receive two
distinct contributions in each half-cycle, an early burst from the short trajectories to the
left of each peak, and a later burst from the long trajectories to the right. The figure also

60 —

40 -

harmonic order

cycles

Emission frequency as a function of time for neon excited by 750 nm CW laser radiation at an intensity of
5 x 10™ W cm~2 showing the ‘half-cycle bursts’. Frequency is plotted in units of harmonic order. Sections of the
spectral profile where the weighting factor of Eq. (10.11) is less than 0.1 are shown dotted.
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harmonic order

cycles

As Fig. 10.7 but for a pulse containing only two optical cycles (full width at half maximum intensity). The peak
intensityis 5 x 10" W cm—2.

suggests that the pulses are likely to be chirped, since the frequency obviously rises with
time before each peak, and falls with time subsequently.

Once a train of attosecond pulses (i.e. pulses significantly shorter than 1 fs) has been
created, the next question is how to isolate a single pulse from the train. A number of
strategies have been devised for this purpose, the obvious first step being to use a pulsed
rather than a monochromatic fundamental field to drive the HHG process. Figure 10.8
shows a typical prediction from the classical model for a fundamental pulse with an intensity
FWHM of two optical cycles. The first thing to notice about Fig. 10.8 is its asymmetry. As
in Fig. 10.7, only those parts of the profiles where w(z,7) > 0.1 are drawn as solid lines
and, whereas the first three bursts can be ignored on this criterion, the corresponding bursts
on the right contain solid sections. The main reason for the skewing is that the weighting
factor depends on the field at the time of ionisation, whereas the spectra are based on the
electron kinetic energy at the time of recollision which may be up to one period later.”

The second noteworthy aspect of Fig. 10.8 is that significant harmonic content is confined
to just three half-cycles; the spectrum extends beyond the fortieth harmonic on only two
of these, and beyond the sixtieth on only one. This feature is quite easy to understand
from Eq. (10.8) once Up (defined in Eq. 10.3) is recognised as time dependent. It certainly
suggests that using a few-cycle fundamental pulse is a valuable first step.

Further refinement is possible by tuning the carrier-envelope phase (CEP), although a
potential complication is that the CEP changes as a few-cycle pulse passes through a focus
as a result of the Gouy phase; see Section 2.5. Various other tactics for creating single
attosecond pulses have been explored. For example, a high-pass spectral filter with a cut-
off around the fiftieth harmonic would deliver the highest harmonics in the central burst

7 Another consequence of pulsed excitation is that on the leading edge where the pulse amplitude is rising, the
bursts are incomplete, even when the weighting factor is ignored.
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of Fig. 10.8, while strongly attenuating the other bursts in the sequence. Another effective
strategy is to modulate the polarisation of the driving pulse in a technique called polari-
sation gating. A simple argument has already been offered to suggest that HHG depends
critically on the use of linearly polarised light. So if the polarisation can be changed rapidly
from elliptical to plane and back to elliptical, a powerful switch can be created. Pulses of
130-as duration containing 1.2 optical cycles, and with spectra extending to 36 eV (corre-
sponding to the twenty-third harmonic of 750 nm radiation) have been achieved using this
technique [125].
Reviews of recent work on attosecond pulse generation can be found in [13, 111, 124].

10.4 Discrete harmonics in high harmonic generation
|

We end this chapter, and the book, with two fundamental questions about HHG. The first is
this. Why does Fig. 10.4 show a broad continuous spectrum with no evidence of individual
harmonics, while Fig. 10.6 clearly indicates the presence of discrete odd harmonics? Given
the way in which Fig. 10.4 was created, there is of course no way it could have been
been any different. A continuous range of electron trajectories was used to generate a
continuous spread of recollision energies, which were divided by Planck’s constant to
create a continuous spectrum.

Where then does the discreteness in Fig. 10.6 come from? The answer lies in Fourier
analysis. A spectrum containing regularly spaced discrete components is necessarily asso-
ciated with some degree of temporal periodicity, so a single half-cycle burst can never
deliver a spectrum in which individual harmonic components are identifiable. Conversely,
the appearance of discrete spectral components in Fig. 10.6 indicates that two or more
half-cycle bursts are involved [111].

A second issue now arises. The fact that the discrete components in Fig. 10.6 correspond
to odd harmonics is of course associated with the centrosymmetric nature of the gaseous
medium. However, the figure is not particularly convincing on this score. The harmonics
are reasonably well separated up to about the forty-fifth harmonic but, from there on, the
spectrum becomes more continuous in nature.

One possible reason for this is simply that the spectral resolution is limited. However,
only a single half-cycle burst in Fig. 10.8 extends to the sixtieth harmonic, so one should
not expect to see significant discreteness at the high end of the spectrum anyway.® But that
argument also suggests that even harmonics really can be generated in HHG experiment,
which raises the further question of how this can be so without violating basic symmetry
principles.

The answer is simply that few-cycle driving pulses possess their own inherent ‘one-
wayness’ and hence themselves lack inversion symmetry. For example, the two-cycle pulse
used to create Fig. 10.8, and shown at the base of that figure, is certainly different in the

8 The fact that there is some discreteness in Fig. 10.6 up to the highest harmonic is probably because the driving
pulse was slightly longer than two optical cycles and/or the CEP was different from that in Fig. 10.8.
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positive and negative directions; the central maximum is at +10 (with respect to the left-
hand scale), while the two neighbouring negative peaks are at —9.1. In fact, it is this very
feature that has created only one burst in Fig. 10.8 with spectral content beyond the sixtieth
harmonic.

With regard to this aspect of nonlinear optics, we have therefore come full circle in this
book. At the beginning of Chapter 1, it was stressed that a non-centrosymmetric nonlinear
medium was essential for generating even harmonics, and that amorphous solids, liquids
and gases were ruled out for symmetry reasons. Now, at the end of Chapter 10, we have
discovered an exception to the rule. But there is, of course, no violation of fundamental
symmetry principles, merely a new source of asymmetry. It turns out that even harmonics
can be generated in a centrosymmetric medium provided a ‘non-centrosymmetric’ optical
pulse is used to excite the nonlinearity.

Problems

10.1 Show that when a one-dimensional Coulomb potential is modified in the presence of
an optical field (see Fig. 10.1), the potential barrier is lowered by an amount that is
proportional to the inverse square root of the field. (But note that a proper treatment
of ionisation suggests a far stronger dependence on field; see Eq. 10.11.)

10.2 Show that if the electron and the ion are treated as point particles, even the slightest
degree of ellipticity in the polarisation will prevent a recollision

10.3 Ifionisation occurs while the field magnitude is rising (i.e. in a quarter-cycle preceding
an extremum), show that the electron will never return to the parent atom.

10.4 On the basis of the classical model, estimate the maximum excursion of the electron
from the parent ion if the fundamental wavelength is 800 nm and the laser intensity
is 1015 Wem™2.

10.5 In Fig. 10.2, show that the tangent to the electric field curve E(t) = A coswt at the
time of ionisation intersects E (¢) at the time of recollision.

10.6 In an HHG experiment, He atoms are excited by 800 nm Ti:sapphire laser pulses with
a peak intensity of 2 x 10'5 W cm?2. On the basis of the classical model developed in
this chapter, what values would you predict for (a) the highest harmonic and (b) the
minimum wavelength. [Ionisation potential of helium = 24.58 eV.]
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The formulae governing nonlinear frequency mixing appear in a bewildering variety of
forms in the literature. This is caused by the use of different unit systems, different con-
ventions for defining complex field amplitudes, and different sign conventions in wave
propagation. To make matters worse, apparent discrepancies (often by factors of 2) have
sometimes turned into real discrepancies (errors) as formulae have been copied without
allowing for the conventions in use when they were originally written. The purpose of this
appendix is therefore to restate the conventions used in this book, and to attempt to reconcile
standard results quoted in different sources.

Many of the issues can be traced back to the different ways of defining the complex
envelopes of real variables. We start by defining electric fields in the general form!

E(z,t)y=1p Z [En (z,t) exp {ioewpt} + c.c.]

=Y [En (2,1) exp {io(@nt — kn2)} + c.c.] (AL1)

where E, = E, exp{—ik,z}, and the envelope function E,, is slowly varying in both time
and space. Analogous formulae apply for the polarisation (see Eq. 2.5) and for the associated
magnetic field variables.

The parameter o, (= +1) in Eq. (Al.1) allows for a choice of sign in the space-time
coefficient of the exponential, while the pre-factor p can be either % or 1. The rationale
for p = % is that the moduli of the complex fields are then the same as the amplitudes
of the real signal. On the other hand, setting p = 1 makes Eq. (Al.1) marginally neater,
and simplifies the pre-factors in several common formulae in nonlinear optics at the same
time.

The values of p and o, work their way through into all subsequent equations. The choices
used by different authors are listed in columns 2 and 5 of Table A 1. The table also includes
further parameters defined in the next section.

1 Equation (2.4) is the special case where p = % and o, = +1.
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Table A1 Conventions used in different sources.

P q y Oe om O =0.0m [f=2pyqoe
Boyd [1] (2nd edn) 1 1 4 =1 =l 1 —8m
Boyd [1](3rdedn) 1 e &' -1 -l 1 -2
Sutherland [126] 1 K =qy =1 =l 1 —2K note 1
Yariv [20] (3rd edn) % 1 gy 1 1 1 1 gy ! note 2
This book e &t 101 1 1

Note 1: Sutherland, who uses the symbol K for our gy, quotes results in both SI (K = 1) and
Gaussian units (K = 4m).

Note 2: Yariv uses the symbol degr for our gdefr. This means that an extra gy appears in the
denominator of his coupled-wave equations, although the equations are actually identical to ours.

A2 The nonlinear polarisation
e

We take the case of sum and difference frequency generation as our basic example. As
explained in Chapter 2, the frequencies of the three interacting fields are linked by the
equation

w1 + wy = ws. (A2.1)

In the case of parametric amplification, which is governed by the same set of differential
equations, the wave at w3 is the pump, and those at w; and w; are the signal and the idler.
The signal frequency is normally the higher of the two, although this is not prescriptive.

