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3 l

4 Vrph Edvlf Wkhru| ri Ilqdqfh1 4

414 Lqwurgxfwlrq wr Sulflqj= Vlqjoh Shulrg Prghov1 1 1 1 1 1 1 1 1 1 1 4

415 Pxowlshulrg Prghov1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8

416 Ghwhuplqlqj wkh Surfhvv Ew= 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43

417 Plqlpxp Yduldqfh Sruwirolrv dqg wkh Fdslwdo Dvvhw Sulflqj Prgho1 45

41714 Wkh Fdslwdo Dvvhw Sulflqj Prgho +FDSP, 1 1 1 1 1 1 1 1 46

418 Hqwurs|= fkrrvlqj d T phdvxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;

41814 Furvv Hqwurs| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<

41815 Pd{lpxp Hqwurs| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54

419 Prghov lq Frqwlqxrxv Wlph 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55

41: Uhylhz Sureohpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74

5 Edvlf Prqwh Fduor Phwkrgv 78

514 Vlpxodwlrq dqg Prqwh Fduor Phwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78

515 Xqlirup Udqgrp Qxpehu Jhqhudwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 79

516 Dssduhqw Udqgrpqhvv ri Svhxgr0Udqgrp Qxpehu Jhqhudwruv 1 84

517 Qrq0Xqlirup Udqgrp Qxpehu Jhqhudwlrq 1 1 1 1 1 1 1 1 1 1 1 1 88

518 Jhqhudwlqj Glvfuhwh Glvwulexwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :5

519 Vlpxodwlqj Vwrfkdvwlf Sduwldo Gl�huhqwldo Htxdwlrqv1 1 1 1 1 1 1 1 ::

51: Sureohpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4

6 Yduldqfh Uhgxfwlrq Whfkqltxhv1 <4

614 Lqwurgxfwlrq1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <4

615 Yduldqfh uhgxfwlrq iru rqh0glphqvlrqdo Prqwh0Fduor Lqwhjudwlrq1 <5

616 Vlpxodwlrqv iurp wkh Vwdwlrqdu| Glvwulexwlrq ri d Pdunry Fkdlq1 43:

617 Frxsolqj dqg Shuihfw Vlpxodwlrqv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<

618 Vrph Pxowlyduldwh Dssolfdwlrqv lq Ilqdqfh1 1 1 1 1 1 1 1 1 1 1 1 1 445

619 Sureohpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45:

7 Txdvl0 Prqwh Fduor Pxowlsoh Lqwhjudwlrq 464

714 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 464

715 Huuruv lq qxphulfdo Lqwhjudwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 465
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71514 Orz glvfuhsdqf| vhtxhqfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 466

71515 Gh�qlwlrq= Phdvxuhv ri Glvfuhsdqf|1 1 1 1 1 1 1 1 1 1 1 1 1 467

71516 Gh�qlwlrq= Wrwdo Yduldwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 468

71517 Wkhruhp= Nrnvpd 0 Kodznd lqhtxdolw| 1 1 1 1 1 1 1 1 1 1 1 468

71518 H{dpsohv ri orz glvfuhsdqf| vhtxhqfhv 1 1 1 1 1 1 1 1 1 1 468

71519 Kdowrq Vhtxhqfhv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 469

7151: Vrero Vhtxhqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46;

7151; Gh�qlwlrq= hohphqwdu| lqwhuydo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46;

7151< Gh�qlwlrq= +w>p> v, 0 qhw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46<

715143 Gh�qlwlrq= +w> v, 0 vhtxhqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46<

8 Vhqvlwlylw| Dqdo|vlv/ Hvwlpdwlqj Ghulydwlyhv dqg wkh Juhhnv1 474

814 Hvwlpdwlqj Ghulydwlyhv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 475

81414 Sureohp1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 476

81415 Gh�qlwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 477

81416 H{dpsoh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 478

81417 H{dpsoh1 Hvwlpdwlqj Yhjd1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 479

81418 Jdxvvldq Txdgudwxuh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47:

815 Lq�qlwhvlpdo Shuwxuedwlrq Dqdo|vlv= Sdwkzlvh gl�huhqwldwlrq1 1 1 47;

81514 Vhqvlwlylw| ri wkh ydoxh ri d vsuhdg rswlrq wr wkh fruuhodwlrq1484

9 Hvwlpdwlrq dqg Fdoleudwlrq1 486

914 Xvlqj Klvwrulfdo Gdwd iru Gl�xvlrq Prghov1 1 1 1 1 1 1 1 1 1 1 1 1 486

915 Hvwlpdwlqj Yrodwlolw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 487

916 Hvwlpdwlqj Khgjh udwlrv dqg Fruuhodwlrq Frh�flhqwv1 1 1 1 1 1 1 48;

917 Hvwlpdwlrq xvlqj wkh Whup Vwuxfwxuh ri Lqwhuhvw udwhv 1 1 1 1 1 1 498

: Plvfhoodq| 49:

:14 Qhxudo Qhwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49:

:15 Fkdrv/ Orqj whup ghshqghqfh dqg qrq0olqhdu G|qdplfv 1 1 1 1 1 49;

:16 DUFK DQG JDUFK 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49;

:1614 DUFK+4, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49<

:1615 Hvwlpdwlqj Sdudphwhuv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49<

:1616 Dndlnh*v Lqirupdwlrq Fulwhulrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:3

:1617 Whvwlqj iru DUFK h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:3

:1618 H{dpsoh1 Ghxwvfkpdun H{fkdqjh 1 1 1 1 1 1 1 1 1 1 1 1 1 4:4

; Dsshqgl{ D= Vrph Edvlf Wkhru| ri Suredelolw| 4:8

;14 Suredelolw| Prghov1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:8

;15 Lqghshqghqfh dqg Frqglwlrqdo Suredelolwlhv1 1 1 1 1 1 1 1 1 1 1 1 1 4:;

;16 H{shfwhg Ydoxhv/ Phdq/ Yduldqfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;7

;17 Glvfuhwh Elyduldwh dqg Pxowlyduldwh Glvwulexwlrqv 1 1 1 1 1 1 1 1 1 4;;

;18 Frqwlqxrxv Glvwulexwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<5

539

;19 Vwrfkdvwlf Surfhvvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53;
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;1: Frqglwlrqdo H{shfwdwlrq dqg Pduwlqjdohv 1 1 1 1 1 1 1 1 1 1 1 1 1 546

;1:14 Frqglwlrqdo H{shfwdwlrq1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 546

;1:15 Pduwlqjdohv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 548

;1:16 Pduwlqjdohv dqg Ilqdqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54:

< Dsshqgl{ E= Vwrfkdvwlf Lqwhjudwlrq dqg Frqwlqxrxv WlphPrg0

hov 54<

<14 Ruglqdu| Gl�huhqwldo Htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 553

<15 V|vwhpv ri Ruglqdu| Gl�huhqwldo Htxdwlrqv1 1 1 1 1 1 1 1 1 1 1 1 1 556

<16 Sduwldo Gl�huhqwldo Htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 556

43 Dsshqgl{= Qxphulfdo Vroxwlrqv ri GH*v dqg SGH*v 564

431314 Gl�huhqfh dqg Gl�huhqwldo Rshudwruv dqg vroylqj RGH*v1 564

431315 Qxphulfdo Phwkrgv iru S1G1H1*v1 H{solflw Ilqlwh Gl�hu0

hqfh Phwkrg1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 568

431316 Lpsolflw Ilqlwh Gl�huhqfh Vroxwlrqv wr wkh Gl�xvlrq Htxd0

wlrq1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56;

431317 Wkh Fudqn0Qlfrovrq Phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 573

431318 Vwdelolw| dqg Frqvlvwhqf| ri wkh Fudqn0Qlfrovrq1 1 1 1 1 1 574

431319 Wkh Phwkrg ri Olqhv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 575

43131: Ilqlwh Hohphqwv dqg wkh Jdohunlq Phwkrg1 1 1 1 1 1 1 1 1 576

43131; Vroxwlrq ri wkh Gl�xvlrq Htxdwlrq1 1 1 1 1 1 1 1 1 1 1 1 1 1 57;

43131< Eodfn0Vfkrohv zlwk Wudqvdfwlrq Frvwv1 1 1 1 1 1 1 1 1 1 1 1 586

4313143Phwkrgv iru Dphulfdq Rswlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 587

44 Dsshqgl{ F= Jorvvdu|1 58:
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Wklv errn frqfhuqv wkh dqdo|vlv ri prghov iru �qdqfldo pdunhwv/ sduwlfxoduo|

wkh dvvhwv wudghg wkhuh1 Zh sd| sduwlfxodu dwwhqwlrq wr �qdqfldo ghulydwlyhv

vxfk dv rswlrqv dqg ixwxuhv1 Wkhvh duh �qdqfldo lqvwuxphqwv zklfk ghulyh wkhlu

ydoxh iurp vrph dvvrfldwhg dvvhw1 Iru h{dpsoh d fdoo rswlrq lv zulwwhq rq d

sduwlfxodu vwrfn/ dqg lwv ydoxh dw h{slu| ghshqgv rq wkh sulfh ri wkh vwrfn dw

h{slu|1 Exw wkhuh duh pdq| rwkhu w|shv ri �qdqfldo ghulydwlyhv/ wudghg rq dvvhwv

vxfk dv erqgv/ fxuuhqf| pdunhwv ru iruhljq h{fkdqjh pdunhwv/ dqg frpprglwlhv1

Lqghhg wkhuh lv d jurzlqj lqwhuhvw lq vr0fdoohg _uhdo rswlrqv%/ wkrvh zulwwhq rq

vrph uhdo0zruog sk|vlfdo surfhvv vxfk dv wkh whpshudwxuh ru wkh dprxqw ri

udlqidoo1

Lq jhqhudo/ dq rswlrq jlyhv wkh kroghu d uljkw/ qrw dq reoljdwlrq/ wr vhoo ru

ex| d suhvfulehg dvvhw +wkh xqghuo|lqj dvvhw, dw d sulfh ghwhuplqhg e| wkh

frqwudfw +wkh h{huflvh ru vwulnh sulfh,1 Iru h{dpsoh li |rx rzq d fdoo rswlrq rq

vkduhv ri LEP zlwk h{slu| gdwh Rfw1 53/ 5333 dqg h{huflvh sulfh '453/ wkhq

rq Rfwrehu 53/ 5333 |rx kdyh wkh uljkw wr sxufkdvh d �{hg qxpehu / vd| 433

vkduhv ri LEP dw wkh sulfh '4531 Li LEP lv vhoolqj iru '463 rq wkdw gdwh/ wkhq

|rxu rswlrq lv zruwk '43 shu vkduh rq h{slu|1 Li LEP lv vhoolqj iru '453 ru ohvv/

wkhq |rxu rswlrq lv zruwkohvv1 Zh qhhg wr nqrz zkdw d idlu ydoxh zrxog eh

iru wklv rswlrq zkhq lw lv vrog/ vd| rq Iheuxdu| 4/ 53331 Ghwhuplqlqj wklv idlu

ydoxh uholhv rq vrsklvwlfdwhg prghov erwk iru wkh pryhphqwv lq wkh xqghuo|lqj

dvvhw dqg wkh uhodwlrqvkls ri wklv dvvhw zlwk wkh ghulydwlyh/ dqg lv wkh vxemhfw ri

d odujh sduw ri wklv errn1 \rx pd| kdyh erxjkw dq LEP rswlrq iru wzr srvvleoh

uhdvrqv/ hlwkhu ehfdxvh |rx duh vshfxodwlqj rq dq lqfuhdvh lq wkh vwrfn sulfh/

ru wr khgjh d surplvh wkdw |rx kdyh pdgh wr gholyhu LEP vwrfnv wr vrphrqh

lq wkh ixwxuh djdlqvw srvvleoh lqfuhdvhv lq wkh vwrfn sulfh1 Wkh vhfrqg xvh ri

ghulydwlyhv lv vlplodu wr wkh xvh ri dq lqvxudqfh srolf| djdlqvw pryhphqwv lq

dq dvvhw sulfh wkdw frxog gdpdjh ru edqnuxsw wkh kroghu ri d sruwirolr1 Lw lv

wklv vhfrqg xvh ri ghulydwlyhv wkdw kdv ixhohg prvw ri wkh skhqrphqdo jurzwk

lq wkhlu wudglqj1 Zlwk wkh joredol}dwlrq ri hfrqrplhv/ lqgxvwulhv duh vxemhfw wr

pruh dqg pruh hfrqrplf irufhv wkdw wkh| duh xqdeoh wr frqwuro exw qhyhuwkhohvv

zlvk vrph irup ri lqvxudqfh djdlqvw1 Wklv uhtxluhv d khgjhv djdlqvw d zkroh

l
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olwdq| ri glvdgydqwdjhrxv pryhv ri wkh pdunhw vxfk dv lqfuhdvhv lq wkh frvw ri

eruurzlqj/ ghfuhdvhv lq wkh ydoxh ri dvvhwv khog/ fkdqjhv lq d iruhljq fxuuhqf|

h{fkdqjh udwhv/ hwf1

Wkh dgydqfhg wkhru| ri �qdqfh/ olnh pdq| duhdv zkhuh dgydqfhg pdwkhpdw0

lfv sod|v dq lpsruwdqw sduw/ lv xqghujrlqj d uhyroxwlrq dlghg dqg dehwwhg e|

wkh frpsxwhu dqg wkh surolihudwlrq ri srzhuixo vlpxodwlrq dqg v|perolf pdwk0

hpdwlfdo wrrov1 Wklv lv wkh pdwkhpdwlfdo htxlydohqw ri wkh lqyhqwlrq ri wkh

sulqwlqj suhvv1 Wkh qxphulfdo dqg frpsxwdwlrqdo srzhu rqfh uhvhuyhg iru wkh

prvw kljko| wudlqhg pdwkhpdwlfldqv/ hqjlqhhuv lv qrz dydlodeoh wr doo1

Rqh ri wkh �uvw kxugohv idfhg ehiruh dgrswlqj vwrfkdvwlf ru udqgrp prghov

lq �qdqfh lv wkh uhfrjqlwlrq wkdw iru doo sudfwlfdo sxusrvhv/ wkh sulfhv ri htxlwlhv

lq dq h�flhqw pdunhw duh udqgrp yduldeohv/ wkdw lv zkloh wkh| pd| vkrz vrph

ghshqghqfh rq �vfdo dqg hfrqrplf surfhvvhv dqg srolflhv/ wkh| kdyh d frpsr0

qhqw ri udqgrpqhvv wkdw pdnhv wkhp xqsuhglfwdeoh1 Wklv dsshduv rq wkh vxuidfh

wr eh frqwudu| wr wkh wudlqlqj zh doo uhfhlyh wkdw hyhu| h�hfw kdv d fdxvh/ dqg

hyhu| fkdqjh lq wkh sulfh ri d vwrfn pxvw eh gulyhq e| vrph idfwru lq wkh frp0

sdq| ru wkh hfrqrp|1 Exw zh vkrxog uhphpehu wkdw udqgrp prghov duh riwhq

dssolhg wr v|vwhpv wkdw duh hvvhqwldoo| fdxvdo zkhq phdvxulqj dqg dqdo|}lqj

wkh ydulrxv idfwruv lq�xhqflqj wkh surfhvv dqg wkhlu h�hfwv lv wrr prqxphqwdo

d wdvn1 Hyhq lq wkh vlpsoh wrvv ri d idlu frlq/ wkh uhvxow lv suhghwhuplqhg e|

wkh irufhv dssolhg wr wkh frlq gxulqj dqg diwhu lw lv wrvvhg1 Lq vslwh ri wklv/ zh

prgho lw dv d udqgrp yduldeoh ehfdxvh zh kdyh lqvx�flhqw lqirupdwlrq rq wkhvh

irufhv wr pdnh d pruh dffxudwh suhglfwlrq ri wkh rxwfrph1 Prvw �qdqfldo sur0

fhvvhv lq dq dgydqfhg hfrqrp| duh ri d vlplodu qdwxuh1 H{fkdqjh udwhv/ lqwhuhvw

udwhv dqg htxlw| sulfhv duh vxemhfw wr wkh suhvvxuhv ri d odujh qxpehu ri wudghuv/

jryhuqphqw djhqflhv/ vshfxodwruv/ dv zhoo dv wkh irufhv dssolhg e| lqwhuqdwlrqdo

wudgh dqg wkh �rz ri lqirupdwlrq1 Lq wkh djjuhjdwh wkhuh lv dq h{wudruglqdu|

qxpehu ri irufhv dqg lqirupdwlrq wkdw lq�xhqfh wkh surfhvv1 Zkloh zh pljkw

krsh wr suhglfw vrph ihdwxuhv ri wkh surfhvv vxfk dv wkh dyhudjh fkdqjh lq sulfh

ru wkh yrodwlolw|/ d suhflvh hvwlpdwh ri wkh sulfh ri dq dvvhw rqh |hdu iurp wrgd|

lv fohduo| lpsrvvleoh1 Wklv lv wkh edvlf dujxphqw qhfhvvlwdwlqj vwrfkdvwlf prg0

hov lq �qdqfh1 D vwrfkdvwlf prgho grhv qrw plolwdwh djdlqvw vrph delolw| wr

iruhfdvw1 Lw lv dgrswhg zkhqhyhu zh dfnqrzohgjh wkdw d surfhvv lv qrw shuihfwo|

suhglfwdeoh dqg wkh qrq0suhglfwdeoh frpsrqhqw ri wkh surfhvv lv ri vx�flhqw

lpsruwdqfh wr dwwhpsw wr prgho1

Qrz li zh dffhsw wkdw wkh sulfh ri d vwrfn lv d udqgrp yduldeoh/ zkdw duh

wkh frqvwdqwv lq rxu prghoB Lv d groodu ri frqvwdqw ydoxh/ dqg li vr/ wkh groodu

ri zklfk qdwlrqB Ru vkrxog zh dffhsw rqh xqlw ri d lqgh{ zkdw lq vrph vhqvh

uhsuhvhqwv d vkduh ri wkh joredo hfrqrp| dv wkh frqvwdqwB Wklv txhvwlrq frqfhuqv

rxu fkrlfh ri zkdw lv fdoohg wkh _qxphudluh% lq ghihuhqfh wr wkh Iuhqfk lq�xhqfh

rq wkh wkhru| ri suredelolw|/ ru wkh surfhvv djdlqvw zklfk wkh ydoxh ri rxu dvvhwv

zloo eh phdvxuhg1 Zh zloo vhh wkdw wkhuh lv qrw d xqltxh dqvzhu wr wklv txhvwlrq/

qru grhv wkdw pdwwhu iru prvw sxusrvhv1 Zh fdq xvh d erqg ghqrplqdwhg lq

Fdqdgldq grooduv dv wkh qxphudluh ru rqh lq XV grooduv1 Surylghg zh dffrxqw

iru wkh yduldelolw| lq wkh h{fkdqjh udwh/ wkh sulfh ri dq dvvhw zloo eh wkh vdph1

Vr wr vrph h{whqw rxu fkrlfh ri qxphudluh lv duelwudu|0 zh pd| slfn zkdwhyhu
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lv prvw frqyhqlhqw iru wkh sureohp dw kdqg1

Rqh ri wkh prvw lpsruwdqw prghuq wrrov iru dqdo|}lqj d vwrfkdvwlf v|vwhp

lv vlpxodwlrq1 Vlpxodwlrq lv wkh lplwdwlrq ri d uhdo0zruog surfhvv ru v|vwhp1 Lw

lv hvvhqwldoo| d prgho/ riwhq d pdwkhpdwlfdo prgho ri d surfhvv1 Lq �qdqfh/

d edvlf prgho iru wkh hyroxwlrq ri vwrfn sulfhv/ lqwhuhvw udwhv/ h{fkdqjh udwhv

hwf1 zrxog eh qhfhvvdu| wr ghwhuplqh d idlu sulfh ri d ghulydwlyh vhfxulw|1

Vlpxodwlrqv/ olnh sxuho| pdwkhpdwlfdo prghov/ xvxdoo| pdnh dvvxpswlrqv derxw

wkh ehkdylrxu ri wkh v|vwhp ehlqj prghoohg1 Wklv prgho uhtxluhv lqsxwv/ riwhq

fdoohg wkh sdudphwhuv ri wkh prgho dqg rxwsxwv d uhvxow zklfk pljkw phdvxuh wkh

shuirupdqfh ri d v|vwhp/ wkh sulfh ri d jlyhq �qdqfldo lqvwuxphqw/ ru wkh zhljkwv

rq d sruwirolr fkrvhq wr kdyh vrph ghvludeoh surshuw|1 Zh xvxdoo| frqvwuxfw wkh

prgho lq vxfk d zd| wkdw lqsxwv duh hdvlo| fkdqjhg ryhu d jlyhq vhw ri ydoxhv/

dv wklv doorzv iru d pruh frpsohwh slfwxuh ri wkh srvvleoh rxwfrphv1

Zk| xvh vlpxodwlrqB Wkh vlpsoh dqvzhu lv wkdw lv wkdw lw wudqvihuv zrun

wr wkh frpsxwhu1 Zkhq frpsduhg zlwk d sxuho| pdwkhpdwlfdo dqdo|vlv/ prghov

zlwk pruh frpsoh{lw| dqg ihzhu dvvxpswlrqv/ prghov wkdw duh forvhu wr wkh

uhdo0zruog/ duh srvvleoh1 E| fkdqjlqj sdudphwhuv zh fdq h{dplqh lqwhudfwlrqv/

dqg vhqvlwlylwlhv ri wkh v|vwhp wr ydulrxv idfwruv1 H{shulphqwhuv pd| hlwkhu

xvh d vlpxodwlrq wr surylgh d qxphulfdo dqvzhu wr d txhvwlrq/ dvvljq d sulfh

wr d jlyhq dvvhw/ lghqwli| rswlpdo vhwwlqjv iru frqwuroodeoh sdudphwhuv/ h{dplqh

wkh h�hfw ri h{rjhqrxv yduldeohv ru lghqwli| zklfk ri vhyhudo vfkhphv lv pruh

h�flhqw ru pruh sur�wdeoh1 Wkh yduldeohv wkdw kdyh wkh juhdwhvw h�hfw rq d

v|vwhp fdq eh lvrodwhg1 Zh fdq dovr xvh vlpxodwlrq wr yhuli| wkh uhvxowv rewdlqhg

iurp dq dqdo|wlf vroxwlrq1 Iru h{dpsoh pdq| ri wkh wudfwdeoh prghov xvhg lq

�qdqfh wr vhohfw sruwirolrv dqg sulfh ghulydwlyhv duh zurqj1 Wkh| sxw wrr olwwoh

zhljkw rq wkh h{wuhph revhuydwlrqv/ wkh odujh srvlwlyh dqg qhjdwlyh pryhphqwv

+fudvkhv,/ zklfk kdyh wkh prvw gudpdwlf h�hfw rq wkh uhvxowv1 Lv wklv odfn ri

�w ri pdmru frqfhuq zkhq zh xvh d vwdqgdug prgho vxfk dv wkh Eodfn0Vfkrohv

prgho wr sulfh d ghulydwlyhB Txhvwlrqv vxfk dv wklv rqh fdq eh dqvzhuhg lq sduw

e| h{dplqlqj vlpxodwlrqv zklfk dffrug pruh forvho| zlwk wkh uhdo zruog/ exw

zklfk duh lqwudfwdeoh wr pdwkhpdwlfdo dqdo|vlv1

Vlpxodwlrq lv dovr xvhg wr dqvzhu txhvwlrqv vwduwlqj zlwk _zkdw li%1 Iru

h{dpsoh/ Zkdw zrxog eh wkh uhvxow li lqwhuhvw udwhv urvh 6 shufhqwdjh srlqwv

ryhu wkh qh{w 45 prqwkvB Lq hqjlqhhulqj/ ghwhuplqlqj zkdw zrxog kdsshq xqghu

pruh h{wuhph flufxpvwdqfhv lv riwhq uhihuuhg wr dv vwuhvv whvwlqj dqg vlpxodwlrq

lv d sduwlfxoduo| ydoxdeoh wrro khuh vlqfh wkh vfhqdulrv zh duh frqfhuqhg derxw duh

wkrvh wkdw zh revhuyh wrr uduho| wr kdyh d vxevwdqwldo h{shulhqfh ri1 Vlpxodwlrqv

duh xvhg/ iru h{dpsoh/ wr ghwhuplqh wkh h�hfw ri dq dlufudiw ri �|lqj xqghu

h{wuhph frqglwlrqv dqg lv xvhg wr dqdo|vh wkh �ljkw gdwd lqirupdwlrq lq wkh

hyhqw ri dq dfflghqw1 Vlpxodwlrq riwhq surylghv h{shulhqfh dw d orzhu frvw wkdq

wkh dowhuqdwlyhv1

Exw wkhvh dgydqwdjhv duh qrw zlwkrxw vrph vdful�fh1 Wzr lqglylgxdov pd|

fkrrvh wr prgho wkh vdph skhqrphqrq lq gl�huhqw zd|v/ dqg dv d uhvxow/ pd|

kdyh txlwh gl�huhqw vlpxodwlrq uhvxowv1 Ehfdxvh wkh rxwsxw iurp d vlpxodwlrq

lv udqgrp/ lw lv vrphwlphv kdughu wr dqdo|vlv0 vrph vwdwlvwlfdo h{shulhqfh dqg

wrrov duh d ydoxdeoh dvvhw1 Exloglqj prghov dqg zulwlqj vlpxodwlrq frgh lv qrw
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dozd|v hdv|0 wlph lv uhtxluhg erwk wr frqvwuxfw wkh vlpxodwlrq/ ydolgdwh lw/ dqg wr

dqdo|vlv wkh uhvxowv1 Dqg vlpxodwlrq grhv qrw uhqghu doo pdwkhpdwlfdo dqdo|vlv

xqqhfhvvdu|0 li d uhdvrqdeo| vlpsoh dqdo|wlf h{suhvvlrq iru d vroxwlrq h{lvwv

lw lv dozd|v suhihudeoh wr d vlpxodwlrq1 Zkloh d vlpxodwlrq pd| surylgh dq

dssur{lpdwh qxphulfdo dqvzhu dw rqh ru pruh srvvleoh sdudphwhu ydoxhv/ rqo|

dq h{suhvvlrq iru wkh vroxwlrq surylghv lqvljkw wr wkh zd| lq zklfk lw uhvsrqgv

wr wkh lqglylgxdo sdudphwhuv/ wkh vhqvlwlylwlhv ri wkh vroxwlrq1

Lq frqvwuxfwlqj d vlpxodwlrq/ |rx vkrxog eh frqvflrxv ri d qxpehu ri glvwlqfw

vwhsv>

41 Irupxodwh wkh sureohp dw kdqg1 Zk| gr zh qhhg wr xvh vlpxodwlrqB

51 Vhw wkh remhfwlyhv dv vshfl�fdoo| dv srvvleoh1 Wklv vkrxog lqfoxgh zkdw

phdvxuhv rq wkh surfhvv duh ri prvw lqwhuhvw1

61 Vxjjhvw fdqglgdwh prghov1 Zklfk ri wkhvh duh forvhvw wr wkh uhdo0zruogB

Zklfk duh idluo| hdv| wr zulwh frpsxwhu frgh iruB Zkdw sdudphwhu ydoxhv

duh ri lqwhuhvwB

71 Li srvvleoh/ froohfw uhdo gdwd dqg lghqwli| zklfk ri wkh deryh prghov lv

prvw dssursuldwh1 Zklfk grhv wkh ehvw mre ri jhqhudwlqj wkh jhqhudo

fkdudfwhulvwlfv ri wkh uhdo gdwdB

81 Lpsohphqw wkh prgho1 Zulwh frpsxwhu frgh wr uxq vlpxodwlrqv1

91 Yhuli| +ghexj, wkh prgho1 Xvlqj vlpsoh vshfldo fdvhv/ lqvxuh wkdw wkh frgh

lv grlqj zkdw |rx wklqn lw lv grlqj1

:1 Ydolgdwh wkh prgho1 Hqvxuh wkdw lw jhqhudwhv gdwd zlwk wkh fkdudfwhulvwlfv

ri wkh uhdo gdwd1

;1 Ghwhuplqh vlpxodwlrq ghvljq sdudphwhuv1 Krz pdq| vlpxodwlrqv duh wr

eh uxq dqg zkdw dowhuqdwlyhv duh wr eh vlpxodwhgB

<1 Uxq wkh vlpxodwlrq1 Froohfw dqg dqdo|vh wkh rxwsxw1

431 Duh wkhuh vxusulvhvB Gr zh qhhg wr fkdqjh wkh prgho ru wkh sdudphwhuvB

Gr zh qhhg pruh uxqvB

441 Ilqdoo| zh grfxphqw wkh uhvxowv dqg frqfoxvlrqv lq wkh oljkw ri wkh vlpxod0

wlrq uhvxowv1 Wdeohv ri qxpehuv duh wr eh dyrlghg1 Zhoo0fkrvhq judskv duh

riwhq ehwwhu zd|v ri johdqlqj txdolwdwlyh lqirupdwlrq iurp d vlpxodwlrq1

Lq wklv errn/ zh zloo qrw dozd|v iroorz rxu rzq dgylfh/ ohdylqj vrph ri

wkh deryh vwhsv iru wkh uhdghu wr �oo lq1 Qhyhuwkhohvv/ wkh lpsruwdqfh ri prgho

ydolgdwlrq/ iru h{dpsoh/ fdqqrw eh ryhuvwdwhg1 Sduwlfxoduo| lq �qdqfh zkhuh gdwd

lv riwhq sohqwlixo/ kljko| frpsoh{ pdwkhpdwlfdo prghov duh wrr riwhq dssolhg

zlwkrxw dq| hylghqfh wkdw wkh| �w wkh revhuyhg gdwd dghtxdwho|1 Wkh uhdghu lv

dgylvhg wr frqvxow dqg dgguhvv wkh srlqwv lq hdfk ri wkh vwhsv deryh zlwk hdfk

qhz vlpxodwlrq +dqg pdq| ri wkh h{dpsohv lq wklv wh{w,1
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Ohw xv frqvlghu wkh iroorzlqj h{dpsoh looxvwudwlqj d vlpsoh xvh iru d vlpx0

odwlrq prgho1 Zh duh frqvlghulqj d ex|0rxw elg iru wkh vkduhv ri d frpsdq|1

Dowkrxjk wkh frpsdq|*v vwrfn lv suhvhqwo| ydoxhg dw durxqg '44183 shu vkduh/ d

fduhixo dqdo|vlv kdv ghwhuplqhg wkdw lw �wv vx�flhqwo| zhoo zlwk rxu fxuuhqw dv0

vhwv wkdw li wkh ex|0rxw zhuh vxffhvvixo/ lw zrxog eh zruwk dssur{lpdwho| '47133

shu vkduh lq rxu kdqgv1 Zh duh frqvlghulqj rqo| wkuhh dowhuqdwlyhv1 Dq lpph0

gldwh fdvk r�hu ri '45133/ '46133 ru '47133 shu vkduh iru rxwvwdqglqj vkduhv ri

wkh frpsdq|1 Qdwxudoo| zh zrxog olnh wr elg dv olwwoh dv srvvleoh1 Xqiruwxqdwho|

zh h{shfw d frpshwlwru wr dovr pdnh d elg iru wkh frpsdq|/ dqg wkh frpshwlwru

ydoxhv wkh vkduhv gl�huhqwo|1 Pruhryhu wkhuh duh frvwv dvvrfldwhg zlwk orvlqj d

jlyhq elg wr wkh frpshwlwru1 Vxssrvh wkh sd|r� wr rxu �up ghshqgv rq wkh

dprxqw elg e| wkh frpshwlwru dqg wkh srvvleoh vfhqdulrv duh dv jlyhq lq wkh

iroorzlqj wdeoh1

Frpshwlwru

Elg D E F

\rxu 45 6 5 05

Fr1 46 4 07 7

47 3 08 8

Wkh sd|r�v wr wkh frpshwlwru duh vrphzkdw gl�huhqw dqg jlyhq ehorz

Frpshwlwru Elg

D E F

\rxu 45 04 05 6

Elg 46 3 7 09

47 3 8 08

Gh�qh wkh 6 � 6 pdwul{ ri sd|r�v olvwhg lq Wdeoh 4 e| D dqg wkdw lq

Wdeoh 4 e| E= Surylghg wkdw |rx sod| vwudwhj| l @ 4> 5> 6 +l1h1 elg '45/'46/'47

zlwk suredelolwlhv s4> s5> s6 uhvshfwlyho| dqg wkh suredelolwlhv ri wkh frpshwlwru*v

vwudwhjlhv duh tm > m @ 4> 5> 6> wkhq zh fdq zulwh wkh h{shfwhg sd|r� wr |rx lq

wkh irup
S6

l@4

S6
m@4 slDlmtm => zklfk/ zkhq zulwwhq dv d yhfwru0pdwul{ surgxfw/

wdnhv wkh irup sWDt= Wklv fdq eh wkrxjkw ri dv wkh dyhudjh uhwxuq wr |rxu �up

lq wkh orqj uxq li wklv jdph zhuh uhshdwhg pdq| wlphv1 Lq wklv fdvh |rx zrxog

fohduo| fkrrvh sl @ 4 iru wkh urz l fruuhvsrqglqj wr wkh pd{lpxp frpsrqhqw

ri Dt> li wkh yhfwru t zhuh nqrzq wr |rx1 Vlploduo| |rxu frpshwlwru zrxog

fkrrvh tm @ 4 iru wkh froxpq m fruuhvsrqglqj wr wkh pd{lpxp frpsrqhqw

ri sWE= Ryhu wkh orqj kdxo/ li wklv jdph zhuh lqghhg uhshdwhg pd| wlphv/ |rx

zrxog olnho| nhhs wudfn ri |rxu rssrqhqw*v iuhtxhqflhv dqg uhsodfh wkh xqnqrzq

suredelolwlhv e| wkh iuhtxhqflhv1 Wklv zrxog vhhp wr eh d uhdvrqdeoh dssurdfk

wr exloglqj d vlpxodwlrq prgho iru wklv jdph1 Sod| wkh jdph uhshdwhgo| zlwk

hdfk ri wkh wzr sod|huv xsgdwlqj wkh hvwlpdwhg suredelolwlhv zlwk zklfk wkhlu

rssrqhqw xvhv wkhlu dydlodeoh vwudwhjlhv dqg uhfrug wkh qxpehu ri wlphv hdfk

vwudwhj| lv xvhg1 Lq wklv fdvh zh uxq wkh ixqfwlrq

ixqfwlrq ^s/t`@qrq}hurvxp+D/E/qvlp,

( D dqg E duh sd|r� pdwulfhv wr wkh wzr sduwlflsdqwv lq d jdph1 Rxwsxwv

(pl{hg vwudwhjlhv s dqg t ghwhuplqhg e| vlpxodwlrq frqgxfwhg qvlp wlphv
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q@vl}h+D,> ( D dqg E kdyh wkh vdph vl}h

s@rqhv+4/q+4,,> t@rqhv+q+5,/4,> ( lqlwldol}h zlwk srvlwlyh zhljkwv rq doo

vwudwhjlhv

iru l@4=qvlp

^p/v`@pd{+D-t,> s+v,@s+v,.4>

^p/v`@pd{+s-E,> t+v,@t+v,.4>

hqg

s@s0rqhv+4/q+4,,> s@s2vxp+s,>

t@t0rqhv+q+5,/4,> t@t2vxp+t,>

Wkh iroorzlqj rxwsxw uhvxowv iurp uxqqlqj wklv ixqfwlrq iru 83/333 vlpxod0

wlrqv1

^s/t`@qrq}hurvxp+D/E/83333,

s @ 31999: 315555 314444

t @ 3 318333 318333

dqg wklv vhhpv wr lqglfdwh wkdw wkh vwudwhjlhv zloo eh _pl{hg% ru udqgrp1 \rx

vkrxog fkrrvh d elg ri '45133 zlwk suredelolw| durxqg 526/ '46133 zlwk sure0

delolw| derxw 52< dqg '47133 zlwk suredelolw| 42<1 Lw dsshduv wkdw wkh frp0

shwlwru qhhg rqo| wrvv d idlu frlq dqg vhohfw ehwzhhq E dqg F edvhg rq lwv

rxwfrph1 Zk| udqgrpl}h |rxu fkrlfhB Li |rx zhuh wr fkrrvh d vlqjoh vwudwhj|

dv |rxu _ehvw% wkhq |rxu frpshwlwru frxog suhvxpdeo| ghwhuplqh zkdw |rxu

_ehvw% vwudwhj| lv dqg dfw wr uhgxfh |rxu uhwxuq zkloh lqfuhdvlqj wkhluv1 Rqo|

udqgrpl}dwlrq surylghv wkh qhfhvvdu| lqvxudqfh wkdw qhlwkhu sod|hu fdq jxhvv

wkh vwudwhj| wr eh hpsor|hg e| wkh rwkhu1 Wklv lv d udwkhu vlpsoh h{dpsoh ri

d wzr0shuvrq jdph zlwk qrq0frqvwdqw vxp +lq wkh vhqvh wkdw D.E lv qrw d

frqvwdqw pdwul{,1 Pdwkhpdwlfdo dqdo|vlv ri vxfk jdphv fdq eh txlwh frpsoh{1

Sduwlflsdqwv pd| frpshwh ru frrshudwh iru d juhdwhu wrwdo uhwxuq1

Zkloh wkhuh lv qr dvvxudqfh wkdw wkh vroxwlrq lv rswlpdo/ lw lv lq wklv fdvh

hdvlo| vhhq wr eh vhqvleoh vroxwlrq/ dfklhyhg zlwk olwwoh h�ruw1 Lqghhg lq d jdph

vxfk dv wklv/ wkhuh lv qr fohdu gh�qlwlrq ri zkdw dq rswlpdo vwudwhj| zrxog

eh1 Gr |rx sodq |rxu sod| edvhg rq wkh zruvw fdvh ru wkh ehvw fdvh vfhqdulr

ru vrphwklqj lq ehwzhhq vxfk dv vrph irup ri dyhudjhB Gr |rx dwwhpsw wr

frooderudwh zlwk |rxu frpshwlwru iru juhdwhu wrwdo uhwxuq dqg wkhq vxevhtxhqwo|

glylgh wklv lq vrph idvklrqB Khuh wkh vlpxodwlrq kdv hpxodwhg d vlpsoh irup

ri frpshwlwru ehkdylrxu dqg duulyhg dw d uhdvrqdeoh vroxwlrq1

Wkhuh uhpdlqv wkh txhvwlrq ri krz zh dfwxdoo| vhohfw d elg zlwk suredelolwlhv

526/ 52< dqg 42< uhvshfwlyho|1 Iluvw ohw xv dvvxph wkdw zh duh deoh wr fkrrvh

d _udqgrp qxpehu% X lq wkh lqwhuydo ^3/4` vr wkdw wkh suredelolw| wkdw lw idoov

lq dq| jlyhq vxelqwhuydo lv sursruwlrqdo wr wkh ohqjwk ri wkdw vxelqwhuydo1 Wklv

phdqv wkdw wkh udqgrp qxpehu kdv d xqlirup glvwulexwlrq rq wkh lqwhuydo ^3/4`1

Wkhq zh frxog ghwhuplqh rxu elg edvhg rq wkh ydoxh ri wklv udqgrp qxpehu

iurp wkh iroorzlqj wdeoh>

Li X ? 5@6 5@6 � X ? ;@< ;@< � X ? 4

Elg 45 46 47
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Wkh zd| lq zklfk X lv jhqhudwhg rq d frpsxwhu zloo eh glvfxvvhg lq pruh

ghwdlo lq fkdswhu 5/ exw iru wkh suhvhqw qrwh wkdw hdfk ri wkh wkuhh dowhuqdwlyh

elgv kdyh wkh fruuhfw suredelolw|1
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Ohw xv ehjlq zlwk d yhu| vlpsoh h{dpsoh ghvljqhg wr looxvwudwh wkh qr0duelwudjh

dssurdfk wr sulflqj ghulydwlyhv1 Frqvlghu d vwrfn zkrvh sulfh dw suhvhqw lv 'v1

Ryhu d jlyhq shulrg/ wkh vwrfn pd| pryh hlwkhu xs ru grzq/ xs wr d ydoxh vx

zkhuh x A 4 zlwk suredelolw| s ru grzq wr wkh ydoxh vg zkhuh g ? 4 zlwk

suredelolw| 4�s= Lq wklv prgho/ wkhvh duh wkh rqo| pryhv srvvleoh iru wkh vwrfn

lq d vlqjoh shulrg1 Ryhu d orqjhu shulrg/ ri frxuvh/ pdq| rwkhu ydoxhv duh

srvvleoh1 Lq wklv pdunhw/ zh dovr dvvxph wkdw wkhuh lv d vr0fdoohg ulvn0iuhh erqg

dydlodeoh uhwxuqlqj d jxdudqwhhg udwh ri u( shu shulrg1 Vxfk d erqg fdqqrw

ghidxow> wkhuh lv qr udqgrp phfkdqlvp jryhuqlqj lwv uhwxuq zklfk lv nqrzq

xsrq sxufkdvh1 Dq lqyhvwphqw ri '4 dw wkh ehjlqqlqj ri wkh shulrg uhwxuqv d

jxdudqwhhg '+4 . u, dw wkh hqg1 Wkhq d sruwirolr sxufkdvhg dw wkh ehjlqqlqj

ri d shulrg frqvlvwlqj ri | vwrfnv dqg { erqgv zloo uhwxuq dw wkh hqg ri wkh

shulrg dq dprxqw '{+4 . u, . |v] zkhuh ] lv d udqgrp yduldeoh wdnlqj

ydoxhv x ru g zlwk suredelolwlhv s dqg 4� s uhvshfwlyho|1 Zh shuplw rzqlqj

d qhjdwlyh dprxqw ri d vwrfn ru erqg/ fruuhvsrqglqj wr vkruwlqj ru eruurzlqj

wkh fruuhvsrqg dvvhw iru lpphgldwh vdoh1

Dq dpelwlrxv lqyhvwru pljkw vhhn d sruwirolr zkrvh lqlwldo frvw lv }hur +l1h1

{. |v @ 3, vxfk wkdw wkh uhwxuq lv juhdwhu wkdq ru htxdo wr }hur zlwk srvlwlyh

suredelolw|1 Vxfk d vwudwhj| lv fdoohg dq duelwudjh vlqfh zlwk d qhw lqyhvwphqw

ri '3/ zh duh deoh wr dfklhyh qrq0qhjdwlyh uhwxuq +l1h1 wkh srvvlelolw| ri ixwxuh

sur�wv zlwk qr grzq0vlgh ulvn,1 Lq pdwkhpdwlfdo whupv/ wkh lqyhvwru vhhnv d

srlqw +{> |, vxfk wkdw {. |v @ 3 +qhw frvw ri wkh sruwirolr lv }hur, dqg

{+4 . u, . |vx � 3>

{+4 . u, . |vg � 3

4
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zlwk dw ohdvw rqh ri wkh wzr lqhtxdolwlhv vwulfw +vr wkhuh lv qhyhu d orvv dqg d

qrq0}hur fkdqfh ri d srvlwlyh uhwxuq,1 Dowhuqdwlyho|/ lv wkhuh d srlqw rq wkh olqh

| @ �4
v
{ zklfk olhv deryh erwk ri wkh wzr olqhv

| @ �4 . u

vx
{

| @ �4 . u

vg
{

dqg vwulfwo| deryh rqh ri wkhpB Vlqfh doo wkuhh olqhv sdvv wkurxjk wkh ruljlq/

zh qhhg rqo| frpsduh wkh vorshv> dq duelwudjh zloo QRW eh srvvleoh li

�4 . u

vg
� �4

v
� �4 . u

vx
+414,

dqg rwkhuzlvh wkhuh lv d srlqw +{> |, shuplwwlqj dq duelwudjh1 Wkh frqglwlrq iru

qr duelwudjh BB uhgxfhv wr

g

4 . u
? 4 ?

x

4 . u
+415,

Vr wkh frqglwlrq iru qr duelwudjh ghpdqgv wkdw +4 . u� x, dqg +4 . u � g,

kdyh rssrvlwh vljq ru g � +4 . u, � x1 Xqohvv wklv rffxuv/ wkh vwrfn dozd|v

kdv hlwkhu ehwwhu ru zruvh uhwxuqv wkdq wkh erqg/ zklfk pdnhv qr vhqvh lq d

iuhh pdunhw zkhuh erwk duh wudghg zlwkrxw frpsxovlrq1 Xqghu d qr duelwudjh

dvvxpswlrq vlqfh g � +4 . u, � x/ wkh erqg sd|r� lv d frqyh{ frpelqdwlrq ru

d zhljkwhg dyhudjh ri wkh wzr srvvleoh vwrfn sd|r�v> l1h1 wkhuh duh suredelolwlhv

3 � t � 4 dqg +4� t, vxfk wkdw +4 . u, @ tx. +4� t,g1 Lq idfw lw lv hdv| wr

vroyh wklv htxdwlrq wr ghwhuplqh wkh ydoxhv ri t dqg 4� t=

t @
+4 . u,� g

x� g
> dqg 4� t @

x� +4 . u,

x� g
=

Ghqrwh wkh suredelolw| phdvxuh zklfk sxwv suredelolwlhv t dqg 4� t rq wkh

vdph srlqwv vx/ vg e| T= Wkhq qrwh wkdw li V4 lv wkh ydoxh ri wkh vwrfn dw wkh

hqg ri wkh shulrg/

4

4 . u
HT+V4, @

4

4 . u
+tvx. +4� t,vg, @

4

4 . u
v+4 . u, @ v

zkhuh HT ghqrwhv wkh h{shfwdwlrq dvvxplqj wkdw T ghvfulehv wkh suredelolwlhv

ri wkh wzr rxwfrphv1

Lq rwkhu zrugv/ li wkhuh lv wr eh qr duelwudjh/ wkhuh h{lvwv d suredelolw| phdvxuh

T vxfk wkdw wkh h{shfwhg sulfh ri ixwxuh ydoxh ri wkh vwrfn V4 glvfrxqwhg wr wkh

suhvhqw xvlqj wkh uhwxuq iurp d ulvn0iuhh erqg lv h{dfwo| wkh suhvhqw ydoxh ri wkh

vwrfn1 Wkh phdvxuh T lv fdoohg wkh ulvn0qhxwudo phdvxuh dqg wkh suredelolwlhv

wkdw lw dvvljqv wr wkh srvvleoh rxwfrphv ri V duh qrw qhfhvvdulo| wkrvh wkdw

ghwhuplqh wkh ixwxuh ehkdylrxu ri wkh vwrfn1 Wkh ulvn qhxwudo phdvxuh hperglhv

erwk wkh fxuuhqw frqvhqvxv eholhiv lq wkh ixwxuh ydoxh ri wkh vwrfn dqg wkh
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frqvhqvxv lqyhvwruv* dwwlwxgh wr ulvn dyrlgdqfh1 Lw lv qrw qhfhvvdulo| wuxh wkdw
4