In terms of the effective nonlinear coefficient degr (see Section 4.5), the equations for the
polarisations are

P(w3) = 4pqdes E(n) E(w1);
P(w) = 4pqdesr E(@3) E*(@1);  P(@1) = 4pqdes E(w3) E* (7). (A2.2)

In Gaussian units, ¢ = 1, P and E are both in statvolts per cm, and hence dggr is in cm
per statvolt. In SI units, it is common to write q = &9, in which case d.f is in metres per
volt (or more often pm V~"). However, some authors (e.g. Yariv [20]) use SI units, but set
q = 1 and absorb &g into degr. Equation (A2.2) then becomes

P(w3) = 4pdeg E (02) E(w)), etc. (A2.3)

where the modified coefficient der = eodefr is in coulombs per volt (C V™1).3 Conversion
factors between the various unit systems are listed in Table A2.
For a type I interaction in KDP, for example, defr is given by

defr = d36Sin 6 sin 2¢ (A2.4)

2 1 statvolt =300 V.
3 Yariv writes dqfr as degr, so his equations appear superficially to be different from ours.
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Table A2 Conversion factors linking Gaussian and SI Units.

Multiply value in by to get value in
cm/statvolt (esu) (4mep/3) x 1074 =3.709 x 1015 CV

cm/statvolt (esu) (4m/3) x 108 = 4.189 x 108 pm/V

CIv (3/4meg) x 10* =2.696 x 1014 cm/statvol (esu)
C/V 1012 /g9 = 1.129 x 1023 pm/V

pm/V (3/4rm) x 1078 =2.387 x 10~° cm/statvolt (esu)
pm/V gp x 10712 = 8.854 x 10724 CIV

where 6 is the phase-matching angle, ¢ is the azimuthal angle, and d3s = 0.43 pmV~!
the SI system; see Eq. (4.18).

A3 Coupled-wave equations
e —

The general form of the coupled-wave equation of Eq. (2.8) is

dE
== —l(yoe) ~_pNE (A3.1)
0z ny,
where y = 47 in Gaussian units or g, VinSI. Usmg Eq (A2.2) for the nonlinear polarisation,
and recalling that E, = E, exp{—ik,z} and P, = P, exp{—ik,z}, we obtain the coupled-
wave equations in the general form

OE ..

75 _ —if <£> desr E2Ey exp {io Akz} (A3.2a)
0z nic

OE .

252 _ iy <2> der E3E? exp {—io Akz) (A3.2b)
9z nac

dE ..

il R <ﬂ> der E3 E exp {—io Akz) (A3.2¢)
9z nic

where f = 2pyqo,, and n3, ny and n; are the respective refractive indices. The parameter
o in the exponential coefficients is the product .01, where oy, (= =£1) determines the
sign convention used in defining the mismatch parameter

Ak = o (ks — ko — k1) (A3.3)

in which k3 = n3ws/c, etc.
The equation for intensity (power per unit area) is
2p*nc|E| 2

=" (A3.4)
%

where n is the refractive index. Notice the presence of p in this equation.
The conventions used by different authors for the further parameters introduced in this
section are included in Table A1.
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domain equations
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In this appendix, the structure of the polarisation expansion that has appeared at vari-
ous levels of sophistication in this book will be examined in more detail. The intro-
ductory treatment of Chapter 1 was based on the simple statement of Eq. (1.24),
namely

P=cgxVE+xPE>+xOFE +...). (B1.1)

The tensor nature of the nonlinear coefficients has been ignored. The polarisation, P,
and electric field, E, are real variables in Cm~2 and Vm™!, respectively, which implies
that the nth-order susceptibilities x ™ are in (mV~1)"~!, or more conveniently in
(pmV~H"=L,

In Chapter 1, the frequency dependence of the nonlinear coefficients was ignored. The
coefficients in Eq. (B1.1) are therefore simple constants, which means that the polarisation
responds instantaneously to changes in the field. This property is never realised in actual
physical systems, and more sophisticated mathematical machinery is needed to describe
what happens in practice.

The following sections provide a brief review of what this involves. The discussion will
also address an issue surrounding equations such as Eq. (4.5), namely

Pi2w) =320 Y x51CQw: 0,0)E (o) Ex(w). (B1.2)
Jjk

In this, the defining equation for second harmonic generation, the polarisation, the fields
and the coefficient are all written as functions of frequency, which immediately raises the
question of whether this is a time-domain or a frequency-domain equation. As we will
show below, the equation is in reality a hybrid form. On the one hand, E j(w) retains
its normal units of Vm™", and represents the electric field in a narrow frequency band
around w. (If E (@) were the Fourier transform of the time-dependent field, it would of
course be in Vm™! Hz~!)) But if Eq. (B1.2) is not a frequency-domain equation, it is not
a true time-domain equation either. Equation (B3.1) below shows what that would look
like.
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B2 The linear term
|

We focus on the linear term, because it is the easiest to handle mathematically and the
principles extend to the higher-order terms. To take account of non-instantaneous response,
the first term on the right-hand side of Eq. (B1.1) should be replaced by

[e.e]

PO =g / p1(DE(t — 1)dr. (B2.1)

—00

The equation specifies the polarisation of the medium at time ¢ in terms of the electric field
at all previous times 7—t, etc. through the response function p;, which contains all the
information about the material properties, and must be zero for T < 0 to preserve causality.
The response function is properly a tensor quantity, but we ignore this feature here for the
sake of simplicity.'

The connection between non-instantaneous response and the frequency dependence of the
linear susceptibility can be established by introducing E (w), which is the Fourier transform

o - .
of E(t), given by E(¢t) = f E(w)e'“' dw. Equation (B2.1) can now be written

—00
o0 o oo
PO(1) =g / dw / dtp1(T)e 7 | E(w)e'" = & / doxV(w)E(w)e'™
—0 —00 —00
(B2.2)
where the final step defines the frequency-dependent coefficient
o0
xV(w) = / drpi(t)e ", (B2.3)
—o0
If we also introduce the Fourier transform of P(D(¢) and match terms, we obtain
P(0) = eox V(@) E(w) (B2.4)

which is the frequency-domain analogue of Eq. (B2.1). The form of this equation is similar
to that of Eq. (4.1), which reads

P(w) = eox V() E (). (B2.5)

However, the key difference between Eqs (B2.4) and (B2.5) is that P(w) and E (w) are the
Fourier transforms of P (¢) and E (), whereas ﬁ(w) and E (w) are the amplitudes of quasi-
monochromatic components of the polarisation and electric field; see Eqs (2.4) and (2.5)
in Chapter 2. As we shall now show, these are different things; indeed the corresponding
parameters do not even have the same dimensions!

1 Refer to Chapter 4 and Appendix C for detailed discussion on the tensor nature of the coefficients.
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B3 The second-order nonlinear term

In Eq. (2.4), the electric field was written
Emy=1 Z E(wp)e'®! + c.c. (B2.6)

n
where E(—w,) = E*(w,) since E(¢) is real.2 The Fourier transform of E(¢) is
1 o
E(w) = P f dt} Z (E(wn)eiwn’ + c.c)e*"w’
“%0 " (B2.7)

=1 Z (E(w,,)a(w —wp) + E(—wn)8(0 + wn))

which is a set of delta functions, as expected. Substituting Eq. (B2.7) into Eq. (B2.2) leads to
o
PO ) =g / dox V(@) E@)e =320 Y xV(@n)E(@n)e™" +cc.  (B2.8)

If we now write the polarisation as in Eq. (2.5), we have

PO@)y =LY Plwy)e + c.c. (B2.9)
2
n

Matching terms with Eq. (B2.8), we recover Eq. (B2.5).

Notice that E(w,) is in Vm™!, like E((¢), whereas E (w) is in Vm~! Hz~! because it
is linked to £V () via a Fourier integral. Similarly, IS(a)n) is in Cm™2, whereas P (w) is
in Cm~2 Hz~!. The parameters E(r), P (¢) and p"(7) in Eqs (B2.1)—(B2.3) are real
quantities, while E (w), PV (w) and (potentially) x " (w) are complex.

In a medium with no memory (the case of instantaneous response), p1(t) = xV8(z).
The linear term then becomes P(V(r) = goxV E(¢) in the time domain, or PV (w) =
gox Y E (w) in the frequency domain, where x (1) is now a real constant that is independent
of both time and frequency.

B3 The second-order nonlinear term
1

A similar procedure can be applied to the second-order nonlinear term. Written in an
analogous form to Eqgs (B2.1) and (B2.2), the results are

P(z)(t)zeo/dr/dt’pz(r,t’)E(t—r)E(t—r/)

- _°:o (B3.1)
:80/410)/da)/x(z)(a),a)/)E(a))E(a)’)exp{i(a)+a)’)t}

2 E(wn) was written E,, in Eq. (2.4).
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where py(7,7") = 0 for 7, 7" < 0 (to ensure causality) and

o oo
xP(w,0) = / dt / dt' pa(z, t))e i@t (B3.2)
—00 —00

Once again, if the field spectrum is made up of delta functions (as in Eq. B3.2), the frequency
integrals in Eq. (B3.1) reduce to summations, and we obtain

PO(t) = Je0 Y x P (@n, 0w) E(0n) E(wn) expli(@n + op)t). (B3.3)
n,n’
If P@) (1) is now written in the form of Eq. (B2.5), we obtain terms of the type
PP (w, + o) = 320X (@n, ) E(0n) E (). (B3.4)
This result is the basis of the sum frequency generation formula of Eq. (4.3), which reads
Pi(n) = heo Y [x1 @33 01,0 Ej@) Er(@r) + 1 (@300, 0 Ej (@2) Ex ) ]
" (B3.5)

The notation in these last two formulae is slightly different, mainly because the sec-
ond includes the tensor nature of the coefficients and the first does not. Also, in line
with convention, the susceptibilities in Eq. (B3.5) carry three frequency arguments rather
than two.
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(1 Introduction
@

The defining equations for nonlinear optical coefficients are inherently intricate and the
complexity is worsened by the use of different conventions by different authors. A perennial
problem is that the equations are huge when written out in full, but opaque when shortened
by the use of summations and other notational devices.