4.u
HS +V4, @ v zlwk S ghqrwlqj wkh dfwxdo suredelolw| glvwulexwlrq ghvfulelqj

wkh ixwxuh suredelolwlhv ri wkh vwrfn1 Lqghhg lw lv kljko| xqolnho| wkdw dq lqyhvwru

zrxog zlvk wr sxufkdvh d ulvn| vwrfn li kh ru vkh frxog dfklhyh h{dfwo| wkh vdph

h{shfwhg uhwxuq zlwk qr ulvn dw doo xvlqj d erqg1 Zh jhqhudoo| h{shfw wkdw

wr pdnh d ulvn| lqyhvwphqw dwwudfwlyh/ lwv h{shfwhg uhwxuq vkrxog eh juhdwhu

wkdq wkdw ri d ulvn0iuhh lqyhvwphqw1 Qrwlfh lq wklv h{dpsoh wkdw wkh ulvn0qhxwudo

phdvxuh T glg qrw xvh wkh suredelolwlhv s> dqg 4 � s wkdw wkh vwrfn zrxog

jr xs ru grzq dqg wklv vhhpv frqwudu| wr lqwxlwlrq1 Vxuho| li d vwrfn lv pruh

olnho| wr jr xs/ wkhq d fdoo rswlrq rq wkh vwrfn vkrxog eh ydoxhg kljkhu$ Ohw

xv vxssrvh iru h{dpsoh wkdw zh kdyh d iulhqg zloolqj wr ydoxh d vwrfn xvlqj wkh

dfwxdo glvwulexwlrq S gl�huhqw iurp T= Wkhq glvfrxqwhg wr wkh suhvhqw/ wkh

iulhqg eholhyhv wkdw wkh vwrfn lv zruwk

4

4 . u
HSV4 @

svx. +4� s,vg

4 . u
9@ v vlqfh s 9@ t=

Vxfk d iulhqg r�huv wkhlu dvvhwv dv d vdful�fh wr dq| lqyhvwru1 Li wkh iulhqg*v

dvvhvvhg sulfh lv juhdwhu wkdq wkh fxuuhqw pdunhw sulfh/ ex| rq wkh pdunhw dqg

vhoo wr wkh iulhqg1 Rwkhuzlvh/ gr wkh uhyhuvh1 Lq dq| fdvh/ |rx duh ulfkhu +h{fhsw

ri frxuvh e| wkh orvv ri rqh iulhqg,$

Vr zk| vkrxog zh xvh wkh T phdvxuh wr ghwhuplqh wkh sulfh ri d jlyhq dvvhw

lq d pdunhw +dvvxplqj/ ri frxuvh/ wkhuh lv d ulvn0qhxwudo T phdvxuh dqg zh duh

deoh wr ghwhuplqh lw,B Qrw ehfdxvh lw suhflvho| ghvfulehv wkh ixwxuh ehkdylrxu

ri wkh vwrfn/ exw ehfdxvh li zh xvh dq| rwkhu glvwulexwlrq/ zh r�hu dq lqwhooljhqw

lqyhvwru +wkhuh duh pdq|$, dq duelwudjh rssruwxqlw|/ ru dq rssruwxqlw| wr pdnh

prqh| dw qr ulvn dqg dw rxu h{shqvh1

Ghulydwlyhv duh lqyhvwphqwv zklfk ghulyh wkhlu ydoxh iurp wkdw ri d fruuh0

vsrqglqj dvvhw/ vxfk dv d vwrfn1 D Hxurshdq fdoo rswlrq lv dq rswlrq zklfk

shuplwv |rx +exw grhv qrw frpsho |rx, wr sxufkdvh wkh vwrfn dw d ixwxuh wlph

iru d jlyhq suhghwhuplqhg sulfh/ wkh h{huflvh sulfh ri wkh rswlrq,1 Iru h{dpsoh

d fdoo rswlrq zlwk h{huflvh sulfh '43 rq d vwrfn zkrvh ixwxuh ydoxh lv ghqrwhg

V4> lv zruwk rq h{slu| V4 � 43 li V4 A 43 1 Wklv lv wkh gl�huhqfh ehwzhhq

wkh ydoxh ri wkh vwrfn rq h{slu| dqg wkh h{huflvh sulfh ri wkh rswlrq ru |rxu

sur�w rq sxufkdvlqj wkh vwrfn iru '43 dqg vhoolqj lw rq wkh rshq pdunhw dw 'V41

Krzhyhu/ li V4 ? 43> wkhuh lv qr srlqw zkdwhyhu lq h{huflvlqj |rxu rswlrq dv

|rx duh qrw frpshoohg wr gr vr dqg |rxu uhwxuq lv '3= Lq jhqhudo/ |rxu sd|r�

iurp sxufkdvlqj wkh rswlrq lv d vlpsoh ixqfwlrq ri wkh ixwxuh sulfh ri wkh vwrfn/

vxfk dv Y +V4, @ pd{+V4 � 43> 3,= Wkh ixwxuh ydoxh ri wkh rswlrq lv lwvhoi d

udqgrp yduldeoh exw lw ghulyhv lwv ydoxh iurp wkdw ri wkh vwrfn/ khqfh lw lv fdoohg

d ghulydwlyh1

Qrz frqvlghu dq duelwudu| ixqfwlrq ri wkh vwrfn/ [ @ Y +V4, uhsuhvhqwlqj

wkh sd|r� wr dq lqyhvwru iurp d fhuwdlq �qdqfldo lqvwuxphqw +ghulydwlyh, zkhq

wkh vwrfn sulfh dw wkh hqg ri wkh shulrg lv V4= Dq| ixqfwlrq ri wkh vwrfn sulfh lv

fdoohg d frqwlqjhqw fodlp1 Lq rxu h{dpsoh deryh/ wkh udqgrp yduldeoh wdnhv rqo|

wzr srvvleoh ydoxhv Y +vx, dqg Y +vg,= Zh zloo vkrz wkdw wkhuh lv d sruwirolr/

fdoohg d uhsolfdwlqj sruwirolr/ frqvlvwlqj ri dq lqyhvwphqw vroho| lq wkh deryh
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vwrfn dqg erqg zklfk uhsurgxfhv wkhvh ydoxhv Y +vx, dqg Y +vg, h{dfwo|1 Zh

fdq ghwhuplqh wkh fruuhvsrqglqj zhljkwv rq wkh erqg dqg vwrfnv +{> |, vlpso|

e| vroylqj wkh wzr htxdwlrqv lq wzr xqnqrzqv

{+4 . u, . |vx @ Y +vx,

{+4 . u, . |vg @ Y +vg,

Vroylqj= |� @ Y +vx,�Y +vg,
vx�vg dqg {� @ Y +vx,�|�vx

4.u
= Xsrq vroylqj wkhvh wzr htxd0

wlrqv zh duh deoh wr uhsolfdwh wkh frqwlqjhqw fodlp Y +V4, h{dfwo|0 l1h1 ex| {�

xqlwv ri erqg dqg |� ri vwrfn/ zh surgxfh d sruwirolr ri vwrfnv dqg erqgv zlwk

h{dfwo| wkh vdph uhwxuq dv wkh frqwlqjhqw fodlp1 Vr lq wklv fdvh dw ohdvw/ wkhuh

fdq eh rqo| rqh srvvleoh suhvhqw ydoxh iru wkh frqwlqjhqw fodlp dqg wkdw lv

wkh suhvhqw ydoxh ri wkh uhsolfdwlqj sruwirolr {�.|�v= Li wkh pdunhw sodfhg dq|

rwkhu ydoxh rq wkh frqwlqjhqw fodlp/ wkhq d wudghu frxog jxdudqwhh d srvlwlyh uh0

wxuq e| d vlpsoh wudgh/ vkruwlqj wkh frqwlqjhqw fodlp dqg ex|lqj wkh htxlydohqw

sruwirolr ru ex|lqj wkh frqwlqjhqw fodlp dqg vkruwlqj wkh uhsolfdwlqj sruwirolr1

Wkxv wklv lv wkh rqo| sulfh wkdw suhfoxghv dq duelwudjh rssruwxqlw|1 Wkhuh lv

d vlpsohu h{suhvvlrq iru wkh fxuuhqw sulfh ri wkh frqwlqjhqw fodlp lq wklv fdvh=

Qrwh wkdw

4

4 . u
HTY +V4, @

4

4 . u
+tY +vx, . +4� t,Y +vg,,

@
4

4 . u
+
4 . u � g

x� g
Y +vx, .

x� +4 . u,

x� g
Y +vg,,

@ {� . |�v=

Lq zrugv/ wkh glvfrxqwhg h{shfwhg ydoxh ri wkh frqwlqjhqw fodlp lv htxdo wr

wkh qr0duelwudjh sulfh ri wkh ghulydwlyh zkhuh wkh h{shfwdwlrq lv wdnhq xvlqj wkh

T�phdvxuh= Lqghhg dq| frqwlqjhqw fodlp wkdw lv dwwdlqdeoh pxvw kdyh lwv sulfh

ghwhuplqhg lq wklv zd|1 Zkloh zh kdyh ghyhorshg wklv rqo| lq dq h{wuhpho|

vlpsoh fdvh/ lw h{whqgv pruh jhqhudoo| wr frpsohwh pdunhwv/ ru pdunhwv lq zklfk

dq| frqwlqjhqw fodlp lv dwwdlqdeoh e| dq lqyhvwphqw lq rwkhu pdunhwdeoh lqvwux0

phqwv1 Wkh iroorzlqj wkhruhp surylghv d pruh jhqhudo surri ri wklv uhvxow/ wkh

surri gxh wr Fkulv Urjhuv1

Vxssrvh zh kdh d wrwdo ri Q ulvn| dvvhwv zkrvh sulfhv dw wlphv w @ 3> 4>

duh jlyhq e| +V
m
3+$,> V

m
4+$,,> m @ 4> 5> ===>Q iru srvvleoh vwdwhv $= Iru vlpsolflw|

dvvxph wkdw wkhvh vwdwhv kdyh srvlwlyh suredelolw| S +$, A 3= Dvvxph dovr d

ulvnohvv dvvhw +d erqg, sd|lqj lqwhuhvw udwh u ryhu rqh xqlw ri wlph1 Vxssrvh

zh eruurz +l1h1 vkruw erqgv, dw wkh ulvn0iuhh udwh wr ex| zm xqlwv ri vwrfn m dw

wlph 3 iru d wrwdo frvw ri
S

zmV
m
3+$,= Wkh ydoxh ri wklv sruwirolr dw wlph w @ 4 lvS

zm+V
m
4+$,� +4.u,V

m
3+$,,= Wkhq zh vd| wkhuh duh qr duelwudjh rssruwxqlwlhv li

iru doo zhljkwv zm wklv lv hlwkhu lghqwlfdoo| 3 iru doo $ ru lw wdnhv erwk srvlwlyh

dqg qhjdwlyh ydoxhv1
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Wkhruhp 4 D qhfhvvdu| dqg vx�flhqw frqglwlrq wkdw wkhuh eh qr duelwudjh

rssruwxqlwlhv lv wkdw wkhuh h{lvwv d phdvxuh T htxlydohqw wr S vxfk wkdw

HT+V
m
4, @

4
4.u

V
m
3 iru doo m @ 4> ===>Q=

Sureohp 5 Surri1 Gh�qhP+z, @ H^h{s+
S

zm+V
m
4�+4.u,V

m
3,,` dqg frqvlghu

wkh sureohp

plq
z

oq+P+z,,=

Li wkhuh lv qr duelwudjh rssruwxqlw| wkhq wkhuh lv d xqltxh plqlpxp vdwlvi|lqj
CP
Czm

@ 3 ru

H^h{s+
[

zm+V
m
4 � +4 . u,V

m
3,,V

m
4` @ +4 . u,V

m
3H^h{s+

[
zm+V

m
4 � +4 . u,V

m
3,,`=

ru

Vmr @
H^h{s+

S
zmV

m
4,V

m
4`

+4 . u,H^h{s+
S

zmV
m
4,`

=

Gh�qh d phdvxuh T htxlydohqw wr wkh ruljlqdo suredelolw| phdvxuh vxfk wkdw

T+$, @ S +$,
h{s+

S
zmV

m
4+$,,`

H^h{s+
S

zmV
m
4,`

Wkhq qrwh wkdw iru hdfk m>

HT+V
m
4, @

4

4 . u
V
m
3

vr wkh fxuuhqw sulfh ri hdfk vwrfn lv wkh glvfrxqwhg h{shfwhg ydoxh ri wkh ixwxuh

sulfh xqghu wkh ulvn0qhxwudo phdvxuh T= Frqyhuvho| li

HT+V
m
4, @

4

4 . u
V
m
3

krogv iru vrph phdvxuh T wkhq HT^
S

zm+V
m
4 � +4 . u,V

m
3,` @ 3 iru doo zm dqg

wklv lpsolhv wkdw wkh udqgrp yduldeoh
S

zm+V
m
4 � +4 . u,V

m
3, lv hlwkhu lghqwlfdoo|

3 ru dgplwv erwk srvllyh dqg qhjdwlyh ydoxhv1 Wkhuhiruh wkh h{lvwhqfh ri wkh

phdvxuh T lpsolhv wkdw wkhuh duh qrw duelwudjh rssruwxqlwlhv1

Vr wkh wkhru| ri sulflqj ghulydwlyhv lq d frpsohwh pdunhw lv edvhg rq d udwkhu

wulyldo revhuydwlrq1 Li zh fdq uhsurgxfh h{dfwo| wkh vdph +udqgrp, uhwxuqv dv

wkh ghulydwlyh surylghv xvlqj d olqhdu frpelqdwlrq ri rwkhu pdunhwdeoh vhfxulwlhv

+zklfk kdyh sulfhv vljqhg e| wkh pdunhw, wkhq wkh ghulydwlyh pxvw kdyh wkh

vdph sulfh dv wkh olqhdu frpelqdwlrq ri rwkhu vhfxulwlhv1 Dq| rwkhu sulfh zrxog

surylgh duelwudjh rssruwxqlwlhv1

Ri frxuvh lq wkh uhdo zruog/ wkhuh duh frvwv dvvrfldwhg zlwk wudglqj/ wkhvh

frvwv xvxdoo| uhsuhvhqwhg e| d elg0dvn vsuhdg1 Lq rwkhu zrugv wkhuh lv d gl�huhqw
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sulfh iru ex|lqj d vhfxulw| dqg iru vhoolqj lw1 Wkh dujxphqw deryh dvvxphv d

iulfwlrqohvv pdunhw zlwk qr wudglqj frvwv/ zlwk eruurzlqj dq| dprxqw dw wkh

ulvn0iuhh erqg udwh srvvleoh/ dqg d frpsohwho| oltxlg pdunhw0 dq| dprxqw ri dq|

vhfxulw| fdq eh erxjkw ru vrog1 Pruhryhu lw dvvxphv d frpsohwh pdunhw dqg lw

lv txhvwlrqdeoh zkhwkhu vxfk d pdunhw fdq h{lvw1 Iru h{dpsoh li d ghulydwlyh

vhfxulw| fdq eh shuihfwo| uhsolfdwhg xvlqj rwkhu pdunhwdeoh lqvwuxphqwv/ wkhq

zkdw lv wkh sxusrvh ri wkh ghulydwlyh vhfxulw| lq wkh pdunhwB Vr olnh doo prghov/

wklv rqh kdv lwv gh�flhqflhv dqg lwv fulwlfv1 Olnh doo uhdvrqdeoh prghov/ lwv phulw lv

wkdw lw surylghv dq dssur{lpdwlrq wr d uhdo0zruog skhqrphqrq/ rqh wkdw shuplwv

ixuwkhu vwxg| dqg lpsuryhphqw1

�� �����	�
��� �������

Zkhq dq dvvhw sulfh hyroyhv ryhu wlph/ zh qrupdoo| doorz wkh lqyhvwru wr pdnh

ghflvlrqv derxw dq lqyhvwphqw dw ydulrxv shulrgv gxulqj wkh olih ri wkdw lq0

yhvwphqw1 Vxfk ghflvlrqv duh pdgh zlwk wkh ehqh�w ri lqirupdwlrq/ dqg wklv

lqirupdwlrq/ zkhwkhu xvhg ru qrw/ lqfoxghv wkh sulfh ri wkh dvvhw dqg dq| uh0

odwhg dvvhwv dw doo suhylrxv wlph shulrgv/ ehjlqqlqj dw vrph wlph w @ 3 zkhq

zh ehjdq revhuydwlrq ri wkh surfhvv1 Zh ghqrwh wklv lqirupdwlrq dydlodeoh iru

xvh dw wlph w dv Kw= Irupdoo|/ Kw lv zkdw lv fdoohg d vljpd0�hog jhqhudwhg

e| wkh sdvw/ dqg wkhuh duh wzr ixqgdphqwdo surshuwlhv ri wklv vljpd0�hog wkdw

zloo xvh1 Wkh �uvw lv wkdw wkh vljpd0�hogv lqfuhdvh ryhu wlph1 Lq rwkhu zrugv/

rxu lqirupdwlrq derxw wklv dqg uhodwhg surfhvvhv lqfuhdvhv ryhu wlph ehfdxvh

zh kdyh revhuyhg pruh ri wkh uhohydqw klvwru|1 Lq wkh pdwkhpdwlfdo prgho/ zh

gr qrw _irujhw% uhohydqw lqirupdwlrq/ wkrxjk uhjuhwwdeo| wklv lv dq lqfuhdvlqjo|

lpsruwdqw idfwru lq uhdo0olih1 Wkh vhfrqg surshuw| ri Kw wkdw zh xvh lv wkdw lw

lqfoxghv wkh ydoxh ri hyhu| dvvhw sulfh dw wlph w> ru/ lq phdvxuh0wkhruhwlf odq0

jxdjh/ Vw lv dgdswhg wr ru phdvxudeoh zlwk uhvshfw wr Kw= Qrz wkh dqdo|vlv

deryh vkrzv wkdw zkhq rxu lqyhvwphqw olih ehjdq dw wlph w @ 3> dqg zh zhuh

sodqqlqj iru wkh qh{w shulrg ri wlph/ wkhuh zdv gh�qhg d ulvn0qhxwudo phdvxuh

T vxfk wkdw HT+ 4
4.u

V4, @ V3= Lpdjlqh qrz wkdw zh duh lq d vlplodu srvlwlrq

dw wlph w> sodqqlqj rxu lqyhvwphqw iru wkh qh{w xqlw wlph1 Doo h{shfwhg ydoxhv

vkrxog eh wdnhq lq wkh oljkw ri rxu fxuuhqw nqrzohgjh/ l1h1 jlyhq wkh lqirupd0

wlrq Kw= Dq lghqwlfdo dqdo|vlv wr wkdw deryh vkrzv wkdw xqghu wkh ulvn qhxwudo

phdvxuh T> li Vw uhsuhvhqwv wkh sulfh ri wkh vwrfn diwhu w shulrgv/ dqg uw wkh

ulvn0iuhh rqh0shulrg lqwhuhvw udwh r�huhg wkdw wlph/ wkhq

HT+
4

4 . uw
Vw.4mKw, @ Vw= +416,

Vxssrvh zh ohw Ew eh wkh ydoxh ri '4 lqyhvwhg dw wlph w @ 3 diwhu d wrwdo

ri w shulrgv1 Wkhq E4 @ +4 . u3,> E5 @ +4 . u3,+4 . u4,> dqg lq jhqhudo

Ew @ +4 . u3,+4 . u4,===+4 . uw�4,= Li L zhuh wr surplvh |rx h{dfwo| '4133

sd|deoh dw wlph w +dqg li |rx eholhyhg ph,/ wkhq wr fryhu wklv surplvh L zrxog

uhtxluh dq lqyhvwphqw dw wlph w @ 3 ri '4@Ew> zklfk zh pljkw fdoo +dw ohdvw lq
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wkh fdvh zkhq wkh lqwhuhvw udwhv uw duh nqrzq, wkh suhvhqw ydoxh ri wkh surplvh1

Lq jhqhudo/ dw wlph w> wkh suhvhqw ydoxh ri d fhuwdlq dprxqw 'Y surplvhg dw

wlph W +l1h1 wkh suhvhqw ydoxh ru wkh ydoxh glvfrxqwhg wr wkh suhvhqw ri wklv

sd|phqw, lv Y Ew

EW
= Qrz vxssrvh zh glylgh +BB, deryh e| Ew= Zh rewdlq

HT+
Vw.4

Ew.4

mKw, @ HT+
4

Ew+4 . uw,
Vw.4mKw, @

4

Ew

HT+
4

4 . uw
Vw.4mKw, @

Vw

Ew

=

+417,

Qrwlfh wkdw zh duh deoh wr wdnh wkh glylvru Ew rxwvlgh wkh h{shfwdwlrq vlqfh

Ew lv nqrzq dw wlph w dqg wkhuhiruh d frqvwdqw zlwk uhvshfw wr wkh klvwru|

Kw= Wklv htxdwlrq +BB, ghvfulehv dq hohjdqw pdwkhpdwlfdo surshuw| vkduhg e|

doo pdunhwdeoh vhfxulwlhv lq d frpsohwh pdunhw1 Xqghu wkh ulvn0qhxwudo phdvxuh/

wkh glvfrxqwhg sulfh \w @ Vw@Ew irupv d pduwlqjdoh1 D pduwlqjdoh lv d surfhvv

\w iru zklfk wkh h{shfwdwlrq ri d ixwxuh ydoxh jlyhq wkh suhvhqw lv htxdo wr wkh

suhvhqw l1h1

H+\W mKw, @ \w iru doo W A w= +418,

D pduwlqjdoh lv d idlu jdph lq d zruog zlwk qr lq�dwlrq/ qr qhhg wr frq0

vxph dqg qr pruwdolw|1 \rxu ixwxuh iruwxqh li |rx sod| wkh jdph lv d udq0

grp yduldeoh zkrvh h{shfwdwlrq/ jlyhq hyhu|wklqj |rx nqrz dw suhvhqw/ lv |rxu

suhvhqw iruwxqh1 Qrz wkh frqglwlrq +BB lpsolhv ri wkh surfhvv \w @ Vw@Ew wkdw

H+\w.4mKw, @ \w iru doo W A w dqg wklv lpsolhv wkh pduwlqjdoh frqglwlrq +BB,

vlqfh H+\W mKw, @ H^===H^H+\W mKW�4,mKW�5`===mKw` @ \w=

Wkxv/ xqghu d ulvn0qhxwudo phdvxuh T lq d frpsohwh pdunhw/ doo pdunhwdeoh

vhfxulwlhv glvfrxqwhg wr wkh suhvhqw irup pduwlqjdohv1 Iru wklv uhdvrq/ zh riwhq

uhihu wr wkh ulvn0qhxwudo phdvxuh dv d pduwlqjdoh phdvxuh1 Dqg wkh idfw wkdw

sulfhv ri pdunhwdeoh frpprglwlhv pxvw eh pduwlqjdohv xqghu wkh ulvn qhxwudo

phdvxuh kdv pdq| frqvhtxhqfhv wr wkh fdqq| lqyhvwru1 Vxssrvh/ iru h{dpsoh/

|rx eholhyh wkdw |rx duh deoh wr prgho wkh klvwru| ri wkh sulfh surfhvv qhduo|

shuihfwo|/ dqg lw whoov |rx wkdw wkh sulfh ri d vkduh ri [[[ frpsxwhu v|vwhpv

lqfuhdvhv rq dyhudjh 5( shu |hdu1 Vkrxog |rx xvh wklv S�phdvxuh lq ydoxlqj

d ghulydwlyh/ hyhq li |rx duh frq�ghqw lw lv devroxwho| fruuhfw/ lq sulflqj d fdoo

rswlrq rq [[[ frpsxwhu v|vwhpv zlwk pdwxulw| rqh |hdu iurp qrzB Li |rx gr

vr/ |rx duh r�hulqj vrph duelwudjhu dqrwkhu iuhh oxqfk dw |rxu h{shqvh1 Wkh

phdvxuh T/ qrw wkh phdvxuh S / ghwhuplqhv ghulydwlyh sulfhv lq d qr0duelwudjh

pdunhw1 Wklv dovr phdqv wkdw wkhuh lv qr dgydqwdjh zkhq sulflqj ghulydwlyhv lq

xvlqj vrph hoderudwh vwdwlvwlfdo phwkrg wr hvwlpdwh wkh h{shfwhg udwh ri uhwxuq1

Zkdw kdyh zh glvfryhuhgB Lq jhqhudo/ sulfhv lq d pdunhw duh ghwhuplqhg dv

h{shfwhg ydoxhv/ exw h{shfwhg ydoxhv zlwk uhvshfw wr wkh phdvxuh T1 Wklv lv

wuxh lq dq| frpsohwh pdunhw/ uhjdugohvv ri wkh qxpehu ri dvvhwv wudghg lq wkh

pdunhw> iru dq| ixwxuh wlph W A w> dqg iru dq| ghulydwlyh gh�qhg rq wkh wudghg

dvvhwv lq d pdunhw/ HT+ Ew

EW
Y +VW ,mKw` @ Yw @ wkh pdunhw sulfh ri wkh dvvhw dw

wlph w= Vr lq wkhru|/ ghwhuplqlqj d uhdvrqdeoh sulfh ri d ghulydwlyh vkrxog eh

d vlpsoh wdvn/ rqh wkdw frxog eh hdvlo| kdqgohg e| vlpxodwlrq1 Lq rughu wr
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ghwhuplqh d vxlwdeoh sulfh iru d ghulydwlyh vlpso| jhqhudwh pdq| vlpxodwlrqv ri

wkh ixwxuh ydoxh Y +VW , ri wkh ghulydwlyh jlyhq wkh fxuuhqw vwruh ri lqirupdwlrq

Kw> vlpxodwlrqv frqgxfwhg xqghu wkh phdvxuh T> dqg wkhq dyhudjh wkh ydoxhv/

glvfrxqwhg wr wkh suhvhqw/ ryhu doo vlpxodwlrqv1 Wkh fdwfk lv wkdw wkh T phdvxuh

lv qhlwkhu reylrxv iurp wkh suhvhqw pdunhw sulfhv qru vwdwlvwlfdoo| hvwlpdeoh

iurp lwv sdvw1 Lw lv jlyhq lpsolflwo| e| wkh idfw wkdw wkh h{shfwhg ydoxh ri wkh

glvfrxqwhg ixwxuh ydoxh ri wudghg dvvhwv pxvw surgxfh wkh suhvhqw pdunhw sulfh1

Lq rwkhu zrugv/ d �uvw vwhs lq ydoxlqj dq| dvvhw lv wr ghwhuplqh d phdvxuh T

zklfk kdv wklv surshuw|1 Qrz lq d vlpsoh prgho lqyroylqj d vlqjoh vwrfn/ wklv

lv d idluo| vlpsoh mre/ dqg wkhuh lv d xqltxh vxfk phdvxuh T= Wklv lv wkh fdvh/

iru h{dpsoh/ iru wkh vwrfn prgho deryh lq zklfk wkh vwrfn pryhv lq vlpsoh

vwhsv/ hlwkhu lqfuhdvlqj ru ghfuhdvlqj dw hdfk vwhs1 Exw dv wkh qxpehu ri wudghg

dvvhwv lqfuhdvhv/ dqg dv wkh qxpehu ri srvvleoh mxpsv shu shulrg fkdqjhv/ d

phdvxuh T zklfk frpsohwho| ghvfulehv wkh vwrfn g|qdplfv dqg zklfk kdv wkh

qhfhvvdu| surshuwlhv iru d ulvn qhxwudo phdvxuh ehfrphv srwhqwldoo| pxfk pruh

frpsolfdwhg1

Vroylqj iru wkh T Phdvxuh1

Ohw xv frqvlghu wkh iroorzlqj vlpsoh h{dpsoh1 Ryhu hdfk shulrg/ d vwrfn sulfh

surylghv juhdwhu ru ohvv ru wkh vdph uhwxuq dv d ulvn iuhh lqyhvwphqw1 Dvvxph

iru vlpsolflw| wkdw lqfuhdvhv duh e| wkh idfwru x+4 . u, dqg ghfuhdvhv e| idfwru

+4 . u,@x zkhuh x A 4 dqg rwkhuzlvh wkh vwrfn sulfh lqfuhdvhv e| wkh ulvn iuhh

udwh idfwru +4 . u,= Wkh T suredelolw| ri lqfuhdvhv dqg ghfuhdvhv lv xqnqrzq/

dqg pd| ydu| iurp rqh shulrg wr wkh qh{w1 Ryhu wzr shulrgv/ wkh srvvleoh sdwkv

h{hfxwhg e| wklv vwrfn sulfh surfhvv duh glvsod|hg ehorz dvvxplqj wkdw wkh vwrfn

ehjlqv dw wlph w @ 3 zlwk sulfh v3=

Lq jhqhudo lq vxfk d wuhh wkhuh duh wkuhh eudqfkhv iurp hdfk ri wkh qrghv

dw wlphv w @ 3> 4 dqg wkhuh duh d wrwdo ri 4 . 6 @ 7 vxfk qrghv1 Wkxv/ hyhq

li zh dvvxph wkdw suredelolwlhv ri xs dqg grzq pryhphqwv gr qrw ghshqg rq
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krz wkh surfhvv duulyhg dw d jlyhq qrgh/ wkhuh lv d wrwdo ri 6� 7 @ 45 xqnqrzq

sdudphwhuv1 Ri frxuvh wkhuh duh frqvwudlqwv> iru h{dpsoh wkh vxp ri wkh wkuhh

suredelolwlhv rq eudqfkhv h{lwlqj d jlyhq qrgh pxvw dgg wr }hur dqg wkh sulfh

surfhvv pxvw irup d pduwlqjdoh1 Iru hdfk ri wkh irxu qrghv/ wklv surylghv wzr

frqvwudlqwv iru d wrwdo ri ; frqvwudlqwv/ ohdylqj 7 sdudphwhuv wr eh hvwlpdwhg1

Zh zrxog qhhg wkh pdunhw sulfh ri 7 gl�huhqw ghulydwlyhv ru rwkhu frqwlqjhqw

fodlpv wr eh deoh wr jhqhudwh 7 htxdwlrqv lq wkhvh 7 xqnqrzqv dqg vroyh iru

wkhp1 Surylghg zh duh deoh wr rewdlq sulfhv ri irxu vxfk ghulydwlyhv/ wkhq zh

fdq vroyh wkhvh htxdwlrqv1 Frqvlghu wkh iroorzlqj vshfldo fdvh/ zlwk wkh ulvn0iuhh

lqwhuhvw udwh shu shulrg@u @ 4(/ x @ 4=3;<> v3 @ '4=33= Zh dovr dvvxph wkdw

zh duh jlyhq wkh sulfh ri irxu fdoo rswlrqv h{slulqj dw wlph W @ 5= Wkh srvvleoh

ydoxhv ri wkh sulfh dw wlph W @ 5 fruuhvsrqglqj wr wzr vwhsv xs/ rqh vwhs xs

dqg rqh frqvwdqw/ rqh xs rqh grzq/ duh wkh ydoxhv ri V+W , lq wkh vhw

i 4=4;8<> 4=3;<3> 4=3333> 3=<4;6> 3=;765j= Uhfdoo wkdw d fdoo rswlrq h{slulqj

dw wlph W @ 5 kdv sulfh wkh ydoxh HT+V5 �N,. glvfrxqwhg wr wkh suhvhqw/

zkhuh N lv wkh h{huflvh sulfh ri wkh rswlrq dqg V5 lv wkh sulfh ri wkh vwrfn dw

wlph 5= Zh kdyh pdunhw sulfhv HT+V5 �N,.@+4 . u,5 ri irxu fdoo rswlrqv zlwk

wkh vdph h{slu| dqg gl�huhqw h{huflvh sulfhv lq wkh iroorzlqj wdeoh>

Wkh sulfh ri wkh fdoo rswlrqv duh lq wkh iroorzlqj wdeoh

H{huflvh Sulfh Pdwxulw| Fdoo Rswlrq Sulfh

31;9: 5 31487

31<9< 5 139:8

413:4 5 13488

414:6 5 13349

Vlqfh lq jhqhudo wkh sulfh ri d fdoo rswlrq zlwk h{huflvh sulfh N dqg pdwxulw|

gdwh W @ 5 lv jlyhq e| HT+V5�N,.@+4.u,5> Wkh htxdwlrqv wr eh vroyhg htxdwh

wkh revhuyhg sulfh ri wkh rswlrqv wr wkhlu wkhruhwlfdo sulfh H+V5�N,.@+4. u,5

dqg duh dv iroorzv>

3=3349 @
4

+4=34,5
+4=4;9� 4=4:6,s4s5

3=3488 @
4

+4=34,5
^+4=4;9� 4=3:4,s4s5 . +4=3;<� 4=3:4,is4+4� 5s5, . +4� 5s4,s5j`

3=39:8 @
4

+4=34,5
^3=54:s4s5 . 3=45is4+4� 5s5, . +4� 5s4,s5j

.3=364i+4� 5s4,+4� 5s5, . s4s5 . s4s7,j

3=487 @
4

+4=34,5
^3=64<s4s5 . 3=555is4+4� 5s5, . +4� 5s4,s5j

.3=466i+4� 5s4,+4� 5s5, . s4s5 . s4s7,j

.3=384iis4+4� 5s7, . +4� 5s4,s6j`

Zkloh lw lv qrw wrr gl�fxow wr vroyh wklv v|vwhp lq wklv sduwlfxodu fdvh +lq wklv fdvh

wkh vroxwlrq lv jlyhq e| s4 @ 3=5> s5 @ 3=55> s6 @ 3=5> s7 @ 3=6, rqh fdq vhh wkdw
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zlwk pruh eudqfkhv dqg pruh ghulydwlyhv/ wklv qrq0olqhdu v|vwhp ri htxdwlrqv

ehfrphv gl�fxow yhu| txlfno|1 Zkdw gr zh gr li zh rqo| kdyh pdunhw sulfhv iru

wzr ghulydwlyhv gh�qhg rq wklv vwrfn/ dqg wkhuhiruh rqo| wzr sdudphwhuv zklfk

fdq eh rewdlqhg iurp wkh pdunhw lqirupdwlrqB Wklv lv dq h{dpsoh ri zkdw lv

fdoohg dq lqfrpsohwh pdunhw/ d pdunhw lq zklfk wkh ulvn qhxwudo glvwulexwlrq lv

qrw xqltxho| vshfl�hg e| pdunhw lqirupdwlrq1 Lq jhqhudo zkhq zh kdyh ihzhu

htxdwlrqv wkdq sdudphwhuv lq d prgho/ wkhuh duh uhdoo| rqo| wzr fkrlfhv

+d, vlpsoli| wkh prgho vr wkdw wkh qxpehu ri sdudphwhuv dqg wkh qxpehu ri

htxdwlrqv pdwfk1

+e, Ghwhuplqh dgglwlrqdo qdwxudo fulwhuld ru frqvwudlqwv wkdw wkh sdudphwhuv

pxvw vdwlvi|1

Lq wklv fdvh/ iru h{dpsoh/ rqh pljkw suhihu d prgho lq zklfk wkh suredelolw| ri

d vwhs xs ru grzq ghshqgv rq wkh wlph/ exw qrw rq wkh fxuuhqw sulfh ri wkh vwrfn1

Wklv dvvxpswlrq zrxog irufh htxdo doo ri s5 @ s6 @ s7 dqg vlpsoli| wkh v|vwhp ri

htxdwlrqv deryh1 Iru h{dpsoh xvlqj rqo| wkh sulfhv ri wkh �uvw wzr ghulydwlyhv/

zh rewdlq htxdwlrqv/ zklfk/ zkhq vroyhg/ ghwhuplqh wkh suredelolwlhv rq wkh

rwkhu eudqfkhv dv zhoo1

3=3349 @
4

+4=34,5
+4=4;9� 4=4:6,s4s5

3=3488 @
4

+4=34,5
^+4=4;9� 4=3:4,s4s5 . +4=3;<� 4=3:4,is4+4� 5s5, . +4� 5s4,s5j`

Wklv h{dpsoh uh�hfwv d edvlf sureohp zklfk rffxuv riwhq zkhq zh exlog d

uhdvrqdeoh dqg �h{leoh prgho lq �qdqfh1 Iuhtxhqwo| wkhuh duh pruh sdudphwhuv

wkdq wkhuh duh pdunhwdeoh vhfxulwlhv1 Lw lv txlwh frpprq wr uhdfw e| vlpsoli|lqj

wkh prgho1 Iru h{dpsoh/ lw lv iru wklv uhdvrq wkdw elqrpldo wuhhv +zlwk rqo|

wzr eudqfkhv hpdqdwlqj iurp hdfk qrgh, duh riwhq suhihuuhg wr wkh wulqrpldo

wuhh h{dpsoh zh xvh deryh/ hyhq wkrxjk wkh| surylgh d vxevwdqwldoo| zruvh

dssur{lpdwlrq wr wkh dfwxdo glvwulexwlrq ri vwrfn uhwxuqv1

Lq jhqhudo li wkhuh duh q gl�huhqw vhfxulwlhv +h{foxglqj ghulydwlyhv zkrvh

ydoxh lv d ixqfwlrq ri rqh ru pruh ri wkhvh, dqg li hdfk vhfxulw| fdq wdnh

dq| rqh ri p gl�huhqw ydoxhv/ wkhq wkhuh duh d wrwdo ri pq srvvleoh vwdwhv

ri qdwxuh dw wlph w @ 4= Wkh T phdvxuh pxvw dvvljq d suredelolw| wr hdfk ri

wkhp1 Wklv uhvxowv lq d wrwdo ri pq xqnqrzq suredelolw| ydoxhv/ zklfk/ ri frxuvh

pxvw dgg wr rqh/ dqg uhvxow lq wkh uljkw h{shfwdwlrq iru hdfk ri q pdunhwdeoh

vhfxulwlhv1 Wr xqltxho| ghwhuplqh T zh zrxog uhtxluh d wrwdo ri pq � q � 4

htxdwlrqv rupq�q�4 gl�huhqw ghulydwlyhv1 Iru h{dpsoh iru p @ 43> q @ 433>

dssur{lpdwho| rqh zlwk d kxqguhg }hurv/ d surklelwlyh qxpehu/ duh uhtxluhg wr

xqltxho| ghwhuplqh T= Exw lq d frpsohwh pdunhw/ T lv xqltxho| ghwhuplqhg e|

pdunhwdeoh vhfxulwlhv1 Qr uhdo pdunhw fdq eh frpsohwh1 Dqg lq uhdo pdunhwv/

rqh dvvhw lv qrw shuihfwo| uhsolfdwhg e| d frpelqdwlrq ri rwkhu dvvhwv1 Wklv lv

wuxh zkhwkhu rqh dvvhw lv d ghulydwlyh gh�qhg dv d ixqfwlrq ri dqrwkhu pdunhwhg

vhfxulw| +dqg lqwhuhvw udwhv dqg yrodwlolwlhv,1 Wkh prvw zh fdq suredeo| krsh

iru lq sudfwlfh lv wr �qg d prgho ru phdvxuh T lq d vxefodvv ri phdvxuhv zlwk
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ghvludeoh ihdwxuhv xqghu zklfk

HT+
Ew

EW

Y +VW ,mKw` � Yw iru doo pdunhwdeoh Y

Qrz li wkhvh zhuh htxdolwlhv/ wklv zrxog uhsuhvhqw d qxpehu ri htxdwlrqv lq

wkh xqnqrzq T suredelolwlhv/ w|slfdoo| ihzhu htxdwlrqv wkdq xqnqrzqv vr vrph

vlpsol�fdwlrq ri wkh prgho lv uhtxluhg ehiruh vhwwolqj rq d phdvxuh T1 Rqh

frxog/ dw rqh*v shulo/ ljqruh wkh idfw wkdw fhuwdlq idfwruv lq wkh pdunhw ghshqg

rq rwkhuv1 Vlplodu vwrfnv ehkdyh vlploduo|/ ihz duh uhdoo| lqghshqghqw1 Fdq

zh/ zlwk dq| uhdvrqdeoh ohyho ri frq�ghqfh/ dffxudwho| suhglfw wkh h�hfw wkdw d

orzhulqj ri lqwhuhvw udwhv zloo kdyh rq d jlyhq edqn vwrfnB Shukdsv wkh ehvw

prgho iru wkh ixwxuh ehkdylrxu ri prvw surfhvvhv lv wkh sdvw/ h{fhsw wkdw dv

zh kdyh vhhq wkh klvwrulfdo glvwulexwlrq ri vwrfnv gr qrw jhqhudoo| surgxfh d

ulvn0qhxwudo phdvxuh1 Hyhq li klvwrulfdo lqirupdwlrq surylghg d �dzohvv jxlgh

wr wkh ixwxuh/ wkhuh lv wrr olwwoh ri lw wr dffxudwho| hvwlpdwh wkh odujh qxpehu

ri sdudphwhuv uhtxluhg iru d vlpxodwlrq ri d pdunhw ri uhdvrqdeoh vl}h1 Vrph

vlpsol�fdwlrq ri wkh prgho lv fohduo| qhfhvvdu|1 Duh vrph edvnhwv ri vwrfnv

lqghshqghqw ri rwkhu frpelqdwlrqvB Zkdw lqghshqghqfh fdq zh uhdvrqdeo|

dvvxph ryhu wlphB

Dv d �uvw vwhs lq vlpsoli|lqj d prgho/ frqvlghu vrph ri wkh frpprq phdvxuhv

ri ehkdylrxu1 Vwrfnv fdq jr xs/ ru grzq1 Wkh guliw ri d vwrfn lv d whqghqf| lq

rqh ru rwkhu ri wkhvh wzr gluhfwlrqv1 Exw lw fdq dovr jr xs dqg grzq0 e| d orw

ru d olwwoh1 Wkh phdvxuh ri wklv/ wkh yduldqfh ru yduldelolw| lq wkh vwrfn uhwxuqv

lv fdoohg wkh yrodwlolw| ri wkh vwrfn1 Rxu prgho vkrxog kdyh dv lqjuhglhqwv wkhvh

wzr txdqwlwlhv1 Lw vkrxog dovr kdyh dv pxfk ghshqghqfh ryhu wlph dqg dprqj

gl�huhqw dvvhw sulfhv dv zh kdyh hylghqfh wr vxssruw1

��! "���
������ ��� �
����� �w�

Zh kdyh vhhq lq wkh odvw vhfwlrq wkdw jlyhq wkh T ru ulvn0qhxwudo phdvxuh/ zh

fdq +dw ohdvw lq wkhru|, ghwhuplqh wkh sulfh ri d ghulydwlyh li zh duh jlyhq wkh

_qxphudluh% ru wkh sulfh Ew ri d ulvn0iuhh lqyhvwphqw dw wlph w= Xqiruwxqdwho|

qr vxfk lqyhvwphqw lv wudghg rq wkh rshq pdunhw1 Wkhuh duh jryhuqphqw wuhd0

vxu| eloov zklfk/ ghshqglqj rq wkh jryhuqphqw/ rqh pljkw zlvk wr dvvxph duh

doprvw ulvn0iuhh/ dqg wkhuh duh jryhuqphqw erqgv/ xvxdoo| zlwk orqjhu whupv/

zklfk frpsolfdwh pdwwhuv e| sd|lqj glylghqgv shulrglfdoo|1 Wkh txhvwlrq ghdow

zlwk lq wklv vhfwlrq lv zkhwkhu zh fdq hvwlpdwh wkh surfhvv Ew jlyhq lqirupdwlrq

rq wkh sulfhv ri wkhvh erqgv1

Zh ehjlq zlwk zkdw zh nqrz1 Zh dvvxph zh nqrz wkh fxuuhqw sulfhv/

frpsrqhqwv ri wkh yhfwru/ Vw ri pdunhwdeoh vhfxulwlhv1 Zh dovr nqrz wkh sulfh

ri fhuwdlq ulvn0iuhh erqgv zlwk idfh ydoxh I / wkh ydoxh ri wkh erqg rq pdwxulw| dw

wlph W= Wkhvh sulfhvSw surylgh vrph lqirupdwlrq rq wkh edqn dffrxqw surfhvv

Ew= Lq sduwlfxodu vlqfh d glylghqg0sd|lqj erqg lv d olqhdu frpelqdwlrq ri

sd|phqwv dw fhuwdlq wlphv w ? W soxv d �qdo sd|phqw ri I / hdfk fxuuhqw erqg



45 FKDSWHU 41 VRPH EDVLF WKHRU\ RI ILQDQFH1

sulfh surylghv d ydoxh ri wkh irup Sw @
S

WAvAw gvEw@Ev . IEw@EW = Wklv fdq

eh zulwwhq dv d v|vwhp ri olqhdu htxdwlrqv

Sw@Ew @
[

WAvAw

gv@Ev . I@EW

dqg surylghg wkdw zh kdyh d vx�flhqw qxpehu ri erqg sulfhv Sw> srvvleo| zlwk

gl�huhqw pdwxulwlhv/ wklv v|vwhp shuplwv vroylqj iru fhuwdlq ydoxhv ri 4@Ev>

v A w= Qrz wkh fdwfk khuh lv wkdw wkhuh duh w|slfdoo| wrr ihz ulvn0iuhh erqg

pdwxulwlhv wr jhw d ghwdlohg slfwxuh ri wkh surfhvv 4@Ev> v A 3= Zh frxog xvh

jryhuqphqw erqgv iru wklv sxusrvh1 Exw duh wkhvh jhqxlqho| ulvn0iuhhB Pljkw

qrw wkh dgglwlrqdo xvh ri erqgv lq odujh kljko| udwhg frpsdqlhv surylgh d pruh

ghwdlohg slfwxuh ri wkh edqn dffrxqw surfhvv Ev=

Fdq lqfrusrudwh lqirupdwlrq rq erqg sulfhv iurp orzhu judgh ghewB Wr gr

vr/ zh qhhg d vlpsoh prgho olqnlqj wkh ghew udwlqj ri d jlyhq erqg dqg wkh

suredelolw| ri ghidxow dqg sd|r� wr wkh erqg0kroghuv lq wkh hyhqw ri ghidxow1 Wr

ehjlq zlwk/ ohw xv dvvxph wkdw d jlyhq edvnhw ri frpsdqlhv/ vd| wkrvh zlwk d

frpprq ghew udwlqj iurp rqh ri wkh pdmru erqg udwlqj rujdqlvdwlrqv/ kdyh d

frpprq glvwulexwlrq ri ghidxow wlph1 Zh zloo dovr dvvxph lq wklv suholplqdu|

prgho wkdw rqfh ghidxow rffxuv/ surylghg lw rffxuv ehiruh wkh pdwxulw| gdwh W

ri wkh erqg/ wkh sd|r� lv d frqvwdqw sursruwlrq s ri wkh sulqflsdo dprxqw I

rzlqj1 Wkhq li � ghqrwhv wkh wlph ri ghidxow/ d erqg zlwk idfh ydoxh 'I zklfk

surplvhv glylghqg sd|phqwv gv dw wlph v ? W kdv sulfh dw wlph w jlyhq e|

Sw @
[

w?v?W

Ew

Ev

gvS +� A vm� A w, .
sIEw

EW

S +� � W m� A w, .
IEw

EW

S +� A W m� A w,

@
[

w?v?W

Ew

Ev

gvS +� A vm� A w, .
sIEw

EW

.
+4� s,IEw

EW

S +� A W m� A w,=

Doo suredelolwlhv duh frqglwlrqdo rq wkh hyhqw ^� A w` ehfdxvh xqohvv wklv lv wuxh

wkh ghew kdv douhdg| ghidxowhg dqg wkhuhiruh lwv ydoxh lv nqrzq1 Xqnqrzqv lq

wklv htxdwlrq duh S +� A vm� A w,@Ev/ w ? v ? W> 4
EW

dqg sS +� A W m� A w,= Qrz

li zh glhg dqg zhqw wr lqyhvwruv* khdyhq/ d erqg ri hyhu| pdwxulw| W zrxog eh

vrog dqg zh frxog vroyh wklv v|vwhp ri htxdwlrqv vlpso| xvlqj wkh jlyhq erqg

sulfhv1 Zh pljkw dovr krsh wkdw wkh suredelolwlhv ri ghidxow duh yhu| vpdoo dqg

iroorz d vlpsoh sdwwhuq1 Li wkh sdwwhuq lv qrw shuihfw/ wkhq olwwoh kdup uhvxowv

surylghg wkdw lqghhg wkh ghidxow suredelolwlhv duh vpdoo1 Vxssrvh iru h{dpsoh

wkdw wkh wlph ri ghidxow iroorzv d jhrphwulf ru h{srqhqwldo glvwulexwlrq vr wkdw

wkh suredelolw| ri d ghidxow rffxuulqj lq dq| shulrg ri �{hg ohqjwk lv frqvwdqw1

Wkhq S +� A vm� A w, @ h{si�n+v � w,j iru vrph n A 3= Vxssrvh zh gh�qh d

qhz edqn dffrxqw surfhvv

iEv @
Ev

S ^� A v`
@ Ev h{sinvj iru v A w=

Fohduo| wklv edqn dffrxqw jurzv idvwhu wkdq wkh ruljlqdo/ dqg lw jurzv idvwhu dv

wkh suredelolw| ri ghidxow lqfuhdvhv1 Wkh h�hfwlyh lqwhuhvw udwh rq wklv dffrxqw

lv n xqlwv shu shulrg kljkhu1 Wkhq uhzulwlqj wkh deryh htxdwlrq iru Sw>
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Sw �
sIEw