This appendix contains a blow-by-blow discussion of the most important definitions, with
a selection of examples and special cases that will hopefully serve to clarify the general
equations.

(2 Second-order processes

(2.1 Sum frequency generation and intrinsic permutation symmetry

The nonlinear coefficient for the basic second-order process of sum frequency generation
(SFG) is defined by'

Pi(w3) = 320 Yy > xin (@3 01,02) E (1) Ex (02) (2.1
Pk

where @] + wy = w3, and the indices ijk can each be x, y or z. The symbol Y indicates
p
that the right-hand side should be summed over all distinct permutations of w; and w;. So,

provided w; # wj, terms with the two frequencies in reverse order should be included.
This feature has its origin in the trivial fact that when one works out (E(w;) + E (02))?,
the cross-term is E(w1) E(w2) + E(w2) E(w1) = 2E(w1) E(w2).

When the sum over permutations is carried out, Eq. (C2.1) becomes

A 2 A A 2 A A
Pi(w3) = %80 Z <X,-(j,3(w3;w1,w2)Ej (01) Er(w2) + Xi(j-lz(ws; wZawl)Ej(wZ)Ek(wl)>
jk

2 2 - .
= 1eo Z <X,-(j,3(w3; w1, ) + Xi(k; (w3; w2, 0)1)>Ej (w1) Ex(w2) (C2.2)
Jk

1 The pre-factor of % arises from the field definitions of Eq. (2.4).
225
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where the second line follows by exchanging the dummy indices j and k in the second
term of the first line. Since y;jx(w3; w1, w2) and x;xj(ws; wz, 1) are associated with the
same pair of fields, there is no way of distinguishing their effect, and any measurement will
record the sum of the two. It therefore makes sense to contract Eq. (C2.2), which can be
done in two slightly different ways. One possibility is to write

Pi(w3) = e Z X,-(f;f (033 w1, 02) Ej(w1) Ex (@2) (C2.3)
Jk
where
X,]k(w3,w1,w2) =3 (X,]k(w3,w1,w2) + X,k)(w3,w2,w1)> (C2.4)

and the overbar indicates that an average has been taken. The other possibility is to invoke
the convention known as intrinsic permutation symmetry (IPS) and assume that

X[(jzk) (w3; 01, 02) = X,-(kz}(w3;wz,w1). (C2.5)
In this case Eq. (C2.2) becomes

Pi(w3) = &9 Z x,.(f,i (w33 01,2) E j (1) Ex(2) (C2.6)
Jk

which is identical to Eq. (C2.3) apart from the overbar. The key point about both Eq. (C2.3)
and Eq. (C2.6) is that, one way or another, coefficients with w; and w, in reverse order have
been eliminated, and the ordering is now fixed by definition.

In some ways, the averaging approach is preferable to the imposition of IPS. An arbitrary
assumption is avoided, and the overbar on the coefficient in Eqs (C2.3) and (C2.4) serves
as a reminder that the frequency ordering is fixed. However, it is common practice to use
IPS, and so we will do so here. Reminders that the frequency ordering in Egs (C2.3), (C2.6)
and similar equations is fixed by definition are included where appropriate.

As an example, consider the case where i = x and jk = yz,zy. Equation (C2.2) then
reads

A

Pe(@) = § (XD 30100 By @) Ex@2) + 3033 02,00 Ey (@2 Ex (1))

+1 (X3 @5 0100 B Ey (@) + 13 @3 02,00 Eo@2) Ey ()

(C2.7)
which can be rearranged as
Po@y) = 3 (xB@sion,00) + 1B @3 02,00)) @) Een)
(C2.8)

+1 (X)g)y(wS:wlaWZ) + Xxv) (ws,wz,wl)) E () Ey(wn).
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. 2 2 2 2
By assuming that X;Ey)z(w%wl,a)z) = X)Ez;(U)B;wLU)l) and xiz)y(m;wl,wz) = X)Ey)z(a)%
w2, w1) under IPS, Eq. (C2.8) reduces to

Pi(w3) = o (Xg)z(m;whwz)Ey(wl)Ez(wz) + Xg;(ws;wl,wz)éz(wl)éy(wz)) .

(C2.9)
The corresponding result for i = x and jk = yy is
Py (@3) = e0x ) (@33 01, 02) Ey (01) Ey (@2) (C2.10)

where Xg)y (w3; w7, 1) has been identified with ngv (w3; w1, w2).

(2.2 Second harmonic generation

The results of Section C2.1 have to be adjusted in the case of second harmonic generation.
Provided w| = wy = w, and only a single beam at w is involved (see Section C2.3 below),

the summation ) is irrelevant and can be removed. Equation (C2.1) now reads
P

Pi2w) = 360 > x50 Qs 0,0) Ej () Er (o). (C2.11)
jk

Once again, we treat the special case where i = x and jk = yz, zy, in which case (C2.11)
becomes

P, 2w) = Leg (XE;IGQCU; »,0) + 1ih Qo; o, a))) Ey(@)E (). (C2.12)

4

At this point it is conventional to make the replacement
2y = (Xfy“f(zw; 0, ) + 3310 2w; o, a))) (C2.13)
which leads to
Py Qw) = 2e0dy(y) Ey () E, () = 280d14 Ey(0) E; () (C2.14)

where (yz) means that both yz and zy are included. The second step incorporates the
numerical suffix notation that is normally introduced at this point. More details are given
in Table 4.1; see also Eq. (4.10).

The factor of 2 in Eqs (C2.13) and (C2.14) is a historical artefact. It was introduced at
some point in the history of the subject, probably as a way of wiping out the pre-factor of %
that has featured in most of the previous equations. As an example the corresponding result
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fori = x and jk = yyis

Prw) = SeoxthC Qw; 0, 0) E}(0) = s0di22w; 0, ) E; (). (C2.15)

2.3 Note on non-collinear beams

A caveat needs to be entered at this point. It is important to understand that the distinction
between w; and w; disappears in the case of second harmonic generation not merely because
the two waves have the same frequency but because they are derived from a single beam.
It follows that in the case of non-collinear SHG, when two separate beams are involved,
albeit of the same frequency, the formulae of sum frequency generation should be used with
w1 = wy = w. Two distinct beams interact in this case, even if they were originally derived
from the same laser source.

(2.4 The general second-order process

Further adjustments are needed if any of the participating frequencies is zero. The most
inclusive form of the expression for the nonlinear polarisation is

Pi(w3) = eoKa(w3; wi, @) in(jz,z (w33 w1, 02)Ej(w1)Ex (@) (C2.16)
I

where K (w3; w1, wp) = % p12 2" L. The three components in K> arise as follows:

o The initial factor of % has its origin in the definition of the complex fields, and is the
same % that appeared in Eq. (C2.1).

o The factor pi; is the number of distinct permutations of w1 and wj; so p1p = 2 if the
frequencies are different and 1 if they are the same. This factor is the direct result of the

> operation in Eq. (C2.1) and, once it is implemented, the ordering of the frequencies
P
within the nonlinear coefficient is fixed.

o The parameters / and r are the numbers of zero frequencies to the left and right of the
semicolon in the argument of the nonlinear coefficient.

Why does the number of zeros matter? The answer is that, whereas fora DC field, E(0) = A,
for an AC field of the same amplitude, A cos{wt + ¢} = LE(w)el®" + c.c. to ensure that

‘E (a))‘ = A. As a result, the factor 2"~ will appear in Kj. On the other hand, if w1, w;

and w;3 are all non-zero, r =/ =0, and K, = %plz, which links Eq. (C2.16) to Eqs (C2.6)
and (C2.11).

Values of K3, and the various components within it, are listed in Table C1 for four
particular second-order processes. The key point to notice is that the values are exactly
the same as those that appeared naturally in the simple treatment of Chapter 1. This is
either reassuring, or a frustratingly poor return on the investment made in this appendix,
depending on your point of view! The relevant equation numbers are listed in the right-hand
column.
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Table C1 Pre-factors for second-order nonlinear processes.

3 1,®) P12 [ r Ky = %p122r_l Equations
SFG w3 oL 2 0o 0 1 (1.17) & (C2.6)
SHG 20 w,w 1 o o } (1.8) & (C2.11)
Pockels w w, 0 2 0 1 2 (1.14) & (C2.19)
OR 0 w, - 2 1ok (1.8) & (C2.17)

(2.5 Optical rectification and the Pockels effect

We now consider two further second-order examples involving DC fields.

For optical rectification (OR), w3 = 0 and a suitable choice for the other two frequencies
is w; = w and wy = —w. Negative frequencies must be treated as distinct from positive
frequencies, so pj2 = 2, and since the polarisation is DC,/ = 1 and r = 0. Hence K, = %,
and Eq. (C2.16) becomes

Pi(0) = 3£0 Y xR (0; @, —0)Ej (@) Ef () (C2.17)
jk

where E,f (w) = Ex(—w). We stress once again that the ordering of frequencies to the right
of the semicolon in Eq. (C2.17) is a matter of definition, but the choice is arbitrary and we
could equally have written

Pi(0) = 320 ) X8 (0; —o, ) E¥ (@) Ex (o) (C2.18)
Jjk

where the frequencies +w and —w have been reversed both in the coefficient and in the

fields.
For the Pockels effect, K = 2, and of the two options for the defining equation we
choose
Pi(w) =260 Y xFi(@; ®,0)E () Ex (0). (C2.19)
Jjk
(3 Third-order processes

(3.1 Summary of third-order results

Section C2.1 began with the equation for sum frequency generation. The parallel effect at
third order is the process ws = w1 + wy + w3 where all four frequencies are non-zero. The
defining equation, analogous to Eq. (C2.1), is

Pi(ws) = Je0 ) > xiot (@ o1, 02,03)Ej (1) Ex(w)) Ei(w3) (C3.1)
P jki
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Table C2 Pre-factors for third-order nonlinear processes.

@3 opo3e3 pi3 | r Ky=gpip3 2! Equations

SFG wr wlL,w,o3 6 00 3 (C3.1) with 6 permutations
THG 30 0,0,0 1 00 % (1.25)

DCSHG 20 ®,w,0 3 o1 3 (1.25)

DCKERR o ,0,0 3 0 2 3 (1,25)

ACKERR o w,0/,—& 6 00 3 (1.27)

IDRI 0 wo-o 3 o0 3 (1.25) & (C3.4)

where, as before, Y indicates that all distinct permutations of w;,w; and w3 must be

P
included. This multiplies the number of terms by 6 if all three frequencies are different, and
by 3 when two are the same.
The most general third-order result, analogous to Eq. (C2.16) at second order, is

Pi(ws) = e0K3(wa; w1, w2,3) in(]-3;31(w4; w1, 2, w3)E (1) Ex(02) Ei(@3) (C3.2)
ki

where K3(wsg; wi, w2, w3) = }‘ p123 27— and p123 is the number of distinct permutations
of w1, w> and w3. The structure of K3 is entirely analogous to that of K», which has been
discussed in Section C2.4. The values of K3 inanumber of special cases are listed in Table C2
and, as for K>, are precisely those that arose in the simple treatment of Chapter 1. We stress
again that the summation ) in Eq. (C3.1) is an instruction to permute the frequencies

p
to the right of the semicolon, and that the pi»3 factor in K3 is the consequence of the
permutation. As soon as p123 is present in the pre-factor, the ordering of the frequencies in
the nonlinear coefficient is fixed, because the possible permutations have been taken into
account.

(3.2 Example: intensity-dependent refractive index

Asan example, we will consider intensity-dependent refractive index in detail. In this special
case, Eq. (C3.1) reads

Pi(w) = 4—1‘80 Z (Xl.(f]gl(w; —w,w, ) Ej(—w)Ek(a))El(w)
ikl

+ Xi(jsk)l(w; w,w, —)E () Ek(w)El(—w)) .
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By invoking IPS, and juggling the indices, Eq. (C3.3) can be reduced to any of the following
equivalent forms

(@) Pi(@) =380 Yt (@ —w.0,0)Ej(—0) Ex (@) Ei()

ikl

(b) Pi(w) = 320 Y x5 (@i @, —0,0)E;(0) Ex(~0) (o) (C3.4)
ikl

© Pi(@) = Fe0 ) xijl(@; @ 0.~ Ej @ Ex@)Ei(~w).
ikl

These differ only in the position of the negative frequency in the sequence, and which one
to use is entirely a matter of choice. We will adopt form (b) in which wy; = —w.

In a structurally isotropic medium, it can be shown that coefficients with 60 of the 81
possible sets of ijkl are zero, leaving 21 non-zero combinations. These 21 sets include three
oftype jjjj, and 18 (six each) of types jjkk, jkjk, and jkkj. Invoking IPS and general symmetry
principles shows that, within each type, all six members are equal, and that the types are
also related by

Xjjjj = Xjjkk + Xjkjk + Xjkkj (C3.5)
where j # k. There are therefore three independent elements.?
Further constraints apply for particular processes. Under form (b) in Eq. (C3.4), for

example, the frequencies associated with the second and fourth indices are the same, and it
follows that

Xjkkj = Xjjkk 7 Xjkjk- (C3.6)
Notice that the unequal member of the set has been determined by the choice of form (b)
in Eq. (C3.4). Had we chosen forms (a) or (c), Eq. (C3.6) would be changed.
With i = x, and for the case where E, = 0, Eq. (C3.4b) reads
; 2 (B) Fre N F2 B) £ £k N
(C3.7)

where Eq. (C3.6) has been used. With further help from Eq. (C3.5), the equation can be
written

Pi(w) = 3¢ (x;?“éx ()

P =3e0 (xS&y (B2 + El@)] Ex@) +24), [ Bl + |k, (w)ﬂ E. (w)).

(C3.8)
In the case where E, # 0, Eq. (C3.8) generalises to
Pe@) = o0 (13 EBVE] + 223, (BEDE,). (C3.9)

2 See Section 5.2.2 for details about the situation in cubic crystals.
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Appendix D Non-zero d elements in

non-centrosymmetric crystals

Table D1 contains information about which d elements are non-zero for each of the 21
non-centrosymmetric crystal classes. Column 3 lists the number of independent elements
for each class and (in brackets) the lower number of independents when the Kleinmann
symmetry condition (KSC) applies.

Detailed information is given in column 4 where semicolons separate independent ele-
ments. Elements that are equal to others under all circumstances (in value if not in sign)
are so indicated, while elements grouped within brackets are identical if the KSC applies.
In a few cases (e.g. class 24) d14 = —d»s, but both are zero under Kleinmann symmetry as
indicated by the ‘= 0’. The rare class 29 is non-centrosymmetric, but other aspects of the
symmetry force all elements of the d matrix to be zero.

Note that, in biaxial media, the mapping from the crystallographic (abc) to the physical
(xyz) axes is not necessarily straightforward. It cannot be assumed that xyz — 123, which
many people would take for granted. For a detailed discussion, see Sections 4.4 and 4.6, as
well as Chapter 2 of Dmitriev ef al. [26].

Table D1 Non-zero d elements in non-centrosymmetric crystals.

System & class Symmetry Independents Links and examples

Biaxial
Triclinic
1 1 18 all elements are independent
Monoclinic
3 2 8(4) (14, 25, 36); (16, 21); 22; (23, 34): e.g. NPLO
4 m 10 (6) 11; (12, 26); (13, 35); (15, 31); (24, 32): 33
Orthorhombic
6 222 3(1) (14, 25, 36): e.g. barium formate
7 mm?2 503) (15, 31); (24, 32); 33
e.g.LBO, KTP, KTA, KNbO3, KB5
Uniaxial
Tetragonal
9 4 4(2) (14 = 25, 36); (15 = —24,31 = —32)
10 4 4(2) (14 = -25,=0); (15 = 24,31 = 32); 33
11 42 m 2 (1) (14 = 25, 36) e.g. KDP, ADP, CDA
12 422 1(0) (14 = —25, = 0) e.g. nickel sulphate
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Non-zero d elements in non-centrosymmetric crystals

14

Trigonal
16

18
19

Hexagonal
21
22
23

24
26

Cubic
28
29
31

4 mm

32

3m

(o) e e
N
8

622
6 mm

23
432
43m

3(2)

6 (4)

2(1)

403

42

1 (0)
3(2)

Table D1 (Continued).

(15 =24,31 =32);33

e.g. potassium lithium niobate

(=11 = 12 = 26); (14 = =25, = 0); (15 = 24,

31 =32)

(16 = 21 = —22); 33 e.g. sodium periodate

(=11 =12 =126); (14 = -25,=0) e.g.

o-quartz

(15 = 24,31 = 32); (16 = 21 = —22); 33

e.g. BBO, LiNbO3, proustite

(12 =26 = —11); (16 = 21 = —22)

(16 = 21 = —22) e.g. gallium selenide

(14 = =25, =0); (15 = 24,31 = 32); 33

e.g. Lithium iodate

(14 = —25, = 0) e.g. B-quartz

(15 = 24,31 = 32); 33 e.g. CdSe
Optically isotropic

(14 = 25 = 36) e.g. sodium chlorate

Non-centrosymmetric, but all element zero.

(14 = 25 = 36)
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Appendix E Real fields, complex fields, and the

analytic signal

In Chapter 2, the real electric field was defined as the sum of a set of discrete frequency
components namely

EG.1) =3 Esexpliogt) +cc.= 3 Y Epexpli(wnt —kp2)} +cc. (L)
n n

Each term in the summation represents the component of the field in the vicinity of w,,. The
complex amplitudes E,, contain fast-varying spatial terms exp{—zknz} which are removed
to form the slowly varying complex envelope function E,, = E, exp{ik,z}. Both E, and
E, vary slowly in time, or not at all.

In the case of a narrow-band signal in the vicinity of wg and at a fixed point in space (say
z = 0), we have

E(t) = LE@) expliwot} +c.c. = LV (0) +cc. (E1.2)

where V (¢) is called the analytic signal. For a given real field, V (¢) is not uniquely defined,
because its imaginary part can be changed at will without affecting E(¢) and, even if V ()
were known, E (r)would not be uniquely defined either, because the choice of wy is strictly
arbitrary. The standard prescription for defining V (¢) is

V() = / 2E (w) expliot}dw (E1.3)
0

where E (o) is the Fourier transform of E (¢) given by

o0

E(w) = % / E(t) exp{—iwt}dt. (E1.4)
—0o0
Notice that the definition of V (¢) in Eq. (E1.3) is based solely on the positive frequency
components of E (), and the factor of 2 has been included to ensure that E(f) = Re{V (1)}.
This process involves no loss of information because the reality of E (r) means that E (—w) =
E*(w) in Eq. (E1.4).
It follows that the Fourier transform of V (¢) is

| o o
Vi) = E_L V(t) exp{—iwt}dt = 2E(w) (w > 0) (ELS)

0 (w < 0)

which in fact comes immediately from Eq. (E1.3).
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Appendix F Geometry of the grating pair

This appendix contains the detailed working leading to Eq. (6.27), which summarises the
dispersive properties of the grating pair arrangement of Fig. 6.5.
The coefficient of the quadratic term in Eq. (6.26) is

_ d2_¢ _ d Tgroup
T do? T do
where p is the perpendicular distance between the gratings, and the final step follows from
Eq. (6.11). To find y», we first need to work out the group time delay zgoup of different
frequency groups travelling from the point of incidence A on the first grating G1 in Fig. 6.5
to B on the second grating G2, and thence to C. The precise positions of B and C will of
course depend on the frequency, but the angle AC B remains a right angle, and all points C
lie on the ‘finishing line” AF. By dividing the distance ABC by c, the group time delay is
easily shown to be

Y2r (F1.1)

p(1 +cos(6 —a))
cCcosd

(F1.2)