EW

@
[

w?v?W

iEwiEv

gv . +4� s,I
iEwiEW

Wklv htxdwlrq kdv d vlpsoh lqwhusuhwdwlrq1 Wkh ohiw vlgh lv wkh sulfh ri wkh

erqg uhgxfhg e| wkh suhvhqw ydoxh ri wkh jxdudqwhhg sd|phqw rq pdwxulw| Is=

Wkh uljkw kdqg vlgh lv wkh fxuuhqw ydoxh ri d ulvn0iuhh erqg sd|lqj wkh vdph

glylghqgv/ zlwk lqwhuhvw udwhv dxjphqwhg e| n dqg zlwk idfh ydoxh I +4� s,= Vr

wr ydoxh d ghidxowdeoh erqg/ dxjphqw wkh lqwhuhvw udwh/ fkdqjh wkh idfh ydoxh wr

wkh srwhqwldo orvv ri idfh ydoxh rq ghidxow dqg wkhq dgg wkh suhvhqw ydoxh ri wkh

jxdudqwhhg sd|phqw rq pdwxulw|1 Jlyhq rqo| wkuhh erqg sulfhv zlwk wkh vdph

ghidxow fkdudfwhulvwlfv/ iru h{dpsoh/ dqg dvvxplqj frqvwdqw lqwhuhvw udwhv vr wkdw

Ev @ h{s+uvj> zh pd| vroyh iru wkh ydoxhv ri wkh wkuhh xqnqrzq sdudphwhuv

+u> n> s,=

��# ������� $�
����� ��
������� ��� ��� ��	�

���� %���� �
����� ������

Ohw xv ehjlq e| exloglqj d prgho iru sruwirolrv ri vhfxulwlhv wkdw fdswxuh pruh

ru ohvv ri wkh pdmru pdunhw pryhphqwv1 Zh kdyh vroyhg deryh iru wkh ydoxhv

ri 4@Ev rqo| iru fhuwdlq ydoxhv ri v> exw ohw xv dvvxph iru wkh suhvhqw wkdw e|

lqwhusrodwlrq/ Ev lv nqrzq iru doo v A w=

Wr ehjlq zlwk/ gh�qh d frpprq phdvxuh rq lqyhvwphqwv wkdw lv htxlydohqw

wr sulfh/ exw iurp pdq| shuvshfwlyhv/ pruh frqyhqlhqw dqg vwdeoh vwdwlvwlfdoo|1

Iru d vhfxulw| wkdw kdv sulfh V+w, dqg V+w.4, dw wlphv w dqg w.4> zh gh�qh

wkh uhwxuq Ul+w. 4, rq wkh vhfxulw| ryhu wklv lqfuhphqw e|

Ul+w. 4, @
Vl+w. 4,� Vl+w,

Vl+w,
=

Uhwxuqv fdq eh phdvxuhg lq xqlwv wkdw duh hdvlo| xqghuvwrrg +iru h{dpsoh

8( ru 43( shu xqlw wlph, dqg lqghshqghqw ri wkh dprxqw lqyhvwhg1 Lw lv dovr

hdv| wr rewdlq wkh sulfh dw wlph w iurp wkh lqlwldo sulfh dw wlph 3 dqg wkh

vhtxhqfh ri uhwxuqv1

Vl+w, @ Vl+3,+4 .Ul+4,,+4 .Ul+5,,===+4 .Ul+w,,=

Zkhq zh ex| d sruwirolr wkh uhwxuq rq wkh sruwirolr lv vlpso| d zhljkwhg

dyhudjh ri wkh lqglylgxdo vwrfn uhwxuqv dqg wkh zhljkwv duh wkh uhodwlyh dprxqwv

lqyhvwhg lq hdfk vwrfn1 Iru h{dpsoh li rxu sruwirolr lv vxfk wkdw zl+w, lv wkh

sursruwlrq ri rxu wrwdo lqyhvwphqw ri 'L lqyhvwhg lq vwrfn l dw wlph w wkhq wkh

qxpehu ri vkduhv ri vwrfn l sxufkdvhg lv
zl+w,

Vl+w,
L dqg wkh sruwirolr uhwxuq ryhu

wkh qh{w shulrg lvS zl+w,

Vl+w,
L^Vl+w. 4,� Vl+w,`S

zl+w,L
@
[

zl+w,Ul+w. 4,=
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Zkhq wlph lv phdvxuhg frqwlqxrxvo|/ wkh lqvwdqwdqhrxv uhwxuq surfhvv pljkw

eh gh�qhg e| d olplw ri wkh deryh irup Ul+w, @ olpk$3
Vl+w.k,�Vl+w,

kVl+w,
ru irupdoo|

gVl@Vl @ g+oq+Vl+w,, surylghg wkhvh duh zhoo0gh�qhg1 Pruh jhqhudoo|/ wkh uh0

wxuqv surfhvv lv d surfhvv zkrvh surgxfw lqwhjudo uhvxowv lq wkh ruljlqdo vwrfn

sulfh1 surfhvv1

��#�� ��� ��	���� %���� �
����� ����� &�%��'

Lq wkh Fdslwdo Dvvhw Sulflqj prgho lw lv dvvxphg dw wkh rxwvhw wkdw lqyhvwruv

frqfhqwudwh rq wzr phdvxuhv ri uhwxuq/ lwv h{shfwhg ydoxh � dqg lwv vwdqgdug

ghyldwlrq �1 Zh frqvlghu wkh h{shfwhg ydoxhv dqg yduldqfhv xqghu wkh uhdo0

zruog suredelolw| phdvxuh S qrw xqghu wkh ulvn0qhxwudo T phdvxuh1 Vxssrvh/

iru h{dpsoh zh zhuh wr sorw wkh vhw ri doo srvvleoh sdluv +�> �, iru sruwirolrv ri

ulvn| vwrfnv1 Ohw xv dvvxph iru wkh suhvhqw wkdw wkh yhfwru ri doo vwrfn uhwxuqv

kdv phdq uhwxuq froxpq yhfwru jlyhq e| � dqg fryduldqfh pdwul{ ri uhwxuqv

jlyhq e| 	= Li d sruwirolr lv vxfk wkdw zh lqyhvw sursruwlrq zl ri rxu zhdowk

lq vwrfn l/ wkhq gh�qlqj z @ +z4> ===> zq,
W > wkh wrwdo uhwxuq rq wkh sruwirolr

kdv phdq �Wz dqg fryduldqfh pdwul{ zW	z1 Wkh vhw ri doo srvvleoh sdluv

ri vwdqgdug ghyldwlrq dqg phdq uhwxuq +
s
zW	z> �Wz, kdv d vhpl0hoolswlfdo

erxqgdu| dv lq wkh iroorzlqj �jxuh1

Qrz dvvxplqj wkdw lqyhvwruv suhihu kljkhu h{shfwhg uhwxuq iru wkh vdph

vwdqgdug ghyldwlrq/ rqo| wkh xsshu hqyhorsh ru urri ri wklv uhjlrq lv h�flhqw

lq wkh vhqvh wkdw qr rwkhu sruwirolr kdv kljkhu h{shfwhg uhwxuq iru wkh vdph

vwdqgdug ghyldwlrq1 Wklv lv fdoohg wkh h�flhqw iurqwlhu1 Qrz wkh slfwxuh fkdqjhv

vxevwdqwldoo| li wkhuh lv dovr d ulvn0iuhh lqyhvwphqw wkdw doo lqyhvwruv duh deoh wr

lqfoxgh/ ehfdxvh lq wklv fdvh wkhuh lv dovr d srlqw rq wkh ��d{lv fruuhvsrqglqj wr
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� @ 3= Li wklv srlqw lv dgghg/ wkhq wkh h�flhqw iurqwlhu lv qrz wkh uhjlrq ehorz

wkh olqh O lq wkh iroorzlqj �jxuh1 Wkh srlqw +3> u, fruuhvsrqgv wr wkh ulvn iuhh

lqyhvwphqw zkrvh uhwxuq lv u> dqg wkh srlqw S lv wkh srlqw dw zklfk wklv olqh

lv wdqjhqw wr wkh h�flhqw iurqwlhu ghwhuplqhg iurp wkh ulvn| lqyhvwphqwv1

Li doo lqyhvwruv kdyh dffhvv wr wkh vdph ulvn iuhh udwh/ wkhq wkh olqh O lv wkh

xqltxh h�flhqw iurqwlhu iru doo lqyhvwruv/ dqg S lv wkh rqo| h�flhqw srlqw lq wkh

ulvn| sruwirolr1 Lw pxvw wkhuhiruh uhsuhvhqw wkh wrwdo pdunhw lq wkh vhqvh wkdw

wkh sursruwlrqv �zl uhsuhvhqwv wkh sursruwlrq ri wkh wrwdo pdunhw lqyhvwhg lq

vwrfn l= Vxssrvh wkh pdunhw sruwirolr S kdv vwdqgdug ghyldwlrq �S dqg phdq

�S = Wkhq wklv olqh lv ghvfulehg e| wkh uhodwlrq

� @ u .
�S � u

�S
�=

Iru dq| vwrfn l zlwk phdq dqg vwdqgdug ghyldwlrq ri uhwxuq +�l> �l, wr eh

frpshwlwlyh/ lw pxvw olh rq wklv h�flhqw iurqwlhu/ l1h1 lw pxvw vdwlvi| wkh uhodwlrq

�l � u @ �l+�S � u,> zkhuh �l @
�l

�S
=

Wklv lv wkh prvw lpsruwdqw uhvxow lq wkh fdslwdo dvvhw sulflqj prgho1 Wkh frq0

vwdqw �l fdoohg wkh ehwd ri d vwrfn lv erwk wkh fkdqjh lq wkh h{shfwhg vwrfn

uhwxuq iru hdfk xqlw fkdqjh lq wkh pdunhw h{shfwhg uhwxuq dqg dovr wkh udwlr

ri wkh vwdqgdug ghyldwlrqv ri uhwxuq ri wkh vwrfn dqg wkh pdunhw1 Vxfk d prgho

lv d uhdvrqdeoh edvlv iru vlpsoli|lqj wkh fryduldqfh vwuxfwxuh ri vwrfn uhwxuqv

wr vrph pdqdjhdeoh qxpehu ri sdudphwhuv1 Dqdorjrxv wr wkh uhodwlrq deryh

ghvfulelqj wkh h{shfwhg uhwxuqv lv d uhjuhvvlrq prgho uhodwlqj wkh uhwxuqv iurp

wkh vwrfn Ul dqg iurp wkh pdunhw sruwirolr US =

Ul � u @ �l+US � u, . �l
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zkhuh �l lv d }hur0phdq udqgrp huuru xqfruuhodwhg zlwk wkh pdunhw uhwxuq1

Wdnlqj yduldqfh rq erwk vlghv/ zh rewdlq

ydu+Ul, @ �5l ydu+US , . ydu+�l, @ �5l . ydu+�, A �5l

zklfk dsshduv wr lqglfdwh wkdw wkh yduldqfh ri wkh uhwxuq iurp vwrfn l lv juhdwhu

wkdq wkh ydoxh �5l dvvxphg hduolhu1 Zkdw lv wkh fdxvh ri wklv frqwudglfwlrqB Zh

dvvxphg hduolhu wkdw wkh vwrfn l od| rq wkh h�flhqw iurqwlhu/ exw wklv lv qrw

d qhfhvvdu| frqglwlrq iru lqyhvwruv wr fkrrvh lw1 Doo wkdw lv uhtxluhg lv wkdw lw

irup d sduw ri d sruwirolr zklfk olhv rq wkh h�flhqw iurqwlhu1 Zh fdqqrw h{shfw

d kljkhu udwh ri uhwxuq wr frpshqvdwh iru dgglwlrqdo ulvn wkdw fdq eh glyhuvl�hg

dzd|1 Lq dq h�flhqw pdunhw/ qrw doo ulvn qhhg eh uhzdughg zlwk dgglwlrqdo

uhwxuq1 Vxssrvh/ iru h{dpsoh/ zh kdg pdq| vwrfnv zlwk vlplodu �/ wkhq zh frxog

suhvxpdeo| lqyhvw htxdoo| lq doo ri wkhp dqg hqg xs zlwk wkh dyhudjh ri pdq|

uhwxuqv �U1 Qrwdwlrqdoo|/

�U� u @ �+US � u, . ��

zkhuh/ surylghg wkdw zh kdyh vx�flhqwo| pdq| vxfk lqyhvwphqwv wr dyhudjh ryhu/

�� kdv phdq }hur dqg yduldqfh forvh wr 3 dqg lv lwvhoi doprvw 31 E| dyhudjlqj

ru glyhuvli|lqj/ zh duh deoh wr surylgh dq lqyhvwphqw zlwk wkh vdph dyhudjh

uhwxuq fkdudfwhulvwlfv exw vpdoohu yduldqfh wkdq wkh ruljlqdo vwrfn/ lpso|lqj

wkdw wkh ruljlqdo vwrfnv frxog qrw kdyh ehhq rq wkh h�flhqw iurqwlhu1 Zh vd|

wkdw wkh vshfl�f ulvn +l1h1 ydu+�l,, dvvrfldwhg zlwk vwrfn l fdq eh glyhuvl�hg

dzd|/ dqg vkrxog qrw wkhuhiruh eh uhzdughg zlwk lqfuhdvhg uhwxuq1 Rqo| wkh

v|vwhpdwlf ulvn �l lv uhzdughg zlwk lqfuhdvhg h{shfwhg uhwxuq1

Wkh fdslwdo dvvhw sulflqj prgho surylghv d vlpsol�hg irup ri wkh fryduldqfh

pdwul{ 	 ri wkh yhfwru ri vwrfn uhwxuqv1 Qrwlfh wkdw xqghu wkh prgho

Ul � u @ �l+US � u, . �l> ydu+�l, @ �l

zh kdyh

fry+Ul> Um, @ �l�m�
5
S > l 9@ m> ydu+Ul, @ �5l�

5
S . �l=

Zkhuhdv Q vwrfnv zrxog rwkhuzlvh uhtxluh d wrwdo ri Q+Q . 4,@5 sdudphwhuv

lq wkh fryduldqfh pdwul{ 	 ri uhwxuqv/ wkh Fdslwdo Dvvhw Sulflqj Prgho doorzv

xv wr uhgxfh wklv wr wkh Q . 4 sdudphwhuv �5S > dqg �l> l @ 4> ===> Q= Wkhuh lv

wkh glvdgydqwdjh lq wklv irupxod krzhyhu wkdw hyhu| sdlu ri vwrfnv lq wkh vdph

pdunhw pxvw eh srvlwlyho| fruuhodwhg/ d ihdwxuh wkdw vhhpv wr frqwudglfw vrph

revhuydwlrqv dw ohdvw ryhu vxevwdqwldo shulrgv ri wlph1

Plqlpxp Yduldqfh xqghu T=

Vxssrvh zh zlvk wr �qg d sruwirolrv ri vhfxulwlhv zklfk kdv wkh vpdoohvw srvvleoh

yduldqfh xqghu T= 1 Iru h{dpsoh iru d jlyhq vhw ri zhljkwv/ gh�qh wkh sruwirolr
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�+w, @
S

zl+w,Vl+w,= Iru dq| zhljkwv zl+w, wklv surgxfhv d sruwirolr zlwk

h{dfwo| wkh vdph frqglwlrqdo udwh ri uhwxuq xqghu wkh T phdvxuh dv dq| rqh ri

wkh frqvwlwxhqw vwrfnv/ iru

HT^�+w. 4,mKw` @
[
l

zl+w,HT^Vl+w. 4,mKw` @
[
l

zl+w,
E+w. 4,

E+w,
Vl+w, @

E+w. 4,

E+w,
�+w,=

Lq whupv ri uhwxuqv/ wklv htxdwlrq vd|v wkdw doo vhfxulwlhv kdyh wkh vdph h{shfwhg

uhwxuq xqghu T dv grhv wkh sruwirolr �= Li zh duh lqwhuhvwhg lq khgjlqj rxu

lqyhvwphqw/ zh zlvk wr plqlpl}h wkh lqvwdqwdqhrxv yduldqfh ri wkh uhwxuq ri wkh

sruwirolr vlqfh wkh frqglwlrqdo phdq lv xqd�hfwhg e| wkh fkrlfh ri zhljkwv1 Wkh

qdwxudo frqvwudlqw lv wkdw wkh frvw ri wkh sruwirolr lv ghwhuplqhg e| wkh dprxqw

f+w,> vd|/ wkdw zh suhvhqwo| kdyh wr lqyhvw1 Vhyhudo fkrlfhv ri wkh ixqfwlrq f+w,

suhvhqw wkhpvhoyhv dv srvvleoh1 Iru h{dpsoh |rx pljkw zlvk wr frpsduh/ dw wlph

w> wkh ehqh�wv ri oltxlgdwlqj d ulvn iuhh lqyhvwphqw ri E+w, iru lqyhvwphqw lq wklv

sruwirolr/ lq zklfk fdvh zh frxog wdnh f+w, @ E+w,= Vlqfh f+w, lv sxuho| d pdwwhu

ri uhvfdolqj wkh uhvxowv/ rqh pljkw dovr vfdoh vr wkdw f+w, @ 4= Dowhuqdwlyho|/ zh

pljkw zlvk wr vwxg| d vhoi0�qdqflqj sruwirolr �+w,> rqh iru zklfk sdvw jdlqv

+ru shulvk wkh wkrxjkw/ sdvw orvvhv, rqo| duh dydlodeoh wr sd| iru wkh fxuuhqw

sruwirolr1 Lq wklv fdvh f+w, @ �+w,= Zh zlvk wr plqlplvh

yduT^�+w. 4,mKw` vxemhfw wr wkh frqwudlqw
[
l

zl+w,Vl+w, @ f+w,=

Wkh vroxwlrq lv txlwh hdv| wr rewdlq/ dqg lq idfw wkh zhljkwv duh jlyhq e| wkh

yhfwru

Z4+w, @

3
EEEEEEC

z4+w,

z5+w,

=

=

=

zq+w,

4
FFFFFFD

@
f+w,

V3+w,	�4w V+w,
	�4w V+w,=

zkhuh 	w @ yduT+V+w . 4,mKw, lv wkh lqvwdqwdqhrxv frqglwlrqdo fryduldqfh ri

V+w, xqghu wkh phdvxuh T= Li p| remhfwlyh zhuh wr plqlpl}h ulvn xqghu wkh T

phdvxuh/ wkhq wklv sruwirolr lv rswlpdo iru �{hg frvw1 Wkh frqglwlrqdo yduldqfh

ri wklv sruwirolr lv jlyhq e|

yduT+�+w. 4,mKw, @Z 3
4+w,	wZ4+w, @

f5+w,

V3+w,	�4w V+w,
=

Rqfh djdlq zh h{suhvv wklv uhodwlrq lq whupv ri wkh uhwxuq U�+w . 4, @
�+w.4,��+w,

�+w,
iurp wkh sruwirolr �= Dvvxph iru wkh suhvhqw wkdw wkh sruwirolr lv

vhoi0�qdqflqj vr wkdw f+w, @ �+w,= Wkhq wkh deryh uhodwlrq vwdwhv wkdw wkh

frqglwlrqdo yduldqfh ri wkh uhwxuq U�+w. 4, jlyhq wkh sdvw lv vlpso|

yduT+U�+w. 4,mKw, @
4

V3+w,	�4w V+w,
=
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Wkh fryduldqfhv ehwzhhq uhwxuqv iru lqglylgxdo vwrfnv dqg wkh sruwirolr �

dv lw wxuqv rxw duh jlyhq e| h{dfwo| wkh vdph txdqwlw|/ qdpho|

fry+Ul+w. 4,>U�+w. 4,mKw, @
4

V3+w,	�4w V+w,
=

E| wklv irupxod/ qrwh wkdw doo vxfk fryduldqfhv duh srvlwlyh dqg wkhuhiruh lq wkh

gh�qlwlrq ri �+w,> doo zhljkwv duh srvlwlyh dqg vr qr vwrfnv duh vkruwhg1 Qrz

vxssrvh wkdw zh zlvk wr prgho wkh lqglylgxdo vwrfn uhwxuqv xvlqj d prgho iru wkh

plqlpxp yduldqfh sruwirolr �= Xqghu wkh ulvn qhxwudo phdvxuh T/ uhfdoo wkdw

hyhu| vwrfn +dqg sruwirolr, kdv wkh ulvn0iuhh udwh ri uhwxuq u+w.4, @
E+w.4,�E+w,

E+w,
=

Wkhq zh kdyh e| vwdqgdug uhjuhvvlrq irupxodh/

Ul+w. 4,� u+w. 4, @ �+U�+w. 4,� u+w. 4,, . %l+w. 4,

zkhuh %l+w . 4, lv d +udqgrp, huuru zkrvh h{shfwhg ydoxhv xqghu T duh

doo }hur1 Wkh uhjuhvvlrq frh�flhqw � @ �+w, @ 4

V3+w,	�4w V+w,
lv wkh vdph iru

doo vwrfnv1 Ri frxuvh wkh xvxdo _ehwd% lq wkh FDSP prgho lq �qdqfh lv wkh

uhjuhvvlrq frh�flhqw zlwk d pdunhw udwh ri uhwxuq xqghu wkh dfwxdo phdvxuh S

dqg wkhvh gr ydu| iurp vwrfn wr vwrfn/ dv gr wkh h{shfwhg uhwxuqv1

Ohw xv vxppdul}h rxu �qglqjv vr idu1 Zh dvvxph wkdw wkh frqglwlrqdo fr0

yduldqfh pdwul{ 	w ri wkh yhfwru ri vwrfn sulfhv lv qrq0vlqjxodu1 Xqghu wkh ulvn

qhxwudo phdvxuh/ doo vwrfnv kdyh h{dfwo| wkh vdph h{shfwhg uhwxuqv htxdo wr wkh

ulvn0iuhh udwh1 Wkhuh lv d xqltxh vhoi0�qdqflqj plqlpxp0yduldqfh sruwirolr �+w,

dqg doo vwrfnv kdyh h{dfwo| wkh vdph frqglwlrqdo fryduldqfh � zlwk �1 Doo vwrfnv

kdyh h{dfwo| wkh vdph uhjuhvvlrq frh�flhqw � zkhq zh uhjuhvv rq wkh plqlpxp

yduldqfh sruwirolr1

Wkh txhvwlrq dulvhv zkhwkhu wkhuh duh rwkhu plqlpxp yduldqfh sruwirolrv xq0

fruuhodwhg zlwk wklv rqh1 Vxssrvh zh gh�qh �5+w, vlploduo| wr plqlpl}h wkh ydul0

dqfh vxemhfw wr wkh frqglwlrq wkdw wkh zhljkwvZ5+w, vdwlvi| Z 3
5+w,	wZ4+w, @ 3=

Wklv lpsolhv wkdw wkh fruuhvsrqglqj sruwirolr �5+w, vdwlv�hv FryT+�5+w .

4,>�+w . 4,mKw, @ 31 Lq ylhz ri wkh gh�qlwlrq ri Z4+w,> wklv lpsolhv wkdw

Z 3
5+w,V+w, @ 3 ru wkdw wkh frvw ri vxfk d sruwirolr dw wkh ehjlqqlqj ri shulrgv

lv 31 Wklv phdqv wkdw wkh sruwirolr lv vxfk wkdw wkhuh lv d shuihfw edodqfh eh0

wzhhq orqj dqg vkruw vwrfnv/ ru wkdw wkh ydoxh ri wkh orqj dqg vkruw vwrfnv duh

htxdo1 Vxemhfw wr wklv uhvwulfwlrq lw lv srvvleoh wr pdnh wkh frqglwlrqdo yduldqfh

dv odujh ru dv vpdoo dv zh zlvk/ vlpso| e| vfdolqj xs ru grzq e| d frpprq

idfwru wkh dprxqw ri rxu lqyhvwphqwv1

Wkh deryh dqdo|vlv dvvxphv wkdw rxu remhfwlyh lv plqlpl}lqj wkh yduldqfh ri

wkh sruwirolr1 Krzhyhu/ xqghu wkh ulvn qhxwudo phdvxuh T> hyhu| vwrfn kdv wkh

vdph ulvn0iuhh udwh ri uhwxuq dqg vr lw lv htxdoo| orjlfdo wr plqlpl}h wkh yduldqfh

ri wkh sruwirolr uhwxuq1 E| wkh vdph dqdo|vlv dv deryh/ wklv lv dfklhyhg zkhq

wkh sursruwlrq ri rxu wrwdo lqyhvwphqw dw hdfk wlph shulrg lq vwrfn l lv fkrvhq

dv frpsrqhqwv ri wkh yhfwru
	�4w 4

43	�4w 4
zkhuh qrz 	w lv wkh frqglwlrqdo fryduldqfh

pdwul{ ri wkh vwrfn uhwxuqv1 Wklv pd| dsshdu wr eh d gl�huhqw fulwhulrq dqg

khqfh d gl�huhqw vroxwlrq/ exw vlqfh dw hdfk vwhs wkh vwrfn sulfh lv d olqhdu
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ixqfwlrq ri wkh uhwxuq Vl+w . 4, @ Vl+w,+4 . Ul+w,, wkh yduldqfh plqlpl}lqj

sruwirolrv duh hvvhqwldoo| wkh vdph1

Ehiruh zh frqwlqxh/ ohw xv h{dplqh krz sudfwlfdo wkh deryh ghfrpsrvlwlrq

lv iru d odujh pdunhw1 Qrwh wkdw lw uhtxluhv nqrzohgjh ri 	w dqg zruvh vwloo/

lw uhtxluhv lqyhuwlqj wklv pdwul{1 Zh zloo wu| wr dyrlg hvwlpdwlqj doo
q+q.4,

5

sdudphwhuv lq 	w e| xvlqj wkh irup lpsolhg e| wkh Fdslwdo Dvvhw Sulflqj Prgho

	w @ ��3�5S +w, . �+w,> zkhuh �5S +w, lv wkh pdunhw yrodwlolw| dw wlph w/ �+w, lv

wkh gldjrqdo pdwul{ zlwk wkh �l +w, dorqj wkh gldjrqdo dqg � lv wkh yhfwru ri

lqglylgxdo vwrfn ehwdv1 Lq wklv fdvh 	�4w @ ��4 . f��4��3��4 zkhuh

f @
�4

��5s .
S

l �
5
l @�l

@ ��5s
4

4 .
S

l �
5
l�

5
s@�l

dqg frqvhtxhqwo| wkh rswlpdo lqyhvwphqw lq hdfk vwrfn l lv sursruwlrqdo wr

4

�l
. f�l+

[
m

�m@�m,

ru �l .
4

f�l+
S

m �m@�m,

Wkh frqglwlrqdo yduldqfh ri Ul+w . 4, jlyhq wkh pdunhw dw wlph w . 4 lv

�l= Ohw xv fdoo wklv wkh h{fhvv yrodwlolw| iru vwrfn l= Wkhq wkh zhljkwv iru wkh

rswlpdo sruwirolr duh olqhdu lq wkh ehwd iru wkh vwrfn dqg wkh uhflsurfdo ri wkh

h{fhvv yrodwlolw|1

��( )��
�	�� �������� � � �����
�

W|slfdoo| pdunhw lqirupdwlrq grhv qrw frpsohwho| ghwhuplqh wkh ulvn0qhxwudo

phdvxuh T 1 Zh zloo dujxh wkdw zkloh wkh klvwrulfdo gdwd vkrxog qrw vwulfwo|

ghwhuplqh wkh T phdvxuh/ lw vkrxog eh xvhg wr �oo lq wkh lqirupdwlrq wkdw lv

qrw glfwdwhg e| qr0duelwudjh frqvlghudwlrqv1 Lq rughu wr uhodwh wkh uhdo zruog wr

wkh ulvn0iuhh zruog/ zh qhhg hlwkhu vx�flhqw pdunhw gdwd wr frpsohwho| ghvfuleh

d ulvn0qhxwudo phdvxuh T +vxfk d prgho lv fdoohg d frpsohwh pdunhw, ru zh qhhg

wr olplw rxu fdqglgdwh fodvv ri T phdvxuhv vrphzkdw1 Zh pd| hlwkhu gh�qh

wkh mrlqw glvwulexwlrqv ri wkh vwrfn sulfhv ru wkhlu uhwxuqv/ vlqfh iurp rqh zh fdq

sdvv wr wkh rwkhu1 Iru frqyhqlhqfh/ vxssrvh zh ghvfuleh wkh mrlqw glvwulexwlrq

ri wkh uhwxuqv surfhvv1 Wkh frqglwlrqv zh lpsrvh rq wkh pduwlqjdoh phdvxuh

duh wkh iroorzlqj>

41 Xqghu T> hdfk qrupdol}hg vwrfn sulfh Vm+w,@Ew dqg ghulydwlyh sulfh

Yw@Ew irupv d pduwlqjdoh1 Htxlydohqwo|/ HT^Vl+w.4,mKw` @ Vl+w,u+w.4,

zkhuh u+w . 4, lv wkh ulvn iuhh lqwhuhvw udwh ryhu wkh lqwhuydo +w> w . 4,=

+Uhfdoo wkdw wklv ulvn0iuhh lqwhuhvw udwh u+w. 4, lv gh�qhg e| wkh htxdwlrq

E+w. 4, @ +4 . u+w. 4,,E+w,=,

51 T lv d suredelolw| phdvxuh1
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D voljkw uhylvlrq ri qrwdwlrq lv qhfhvvdu| khuh1 Zh zloo exlog rxu mrlqw glvwul0

exwlrqv frqglwlrqdoo| rq wkh sdvw dqg li S ghqrwhv wkh mrlqw glvwulexwlrq vwrfn

sulfhv V+4,> V+5,> ===V+W , ryhu wkh zkroh shulrg ri revhuydwlrq 3 ? w ? W wkhq

Sw.4 ghqrwhv wkh frqglwlrqdo glvwulexwlrq ri V+w. 4, jlyhq Kw= Ohw xv ghqrwh

wkh frqglwlrqdo prphqw jhqhudwlqj ixqfwlrq ri wkh yhfwru V+w . 4, xqghu wkh

phdvxuh Sw.4 e|

pw+x, @ HS ^h{s+x
3V+w. 4,mKw` @ HS ^h{s+

[
l

xlVl+w. 4,,mKw`

Zh lpsolflwo| dvvxph/ ri frxuvh/ wkdw wklv prphqw jhqhudwlqj ixqfwlrq h{lvwv1

Vxssrvh/ iru vrph yhfwru ri sdudphwhuv � zh fkrrvh Tw.4 wr eh wkh h{srqhqwldo

wlow ri Sw.4> l1h1

gTw.4+v, @
h{s+�3v,

pw+�,
gSw.4+v,

Wkh glylvlrq e|pw+�, lv qhfhvvdu| wr hqvxuh wkdw Tw.4 lv d suredelolw| phdvxuh1

Zk| wudqvirup d ghqvlw| e| pxowlso|lqj e| dq h{srqhqwldo lq wklv zd|B

Wkhuh duh pdq| uhdvrqv iru vxfk d wudqvirupdwlrq1 H{srqhqwldo idplolhv ri

glvwulexwlrqv duh exlow lq h{dfwo| wklv idvklrq dqg hqmr| surshuwlhv ri vx�flhqf|/

frpsohwhqhvv dqg hdvh ri hvwlpdwlrq1 Exw zh dovr dujxh wkdw wkh phdvxuh

T lv wkh suredelolw| phdvxuh zklfk lv forvhvw wr S lq d fhuwdlq vhqvh zkloh

vwloo vdwlvi|lqj wkh uhtxluhg prphqw frqvwudlqw1 Zh pxvw ehjlq zlwk wkh qrwlrq

ri hqwurs| zklfk xqghuolhv frqvlghudeoh wkhru| lq Vwdwlvwlfv dqg hovhzkhuh lq

Vflhqfh1

��(�� �
��� )��
�	�

Frqvlghu wzr suredelolw| phdvxuhv S dqg T= Wkhq wkh furvv hqwurs| ru

Nxooedfk0Ohleohu glvwdqfh ehwzhhq wkh wzr phdvxuhv lv jlyhq e|

K+TmS , @ vxs
iHlj

[
T+Hl, orj

T+Hl,

S +Hl,

zkhuh wkh vxsuhpxp lv ryhu doo �qlwh sduwlwlrqv iHlj ri wkh suredelolw| vsdfh1

Lw lv qrw kdug wr vkrz wkdw wklv phdvxuh lv dozd|v qrq0qhjdwlyh dqg li T lv

devroxwho| frqwlqxrxv zlwk uhvshfw wr S wklv fdq eh uhzulwwhq lq wkh irup

K+TmS , @ HT orj+
gT

gS
,=

Li/ krzhyhu/ T lv qrw devroxwho| frqwlqxrxv zlwk uhvshfw wr S wkhq wkh furvv

hqwurs| lv lq�qlwh1 Zh vkrxog dovr uhpdun wkdw wkh furvv hqwurs| lv qrw uhdoo|

d phwulf lq wkh xvxdo vhqvh +dowkrxjk zh xqdvkdphgo| xvh wkh whup glvwdqfh lq

uhihuhqfh wr lw, vlqfh lq jhqhudo K+TmS , 9@ K+S mT,= Qrz wkh iroorzlqj uhvxow

dvvhuwv wkdw wkh suredelolw| phdvxuh T zklfk lv forvhvw wr S exw vdwlv�hv d

frqvwudlqw rq lwv phdq lv jhqhudwhg e| dq h{srqhqwldo wlow ri wkh glvwulexwlrq ri

S=
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Wkhruhp 6 = Plqlpl}lqj furvv0hqwurs|1

Frqvlghu wkh sureohp

plq
T

K+TmS ,

vxemhfw wr wkh frqvwudlqw HT+i+[,, @ �= Wkhq wkh vroxwlrq/ li lw h{lvwv/ lv jlyhq

e|

gT @
h{s+�3i+[,,

p+�,
gS

zkhuh p+�, @ HS ^h{s+�3i+[,,` dqg � lv fkrvhq vr wkdw
p3+�,

p+�,
@ �=

Wkh surri ri wklv uhvxow/ lq wkh fdvh ri d glvfuhwh glvwulexwlrq S lv d vwudljkw0

iruzdug xvh ri Odjudqjh pxowlsolhuv1 Zh ohdyh lw dv d sureohp dw wkh hqg ri wkh

fkdswhu1

Qrz ohw xv uhwxuq wr wkh frqvwudlqwv rq wkh yhfwru ri vwrfn sulfhv1 Lq rughu

wkdw HT^V+w.4,mKw` @ +4 . u+w.4,,V+w, zh uhtxluh wkdw � @ �w eh fkrvhq vr

wkdw]
v
h{s+�3v,

pw+�,
gSw.4+v, @

p3
w+�,

pw+�,
@

g

g�
orj+pw+�,, @ +4 . u+w. 4,,V+w,=

Ri frxuvh/ wkh sdudphwhu � @ �w lv ghshqghqw rq wlph vlqfh lw ghshqgv rq wkh

frqglwlrqdo glvwulexwlrq jlyhq Kw= Qrz frqvlghu d phdvxuh T jlyhq e|

gT @
h{s+

S
w �
3
wg{w,

�wpw+�w,
gS

Wkhruhp 41718 vkrzv wkdw wklv h{srqhqwldoo| wlowhg glvwulexwlrq kdv wkh surs0

huw| ri ehlqj wkh forvhvw wr wkh ruljlqdo phdvxuh S zkloh vdwlvi|lqj wkh frqglwlrq

wkdw wkh qrupdol}hg vhtxhqfh ri vwrfn sulfhv irupv d pduwlqjdoh1 Wkhuh lv d frq0

wlqxrxv wlph dqdorjxh ri wklv uhvxow/ zklfk/ iru frpsohwhqhvv/ zh vlpso| vwdwh

ehorz dqg uhvhuyh wkh surri iru wkh sureohp vhw1 Wkh vwdwhphqw uhtxluhv xq0

ghuvwdqglqj ri wkh frqwlqxrxv wlph prghov ri wkh qh{w vhfwlrq/ dqg vr fdq eh

vnlsshg rq �uvw uhdglqj1

Wkhruhp 7 1

Vxssrvh xqghu d suredelolw| phdvxuh S> wkh vwrfn sulfh surfhvv Vw vdwlv�hv

dq Lwr htxdwlrq ri wkh irup

gVw @ �wgw. �wgZw

Wkhq wkh phdvxuh T zklfk vdwlv�hv

plq
T

K+TmS ,
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vxemhfw wr wkh frqvwudlqw wkdw wkh guliw ri wkh surfhvv lv jlyhq e| wkh ulvn iuhh

lqwhuhvw udwh/ +irupdoo| zulwwhq HT^gVwmKw` @ uwVwgw, lv vxfk wkdw

gT @ h{s+

]
�wgVw �

]
+�w�w . �5w�

5
w@5,gw,gS

zkhuh

�w @
Vwuw � �w

�5w

Wkh h�hfw ri wklv fkdqjh ri phdvxuh lv vxfk wkdw xqghu T> Vw vdwlv�hv dq Lwr

htxdwlrq zlwk wkh vdph gl�xvlrq whup dqg guliw ghwhuplqhg e| wkh ulvn0iuhh

lqwhuhvw udwh

gVw @ uwVwgw. �wgZw

��(� ��*���� )��
�	�

Lq 4<7; lq d ixqgdphqwdo sdshu rq wkh wudqvplvvlrq ri lqirupdwlrq/ F1 H1 Vkdq0

qrq sursrvhg wkh iroorzlqj lghd ri hqwurs|1 Wkh hqwurs| ri d glvwulexwlrq dw0

whpswv wr phdvxuh wkh h{shfwhg qxpehu ri vwhsv uhtxluhg wr ghwhuplqh d jlyhq

rxwfrph ri d udqgrp yduldeoh zlwk d jlyhq glvwulexwlrq zkhq xvlqj d vlpsoh

elqdu| sroo1 Iru h{dpsoh vxssrvh wkdw d udqgrp yduldeoh [ kdv glvwulexwlrq

jlyhq e|

{ 3 4 5

S ^[ @ {` =58 =58 =8

Lq wklv fdvh/ li zh dvn �uvw zkhwkhu wkh udqgrp yduldeoh lv � 5 dqg

wkhq/ surylghg wkh dqvzhu lv qr/ li lw lv � 4> wkh h{shfwhg qxpehu ri txhulhv wr

dvfhuwdlq wkh ydoxh ri wkh udqgrp yduldeoh lv 4 . 4+4@5, @ 4=8= Wkhuh lv qr

pruh h�flhqw vfkhph iru ghvljqlqj wklv elqdu| sroo lq wklv fdvh vr zh zloo wdnh

4=8 wr eh d phdvxuh ri hqwurs| ri wkh glvwulexwlrq ri [= Lq jhqhudo iru d glvfuhwh

glvwulexwlrq/ vxfk wkdw S ^[ @ {` @ s+{,> wkh hqwurs| pd| eh gh�qhg wr eh

K+s, @ Hi� oq+s+[,, @ �
[
{

s+{, oq+s+{,,=

Lq wkh fdvh ri wkh deryh glvwulexwlrq/ li zh zhuh wr uhsodfh wkh qdwxudo

orjdulwkp e| wkh orj edvh 5/ +oq dqg orj5 gl�hu rqo| e| d vfdoh idfwru dqg

duh wkhuhiruh wkh fruuhvsrqglqj phdvxuhv ri hqwurs| duh htxlydohqw xs d vfdoh

pxowlsoh, qrwlfh wkdw �
S

{ s+{, orj5+s+{,, @ =8+4,. =8+5, @ 4=8> vr wklv irupxod

fruuhfwo| phdvxuhv wkh gl�fxow| lq dvfhuwdlqlqj d udqgrp yduldeoh iurp d vh0

txhqfh ri txhvwlrqv zlwk |hv0qr ru elqdu| dqvzhuv1 Wklv lv wuxh lq jhqhudo lq

idfw1 Wkh frpsoh{lw| ri d glvwulexwlrq dv phdvxuhg e| wkh h{shfwhg qxpehu

ri txhvwlrqv lq d elqdu| sroo wr ghwhuplqh wkh ydoxh ri d udqgrp yduldeoh zlwk

wkdw glvwulexwlrq fdq eh phdvxuhg e| wkh
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Pdq| vwdwlvwlfdo glvwulexwlrqv kdyh dq lqwhusuhwdwlrq lq whupv ri pd{lpl}lqj

hqwurs|1 Iru h{dpsoh/ zkdw glvfuhwh glvwulexwlrq s kdv ydoxhv rq d fhuwdlq vhw

dqg |hw pd{lpl}hv wkh hqwurs| K+s,B Iluvw qrwlfh wkdw li s lv xqlirup rq q

srlqwv/ s+{, @ 4@q iru doo { dqg vr wkh hqwurs| lv �
S

{
4
q
oq+ 4

q
, @ oq+q,= Qrz

frqvlghu wkh sureohp ri pd{lpl}lqj wkh hqwurs| K+s, iru dq| glvwulexwlrq rq q

srlqwv +vxemhfw wr wkh frqvwudlqw/ ri frxuvh/ wkdw wkh suredelolwlhv dgg wr rqh,1

Wkh Odjudqjldq iru wklv sureohp lv �
S

{ s+{, oq+s+{,,��i
S

{ s+{,�4j zkhuh

� lv d Odjudqjh pxowlsolhu1 Xsrq gl�huhqwldwlqj zlwk uhvshfw wr s+{, zh rewdlq

� oq+s+{,, � 4 � � @ 3 ru s+{, @ h�+4.�,1 Dsso|lqj wkh frqvwudlqw wkdw wkh

vxp ri wkh suredelolwlhv lv rqh uhvxowv lq s+{, @ 4@q iru doo {= Wklv vkrzv wkdw

wkh glvfuhwh glvwulexwlrq zlwk pd{lpxp hqwurs| lv wkh xqlirup glvwulexwlrq1

Zkdw li zh uhshdw wklv dqdo|vlv xvlqj dgglwlrqdo frqvwudlqwv/ iru h{dpsoh rq wkh

prphqwv ri wkh glvwulexwlrqB Vxssrvh iru h{dpsoh wkdw zh uhtxluh wkdw wkh

phdq ri wkh glvwulexwlrq lv vrph �{hg frqvwdqw � dqg wkh yduldqfh �{hg dw �5=

Wkh sureohp lv vlplodu wr wkdw wuhdwhg deryh exw zlwk wzr pruh whupv lq wkh

Odjudqjldq iru hdfk ri wkh dgglwlrqdo frqvwudlqwv1 Wkh Odjudqjldq ehfrphv

�
[
{

s+{, oq+s+{,,� �4i
[
{

s+{,� 4j � �5i
[
{

{s+{,� �j � �6i
[

{5s+{,� �5 � �5j

zkhuhxsrq vhwwlqj wkh ghulydwlyh zlwk uhvshfw wr s+{, htxdo wr }hur dqg ds0

so|lqj wkh frqvwudlqwv zh rewdlq

s+{, @ h{si��4 � �5{� �6{
5j>

zlwk frqvwdqwv �4> �5> �6 fkrvhq wr vdwlvi| wkh wkuhh frqvwudlqwv1 Vlqfh wkh

h{srqhqw lv d txdgudwlf ixqfwlrq ri {> wklv lv dqdorjrxv wr wkh qrupdo glv0

wulexwlrq h{fhsw wkdw zh kdyh uhtxluhg wkdw lw eh vxssruwhg rq d glvfuhwh vhw

ri srlqwv {= Ohw xv fdoo vxfk d glvwulexwlrq wkh glvfuhwh qrupdo glvwulexwlrq1

Lq idfw li zh gurs wkh uhtxluhphqw wkdw wkh glvwulexwlrq lv glvfuhwh/ wkh vdph

nlqg ri dujxphqw vkrzv wkdw wkh pd{lpxp hqwurs| glvwulexwlrq lv wkh qrupdo

glvwulexwlrq1

Vr khuh/ dw ohdvw/ duh wzr vlpsoh glvwulexwlrqv dulvlqj rxw ri pd{lpxp hq0

wurs| frqvlghudwlrqv1 Wkh pd{lpxp hqwurs| glvwulexwlrq rq d glvfuhwh vhw ri

srlqwv lv wkh xqlirup glvwulexwlrq1 Wkh pd{lpxp hqwurs| vxemhfw wr d frqvwudlqw

rq wkh phdq dqg wkh yduldqfh lv d +glvfuhwh, qrupdo glvwulexwlrq1

��+ ������ �� ���������� ����

Zh ehjlq zlwk vrph ryhuvlpsol�hg uxohv ri vwrfkdvwlf fdofxoxv zklfk fdq eh

rplwwhg e| wkrvh zlwk d edfnjurxqg lq Eurzqldq prwlrq dqg gl�xvlrq1 Iluvw/

zh gh�qh d vwrfkdvwlf surfhvv Zw fdoohg wkh vwdqgdug Eurzqldq prwlrq ru

Zlhqhu surfhvv kdylqj wkh iroorzlqj surshuwlhv>

41 Iru hdfk k A 3> wkh lqfuhphqw Z +w.k,�Z +w, kdv d Q+3> k, glvwulexwlrq

dqg lv lqghshqghqw ri doo suhfhglqj lqfuhphqwv Z +x,�Z +y,> w A x A y A

3=
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51 Z +3 , @ 3 =

Wkh Vwdqgdug Eurzqldq Prwlrq Surfhvv

Wkh idfw wkdw vxfk d surfhvv h{lvwv lv e| qr phdqv hdv| wr vhh1 Lw kdv ehhq dq

lpsruwdqw sduw ri wkh olwhudwxuh lq Sk|vlfv/ Suredelolw| dqg Ilqdqfh dw ohdvw vlqfh

wkh sdshuv ri Edfkholhu dqg Hlqvwhq/ derxw 433 |hduv djr1 D Eurzqldq prwlrq

surfhvv dovr kdv vrph lqwhuhvwlqj dqg uhpdundeoh wkhruhwlfdo surshuwlhv> lw lv

frqwlqxrxv zlwk suredelolw| rqh exw wkh suredelolw| wkdw wkh surfhvv kdv �qlwh

yduldwlrq lq dq| lqwhuydo lv 31 Zlwk suredelolw| rqh lw lv qrzkhuh gl�huhqwldeoh1