Tgroup =

where « and § are the angles of incidence and diffraction. Group velocity dispersion in the
medium (usually air) between the gratings has been ignored. Differentiating Eq. (F1.2), we
have

dTgroup _ p(sina 4 sin§) d§

do ccos28  do (F1.3)
For first-order diffraction, the standard grating law reads
(sin + sin§) = * = 27[—6 (F1.4)
A wA

where A is the wavelength and A is the ruling spacing, and differentiating this equation
gives

ds 27c (FL.5)
do  w?Acosé’ '
Substituting Eqs (F1.4) and (F1.5) into Eq. (F1.3) yields
dTgroup 47T2Cp
Zoeoup = 7 Fl1.6
dw v2p A2 cos3 § FL9)

where § is the mean value of § over the input spectrum. This is Eq. (6.27).
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Appendix G The paraxial wave equation

Maxwell’s wave equation in a linear isotropic medium reads
n? 3°E

VE+
T2

=0 (GL.1)
which follows from Eq. (2.2) if P = g9 x (V'E, and the refractive index n = /1 + x (1. We
now look for ‘beam-type’ solutions by writing a component of E in the form

E =1U(x,y,2) expli(or — k2)} + c.c. (G1.2)

where k = nw/c as usual. The rapid spatial dependence in exp{—ikz} implies a beam
travelling basically in the z-direction, while the spatial dependence of U (x, y, z) is assumed
to be relatively slow in comparison.
Substituting Eq. (G1.2) into Eq. (G1.1) yields
14 i ([, 32U
— =—— | VU + — G1.3
9z 2k ( otz ) (G13)
where the transverse Laplacian operator governing diffraction is defined by V% =02/9x%+
92/0y2.
In the so-called paraxial approximation, the second (non-paraxial) term on the right-hand
side of Eq. (G1.3) is neglected, leading to the paraxial wave equation

U i
= —ﬁv%u. (G1.4)

The Gaussian beam of Eq. (2.47) is an exact solution of this equation.
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Appendix H Useful formulae for numerical

simulations

This appendix contains some useful formulae for anyone performing numerical simulations
that involve Fourier transforms between the time and frequency domains.
Discrete Fourier transform (DFT) routines typically perform the operation

N-—1
A& Y AjtmikIN (H1.1)
j=0

where the input complex array A; (j =0,..., N — 1) is replaced on output, and s = %1
offers a choice of sign. This operation can be used to perform either part of the discrete
Fourier transform pair defined by

N—-1
Ex =« Eje2mjk/N

j=0

o (H1.2)
Ej =B Eke—Zm'jk/N

k=0

where o = 1/N. Note that two successive calls to the routine (with opposite signs s in
the exponents) return the original array multiplied by the array dimension N. In the early
Cooley—Tukey fast Fourier transform (FFT) algorithm [127], N was restricted to a power
of 2, although a wider range of possible dimensions is available in modern FFT packages.

To use the DFT effectively, the following simple relationships are helpful. The full widths
of the time and frequency windows are T = Nét = 2w /Sw and Q = Ndw = 2m /t, where
the link between the two domains provided by the second step in these formulae is

8t8w = 27/N. (H1.3)

Consider a transform from a Gaussian profile in the time domain to the corresponding
Gaussian profile in the frequency domain. We define the full widths at half maximum
intensity in the time domain as Ar = Ag,§t; the corresponding width in the frequency
domain is Aw = Ag,dw. The parameters Ag; and Ag, are the intensity full widths in grid
units. It follows that

AtAw  AgistAg, 5w  AgiAg,
2T 27 N

AtAv =

(H1.4)
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Useful formulae for numerical simulations

The time—bandwidth product for a transform-limited pulse is At Av = K where K depends
on the pulse shape; see Chapter 6. It follows that

AgiAgy = NK. (H1.5)

This statement of the bandwidth theorem expressed in grid units comes in handy when
testing computer codes.
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Appendix | Useful constants

Velocity of light c=2.997925 x 108 ms~!
Vacuum permittivity g9 = 8.854188 x 107 2Fm~!(= CV~Im™!)
Vacuum permeability  11o(= 47 x 1077) = 1.256637 x 10" *Hm™!

Electron mass m =9.109382 x 103! kg
Elementary charge e=1.602176 x 10719 C
Planck’s constant h=6.626068 x 10734 J s

hi=h/2m = 1.054572 x 10734 J s rad™!
See Appendix A for unit conversion factors.



Answers to problems

Chapter1
. ________________________________________________________________________________________________|

11 Legp = L0100 _ 59 11pum.

1.2 Under open circuit conditions, there is no net free charge on either of the plates, so
D (= egoE + Pgc) = 0. So, since P is directed upwards in the figure, E = —Pg4./(g€9)
is directed downwards, and since |E| = Vopen/d, the answer follows immediately.

1.3 Use 2cos Acos B = cos(A + B) + cos(A — B).

1.4 ForEq.(1.19)tobe satisfied, we require thatnyws < nywy+njw; where w1 +wy = ws.
Write w1, = %(a)3 F Sw) where dw = wy — wy.

The condition then becomes n3 < %(nz +ny) + %(nz —n1)§ where § = Sw/w3 < 1.
Butn3 > ny > nj for normal dispersion, and it is easy to show that the two conditions
are inconsistent.

1.5 Figure 1.7 (for sum frequency generation) applies to SHG if the k; and k, arms are of
equal length. The acute angle of the triangle is cos™'{1.5549/1.6550} = 20.03° and
the angle between the two fundamental beams is twice as large.

1.6 xi is dimensionless; x2 is in mV~!; and x3 is in (mV—1)2.

20D 40\ ~ @4
1.7 (a) n+8n:\/1+x(1)+2x(2)A0=\/(1+X(1))(1+ﬁ>:n+%.

(b) The effective change in x 1 is % X(3)A% and the intensity is %ncsoA%. A similar
procedure to that in part (a) leads to the answer.

Chapter 2
O
dl 1 d’EI‘Z 1 FxdE)
2.1 d_z = §n1080d_z == EH]C(‘;‘OEl d_z +c.c.
=— ‘l‘wleo [iEinkzeiiAkz — l'EikE%eiAkz}

~ 12
dIZ ! d E2 1 E~*dE~'2 +
—= = 2noceE = =N)9CE —_— C.C.
dZ 2 2€<0 dZ 2 265052 dZ
1 o . .
_ —§w280 [i E;E%elAkz _ l-EZEikZe—zAkz] .
Since wy = 2wy, it follows that ‘fi—IZ‘ = —%-

240
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Chapter2

2.2

23

2.4

2.5

2.6

2.7

2.8
2.9

2.10
2.11

2.12
2.13

2.14

This is perhaps obvious. If the fundamental field is A exp{—ar?}, the second har-
monic field varies as A2 exp{—2at2}, while the intensities vary as A2 exp{—Zatz}
and A% exp{—4ar?}. The energies come from 75 A2 exp{—2ar?}dt = A%/ 2
and [0 A*exp{—4ar?}dt = A*/m]4a, so the power-law relationship is the same
for energy as for intensity. A similar argument applies for the third harmonic.
Putting the numbers into Eq. (2.15) gives I, = 132.3 MW/cm?. The low-depletion
approximation will be slightly infringed.

In Eq. (2.13), the phase of the harmonic field is governed by the term —ie
Since —i points along OA, AOB is clearly Akz/2. Since OBC = r /2, it follows that
OCB = Akz/2 too.

The real and imaginary parts of E () are, respectively, Ec + Ec

iAkz/2

( l—COS{Ak(Z—Lcoh)/2}>
2

and Ec (w) Take the roots of the sum of the squares to obtain the result.

You can of course slog out the answer from Eqs (2.41) and (2.42), but it is more
~ 2 ~ 2

elegant to use Eq. (2.33) to show that the derivative of ‘Az(z)’ — ‘Al (z)’ is zero.

The result reflects the fact that the changes in the number of photons in the signal and
idler beams is the same; see Section 2.4.2.

o : ~ ~ in AK'z/2
Ar(2)et 82 = A5(0) cos AK'z/2 + i (%AkAz(O) . gA’]"(O)) (%)
- ) - - - sin Ak’z/2
A1) /2 = £,(0) cos AK'z/2 +i (%AkAl(O) _ gA;(O)) (T/Z2/> ,

where Ak'/2 = /(Ak/2)? — g2.

When A;(0) = 0and g < Ak/2.

A1(0) = 0.9i.

When A (0) = i A~§ (0), both fields tend to zero at z = oo according to the equations.
In practice, the fields would drop to a low value, and then grow again from noise.
This is solved by straightforward substitution.

The intersecting chords theorem gives 7> = (2R — §)8 = 2R8 where R is the radius
of curvature of the wavefront, r is distance from the axis, and § is the ‘bulge’ in the
wavefront. The relationship between 8 and the phase ¥ (r, ) (= —¢r?/w?) is ¢ =
27 8/A. Combining these relationships, and using zr = nw% /xand w? = w%(l +¢%)

from Egs (2.49) and (2.54) yields zr = 1§§2 . The answer follows immediately.

The condition is (2k; — k)L = /2. This leads to L = W = 25.77 mm.

The solution of any second-order ODE requires two boundary conditions, the initial
value and its gradient. And it is the gradient that introduces the other field component
through Eqs (2.28) and (2.29).

Starting from the origin, the arc length swept out by the right-hand side of the curve
is fO{ % =tan~'¢ = @Gouy- As ¢ — 00, the arc length goes to 7/2, which is the

circumference of a semicircle of radius % At the same time, the phasor direction at
the end of the arc is given by the phase of (14i¢)? = 2¢Gouy Which is also consistent
with a circular path of the same radius.
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Answers to problems

Chapter3

3.1

32

For y = 0 and in polar form, Eq. (3.9) reads rleos’d °°S o 4 ’zsrj—“ze = 1, where 0 is the
angle relative to the z-axis. But in the geometrlcal construction for 71.(0), the angle 6
refers to the direction of the wave vector k, which is perpendicular to the line defining
n¢(0); hence the complementary angle is needed. Equation (3.10) is therefore obtained
by replacing r by 11¢(6), and exchanging cos 6 and sin 6.

The two allowed waves are polarised in the z-direction (index n.) and in the y-direction

(index n,). No walk-off occurs.