Ri frxuvh rqh pljkw dvn krz d surfhvv zlwk vxfk dssduhqwo| el}duuh surshuwlhv

fdq eh xvhg wr dssur{lpdwh uhdo0zruog skhqrphqd/ zkhuh zh h{shfw ixqfwlrqv

wr eh exlow hlwkhu iurp frqwlqxrxv dqg gl�huhqwldeoh vhjphqwv ru mxpsv lq wkh

surfhvv1 Wkh dqvzhu lv wkdw d yhu| zlgh fodvv ri ixqfwlrqv frqvwuxfwhg iurp wkrvh

wkdw duh txlwh zhoo0ehkdyhg +h1j1 vwhs ixqfwlrqv, dqg wkdw kdyh lqghshqghqw

lqfuhphqwv frqyhujh dv wkh vfdoh rq zklfk wkh| pryh lv uh�qhg hlwkhu wr d

Eurzqldq prwlrq surfhvv ru wr d surfhvv gh�qhg dv dq lqwhjudo zlwk uhvshfw wr d

Eurzqldq prwlrq surfhvv dqg vr wklv lv d xvhixo dssur{lpdwlrq wr d eurdg udqjh

ri frqwlqxrxv wlph surfhvvhv1 Iru h{dpsoh/ frqvlghu d udqgrp zdon surfhvv

Vq @
Sq

l@4[l zkhuh wkh udqgrp yduldeohv [l duh lqghshqghqw lghqwlfdoo|

glvwulexwhg zlwk h{shfwhg ydoxh H+[l, @ 3 dqg ydu+[l, @ 4= Vxssrvh zh sorw

wkh judsk ri wklv udqgrp zdon +q> Vq, dv ehorz1 Qrwlfh wkdw zh kdyh olqhduo|

lqwhusrodwhg wkh judsk vr wkdw wkh ixqfwlrq lv gh�qhg iru doo q> zkhwkhu lqwhjhu

ru qrw1
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Qrz li zh lqfuhdvh wkh vdpsoh vl}h dqg ghfuhdvh wkh vfdoh dssursuldwho| rq

erwk d{hv/ wkh uhvxow lv/ lq wkh olplw/ d Eurzqldq prwlrq surfhvv1 Wkh yhuwlfdo

vfdoh lv wr eh ghfuhdvhg e| d idfwru 4@
s
q dqg wkh krul}rqwdo vfdoh e| d idfwru

q�4 1 Wkh wkhruhp frqfoxghv wkdw wkh vhtxhqfh ri surfhvvhv

\q+w, @
4s
q
Vqw

frqyhujhv zhdno| wr d vwdqgdug Eurzqldq prwlrq surfhvv dv q$4= Lq sudfwlfh

wklv phdqv wkdw d surfhvv zlwk lqghshqghqw vwdwlrqdu| lqfuhphqwv whqgv wr orrn

olnh d Eurzqldq prwlrq surfhvv1 Dv zh vkdoo vhh/ wkhuh lv dovr d zlgh ydulhw|

ri qrq0vwdwlrqdu| surfhvvhv wkdw fdq eh frqvwuxfwhg iurp wkh Eurzqldq prwlrq

surfhvv e| lqwhjudwlrq1 Ohw xv xvh wkh deryh olplwlqj uhvxow wr uhqghu vrph

ri wkh surshuwlhv ri wkh Eurzqldq prwlrq pruh sodxvleoh/ vlqfh d vhulrxv surri

lv eh|rqg rxu vfrsh1 Frqvlghu wkh txhvwlrq ri frqwlqxlw|/ iru h{dpsoh1 Vlqfh

m\q+w . k, � \q+w,m � m 4s
q

Sq+w.k,
l@qw [l m dqg wklv lv wkh devroxwh ydoxh ri dq

dv|pswrwlfdoo| qrupdoo|+3> k, udqgrp yduldeoh e| wkh fhqwudo olplw wkhruhp/ lw

lv sodxvleoh wkdw wkh olplw dv k$ 3 lv }hur vr wkh ixqfwlrq lv frqwlqxrxv dw w=

Rq wkh rwkhu kdqg qrwh wkdw

\q+w. k,� \q+w,

k
� 4

k

4s
q

q+w.k,[
l@qw

[l

vkrxog e| dqdorj| ehkdyh olnh k�4 wlphv d Q+3> k, udqgrp yduldeoh zklfk eorzv

xs dv k $ 3 vr lw zrxog dsshdu wkdw wkh ghulydwlyh dw w grhv qrw h{lvw1 Wr

rewdlq wkh wrwdo yduldwlrq ri wkh surfhvv lq wkh lqwhuydo ^w> w . k` / frqvlghu wkh

ohqjwkv ri wkh vhjphqwv lq wklv lqwhuydo/ l1h1

4s
q

q+w.k,[
l@qw

m[lm
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dqg qrwlfh wkdw vlqfh wkh odz ri odujh qxpehuv lpsolhv wkdw 4
qk

Sq+w.k,
l@qw m[lm

frqyhujhv wr d srvlwlyh frqvwdqw/ qdpho| Hm[lm/ li zh pxowlso| e|
s
qk wkh

olplw pxvw eh lq�qlwh/ vr wkh wrwdo yduldwlrq ri wkh Eurzqldq prwlrq surfhvv lv

lq�qlwh1

Frqwlqxrxv wlph surfhvv duh xvxdoo| exlow rqh vpdoo lqfuhphqw dw d wlph

dqg gh�qhg wr eh wkh olplw dv wkh vl}h ri wkh wlph lqfuhphqw lv uhgxfhg wr }hur1

Ohw xv frqvlghu iru h{dpsoh krz zh pljkw gh�qh d vwrfkdvwlf +Lwr, lqwhjudo ri

wkh irup
U W
3
k+w,gZw1 Dq dssur{lpdwlqj vxp wdnhv wkh irup

] W

3

k+w,gZw �
q�4[
l@3

k+wl,+Z +wl.4,�Z +wl,,> 3 @ w3 ? w4 ? === ? wq @ W=

Qrwh wkdw wkh ixqfwlrq k+w, lv hydoxdwhg dw wkh ohiw kdqg hqg0srlqw ri wkh lq0

whuydov ^wl> wl.4`/ dqg wklv lv fkdudfwhulvwlf ri wkh Lwr fdofxoxv/ dqg dq lpsruwdqw

ihdwxuh glvwlqjxlvklqj lw iurp wkh xvxdo Ulhpdqq fdofxoxv vwxglhg lq xqghujudg0

xdwh pdwkhpdwlfv frxuvhv1 Wkhuh duh vrph vlpsoh uhdvrqv zk| hydoxdwlqj wkh

ixqfwlrq dw wkh ohiw kdqg hqg0srlqw lv qhfhvvdu| iru vwrfkdvwlf prghov lq �qdqfh1

Iru h{dpsoh ohw xv vxssrvh wkdw wkh ixqfwlrq k+w, phdvxuhv krz pdq| vkduhv

ri d vwrfn zh srvvhvv dqg Z +w, lv wkh sulfh ri rqh vkduh ri vwrfn dw wlph w=

Lw lv fohdu wkdw zh fdqqrw suhglfw suhflvho| ixwxuh vwrfn sulfhv dqg rxu ghflvlrq

derxw lqyhvwphqw ryhu d srvvleo| vkruw wlph lqwhuydo ^wl> wl.4` pxvw eh pdgh

dw wkh ehjlqqlqj ri wklv lqwhuydo/ qrw dw wkh hqg ru lq wkh plggoh1 Vhfrqg/ lq

wkh fdvh ri d Eurzqldq prwlrq surfhvv Z +w,> lw pdnhv d gl�huhqfh zkhuh lq

wkh lqwhuydo ^wl> wl.4` zh hydoxdwh wkh ixqfwlrq k wr dssur{lpdwh wkh lqwhjudo/

zkhuhdv lw pdnhv qr gl�huhqfh iru Ulhpdqq lqwhjudov1 Dv zh uh�qh wkh sduwl0

wlrq ri wkh lqwhuydo/ wkh dssur{lpdwlqj vxpv
Sq�4

l@3 k+wl.4,+Z +wl.4, �Z +wl,,>

iru h{dpsoh/ dssurdfk d frpsohwho| gl�huhqw olplw1 Wklv gl�huhqfh lv hvvhqwldoo|

gxh wr wkh idfw wkdw Z +w,> xqolnh wkrvh ixqfwlrqv vwxglhg ehiruh lq fdofxoxv/ lv

ri lq�qlwh yduldwlrq1 Dv d frqvhtxhqfh/ wkhuh duh rwkhu lpsruwdqw gl�huhqfhv lq

wkh Lwr fdofxoxv1 Ohw xv vxssrvh wkdw wkh lqfuhphqw gZ lv xvhg wr ghqrwh

vpdoo lqfuhphqwv Z +wl.4,�Z +wl, lqyroyhg lq wkh frqvwuxfwlrq ri wkh lqwhjudo1

Li zh ghqrwh wkh lqwhuydo ri wlph wl.4 � wl e| gw> zh fdq orrvho| dvvhuw wkdw gZ

kdv wkh qrupdo glvwulexwlrq zlwk phdq 3 dqg yduldqfh gw= Li zh dgg xs d odujh

qxpehu ri lqghshqghqw vxfk lqfuhphqwv/ vlqfh wkh yduldqfhv dgg/ wkh vxp kdv

yduldqfh wkh vxp ri wkh ydoxhv gw dqg vwdqgdug ghyldwlrq wkh vtxduh urrw1 Yhu|

urxjko|/ zh fdq dvvhvv wkh vl}h ri gZ vlqfh lwv vwdqgdug ghyldwlrq lv +gw,4@5=

Qrz frqvlghu gh�qlqj d surfhvv dv d ixqfwlrq erwk ri wkh Eurzqldq prwlrq dqg

ri wlph/ vd| Yw @ j+Zw> w,= Li Zw uhsuhvhqwhg wkh sulfh ri d vwrfn ru d erqg/

Yw pljkw eh wkh sulfh ri d ghulydwlyh rq wklv vwrfn ru erqg1 H{sdqglqj wkh

lqfuhphqw gY xvlqj d Wd|oru vhulhv h{sdqvlrq jlyhv

gYw @
C

CZ
j+Zw> w,gZ .

C5

CZ 5
j+Zw> w,

gZ 5

5
.

C

Cw
j+Zw> w,gw +419,

.+vwx�,� +gZ ,6 . +pruh vwx�,� +gw,+gZ ,5 . ====

Orrvho|/ gZ lv qrupdo zlwk phdq 3 dqg vwdqgdug ghyldwlrq +gw,4@5 dqg

vr gZ lv qrq0qhjoljleoh frpsduhg zlwk gw dv gw$ 3=Zh fdq gh�qh hdfk ri wkh
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gl�huhqwldov gZ dqg gw hvvhqwldoo| e| uhihuhqfh wr wkh uhvxow zkhq zh lqwhjudwh

erwk vlghv ri wkh htxdwlrq1 Li L zhuh wr zulwh dq htxdwlrq lq gl�huhqwldo irup

g[w @ k+w,gZw

wkhq wklv rqo| kdv uhdo phdqlqj wkurxjk lwv lqwhjudwhg yhuvlrq

[w @ [3 .

] w

3

k+w,gZw=

Zkdw derxw wkh whupv lqyroylqj +gZ ,5 B Zkdw phdqlqj vkrxog zh dvvljq wr d

whup olnh
U
k+w,+gZ ,5B Frqvlghu wkh dssur{lpdwlqj ixqfwlrq

S
k+wl,+Z +wl.4,�

Z +wl,,
5= Qrwlfh wkdw/ dw ohdvw lq wkh fdvh wkdw wkh ixqfwlrq k lv qrq0udqgrp zh

duh dgglqj xs lqghshqghqw udqgrp yduldeohv k+wl,+Z +wl.4,�Z +wl,,
5 hdfk zlwk

h{shfwhg ydoxh k+wl,+wl.4 � wl, dqg zkhq zh dgg xs wkhvh txdqwlwlhv wkh olplw

lv
U
k+w,gw e| wkh odz ri odujh qxpehuv1 Urxjko| vshdnlqj/ dv gl�huhqwldov/ zh

vkrxog lqwhusuhw +gZ ,5 dv gw ehfdxvh wkdw lv wkh zd| lw dfwv lq dq lqwhjudo1

Vxevhtxhqw whupv vxfk dv +gZ ,6 ru +gw,+gZ ,5 duh doo r+gw,/ l1h1 wkh| doo

dssurdfk 3 idvwhu wkdq grhv gw dv gw $ 3= Vr �qdoo| vxevwlwxwlqj iru +gZ ,5

lq BB dqg ljqrulqj doo whupv wkdw duh r+gw,> zh rewdlq d vlpsoh yhuvlrq ri Lwr*v

ohppd

gj+Zw> w, @
C

CZ
j+Zw> w,gZ . i4

5

C5

CZ 5
j+Zw> w, .

C

Cw
j+Zw> w,jgw=

Wklv uxoh uhvxowv/ iru h{dpsoh/ zkhq zh sxw j+Zw> w, @Z 5
w lq

g+Z 5
w , @ 5ZwgZw . gw

ru rq lqwhjudwlqj erwk vlghv dqg uhduudqjlqj/] e

d

ZwgZw @
4

5
+Z 5

e �Z 5
d ,�

4

5

] e

d

gw=

Wkh whup
U e
d
gw deryh lv zkdw glvwlqjxlvkhv wkh Lwr fdofxoxv iurp wkh Ulhpdqq

fdofxoxv/ dqg lv d frqvhtxhqfh ri wkh qdwxuh ri wkh Eurzqldq prwlrq surfhvv/

d frqwlqxrxv ixqfwlrq ri lq�qlwh yduldwlrq1

Wkhuh lv rqh pruh surshuw| ri wkh vwrfkdvwlf lqwhjudo wkdw pdnhv lw d ydoxdeoh

wrro lq wkh frqvwuxfwlrq ri prghov lq �qdqfh/ dqg wkdw lv wkdw d vwrfkdvwlf

lqwhjudo zlwk uhvshfw wr d Eurzqldq prwlrq surfhvv lv dozd|v d pduwlqjdoh1 Wr

vhh wklv/ qrwh wkdw lq dq dssur{lpdwlqj vxp

] W

3

k+w,gZw �
q�4[
l@3

k+wl,+Z +wl.4,�Z +wl,,

hdfk ri wkh vxppdqgv kdv frqglwlrqdo h{shfwdwlrq 3 jlyhq wkh sdvw/ l1h1

H^k+wl,+Z +wl.4,�Z +wl,,mKwl ` @ k+wl,H^+Z +wl.4,�Z +wl,,mKwl ` @ 3
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vlqfh wkh Eurzqldq lqfuhphqwv kdyh phdq 3 jlyhq wkh sdvw dqg vlqfh k+w, lv

phdvxudeoh zlwk uhvshfw wr Kw=

Zh ehjlq zlwk dq dwwhpsw wr frqvwuxfw wkh prgho iru dq Lwr surfhvv ru gli0

ixvlrq surfhvv lq frqwlqxrxv wlph1 Zh frqvwuxfw wkh sulfh surfhvv rqh lqfuhphqw

dw d wlph dqg lw vhhpv uhdvrqdeoh wr h{shfw wkdw erwk wkh phdq dqg wkh ydul0

dqfh ri wkh lqfuhphqw lq sulfh pd| ghshqg rq wkh fxuuhqw sulfh exw grhv qrw

ghshqg rq wkh surfhvv ehiruh lw duulyhg dw wkdw sulfh1 Wklv lv d orrvh ghvfulswlrq

ri d Pdunry surshuw|1 Wkh frqglwlrqdo glvwulexwlrq ri wkh ixwxuh ri wkh surfhvv

ghshqgv rqo| rq wkh fxuuhqw wlph w dqg wkh fxuuhqw sulfh ri wkh surfhvv1 Ohw xv

vxssrvh lq dgglwlrq wkdw wkh lqfuhphqwv lq wkh surfhvv duh/ frqglwlrqdo rq wkh

sdvw/ qrupdoo| glvwulexwhg1 Wkxv zh dvvxph wkdw iru vpdoo ydoxhv ri k> frq0

glwlrqdo rq wkh fxuuhqw wlph w dqg wkh fxuuhqw ydoxh ri wkh surfhvv [w> wkh

lqfuhphqw [w.k �[w fdq eh jhqhudwhg iurp d qrupdo glvwulexwlrq zlwk phdq

d+[w> w,k dqg zlwk yduldqfh �5+[w> w,k iru vrph ixqfwlrqv d dqg �5 fdoohg wkh

guliw dqg gl�xvlrq frh�flhqwv uhvshfwlyho|1 Vxfk d qrupdo udqgrp yduldeoh fdq

eh irupdoo| zulwwhq dv d+[w> w ,gw. �5+[w> w,gZw= Vlqfh zh frxog h{suhvv [W dv

dq lqlwldo sulfh [3 soxv wkh vxp ri vxfk lqfuhphqwv/ [W @ [3.
S

l+[wl.4�[wl,=

Wkh vlqjoh prvw lpsruwdqw prgho ri wklv w|sh lv fdoohg wkh Jhrphwulf Eurz0

qldq prwlrq ru Eodfn0Vfkrohv prgho1 Vlqfh wkh dfwxdo ydoxh ri vwrfn/ olnh wkh

ydoxh ri d fxuuhqf| ru yluwxdoo| dq| rwkhu dvvhw lv odujho| duwl�fldo/ ghshqglqj rq

vxfk wklqjv dv wkh qxpehu ri vkduhv lvvxhg/ lw lv uhdvrqdeoh wr vxssrvh wkdw wkh

fkdqjhv lq d vwrfn sulfh vkrxog eh prghohg uhodwlyh wr wkh fxuuhqw sulfh1 Iru

h{dpsoh udwkhu wkdq prgho wkh lqfuhphqwv/ lw lv shukdsv pruh uhdvrqdeoh wr

prgho wkh uhodwlyh fkdqjh lq wkh surfhvv1 Wkh vlpsohvw vxfk prgho ri wklv w|sh

lv rqh lq zklfk erwk wkh phdq dqg wkh vwdqgdug ghyldwlrq ri wkh lqfuhphqw lq

wkh sulfh duh olqhdu pxowlsohv ri sulfh lwvhoi> yl}1 g[w lv dssur{lpdwho| qru0

pdoo| glvwulexwhg zlwk phdq d[wgw dqg yduldqfh �5[5
w gw= Lq whupv ri vwrfkdvwlf

gl�huhqwldov/ zh dvvxph wkdw

g[w @ d[wgw. �[wgZw= +41:,

Qrz frqvlghu wkh uhodwlyh uhwxuq iurp vxfk d surfhvv ryhu wkh lqfuhphqw g\w @

g[w@[w= Sxwwlqj \w @ j+[w, @ oq+[w, qrwh wkdw dqdorjrxv wr rxu ghulydwlrq ri

Lwr*v ohppd

gj+[w, @ j3+[w,g[w .
4

5
j33+[w,+g[,5 . ===

@
4

[w

id[wgw. �[wgZw=j �
4

5[5
w

�5[5
w gw

@ +d� �5

5
,gw. �gZw=

zklfk lv d ghvfulswlrq ri d jhqhudo Eurzqldq prwlrq surfhvv/ d surfhvv zlwk

lqfuhphqwv g\w wkdw duh qrupdoo| glvwulexwhg zlwk phdq +d � �5

5
,gw dqg zlwk

yduldqfh �5gw= Wklv surfhvv vdwlvi|lqj g[w @ d[wgw . �[wgZw lv fdoohg wkh

Jhrphwulf Eurzqldq prwlrq surfhvv +ehfdxvh lw fdq eh zulwwhq lq wkh irup

[w @ h\w iru d Eurzqldq prwlrq surfhvv \w, ru d Eodfn0Vfkrohv prgho1
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Pdq| ri wkh frqwlqxrxv wlph prghov xvhg lq �qdqfh duh ghvfulehg dv Pdunry

gl�xvlrqv ru Lwr surfhvvhv zklfk shuplwv wkh phdq dqg wkh yduldqfh ri wkh

lqfuhphqwv wr ghshqg pruh jhqhudoo| rq wkh suhvhqw ydoxh ri wkh surfhvv dqg

wkh wlph1 Wkh lqwhjudo yhuvlrq ri wklv uhodwlrq lv ri wkh irup

[W @ [3 .

] W

3

d+[w> w,gw.

] W

3

�+[w> w,gZw=

Zh riwhq zulwh vxfk dq htxdwlrq zlwk gl�huhqwldo qrwdwlrq/

g[w @ d+[w> w,gw. �+[w> w,gZw= +41;,

exw lwv phdqlqj vkrxog dozd|v eh vrxjkw lq wkh deryh lqwhjudo irup1 Wkh frh�0

flhqwv d+[w> w, dqg �+[w> w, ydu| zlwk wkh fkrlfh ri prgho1 Dv xvxdo/ zh lqwhu0

suhw BB dv phdqlqj wkdw d vpdoo lqfuhphqw lq wkh surfhvv/ vd| g[w @ [w.k�[w

+k yhu| vpdoo, lv dssur{lpdwho| glvwulexwhg dffruglqj wr d qrupdo glvwulexwlrq

zlwk frqglwlrqdo phdq d+[w> w,gw @ d+[w> w,k dqg frqglwlrqdo yduldqfh jlyhq

e| �5+[w> w,ydu+gZw, @ �5+[w> w,ydu+Zw.k �Zw, @ �5+[w> w,k= Khuh wkh phdq

dqg yduldqfh duh frqglwlrqdo rq Kw> wkh klvwru| ri wkh surfhvv [w xs wr wlph w=

Ydulrxv fkrlfhv iru wkh ixqfwlrqv d+[w> w,> �+[w> w, duh srvvleoh1 Iru wkh

Eodfn0Vfkrohv prgho ru jhrphwulf Eurzqldq prwlrq/ d+[w> w, @ d[w dqg �+[w> w, @

�[w iru frqvwdqw guliw dqg yrodwlolw| sdudphwhuv d> �= Wkh Fr{0Lqjhuvroo0Urvv

prgho/ xvhvg wr prgho vsrw lqwhuhvw udwhv/ fruuhvsrqgv wr d+[w> w, @ D+e�[w,

dqg �+[w> w, @ f
s
[w iru frqvwdqwv D> e> f1 Wkh Ydvlfhn prgho/ dovr d prgho

iru lqwhuhvw udwhv/ kdv d+[w> w, @ D+e � [w, dqg �+[w> w, @ f= Wkhuh lv d odujh

qxpehu ri prghov iru prvw frqwlqxrxv wlph surfhvvhv revhuyhg lq �qdqfh zklfk

fdq eh zulwwhq lq wkh irup BB1 Vr fdoohg pxowl0idfwru prghov duh ri vlplodu irup

zkhuh [w lv d yhfwru ri �qdqfldo wlph vhulhv dqg wkh frh�flhqw ixqfwlrqv d+[w> w,

lv yhfwru ydoxhg/ �+[w> w, lv uhsodfhg e| d pdwul{0ydoxhg ixqfwlrq dqg gZw lv

lqwhusuhwhg dv d yhfwru ri lqghshqghqw Eurzqldq prwlrq surfhvvhv1 Iru whfkql0

fdo frqglwlrqv rq wkh frh�flhqwv xqghu zklfk d vroxwlrq wr BB lv jxdudqwhhg wr

h{lvw dqg eh xqltxh/ vhh Ndudw}dv dqg Vkuhyh/ vhfwlrqv 815/ 8161

Dv zlwk dq| gl�huhqwldo htxdwlrq wkhuh pd| eh lqlwldo ru erxqgdu| frqgl0

wlrqv dssolhg wr BB wkdw uhvwulfw wkh fkrlfh ri srvvleoh vroxwlrqv1 Vroxwlrqv wr

wkh deryh htxdwlrq duh gl�fxow wr duulyh dw/ dqg lw lv riwhq hyhq pruh gl�0

fxow wr rewdlq glvwulexwlrqdo surshuwlhv ri wkhp1 Dprqj wkh nh| wrrov duh wkh

Nroprjrury gl�huhqwldo htxdwlrqv +vhh Fr{ dqg Ploohu/ s1 548,1 Frqvlghu wkh

wudqvlwlrq suredelolw| nhuqho

s+v> }> w> {, @ S ^[w @ {m[v @ }`

lq wkh fdvh ri d glvfuhwh Pdunry Fkdlq1 Li wkh Pdunry fkdlq lv frqwlqxrxv +dv lw

lv lq wkh fdvh ri gl�xvlrqv,/ wkdw lv li wkh frqglwlrqdo glvwulexwlrq ri [w jlyhq [v

lv devroxwho| frqwlqxrxv zlwk uhvshfw wr Ohehvjxh phdvxuh/ wkhq zh fdq gh�qh

s+v> }> w> {, wr eh wkh frqglwlrqdo suredelolw| ghqvlw| ixqfwlrq ri [w jlyhq [v @ }1

Wkh wzr htxdwlrqv/ iru d gl�xvlrq ri wkh deryh irup/ duh=
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Nroprjrury*v edfnzdug htxdwlrq

C

Cv
s @ �d+}> v, C

C}
s� 4

5
�5+}> v,

C5

C}5
s +41<,

dqg wkh iruzdug htxdwlrq

C

Cw
s @ � C

C{
+d+{> w,s, .

4

5

C5

C{5
+�5+{> w,s, +4143,

Qrwh wkdw li zh zhuh deoh wr vroyh wkhvh htxdwlrqv/ wklv zrxog surylgh wkh

wudqvlwlrq ghqvlw| ixqfwlrq s> jlylqj wkh frqglwlrqdo glvwulexwlrq ri wkh surfhvv1

Lw grhv qrw lpphgldwho| surylgh rwkhu fkdudfwhulvwlfv ri wkh gl�xvlrq/ vxfk dv

wkh glvwulexwlrq ri wkh pd{lpxp ru wkh plqlpxp/ lpsruwdqw iru ydoxlqj ydulrxv

h{rwlf rswlrqv vxfk dv orrn0edfn dqg eduulhu rswlrqv1 Krzhyhu iru d Hxurshdq

rswlrq gh�qhg rq wklv surfhvv/ nqrzohgjh ri wkh wudqvlwlrq ghqvlw| zrxog vx�fh

dw ohdvw wkhruhwlfdoo| iru ydoxlqj wkh rswlrq1 Xqiruwxqdwho| wkhvh htxdwlrqv duh

riwhq yhu| gl�fxow wr vroyh h{solflwo|1

Ehvlghv wkh Nroprjrury htxdwlrqv/ zh fdq xvh vlpsoh ruglqdu| gl�huhqwldo

htxdwlrqv wr duulyh dw vrph ri wkh edvlf surshuwlhv ri d gl�xvlrq1 Wr looxvwudwh/

frqvlghu rqh ri wkh vlpsohvw srvvleoh irupv ri d gl�xvlrq/ zkhuh d+[w> w, @

�+w, . �+w,[w zkhuh wkh frh�flhqwv �+w,> �+w, duh ghwhuplqlvwlf +l1h1 qrq0

udqgrp, ixqfwlrqv ri wlph1 Qrwh wkdw wkh lqwhjudo dqdorjxh ri BB lv

[w @ [3 .

] w

3

d+[v> v,gv.

] w

3

�+[v> v,gZv +4144,

dqg e| frqvwuxfwlrq wkdw odvw whup
U w
3
�+[v> v,gZv lv d }hur0phdq pduwlqjdoh1

Iru h{dpsoh lwv vpdoo lqfuhphqwv �+[w> w,gZv duh dssur{lpdwho|Q+3> �+[w> w,gw,=

Wkhuhiruh/ wdnlqj h{shfwdwlrqv rq erwk vlghv frqglwlrqdo rq wkh ydoxh ri [3/

dqg ohwwlqj p+w, @ H+[w,/ zh rewdlq=

p+w, @ [3 .

] w

3

^�+v, . �+v,p+v,`gv +4145,

dqg wkhuhiruh p+w, vroyhv wkh ruglqdu| gl�huhqwldo htxdwlrq

p3+w, @ �+w, . �+w,p+w,= +4146,

p+3, @ [3 +4147,

Wkxv/ lq wkh fdvh wkdw wkh guliw whup d lv d olqhdu ixqfwlrq ri [w/ wkh phdq ru

h{shfwhg ydoxh ri d gl�xvlrq surfhvv fdq eh irxqg e| vroylqj d vlplodu ruglqdu|

gl�huhqwldo htxdwlrq/ vlplodu h{fhsw wkdw wkh gl�xvlrq whup kdv ehhq gursshg1

Wkhvh duh rqo| wzr ri pdq| uhdvrqv wr zlvk wr vroyh erwk ruglqdu| dqg

sduwldo gl�huhqwldo htxdwlrqv lq �qdqfh1 Wkh vroxwlrq wr wkh Nroprjrury sduwldo

gl�huhqwldo htxdwlrqv surylghv wkh frqglwlrqdo glvwulexwlrq ri wkh lqfuhphqwv ri

d surfhvv1 Dqg zkhq wkh guliw whup d+[w> w , lv olqhdu lq [w> wkh vroxwlrq ri dq

ruglqdu| gl�huhqwldo htxdwlrq zloo doorz wkh fdofxodwlrq ri wkh h{shfwhg ydoxh ri
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wkh surfhvv dqg wklv lv wkh �uvw dqg prvw edvlf ghvfulswlrq ri lwv ehkdylrxu1 Wkh

dsshqgl{ surylghv dq hohphqwdu| uhylhz ri whfkqltxhv iru vroylqj sduwldo dqg

ruglqdu| gl�huhqwldo htxdwlrqv1

Krzhyhu/ wkdw wkh lqirupdwlrq derxw d vwrfkdvwlf surfhvv rewdlqhg iurp d

ghwhuplqlvwlf remhfw vxfk dv d ruglqdu| ru sduwldo gl�huhqwldo htxdwlrq lv qhf0

hvvdulo| olplwhg1 Iru h{dpsoh/ zkloh zh fdq vrphwlphv rewdlq wkh pdujlqdo

glvwulexwlrq ri wkh surfhvv dw wlph w lw lv pruh gl�fxow wr rewdlq txdqwlwlhv vxfk

dv wkh mrlqw glvwulexwlrq ri yduldeohv zklfk ghshqglqj rq wkh sdwk ri wkh sur0

fhvv/ dqg wkhvh duh lpsruwdqw lq ydoxlqj fhuwdlq w|shv ri h{rwlf rswlrqv vxfk

dv orrnedfn dqg eduulhu rswlrqv1 Iru vxfk sureohpv/ zh riwhq xvh Prqwh Fduor

phwkrgv1

Wkh Eodfn0Vfkrohv Irupxod

Ehiruh glvfxvvlqj phwkrgv ri vroxwlrq lq jhqhudo/ zh ghyhors wkh Eodfn0Vfkrohv

htxdwlrq lq d jhqhudo frqwh{w1 Vxssrvh wkdw d vhfxulw| sulfh lv dq Lwr surfhvv

vdwlvi|lqj wkh htxdwlrq

gVw @ d+Vw> w , gw . �+Vw> w, gZ w +4148,

Dvvxphg wkh pdunhw doorzv lqyhvwphqw lq wkh vwrfn dv zhoo dv d ulvn0iuhh erqg

zkrvh sulfh dw wlph w lv Ew1 Lw lv qhfhvvdu| wr pdnh ydulrxv rwkhu dvvxpswlrqv

dv zhoo dqg vwulfwo| vshdnlqj doo idlo lq wkh uhdo zruog/ exw wkh| duh d uhvrqdeoh

dssur{lpdwlrq wr d uhdo/ kljko| oltxlg dqg qhduo| iulfwlrqohvv pdunhw=

41 sduwldo vkduhv pd| eh sxufkdvhg

51 wkhuh duh qr glylghqgv sdlg rq wkh vwrfn

61 Wkhuh duh qr frpplvvlrqv sdlg rq sxufkdvh ru vdoh ri wkh vwrfn ru erqg

71 Wkhuh lv qr srvvlelolw| ri ghidxow iru wkh erqg

81 Lqyhvwruv fdq eruurz dw wkh ulvn iuhh udwh jryhuqlqj wkh erqg1

91 Doo lqyhvwphqwv duh oltxlg0 wkh| fdq eh erxjkw ru vrog lqvwdqwdqhrxvo|1

Vlqfh erqgv duh dvvxphg ulvn0iuhh/ wkh| vdwlvi| dq htxdwlrq

gEw @ uwEwgw

zkhuh uw lv wkh ulvn0iuhh +vsrw, lqwhuhvw udwh dw wlph w1

Zh zlvk wr ghwhuplqh Y +Vw> w,/ wkh ydoxh ri dq rswlrq rq wklv vhfxulw| zkhq

wkh vhfxulw| sulfh lv Vw/ dw wlph w1 Vxssrvh wkh rswlrq kdv h{slu| gdwh W dqg

d jhqhudo sd|r� ixqfwlrq zklfk ghshqgv rqo| rq VW > wkh surfhvv dw wlph W 1

Lwr*v ohppd surylghv wkh delolw| wr wudqvodwh dq d uhodwlrq jryhuqlqj wkh

gl�huhqwldo gVw lqwr d uhodwlrq jryhuqlqj wkh gl�huhqwldo ri wkh surfhvv gY +Vw> w,=

Lq wklv vhqvh lw lv wkh vwrfkdvwlf fdofxoxv dqdorjxh ri wkh fkdlq uxoh lq ruglqdu|

fdofxoxv1 Lw lv rqh ri wkh prvw lpsruwdqw vlqjoh uhvxowv ri wkh wzhqwlhwk fhqwxu|
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lq �qdqfh dqg lq vflhqfh1 Wkh vwrfkdvwlf fdofxoxv dqg wklv pdwkhpdwlfdo uhvxow

frqfhuqlqj lw xqghuolhv wkh uhvhdufk ohdglqj wr 4<<: Qreho Sul}h wr Phuwrq dqg

Eodfn iru wkhlu zrun rq khgjlqj lq �qdqfldo prghov1 Zh vdz rqh yhuvlrq ri lw

dw wkh ehjlqqlqj ri wklv vhfwlrq dqg khuh zh surylgh d pruh jhqhudo yhuvlrq1

Lwr*v ohppd1

Vxssrvh Vw lv d gl�xvlrq surfhvv vdwlvi|lqj

gVw @ d+Vw> w,gw. �+Vw> w,gZw

dqg vxssrvh Y +Vw> w, lv d vprrwk ixqfwlrq ri erwk dujxphqwv1 Wkhq Y +Vw> w,

dovr vdwlv�hv d gl�xvlrq htxdwlrq ri wkh irup

gY @ ^d+Vw> w,
CY

CV
.
�5+Vw> w,

5

C5Y

CV5
.
CY

Cw
`gw. �+Vw> w,

CY

CV
gZw= +4149,

Surri1 Wkh surri ri wklv uhvxow lv whfkqlfdo exw wkh lghdv ehklqg lw duh

vlpsoh1 Vxssrvh zh h{sdqg dq lqfuhphqw ri wkh surfhvv Y +Vw> w, + zh zulwh Y

lq sodfh ri Y +Vw> w, rplwwlqj wkh dujxphqwv ri wkh ixqfwlrq dqg lwv ghulydwlyhv1

Zh zloo vrphwlphv gr wkh vdph zlwk wkh frh�flhqwv d dqg �=,

Y +Vw.k> w. k, � Y .
CY

CV
+Vw.k � Vw, .

4

5

C5Y

CV5
+Vw.k � Vw,

5 .
CY

Cw
k +414:,

zkhuh zh kdyh ljqruhg uhpdlqghu whupv wkdw duh r+k,= Qrwh wkdw vxevwlwxwlqj

iurp BB lqwr BB/ wkh lqfuhphqw +Vw.k�Vw, lv dssur{lpdwho| qrupdo zlwk phdq

d+Vw> w , k dqg yduldqfh �5+Vw> w , k1 Frqvlghu wkh whup +Vw.k � Vw,
5= Qrwh

wkdw lw lv wkh vtxduh ri wkh deryh qrupdo udqgrp yduldeoh dqg kdv h{shfwhg

ydoxh �5+Vw> w,k. d5+Vw> w,k
5= Wkh yduldqfh ri wklv udqgrp yduldeoh lv R+k5, vr

li zh ljqruh doo whupv ri rughu r+k, wkh lqfuhphqw Y +Vw.k> w . k, � Y +Vw> w, lv

dssur{lpdwho| qrupdoo| glvwulexwhg zlwk phdq

^d+Vw> w ,
CY

CV
.

�5+Vw> w,

5

C5Y

CV5
.
CY

Cw
`k

dqg vwdqgdug ghyldwlrq �+Vw> w,
CY
CV

s
k mxvwli|lqj +exw qrw surylqj$, wkh uhodwlrq

BB1

E| Lwr*v ohppd/ surylghg Y lv vprrwk/ lw dovr vdwlv�hv d gl�xvlrq htxdwlrq ri

wkh irup BB1 Zh vkrxog qrwh wkdw zkhq Y uhsuhvhqwv wkh sulfh ri dq rswlrq/ vrph

odfn ri vprrwkqhvv lq wkh ixqfwlrq Y lv lqhylwdeoh1 Iru h{dpsoh iru d Hxurshdq

fdoo rswlrq zlwk h{huflvh sulfh N/ Y +VW > W , @ pd{+VW �N> 3, grhv qrw kdyh d

ghulydwlyh zlwk uhvshfw wr VW dw VW @ N> wkh h{huflvh sulfh1 Iruwxqdwho|/ vxfk
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h{fhswlrqdo srlqwv fdq eh zrunhg durxqg lq wkh dujxphqw/ vlqfh wkh ghulydwlyh

grhv h{lvw dw ydoxhv ri w ? W=

Wkh edvlf txhvwlrq lq exloglqj d uhsolfdwlqj sruwirolr lv= iru khgjlqj sxu0

srvhv/ lv lw srvvleoh wr �qg d vhoi0�qdqflqj sruwirolr frqvlvwlqj rqo| ri wkh vh0

fxulw| dqg wkh erqg zklfk h{dfwo| uhsolfdwhv wkh rswlrq sulfh surfhvv Y +Vw> w,B

Wkh vhoi0�qdqflqj uhtxluhphqw lv wkh dqdorjxh ri wkh uhtxluhphqw wkdw wkh qhw

frvw ri d sruwirolr lv }hur wkdw zh hpsor|hg zkhq zh lqwurgxfhg wkh qrwlrq ri

duelwudjh1 Wkh sruwirolr lv vxfk wkdw qr ixqgv duh qhhghg wr eh dgghg wr +ru uh0

pryhg iurp, wkh sruwirolr gxulqj lwv olih/ vr iru h{dpsoh dq| dgglwlrqdo dprxqwv

uhtxluhg wr sxufkdvh htxlw| lv rewdlqhg e| eruurzlqj dw wkh ulvn iuhh udwh1 Vxs0

srvh wkh vhoi0�qdqflqj sruwirolr kdv ydoxh dw wlph w htxdo wr Yw @ xwVw . zwEw

zkhuh wkh +suhglfwdeoh, ixqfwlrqv xw> zw uhsuhvhqw wkh qxpehu ri vkduhv ri vwrfn

dqg erqgv uhvshfwlyho| rzqhg dw wlph w1 Vlqfh wkh sruwirolr lv dvvxphg wr eh

vhoi0�qdqflqj/ doo uhwxuqv rewdlq iurp wkh fkdqjhv lq wkh ydoxh ri wkh vhfxulwlhv

dqg erqgv khog/ l1h1 lw lv dvvxphg wkdw gYw @ xwgVw .zwgEw= Vxevwlwxwlqj iurp

BB/

gYw @ xwgVw . zwgEw @ ^xwd+Vw> w, . zwuwEw`gw. xw�+Vw> w,gZw +414;,

Li Yw lv wr eh h{dfwo| htxdo wr wkh sulfh Y +Vw> w , ri dq rswlrq/ lw iroorzv rq

frpsdulqj wkh frh�flhqwv ri gw dqg gZw lq BB dqg BB/ wkdw xw @
CY
CV

/ fdoohg

wkh ghowd fruuhvsrqglqj wr ghowd khgjlqj1 Frqvhtxhqwo|/

Yw @
CY

CV
Vw . zwEw

dqg vroylqj iru zw zh rewdlq=

zw @
4

Ew

^Y � CY

CV
Vw`=

Wkh frqfoxvlrq lv wkdw lw lv srvvleoh wr g|qdplfdoo| fkrrvh d wudglqj vwudwhj|/ l1h1

wkh zhljkwv zw> xw vr wkdw rxu sruwirolr ri vwrfnv dqg erqgv shuihfwo| uhsolfdwhv wkh

ydoxh ri wkh rswlrq1 Li zh rzq wkh rswlrq/ wkhq e| vkruwlqj +vhoolqj, Ghowd@ CY
CV

xqlwv ri vwrfn/ zh duh shuihfwo| khgjhg lq wkh vhqvh wkdw rxu sruwirolr uhsolfdwhv

d ulvn0iuhh erqg1 Vxusulvlqjo|/ lq wklv lghdo zrug ri frqwlqxrxv surfhvvhv dqg

frqwlqxrxv wlph wudglqj frpplvvlrq0iuhh wudglqj/ wkh shuihfw khgjh lv srvvleoh1

Lq wkh uhdo zruog/ lw lv vdlg wr h{lvw rqo| lq d Mdsdqhvh jdughq1 Wkh htxdwlrq zh

rewdlqhg e| htxdwlqj erwk frh�flhqwv lq BB dqg BB lv>

�uwY . uwVw
CY

CV
.
CY

Cw
.
�5+Vw> w,

5

C5Y

CV5
@ 3= +414<,

Uhzulwlqj wklv doorzv dq lqwhusuhwdwlrq lq whupv ri rxu khgjhg sruwirolr1 Li zh

rzq dq rswlrq dqg duh vkruw ghowd xqlwv ri vwrfn rxu qhw lqyhvwphqw dw wlph w

lv jlyhq e| +Y �Vw CYCV , zkhuh Y @ Yw @ Y +Vw> w,= Rxu uhwxuq ryhu wkh qh{w wlph

lqfuhphqw gw li wkh sruwirolr zhuh oltxlgdwhg dqg wkh lghqwlfdo dprxqw lqyhvwhg



67 FKDSWHU 41 VRPH EDVLF WKHRU\ RI ILQDQFH1

lq d ulvn0iuhh erqg zrxog eh uw+Yw�Vw CYCV ,gw= Rq wkh rwkhu kdqg li zh nhhs wklv

khgjhg sruwirolr/ wkh uhwxuq ryhu dq lqfuhphqw ri wlph gw lv

g+Y � Vw
CY

CV
, @ gY � +

CY

CV
,gV

@ +
CY

Cw
.
�5

5

C5Y

CV5
.d

CY

CV
,gw. �

CY

CV
gZw

�CY
CV

^dgw. �gZw`

@ +
CY

Cw
.
�5

5

C5Y

CV5
,gw

Wkhuhiruh

uw+Y � Vw
CY

CV
, @

CY

Cw
.
�5+Vw> w,

5

C5Y

CV5
=

Wkh ohiw vlgh uw+Y � Vw
CY
CV

, uhsuhvhqwv wkh dprxqw pdgh e| wkh sruwlrq ri rxu

sruwirolr ghyrwhg wr ulvn0iuhh erqgv1 Wkh uljkw kdqg vlgh uhsuhvhqwv wkh uhwxuq

rq d khgjhg sruwirolr orqj rqh rswlrq dqg vkruw ghowd vwrfnv1 Vlqfh wkhvh

lqyhvwphqwv duh dw ohdvw lq wkhru| lghqwlfdo/ vr lv wkhlu uhwxuq1 Wklv ixqgdphqwdo

htxdwlrq lv hylghqwo| vdwlv�hg e| dq| rswlrq sulfh surfhvv zkhuh wkh xqghuo|lqj

vhfxulw| vdwlv�hv d gl�xvlrq htxdwlrq dqg wkh rswlrq ydoxh dw h{slu| ghshqgv

rqo| rq wkh ydoxh ri wkh vhfxulw| dw wkdw wlph1 Wkh w|sh ri rswlrq ghwhuplqhv

wkh whuplqdo frqglwlrqv dqg xvxdoo| xqltxho| ghwhuplqhv wkh vroxwlrq1

Lw lv h{wudruglqdu| wkdw wklv htxdwlrq lq qr zd| ghshqgv rq wkh guliw fr0

h�flhqw d+Vw> w,= Wklv lv d uhpdundeoh ihdwxuh ri wkh duelwudjh sulflqj wkhru|1

Hvvhqwldoo|/ qr pdwwhu zkdw wkh guliw whup iru wkh sduwlfxodu vhfxulw| lv/ lq rughu

wr dyrlg duelwudjh/ doo vhfxulwlhv dqg wkhlu ghulydwlyhv duh sulfhg dv li wkh| kdg

dv guliw wkh vsrw lqwhuhvw udwh1Wklv lv wkh h�hfw ri fdofxodwlqj wkh h{shfwhg ydoxhv

xqghu wkh pduwlqjdoh phdvxuh T1

Wklv SGH jryhuqv prvw ghulydwlyh surgxfwv/ Hxurshdq fdoo rswlrqv/ sxwv/

ixwxuhv ru iruzdugv1 Krzhyhu/ wkh erxqgdu| frqglwlrqv dqg khqfh wkh vroxwlrq

ghshqgv rq wkh sduwlfxodu ghulydwlyh1 Wkh vroxwlrq wr vxfk dq htxdwlrq lv srvvl0

eoh dqdo|wlfdoo| lq d ihz fdvhv/ zkloh lq pdq| rwkhuv/ qxphulfdo whfkqltxhv duh

qhfhvvdu|1 Rqh vshfldo fdvh ri wklv htxdwlrq ghvhuyhv sduwlfxodu dwwhqwlrq1 Lq

wkh fdvh ri jhrphwulf Eurzqldq prwlrq/ d+Vw> w, @ �Vw dqg �+Vw> w, @ �Vw iru

frqvwdqwv �> �= Dvvxph wkdw wkh vsrw lqwhuhvw udwh lv d frqvwdqw u dqg wkdw d

frqvwdqw udwh ri glylghqgv G3 lv sdlg rq wkh vwrfn1 Lq wklv fdvh/ wkh htxdwlrq

vshfldol}hv wr

�uY .
CY

Cw
. +u �G3,V

CY

CV
.
�5V5

5

C5Y

CV5
@ 3= +4153,

Qrwh wkdw zh kdyh qrw xvhg dq| ri wkh surshuwlhv ri wkh sduwlfxodu ghulydwlyh

surgxfw |hw/ qru grhv wklv gl�huhqwldo htxdwlrq lqyroyh wkh guliw frh�flhqw �1

Wkh dvvxpswlrq wkdw wkhuh duh qr wudqvdfwlrq frvwv lv hvvhqwldo wr wklv dqdo|vlv/

dv zh kdyh dvvxphg wkdw wkh sruwirolr lv frqwlqxdoo| uhedodqfhg1
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Zh kdyh qrz vhhq wzr ghulydwlrqv ri sduderolf sduwldo gl�huhqwldo htxdwlrqv/

vr0fdoohg ehfdxvh olnh wkh htxdwlrq ri d sduderod/ wkh| duh �uvw rughu +ghulyd0

wlyhv, lq rqh yduldeoh +w, dqg vhfrqg rughu lq wkh rwkhu +{,1 Xvxdoo| wkh vroxwlrq

ri vxfk dq htxdwlrq uhtxluhv uhgxflqj lw wr rqh ri wkh prvw frpprq sduwldo

gl�huhqwldo htxdwlrqv/ wkh khdw ru gl�xvlrq htxdwlrq/ zklfk prghov wkh gl�xvlrq

ri khdw dorqj d urg1 Wklv htxdwlrq wdnhv wkh irup

C

Cw
x @ n

C5

C{5
x +4154,

D vroxwlrq ri BB zlwk dssursuldwh erxqgdu| frqglwlrqv fdq vrphwlph eh irxqg

e| wkh vhsdudwlrq ri yduldeohv1 Zh zloo odwhu glvfxvv lq pruh ghwdlo wkh vroxwlrq

ri sduderolf htxdwlrqv/ erwk e| dqdo|wlf dqg qxphulfdo phdqv1 Iluvw/ krzhyhu/

zkhq fdq zh krsh wr �qg d vroxwlrq ri BB ri wkh irup x+{> w, @ j+{@
s
w,=

E| gl�huhqwldwlqj dqg vxevwlwxwlqj deryh/ zh rewdlq dq ruglqdu| gl�huhqwldo

htxdwlrq ri wkh irup

j33+$, .
4

5n
$j3+$, @ 3> $ @ {@

s
w +4155,

Ohw xv vroyh wklv xvlqj PDSOH1

htq =@ glii+j+z,/z/z,.+z2+5-n,,-glii+j+z,/z,@3>

gvroyh+htq/j+z,,>

dqg ehfdxvh wkh ghulydwlyh ri wkh vroxwlrq lv voljkwo| hdvlhu +iru d vwdwlvwlfldq,

wr lghqwli| wkdq wkh vroxwlrq lwvhoi/

A glii+(/z,>

jlylqj

C

Cz
j+$, @ F5 h{si�z5@7nj @ F5 h{si�{5@7nwj +4156,

vkrzlqj wkdw d frqvwdqw soxv d frqvwdqw pxowlsoh ri wkh Qrupdo +3> 5nw, fxpx0

odwlyh glvwulexwlrq ixqfwlrq ru

x+{> w, @ F4 . F5

4

5
s
�nw

] {

�4
h{si�}5@7nwjg} +4157,

lv d vroxwlrq ri wklv/ wkh khdw htxdwlrq iru w A 3= Wkh uroh ri wkh wzr frqvwdqwv lv

vlpsoh1 Fohduo| li d vroxwlrq wr BB lv irxqg/ wkhq zh pd| dgg d frqvwdqw dqg2ru

pxowlso| e| d frqvwdqw wr rewdlq dqrwkhu vroxwlrq1 Wkh frqvwdqw lq jhqhudo lv

ghwhuplqhg e| lqlwldo dqg erxqgdu| frqglwlrqv1 Vlploduo| wkh lqwhjudo fdq eh

uhpryhg zlwk d fkdqjh lq wkh lqlwldo frqglwlrq iru li x vroyhv BB wkhq vr grhv Cx
C{
=

Iru h{dpsoh li zh zlvk d vroxwlrq iru wkh kdoi uhdo { A 3 zlwk lqlwldo frqglwlrq

x+{> 3, @ 3> x+3> w, @ 4 doo w A 4> zh pd| xvh

x+{> w, @ 5S +Q+3> 5nw, A {, @
4s
�nw

] 4

{

h{si�}5@7nwjg}> w A 3> { � 3=
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Iljxuh 414= Wkh ixqfwlrq x+{> w,

Ohw xv frqvlghu d edvlf vroxwlrq wr BB=

x+{> w, @
4

5
s
�nw

h{si�{5@7nwj +4158,

Wklv frqqhfwlrq ehwzhhq wkh khdw htxdwlrq dqg wkh qrupdo glvwulexwlrqv lv ixq0

gdphqwdo dqg wkh zhdowk ri vroxwlrqv ghshqglqj rq wkh lqlwldo dqg erxqgdu|

frqglwlrqv lv frqvlghudeoh1 Zh sorw d ixqgdphqwdo vroxwlrq ri wkh htxdwlrq dv

iroorzv=

A x+{/w, =@ +182vtuw+Sl-w,,-h{s+0{a52+7-w,,>

A sorw6g+x+{/w,/{@07117/w@135117/d{hv@er{hg,>

Dv w $ 3> wkh ixqfwlrq dssurdfkhv d vslnh dw { @ 3> xvxdoo| uhihuuhg wr dv

wkh _Gludf ghowd ixqfwlrq% +dowkrxjk lw lv qr ixqfwlrq dw doo, dqg v|perolfdoo|

uhsuhvhqwlqj wkh ghulydwlyh ri wkh _Khdylvlgh ixqfwlrq%1 Wkh Khdylvlgh ixqfwlrq

lv gh�qhg dv K+{, @ 4> { � 3 dqg lv rwkhuzlvh 3 dqg lv wkh fxpxodwlyh glvwul0

exwlrq ixqfwlrq ri d srlqw pdvv dw 31 Vxssrvh zh duh jlyhq dq lqlwldo frqglwlrq

ri wkh irup x+{> 3, @ x3+{,= Wr wklv hqg/ lw lv khosixo wr orrn dw wkh vrox0

wlrq x+{> w, dqg wkh lqlwldo frqglwlrq x3+{, dv d glvwulexwlrq ru phdvxuh +lq wklv

fdvh ghvfulehg e| d ghqvlw|, ryhu wkh vsdfh yduldeoh {= Iru h{dpsoh wkh ghqvlw|

x+{> w, fruuhvsrqgv wr d phdvxuh iru �{hg w ri wkh irup �w+D, @
U
D
x+{> w,g{=

Qrwh wkdw wkh lqlwldo frqglwlrq frpsdwleoh zlwk wkh deryh vroxwlrq BB fdq eh

ghvfulehg vrphzkdw foxpvlo| dv _x+{> 3, fruuhvsrqgv wr d phdvxuh sodflqj doo

pdvv dw { @ {3 @ 3 %1Lq idfw dv w $ 3> zh kdyh lq vrph vhqvh wkh iroorzlqj

frqyhujhqfh x+{> w,$ �+{, @ gK+{,> wkh Gludf ghowd ixqfwlrq1 Zh frxog mxvw dv

hdvlo| frqvwuxfw vroyh wkh khdw htxdwlrq zlwk d pruh jhqhudo lqlwldo frqglwlrq ri
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wkh irup x+{> 3, @ gK+{� {3, iru duelwudu| {3 dqg wkh vroxwlrq wdnhv wkh irup

x+{> w, @
4

5
s
�nw

h{si�+{� {3,
5@7nwj= +4155,

Lqghhg vxpv ri vxfk vroxwlrqv ryhu gl�huhqw ydoxhv ri {3> ru zhljkwhg vxpv/ ru

wkhlu olplwv/ lqwhjudov zloo frqwlqxh wr eh vroxwlrqv wr BB1 Lq rughu wr dfklhyh wkh

lqlwldo frqglwlrq x3+{, zh qhhg rqo| slfn d vxlwdeoh zhljkw ixqfwlrq1 Qrwh wkdw

x3+{, @

]
x3+},gK+} � {,

Qrwh wkdw wkh ixqfwlrq

x+{> w, @
4

5
s
�nw

] 4

�4
h{si�+} � {,5@7nwjx3+},g} +4155,

vroyhv BB vxemhfw wr wkh uhtxluhg erxqgdu| frqglwlrq1

Vroxwlrq ri wkh Gl�xvlrq Htxdwlrq1

Zh qrz frqvlghu wkh jhqhudo vroxwlrq wr wkh gl�xvlrq htxdwlrq ri wkh irup BB/

uhzulwwhq dv

CY

Cw
@ uwY � uwVw

CY

CV
� �5+Vw> w,

5

C5Y

CV5
+4159,

zkhuh Vw lv dq dvvhw sulfh gulyhq e| d gl�xvlrq htxdwlrq

gVw @ d+Vw> w,gw. �+Vw> w,gZw> +415:,

Y +Vw> w, lv wkh sulfh ri dq rswlrq rq wkdw dvvhw dw wlph w/ dqg uw @ u+w, lv wkh

vsrw lqwhuhvw udwh dw wlph w1 Zh dvvxph wkdw wkh sulfh ri wkh rswlrq dw h{slu|

W lv d nqrzq ixqfwlrq ri wkh dvvhw sulfh

Y +VW > W , @ Y3+VW ,= +415;,

Vrphzkdw vwudqjho|/ wkh rswlrq lv sulfhg xvlqj d uhodwhg exw qrw lghqwlfdo surfhvv

+ru/ htxlydohqwo|/ wkh vdph surfhvv xqghu d gl�huhqw phdvxuh,1 Uhfdoo iurp wkh

edfnzdugv Nroprjrury htxdwlrq BB wkdw li d uhodwhg surfhvv [w vdwlv�hv wkh

vwrfkdvwlf gl�huhqwldo htxdwlrq

g[w @ u+[w> w,[wgw. �+[w> w,gZw +415<,

wkhq lwv wudqvlwlrq nhuqho s+w> v> W> }, @ C
C}
S ^[W � }m[w @ v` vdwlv�hv d sduwldo

gl�huhqwldo htxdwlrq vlplodu wr BB>

Cs

Cw
@ �u+v> w,vCs

Cv
� �5+v> w,

5

C5s

Cv5
+4163,



6; FKDSWHU 41 VRPH EDVLF WKHRU\ RI ILQDQFH1

Iru d jlyhq surfhvv [w wklv ghwhuplqhv rqh vroxwlrq1 Iru vlpsolflw|/ frqvlghu

wkh fdvh +qdwxudo lq �qdqfh dssolfdwlrqv, zkhq wkh vsrw lqwhuhvw udwh lv d ixqfwlrq

ri wlph/ qrw ri wkh dvvhw sulfh> u+v> w, @ u+w,1 Wr rewdlq wkh vroxwlrq vr wkdw

whuplqdo frqglwlrqv lv vdwlv�hg/ frqvlghu d surgxfw

i+w> v> W> }, @ s+w> v> W> },t+w> W , +4164,

zkhuh

t+w> W , @ h{si�
] W

w

u+y,gyj

lv wkh glvfrxqw ixqfwlrq ru wkh sulfh ri d }hur0frxsrq erqg dw wlph w zklfk

sd|v 4' dw pdwxulw|1

Ohw xv wu| dq dssolfdwlrq ri rqh ri wkh prvw frpprq phwkrgv lq vroylqj

SGH*v/ wkh _oxfn| jxhvv% phwkrg1 Frqvlghu d olqhdu frpelqdwlrq ri whupv ri

wkh irup BB zlwk zhljkw ixqfwlrq z+},= l1h1 wu| d vroxwlrq ri wkh irup

Y +v> w, @

]
s+w> v> W> },t+w> W ,z+},g} +4165,

iru vxlwdeoh zhljkw ixqfwlrq z+},1 Lq ylhz ri wkh gh�qlwlrq ri s dv d wudqvlwlrq

suredelolw| ghqvlw|/ wklv lqwhjudo fdq eh uhzulwwhq dv d frqglwlrqdo h{shfwdwlrq=

Y +w> v, @ H^z+[W ,t+w> W ,m[w @ v` +4166,

wkh glvfrxqwhg frqglwlrqdo h{shfwdwlrq ri wkh udqgrp yduldeoh z+[W , jlyhq wkh

fxuuhqw vwdwh ri wkh surfhvv/ zkhuh wkh surfhvv lv dvvxphg wr iroorz +514;,1 Qrwh

wkdw lq rughu wr vdwlvi| wkh whuplqdo frqglwlrq BB/ zh fkrrvh z+{, @ Y3+{,1

Qrz

CY

Cw
@

C

Cw

]
s+w> v> W> },t+w> W ,z+},g}

@

]
^�u+Vw> w,Vw

Cs

Cv
� �5+Vw> w,

5

C5s

Cv5
`t+w> W ,z+},g}

.u+Vw> w,

]
s+w> Vw> W> },t+w> W ,z+},g} e| BB

@ �u+Vw> w,Vw
CY

CV
� �5+Vw> w,

5

C5Y

CV5
. u+Vw> w,Y +Vw> w,

zkhuh zh kdyh dvvxphg wkdw zh fdq sdvv wkh ghulydwlyhv xqghu wkh lqwhjudo

vljq1 Wkxv wkh surfhvv

Y +w> v, @ H^Y3+[W ,t+w> W ,m[w @ v` +4167,

vdwlv�hv erwk wkh sduwldo gl�huhqwldo htxdwlrq BB dqg wkh whuplqdo frqglwlrqv

BB dqg lv khqfh wkh vroxwlrq1 Lqghhg lw lv wkh xqltxh vroxwlrq vdwlvi|lqj fhuwdlq
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uhjxodulw| frqglwlrqv1 Wkh uhvxow dvvhuwv wkdw wkh ydoxh ri dq| Hxurshdq rswlrq

lv vlpso| wkh frqglwlrqdo h{shfwhg ydoxh ri wkh glvfrxqwhg sd|r� +glvfrxqwhg

wr wkh suhvhqw, dvvxplqj wkdw wkh glvwulexwlrq lv wkdw ri wkh surfhvv BB1 Wklv

uhvxow lv d vshfldo fdvh zkhq wkh vsrw lqwhuhvw udwhv duh ixqfwlrqv rqo| ri wlph ri

wkh iroorzlqj pruh jhqhudo wkhruhp1

Wkhruhp 8 + Ih|qpdq0Ndf,

Vxssrvh wkh frqglwlrqv iru d xqltxh vroxwlrq wr +BB/BB, +vhh iru h{dpsoh

Gx�h/ dsshqgl{ H, duh vdwlv�hg1 Wkhq wkh jhqhudo vroxwlrq wr +5148, xqghu wkh

whuplqdo frqglwlrq BB lv jlyhq e|

Y +V> w, @ H^Y3+[W ,h{si�
] W

w

u+[y> y,gyj m [w @ V` +4168,

Wklv uhsuhvhqwv wkh glvfrxqwhg uhwxuq iurp wkh rswlrq xqghu wkh glvwulexwlrq

ri wkh surfhvv [w 1 Wkh glvwulexwlrq lqgxfhg e| wkh surfhvv [w lv uhihuuhg wr

dv wkh htxlydohqw pduwlqjdoh phdvxuh ru ulvn qhxwudo phdvxuh1 Qrwlfh wkdw zkhq

wkh ruljlqdo surfhvv lv d gl�xvlrq/ wkh htxlydohqw pduwlqjdoh phdvxuh vkduhv wkh

vdph gl�xvlrq frh�flhqw exw kdv wkh guliw uhsodfhg e| u+[w> w,[w= Wkh rswlrq

lv sulfhg dv li wkh guliw zhuh wkh vdph dv wkdw ri d ulvn0iuhh erqg l1h1 dv li wkh

lqvwdqwdqhrxv udwh ri uhwxuq iurp wkh vhfxulw| li lghqwlfdo wr wkdw ri erqg1 Ri

frxuvh/ lq sudfwlfh/ lw lv qrw1 D ulvn suhplxp pxvw eh sdlg wr wkh vwrfn0kroghu

wr frpshqvdwh iru wkh juhdwhu ulvn dvvrfldwhg zlwk wkh vwrfn1

Wkhuh duh vrph fdvhv lq zklfk wkh frqglwlrqdo h{shfwdwlrq BB fdq eh ghwhu0

plqhg h{solflwo|1 Lq jhqhudo/ wkhvh uhtxluh wkdw wkh surfhvv ru d vlpsoh ixqfwlrq

ri wkh surfhvv lv Jdxvvldq1

Iru h{dpsoh/ vxssrvh wkdw erwk u+w, dqg �+w, duh ghwhuplqlvwlf ixqfwlrqv

ri wlph rqo|1 Wkhq zh fdq vroyh wkh vwrfkdvwlf gl�huhqwldo htxdwlrq +5155, wr

rewdlq

[W @
[w

t+w> W ,
.

] W

w

�+x,

t+x> W ,
gZx +4169,

Wkh �uvw whup deryh lv wkh frqglwlrqdo h{shfwhg ydoxh ri [W jlyhq [w1 Wkh

vhfrqg lv wkh udqgrp frpsrqhqw/ dqg vlqfh lw lv d zhljkwhg vxp ri wkh qrupdoo|

glvwulexwhg lqfuhphqwv ri d Eurzqldq prwlrq zlwk zhljkwv wkdw duh qrq0udqgrp/

lw lv dovr d qrupdo udqgrp yduldeoh1 Wkh phdq lv 3 dqg wkh +frqglwlrqdo, ydul0

dqfh lv
U W
w

�5+x,

t5+x>W,
gx=Wkxv wkh frqglwlrqdo glvwulexwlrq ri [W jlyhq[w lv qrupdo

zlwk frqglwlrqdo h{shfwdwlrq [w

t+w>W,
dqg frqglwlrqdo yduldqfh

U W
w

�5+x,

t5+x>W,
gx1

Wkh vshfldo fdvh ri BB ri prvw frpprq xvdjh lv wkh Eodfn0Vfkrohv prgho=

vxssrvh wkdw �+V> w, @ V�+w, iru �+w, vrph ghwhuplqlvwlf ixqfwlrq ri w1 Wkhq

wkh glvwulexwlrq ri [w lv qrw Jdxvvldq/ exw iruwxqdwho|/ lwv orjdulwkp lv1 Lq

wklv fdvh zh vd| wkdw wkh glvwulexwlrq ri [w lv orjqrupdo1
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Orjqrupdo Glvwulexwlrq

Vxssrvh ] lv d qrupdo udqgrp yduldeoh zlwk phdq � dqg yduldqfh �51 Wkhq zh

vd| wkdw wkh glvwulexwlrq ri [ @ h] lv orjqrupdo zlwk phdq � @ h{si�.�5@5j
dqg yrodwlolw| sdudphwhu �1 Wkh orjqrupdo suredelolw| ghqvlw| ixqfwlrq zlwk

phdq � A 3 dqg yrodwlolw| sdudphwhu � A 3 lv jlyhq e| wkh suredelolw| ghqvlw|

ixqfwlrq

j+{m�> �, @ 4

{�
s
5�

h{si�+orj {� orj � � �5@5,5@5�5j= +416:,

Wkh vroxwlrq wr +514;, zlwk qrq0udqgrp ixqfwlrqv �+w,> u+w, lv qrz

[W @ [wh{si
] W

w

+u+x,� �5+x,@5,gx.

] W

w

�+x,gZxj= +416;,

Vlqfh wkh h{srqhqw lv qrupdo/ wkh glvwulexwlrq ri [W lv orjqrupdo zlwk

phdq orj+[w, .
U W
w
+u+x, � �5+x,@5,gx dqg yduldqfh

U W
w
�5+x,gx1 Lw iroorzv

wkdw wkh frqglwlrqdo glvwulexwlrq lv orjqrupdo zlwk phdq � @ [wt+w> W , dqg

yrodwlolw| sdudphwhu

t U W
w
�5+x,gx1

Zh qrz ghulyh wkh zhoo0nqrzq Eodfn0Vfkrohv irupxod dv d vshfldo fdvh ri

BB1 Iru d fdoo rswlrq zlwk h{huflvh sulfh H/ wkh sd|r� ixqfwlrq lv Y3+VW , @

pd{+VW � H> 3,1 Qrz lw lv khosixo wr xvh wkh idfw wkdw iru d vwdqgdug qrupdo

udqgrp yduldeoh ] dqg duelwudu| � A 3>�4 ? � ?4 zh kdyh wkh h{shfwhg

ydoxh ri pd{+h�].�> 3, lv

h�.�
5@5�+

�

�
. �,��+

�

�
, +416<,

zkhuh �+=, ghqrwhv wkh vwdqgdug qrupdo fxpxodwlyh glvwulexwlrq ixqfwlrq1 Dv

d uhvxow/ lq wkh vshfldo fdvh wkdw u dqg � duh frqvwdqwv/ +BB, uhvxowv lq wkh

idprxv Eodfn0Vfkrohv irupxod zklfk fdq eh zulwwhq lq wkh irup

Y +V> w, @ V�+g4,�Hh�u+W�w,�+g5, +4173,

zkhuh g4 ? g5 duh wkh ydoxhv 	�5@5 vwdqgdugl}hg e| dgglqj orj+V@H,.u+W�w,
dqg glylglqj e| �

s
W � w1 Wklv pd| eh ghulyhg e| wkh iroorzlqj ghylfh> Dvvxph

+l1h1 suhwhqg, wkdw/ jlyhq fxuuhqw lqirupdwlrq/ wkh glvwulexwlrq ri V+W , dw

h{slu| lv orjqrupdoo| glvwulexwhg zlwk wkh phdq � @ V+w,hu+W�w, 1
Wkh phdq ri wkh orj0qrupdo lq wkh ulvn qhxwudo zruog V+w,hu+W�w, lv h{dfwo|

wkh ixwxuh ydoxh ri rxu fxuuhqw vwrfnv V+w, li zh zhuh wr vhoo wkh vwrfn dqg

lqyhvw wkh fdvk lq d edqn ghsrvlw1 Wkhq wkh ixwxuh ydoxh ri dq rswlrq zlwk

sd|r� ixqfwlrq jlyhq e| Y3+VW , lv wkh h{shfwhg ydoxh ri wklv ixqfwlrq djdlqvw

wklv orjqrupdo suredelolw| ghqvlw| ixqfwlrq/ wkhq glvfrxqwhg wr suhvhqw ydoxh

h�u+W�w,
] 4

3

Y3+{,j+{mV+w,hu+W�w,> �
s
W � w,g{= +4174,
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Qrwlfh wkdw wkh Eodfn0Vfkrohv ghulydwlrq fryhuv dq| gl�xvlrq surfhvv jry0

huqlqj wkh xqghuo|lqj dvvhw zklfk lv gulyhq e| d vwrfkdvwlf gl�huhqwldo htxdwlrq

ri wkh irup

gV @ d+V,gw. �VgZw +4175,

uhjdugohvv ri wkh qdwxuh ri wkh guliw whup d+V,1 Iru h{dpsoh d qrq0olqhdu

ixqfwlrq d+V, fdq ohdg wr glvwulexwlrqv wkdw duh qrw orjqrupdo dqg |hw wkh

rswlrq sulfh lv ghwhuplqhg dv li lw zhuh1

H{dpsoh= Sulflqj Fdoo dqg Sxw rswlrqv1

Frqvlghu sulflqj dq lqgh{ rswlrq rq wkh V)S 833 lqgh{ dq Mdqxdu| 44/ 5333 +wkh

lqgh{ VS[ forvhg dw 4765158 rq wklv gd|,1 Wkh rswlrq V[] DH0D lv d Mdqxdu|

fdoo rswlrq zlwk vwulnh sulfh 47581 Wkh rswlrq pdwxuhv +dv gr htxlw| rswlrqv lq

jhqhudo, rq wkh wklug Iulgd| ri wkh prqwk ru Mdqxdu| 54/ d wrwdo ri : wudglqj

gd|v odwhu1 Vxssrvh zh zlvk wr sulfh vxfk dq rswlrq xvlqj wkh Eodfn0Vfkrohv

prgho1 Lq wklv fdvh/ W � w phdvxuhg lq |hduv lv :@585 @ 3=35:::;= Wkh dqqxdo

yrodwlolw| ri wkh Vwdqgdug dqg Srru 833 lqgh{ lv durxqg 4<18 shufhqw ru 314<8

dqg dvvxph wkh yhu| vkruw whup lqwhuhvw udwhv dssur{lpdwho| 6(1 Lq Pdwode zh

fdq ydoxh wklv rswlrq xvlqj

^FDOO/SXW` @ EOVSULFH+4765158/4758/3136/:2585/314<8/3,

FDOO @ 56136;4

SXW @ 4719344

Dujxphqwv ri wkh ixqfwlrq EOVSULFH duh/ lq rughu/ wkh fxuuhqw htxlw| sulfh/

wkh vwulnh sulfh/ wkh dqqxdo lqwhuhvw udwh u> wkh wlph wr pdwxulw| W � w lq |hduv/

wkh dqqxdo yrodwlolw| � dqg wkh odvw dujxphqw lv wkh glylghqg |lhog lq shufhqw

zklfk zh dvvxphg 31 Wkxv wkh Eodfn0Vfkrohv sulfh iru d fdoo rswlrq rq VS[

lv durxqg 561361 Lqghhg wklv fdoo rswlrq glg vhoo rq Mdq 44 iru '561331 dqg

wkh sxw rswlrq iru '47 82;1 Iurp wkh sxw fdoo sdulw| uhodwlrq +vhh iru h{dpsoh

Zloprww/ Krzlvrq/ Ghz|qqh/ sdjh 74, V . S � F @ Hh�u+W�w, ru lq wklv

fdvh 4765=58 . 47=958 � 56 @ 4758h�u+:@585,1 Zh pljkw vroyh wklv uhodwlrq wr

rewdlq wkh vsrw lqwhuhvw udwh u= Lq rughu wr frq�up wkdw d gl�huhqw lqwhuhvw udwh

pljkw dsso| ryhu d orqjhu whup/ zh frqvlghu wkh Vhswhpehu fdoo dqg sxw rswlrqv

+V[], rq wkh vdph gd| zlwk h{huflvh sulfh 4733 zklfk vrog iru '485 dqg :4'

uhvshfwlyho|1 Lq wklv fdvh wkhuh duh4:4 wudglqj gd|v wr h{slu| dqg vr zh qhhg wr

vroyh 4765=58 . :4 � 485 @ 4733h�u+4:4@585,/ zkrvh vroxwlrq lv u @ 3=3855 =

Wklv lv forvh wr wkh vl{ prqwk lqwhuhvw udwhv dw wkh wlph/ exw 6( lv orz iru wkh

yhu| vkruw whup udwhv1 Wkh glvfuhsdqf| zlwk wkh dfwxdo lqwhuhvw udwhv lv rqh ri

vhyhudo prghvw idloxuhv ri wkh Eodfn0Vfkrohv prgho wr eh glvfxvvhg ixuwkhu odwhu1

Wkh orz lpsolhg lqwhuhvw udwh lv lq�xhqfhg e| wkh frvw ri kdqgolqj dqg h{hfxwlqj

dq rswlrq/ zklfk duh qrq0qhjoljleoh iudfwlrqv ri wkh rswlrq sulfhv/ sduwlfxoduo|

zlwk vkruw whup rswlrqv vxfk dv wklv rqh1
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41 Lw lv frpprq iru d vwrfn zkrvh sulfh kdv uhdfkhg d kljk ohyho wr vsolw ru

lvvxh vkduhv rq d wzr0iru0rqh ru wkuhh0iru0rqh edvlv1 Zkdw lv wkh h�hfw ri

d vwrfn vsolw rq wkh sulfh ri dq rswlrqB

51 Li d vwrfn lvvxhv d glylghqg ri h{dfwo| G +nqrzq lq dgydqfh, rq d fhuwdlq

gdwh/ surylgh d qr0duelwudjh dujxphqw iru wkh fkdqjh lq sulfh ri wkh vwrfn

dw wklv gdwh1

61 Vxssrvh 	 lv d srvlwlyh gh�qlwh fryduldqfh pdwul{ dqg � d froxpq yhfwru1

Vkrz wkdw wkh vhw ri doo srvvleoh sdluv ri vwdqgdug ghyldwlrq dqg phdq

uhwxuq +
s
zW	z> �Wz, iru zhljkw yhfwru z vxfk wkdw

S
lzl @ 4 lv d

frqyh{ uhjlrq zlwk dq hoolswlfdo erxqgdu|1

71 Wkh fxuuhqw udwh ri lqwhuhvw lv 8( shu dqqxp dqg |rx duh r�huhg d udqgrp

erqg zklfk sd|v hlwkhu '543 ru '3 lq rqh |hdu1 \rx eholhyh wkdw wkh

suredelolw| ri wkh erqg sd|lqj '543 lv rqh kdoi1 Krz pxfk zrxog |rx

sd| qrz iru vxfk d erqgB Vxssrvh wklv erqg lv sxeolfo| wudghg dqg d

odujh iudfwlrq ri wkh srsxodwlrq lv ulvn dyhuvh vr wkdw lw lv vhoolqj qrz iru

';31 Grhv |rxu sulfh r�hu dq duelwudjh wr dqrwkhu wudghuB Zkdw lv wkh

ulvn0qhxwudo phdvxuh iru wklv erqgB

81 Zklfk zrxog |rx suhihu/ d jliw ri '433 ru d 83083 fkdqfh ri pdnlqj '533B

D �qh ri '433 ru d 83083 fkdqfh ri orvlqj '533B Duh |rxu suhihuhqfhv

vhoi0frqvlvwhqw dqg frqvlvwhqw zlwk wkh sulqflsoh wkdw lqglylgxdov duh ulvn0

dyhuvhB

91 Frpsxwh wkh vwrfkdvwlf gl�huhqwldo g[w +dvvxplqj Zw lv d Zlhqhu sur0

fhvv, zkhq

+d, [w @ h{s+uw,

+e, [w @
U w
3
k+w,gZw

+f, [w @ [3 h{sidw. eZwj
+g, [w @ h{s+\w, zkhuh g\w @ �gw. �gZw=

:1 Vkrz wkdw li [w lv d jhrphwulf Eurzqldq prwlrq/ vr lv [
�
w iru dq| uhdo

qxpehu �=

;1 Vxssrvh d vwrfn sulfh iroorzv d jhrphwulf Eurzqldq prwlrq surfhvv

gVw @ �Vwgw. �VwgZw

Ilqg wkh gl�xvlrq htxdwlrq vdwlv�hg e| wkh surfhvvhv +d, i+Vw, @ Vqw /+e,

orj+Vw,/ +f, 4@Vw 1 Ilqg d frpelqdwlrq ri wkh surfhvvhv Vw dqg 4@Vw wkdw

grhv qrw ghshqg rq wkh guliw sdudphwhu �=Krz grhv wklv doorz frqvwuxfwlqj

hvwlpdwruv ri � wkdw gr qrw uhtxluh nqrzohgjh ri wkh ydoxh ri �B
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<1 Frqvlghu dq Lwr surfhvv ri wkh irup

gVw @ d+Vw,gw. �+Vw,gZw

Lv lw srvvleoh wr �qg d ixqfwlrq i+Vw, zklfk lv dovr dq Lwr surfhvv exw zlwk

}hur guliwB

431 Frqvlghu dq Lwr surfhvv ri wkh irup

gVw @ d+Vw,gw. �+Vw,gZw

Lv lw srvvleoh wr �qg d ixqfwlrq i+Vw, zklfk kdv frqvwdqw gl�xvlrq whupB

441 Frqvlghu dssur{lpdwlqj dq lqwhjudo ri wkh irup
U W
3
j+w,gZw �

S
j+w,iZ +w.

k,�Z +w,j zkhuh j+w, lv d qrq0udqgrp ixqfwlrq dqg wkh vxp lv ryhu ydo0

xhv ri w @ qk> q @ 3> 4> 5> ===W@k� 4= Vkrz e| frqvlghulqj wkh glvwulexwlrq

ri wkh vxp dqg wdnlqj olplwv wkdw wkh udqgrp yduldeoh
U W
3
j+w,gZw kdv d

qrupdo glvwulexwlrq dqg �qg lwv phdq dqg yduldqfh1

451 Jlyh dq h{dpsoh ri d ixqfwlrq j+w>Zw, vxfk wkdw wkh udqgrp yduldeohU 4
3
j+w>Zw,gZw grhv qrw kdyh d qrupdo glvwulexwlrq exw kdv odujhu wdlov

wkdq grhv wkh qrupdo glvwulexwlrq1

461 Frqvlghu wzr jhrphwulf Eurzqldq prwlrq surfhvvhv [w dqg \w erwk gulyhq

e| wkh vdph Zlhqhu surfhvv

g[w @ d[wgw. e[wgZw

g\w @ �\wgw. �\wgZw=

Ghulyh d vwrfkdvwlf gl�huhqwldo htxdwlrq iru wkh udwlr ]w @ [w@\w= Vxssrvh

iru h{dpsoh wkdw [w prghov wkh sulfh ri Whohfrp vwrfn lq 'Q] dqg \w lv

wkh h{fkdqjh udwh +'Q]@'XV, dw wlph w= Wkhq zkdw lv wkh surfhvv ]wB

471 Yhuli| wkdw iru dq| sdlu ri frqvwdqwv d 9@ 3 dqg e A 3

g[w @ +[�4
w . de,[wgw. e[wgZw

grhv qrw kdyh d vroxwlrq lq wkh irup [w @ i+w> \w,/ zkhuh i+w> |, lv/ vd|/ d

uhdo ixqfwlrq dqg \w lv d Jdxvvldq surfhvv1

481 Frqvlghu vroylqj wkh sureohp

plq
t

[
tl orj+

tl

sl
,

vxemhfw wr wkh frqvwudlqwv
S

l tl @ 4 dqg
S

tli+l, @ �= Vkrz wkdw wkh

vroxwlrq/ li lw h{lvwv/ lv jlyhq e|

tl @
h{s+�i+l,,

p+�,
sl

zkhuh p+�, @
S

l sl h{s+�i+l,,` dqg � lv fkrvhq vr wkdw
p3+�,

p+�,
@ �=
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491 Frqvlghu d ghidxowdeoh erqg zklfk sd|v d iudfwlrq ri lwv idfh ydoxh Is

rq pdwxulw| lq wkh hyhqw ri ghidxow1 Vxssrvh wkh ulvn iuhh lqwhuhvw udwh

frqwlqxrxvo| frpsrxqghg lv u vr wkdw Ev @ h{s+vu,= Vxssrvh dovr wkdw d

frqvwdqw frxsrq 'g lv sdlg dw wkh hqg ri hyhu| shulrg v @ w.4> ===> W � 4=

Wkhq vkrz wkdw wkh ydoxh ri wklv erqg dw wlph w lv

Sw @ g
h{si�+u . n,j � h{si�+u . n,iW � w,j

4� h{si�+u . n,j
.sI h{si�u+W � w,j. +4� s,I h{si�+u . n,+W � w,j

4:1 +d, Vkrz wkdw hqwurs| lv dozd|v srvlwlyh dqg li \ @ j+[, lv d ixqfwlrq

ri [ wkhq \ kdv vpdoohu hqwurs| wkdq [/ l1h1 K+s\ , � K+s[,1

+e, Vkrz wkdw li [ kdv dq| glvfuhwh glvwulexwlrq ryhu q ydoxhv/ wkhq lwv

hqwurs| lv � orj+q,1
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Frqvlghu dv dq h{dpsoh wkh iroorzlqj yhu| vlpsoh sureohp1 Zh zlvk wr sulfh

d Hxurshdq fdoo rswlrq zlwk h{huflvh sulfh '55 dqg sd|r� ixqfwlrq Y +VW , @

+VW � 55,.= Dvvxph iru wkh suhvhqw wkdw wkh lqwhuhvw udwh lv 3( dqg VW fdq

wdnh rqo| wkh iroorzlqj �yh ydoxhv zlwk fruuhvsrqglqj +T, suredelolwlhv

v 53 54 55 56 57

T^VW @ v` 4@49 7@49 9@49 7@49 4@49
Lq wklv fdvh/ vlqfh wkh glvwulexwlrq lv yhu| vlpsoh/ zh fdq sulfh wkh fdoo rswlrq

h{solflwo|>

HTY +VW , @ HT+VW � 55,. @ +56� 55,
7

49
. +57� 55,

4

49
@

6

;
=

Krzhyhu/ wkh delolw| wr ydoxh dq rswlrq h{solflwo| lv d uduh ox{xu|1 Dq dowhuqdwlyh

zrxog eh wr jhqhudwh d odujh qxpehu +vd| q @ 4333, lqghshqghqw vlpxodwlrqv ri

wkh vwrfn sulfh VW xqghu wkh phdvxuhT dqg dyhudjh wkh uhwxuqv iurp wkh rswlrq1

Vd| wkh vlpxodwlrqv |lhoghg ydoxhv iru VW ri 55> 53> 56> 54> 55> 56> 53> 57> ==== wkhq

wkh hvwlpdwhg ydoxh ri wkh rswlrq lv

Y +VW , @
4

4333
^+55� 55,. . +53� 55,. . +56� 55,. . ====`=

@
4

4333
^3 . 3 . 4 . ====`

Wkh odz ri odujh qxpehuv dvvxuhv xv iru d odujh qxpehu ri vlpxodwlrqv q> wkh

hvwlpdwru Y +VW , zloo dssur{lpdwh wkh wuxh h{shfwdwlrq HTY +VW ,= Qrz zkloh

lw zrxog eh irrolvk wr xvh vlpxodwlrq d vlpsoh sureohp olnh wklv/ wkhuh duh pdq|

prghov lq zklfk lw lv pxfk hdvlhu wr udqgrpo| jhqhudwh ydoxhv ri wkh surfhvv VW
wkdq lw lv wr hvwdeolvk lwv h{dfw glvwulexwlrq1 Lq vxfk d fdvh/ vlpxodwlrq lv wkh

phwkrg ri fkrlfh1

Udqgrpo| jhqhudwlqj d ydoxh ri VW lq wkh deryh glvfuhwh glvwulexwlrq lv hdv|/

surylghg wkdw zh fdq surgxfh lqghshqghqw udqgrp xqlirup udqgrp qxpehuv

78
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rq d frpsxwhu1 Iru h{dpsoh/ li zh zhuh deoh wr jhqhudwh d udqgrp qxpehu \l
zklfk kdv d xqlirup glvwulexwlrq rq wkh lqwhjhuv i3> 4> 5> ====> 48j wkhq zh frxog

gh�qh VW iru wkh l3wk vlpxodwlrq dv iroorzv=
Li \l lv lq vhw i3j i4> 5> 6> 7j i8> 9> :> ;> <> 43j i44> 45> 46> 47j i48j
gh�qh VW @ 53 54 55 56 57

Ri frxuvh/ wr jhw d uhdvrqdeo| dffxudwh hvwlpdwh ri wkh sulfh ri d frpsoh{

ghulydwlyh pd| zhoo uhtxluh d odujh qxpehu ri vlpxodwlrqv/ exw wklv lv ghfuhdv0

lqjo| d sureohp zlwk lqfuhdvlqjo| idvw frpsxwhu surfhvvruv1 Wkh �uvw lqjuhglhqw

lq d vlpxodwlrq lv d vwuhdp ri xqlirup udqgrp qxpehuv \l xvhg deryh1 Lq sudf0

wlfh doo rwkhu glvwulexwlrqv duh jhqhudwhg e| surfhvvlqj glvfuhwh xqlirup udqgrp

qxpehuv1 Wkhlu jhqhudwlrq lv glvfxvvhg lq wkh qh{w vhfwlrq1

 � 1����
� -����� 2��0�
 3���
�����

Wkh �uvw uhtxluhphqw ri d vwrfkdvwlf prgho lv wkh delolw| wr jhqhudwh _udqgrp%

yduldeohv ru vrphwklqj uhvhpeolqj wkhp1 Hduo| vxfk jhqhudwruv dwwdfkhg wr frp0

sxwhuv h{sorlwhg sk|vlfdo skhqrphqd vxfk dv wkh ohdvw vljql�fdqw gljlwv lq dq

dffxudwh phdvxuh ri wlph/ ru lq wkh dprxqw ri edfnjurxqg frvplf udgldwlrq dv

wkh edvlv iru vxfk d jhqhudwru/ exw wkhvh vx�hu iurp d qxpehu ri glvdgydqwdjhv1

Zkloh wkh| pd| zhoo eh _udqgrp% lq vrph pruh jhqhudo vhqvh wkdq duh wkh

svhxgr0udqgrp qxpehu jhqhudwruv wkdw zh xvh qrz/ wkhlu surshuwlhv duh gl�0

fxow wr hvwdeolvk/ dqg wkh vhtxhqfhv duh lpsrvvleoh wr uhsurgxfh/ wkh odwwhu ehlqj

lpsruwdqw iru ghexjjlqj d vlpxodwlrq surjudp dqg iru uhgxflqj wkh yduldqfh

wkhuhlq1 Txlwh uhpdundeo|/ lw zdv glvfryhuhg wkdw yhu| vlpsoh uhfxuvlrq irupxodh

gh�qhg vhtxhqfhv wkdw iru sudfwlfdo sxusrvhv orrnhg olnh vhtxhqfhv ri lqghshq0

ghqw udqgrp qxpehuv dqg vhhphg +dowkrxjk wkh wkhruhpv uduho| doorz d surri

ri wklv idfw, wr pruh ru ohvv reh| wkh pdmru odzv ri suredelolw| vxfk dv wkh odz

ri odujh qxpehuv/ wkh fhqwudo olplw wkhruhp/ wkh Jolyhqnr0Fdqwhool wkhruhp/ hwf1

Wklv zrxog vhhp wr lqglfdwh wkdw wkh frqfoxvlrqv ri suredelolw| krog xqghu pxfk

pruh jhqhudo flufxpvwdqfhv wkdq wkh uhodwlyho| uhvwulfwlyh frqglwlrqv rq wkhvh

wkhruhpv lqglfdwh1 Lqghhg/ rqh zrxog lqwxlwlyho| h{shfw dq hqruprxv gl�huhqfh

ehwzhhq wkh ehkdylrxu ri lqghshqghqw udqgrp yduldeohv [q dqg d vhtxhqfh vdw0

lvi|lqj d uhfxuvlrq ri wkh irup {q @ j+{q�4, iru d vlpsoh ixqfwlrq j dqg vr

lw lv vxusulvlqj wkdw iru d odujh fodvv ri vxfk ixqfwlrqv j lw lv txlwh gl�fxow wr

ghwhuplqh wkh gl�huhqfh ehwzhhq vxfk d vhtxhqfh dqg dq lqghshqghqw vhtxhqfh1

Ri frxuvh/ dq| vhtxhqfh ri qxpehuv jhqhudwhg iurp d vlpsoh uhfxuvlrq vxfk dv

wklv lv qhlwkhu udqgrp/ qru duh {q�4 dqg {q lqghshqghqw1 Riwhq zh zloo hpskd0

vl}h wklv idloxuh e| uhihuulqj wr wkh vhtxhqfh ri svhxgr0udqgrp qxpehuv1 Zkloh

wkh| duh lq qr fdvh lqghshqghqw/ zh zloo qhyhuwkhohvv dwwhpsw wr �qg vlpsoh

ixqfwlrqv j zklfk surylgh ehkdylrxu vlplodu wr wkdw ri lqghshqghqw xqlirup

udqgrp qxpehuv1

Gh�qlwlrq= uhgxfwlrq prgxor p= Iru srvlwlyh lqwhjhuv { dqgp> wkh ydoxh

dprg+p, lv wkh uhpdlqghu +ehwzhhq 3 dqg p�4 , rewdlqhg zkhq d lv glylghg

e| p= Vr iru h{dpsoh :prg+6, @ 4 vlqfh : @ 5� 6 . 4=



5151 XQLIRUP UDQGRP QXPEHU JHQHUDWLRQ 7:

Wkh vlqjoh prvw frpprq fodvv ri udqgrp qxpehu jhqhudwruv duh ri wkh irup

{q =@ +d{q�4 . f, prg+p,

iru jlyhq lqwhjhuv d> f> dqg p zklfk zh vhohfw lq dgydqfh1 Wklv jhqhudwru lv

lqlwldwhg zlwk d _vhhg% {3 dqg wkhq uxq wr surgxfh d zkroh vhtxhqfh ri ydoxhv1

Zkhq f @ 3> wkhvh jhqhudwruv duh uhihuuhg wr dv pxowlsolfdwlyh frqjuxhqwldo jhq0

hudwruv dqg lq jhqhudo dv pl{hg frqjuxhqwldo jhqhudwruv ru olqhdu frqjuxhqwldo

jhqhudwruv1 Wkh _vhhg%/ {3> lv xvxdoo| xsgdwhg e| wkh jhqhudwru zlwk hdfk fdoo

wr lw1 Wkhuh duh wzr frpprq fkrlfhv ri p / hlwkhu p sulph ru p @ 5n iru

vrph n +xvxdoo| 64 iru 65 elw pdfklqhv,1

H{dpsoh= Pl{hg Frqjuxhqwldo jhqhudwru

Gh�qh {q @ +8{q�4 . 6, prg ; / dqg wkh vhhg {3 @ 61 Qrwh wkdw e| wklv

uhfxuvlrq

{4 @ +8� 6 . 6,prg; @ 4;prg; @ 5

{5 @ 46prg; @ 8

{6 @ 5;prg; @ 7

dqg {7> {8> {9>{:> {; @ :> 9> 4> 3> 6 uhvshfwlyho|

dqg diwhu wklv srlqw +iru q A ;, wkh uhfxuvlrq zloo vlpso| uhshdw djdlq wkh

sdwwhuq douhdg| hvwdeolvkhg/ 6> 5> 8> 7> :> 9> 4> 3> 6> 5> 8> 7> =======

Wkh deryh uhshwlwlrq lv lqhylwdeoh iru d olqhdu frqjuxhqwldo jhqhudwru1 Wkhuh

duh dw prvw p srvvleoh qxpehuv diwhu uhgxfwlrq prg p dqg rqfh zh duulyh

edfn dw wkh vhhg wkh vhtxhqfh lv ghvwlqhg wr uhshdw lwvhoi1 Lq wkh h{dpsoh

deryh/ wkh vhtxhqfh f|fohv diwhu ; qxpehuv1 Wkh ohqjwk ri rqh f|foh/ ehiruh wkh

vhtxhqfh ehjlqv wr uhshdw lwvhoi djdlq/ lv fdoohg wkh shulrg ri wkh jhqhudwru1 Iru d

pl{hg jhqhudwru/ wkh shulrg pxvw eh ohvv wkdq ru htxdo wr p= Iru pxowlsolfdwlyh

jhqhudwruv/ wkh shulrg lv vkruwhu/ dqg riwhq frqvlghudeo| vkruwhu1

Pxowlsolfdwlyh Jhqhudwruv1

Iru pxowlsolfdwlyh jhqhudwruv/ f @ 31 Frqvlghu iru h{dpsoh wkh jhqhudwru

{q @ 8{q�4 prg ; dqg {3 @ 61 Wklv surgxfhv wkh vhtxhqfh 6> :> 6> :> ====

Lq wklv fdvh/ wkh shulrg lv rqo| 5/ exw lq jhqhudo lw lv fohdu wkdw wkh pd{lpdo

srvvleoh shulrg lvp�4 ehfdxvh lw jhqhudwhv ydoxhv lq wkh vhw i4> ===>p�4j= Wkh
jhqhudwru fdqqrw jhqhudwh wkh ydoxh 3 ehfdxvh li lw glg/ doo vxevhtxhqw ydoxhv

jhqhudwhg duh lghqwlfdoo| 31 Wkhuhiruh wkh pd{lpxp srvvleoh shulrg fruuhvsrqgv

wr d f|foh wkurxjk qrq0}hur lqwhjhuv h{dfwo| rqfh1 Exw lq wkh h{dpsoh khuh/

wkh shulrg lv idu iurp dwwdlqlqj lwv wkhruhwlfdo pd{lpxp/ p � 4= Zkhq lv wklv

pd{lpdo shulrg dfklhyhgB Wkh iroorzlqj Wkhruhp vkrzv wkdw wkh shulrg ri d

pxowlsolfdwlyh jhqhudwru lv pd{lpdo zkhq p lv d sulph qxpehu dqg d vdwlv�hv

vrph frqglwlrqv1

Wkhruhp 9 = shulrg ri pxowlsolfdwlyh jhqhudwru1
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Lip lv sulph/ wkh pxowlsolfdwlyh frqjuxhqwldo jhqhudwru {q @ d{q�4 prg p> d 9@
3> kdv pd{lpdo shulrg p � 4 li dqg rqo| li dp�4 @ 4+prg p, dqg dl 9@
4+prg p, iru doo l ? p� 41

Frqvlghu wkh pxowlsolfdwlyh frqjuxhqwldo jhqhudwru {q @ 5{q�4prg44= Lw

lv hdv| wr fkhfn wkdw 5lprg44 @ 5> 7> ;> 8> 43> <> :> 6> 9> 4 dv l @ 4> 5> ===43= Vlqfh

wkh ydoxh l @ p � 4 lv wkh �uvw iru zklfk 5lprg44 @ 4> wklv lv d pd{lpdo

shulrg jhqhudwru kdylqj shulrg 431 Zkhq p @ 44/ rqo| wkh ydoxhv d @ 5> 9> :> ;

surgxfh ixoo shulrg +43, jhqhudwruv1

Rqh ri wkh pruh frpprq prgxol rq 65 elw pdfklqhv lv wkh sulph p @ 564�41
Lq wklv fdvh/ wkh iroorzlqj ydoxhv ri d +dprqj pdq| rwkhuv, doo surgxfh ixoo

shulrg jhqhudwruv=

d @ :> 49;3:> 7;5:4> 9<954> 963693349> :75<6;5;8> <83:396:9>

4559;:748<> 953;<<44> 4676:4776;> 6<6:6

Ohw xv vxssrvh qrz wkdw p lv sulph dqg d5 lv wkh pxowlsolfdwlyh lqyhuvh

+prg+p,, ri d4 e| zklfk zh phdq d4d5prg+p, @ 4= Zkhq p lv sulph/ wkh

vhw ri lqwhjhuv i3> 4> 5> ===>p� 4j wrjhwkhu zlwk wkh rshudwlrqv ri dgglwlrq dqg

pxowlsolfdwlrq prg+p, irupv d �qlwh �hog dqg wklv doorzv hvvhqwldoo| wkh vdph

rshudwlrqv dv zh hqmr| lq wkh uhdo qxpehu v|vwhp1 Vxssrvh iru wzr lqwhjhuv

{4> {5 5 i3> 4> 5> ===>p�4j> {5 @ d4{4prg+p,= Wkhq pxowlso|lqj e| d5 zh kdyh

d5{5prg+p, @ d5d4{4prg+p, @ d5d4prg+p,{4prg+p, @ {4

dqg wklv vkrzv wkdw {4 @ d5{5prg+p,= Lq rwkhu zrugv/ li d5 lv wkh pxowlsolfd0

wlyh lqyhuvh ri d4+prg p,/ wkhq wkh pxowlsolfdwlyh jhqhudwru zlwk pxowlsolhu

d5 jhqhudwhv h{dfwo| wkh vdph vhtxhqfh dv wkdw zlwk pxowlsolhu d4 h{fhsw lq

uhyhuvh rughu1

Wkhruhp : Shulrg ri Pxowlsolfdwlyh Jhqhudwruv zlwk p @ 5n

Li p @ 5n � ; / wkh pxowlsolfdwlyh frqjuxhqwldo jhqhudwru kdv pd{lpdo

shulrg p@7 li d prg ; @ 6 ru 8 dqg li {3 lv rgg1 W

Iru wkh surri ri wkhvh uhvxowv/ vhh Ulsoh|+4<;:,/ fkdswhu 51 Wkh iroorz0

lqj vlpsoh Pdwode frgh doorzv xv wr frpsduh olqhdu frqjuxhqwldo jhqhudwruv

zlwk vpdoo ydoxhv ri p= Lw jhqhudwhv d wrwdo ri q vxfk ydoxhv iru xvhu gh�qhg

d> f>p> {3 @ vhhg= Wkh h�flhqw lpsohphqwdwlrq ri d jhqhudwru iru odujh ydoxhv

ri p ri dssur{lpdwho| wkh vdph vl}h dv wkh pdfklqh suhflvlrq ghshqgv yhu|

pxfk rq wkh dufklwhfwxuh ri wkh frpsxwhu1

u�?U|�L?  '*U}E fc@cUc4c?�

)' f(

 ' f(

uLh �'�G?