3.3 Anticlockwise in the first case, and clockwise in the second.

34
35

Setn(0) = ny and sin? @ = 1 — cos? 0. The result follows by straightforward algebra.
The walk-off angle is 3.18° from Eq. (3.11).

Chapter 4

4.1
4.2

43

4.4

4.5

mV~L

The waves could lie in the x-y plane (perpendicular to the optic axis) with the interaction
based on the d3; coefficient of BBO; see Table 4.4.

Unit vectors in the 0-o and e-e directions are 0 = (sin¢,—cos¢, 0) and ¢ =
(cos@ cos ¢, cosOsing, — sin ). These enable one to write

Ey = Ey(sing) + Ec(—cosf cos¢) and Ey = Eq(—cos @) + Ee(— cos sin ¢).

Hence the term involving both E, and E. in the product Ey Ey (mediated by d3 to
create P,) is EqE.(cos6 cos2¢). But P, = P, sin#, so the overall geometrical factor
is % sin 26 cos 2¢. A similar calculation to find the contribution mediated by d14 yields
the same result.

In terms of x’y’ axes rotated 45° clockwise w.r.t. xy, we have x = (x’ + y’)/+/2 and
y = (x' — y')/~/2. Substituting these results into Eq. (4.28) yields

22 ng? + 13V /0 +y2(ng? —reV /0 = 1
and it follows that the modified semi-axes representing the refractive indices are
no(1 £nlresV /02 = no(1 F SnlresV /0).

Va4 = 75— = 5279V for the parameters given.

Chapter5

5.1

If real arithmetic is used, the polarisation along the direction of the field is simply P =
£0X; o . Along the slanting axes, the field components are £, =rE and £y =—rE,
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Chapter 5

52

53
54

55

5.6

5.7

5.8

where r = l/ﬁ. It is now easy to show that P, = 80)(5}"3 E3 and Py=— 80Xsl”3 E3
where xs = x1 + x2 + x3 + x4. Since P = r (P, — Py), it follows that P = 80(%XS)E3,
which proves the result. (If complex numbers are used, the replacements P — % P and
E — %E should be made throughout.)

If real arithmetic is used, light is circularly polarised when E; = E coswt and E, =
+E sin wt. In this case,

P, = ¢ (xlE; + 0o+ x3+ x4)E§Ex> = sox1E3 (cos3 ot + sin® ot cosa)t)

where x1 = x2+4 x3+ x4 (Eq. 5.6) has been used. But cos> wt+sin® ot cos wt = cos wt,
so there is no third harmonic component in the nonlinear polarisation. Naturally, a
similar result holds for Py.

E0) = (2KL;) Y2 =1.066 MVm~!; so V; = 10.66kV.

Equation (C3.4b) with i = x reads

(XIEXE;EX+XZExE;Ey+XZExE:EZ )
&0 A A A A A A A A A A A A
X3EyE:Ey+X3EzE;kEz+X4EyE;Ex+X4EzE;Ex

w

Pr(w) =3

where all relevant non-zero coefficients from Eq. (5.7) have been included. Since
X1 = x2+ x3+ x4 from Eq. (5.6) (or Eq. C3.5), and x2 = x4 for IDRI from Eq. (C3.6),
the equation can be rewritten

. 3 szﬁxﬁ';ﬁx +2X2EXEA';Ey +2x2 AXE;(EZ

Px(w)ZZSO A Al A A Al A A Al
+)X3ExEEx3EyEYEy + x3E.EYE,

and the first of Eqs (5.18) follows immediately. The proof of the second equation is

similar.

The final term in Eq. (5.28) changes k = " to k = ™22 + %ka, where Eq. (5.26)

has been used. Hence

-1
w c n Ipk c na lpk c cna Ipk
v =—=—(1+ =—(1- = — — .
PR K T g ( 2n0 ) no ( 2n9 ) "o 20l

FedEL | g OE] 1 |2 1 =
Work out Ef 5L + Ep - and use I = 3npceg ‘EL‘ and Is = 5nsceg ‘Es‘ . The
result follows immediately.
The intersecting chords theorem gives (2kp, — Ak)Ak = 2kp Ak = K i. It follows
that Ak = %kL(KA/kL)2 = %kLQZ and the answer follows from L.,, = 7/ |Ak| and
kp =2m/AL.
This involves some intricate algebra. Start by writing

A~(Z) — /L_ei/cz +A~_e—i/<z
B(z) = Bye'*? 4+ B_e~%,
Now A(0) = A4 + A_, while B_ = —B,.¢?*L ensures that B(L) = 0. It also follows

from from Eq. (5.78) thatik Ay = rB,, —ik A_ = r B_, etc. Combining the equations
leads to the answer.
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5.9 Theprofile ofthe forward beam at the mirror is found by setting z = zy, in Eq. (5.95). The
profile of the backward wave at the mirror must be the negative of this (to ensure zero
field at the mirror surface). A backward-travelling Gaussian beam centred at z = zy, can
be found by replacing z by (z — 2zm) in Eq. (5.95), and taking the complex conjugate
(to reverse the direction). Setting z = zy, in this equation gives the required profile at
the mirror apart from the minus sign, which arose from the phase change at the mirror.
But this corresponds simply to a & phase change of the backward beam, and so it does
not affect the conclusion.

Chapter 6
. ________________________________________________________________________________________________|

z dny _ z 2medndh) _z(, _ 2mc 22 dn) _ z(, _ ;dn
61 £ (n+off) = £ (4 FRE) = (1- FA0H) = - 1%).

d*upn 2¢ 2 _ca? h
phase _(, n _ L_n p ase

6.2 ( ) n? da?’ dﬂ
%% = 0. The suggestion is therefore generally incorrect.

and a2 " are only coincident when

so the zeros of

2
6.3 (a) Since the intensity varies as exp{—(¢ /10)?}, it follows that (A’é’> = In2. The

answer to part (a) follows immediately.
(b) Av =0.441/At = 0.441 THz; AL = A>Av/c = 1.47 nm.

(c) Equation (6.21) gives maximum chirp at § =1, s0o 57 = — = = =

4m§ T on Atg

221 GHzps™!.
6.4 If T = /1, then sech’t = m
to " — 6¢%™ + 1 = 0, which has the roots e2* = 3 + /8. This leads to At = At /ty =

= % when ¢%* + ¢=27 = 6. This is equivalent

In{3 + /8.
6.5 34 cm.
6.6 Choose an arbitrary reference line of length s between the gratings, defined by § = 9§y,
— — (6—d0)
so that s = p/cos 8o and ¢ = — === Then
d*¢ ds d*s
Tgroup = _ﬁ 8:60 - = (( Jo +w Jo 2) sin(8 — d8gp)
ds\? ds\*
+w<—> cos(8 — 80) = (—) .
dw 5=30 ccosdy \dw ) |s_s,
2 2
ds _ 2 _ pw 2 _ 4r“cp
But dow l§=5 szng&)’ SO Tgroup = T ccosdp (szng&)) T w3 AZcos3 8y
Chapter7
. __________________________________________________________________________________________|
70 Lgm = s=2—soZom — 1 ___ _ 53]
S ESPM T gl A7 2w 3xl10-Te 102 T ’

Care always needs to be taken over the use of centimetres in questions of this kind. All
parameters must of course be in the same units.
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Chapter 8

7.2
7.3

7.4

7.5

7.6

This is straightforward algebra.
The final term in Eq. (7.18) with L = Lgpy changes k = " to k = %02 4 jmiﬁ
Hence

-1
w c ny Ly o C no Ly c cno Lk
Uphase = 7~ = — 14+ —= aSRN I Il 3 :___2]3‘
k- no 2ng no 2ng no 2n?

For a Gaussian intensity profile / = Ik exp{—ar?}, it is easy to show that the steepest
gradient occurs at t = +Qa)~ Y2 where ”” = :F% VISInZ = :F% and At is the
intensity FWHM given by At = \/(41n2) /oz .

It follows that 5h°°k = (%) = (%) = 4.4 x 5f where T = 27 /w is the
optical period.

This question is relevant to the phenomenon of carrier-wave shocking, and to the use
of two-colour pumping in high harmonic generation experiments.

The time difference is 6t = where L is the distance of travel and v is

L | Uphase —Ugroup |
h

the mean velocity. Setting §t = %T = A/4c yields

L = Afcgi) ~ 800: 130:08(]'29?1‘0]608)2 = 12.3 wm, where values of §v and © have been
estimated from Fig. 6.2.

This is a very short distance, and it shows that the carrier-envelope phase is scrambled
extremely easily. The situation inside a mode-locked laser is more complicated than
this, but the result shows that the slip from one transit to the next will be very large
and therefore essentially random. However, this in no way affects the efficacy of the

technique for CEP stabilisation described in Section 7.10.

Chapter 8

8.1

8.2

The formula pﬁ) = aél)a(l) is verified if the derivative of both sides can be shown

to be the same. (The initial conditions match, because all three parameters are initially
zero.) It is therefore necessary to show that pg) = aél) (D 4 él) 7 (D%

From Egs (8.7) and (8.15), we know that

) i 1 (1
Pél = —lwzlpél) - = (Vzopél) - ,020) V01)

h
i
(l) —la)zaél) — —Vzoa(()o)
dil)* = +iw a;l) + hV a(o)

and the answer follows immediately once it is recognised that p(l) aél)a(()o), etc.

For j # k, take the complex conjugate, and satisfy yourself that the two expressions
are the same. Remember that j, k, and n, n” are all dummy indices, and so the pairs can
be exchanged at will. The conclusion applies equally when j = k, although the issue
would only arise in that case if the matrix elements were complex.
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8.3 The contraction to di4 for SFG is valid only when the Kleinmann symmetry condition
applies, and in this limit the two x coefficients become identical; see Section 4.3.

Chapter9

9.1 This is similar to Problem 1.7. The sequence is

1) . 1)) ix” \ . no ix”
k=2 T =i =2 0+ (1= ) =22 (1
c c

1+ c o2

where n = /T + x’. The approximation is good provided x” < 2n?.
9.2 On resonance, G)Z‘O — wp = iyy which leads to

2 . 2 .
AEL Awr, Ep 9Es Aws Eg
= — and — =
0z nL 0z ns
where A is positive and contains constants. It follows that
nsE% OF L2~ 2 n E* OE
B8~ ff -2
ws 0z w0z

But BIS = 1c&onsE* aES +c.c. and ‘”L = %csonLE* 9EL 4 ¢.c., where Is and Iy are
the Stokes and laser energles respectlvely So (js 3311 = —wlL aalzL,
proof.