)'hi4E@8)nUc4�(

 'd )o(

i?_
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Wkhruhp ; Shulrg ri Pl{hg Frqjuxhqwldo Jhqhudwruv1

Wkh Pl{hg Frqjuxhqwldo Jhqhudwru/

{q @ +d{q�4 . f,prg+p, +514,

kdv ixoo shulrg p li dqg rqo| li

+l, f dqg p duh uhodwlyho| sulph1

+ll, Hdfk sulph idfwru ri p lv dovr d idfwru ri d� 41

+lll, Li 7 glylghv p lw dovr glylghv d� 41

Frqvlghu p @ 564 � 4 zklfk lv d sulph1 Zkhq p lv sulph/ e| +l, wrjhwkhu

zlwk wkh dvvxpswlrq wkdw d ? p/ p pxvw glylgh d� 4 zklfk lpsolhv d @ 41 Vr

iru sulph p wkh rqo| ixoo0shulrg jhqhudwruv fruuhvsrqg wr d @ 41

Dovr e| Wkhruhp 61518/ li p @ 5n> n � 5/ wkh frqglwlrqv ehfrph wkdw f lv

rgg/ dqg 7 glylghv d� 41 Wkhq wkh jhqhudwru {q @ +d{q�4. f,prg+p, kdv ixoo

shulrg 5n1

Dprqj wkh frpprq olqhdu ru pxowlsolfdwlyh jhqhudwruv duh wkh iroorzlqj=
p d f

564 � 4 :8 @ 49;3: 3 Ohzlv/Jrrgpdq/ Ploohu +4<9<,LEP/

564 � 4 963693349 3 Ilvkpdq +Vlpvfulsw LL,

564 9886< 3 UDQGX

565 9<39< 4 Vxshu0Gxshu +Pduvdjold,

568 846 @ 4553:36458 3 DSSOH

565 467::8;46 4 Wxuer0Sdvfdo/Yhuvlrq :1+shulrg@565,

58< 4646 3 QDJ

564 � 4 963693349 3 Ilvkpdq +Vlpvfulsw LL,

564 � 4 :75<6;5;8 3 Ilvkpdq dqg Prruh

565 6<67;:63:: Ilvkpdq dqg Prruh

4345 � 44 75:74<99<3;4 3 PDSOH

565 64748<5986 4 GHULYH

565 99693;<74 3 Dkuhqv +F0UDQG ,

Pdwul{ Frqjuxhqwldo Jhqhudwruv1

Zh frqvlghu d jhqhudwru ri n�glphqvlrqdo yhfwruv [1 Vxssrvh wkh frpsrqhqwv

ri [ duh wr eh lqwhjhuv ehwzhhq 3 dqg p � 4 zkhuh p lv d srzhu ri d sulph

qxpehu1 Li D lv dq duelwudu| n � n pdwul{ zlwk lqwhjudo hohphqwv dovr lq wkh

udqjh i3> 4> ===>p� 4j wkhq rqh vlpsoh jhqhudwru lv wr ehjlq zlwk d vhhg [3 d

yhfwru/ d frqvwdqw yhfwru F dqg gh�qh uhfxuvlyho|

[q =@ +D[q�4 . F, prg+p,

Vxfk jhqhudwruv duh prvw frpprq zkhq F @ wkh }hur yhfwru dqg fdoohg

pdwul{ pxowlsolfdwlyh frqjuxhqwldo jhqhudwruv 1
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Lq pdq| fdvhv/ wkh xqlirup udqgrp qxpehu jhqhudwru lq sdfndjhv vxfk dv

Vsoxv dqg Pdwode duh qrw frpsohwho| ghvfulehg lq wkh sdfndjh grfxphqwdwlrq

Iru h{dpsoh/ lq Vsoxv/ wkh pxowlsolfdwlyh frqjuxhqwldo jhqhudwru lv xvhg/ dqg

wkhq wkh vhtxhqfh lv _ vkx�hg% xvlqj d Vkliw0uhjlvwhu jhqhudwru +d vshfldo fdvh

ri wkh pdwul{ frqjuxhqwldo jhqhudwru ghvfulehg deryh,1 Wklv vhfrqgdu| surfhvv0
lqj ri wkh vhtxhqfh fdq lqfuhdvh wkh shulrg1 Lq jhqhudo/ vkx�lqj lv frqgxfwhg

dffruglqj wr wkh iroorzlqj vwhsv

41 Jhqhudwh d vhtxhqfh [l xvlqj [l.4 @ d4[l+prg p4, 1

51 Iru �{hg n sxw +W4> = = = > Wn, @ +[4> = = = > [n,1

61 Jhqhudwh/ xvlqj d gl�huhqw jhqhudwru/ d vhtxhqfh \l.4 @ d5\l+prgp5,1

71 Rxwsxw wkh udqgrp qxpehu WL zkhuh L @ fhlolqj+\ln@p5,1

81 Lqfuhphqw l/ uhsodfh WL e| wkh qh{w ydoxh ri [/ dqg uhwxuq wr 61

Rqh jhqhudwru lv xvhg wr surgxfh wkh vhtxhqfh dv qxpehuv duh qhhghg wr �oo

n krohv1 Wkh rwkhu jhqhudwru lv wkhq xvhg vhohfw zklfk kroh wr gudz wkh qh{w

qxpehu iurp1

H{dpsoh= D vkx�hg jhqhudwru

Frqvlghu d jhqhudwru ghvfulehg e| wkh deryh vwhsv zlwk n @ 7>p4 @ 4<>p5 @ 5<

[+l, @ 5 47 : 46 44 4; 9 6 <

\+l, @ 44 58 4: 7 49 5; 47 3 6

Zh vwduw e| �oolqj irxu sljhrq0krohv zlwk wkh qxpehuv surgxfhg e| wkh �uvw

jhqhudwru vr wkdw +W4> = = = > W7, @ +5> 47> :> 46,= Wkhq xvh wkh vhfrqg jhqhudwru wr
vhohfw d udqgrp lqgh{ L whoolqj xv zklfk sljhrq0kroh wr gudz wkh qh{w qxpehu

iurp1 Vlqfh wkhvh krohv duh qxpehuhg iurp 4 wkurxjk 7/ zh xvh L @ g7�44@5<h @
5= Wkhq wkh �uvw qxpehu lq rxu udqgrp vhtxhqfh lv gudzq iurp er{ 5/ l1h1

}4 @ W5 @ 47> vr }4 @ 47= Wklv hohphqw ri wkh yhfwru lv qrz uhsodfhg e| 44>

wkh qh{w qxpehu lq wkh [ vhtxhqfh1 Surfhhglqj lq wklv zd|/ wkh qh{w lqgh{ lv
L @ g7�58@5<h @ 7 dqg vr wkh qh{w qxpehu gudzq lv }5 @ W7 @ 46= Ri frxuvh/

zkhq zh kdyh �qlvkhg jhqhudwlqj wkh ydoxhv }4> }5> === doo ri zklfk olh ehwzhhq

3 dqg p4 @ 4<> zh zloo xvxdoo| wudqvirup wkhp lq wkh xvxdo zd| +h1j1 }l@p4,
wr surgxfh vrphwklqj dssur{lpdwlqj frqwlqxrxv xqlirup udqgrp qxpehuv rq

^3/4`1 Ehfdxvh ri wkh vpdoo ydoxh zh fkrvh iru p4> wklv dssur{lpdwlrq zloo qrw
eh yhu| jrrg lq wklv fdvh1 Exw wkh dgydqwdjh ri vkx�lqj lv wkdw wkh shulrg ri

wkh jhqhudwru lv juhdwo| h{whqghg1

Wkhuh lv dqrwkhu dssurdfk/ vxpplqj svhxgr0udqgrp qxpehuv/ zklfk lv dovr
xvhg wr h{whqg wkh shulrg ri d jhqhudwru1 Wklv lv edvhg rq wkh iroorzlqj wkhr0

uhp +vhh O*Hfx|hu +4<;;,,1 Iru ixuwkhu glvfxvvlrq ri wkh h�hfw ri wdnlqj olqhdu

frpelqdwlrqv ri wkh rxwsxw iurp wzr ru pruh udqgrp qxpehu jhqhudwruv/ vhh
Ilvkpdq +4<<8/ Vhfwlrq :146,1

Wkhruhp < vxpplqj prg p1
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Li [ lv udqgrp yduldeoh xqlirup rq wkh lqwhjhuv i3> = = = >p�4j dqg li \ lv

dq| lqwhjhu0ydoxhg udqgrp yduldeoh lqghshqghqw ri [/ wkhq wkh udqgrp yduldeoh

Z @ +[ . \ ,+prg p, lv xqlirup rq wkh lqwhjhuv i3> = = = >p� 4j1
Wkhruhp 43 +shulrg ri jhqhudwru vxpphg prg p4,

Li [l.4 @ d4[l+prg p4, kdv shulrgp4�4 dqg \l.4 @ d5\l+prg p5, kdv

shulrg p5� 4/ wkhq +[l.\l,+prg p4, kdv shulrg wkh ohdvw frpprq pxowlsoh

ri +p4 � 4>p5 � 4,1

H{dpsoh= d vkx�hg jhqhudwru

Li [l.4 @ 49;3:[lprg+5
64 � 4, dqg \l.4 @ 739<5\lprg+5

64 � 57<,/ wkhq wkh

shulrg ri +[l � \l,prg+5
64 � 4, lv

+564 � 5,+564 � 583,

5� 64
� :=7� 4349

Wklv lv pxfk juhdwhu wkdq wkh shulrg ri hlwkhu ri wkh wzr frqvwlwxhqw jhqhudwruv1

Rwkhu jhqhudwruv1

Wkhuh lv/ lq dgglwlrq wr wkrvh phqwlrqhg deryh/ d zlgh ydulhw| ri jhqhudwruv

lq wkh olwhudwxuh wkdw kdyh ehhq sursrvhg1 Vrph/ olnh wkh Wdxvzruwkh jhq0
hudwruv/ jhqhudwh svhxgr0udqgrp elwv i3> 4j dffruglqj edvhg rq d sulplwlyh

sro|qrpldo ryhu d Jdorlv Ilhog dqg wkhq pds wkhvh elwv lqwr xqlirup +3/4,
qxpehuv1 Rwkhuv xvh d qrq0olqhdu pds wr uhsodfh d olqhdu rqh1 Iru h{dpsoh

zh pljkw gh�qh {q.4 @ {5qprg+p, +fdoohg d txdgudwlf uhvlgxh jhqhudwru, ru

{q.4 @ k+{q,prg+p, iru dq| ixqfwlrq k ghvljqhg wr uhvxow lq odujh ydoxhv dqg
pruh ru ohvv udqgrp orz rughu elwv1

Xqlirup +3> 4, jhqhudwruv=

Lq jhqhudo/ udqgrp lqwhjhuv vkrxog eh pdsshg lqwr wkh xqlw lqwhuydo lq vxfk d

zd| wkdw wkh ydoxhv 3 dqg 4/ hdfk ri zklfk kdyh suredelolw| 3 iru d frqwlqxrxv
glvwulexwlrq duh dyrlghg1 Iru d pxowlsolfdwlyh jhqhudwru/ vlqfh ydoxhv olh ehwzhhq

4 dqgp�4> zh pd| glylgh wkh udqgrp qxpehu e|p= Iru d olqhdu frqjuxhqwldo
jhqhudwru wdnlqj srvvleoh ydoxhv i3> 4> ===>p � 4j> lw lv vxjjhvwhg wkdw zh xvh

+{. 3=8,@p=

 �! %		�
��� -��������� �� �������-�����

2��0�
 3���
���
�

Lq rughu wkdw rqh ri wkh deryh jhqhudwruv eh uhdvrqdeoh dssur{lpdwlrqv wr lqgh0
shqghqw xqlirup yduldwhv lw vkrxog vdwlvi| d qxpehu ri vwdwlvwlfdo whvwv1 Vxssrvh

zh uhgxfh wkh xqlirup qxpehuv rq i3> 4> = = = p � 4j wr ydoxhv dssur{lpdwho|
xqlirupo| glvwulexwhg rq wkh xqlw lqwhuydo ^3> 4` e| glylglqj wkurxjk e| p + lw
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pd| vrphwlphv eh ehwwhu wr holplqdwh 3 e| �uvw dgglqj 425 dqg wkhq glylglqj

wkurxjk e| p exw iru d pxowlsolfdwlyh jhqhudwru/ vlqfh 3 grhv qrw rffxu/ wklv lv

xqqhfhvvdu|,1 Wkhuh lv d odujh qxpehu ri whvwv wkdw fdq eh dssolhg wr ghwhu0
plqh zkhwkhu wkh k|srwkhvlv ri lqghshqghqw xqlirup yduldwhv lv fuhgleoh +qrw/

ri frxuvh/ zkhwkhu wkh k|srwkhvlv lv wuxh vlqfh zh nqrz lq dgydqfh lw lv qrw$,1

Uxqv Whvw

Frqvlghu wkh k|srwkhvlv K3 = iXl> l @ 4> 5> ===j duh lqghshqghqw lghqwlfdoo|
glvwulexwhg udqgrp yduldeohv1 Wkh uxqv whvw vhhnv uxqv/ hlwkhu lq wkh ruljl0

qdo vhtxhqfh ru lq lwv gl�huhqfhv1 Iru h{dpsoh/ vxssrvh zh ghqrwh d srvl0

wlyh gl�huhqfh ehwzhhq frqvhfxwlyh hohphqwv ri wkh vhtxhqfh e| . dqg d qhj0
dwlyh gl�huhqfh e| �1 Wkhq zh uhjdug pd| uhjdug d vhtxhqfh ri wkh irup

=54 =57 =67 =6: =74 =7< =89 =84 =54 =58 =5; =89 =<5 =<9 dv xqolnho| ehfdxvh wkh

fruuhvsrqglqj gl�huhqfhv . . . . . . � � . . . . . kdv wrr ihz %uxqv%
+khuh U @ 6 ,1 Xqghu wkh dvvxpswlrq ri lqghshqghqfh/ H+U, @ 5q�4

6
dqg

ydu+U, @ 49q�5<
<3

dqg zh pd| dssur{lpdwh wkh glvwulexwlrq ri U zlwk wkh
qrupdo glvwulexwlrq iru q � 58 1 Zh fdq orrn iru uxqv ri ohqjwk q lq edwfkhv

lq d orqjhu vhtxhqfh ri yduldwhv1

Dqrwkhu dowhuqdwlyh lv wkh vhuldo fruuhodwlrq whvw1 Wkh deryh whvw fkhfnv iru
wkh xqliruplw| ri wkh pdujlqdo glvwulexwlrq ri +{q > {q.4, dqg wklv frxog

reylrxvo| eh jhqhudol}hg wr yduldeohv vhsdudwhg e| dq| qxpehu> vd| +{l> {l.m, 1

Rqh frxog dovr xvh wkh vdpsoh fruuhodwlrq ru fryduldqfh dv wkh edvlv iru vxfk d
whvw1 Iru h{dpsoh/ iru m � 3/

Fm @
4

q
+{4{4.m . {5{5.m . = = {q�m{q . {q.4�m{4 . = = = {q{m, +515,

Wkh whvw pd| eh edvhg rq wkh qrupdo dssur{lpdwlrq wr wkh glvwulexwlrq ri Fm
zlwk phdq H+Fm, @ 4@6> m @ 3> 4@7 iru m � 41 Dovr ydu+Fm, @ 46

477q
> m �

4> ydu+F3, @ 7@78q 1

Fkl0vtxduhg whvw1

Wkh fkl0vtxduhg whvw fdq eh dssolhg wr wkh vhtxhqfh lq dq| glphqvlrq/ iru h{0

dpsoh n @ 5= Zh xvh wkh jhqhudwru wr surgxfh d vhtxhqfh ri xqlirup+3> 4,

yduldeohv/ Xm > m @ 4> 5> ===5q> dqg wkhq iru d sduwlwlrq iDl> l @ 4> ===>Nj ri wkh
xqlw vtxduh/ zh frxqw Ql> wkh qxpehu ri sdluv ri wkh irup +X5m�4> X5m, 5 Dl=

Fohduo| wklv vkrxog eh uhodwhg wr wkh duhd ru suredelolw| S +Dl, ri wkh vhw Dl=

Shduvrq*v fkl0vtxduhg vwdwlvwlf lv

"5 @

N[
l@4

^Ql � qS +Dl,`
5

qS +Dl,
+516,

zklfk vkrxog eh frpsduhg zlwk d fkl0vtxduhg glvwulexwlrq zlwk ghjuhhv ri iuhh0
grp N�4 ru rqh ohvv wkdq wkh qxpehu ri vhwv lq wkh sduwlwlrq1 Revhuyhg ydoxhv
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Iljxuh 514=

ri wkh vwdwlvwlf wkdw duh xqxvxdoo| odujh iru wklv glvwulexwlrq vkrxog ohdg wr uh0

mhfwlrq ri wkh xqliruplw| k|srwkhvlv1 Wkh sduwlwlrq xvxdoo| frqvlvwv ri vtxduhv

ri lghqwlfdo duhd exw frxog/ lq jhqhudo/ eh ri duelwudu| vkdsh1

Vshfwudo Whvw

Frqvhfxwlyh ydoxhv sorwwhg dv sdluv +{q> {q.4, / zkhq jhqhudwhg iurp d pxowl0

solfdwlyh frqjuxhqwldo jhqhudwru {q.4 @ d{q prg p idoo rq d odwwlfh1 D odwwlfh

lv d vhw ri srlqwv ri wkh irup w4h4 . w5h5 zkhuh w4> w5 udqjh ryhu doo lqwhjhuv
dqg h4> h5 duh yhfwruv/ +khuh wzr glphqvlrqdo yhfwruv vlqfh zh duh ylhzlqj wkhvh

srlqwv lq sdluv ri frqvhfxwlyh ydoxhv +{q> {q.4,, fdoohg wkh _edvlv% iru wkh odw0
wlfh1 D jlyhq odwwlfh/ krzhyhu/ kdv pdq| srvvleoh gl�huhqw edvhv/ dqg lq rughu wr

dqdo|}h wkh odwwlfh vwuxfwxuh/ zh qhhg wr lvrodwh wkh prvw _qdwxudo% edvlv/ h1j1

wkh rqh wkdw zh whqg wr vhh lq ylhzlqj d odwwlfh lq wzr glphqvlrqv1 Frqvlghu/
iru h{dpsoh/ wkh odwwlfh iruphg e| wkh jhqhudwru {q @ 56{q�4prg <: zkhq zh

sorw dgmdfhqw sdluv lq 50glphqvlrqdo vsdfh1 Wklv sorw lv jlyhq ehorz lq Iljxuh

BB1

Zh frxog xvh h4 @ +4> 56, dqg h5 @ +7>�9, / ru zh frxog uhsodfh h4
e| +8> 4;, ru +<> 46, hwf1 Ehjlqqlqj dw dq duelwudu| srlqw rq wkh odwwlfh dv

ruljlq +lq wklv fdvh/ vlqfh wkh ruljlqdo srlqw +3/3, lv rq wkh odwwlfh/ zh zloo ohdyh

lw xqfkdqjhg,/ zh fkrrvh dq xqdpeljxrxv gh�qlwlrq ri h4 wr eh wkh vkruwhvw

yhfwru lq wkh odwwlfh/ dqg wkhq gh�qh h5 dv wkh vkruwhvw yhfwru lq wkh odwwlfh

zklfk lv qrw ri wkh irup wh4 iru lqwhjhu w1 Vxfk d edvlv zloo eh fdoohg d qdwxudo

edvlv1 Wkh h{whqvlrq wr d odwwlfh lqn0glphqvlrqv lv grqh vlploduo|1 Doo olqhdu
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frqjuxhqwldo udqgrp qxpehu jhqhudwruv uhvxow lq srlqwv zklfk zkhq sorwwhg dv

frqvhfxwlyh n0wxsohv olh rq d odwwlfh1 Wkh ehvw jhqhudwruv duh wkrvh iru zklfk

wkh fhoov lq wkh odwwlfh duh dv forvh dv srvvleoh wr vtxduhv vr wkdw h4 dqg h5 duh
dssur{lpdwho| wkh vdph ohqjwk1 Qrwh wkdw wkh duhd ri wkh sdudoohorjudp zlwk

vlghv h4 dqg h5 lv dssur{lpdwho| d frqvwdqw +4@p, zkdwhyhu wkh pxowlsolhu d
vr wkdw d orqjhu yhfwru h4 lv dvvrfldwhg zlwk d vkruwhu yhfwru h5 dqg wkhuhiruh

wkh wzr yhfwruv ri uhdvrqdeo| vlplodu ohqjwk1 Wkh vshfwudo whvw vwdwlvwlf � lv wkh

uhqrupdol}hg ohqjwk ri wkh �uvw edvlv yhfwru mmh4mm 1 Lq jhqhudo/ iru n frqvhfx0
wlyh srlqwv/ lw lv htxdo wr plq +e54 . e55 . = . =. =. e5n,

4@5 xqghu wkh frqvwudlqw

e4 . e5d . = = = end
n�4 @ pt> t 9@ 3 1 Odujh ydoxhv ri wkh vwdwlvwlf lqglfdwh

wkdw wkh jhqhudwru lv dghtxdwh dqg Nqxwk vxjjhvwv dv d plqlpxp wkuhvkrog
wkh ydoxh ��4@5^+n@5,$p@43`4@n1 Rqh ri wkh jhqhudwruv wkdw idlov wklv whvw prvw

vshfwdfxoduo| zlwk n @ 6 lv wkh jhqhudwru UDQGX/ xvhg frpprqo| lq vlp0
xodwlrqv xqwlo wkh 4<;3*v dqg qrwrulrxv iru wkh idfw wkdw yhu| ihz k|shusodqhv

�w wkurxjk doo ri wkh srlqwv +vhh Pduvdjold/ 4<9;,1 Iru UDQGX/ vxffhvvlyh

wulsohwv whqg wr uhpdlq rq wkh sodqh {q @ 9{q�4 � <{q�5 1 Wklv pd| eh
vhhq e| urwdwlqj d 60glphqvlrqdo judsk ri wkh vhtxhqfh ri wulsohwv ri wkh irup

i+{q�5> {q�4> {q,>q @ 5> 6> 7> ===Qj dv lq �jxuh BB

Odwwlfh Vwuxfwxuh ri UDQGX

Iru h{dpsoh frqvlghu wkh iroorzlqj sorw ri 8333 frqvhfxwlyh wulsohwv iurp

d olqhdu frqjuxhqwldo udqgrp qxpehu jhqhudwru zlwk d @ 6;6> f @ 596>p @
43> 333=

Olqhdu sodqhv duh hylghqw iurp vrph dqjohv lq wklv ylhz/ exw qrw iurp rwkhuv1

Lq pdq| sureohpv/ sduwlfxoduo| rqhv lq zklfk udqgrp qxpehuv duh surfhvvhg lq
jurxsv ri wkuhh ru pruh/ wklv skhqrphqrq fdq ohdg wr kljko| plvohdglqj uhvxowv1

Wkh vshfwudo whvw lv wkh prvw zlgho| xvhg whvw zklfk dwwhpswv wr lqvxuh djdlqvw
odwwlfh vwuxfwxuh1 Wkh wdeoh ehorz jlyhv vrph ydoxhv ri wkh vshfwudo whvw vwdwlvwlf

iru vrph olqhdu frqjuxhqwldo udqgrp qxpehu jhqhudwruv lq glphqvlrq n � :=
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3d plot for linear congruential generator,a=383,c=263,m=10000

Iljxuh 515=

p d f n @ 5 n @ 6 n @ 7 n @ 8 n @ 9 n @ :

564 � 4 :8 3 3167 3177 318; 31:7 3198 318:

564 � 4 963693349 3 31;5 3176 31:; 31;3 318: 319;

564 � 4 :75<6;5;8 3 31;: 31;9 31;9 31;6 31;6 3195

564 9886< 3 31<6 3134 3139 3149 315< 3178

565 9<39< 3 3179 3164 3179 3188 316; 3183

565 6<67;:63:: 3 31;: 31;6 31;6 31;7 31;5 31:5

565 99693;<74 3 31;; 3193 31;3 3197 319; 3194

568 846 3 317: 316: 3197 3194 31:7 319;

58< 4646 3 31;7 31:6 31:7 318; 3197 3185

 �# 2���1����
� -����� 2��0�
 3���
�����

E| idu wkh vlpsohvw dqg prvw frpprq phwkrg iru jhqhudwlqj qrq0xqlirup ydul0
dwhv lv edvhg rq wkh lqyhuvh fxpxodwlyh glvwulexwlrq ixqfwlrq1 Iru duelwudu| f1g1i1

I +{, / gh�qh I�4+|, @ plq i{>I +{, � |j 1 Wklv gh�qhv d svhxgr0lqyhuvh
ixqfwlrq zklfk lv d uhdo lqyhuvh +l1h1 I +I�4+|,, @ I�4+I +|,, @ | , rqo| lq wkh

fdvh wkdw wkh f1g1i1 lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj1 Krzhyhu/ lq wkh jhqhudo

fdvh ri d srvvleo| glvfrqwlqxrxv qrq0ghfuhdvlqj f1g1i1 wkh ixqfwlrq frqwlqxhv wr
hqmr| vrph ri wkh surshuwlhv ri dq lqyhuvh1 Lq sduwlfxodu/ lq wkh jhqhudo fdvh/
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Iljxuh 516=

Wkhruhp 44 += lqyhuvh wudqvirup,

Li I lv dq duelwudu| f1g1i1 dqg X lv xqlirup^3> 4` wkhq [ @ I�4+X,

kdv f1g1i1 I +{, 1

Surri=

Wkh surri lv d vlpsoh frqvhtxhqfh ri wkh idfw wkdw

^X ? I +{,` � ^[ � {` � ^X � I +{,` iru doo {/ +517,

hylghqw iurp Iljxuh BB1 Wdnlqj suredelolwlhv wkurxjkrxw BB/ dqg xvlqj wkh

frqwlqxlw| ri wkh glvwulexwlrq ri X vr wkdw S ^X @ I +{,` @ 3> zh rewdlq

I +{, � S ^[ � {` � I +{,=

H{dpsohv ri Lqyhuvh Wudqvirup

H{srqhqwldo +�,

Wklv glvwulexwlrq/ d vshfldo fdvh ri wkh jdppd glvwulexwlrqv/ lv frpprq lq prvw
dssolfdwlrqv ri suredelolw|1 Iru h{dpsoh lq ulvn pdqdjhphqw/ lw lv frpprq wr

prgho wkh wlph ehwzhhq ghidxowv rq d frqwudfw dv h{srqhqwldo +vr wkh ghidxow
wlphv iroorz d Srlvvrq surfhvv,1 Lq wklv fdvh wkh suredelolw| ghqvlw| ixqfwlrq lv



5171 QRQ0XQLIRUP UDQGRP QXPEHU JHQHUDWLRQ 8:

i+{, @ 4
�
h�{@�> { � 3 dqg i+{, @ 3 iru { ? 3= Wkh fxpxodwlyh glvwulexwlrq

ixqfwlrq lv I +{, @ 4� h�{@�> { � 3= Wkhq wdnlqj lwv lqyhuvh/

[ @ ��oq+4� X, ru

[ @ ��oqX vlqfh X dqg 4� X kdyh wkh vdph glvwulexwlrq1

Fdxfk| +d> e,

Wklv glvwulexwlrq lv d phpehu ri wkh _vwdeoh idplo| % ri glvwulexwlrqv1 Lw lv
vlplodu wr wkh qrupdo rqo| vxevwdqwldoo| pruh shdnhg lq wkh fhqwhu dqg zlwk

pruh duhd lq wkh h{wuhph wdlov ri wkh glvwulexwlrq1 Wkh suredelolw| ghqvlw|

ixqfwlrq lv

i+{, @
e

�+e5 . +{� d,5,
>�4 ? { ?4=

Vhh wkh frpsdulvrq ri wkh suredelolw| ghqvlw| ixqfwlrqv lq Iljxuh BB1

-4 -3 -2 -1 0 1 2 3 4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

normal(0,1) p.d.f

Cauchy(0,0.8) p.d.f

Comparison of the Normal and Cauchy Probability Densities

Wkh fxpxodwlyh glvwulexwlrq ixqfwlrq lv I +{, @ 4
5
. 4

�
dufwdq+{�d

e
, 1 Wkhq

wkh lqyhuvh wudqvirup jhqhudwru lv

[ @ d. e wdqi�+X � 4

5
,j ru [ @ d. e@wdq+�X,

zkhuh wkh vhfrqg h{suhvvlrq iroorzv iurp wkh idfw wkdw wdq+�+{�4
5
,, @ +wdq�{,�4=

Jhrphwulf +s,

Wkh suredelolw| ixqfwlrq lv i+{, @ s+4�s,{> { @ 4> 5> 6> ==== dqg wkh fxpxodwlyh
glvwulexwlrq ixqfwlrq lv I +{, @ 4� +4� s,^{`> { � 3 zkhuh ^{` ghqrwhv wkh
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lqwhjhu sduw ri {1 Wkhq

[ @ 4 . ^
orj+4� X,

orj+4� s,
` ru 4 . ^

H

orj+4� s,
`

zkhuh zh zulwh orj+4� X, @ H> dq h{srqhqwldo+4, udqgrp yduldeoh1

Sduhwr +d> e,

Wklv lv rqh ri wkh vlpsohu idplolhv ri glvwulexwlrqv xvhg lq hfrqrphwulfv iru

prgholqj txdqwlwlhv zlwk orzhu erxqg e +riwhq htxdo wr 3,1
I +{, @ 4� � e

{

�d
> { � e A 31 Wkhq

[ @
e

+4� X,4@d
ru

e

X4@d

Orjlvwlf

Wklv lv djdlq d glvwulexwlrq zlwk vkdsh vlplodu wr wkh qrupdo exw forvhu wkdq lv
wkh Fdxfk|1 Lqghhg dv fdq eh vhhq lq Iljxuh BB/ wkh wzr ghqvlwlhv duh doprvw

lqglvwlqjxlvkdeoh/ h{fhsw wkdw wkh orjlvwlf lv yhu| voljkwo| pruh shdnhg l wkh

fhqwhu dqg kdv voljkwo| pruh zhljkw lq wkh wdlov1

-4 -3 -2 -1 0 1 2 3 4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

logistic(0,1.6)

normal(0,1)

Wkh orjlvwlf fxpxodwlyh glvwulexwlrq ixqfwlrq lv

I +{, @
4

4 . h{si�+{� d,@ej =

dqg rq wdnlqj lwv lqyhuvh/ wkh orjlvwlf jhqhudwru lv

[ @ d. e oq+X@+4� X,,=
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H{wuhph Ydoxh

I +{, @ 4� h{si�h{s^+{� d,@e`j1 Wkhq
[ @ d. e orj orj+X,

Lq Pdwode/ wkh h{srqhqwldo dqg jhrphwulf udqgrp qxpehu jhqhudwruv duh

fdoohg h{suqg/ jhruqg uhvshfwlyho| dqg wkh Fdxfk| glvwulexwlrq fdq eh jhqhu0
dwhg xvlqj wkh fhqwudo vwxghqw*v w jhqhudwru wuqg1 Iru h{dpsoh/ wuqg+Y/p/q,

jhqhudwhv dq p� q pdwul{ ri vwxghqw*v w udqgrp yduldeohv kdylqj Y ghjuhhv
ri iuhhgrp1

Wkh jhqhudwruv ri fhuwdlq glvwulexwlrqv duh dv ghvfulehg ehorz1 Lq hdfk fdvh

zh surgxfh d yhfwru ri ohqjwk q zlwk wkh dvvrfldwhg sdudphwhu ydoxhv1

GLVWULEXWLRQ VSOXV PDWODE

?Lh4@* h?Lh4Eq> �> �, ?Lh4h?_E�> �> 4> q, Lh h@?_?+4> q, �u � @ 4> � @ 4

5|�_i?|<t | uw+q> �, |h?_E�> 4> q,

i TL?i?|�@* hh{s+q> �, i Th?_+�> 4> q,

�?�uLh4 h�?�uEq> d> e, �?�uh?_Ed> e> 4> q, Lh h@?_+4> q, �u d @ 3> e @ 4

ì�M�** h�i�M�**+q> d> e, �i�Mh?_Ed> e> 4> q,

}@44@ h}@44@Eq> d> e, }@4h?_Ed> e> 4> q,

�@�U�) hU@�U�)Eq> d> e,

M�?L4�@* hM�?L4Eq>p> s, M�?Lh?_Ep> s> 4> q,

�L�ttL? hTL�tEq> �, TL�tth?_E�> 4> q,

Lqyhuvlrq shuirupv uhdvrqdeo| zhoo iru dq| glvwulexwlrq iru zklfk wkh fxpx0
odwlyh glvwulexwlrq ixqfwlrq dqg lwv lqyhuvh fdq eh irxqg lq forvhg irup dqg frp0

sxwhg uhdvrqdeo| h�flhqwo|1 Wklv lqfoxghv/ dv zhoo dv wkh glvwulexwlrqv deryh/
wkh Zhlexoo/ wkh orjlvwlf glvwulexwlrq dqg prvw glvfuhwh glvwulexwlrqv zklfk duh

uhdvrqdeo| zhoo frqfhqwudwhg derxw wkh prgh1 Krzhyhu/ iru rwkhu glvwulexwlrqv

vxfk dv wkh Srlvvrq zlwk odujh phdq/ ru wkh qrupdo/ fkl0vtxduhg/ ehwd hwf1 rwkhu
phwkrgv qhhg wr eh xvhg1

Lq vrph flufxpvwdqfhv/ zkhq erwk wkh f1g1i1 dqg wkh suredelolw| ghqvlw| duh

nqrzq/ zh pljkw dwwhpsw wr lqyhuw wkh f1g1i1 e| qxphulfdo phwkrgv1 Iru h{dp0
soh/ li zh xvh wkh Qhzwrq0Udoskvrq phwkrg/ zh zrxog lwhudwh xqwlo frqyhujhqfh

wkh htxdwlrq

[ @ [ � I +[,� X

i+[,
+518,

ehjlqqlqj zlwk d jrrg dssur{lpdwlrq wr [ 1 Iru h{dpsoh zh pljkw fkrrvh wkh

lqlwldo ydoxh ri [ @ [+X, e| xvlqj dq hdvlo| lqyhuwhg f1g1i1 wr dssur{lpdwh wkh

wuxh f1g1i1
Vxssrvh I +{, lv d fxpxodwlyh glvwulexwlrq ixqfwlrq dqg i+{, lv wkh fruuh0

vsrqglqj suredelolw| ghqvlw| ixqfwlrq1 Frqvlghu wkh wudqvirupdwlrq

{+x> y, @ I�4+x,> |+x> y, @ yi+I�4+x,,> 3 ? x ? 4> 3 ? y ? 4
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Wklv pdsv d sdlu ri udqgrp yduldeohv +X> Y , zklfk lv xqlirup rq wkh xqlw

vtxduh lqwr srlqwv xqlirupo| glvwulexwhg xqghu wkh judsk ri wkh suredelolw|

ghqvlw| i 1 Wklv lv prvw hdvlo| vhhq e| h{dplqlqj wkh lqyhuvh wudqvirupdwlrq=
X @ I +[,> Y @ \@i+[,= Wkh yduldwh Y lv qrw qhhghg khuh li rxu rqo| remhfwlyh

lv surgxflqj [ zlwk jlyhq f1g1i1 Wklv lv vwdqgdug lqyhuvlrq1 Qhyhuwkhohvv/
wkh idfw wkdw wkh srlqw +[>\ , lv xqlirup xqghu wkh ghqvlw| xqghuolhv rqh ri

wkh vlpsohvw |hw prvw xvhixo phwkrgv ri jhqhudwlqj qrq0xqlirup yduldwhv/ wkh

uhmhfwlrq ru dffhswdqfh0uhmhfwlrq phwkrg1 Lw lv edvhg rq wkh iroorzlqj vlpsoh
uhvxow1

Wkhruhp 45 1 +Dffhswdqfh0Uhmhfwlrq,

+[>\ , lv xqlirupo| glvwulexwhg lq wkh uhjlrq ehwzhhq wkh suredelolw| ghqvlw|

ixqfwlrq | @ i+{, dqg wkh d{lv | @ 3 li dqg rqo| li wkh pdujlqdo glvwulexwlrq ri

[ kdv ghqvlw| i+{, dqg wkh frqglwlrqdo glvwulexwlrq ri \ jlyhq [ lv xqlirup

rq ^3> i+[,`1

Surri

Li d srlqw +[>\ , lv xqlirupo| glvwulexwhg xqghu wkh judsk ri i+{, qrwlfh

wkdw wkh suredelolw| S ^d ? [ ? e` lv sursruwlrqdo wr wkh duhd xqghu wkh judsk

ehwzhq wkh olqhv dw { @ d dqg { @ e= Lq rwkhu zrugv S ^d ? [ ? e` lv sur0

sruwlrqdo wr
U e
d
i+{,g{= Wklv lpsolhv wkdw i+{, lv sursruwlrqdo wr wkh suredelolw|

ghqvlw| ixqfwlrq ri [ dqg surylghg wkdw
U
4

�4
i+{,g{ @ 4> i+{, lv wkh suredelolw|

ghqvlw| ixqfwlrq ri [= Wkh frqyhuvh dqg wkh uhvw ri wkh surri lv vlplodu1

Wkh dffhswdqfh0uhmhfwlrq phwkrg zrunv dv iroorzv1 Vxssrvh j+{, lv vrph
hdv| ghqvlw| iru zklfk zh fdq jhqhudwh yduldwhv vd| e| lqyhuvlrq1 Vxssrvh zh

zlvk wr jhqhudwh d yduldwh[ iurp wkh kdughu ghqvlw| i+{, zkhuh i+{, � fj+{,

iru vrph f A 4 dqg iru doo {1 Zh jhqhudwh d srlqw xqlirupo| xqghu wkh judsk
ri fj+{, dqg wkhq dffhsw wkdw srlqw +lq sduwlfxodu [ / wkh {0frruglqdwh ri wkh

srlqw, li lw wxuqv rxw wr eh dovr ehorz wkh judsk ri i+{, 1 Rwkhuzlvh jhqhudwh
d qhz srlqw +[>\ ,/ uhshdwlqj xqwlo wkh frqglwlrq lv vdwlv�hg1 Vhh Iljxuh BB

zkhuh lw lv dvvxphg wkdw j+{, lv wkh xqlirup suredelolw| ghqvlw| ixqfwlrq rq

wkh lqwhuydo ^d> e`= Lq dojrulwkplf irup/ wkh dffhswdqfh0uhmhfwlrq phwkrg lv>

UHSHDW= Jhqhudwh lqghshqghqw udqgrp yduldeohv [>X zkhuh [ kdv
ghqvlw| j dqg X lv xqlirup rq ^3> 4`1

XQWLO= X � i+[,

fj+[,

WKHQ UHWXUQ [1
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Wkh Dffhswdqfh0Uhmhfwlrq Dojrulwkp

Wkh uhmhfwlrq phwkrg lv xvhixo li wkh ghqvlw| j lv frqvlghudeo| vlpsohu wkdq

i erwk wr hydoxdwh dqg wr jhqhudwh glvwulexwlrqv iurp dqg li wkh frqvwdqw f

lv forvh wr 41 Wkh qxpehu ri lwhudwlrqv wkurxjk wkh deryh orrs xqwlo d srlqw
vdwlv�hv wkh frqglwlrq kdv d jhrphwulf glvwulexwlrq zlwk sdudphwhu s @ 4@f

dqg phdq f vr zkhq f lv odujh/ wkh uhmhfwlrq phwkrg lv qrw yhu| h�hfwlyh1

Prvw vfkhphv iru jhqhudwlqj qrq0xqlirup yduldwhv duh edvhg rq d wudqvirupd0

wlrq ri xqlirup zlwk ru zlwkrxw vrph uhmhfwlrq vwhs1 Zh kdyh vhhq wkdw wkh uhmhf0
wlrq dojrulwkp lv d vshfldo fdvh1 Vxssrvh/ iru h{dpsoh/ wkdw W @ +x+{> |,> y+{> |,,

lv d rqh0rqh duhd0suhvhuylqj wudqvirupdwlrq ri wkh uhjlrq �4 ? { ? 4> 3 ?

| ? i+{, lqwr d vxevhw D ri wkh xqlw vtxduh ^3> 4`5 1 Qrwlfh wkdw dq| vxfk

wudqvirupdwlrq gh�qhv d udqgrp qxpehu jhqhudwru iru wkh ghqvlw| i+{, vlqfh

zh fdq jhqhudwh d xqlirup yduldeoh lq wkh vhw D e| uhmhfwlrq dqg zkhq wkh srlqw
idoov lqvlgh D dsso| wkh lqyhuvh wudqvirupdwlrq W�4 wr wklv srlqw1 Wkh �uvw

frruglqdwh [ zloo wkhq kdyh ghqvlw| i 1 Zh fdq wklqn ri lqyhuvlrq dv d pdsslqj

rq ^3> 4` dqg dffhswdqfh0uhmhfwlrq dojrulwkpv dv dq duhd suhvhuylqj pdsslqj
rq ^3> 4`5 1

Wkh prvw frpprq glvwulexwlrq uhtxluhg iru vlpxodwlrqv lq �qdqfh dqg hovh0

zkhuh lv wkh qrupdo glvwulexwlrq1 Uhfdoo wkdw li +[>\ , duh lqghshqghqw vwdq0

gdug qrupdo yduldwhv/ wkhq h{suhvvhg lq srodu frruglqdwhv/

+U>�, @ +
s
[5 . \ 5> dufwdq+\@[,, +519,

duh glvwulexwhg dv lqghshqghqw yduldwhv1
s
[5 . \ 5 kdv wkh glvwulexwlrq ri wkh

vtxduh urrw ri d fkl0vtxduhg+5, ru h{srqhqwldo+5, yduldeoh1 Wkh glvwulexwlrq ri
dufwdq+\@[,, lv xqlirup rq ^3> 5�`1
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Lw lv hdv| wr vkrz wkdw li +[>\ , duh lqghshqghqw vwdqgdug qrupdo yduldwhv/

wkhq
s
[5 . \ 5 kdv wkh glvwulexwlrq ri wkh vtxduh urrw ri d fkl0vtxduhg+5, +l1h1

h{srqhqwldo+5,, yduldeoh dqg dufwdq+\@[,, lv xqlirup rq ^3> 5�`1 Wklv uhvxow
lv ohiw dv d sureohp1

Wklv revhuydwlrq lv wkh edvlv ri wzr ri wkh prvw frpprq qrupdo jhqhudwruv1
Wkh Er{0Pxoohu dojrulwkp xvhv wzr xqlirup^3> 4` yduldwhv X> Y wr jhqhudwh

U dqg � zlwk wkh deryh glvwulexwlrqv dv

U @ i�5oq+X,j4@5> � @ 5�Y +51:,

dqg wkhq gh�qhv wzr lqghshqghqw qrupdo+3/4, yduldwhv dv

+[>\ , @ U+frv�> vlq�, +51;,

Qrwh wkdw qrupdo yduldwhv pxvw eh jhqhudwhg lq sdluv/ zklfk pdnhv vlpxodwlrqv

lqyroylqj dq hyhq qxpehu ri qrupdo yduldwhv frqyhqlhqw1 Li dq rgg qxpehu duh
uhtxluhg/ zh zloo jhqhudwh rqh pruh wkdq uhtxluhg dqg glvfdug rqh1

Wkhruhp 46 +Qrupdo Udqgrp Qxpehu jhqhudwru,

Vxssrvh +U>�, duh lqghshqghqw udqgrp yduldeohv vxfk wkdw U5
kdv dq

h{srqhqwldo glvwulexwlrq zlwk phdq 5 dqg � kdv d X ^3> 5�` glvwulexwlrq1 Wkhq

+[>\ , @ U+frv �> vlq �, lv glvwulexwhg dv d sdlu ri lqghshqghqw qrupdo ydul0

dwhv1

Surri1 Vlqfh U5 kdv dq h{srqhqwldo glvwulexwlrq/ U kdv suredelolw| ghqvlw|

ixqfwlrq

iU+u, @
g

gu
+4� h�u

5@5, @ uh�u
5@5> iru u A 3=

dqg � kdv suredelolw| ghqvlw| ixqfwlrq i�+�, @
4
5�

iru 3 ? � ? 5�= Wkh
Mdfreldq ri wkh wudqvirupdwlrq lv

m C+u> �,
C+{> |,

m @
�����

Cu
C{

Cu
C|

C�
C{

C�
C|

����� @ +{5 . |5,�4@5=

Frqvhtxhqwo| wkh mrlqw suredelolw| ghqvlw| ixqfwlrq ri +[>\ , lv jlyhq e|

i�+dufwdq+|@{,,iU++{
5 . |5,�4@5,m C+u> �,

C+{> |,
m @ 4

5�
h�+{

5.|5,@5

dqg wklv lv mrlqw suredelolw| ghqvlw| ixqfwlrq ri wzr lqghshqghqw vwdqgdug qru0

pdo udqgrp yduldeohv1
Dq dowhuqdwlyh dojrulwkp iru jhqhudwlqj vwdqgdug qrupdo yduldwhv lv wkh

Pduvdjold srodu phwkrg1 Wklv lv d prgl�fdwlrq ri wkh Er{0Pxoohu jhqhudwru

dqg dyrlgv wkh fdofxodwlrq ri vlq ru frv1 Khuh zh jhqhudwh d srlqw +]4> ]5,
iurp wkh xqlirup glvwulexwlrq rq wkh xqlw flufoh1 Wklv lv grqh e| uhmhfwlrq/ jhq0

hudwlqj wkh srlqw lqlwldoo| iurp wkh vtxduh � 4 � }4 � 4> � 4 � }5 � 4 dqg
dffhswlqj lw zkhq lw idoov lq wkh xqlw flufoh ru li }54 . }55 � 41 Qrwh wkdw zh
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1
Marsaglia Polar Normal Generator

ACCEPT

REJECT

(Z1,Z2)

R

o
theta

Iljxuh 517=

fdq uhsodfh U5 e| � 5orj+]5
4 . ]5

5, dqg frv+�,> vlq+�, e| ]4s
]5
4
.]5

5

dqg

]5s
]5
4
.]5

5

uhvshfwlyho|1 Wkxv wkh sdlu ri lqghshqghqw vwdqgdug qrupdo yduldeohv

lv jlyhq e|

+[>\ , @

t
�5orj+]5

4 . ]5
5 ,+

]4s
]5
4 . ]5

5

>
]5s

]5
4 . ]5

5

, zkhq ]5
4 . ]5

5 ? 4

Wkh suredelolw| wkdw d srlqw jhqhudwhg lqvlgh wkh vtxduh idoov lqvlgh wkh xqlw

flufoh lv �@7> vr wkdw rq dyhudjh durxqg 7@� � 4=5: sdluv ri xqlirupv duh qhhghg

wr jhqhudwh d sdlu ri qrupdo yduldwhv1

Wkh vshhg ri wkh Pduvdjold srodu dojrulwkp frpsduhg wr wkdw ri wkh Er{0
Pxoohu dojrulwkp ghshqgv rq wkh uhodwlyh vshhgv ri jhqhudwlqj xqlirup yduldwhv

yhuvxv wkh vlqh dqg frvlqh wudqvirupdwlrqv1 Wkh Er{0Pxoohu dqg Pduvdjold srodu

phwkrg duh looxvwudwhg lq Iljxuh BB=

Wkh qrupdo udqgrp qxpehu jhqhudwru lq Pdwode lv fdoohg qrupuqg ru iru

vwdqgdug qrupdo udqgq= Iru h{dpsoh qrupuqg+�> �>p> q, jhqhudwhv d pdwul{
ri p � q svhxgr0lqghshqghqw qrupdo yduldwhv zlwk phdq � dqg vwdqgdug

ghyldwlrq � dqg udqg+p/q, jhqhudwhv dq p � q pdwul{ ri vwdqgdug qrupdo
udqgrp qxpehuv1
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Wkh Orjqrupdo Glvwulexwlrq

Li ] lv d qrupdo udqgrp yduldeoh zlwk phdq � dqg yduldqfh �5/ wkhq zh vd|

wkdw wkh glvwulexwlrq ri [ @ h] lv orjqrupdo zlwk phdq � @ h{si�. �5@5j
dqg yrodwlolw| sdudphwhu �1 Qrwh wkdw d udqgrp yduldeoh zlwk d orjqrupdo
glvwulexwlrq lv vwulfwo| srvlwlyh/ pdnlqj lw d jrrg fdqglgdwh iru prghoolqj vwrfn

sulfhv1 Wkh orjqrupdo suredelolw| ghqvlw| ixqfwlrq zlwk phdq � A 3 dqg

yrodwlolw| sdudphwhu � A 3 lv jlyhq e| wkh suredelolw| ghqvlw| ixqfwlrq

j+{m�> �, @ 4

{�
s
5�

h{si�+orj {� orj � � �5@5,5@5�5j= +51<,

D udqgrp yduldeoh zlwk d orjqrupdo glvwulexwlrq lv hdvlo| jhqhudwhg e| jhq0

hudwlqj dq dssursuldwh qrupdo udqgrp yduldeoh ] dqg wkhq h{srqhqwldwlqj1

D Glvfuhwh Wlph Eodfn0Vfkrohv Prgho

Vxssrvh wkdw d vwrfn sulfh Vw> w @ 4> 5> 6> === kdv d orjqrupdo glvwulexwlrq vxfk
wkdw wkh uhwxuqv ryhu qrq0ryhuodsslqj lqghshqghqw shulrgv duh lqghshqghqw1 Ohw

xv dvvxph wkdw wkhuh lv d wrwdo ri Q vxfk shulrgv lq d |hdu1 Lq rwkhu zrugv/ zh

uhtxluh wkdw Vw @ V3 h{si
Sw

l@4]lj iru lqghshqghqw qrupdo udqgrp yduldeohv
]l zklfk kdyh dq h{shfwhg ydoxh zklfk pd| ghshqg rq l= Zh dvvxph wkdw

ydu+]l, @ �5@Q vr wkdw wkh sdudphwhu �5 uhsuhvhqwv wkh yrodwlolw| sdudphwhu

ri wkh vwrfn sulfh diwhu rqh |hdu1 Wklv lv d idluo| qdwxudo prgho vlqfh Vw @
V3�

w
l@4h

]l lv wkh surgxfw ri lqghshqghqw uhwxuqv ryhu wkh w shulrgv1 Dvvxph

wkdw wkh dqqxdo lqwhuhvw udwh rq d ulvn0iuhh erqg lv u +vr wkdw wkh lqwhuhvw udwh
shu shulrg lv u@Q,= Uhfdoo wkdw wkh ulvn0qhxwudo phdvxuh T lv vxfk wkdw wkh

vwrfn sulfh glvfrxqwhg wr wkh suhvhqw irupv d pduwlqjdoh/ dqg ohw xv dvvxph iru

wkh suhvhqw wkdw xqghu wkh ulvn qhxwudo phdvxuh/ wkh vwrfn sulfh surfhvv kdv d
vlplodu orjqrupdo uhsuhvhqwdwlrq Vw @ V3 h{si

Sw
l@4]lj iru lqghshqghqw qrupdo

udqgrp yduldeohv ]l zkhuh wkh ]l pd| kdyh d gl�huhqw phdq1 Ixoo mxvwl�fdwlrq

ri wklv surfhvv uhdoo| uholhv rq wkh frqwlqxrxv wlph yhuvlrq ri wkh Eodfn Vfkrohv
ghvfulehg lq Vhfwlrq 4191 Qrwh wkdw li wkh surfhvv

h�uw@QVw @ V3 h{si
w[

l@4

+]l � u

Q
,j

lv wr irup d pduwlqjdoh/ lw lv qhfhvvdu| wkdw

HT^V3 h{si
w.4[
l@4

+]l � u

Q
,jmKw` @ V3 h{si

w[
l@4

+]l � u

Q
,jHT^h{si]w.4 � u

Q
j`

@ V3 h{si
w[

l@4

+]l � u

Q
,j

dqg vr h{si]w.4 � u
Q
j pxvw kdyh d orjqrupdo glvwulexwlrq zlwk h{shfwhg ydoxh

41 Lq rwkhu zrugv/ iru hdfk l wkh h{shfwhg ydoxh ri ]l� u
Q

lv/ xqghu T> htxdo wr
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��5@5Q dqg yduldqfh �5@Q= Qrwlfh wkhq wkdw xqghu T> VW kdv d orjqrupdo

glvwulexwlrq zlwk phdq

V3h
uW@Q

dqg yrodwlolw| sdudphwhu �
s
W@Q= Zh fdq sulfh d fdoo rswlrq zlwk pdwxulw| W

shulrgv iurp qrz e| jhqhudwlqj wkh udqgrp sdwk Vw> w @ 4> 5> ===W xvlqj wkh

orjqrupdo glvwulexwlrq iru VW dqg wkhq glvfrxqwlqj wkh sd|r�v wr wkh suhvhqw
dqg wkhq dyhudjlqj wkh uhvxowv> l1h1 wkh ydoxh ri d fdoo zlwk h{huflvh sulfh N lv

dq dyhudjh ri vlpxodwhg ydoxhv ri

h�uW@Q+V3 h{si
W[
w@4

]lj �N,.> zkhuh ]l duh lqghshqghqw Q+
u

Q
� �5@+5Q,> �5@Q,=

Wkh iroorzlqj ixqfwlrq vlpxodwhv wkh vwrfn sulfh ryhu wkh zkroh shulrg xqwlo

pdwxulw| dqg wkhq ydoxhv d Hxurshdq fdoo rswlrq rq wkh vwrfn e| dyhudjlqj1

H{dpsoh 47 +vlpxodwlqj d fdoo rswlrq,

Frqvlghu vlpxodwlqj d fdoo rswlrq rq d vwrfn zkrvh fxuuhqw ydoxh lv '41331

Wkh rswlrq h{sluhv lq W gd|v dqg wkh vwulnh sulfh lv N= Zh dvvxph frqvwdqw

vsrw lqwhuhvw udwh u dqg wkh vwrfn sulfh iroorzv d orjqrupdo glvwulexwlrq zlwk
dqqxdo yrodwlolw| �= Wkh iroorzlqj Pdwode ixqfwlrq surylghv d vlpsoh vlpxodwlrq

dqg judsk ri wkh sdwk ri wkh vwrfn ryhu wkh olih ri wkh rswlrq dqg wkhq rxwsxwv
wkh glvfrxqwhg sd|r� iurp wkh rswlrq1

ixqfwlrq }@sorworjq+u/vljpd/W/ N,

( rxwsxwv wkh glvfrxqwhg vlpxodwhg uhwxuq rq h{slu| ri d fdoo rswlrq +shu

groodu sy ri vwrfn,1

( H{slu| @W gd|v iurp qrz/

( fxuuhqw vwrfn sulfh@'41

( u @ dqqxdo vsrw lqwhuhvw udwh

( vljpd@dqqxdo yro1 N@ vwulnh sulfh1

Q@583 > ( Q lv wkh dvvxphg qxpehu ri shulrgv lq d |hdu1

v @ vljpd2vtuw+Q,> (v lv yrodwlolw| shu shulrg

pq @ u2Q 0 va525> ( phdq ri wkh qrupdo lqfuhphqwv shu shulrg

|@h{s+fxpvxp+qrupuqg+pq/v/W/4,,,>

|@^4 |*`>

{ @ +3=W,2Q>

sorw+{/|/*0*/{/N-rqhv+4/W.4,/*|*,

{odeho+*wlph +lq |hduv,*,

|odeho+*ydoxh ri vwrfn*,

wlwoh+*VLPXODWHG UHWXUQ IURP FDOO RSWLRQ*,

} @ h{s+0u-W2Q,-pd{+|+W.4,0N/ 3,> ( sd|r� iurp rswlrq glvfrxqwhg
wr suhvhqw
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SIMULATED RETURN FROM CALL OPTION

Iljxuh 518=

Iljxuh BB uhvxowhg iurp rqh vlpxodwlrq uxq zlwk u @ =38> W @ 96 +derxw 6

prqwkv,/ � @ =53>N @ 4=

Wkh uhwxuq rq wklv uxq zdv wkh glvfrxqwhg gl�huhqfh ehwzhhq wkh whuplqdo
ydoxh ri wkh vwrfn dqg wkh vwulnh sulfh ru 314461 Zh pd| uhshdw wklv pdq| wlphv/

dyhudjlqj wkh uhvxow dqg wkhq glvfrxqwlqj wkhvh uhwxuqv wr wkh suhvhqw dv lq wkh

iroorzlqj ixqfwlrq1

ixqfwlrq } @ vlpfdoo+u/ vljpd/ W/ N/ p,

( uhshdwv sorworjq d wrwdo ri p wlphv dqg dyhudjhv glvfrxqwhg uhwxuq wr wkh
suhvhqw1

}@^`>

krog rq

iru l@4=p

} @ ^} sorworjq+ u/ vljpd/ W/ N ,`>

hqg

rswlrqydo@phdq+},>

glvs+^* rswlrq ydo@ *qxp5vwu+rswlrqydo,`,

krog r�

Iru h{dpsoh wr ydoxh dq dw wkh prqh| fdoo rswlrq zlwk h{huflvh sulfh@wkh

lqlwldo sulfh ri wkh vwrfn@'4> zh w|sh

vlpfdoo+138/15/96/4/433,> dqg rewdlq wkh rxwsxw rswlrq ydo@ 31377<:;1 Li zh
uhshdw wkh lghqwlfdo vwdwhphqw/ wkh rxwsxw lv gl�huhqw/ l1h1 rswlrq ydo@ 3137<44:

ehfdxvh hdfk lv dq dyhudjh rewdlqhg iurp rqo| 433 vlpxodwlrqv1 Dyhudjlqj ryhu

pruh vlpxodwlrqv zrxog uhvxow lq juhdwhu suhflvlrq/ exw wklv ixqfwlrq lv qrw
zulwwhq zlwk frpsxwdwlrqdo h�flhqf| lq plqg1 Zh zloo surylgh pruh h�flhqw

vlpxodwlrqv iru wklv sureohp odwhu1 Iru wkh prphqw zh fdq frpsduh wkh sulfh ri
wklv rswlrq dv ghwhuplqhg e| vlpxodwlrq zlwk wkh h{dfw sulfh dffruglqj wr wkh
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Eodfn0Vfkrohv irupxod1 Wklv irupxod zdv ghyhorshg lq Vhfwlrq 4191 Wkh sulfh ri

d fdoo rswlrq dw wlph w @ 3 jlyhq e|

Y +VW > W , @ VW�+g4,�Nh�uW@Q�+g5,

zkhuh

g4 @
orj+VW@N, . +u . �5

5
,W@Q

�
s
W@Q

dqg g5 @
orj+VW @N, . +u � �5

5
,W@Q

�
s
W@Q

dqg wkh Pdwode ixqfwlrq zklfk hydoxdwhv wklv lv wkh ixqfwlrq eovsulfh zklfk
jlyhv/ lq wklv h{dpsoh/ dqg h{dfw sulfh rq hqwhulqj

^FDOO/SXW` @EOVSULFH+4/4/138/962583/15/3,

ri FDOO@3137971 Zlwk wkhvh sdudphwhuv/ 719 fhqwv rq wkh groodu doorzv
xv wr orfn lq wkh suhvhqw sulfh ri d vwrfn +ru frpprglw| li wkh orjqrupdo prgho

�wv, iru d shulrg ri derxw wkuhh prqwkv1 Wkh idfw wkdw wklv fdq eh grqh fkhdso|

dqg zlwk hdvh lv sduw ri wkh h{sodqdwlrq iru wkh srsxodulw| ri ghulydwlyhv dv wrrov
iru khgjlqj1

Zh wxuq qrz wr dojrulwkpv iru jhqhudwlqj wkh Jdppd glvwulexwlrq zlwk
ghqvlw|

i+{md> e, @
{d�4h�{@e

�+d,ed
> { A 3 +5143,

Uhfdoo wkdw wkh h{srqhqwldo +d @ 4, dqg wkh fkl0vtxduhg +d @ �@5> e @
5> � lqwhjhu, duh vshfldo fdvhv ri wkh Jdppd glvwulexwlrq1 Wkh iroorzlqj

uhvxow olvwv vrph ri wkh surshuwlhv ri wkh Jdppd glvwulexwlrqv1

Wkhruhp 48 +Jdppd glvwulexwlrq,

Li [4> [5 duh lqghshqghqw Jdppd +d4> e, dqg Jdppd +d5> e, yduldwhv/

wkhq ] @ [4

[4.[5
dqg \ @ [4 . [5 duh lqghshqghqw yduldwhv zlwk wkh

ehwd +d4> d5, dqg wkh Jdppd +d4.d5> e, glvwulexwlrqv uhvshfwlyho|1 Frqyhuvho|/

li +]> \ , duh lqghshqghqw yduldwhv zlwk wkh odwwhu sdlu ri glvwulexwlrqv/ wkhq

[4 @ \ ]> [5 @ \ +4� ], kdyh wkh lqglfdwhg Jdppd glvwulexwlrqv1

Surri1 Dvvxph wkdw [4> [5 duh lqghshqghqw Jdppd +d4> e, dqg Jdppd

+d5> e, yduldwhv1 Wkhq wkhlu mrlqw suredelolw| ghqvlw| ixqfwlrq lv

i[4[5
+{4> {5, @ n{d4�44 {d5�45 h�+{4.{5,@e> {4 A 3> {5 A 3

zkhuh n lv wkh frqvwdqw ^�+d4,�+d5, `
�4= Frqvlghu wkh fkdqjh ri yduldeohv {4 @

}|> {5 @ +4 � },|= Wkhq wkh Mdfreldq

�����
C{4
C}

C{4
C|

C{5
C}

C{5
C|

����� @ |= Wkh mrlqw suredelolw|

ghqvlw| ixqfwlrq ri +}> |, lv jlyhq e|

i}>|+}> |, @ i[4[5
+}|> +4� },|,

�����
C{4
C}

C{4
C|

C{5
C}

C{5
C|

�����
@ n}d4�4+4� },d5�4|d4.d5�4h�|@e> 3 ? } ? 4> | A 3=
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dqg wklv lv hdvlo| vhhq wr eh wkh surgxfw ri wzr suredelolw| ghqvlw| ixqfwlrqv/ wkh

Ehwd+d4> d5, ghqvlw| iru ] dqg wkh Jdppd+ d4 . d5> e, suredelolw| ghqvlw|

ixqfwlrq iru \=

Wklv uhvxow lv d edvlv iru jhqhudwlqj jdppd yduldwhv zlwk lqwhjudo vkdsh

sdudphwhu d vlqfh wklv fdq eh grqh e| dgglqj lqghshqghqw h{srqhqwldo yduldwhv1
Wkxv �orj+Tq

l@4Xl, jhqhudwhv d jdppd +q> 4, yduldwh iru lqghshqghqw xqlirup

Xl 1 Wkh frpsxwdwlrq uhtxluhg iru wklv dojrulwkp/ krzhyhu/ lqfuhdvhv olqhduo|

lq wkh sdudphwhu d @ q / dqg wkhuhiruh dowhuqdwlyhv duh uhtxluhg/ hvshfldoo| iru
odujh d 1

Iru odujh d rqh vxffhvvixo dojrulwkp lv gxh wr Fkhqj +4<::, dqg lqyroyhv

uhmhfwlrq iurp wkh Exuu [LL ghqvlw| ri wkh irup

j+{, @ ��
{��4

+�. {�,5
+5144,

jhqhudwhg e| lqyhuvh wudqvirup dv i �X
4�X

j4@� 1 Dvvxph wkdw wkh vfdoh sdudphwhu
ri wkh Jdppd e @ 41 Pdwfklqj wkh prghv ri wkhvh wzr glvwulexwlrqv iru odujh

d uhvxowv lq fkrrvlqj � @ d� dqg fkrrvlqj � wr plqlpl}h pd{ ii+{,@j+{,m�
4 ? { ? 4j uhvxowv lq � @

s
5d� 41 Lq wklv fdvh/ f @ 7ddh�d

��+d,
dqg wklv

dssurdfkhv
s
7@� dv d$ 4 1

D pxfk vlpsohu ixqfwlrq iru grplqdwlqj wkh jdppd ghqvlwlhv lv d plqru

h{whqvlrq ri wkdw sursrvhg e| Dkuhqv dqg Glhwhu +4<:7,1 Lw fruuhvsrqgv wr
xvlqj

fj+{, @
{��4

�+�,
> { � e +5145,

dqg

fj+{, @
e��4h�{

�+�,
> { A e +5146,

zkhuh wkh h�flhqf| lv ghwhuplqhg e| f @
U
fj+{, @ e�

�+�.4,
. i+e, dqg

zh zrxog fohduo| wu| wr fkrrvh e fruuhvsrqglqj dv forvho| dv srvvleoh wr d
plqlpxp ri wklv txdqwlw|1 Dkuhqv dqg Glhwhu xvh e @ 4 1 Rwkhu glvwulexwlrqv

wkdw kdyh ehhq xvhg dv grplqdwlqj ixqfwlrqv iru wkh Jdppd duh wkh Fdxfk|
+Dkuhqv dqg Glhwhu,/ wkh Odsodfh +Wdgdndpdood,/ wkh h{srqhqwldo +Ilvkpdq,/

wkh Zhlexoo/ wkh uhorfdwhg dqg vfdohg w glvwulexwlrq zlwk 5 ghjuhhv ri iuhhgrp

+Ehvw,/ d frpelqdwlrq ri qrupdo ghqvlw| +ohiw sduw, dqg h{srqhqwldo ghqvlw|
+uljkw sduw, +Dkuhqv dqg Glhwhu,/ dqg d pl{wxuh ri wzr Huodqj glvwulexwlrqv

+Jdppd zlwk lqwhjudo vkdsh sdudphwhu � ,1

Ehvw*v dojrulwkp jhqhudwhv d Vwxghqw*v w yduldwh dv

\ @

s
5+X � 4@5,s
X+4� X

+5147,
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zkhuh X � X ^3> 4` 1 Wkhq \ kdv wkh Vwxghqw+5, ghqvlw|

j+|, @
4

+5 . |5,6@5
= +5148,

Zh wkhq jhqhudwh [ dv +��4,.\
s

6�@5 � 6@; dqg dsso| d uhmhfwlrq vwhs

wr [ 1 Vhh Ghyur|h +s1 73;, iru ghwdlov1

Prvw ri wkh deryh dojrulwkpv duh uhdvrqdeo| h�flhqw rqo| iru � A 4 zlwk

wkh rqh pdlq h{fhswlrq ehlqj wkh frpelqdwlrq ri srzhu ri { dqg h{srqhqwldo

ghqvlw| vxjjhvwhg e| Dkuhqv dqg Glhwhu deryh1 Fkhqj dqg Ihdvw +4<:<, dovr
vxjjhvw d udwlr ri xqlirupv dojrulwkp iru wkh jdppd glvwulexwlrq/ � A 41

D �qdo dowhuqdwlyh iru wkh fdvh � ? 4 lv wkh xvh ri Vwxduw*v wkhruhp zklfk

vwdwhv wkdw [X4@�
kdv d jdppd +�> 4, glvwulexwlrq zkhq X lv xqlirup

^3> 4` dqg [ lv Jdppd +�.4> 4,1 Wkh Pdwode ixqfwlrq jdpuqg xvhv Ehvw*v

dojrulwkp dqg dffhswdqfh uhmhfwlrq iru � A 4 dqg iru � ? 4> lw xvhv Mrkqn*v

jhqhudwru1 Wklv frqvlvwv ri jhqhudwlqj X dqg Y erwk lqghshqghqw X^3/4` dqg
vhwwlqj

[ @
X4@�

X4@� . Y 4@+4��,

frqglwlrqdo rq wkh ghqrplqdwru X4@� . Y 4@+4��, ? 41 Pxowlso|lqj e| dq

lqghshqghqw h{srqhqwldo +4, uhvxowv lq d Jdppd+�> 4, udqgrp yduldeoh1

Zh qrz wxuq wr jhqhudwlqj wkh ehwd glvwulexwlrq zklfk kdv ghqvlw| jlyhq e|

i+{, @
�+d. e,

�+d,�+e,
{d�4+4� {,e�4> 3 � { � 4 +5149,

Wkh ehwd ghqvlw| rewdlqv dv d wudqvirupdwlrq ri dq I0glvwulexwlrq +wkh edvlv ri

wkh wudqvirupdwlrq lv wkh wkhruhp rq sdjh 11,/ ru dv wkh glvwulexwlrq ri rughu

vwdwlvwlfv lq d vdpsoh iurp lqghshqghqw xqlirup ^3> 4` yduldwhv1 Wkh yduldeoh
] @ [4

[4.[5
lqglfdwhv rqh phwkrg ri xvlqj d jdppd jhqhudwru wr surgxfh

ehwd yduldwhv/ dqg wklv lv kljko| frpshwlwlyh dv orqj dv wkh jdppd jhqhudwru lv
uhdvrqdeo| idvw1 Wkh PDWODE jhqhudwru lv ehwduqg+d/e/4/q, Dowhuqdwlyhv duh/

dv zlwk wkh jdppd ghqvlw|/ uhmhfwlrq iurp d Exuu [LL ghqvlw| +Fkhqj/ 4<:;,

dqg xvh ri wkh iroorzlqj wkhruhp dv d jhqhudwru +gxh wr Mrkqn,1

Wkhruhp 49 +Ehwd glvwulexwlrq,

Vxssrvh X> Y duh lqghshqghqw xqlirup ^3> 4` yduldwhv1 Wkhq wkh frqglwlrqdo

glvwulexwlrq ri

[ @
X4@d

X4@d . Y 4@e
+514:,

jlyhq wkdw X4@d.Y 4@e � 4 lv Ehwd +d> e,1 Vlploduo| wkh frqglwlrqdo glvwulexwlrq

ri X4@d
jlyhq wkdw X4@d . Y 4@e � 4 lv Ehwd +d. 4> e, 1
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Surri1 Gh�qh d fkdqjh ri yduldeohv

[ @
X4@d

X4@d . Y 4@e
> \ @X4@d . Y 4@e

ru X @ +\ [,d dqg Y @ ^+4�[,\ `e

vr wkdw wkh mrlqw suredelolw| ghqvlw| ixqfwlrq ri +[>\ , lv jlyhq e|

i[>\ +{> |, @ iX>Y ++|{,
d> ^+4� {,|`e,

�����
Cx
C{

Cx
C|

Cy
C{

Cy
C|

�����
@ de|d.e�4{d�4+4� {,e�4 surylghg 3 ? { ? 4 zkhq | ? 4

ru surylghg 4� 4

|
? { ?

4

|
zkhq 4 ? | ? 5=

Qrwlfh wkdw lq wkh fdvh | ? 4> wkh udqjh ri ydoxhv ri { lv wkh xqlw lqwhuydo

dqg grhv qrw ghshqg rq | dqg vr wkh frqglwlrqdo suredelolw| ghqvlw| ixqfwlrq ri

[ jlyhq \ @ | lv d frqvwdqw wlphv {d�4+4 � {,e�4> l1h1 lv wkh Ehwd+d> e,
suredelolw| ghqvlw| ixqfwlrq1 Wkh uhvw ri wkh surri lv vlplodu1

D jhqhudwru h{sorlwlqj wklv wkhruhp surgxfhv sdluv +X>Y , xqwlo wkh frqgl0

wlrq lv vdwlv�hg dqg wkhq wudqvirupv wr wkh yduldeoh [1 Krzhyhu/ wkh suredelolw|

wkdw wkh frqglwlrq lv vdwlv�hg lv
�+d.4,�+e.4,

�+d.e.4,
zklfk lv forvh wr 3 xqohvv d> e duh

vpdoo/ vr wklv surfhgxuh vkrxog eh xvhg rqo| iru vpdoo ydoxhv ri erwk sdudph0

whuv1 Wkhruhpv 616145 dqg 616148 wrjhwkhu surylgh dq dojrulwkp iru jhqhudwlqj
Jdppd yduldwhv zlwk qrq0lqwhjudo � iurp yduldwhv zlwk lqwhjudo rqhv1 Iru

h{dpsoh li [ lv Jdppd +7> 4, dqg ] lv lqghshqghqw Ehwd +6=7> =9, wkhq

[] lv Jdppd +6=7> 4,1
Wkhuh duh ydulrxv rwkhu frqwlqxrxv glvwulexwlrqv frpprqo| dvvrfldwhg zlwk

vwdwlvwlfdo sureohpv1 Iru h{dpsoh wkh Vwxghqw*v w0glvwulexwlrq zlwk � ghjuhhv

ri iuhhgrp lv gh�qhg dv d udwlr
t

5�
[
] zkhuh ] lv vwdqgdug qrupdo dqg [ lv

jdppd +�
5
> 5,1 Dowhuqdwlyho|/ zh pd| xvh

s
�

[�4@5s
[+4�[,

zkhuh [ lv jhqhudwhg

dv d v|pphwulf ehwd +�@5> �@5, yduldwh1

Wkh V|pphwulf Vwdeoh Odzv1

D �qdo idplo| ri glvwulexwlrqv ri lqfuhdvlqj lpsruwdqfh lq prghoolqj lv wkh v|p0

phwulf vwdeoh idplo|1 Wkhvh duh xqlprgdo ghqvlwlhv/ v|pphwulf derxw wkhlu prgh/
dqg urxjko| vlplodu lq vkdsh wr wkh qrupdo ru Fdxfk| glvwulexwlrq +erwk vsh0

fldo fdvhv,1 Wkh| duh ri frqvlghudeoh lpsruwdqfh lq �qdqfh dv dq dowhuqdwlyh

wr wkh qrupdo glvwulexwlrq/ ehfdxvh wkh| whqg wr �w revhuydwlrqv ehwwhu lq wkh
wdlo ri wkh glvwulexwlrq wkdq grhv wkh qrupdo1 Krzhyhu/ wklv lv d pruh frp0

solfdwhg idplo| ri ghqvlwlhv wr zrun zlwk> qhlwkhu wkh ghqvlw| ixqfwlrq qru wkh

fxpxodwlyh glvwulexwlrq ixqfwlrq fdq eh h{suhvvhg lq d vlpsoh forvhg irup1 Erwk
uhtxluh d vhulhv h{sdqvlrq1 Wkh| duh prvw hdvlo| ghvfulehg e| wkhlu fkdudfwhu0

lvwlf ixqfwlrq/ zklfk/ xsrq vhwwlqj orfdwlrq htxdo wr 3 dqg vfdoh htxdo wr 4 lv
Hhl[w @ h�mwm

�

zkhuh khuh l lv wkh frpsoh{ qxpehu l5 @ �41 Wkh sdudphwhu
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3 ? � � 5 lqglfdwhv zkdw prphqwv h{lvw/ iru h{fhsw lq wkh vshfldo fdvh � @ 5

+wkh qrupdo glvwulexwlrq,/ prphqwv ri rughu ohvv wkdq � h{lvwv zkloh prphqwv

ri rughu � ru pruh gr qrw1 Ri frxuvh/ iru wkh qrupdo glvwulexwlrq/ prphqwv
ri doo rughuv h{lvw1 Wkh vwdeoh odzv duh xvhixo iru prghoolqj lq vlwxdwlrqv lq

zklfk yduldwhv duh wkrxjkw wr eh dssur{lpdwho| qrupdol}hg vxpv ri lqghshq0
ghqw lghqwlfdoo| glvwulexwhg udqgrp yduldeohv1 Wr ghwhuplqh urexvwqhvv djdlqvw

khdy|0wdlohg ghsduwxuhv iurp wkh qrupdo glvwulexwlrq/ whvwv dqg hvwlpdwruv fdq

eh frpsxwhg zlwk gdwd vlpxodwhg iurp d v|pphwulf vwdeoh odz zlwk � qhdu 51
Wkh suredelolw| ghqvlw| ixqfwlrq grhv qrw kdyh d vlpsoh forvhg irup h{fhsw lq

wkh fdvh � @ 4 +Fdxfk|, dqg � @ 5 exw fdq eh ghwhuplqhg iurp wkh vhulhv

h{sdqvlrq ri wkh suredelolw| ghqvlw|

if+{, @

4[
n@3

+�4,n�++n . 4,@5,

�f�n$
frv+

n�

f
,+
{

f
,n

zkhuh f lv d vfdoh sdudphwhu1 Hvshfldoo| iru odujh ydoxhv ri {> wklv suredelolw|

ghqvlw| ixqfwlrq frqyhujhv h{wuhpho| vorzo|1 Dffruglqj wr Fkdpehuv/ Pdoorzv

dqg Vwxfn/ +4<:9,/ vxfk d yduldwh fdq eh jhqhudwhg lq wkh fdvh � 9@ 4/

[ @ vlq+�X,

�
frv+X+4� �,,

H

� 4
�
�4

+frv X ,�4@� +514;,

zkhuh X lv xqlirup ^��@5> �@5` dqg H lv vwdqgdug h{srqhqwldo dqg lqgh0

shqghqw1 Wkh fdvh � @ 4 lv wkh Fdxfk| [ @ wdq+X,1 Vlqfh wkh wdq

lv d uhodwlyho| vorz rshudwlrq/ wklv lv vrphwlphv uhsodfhg e| wkh udwlr ri Qru0

pdo yduldwhv surgxfhg e| Pduvdjold*v srodu dojrulwkp1 Lq rwkhu zrugv zh xvh

[ @ Y4@Y5 zkhuh Yl � X ^�4> 4` frqglwlrqdo rq Y 5
4 . Y 5

5 � 4 dv d vwdqgdug
Fdxfk| yduldwh1

H{dpsoh= Vwdeoh udqgrp zdon1

Jhqhudwh d udqgrp zdon zlwk 43/333 wlph vwhsv zkhuh hdfk lqfuhphqw lv glv0

wulexwhg dv lqghshqghqw vwdeoh udqgrp yduldeohv kdylqj sdudphwhu 41:1

Wkh iroorzlqj Pdwode ixqfwlrq zdv xvhg

ixqfwlrq v@vwdeuqg+d/q,

x@+xqliuqg+3/4/q/4,-sl,018-sl>

h @ h{suqg+4/q/4,>

v@vlq+d-x,1-+frv++40d,-x,12h,1a+42d04,1-+frv+x,,1a+042d,

Wkhq wkh frppdqg

sorw+4=43333/ fxpvxp+vwdeuqg+41:/43333,,,>
uhvxowhg lq wkh Iljxuh BB1 Qrwh wkh rffdvlrqdo yhu| odujh mxps zklfk grplqdwhv

wkh klvwru| ri wkh surfhvv xs wr wkdw srlqw1
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Pdq| ri wkh phwkrgv ghvfulehg deryh vxfk dv lqyhuvlrq dqg uhmhfwlrq iru jhq0

hudwlqj frqwlqxrxv glvwulexwlrqv zrun zhoo iru glvfuhwh udqgrp yduldeohv1 Iru

h{dpsoh/ li [ lv d glvfuhwh glvwulexwlrq wdnlqj ydoxhv rq wkh lqwhjhuv zlwk
suredelolw| ixqfwlrq i+{,> { @ 3> 4> = = = zh pd| xvh uhmhfwlrq wr jhqhudwh d

frqwlqxrxv yduldwh \ zklfk kdv wkh vdph fxpxodwlyh glvwulexwlrq ixqfwlrq dw

wkh lqwhjhuv I\ +m, @ I[+m, dqg wkhq vhw [ @ e\ f wkh lqwhjhu sduw ri \ 1

Lqyhuvlrq iru glvfuhwh yduldwhv riwhq uhtxluhv/ iru uhdvrqdeoh h�flhqf|/ vrph

vhwxs frvwv1 Iru h{dpsoh li [ kdv f1g1i1 I +{,> { @ 3> 4> = = = zh zlvk wr rxwsxw

dq lqwhjhu [ vdwlvi|lqj I +[�4, ? X � I +[, dqg wkh prvw reylrxv whfkqltxh
iru �qglqj vxfk d ydoxh ri [ lv wr vhdufk vhtxhqwldoo| wkurxjk wkh srwhqwldo

ydoxhv 3> 4> 5> = = = 1 Iljxuh BB lv wkh vhdufk wuhh iru lqyhuvlrq iru wkh glvwulexwlrq rq

wkh lqwhjhuv 4> = = = 8 jlyhq e| +s4> s5> s6> s7> s8, @ +3=44> 3=63> 3=58> 3=54> 3=46,
Zh jhqhudwh dq lqwhjhu e| uhshdwhgo| frpsdulqj d xqlirup ^3/4` yduldwh X zlwk

wkh ydoxh dw hdfk qrgh/ wdnlqj wkh uljkw eudqfk li lw lv juhdwhu wkdq wklv wkuhvkrog
ydoxh/ wkh ohiw li lw lv vpdoohu1 Wkh qxpehu ri ydoxhv vhdufkhg zloo dyhudjh wr

H+[, zklfk iru pdq| glvfuhwh glvwulexwlrqv fdq eh xqdffhswdeo| odujh1

Dq hdv| dowhuqdwlyh lv wr ehjlq wkh vhdufk dw wkh phgldq p +ru prgh ru
phdq, ri wkh glvwulexwlrq/ vhdufklqj wr wkh ohiw ru uljkw ghshqglqj rq wkh ydoxh

ri X dv lq Iljxuh BB1

Wklv uhvxowv lq vhdufklqj dq dyhudjh ri H^m[ .4�pm` ehiruh rewdlqlqj wkh
jhqhudwhg yduldeoh riwhq vxevwdqwldoo| vpdoohu wkdq H+[, zkhq wkh phdq lv



5181 JHQHUDWLQJ GLVFUHWH GLVWULEXWLRQV :6

.11

.41

istribution:   .11  .30  .25   .21   .13  

.66

.87

1

2

3

4 5

Iljxuh 51:=

.66

5

.41

.11

.87

2

3 4

Iljxuh 51;=



:7 FKDSWHU 51 EDVLF PRQWH FDUOR PHWKRGV

.45

.24

distribution .11  .30  .25  .21  .13

.11

.55

0 4

3 1
2

         

Iljxuh 51<=

odujh exw vwloo xqdffhswdeo| odujh zkhq wkh glvwulexwlrq kdv odujh yduldqfh1 Dq
rswlpdo elqdu| vhdufk wuhh iru wklv glvwulexwlrq lv judskhg lq Iljxuh BB1 Wklv

wuhh kdv ehhq frqvwuxfwhg e| mrlqlqj wkh wzr vpdoohvw suredelolwlhv wr irup d

qhz qrgh zlwk zhljkw d frpelqdwlrq ri wkh wzr/ dqg khqfh zrunlqj iurp wkh
ohdyhv wr wkh urrw ri wkh wuhh1 Htxlydohqwo|/ zh xvh lqyhuvlrq diwhu d uh0rughulqj

ri wkh ydoxhv iurp wkrvh zlwk vpdoohvw wr wkrvh zlwk odujhvw suredelolw|1

Wkh ohdyhv ri wkh wuhh duh wkh lqglylgxdo sl dqg wkh lqwhuqdo qrghv duh vxpv

ri wkh zhljkwv ri wkh fkloguhq1 Li Gl uhsuhvhqwv wkh ghswk ri wkh l3wk ohdi/ wkhq
wkh dyhudjh qxpehu ri frpsdulvrqv wr jhqhudwh d vlqjoh [ lv

S
l slGl dqg

wkh surfhgxuh iru frqvwuxfwlqj wklv wuhh surylghv dq rswlpdo dojrulwkp lq wkh
vhqvh wkdw wklv txdqwlw| lv plqlpl}hg1 Lw lv lqwhuhvwlqj wr qrwh wkdw dq rswlpdo

elqdu| vhdufk wuhh zloo uhgxfh wkh dyhudjh qxpehu ri frpsdulvrqv iurp H+[,

iru ruglqdu| lqyhuvlrq wr ohvv wkdq 4 . 7 ^orj5+4 .H+[,,` 1

Dqrwkhu jhqhudo phwkrg iru surgxflqj yduldwhv iurp d glvfuhwh glvwulexwlrq
zdv vxjjhvwhg e| Zdonhu +4<:7/ 4<::, dqg lv fdoohg wkh doldv phwkrg1 Dsduw

iurp wkh wlph uhtxluhg wr vhw xs dq lqlwldo wdeoh ri doldvhv dqg doldvlqj sured0

elolwlhv/ wkh wlph uhtxluhg wr jhqhudwh ydoxhv iurp d glvfuhwh glvwulexwlrq zlwk
N vxssruwlqj srlqwv lv erxqghg lq N/ xqolnh lqyhuvlrq ru elqdu| vhdufk zklfk

lqfuhdvh dv H+[, lqfuhdvhv1 Wkh lghd lv wr uhgxfh dq| glvfuhwh glvwulexwlrq wr

d xqlirup pl{wxuh ri wzr0srlqw glvwulexwlrqv1 Iru d glvfuhwh glvwulexwlrq ri wkh
irup s4> s5> = = = sN rq wkh lqwhjhuv 4> 5> = = = N / zh vhhn d wdeoh ri ydoxhv

ri D+l, dqg dvvrfldwhg doldv suredelolwlhv t+l, vr wkdw wkh iroorzlqj dojrulwkp
jhqhudwhv wkh ghvluhg glvfuhwh glvwulexwlrq1

JHQHUDWH L XQLIRUP RQ i4> = = = Nj1
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distribution aliased:   .1  .2  .3  .4

Iljxuh 5143=

ZLWK SUREDELOLW\ t+L, / RXWSXW [ @ L / RWKHUZLVH/ [ @ D+L,1

Dq dojrulwkp iru surgxflqj wkhvh ydoxhv ri D+l, > t+l, lv vxjjhvwhg e|

Zdonhu+4<::, dqg surfhhgv e| uhgxflqj wkh qxpehu ri qrq0}hur suredelolwlhv

rqh dw d wlph1

41 Sxw tl @ Nsl iru doo l1

51 OHW p eh wkh lqgh{ ri plqitl> tl A 3j dqg ohw P eh wkh lqgh{ ri wkh

pd{lpxp1

61 VHW D+p, @ P dqg �{ t+p, 1

71 Uhsodfh +t4> = = = tN, e| +t4> ===> tp�4> tp.4> ===tP � +4� tp,= = = +vr wkh
frpsrqhqw zlwk lqgh{ p lv uhpryhg,1

81 Uhwxuq wr 5 xqohvv doo uhpdlqlqj tl @ 4 ru wkh yhfwru ri tl*v lv hpsw|1

Iljxuh BB vkrzv wkh zd| lq zklfk doldvlqj lwhudwlyho| dgmxvwv d suredelolw|

klvwrjudp wr irup d uhfwdqjoh zlwk edvh N1 Zh frqvwuxfw wkh yhfwru ri doldvlqj
suredelolwlhv dqg doldvhv iru wkh glvwulexwlrq yhfwru

sl @ +=4> =5> =6> =7,> l @ 4> = = 7=

Wklv uhvxowv lq D+l, @ +7> 6> {> {, dqg tl @ +=7> =;> 4> 4, uhvshfwlyho|1
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Wkh Srlvvrq Glvwulexwlrq1