9.3 In the first case, the lineshape function is very narrow, and the Lorentzian factor in the
denominator of the integral can be neglected. The integral is then unity (because the
lineshape function is normalised), and the answer follows trivially.

In the opposite limit, the lineshape profile is much broader than the Lorentzian factor,
and so g; (A’) can be replaced byg; (0). The integral is now 7 g; (0)/t and the answer
follows directly.

9.4 Wehave u = ab(l —cos Qi) and 1 +w = 1 —a? — b? cos Q¢ = b? (1 — cos Qi1).

Hence l—l—Lw = ¢ = QAR is independent of ¢, and the motion projected onto the u-w

which completes the

plane is a line slanted with respect to the 3-axis at an angle of tan~'{A / Qr}.

dn _ dn
9.5 %Ll):a)lo - dAp | A —

. The algebra is made much easier by the fact that the

derivative is to be evaluated at A, = 0.

Chapter 10

101 IfU = —Ex — &, U = _FE+ " |2 = 0 when |x| = ~ |E|7V2 ~ 14,

o

121
because intensity is proportional to the square of the field. While this may be an
interesting exercise, the result has little bearing on what actually happens under strong-

field ionisation.
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Chapter 10

10.2

10.3

10.4

10.5

10.6

Elliptically polarised light can always be reduced to two orthogonal electric field
components in quadrature. However, the quasi-classical model shows that recollisions
only occur in alternate quarter-cycles, so the recollision can never occur in both
quadratures, let alone in both quadratures at the same time.

Consider the quarter-cycle —m/2 < wfy < 0 in which the field is approaching a
maximum. From Eq. (10.5), the electron velocity is proportional to V (¢) = sin wty —
sinwt (¢ > t9). And since sin wfg < 0, V() is a sine function with a negative shift.

t
This in turn means that f V (¢')dt’, which controls the net displacement (see Eq. 10.6),
o
is negative for all > £y, so no recollision can occur.

The factor in Eq. (10.6) is ;—32 = 47{“’2);22”’\/% = 2.75 nm. The peak value of X in
Fig. 10.2 is about 2, so the maximum excursion is maybe 5.5 nm.

If the statement is true, it follows from trigonometry that the derivative of E(¢) at
the time of ionisation (= —Aw sin wty) must equal W. This equality is
confirmed by Eq. (10.7)

The fundamental photon energy in eV is hc/rAe = 1.55 eV. The ionisation energy
therefore corresponds to 15.85 harmonic units. Equation (10.10) gives 244.4 for
the recollision kinetic energy in harmonic units, so the maximum harmonic is
int{260.3} =260, and the minimum wavelength is 800 = 260.3 = 3.07 nm. This
is close to the value achieved by Chang [43], although the nominal intensity used in
the classical model can hardly be expected to yield an accurate answer.
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Further Reading

R.W. Boyd, Nonlinear Optics (3rd edn), Elsevier, Amsterdam, 2007.

A comprehensive treatment of the subject at a more advanced level, presented in a tutorial
style. The third edition is in SI units; earlier editions used Gaussian units.

G.S. He and S.H. Liu, Physics of Nonlinear Optics, World Scientific, Singapore, 1999.

A wide-ranging treatment of nonlinear optics at an advanced level, with an especially
generous coverage of third-order processes and stimulated scattering. The style is more that
of a review than a tutorial text; the book contains a large number of research references.
G. Agrawal, Nonlinear Fibre Optics, Academic Press, New York, 1989.

A clear and accessible treatment of nonlinear optics in optical fibres.

N. Bloembergen, Nonlinear Optics, Benjamin, New York, 1965.

A classic by one of the leading pioneers of nonlinear optics, albeit written at a very early
date.

A.C. Newell and J.V. Moloney, Nonlinear Optics, Addison Wesley, New York, 1992.

A full-length text on nonlinear optics with a slight bias towards aspects of the subject
relevant to optical communications.

A. Yariv, Quantum Electronics (3rd edn), John Wiley, New York, 1988.

Chapters 14—19 contain a very useful summary of nonlinear optics.

P.N. Butcher and D. Cotter, The Elements of Nonlinear Optics, Cambridge University Press,
Cambridge, 1990.

An authoritative account of the fundamentals of the subject.

H. Zernike and J.E. Midwinter, Applied Nonlinear Optics, Dover, New York, 2007 (reprint).

A valuable account of nonlinear optics as it was in the early 1970s, with a tutorial flavour
and at an introductory level.

R.L. Sutherland, Handbook of Nonlinear Optics (2nd edn), Marcel Dekker, New York,
2003.

An indispensable handbook of nonlinear optics for the specialist.

V.G. Dmitriev, G.G. Gurzadyan and D.N. Nikogosyan, Handbook of Nonlinear Optical
Crystals (3rd edn), Springer, Berlin, 1999.
An indispensable repository of data on nonlinear optical crystals.
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AC Kerr effect. See optical Kerr effect
acoustic waves. See acousto-optics

diffraction of light by, 97-99
acousto-optics, 95-101

programmable dispersive filter, 95-101
ammonium dihydrogen phosphate (ADP), 47, 68,

75,232

analytic signal, 120, 234
angular wave number, 5, 9, 20, 185
anisotropic media, 45-61

light propagation in, 48—60

tables, 47-48
anomalous dispersion, See dispersion, anomalous
antenna picture, See optical antenna
anti-Stokes gain, 90-91, 187-188
anti-Stokes generation, 90-91
area theorem, 194-197
asymmetry

in few-cycle pulses, 216-217

in nonlinear response, 1,4, 6-7,216-217
attosecond pulse generation, 16, 214-216
Autler-Townes splitting, 200

bandwidth theorem, 122

beta-barium borate (BBO), 17, 47, 61, 68, 233

biaxial media, 46, 47, 51-52, 57-60 , 70-72

positive and negative, 60

birefringence, 6-7, 14, 29, 45-61, 95

birefringent phase matching, 6-7, 13, 16, 28, 37, 46,
48, 68-70, 99-101

Bloch equations. See optical Bloch equations

Bloch sphere, 191-195

Bloch vector, 191-194

Bragg regime, 99

carrier-envelope phase, 158-160, 215
centre of symmetry, 3, 7, 48, 95;
See also inversion symmetry, centrosymmetric
medium
centrosymmetric medium, 6-7, 12, 45-48
chirping, 122-123, 130, 121
in OPCPA, 150151
of a Gaussian pulse, 120121
circularly-polarised light
in intensity-dependent refractive index, 82—83
in third harmonic generation, 79, 114, 205-206

in wave plates, 45
coherence length, 17, 6, 11, 23 ,26-28, 115
coherent effects, 14, 17, 189-203
constitutive relation, 51-52
contracted suffix notation, 65-66
contraflow Hermitian parametric coupling, 106
conversion efficiency, 5-6, 23, 147, 204-205,
210-211
coupled-wave equations, 21-22, 29-31
general form, 220
for stimulated Brillouin scattering, 103-107
for stimulated Raman scattering, 88—-89
critical power (for self-focusing), 86
cross-phase modulation, 13, 81
crystal symmetry, 45-48 , 67
crystal classes, 47
crystallographic axes, 48, 67, 70
cubic crystals, 78—79

DC Kerr effect, 2-3, 12, 77, 80-81, 230
DC-induced second harmonic generation, 13, 230
density matrix
advantages, 166—167
definition, 165-167
interaction picture, 163, 166
properties, 167
density matrix approach
compared to probability amplitude approach, 168,
179-183
density operator, 165
dielectric constant, 2, 51-52
inverse, 72
matrix, 51, 63, 170
tensor, 51,
difference-frequency generation (DFG), 11-12, 31-35
diffraction
of light by acoustic waves, 97-99
diffraction grating pair, 125-127, 235
dipole approximation, 163
dipole moment, 2, 3, 50, 167
dipole operator, 163-167
Dirac notation, 163—165



Index

dispersion, 5, 21, 26, 63, 67, 91, 100, 184-185
See also group velocity dispersion
of acoustic waves (ultrasound), 94, 96, 101
anomalous, 118, 185, 200
of a Gaussian pulse, 120-121
normal, 10, 26, 41, 43, 118, 185, 200, 213
in phase and group velocity, 116-119
normal vs anomalous, 118-119
dispersion curve, 93-94, 96-97, 90, 117
dispersion diagram, 94, 117, 146
dispersion distance, 121-122, 130, 136138
dispersion parameter, 119
dominant path, 173—-179
double refraction. See birefringence

electric field definitions. See field definitions
electromagnetically induced transparency (EIT), 17,
198-202
electrostriction, 95-96, 102
electrostrictive constant, 97, 103
elliptically-polarised light
in intensity-dependent refractive index, 82—83
energy eigenstate, 164, 166
expectation value, 164, 167
extraordinary refractive index. See refractive index,
extraordinary
extraordinary wave, 5254, 68—70

field definitions, 20
filamentation, 84, 86
focused beams, 37-43
harmonic generation in, 4143
four-wave processes, 76
Fourier transform
discrete, 237
Franken, P, 34
frequency comb, 114, 158-160

full permutation symmetry, See permutation symmetry

Gaussian beam, 3843, 44, 108
harmonic generation in, 41-43
Gaussian pulse, 120-121, 130
Gouy phase, 38-43 , 213
grating pair. See diffraction grating pair
group time delay, 118
group time delay dispersion, 118-119, 146-147
group velocity, 116-119
group velocity dispersion (GVD), 37, 86, 101,
116-122, 125-132, 135-147
in second harmonic generation, 145-147
positive vs. negative, 119
of a Gaussian pulse, 120-121

half-wave plate, See wave plates

Heisenberg picture, 163

high-harmonic generation, 14, 16-17, 204-217
attosecond pulses from, 214-216

classical model, 206-213
discrete harmonics in, 216-217
spectrum, 211-213
half-cycle bursts, 214-217
long and short trajectories, 208-211, 213
phase matching, 213
recollision energy, 209-211
spectral plateau, 204-205, 211-213
three-step model, 205

Hooke’s Law, 1

hyperbolic secant pulse, 124-125,, 130

idler wave, 32, 35-37
index ellipsoid, 52-54
equation of, 52, 72-73
index matching. See phase matching
index surfaces,
biaxial media, 5860
uniaxial media, 5455
inhomogeneous broadening, 192, 195-198
intensity-dependent refractive index (IDRI), 8287,
132-145
nonlinear coefficient definition, 78, 230-231
perturbation theory formula, 179-183
interaction picture, 163, 166
intrinsic permutation symmetry, See permutation
symmetry, intrinsic
inverse dielectric constant, 72
inversion symmetry, 3, 67, 4548, 95, 176
isotropic media,
(optical isotropy) 47, 45
(structural isotropy) 78-79, 231

KDP. See potassium dihydrogen phosphate

Kerr cell, 80-81, 114

Kerr constant, 80

Kerr effect. See DC Kerr effect; optical Kerr
effect; etc.

Kerr, J, 2

Kerr-lens mode-locking, 16

Kleinmann symmetry, 66—67, 232-233,

KTP. See potassium titanyl phosphate

laser, invention of, 3

lasing without inversion, 17, 199

LBO. See lithium triborate

linear response, 1-4

linear susceptibility, 2, 21, 51, 62—63, 222-223
frequency dependence, 184—185
matrix, 15
perturbation theory formula, 168-176
resonance, 184-185
tensor, 15

lineshape function, 185
inhomogeneous, 192, 195

lithium niobate (LiNbO3), 17, 35, 47, 68, 146, 233
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lithium triborate (LBO), 47, 68, 70, 149-154, 232
second harmonic generation in, 70-72,

local time transformation, 128-130

low-depletion approximation, 22-24

Manley—Rowe relations, 23-24, 29-31, 65-65

Maxwell’s equations, 19-21, 48-50

mismatch parameter, 6, 21, 24, 30, 35, 223-224, 98,
220

modified field variables, 31

momentum matching, 10

multi-frequency Raman generation, 91

non-centrosymmetric medium, 6-7, 45-48
non-centrosymmetric crystals,
tables, 4748, 232233
non-collinear beams, 9-10, 78, 90-91, 94, 102-106,
110-113, 151154, 228
non-instantaneous response, 221-224
nonlinear coefficients,
DC-induced second harmonic generation, 230
DC Kerr effect, 77
definition, 225-231
general second-order process, 228-229
general third-order process, 229-230
in non-centrosymmetric crystals, 232-233
intensity dependent refractive index, 78, 179-183,
230-231
matrix form, 15
optical Kerr effect, 78, 230
optical rectification, 64, 178, 229
Pockels effect, 64, 229
second harmonic generation, 64, 171-176, 221,
227-229
second-order, 6367, 171-178, 225-229
sum-frequency generation, 63—64, 176-178,
224-230
tensor form, 15
third harmonic generation, 77, 114, 178-179, 230
third-order, 77-78, 178-183, 229-230
time and frequency dependence, 221-224
non-linear propagation distance, 84—-86
non-linear response, 4
origin of, 14
nonlinear Schrédinger equation, 85, 136
normal dispersion, See dispersion, normal
normal surface, See index surfaces
numerical simulation
useful formulae for, 237

OPCPA. See optical parametric chirped pulse
amplification

optic axes (biaxial medium), 59-60

optic axis (uniaxial medium), 52-56

optical antenna, 4, 25-26, 41, 92, 97, 111, 196, 206,
213

optical bistability, 16

optical Bloch equations, 189-190
optical Kerr effect, 16, 78, 81-82, 230
optical nonlinearity
origin of, 14, 162
optical parametric amplification, 11-12, 32-36
tuning characteristics, 35-36
optical parametric chirped pulse amplification,
148-154
bandwidth enhancement in, 150152
in three dimensions, 152—154
optical parametric oscillator, 11, 15, 36-37
singly- vs doubly resonant, 37
synchronously pumped, 37
tuning characteristics, 37
optical phase conjugation, 107-113
by four-wave mixing, 110-112
by stimulated Brillouin scattering, 112—113
optical pulse compression. See pulse compression
optical rectification, 7-9, 17, 74
and the Pockels effect, 74
non-linear coefficient definition, 64, 229
perturbation theory formula, 178
optical shock formation, 138-140, 160
optical solitons, 13, 16
order, 85, 136
spatial, 83-87, 115
temporal, 135-138
optics of anisotropic media, 48—60
ordinary refractive index. See refractive index,
ordinary
ordinary wave, 52-54
orthonormality, 164

parametric anti-Stokes generation, 90, 188—189
parametric gain coefficient, 32
parametric (vs. non-parametric) processes, 90-91,
188-189
parametric up-conversion, 30
parametric down-conversion, 31
paraxial wave equation, 38, 44, 84, 236
periodic poling, 16, 28, 35
permutation symmetry
full, 65, 74
intrinsic, 6465, 177, 225-227
perturbation Hamiltonian, 163
perturbation matrix element, 164
perturbation theory. See time-dependent perturbation
theory
phase conjugation. See optical phase conjugation
phase matching, 5-6, 9-13, 16-18, 26-28, 32-37,
41-44, 68-70, 89-91, 98-101, 145-146, 150,
188-189
See also birefringent phase matching, quasi-phase
matching
in anti-Stokes generation, 90-91, 188—189
in high-harmonic generation, 213
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phase matching (cont.)

type I, 68-70

type 11, 70, 219
phase mismatch, 6
phase velocity, 116-119
phasor diagram, 26-27 , 42-43
photoelastic effect, 95
photon flux, 31

physical axes (of a crystal). See principal dielectric

axes
physical constants, 239
pi pulse, 196
piezoelectric effect, 4546, 96,
inverse, 96
piezo-optic effect, 95
Pockels cell, 73
Pockels effect, 9, 72-74
nonlinear coefficient definition, 64, 229
and optical rectification, 74, 229
Pockels, Friedrich, 2
point symmetry group, 46
polarisation
non-instantaneous response, 221-224
of light, 50
of matter, 2, 50
polarisation expansion, 4, 12-15, 17, 221-224
polarisation gating, 216
poling period, 28, 35
ponderomotive energy, 207
potassium dihydrogen phosphate (KDP), 47, 68,
68-70, 73, 183, 232
potassium titanyl phosphate (KTP), 47, 68, 232
Poynting vector, 55, 58, 101
principal dielectric axes, 48, 51
biaxial medium, 59, 68
principal dielectric constants, 51
prism pair/quadruplet, 125-127
probability amplitude approach

compared to density matrix approach, 168, 179-183

pulse area, 194-196

pulse compression, 125-127, 140-145
pulse propagation equation, 128-132
pump wave, 32, 35-37

quarter-wave plate, See wave plates
quarter-wave voltage, 73, 75
quasi-ordinary wave, 59

quasi-phase matching, 16, 26-28, 35-36

Rabi flopping, 193

Rabi frequency, 193194, 199
Rabi, Isidor, 17

Raman gain, 88-89, 186188
Raman gain coefficient, 88
Raman laser, 87

Raman-Nath regine, 98
Raman resonance, 186—188

Raman waves, 91-95
dispersion, 91
Rayleigh length, 38, 41, 43
refractive index, 2, 21
extraordinary, 52-55
of the extraordinary wave, 54
ordinary, 52-55
repeated suffix convention, 62, 64
representation (quantum mechanical), 163
resonance
in the linear susceptibility, 184—185
Raman, 186-188
resonant effects, 14, See Chapter 9
rotating wave approximation, 190

Schawlow, AL, 57
Schrodinger equation, 2, 163—167, 162
Schrodinger picture, 163
second harmonic generation, 3—7, 21-30
group velocity dispersion in, 145-147
in a focused beam, 41-43
in KDP, 68-70
in LBO, 70-72
nonlinear coefficient definition, 64, 227-229
perturbation theory formula, 171-176
second-order processes. See Chapter 2
228-229
self-focusing, 16, 83-87, 114
critical power for, 86
self-induced transparency, 14, 17, 192-198, 202
inhomogeneous broadening in, 195-198

self-phase modulation, 16, 13, 83-87, 114, 132-145

characteristic distance, 133, 160
self-steepening, 13, 114, 138-140
signal wave, 32, 35-37
slow light, 17, 198-202¢
soliton order, 85, 136
state vector, 163
state vector notation. See Dirac notation
stimulated Brillouin scattering, 101-107
stimulated Raman scattering, 87-95, 186—188
stochastic effects, 166-167
Stokes wave, 87
strong-field regime, 204
sum-frequency generation, 9-10, 30-35

non-linear coefficient definition, 63—64, 225-230

perturbation theory formula, 176-178
supercontinuum generation, 114
symmetry

of nonlinear medium, 67, 45-48

third harmonic generation, 13, 24

nonlinear coefficient definition, 77, 114, 178-179,

230
perturbation theory formula, 178-179
in a focused beam, 41-43
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third-order processes. See Chapter 3 diffraction of light by, 97-99
12-13, 229-230 uniaxial media, 47, 51-57
three-wave processes, 29-37 positive and negative, 52, 54
time-bandwidth product, 122 unit cell, 48
time-dependent perturbation theory, 167—183 unit conversion factors, 219-220
first-order, 172-176 units
introduction to, 167-168 SI vs. Gaussian, 218-220
second-order, 171-178
third-order, 178183 virtual levels, 170-175, 178-183

Treacy, EB, 125

two-level atom, 165, 167, 189
two-pi pulse, 195

type I phase matching, 68—70
type II phase matching, 70, 219

walk-off, 55-56, 58, 61

angle, 56
wave-normal ellipsoid. See index ellipsoid
wave plates, 5657

ultrashort pulse diagnostics, 155-158
ultrasound, 95 zero-dispersion wavelength, 119, 130