Frqvlghu wkh Srlvvrq glvwulexwlrq

i+{, @
�{h��

{$
> { @ 3> 4> = = = +514<,

Wkh vlpsohvw jhqhudwru lv wr xvh wkh Srlvvrq surfhvv1 Uhfdoo wkdw li srlqwv duh

glvwulexwhg rq wkh olqh lq vxfk d zd| wkdw wkh vsdflqjv ehwzhhq frqvhfxwlyh

srlqwv duh lqghshqghqw h{srqhqwldo+4,/ wkhq wkh uhvxowlqj surfhvv lv d Srlv0
vrq surfhvv zlwk udwh 41 Wkxv/ wkh qxpehu ri srlqwv lq dq lqwhuydo ri ohqjwk

� kdv wkh ghvluhg Srlvvrq +�, glvwulexwlrq1 Vr iru vpdoo �/ zh frxog xvh

lqii[>
S[.4

l@4 +�oq Xl, A �j ru htxlydohqwo|

lqii[>

[.4\
l@4

Xl ? h��j +5153,

Rqfh djdlq wklv jhqhudwru uhtxluhv wlph zklfk jurzv olqhduo| zlwk � dqg
vr dq dowhuqdwlyh iru odujh � lv wr xvh uhmhfwlrq1 Ydulrxv srvvlelolwlhv kdyh

ehhq vxjjhvwhg iru grplqdwlqj ixqfwlrq/ iurp wkh orjlvwlf glvwulexwlrq+Dwnlqvrq
+4<:<,, wr d qrupdo glvwulexwlrq zlwk h{srqhqwldo uljkw wdlo +fi1 Ghyur|h/ ohppd

61;/ sdjh 83<,1 D vlpsoh doo0sxusrvh dowhuqdwlyh vhhpv wr eh d wdeoh0prxqwdlq

ixqfwlrq +fi1 Vwdgorehu +4<;<,,/ hvvhqwldoo| d ixqfwlrq zlwk d �dw wrs dqg wdlov
wkdw ghfuhdvh dv 4@{51

D vlpsoh dowhuqdwlyh iru jhqhudwlqj Srlvvrq yduldwhv wkdw lv ohvv h�flhqw exw

vlpsohu wr lpsohphqw lv wr xvh wkh Oruhqw}ldq/ ru wuxqfdwhg Fdxfk| glvwulexwlrq
zlwk suredelolw| ghqvlw| ixqfwlrq

j+{md> e, @ f3

e5 . +{� d,5
> { A 3 +5154,

zkhuh f3 lv wkh qrupdol}lqj frqvwdqw1 D udqgrp yduldeoh lv jhqhudwhg iurp wklv

glvwulexwlrq xvlqj wkh lqyhuvh wudqvirup phwkrg> [ @ d. e wdq+�X,> / zkhuh
X � X ^3> 4`1 Surylghg wkdw zh pdwfk wkh prghv ri wkh glvwulexwlrq d @ � dqg

sxw e @
s
5� / wklv ixqfwlrq pd| eh xvhg wr grplqdwh wkh Srlvvrq glvwulexwlrq

dqg surylgh d vlpsoh uhmhfwlrq jhqhudwru1 Wkh Pdwode Srlvvrq udqgrp qxpehu
jhqhudwru lv srlvvuqg+�>p> q, zklfk jhqhudwhv dq p� q pdwul{ ri Srlvvrq+�,

yduldeohv1 Wklv xvhv wkh vlpsoh jhqhudwru BB dqg lv qrw frpsxwdwlrqdoo| h�flhqw

iru odujh ydoxhv ri �=

Wkh Elqrpldo Glvwulexwlrq

Iru wkh Elqrpldo glvwulexwlrq/ zh pd| xvh dq| rqh ri wkh iroorzlqj dowhuqdwlyhv=

+4,
Sq

l@4 L+Xl ? s,> Xl � xqlirup^3> 4`

+5, lqii[>
S[.4

l@4 Jl A qj> Jl � Jhrphwulf+s,

+6, lqii[>
S[.4

l@4
Hl

q�l.4
A �orj+4� s,j> Hl � H{srqhqwldo+4,=



5191 VLPXODWLQJ VWRFKDVWLF SDUWLDO GLIIHUHQWLDO HTXDWLRQV1::

Phwkrgv +4, dqg +5, duh pruh h�flhqw zkhq q lv odujh exw qs idluo| vpdoo1

Ri frxuvh iru odujh q dqg qs vx�flhqwo| vpdoo +h1j1 ?4,/ zh fdq uhsodfh

wkh Elqrpldo glvwulexwlrq e| lwv Srlvvrq +� @ qs, dssur{lpdwlrq1 Iru odujh
phdq/ d uhmhfwlrq phwkrg lv uhtxluhg1 Djdlq zh pd| xvh uhmhfwlrq ehjlqqlqj

zlwk d Oruhqw}ldq glvwulexwlrq/ fkrrvlqj d @ qs> e @
s
5qs+4� s, lq wkh

fdvh s ? 4@51 Zkhq s A 4@5/ zh vlpso| uhyhuvh wkh urohv ri _idloxuhv%

dqg _vxffhvvhv%1 Dowhuqdwlyho|/ d grplqdwlqj wdeoh0prxqwdlq ixqfwlrq pd| eh

xvhg +Vwdgorehu +4<;<,,1 Wkh elqrpldo jhqhudwru lq Pdwode lv wkh ixqfwlrq
elqruqg+q/s/m/n, zklfk jhqhudwhv dq q � n pdwul{ ri elqrpldo+q> s, udqgrp

yduldeohv1 Wklv xvhv wkh vlpsohvw irup +4, ri wkh elqrpldo jhqhudwru dqg lv qrw

frpsxwdwlrqdoo| h�flhqw iru odujh q=

 �+ 
��������� 
��������� ��
���� "�4�
������
)5��������

Frqvlghu d ghulydwlyh surgxfw zkrvh xqghuo|lqj dvvhw kdv sulfh [w zklfk

vdwlv�hv d gl�xvlrq htxdwlrq1 Wkhq li wkh ghulydwlyh sd|r� ixqfwlrq ghshqgv

rqo| rq wkh fxuuhqw wlph dqg wkh fxuuhqw ydoxh ri wkh dvvhw/ wkh Ih|qpdq0 Ndf
wkhruhp lqglfdwhv wkdw lwv ydoxh lv dq h{shfwdwlrq ri wkh irup

Y +V> w, @ H^Y3+[W ,h{si�
] W

w

u+[y> y,gyj m [w @ V` +5155,

zkhuh u+[w> w, lv wkh fxuuhqw vsrw lqwhuhvw udwh dw wlph w1 Lq prvw fdvhv/
wklv h{shfwdwlrq lv lpsrvvleoh wr hydoxdwh dqdo|wlfdoo| dqg vr zh qhhg wr uhvruw

wr qxphulfdo phwkrgv1 Li wkh vsrw lqwhuhvw udwh lv ixqfwlrq ri erwk dujxphqwv

+[y> y, dqg qrw mxvw d ixqfwlrq ri wlph/ wkhq wklv lqwhjudo lv ryhu wkh zkroh

mrlqw glvwulexwlrq ri wkh surfhvv [y> 3 ? y ? W dqg vlpsoh rqh0glphqvlrqdo

phwkrgv ri qxphulfdo lqwhjudwlrq gr qrw vx�fh1 Lq vxfk fdvhv/ zh zloo xvxdoo|
uhvruw wr d fduhixo vlpxodwlrq1 Wkh vlpsohvw yhuvlrq uhtxluhv vlpxodwlqj d qxpehu

ri vdpsoh sdwkv iru wkh surfhvv [y / hydoxdwlqj BB dqg dyhudjlqj wkh uhvxowv

ryhu doo vlpxodwlrqv1 Zh ehjlq e| glvfxvvlqj wkh vlpxodwlrq ri wkh surfhvv [y1

Pdq| ri wkh vwrfkdvwlf prghov lq �qdqfh uhgxfh wr vlpsoh gl�xvlrq htxdwlrq
+zklfk pd| kdyh pruh wkdq rqh idfwru ru glphqvlrq,1 Vlqfh prvw ri wkh prghov

lq �qdqfh duh Pdunryldq/ zh uhvwulfw wr wkh Pdunry gl�xvlrq prgho ri wkh irup

g[w @ d+[w> w,gw. �+[w> w,gZw +5156,

zlwk lqlwldo ydoxh iru [3 zkhuhZw lv d gulylqj vwdqgdug Eurzqldq prwlrq sur0
fhvv1 Vroylqj ghwhuplqlvwlf gl�huhqwldo htxdwlrqv fdq vrphwlphv surylgh d vrox0

wlrq wr d vshfl�f sureohp vxfk dv �qglqj wkh duelwudjh0iuhh sulfh ri d ghulydwlyh1

Lq jhqhudo/ iru pruh frpsoh{ ihdwxuhv ri wkh ghulydwlyh vxfk dv wkh glvwulexwlrq
ri uhwxuq/ lpsruwdqw iru frqvlghudwlrqv vxfk dv wkh Ydoxh dw Ulvn/ zh qhhg wr

rewdlq d vroxwlrq i[w> 3 ? w ? Wj wr dq htxdwlrq ri wkh deryh irup zklfk lv
d vwrfkdvwlf surfhvv1 W|slfdoo| wklv fdq rqo| eh grqh e| vlpxodwlrq1 Rqh ri wkh
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vlpsohvw phwkrgv ri vlpxodwlqj vxfk d surfhvv lv wr dgrsw wkh fuxghvw lqwhusuh0

wdwlrq ri wkh deryh htxdwlrq/ wkdw lv wkdw d vpdoo lqfuhphqw [w.k �[w lq wkh

surfhvv lv dssur{lpdwho| qrupdoo| glvwulexwhg zlwk phdq jlyhq e| d+[w> w,k
dqg yduldqfh jlyhq e| �5+[w> w,k1 Zh jhqhudwh wkhvh lqfuhphqwv vhtxhqwldoo|/

ehjlqqlqj zlwk dq dvvxphg ydoxh iru [3/ dqg wkhq dgglqj wr rewdlq dq ds0
sur{lpdwlrq wr wkh ydoxh ri wkh surfhvv dw glvfuhwh wlphv w @ 3> k> 5k> 6k> = = = 1

Ehwzhhq wkhvh glvfuhwh srlqwv/ zh fdq olqhduo| lqwhusrodwh wkh ydoxhv1 Dssur{l0

pdwlqj wkh surfhvv e| dvvxplqj wkdw wkh frqglwlrqdo glvwulexwlrq ri [w.k�[w

lv Q+d+[w> w,k> �5+[w> w,k, lv fdoohg Hxohu*v phwkrg e| dqdorj| wr d vlpsoh

phwkrg e| wkh vdph qdph iru vroylqj ruglqdu| gl�huhqwldo htxdwlrqv1 Jlyhq

vlpxodwlrqv ri wkh surfhvv vdwlvi|lqj +615, wrjhwkhu zlwk vrph lqlwldo frqglwlrqv/
zh pljkw dyhudjh wkh uhwxuqv rq d jlyhq ghulydwlyh iru pdq| vxfk vlpxodwlrqv/

+surylghg wkh surfhvv lv h{suhvvhg zlwk uhvshfw wr wkh ulvn0qhxwudo glvwulexwlrq,/
wr duulyh dw dq duelwudjh0iuhh uhwxuq iru wkh ghulydwlyh1

Lq wklv vhfwlrq zh zloo glvfxvv wkh qxphulfdo vroxwlrq/ ru vlpxodwlrq ri wkh

vroxwlrq wr vwrfkdvwlf gl�huhqwldo htxdwlrqv1

Ohwwlqj wl @ l�{/ wkh htxdwlrq BB lq lqwhjudo irup lpsolhv

[wl.4 @ [wl .

] wl.4

wl

d+[v> v,gv.

] wl.4

wl

�+[v> v,gZv +5157,

Lwr*v ohppd fdq eh zulwwhq lq whupv ri wzr rshudwruv rq wzlfh +zlwk uhvshfw wr

{, gl�huhqwldeoh ixqfwlrqv i = Lq sduwlfxodu/

gi+[w> w, @ Origw. O4igZw zkhuh

Or @ d
C

C{
.
4

5
�5

C5

C{5
.

C

Cw
>

dqg

O4 @ �
C

C{
=

Wkhq iru dq| wzlfh gl�huhqwldeoh ixqfwlrq i /

i+[wl.4 > wl.4, @ i+[wl > wl, .

] wl.4

wl

O3i+[v> v,gv.

] wl.4

wl

O4i+[v> v,gZv=

+5158,

E| vxevwlwxwlqj lq hdfk ri wkh lqwhjudqgv lq BB xvlqj wkh deryh lghqwlw| dqg

lwhudwlqj wklv surfhvv zh duulyh dw wkh Lwr0Wd|oru h{sdqvlrqv +h1j1 Norhghq dqg
Sodwhq/ 4<<5,1 Iru h{dpsoh/] wl.4

wl

d+[v> v,gv @

] wl.4

wl

id+[wl > wl, .

] v

wl

O3d+[x> x,gx.

] v

wl

O4d+[x> x,gZxjgv
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� d+[wl > wl,�w. O3d+[wl > wl,

] wl.4

wl

] v

wl

gxgv. O4d+[wl > wl,

] wl.4

wl

] v

wl

gZxgv

+5159,

Wkh �uvw whup lq BB/ d+[wl,�w / lv dq lqlwldo dssur{lpdwlrq wr wkh ghvluhg lqwh0
judo1 Wkh uhvw/ zh pd| uhjdug dv dq huuru whup iru wkh prphqw/ dqg lw kdv vpdoohu

rughu1 Iru h{dpsoh lw lv hdv| wr vhh wkdw wkh vhfrqg whup lv R+�w,5 ehfdxvh

wkh lqwhjudo
U wl.4
wl

U v
wl
gxgv @ +�w,5@5= Wkh wklug whup lq BB lv R+�w,6@5 vlqfhU wl.4

wl

U v
wl
gZxgv @

U wl.4
wl

+wl.4�x,gZx dqg wklv lv d qrupdo udqgrp yduldeoh zlwk

phdq 3 dqg yduldqfh
U wl.4
wl

+wl.4�x,5gx @ +�w,6@6= Wkh vlpsohvw Hxohu dssur{l0
pdwlrq wr wkh glvwulexwlrq ri wkh lqfuhphqw dvvxphv wkdw �[ kdv frqglwlrqdo

phdq d+[wl > wl,�w1 Vlploduo|] wl.4

wl

�+[v> v,gZv @

] wl.4

wl

i�+[wl > wl, .

] v

wl

O3�+[x> x,gx.

] v

wl

O4�+[x> x,gZxjgZv

� �+[wl > wl,�Zw . O3�+[wl > wl,

] wl.4

wl

] v

wl

gxgZv . O4�+[wl > wl,

] wl.4

wl

] v

wl

gZxgZv

@ �+[wl > wl,�Zw .
�+[wl > wl,

C
C{
�+[wl > wl,

5
^+�Zw,

5 ��w` .R+�w,6@5

Vlqfh wkh lqwhjudo
U wl.4
wl

U v
wl
gZxgZv @

4
5
^+�Zw,

5 ��w`= dqg
U wl.4
wl

U v
wl
gxgZv @

R+�w,6@5= Sxwwlqj wkhvh whupv wrjhwkhu/ zh duulyh dw dq dssur{lpdwlrq wr wkh
lqfuhphqw ri wkh irup

�[w @ d+[wl > wl,�w. �+[wl > wl,�Zw .
�+[wl > wl,

C
C{
�+[wl > wl,

5
^+�Zw,

5 ��w` .R+�w,6@5

+515:,

zklfk doorz dq h{solflw uhsuhvhqwdwlrq ri wkh lqfuhphqw lq wkh surfhvv[ lq whupv

ri wkh lqfuhphqw ri d Eurzqldq prwlrq surfhvv �Zw � Q+3>�w,1 Wklv lv fdoohg
wkh Plovwhlq dssur{lpdwlrq1 Diwhu wkh Hxohu vfkhph/ lw lv wkh vhfrqg Lwr0Wd|oru

dssur{lpdwlrq wr d gl�xvlrq surfhvv1 Reylrxvo|/ wkh lqfuhphqwv ri wkh surfhvv

duh txdgudwlf ixqfwlrqv ri d qrupdo udqgrp yduldeoh dqg duh qr orqjhu qrupdo1
Wkh huuru dssurdfkhv 3 dw wkh udwh R+�w,6@5 lq suredelolw| rqo|1 Wklv grhv qrw

phdq wkdw wkh wudmhfwru| lv dssur{lpdwhg wr wklv rughu exw wkdw wkh gl�huhqfh

ehwzhhq wkh Plovwhlq dssur{lpdwlrq wr d gl�xvlrq dqg wkh gl�xvlrq lwvhoi lv
erxqghg lq suredelolw| zkhq glylghg e| �w6@5 dqg dv zh ohw �w$ 3= Kljkhu

rughu Wd|oru dssur{lpdwlrqv duh dovr srvvleoh/ dowkrxjk wkh| jurz h{fhvvlyho|
frpsolfdwhg yhu| txlfno|1 Vhh wkh errn e| Norhghq dqg Sodwwhq iru ghwdlov1
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H{dpsoh= Grzq0dqg0rxw0Fdoo1

Frqvlghu dq dvvhw zkrvh sulfh iroorzv d jhrphwulf Eurzqldq prwlrq surfhvv

gVw @ �Vwgw. �VwgZw +515;,

iru d vwdqgdug Eurzqldq prwlrq surfhvv Zw 1 D grzq0dqg0rxw fdoo rswlrq zlwk

h{huflvh sulfh H surylghv wkh xvxdo sd|phqw ri d fdoo rswlrq li wkh dvvhw qhyhu
idoov ehorz d jlyhq rxw eduulhu e 1 Xvh vlpxodwlrq wr sulfh vxfk dq rswlrq zlwk

h{huflvh sulfh H / fxuuhqw dvvhw sulfh V / wlph wr pdwxulw| W � w / dqg rxw

eduulhu e ? V1 Dvvxph frqvwdqw lqwhuhvw udwh u/ dqg hydoxdwh wkh h{shfwhg
uhwxuq iurp wkh ulvn qhxwudo surfhvv/ wkh rqh zlwk wkh guliw whup uhsodfhg e|

uVwgw1 Wkhq glvfrxqw wklv uhwxuq wr wkh suhvhqw e| pxowlso|lqj e| h�u+W�w,1

Frpsduh zlwk wkh Eodfn0Vfkrohv irupxod dv e$ 31
D jhrphwulf Eurzqldq prwlrq lv prvw hdvlo| vlpxodwhg e| wdnlqj orjdulwkpv1

Iru h{dpsoh li Vw vdwlv�hv wkh ulvn0qhxwudo vshfl�fdwlrq

gVw @ uVwgw. �VwgZw +515<,

wkhq \w @ orj+Vw, vdwlv�hv

g\w @ +u � �5@5,gw. �gZw= +5163,

Wklv lv d Eurzqldq prwlrq dqg lv vlpxodwhg zlwk d qrupdo udqgrp zdon1 Lqgh0

shqghqw qrupdo lqfuhphqwv duh jhqhudwhg �\w � Q++u � �5@5,�w> �5�w, dqg

wkhlu sduwldo vxpv xvhg wr vlpxodwh wkh surfhvv \w 1 Wkh uhwxuq iru wkrvh rswlrqv
wkdw duh lq wkh prqh| lv wkh dyhudjh ri wkh ydoxhv ri +h\W � H,. ryhu wkrvh

sdwkv iru zklfk plqi\v> w ? v ? Wj � orj+e,1 Wkh iroorzlqj Pdwode ixqfwlrqv
zhuh xvhg1

ixqfwlrq }@eduulhu+u/vljpd/gw/W/ h/e,

q@W2gw>

vljpd @ vljpd-vtuw+gw,>

pq @ u-gw 0 vljpda525>

|@h{s+fxpvxp+qrupuqg+pq/vljpd/q/4,,,>

{ @ +4=q,1-gw>

sorw+{/|/*0*/{/h-rqhv+4/q,/*|*/{/e-rqhv+4/q,/*e*,

} @ pd{+|+q,0h/ 3,>

li plq+|, ? e

}@3>

hqg>

ixqfwlrq } @ vlpeduu+u/ vljpd/ gw/W/ h/e/ p,

krog rq

iru l@4=p

}+l, @ eduulhu+ u/ vljpd/gw/W/h/e,>

hqg

glvs+^cphdq ydoxh@* qxp5vwu+h{s+0u-W,-vxp+},2p,`,

krog rii
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Iljxuh 5144=

Iru h{dpsoh zkhq u @ =38> � @ =5>�w @ =337> W � w @ =58> H @ 4> e @ =</ wklv

lv uxq zlwk wkh frppdqg

vlpeduu+138/ 15/ 1337/ 158/ 4/ 1</ 5,

iru d wrwdo ri 5 vlpxodwlrqv/ erwk/ lq wklv fdvh/ +vhh Iljxuh BB, hqglqj lq wkh

prqh|1

 �, �
�0����

41 Frqvlghu wkh pl{hg jhqhudwru {q @ +d{q�4 . 4,prg+p, zlwk p @ 971

Zkdw ydoxhv ri d uhvxow lq wkh pd{lpxp srvvleoh shulrg dqg zklfk
jhqhudwruv dsshduv pruh udqgrpB

51 Frqvlghu wkh pxowlsolfdwlyh jhqhudwru zlwk p @ 971 Zkdw ydoxhv ri

d uhvxow lq wkh pd{lpxp srvvleoh shulrg dqg zklfk jhqhudwruv dsshduv

pruh udqgrpB

61 Frqvlghu d vkx�hg ghvfulehg lq vhfwlrq [[[ zlwk n @ 7>p4 @ 4<>p5 @
5< [+l, @ 5 47 : 46 44 4; 9 6 </ \+l, @ 44 58 4: 7 49 5; 47 3 6 1

Zh vwduw e| �oolqj irxu sljhrq0krohv zlwk wkh qxpehuv surgxfhg e| wkh

�uvw jhqhudwru vr wkdw +W4> = = = > W7, @ +5> 47> :> 46,= Wkhq xvh wkh vhfrqg
jhqhudwru wr vhohfw d udqgrp lqgh{ L whoolqj xv zklfk sljhrq0kroh wr gudz

wkh qh{w qxpehu iurp1 Vlqfh wkhvh krohv duh qxpehug iurp 4 wkurxjk
7/ zh xvh L @ g7 � 44@5<h @ 5= Wkhq wkh �uvw qxpehu lq rxu udqgrp
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vhtxhqfh lv gudzq iurp er{ 5/ l1h1 }4 @ W5 @ 47> vr }4 @ 47= Wklv hohphqw

ri wkh yhfwru lv qrz uhsodfhg e| 44> wkh qh{w qxpehu lq wkh [ vhtxhqfh1

Surfhhglqj lq wklv zd|/ wkh qh{w lqgh{ lv L @ g7� 58@5<h @ 7 dqg vr wkh
qh{w qxpehu gudzq lv }5 @ W7 @ 46= Ri frxuvh/ zkhq zh kdyh �qlvkhg

jhqhudwlqj wkh ydoxhv }4> }5> === doo ri zklfk olh ehwzhhq 3 dqg p4 @ 4<>
zh zloo xvxdoo| wudqvirup wkhp lq wkh xvxdo zd| +h1j1 }l@p4, wr surgxfh

vrphwklqj dssur{lpdwlqj frqwlqxrxv xqlirup udqgrp qxpehuv rq ^3/4`1

Ehfdxvh ri wkh vpdoo ydoxh zh fkrvh iru p4> wklv dssur{lpdwlrq zloo qrw eh
yhu| jrrg lq wklv fdvh1 Exw wkh dgydqwdjh ri vkx�lqj lv wkdw wkh shulrg

ri wkh jhqhudwru lv juhdwo| h{whqghg1 Ghwhuplqh wkh shulrg ri wkh vkx�hg

udqgrp qxpehu jhqhudwru deryh dqg frpsduh zlwk wkh shulrgv ri wkh wzr
frqvwlwxhqw jhqhudwruv1

71 Suryh= Li [ lv udqgrp yduldeoh xqlirup rq wkh lqwhjhuv i3> = = = >p� 4j
dqg li \ lv dq| lqwhjhu0ydoxhg udqgrp yduldeoh lqghshqghqw ri [/ wkhq

wkh udqgrp yduldeoh Z @ +[ . \ ,+prg p, lv xqlirup rq wkh lqwhjhuv

i3> = = = >p� 4j1
81 Frqvlghu wkh deryh txdgudwlf uhvlgxh jhqhudwru {q.4 @ {5qprg+p, zlwk

p @ 7:;6� 735:1 Zkdw lv wkh shulrg ri wkh jhqhudwru vwduwlqj zlwk vhhg

{3 @ 4<9> ru zlwk vhhg {3 @ 733B

91 Yhuli| wkdw iru wkh vhuldo fruuhodwlrq vwdwlvwlf Fm> ydu+Fm, @ 46
477q

> m �
4> ydu+F3, @ 7@78q 1

:1 Frqvlghu wkh wxuer0sdvfdo jhqhudwru {q.4 @ +467::8;46{q . 4,prg 565=

Jhqhudwh d vhtxhqfh ri ohqjwk 8333 dqg dsso| wkh vhuldo fruuhodwlrq whvw1

Lv wkhuh hylghqfh ri ghshqghqfhB

;1 Jhqhudwh 4333 gdlo| _uhwxuqv% [l> l @ 4> 5> ===> 4333 iurp hdfk ri wkh wzr

glvwulexwlrqv/ wkh Fdxfk| dqg wkh orjlvwlf1 Lq hdfk fdvh/ dvvxph wkdw
d @ 3> e @ 3=4= Judsk wkh wrwdo uhwxuq ryhu dq q gd| shulrg yhuvxv q= Lv

wkhuh d txdolwdwlyh gl�huhqfh lq wkh wzr judskvB Uhshdw zlwk d judsk ri
wkh dyhudjh gdlo| uhwxuq1

<1 Eulh�| lqglfdwh dq h�flhqw dojrulwkp iru jhqhudwlqj rqh udqgrp ydul0
deoh iurp hdfk ri wkh iroorzlqj glvwulexwlrqv dqg jhqhudwh vxfk d udq0

grp yduldeoh xvlqj rqh ru pruh ri wkh xqlirup^3/4` udqgrp qxpehuv1
Xl= 31:<7 31936 31745 31;:7 3159; 31<<3 3138< 31445 316<8

+d, [� X ^�4> 5`1
+e, d udqgrp yduldeoh [ zlwk suredelolw| ghqvlw| ixqfwlrq i+{, @ 6

49
{4@5> 3 ?

{ ? 7

+f, D glvfuhwh udqgrp qxpehu [ kdylqj suredelolw| ixqfwlrq S ^[ @

{` @ +4� s,{s> { @ 3> 4> 5> ===> s @ 3=61

+g, D udqgrp yduldeoh [ zlwk wkh qrupdo glvwulexwlrq/ phdq 4 dqg
yduldqfh 71
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+h, D udqgrp yduldeoh [ zlwk suredelolw| ghqvlw| ixqfwlrq

i+{, @ f{5h�{> 3 � { ? 4

iru frqvwdqw f @ 4@+5� 8h�4,=

+i, D udqgrp yduldeoh [ zlwk wkh iroorzlqj suredelolw| ixqfwlrq=
{ 3 4 5 6
S ^[ @ {` 314 315 316 317

431 Frqvlghu wkh pxowlsolfdwlyh svhxgr0udqgrp qxpehu jhqhudwru

{q.4 @ d{qprg+483,

vwduwlqj zlwk vhhg {3 @ := Wu| ydulrxv ydoxhv ri wkh pxowlsolhu d dqg

ghwhuplqh iru zklfk ydoxhv wkh shulrg ri wkh jhqhudwru dsshduv wr eh pd{0

lpdo1

441 Frqvlghu wkh olqhdu frqjuxhqwldo jhqhudwru

{q.4 @ +d{q . f,prg+5;,

Zkdw lv wkh pd{lpdo shulrg wkdw wklv jhqhudwru fdq dfklhyh zkhq f @ 4

dqg iru zkdw ydoxhv ri d grhv wklv vhhp wr eh dfklhyhgB Uhshdw zkhq

f @ 3=

451 Hydoxdwh wkh iroorzlqj lqwhjudo e| vlpxodwlrq=

] 4

3

+4� {5,6@5g{=

461 Ohw X eh d xqlirup udqgrp yduldeoh rq wkh lqwhuydo ^3/4`1 Ilqg d ixqfwlrq

ri X zklfk lv xqlirupo| glvwulexwhg rq wkh lqwhuydo ^3/5`1 Wkh lqwhuydo

^d> e`B

471 Hydoxdwh wkh iroorzlqj lqwhjudo e| vlpxodwlrq=

] 5

3

{6@5+7� {,4@5g{=

481 Hydoxdwh wkh iroorzlqj lqwhjudo e| vlpxodwlrq=]
4

�4

h�{
5

g{=

+Klqw= Uhzulwh wklv lqwhjudo lq wkh irup 5
U
4

3
h�{

5

g{ dqg wkhq fkdqjh
yduldeohv wr | @ {@+4 . {,,
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-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
0
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0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Iljxuh 5145=

491 Hydoxdwh wkh iroorzlqj lqwhjudo e| vlpxodwlrq=] 4

3

] 4

3

h+{.|,
5

g{g|=

+Klqw= Qrwh wkdw li X4> X5 duh lqghshqghqw Xqlirup^3/4` udqgrp yduldeohv/

H^j+X4> X5,` @
U 4
3

U 4
3
j+{> |,g{g| iru dq| ixqfwlrq j,1

4:1 Ilqg wkh fryduldqfh fry+X> hX, e| vlpxodwlrq zkhuh X lv xqlirup^3/4`

dqg frpsduh wkh vlpxodwhg ydoxh wr wkh wuxh ydoxh1

4;1 Ilqg e| vlpxodwlrq wkh duhd ri wkh uhjlrq i+{> |,>�4 ? { ? 4> | A 3>s
4� 5{5 ? | ?

s
4� 5{7j= Wkh erxqgdulhv ri wkh uhjlrq duh judskhg

ehorz1

4<1 Iru lqghshqghqw xqlirup udqgrp qxpehuv X4> X5>==== gh�qh wkh udqgrp

yduldeoh Q @ plq lpxpiq>Sq
l@4Xl A 4j=

Hvwlpdwh H+Q, e| vlpxodwlrq1 Uhshdw iru odujhu dqg odujhu qxpehuv ri
vlpxodwlrqv1 Zkdw gr |rx wklqn lv wkh ydoxh ri H+Q,B

531 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvwulexwlrq

zlwk suredelolw| ghqvlw| ixqfwlrq

i+{, @
+{� 4,6

7

iru 4 � { � 61 Uhfrug wkh wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq
ri 8/333 udqgrp yduldeohv zlwk wklv glvwulexwlrq1 1
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541 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvwulexwlrq

zlwk suredelolw| ghqvlw| ixqfwlrq
+{�53,

533
iru 53 � { � 73= Uhfrug wkh

wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333 udqgrp yduldeohv

zlwk wklv glvwulexwlrq1 1

551 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvwulexwlrq
zlwk d ghqvlw| ixqfwlrq ri wkh irup i+{, @ f{6h�{@5 iru { A 3 dqg

dssursuldwh frqvwdqw f1 Uhfrug wkh wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh

phdq ri 8/333 udqgrp yduldeohv zlwk wklv glvwulexwlrq1 1

561 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvfuhwh glv0
wulexwlrq zlwk S ^[ @ m` @ +5@6,+4@6,m > m @ 3> 4> ===1Uhfrug wkh wlph

qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333 udqgrp yduldeohv zlwk
wklv glvwulexwlrq1 1

571 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvwulexwlrq

zlwk suredelolw| ghqvlw| ixqfwlrq i+{, @ h�{> 3 � { ? 4= Uhfrug wkh

wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333 udqgrp yduldeohv
zlwk wklv glvwulexwlrq1 Frpsxwh dv zhoo wkh vdpsoh yduldqfh dqg frpsduh

zlwkh wkh vdpsoh phdq1 Krz odujh zrxog wkh vlpxodwlrq qhhg wr eh li
zh zdqwhg wr hvwlpdwh wkh phdq zlwklq 3=34 zlwk d <8( frq�ghqfh

lqwhuydoB

581 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvwulexwlrq

zklfk kdv suredelolw| ghqvlw| ixqfwlrq i+{, @ {6> 3 ? { ?
s
5 1 Uhfrug

wkh wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333 udqgrp yduldeohv

zlwk wklv glvwulexwlrq1 Ghwhuplqh wkh vwdqgdug huuru ri wkh vdpsoh phdq1
Krz odujh zrxog wkh vlpxodwlrq qhhg wr eh li zh zdqwhg wr hvwlpdwh wkh

phdq zlwklq 3=34 zlwk d <8( frq�ghqfh lqwhuydoB

591 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvfuhwh glv0

wulexwlrq zlwk suredelolw| ixqfwlrq

{@ 3 4 5 6 7 8

S^[@{`@ 314 315 3158 316 314 3138

Uhfrug wkh wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333 udqgrp

yduldeohv zlwk wklv glvwulexwlrq1 Frpsduh wkh vdpsoh phdq dqg yduldqfh

zlwk wkhlu wkhruhwlfdo ydoxhv1 Krz odujh zrxog wkh vlpxodwlrq qhhg wr eh
li zh zdqwhg wr hvwlpdwh wkh phdq zlwklq 3=34 zlwk d <8( frq�ghqfh

lqwhuydoB

5:1 Jlyh dq dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvwulexwlrq zklfk

kdv fxpxodwlyh glvwulexwlrq ixqfwlrq ixqfwlrq I +{, @ {.{6.{8

6
> 3 ?

{ ? 41 Uhfrug wkh wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333

udqgrp yduldeohv zlwk wklv glvwulexwlrq1 +Klqw= Vxssrvh zh jhqhudwh [4

zlwk f1g1i1 I4+{, dqg [5 zlwk f1g1i1 I5+{, / [6 zlwk f1g1i1 I6+{, Zh
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wkhq jhqhudwh M @ 4/5/ ru 6 vxfk wkdw S^M @ m` @ sm dqg rxwsxw wkh

ydoxh [M = Zkdw lv wkh f1g1i1 ri wkh udqgrp yduldeoh rxwsxwB,

5;1 Frqvlghu lqghshqghqw udqgrp yduldeohv [l zlwk f1g1i1

Il+{, @ {5> l @ 4

@
h{ � 4

h� 4
> l @ 5

@ {h{�4> l @ 6

iru 3 ? { ? 4= H{sodlq krz wr rewdlq udqgrp yduldeohv zlwk f1g1i1J+{, @
�6
l@4Il+{, dqg J+[, @ 4��6

l@4+4� Il+{,,=

+Klqw= frqvlghu wkh f1g1i1 ri wkh plqlpxp dqg pd{lpxp,1

5<1 Vxssrvh zh zlvk wr hvwlpdwh d udqgrp yduldeoh [ kdylqj f1g1i1 I +{,

xvlqj wkh lqyhuvh wudqvirup wkhruhp/ exw wkh h{dfw fxpxodwlyh glvwulexwlrq
ixqfwlrq lv qrw dydlodeoh1 Zh gr/ krzhyhu/ kdyh dq xqeldvhg hvwlpdwrueI +{, ri I +{, vr wkdw 3 � eI +{, � 4 dqg H eI +{, @ I +{, iru doo {= Vkrz

wkdw surylghg wkh xqlirup yduldwh X lv lqghshqghqw ri eI +{,/ wkh udqgrp
yduldeoh [ @ eI�4+X, kdv f1g1i1 I +{,=

631 Jlyh dq dojrulwkp iru jhqhudwlqj d udqgrp yduldeoh zlwk suredelolw| ghq0

vlw| ixqfwlrq

i+{, @ 63+{5 � 5{6 . {7,> 3 ? { ? 4

Glvfxvv wkh h�flhqf| ri |rxu dssurdfk1

641 Wkh lqwhuduulydo wlphv ehwzhhq frqvhfxwlyh exvhv dw d fhuwdlq exv vwrs duh

lqghshqghqw xqlirup^3> 4` udqgrp yduldeohv vwduwlqj dw forfn wlph w @ 3=
\rx duulyh dw wkh exv vwrs dw wlph w @ 4= Ghwhuplqh e| vlpxodwlrq wkh

h{shfwhg wlph wkdw |rx zloo kdyh wr zdlw iru wkh qh{w exv1 Lv lw pruh wkdq

4@5 B H{sodlq1

651 Zkdw lv wkh suredelolw| ghqvlw| ixqfwlrq ri [ @ d+4�sX, zkhuh X �
X ^3> 4`B

661 Ghyhors dq dojrulwkp iru jhqhudwlqj yduldwhv iurp wkh ghqvlw|=

i+{, @ 5@
s
�h5d�{

5
�d5@{5 > { A 3

671 Ghyhors dq dojrulwkp iru jhqhudwlqj yduldwhv iurp wkh ghqvlw|=

i+{, @
5

h�{ . h��{
> �4 ? { ?4

681 H{sodlq krz wkh iroorzlqj dojrulwkp zrunv dqg zkdw glvwulexwlrq lv jhq0
hudwhg1
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+d, 1 OHW L @ 3

+e, Jhqhudwh X � X ^3> 4` dqg vhw W @ X 1

+f, Jhqhudwh X� 1 LI X � X� uhwxuq [ @ L . W 1

+g, Jhqhudwh X 1 Li X � X� jr wr f1

+h, L @ L . 41 Jr wr e

691 1Rewdlq jhqhudwruv iru wkh iroorzlqj glvwulexwlrqv=

+d, Ud|ohljk

i+{, @
{

�5
h�{

5@5�5 > { � 3 +5164,

+e, Wuldqjxodu

i+{, @
5

d
+4� {

d
,> 3 � { � d +5165,

6:1 Vkrz wkdw li +[>\ , duh lqghshqghqw vwdqgdug qrupdo yduldwhv/ wkhqs
[5 . \ 5 kdv wkh glvwulexwlrq ri wkh vtxduh urrw ri d fkl0vtxduhg+5, +l1h1

h{srqhqwldo+5,, yduldeoh dqg dufwdq+\@[,, lv xqlirup rq ^3> 5�`1

6;1 Jhqhudwh wkh sdlu ri udqgrp yduldeohv +[>\ ,

+[>\ , @ U+frv�> vlq�, +5166,

zkhuh zh xvh d udqgrp qxpehu jhqhudwru zlwk srru odwwlfh surshuwlhv

vxfk dv wkh jhqhudwru {q.4 @ +6;6{q . 596, prg+43/333, wr jhqhudwh
rxu xqlirup udqgrp qxpehuv1 Xvh wklv jhqhudwru wrjhwkhu zlwk wkh Er{0

Pxhoohu dojrulwkp wr jhqhudwh 8333 sdluv ri lqghshqghqw udqgrp qrupdo

qxpehuv1 Sorw wkh uhvxowv1 Gr wkh| dsshdu lqghshqghqwB

6<1 Dvvxph wkdw d rswlrq kdv sd|r� dw h{slu| rqh |hdu iurp qrz +W @ 4,

jlyhq e| wkh ixqfwlrq j+VW , @ 3> VW ? 53> dqg j+VW , @
VW�53
VW

> VW A 53=
Zkdw lv wkh dssur{lpdwh suhvhqw ydoxh ri wkh rswlrq dvvxplqj wkdw wkh

ulvn0qhxwudo lqwhuhvw udwh lv 8 shufhqw/ wkh fxuuhqw sulfh ri wkh vwrfn lv 53/

dqg wkh dqqxdo yrodwlolw| lv 53 shufhqw1 Ghwhuplqh wklv e| vlpxodwlqj 4333
vwrfn sulfhv VW dqg dyhudjlqj wkh glvfrxqwhg uhwxuq iurp d fruuhvsrqglqj

rswlrq1 Uhshdw zlwk 433333 vlpxodwlrqv1 Zkdw fdq |rx vd| derxw wkh
suhflvlrqB

731 +Orj0qrupdo jhqhudwru,Ghvfuleh dq dojrulwkp iru jhqhudwlqj orj0qrupdo
udqgrp yduldeohv zlwk suredelolw| ghqvlw| ixqfwlrq jlyhq e|

j+{m�> �, @ 4

{�
s
5�

h{si�+orj{� orj� � �5@5,5@5�5j= +5167,
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741 +khgjlqj zlwk ixwxuhv,1 L qhhg wr ex| 4333 eduuhov ri khdwlqj rlo rq Qryhp0

ehu 4 4<<;1 Rq Mxqh 4/ L jr orqj d Ghfhpehu ixwxuhv frqwudfw zklfk doorzv

ph wr sxufkdvh 4333 eduuhov ri khdwlqj rlo rq Ghfhpehu 4 iru '53 shu edu0
uho1 Vxssrvh zh kdyh revhuyhg wkdw wkh sulfh ri khdwlqj rlo lv orjqrupdoo|

glvwulexwhg zlwk prqwko| yrodwlolw| 5 shufhqw1 Wkh vsrw lqwhuhvw udwh lv
suhvhqwo| 8 shufhqw shu dqqxp

+d, Zkdw lv wkh ydoxh ri wkh rlo ixwxuh rq Qryhpehu 4 dv d ixqfwlrq ri

wkh fxuuhqw sulfh ri rloB

+e, Ghwhuplqh e| vlpxodwlrq zkdw lv wkh vwdqgdug ghyldwlrq ri wkh ydoxh
ri p| sruwirolr rq Qryhpehu 4 dvvxplqj L vhoo wkh ixwxuhv frqwudfw

dw wkdw wlph1

+f, Krz pxfk gl�huhqfh zrxog lw kdyh pdgh li L kdg sxufkdvhg wkh rs0

wlpdo qxpehu ri ixwxuhv udwkhu wkdq 4333B

751 +Pxowlyduldwh Qrupdo jhqhudwru, Vxssrvh zh zdqw wr jhqhudwh d pxo0

wlyduldwh qrupdo udqgrp yhfwru +[4>[5>===> [Q, kdylqj phdq yhfwru

+�4> ===> �Q, dqg fryduldqfh pdwul{ wkh Q � Q pdwul{ 	= Wkh xvxdo
surfhgxuh lqyroyhv d ghfrpsrvlwlrq ri 	 lqwr idfwruv vxfk wkdw D3D @ 	=

Iru h{dpsoh/ D frxog eh ghwhuplqhg iurp wkh Fkrohvn| ghfrpsrvlwlrq/
lq Pdwode/ D@fkro+vljpd,/ zklfk surylghv vxfk d pdwul{ D zklfk

lv dovr xsshu wuldqjxodu/ lq wkh fdvh wkdw 	 lv srvlwlyh gh�qlwh1 Vkrz

wkdw li ] @ +]4> ===> ]Q, lv d yhfwru ri lqghshqghqw vwdqgdug qrupdo udq0
grp yduldeohv wkhq wkh yhfwru [ @ +�4> ===> �Q, . ]D kdv wkh ghvluhg

glvwulexwlrq1

761 +Dkuhqv0Glhwhu, Vkrz wkdw wkh uhmhfwlrq dojrulwkp ri Dkuhqv dqg Glhwhu

+e @ 4 , kdv uhmhfwlrq frqvwdqw f wkdw lv erxqghg iru doo ��+3> 4` dqg
dssurdfkhv 4 dv �$ 31

771 Zkdw glvwulexwlrq lv jhqhudwhg e| wkh iroorzlqj dojrulwkp zkhuh X lv
xqlirup^3> 4` dqg Y lv xqlirup ^�s5@h>

s
5@h`B

+d, JHQHUDWH X> Y

+e, SXW [ @ Y@X

+f, LI � oq+X, ? [5@7> JR WR d1> HOVH UHWXUQ [1

781 +Hxohu yv1 Plovwhlq Dssur{lpdwlrq, Xvh wkh Plovwhlq dssur{lpdwlrq zlwk
vwhs vl}h =334 wr vlpxodwh d jhrphwulf Eurzqldq prwlrq ri wkh irup

gVw @ =3:Vwgw. =5VwgZw

Frpsduh erwk wkh Hxohu dqg wkh Plovwhlq dssur{lpdwlrqv xvlqj gl�huhqw

vwhs vl}hv/ vd| �w @ 3=34> 3=35> 3=38> 3=4 dqg xvh hdfk dssur{lpdwlrq wr
sulfh dq dw0wkh0prqh| fdoo rswlrq dvvxplqj V3 @ 83 dqg h{slu| dw W @

3=8= Krz gr wkh wzr phwkrgv frpsduh erwk iru dffxudwho| sulflqj wkh fdoo
rswlrq dqg iru wkh dprxqw ri frpsxwlqj wlph uhtxluhgB
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791 +Fr{/ Lqjhuvroo/ Urvv prgho iru lqwhuhvw udwhv, Xvh wkh Plovwhlq dssur{l0

pdwlrq wr vlpxodwh sdwkv iurp d FLU prgho ri wkh irup

guw @ n+e� uw, . �
s
uwgZw

dqg sorw d klvwrjudp ri wkh glvwulexwlrq ri u4 dvvxplqj wkdw u3 @ =38 iru
e @ 3=43= Zkdw lv wkh h�hfw ri wkh sdudphwhuv n dqg eB
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Vxssrvh |rx duh dvvljqhg wkh wdvn ri vlpxodwlqj wkh ehkdylrxu ri wkh iroorzlqj

prgho xvhg wr ghvfuleh dq dvvhw sulfh1

H{dpsoh1

D vwrfn pdunhw rshqv dw 43 d1p1 dqg forvhv dw 7=33 s1p1 Ryhu wkdw shulrg/ lw

lv dvvxphg wkh pdunhw sulfh ri wkh dvvhw iroorzv d jhrphwulf Eurzqldq prwlrq

zlwk sdudphwhuv +u> �5,1 Krzhyhu/ gxulqj pdunhw krxuv d vljql�fdqw qhzv hyhqw

euhdnv +h1j1 d fkdqjh lq lqwhuhvw udwhv/ d vwdwhphqw iurp wkh Ihghudo Uhvhuyh/

d srolwlfdo hyhqw/ d uhohydqw pdmru dqqrxqfhphqw/ zhdwkhu hyhqw hwf1 , rffd0

vlrqdoo| dffruglqj wr d Srlvvrq surfhvv zlwk sdudphwhu � dqg zkhq lw grhv

wkhuh lv dq lpphgldwh dgmxvwphqw ru _vkrfn% dowhulqj wkh sulfh ri wkh dvvhw e|

d dq dprxqw zklfk lv orjqrupdoo| glvwulexwhg zlwk phdq 4> dqg sdudphwhu �551

Zkhq wkh pdunhw lv forvhg/ wkhuh lv vwloo wudglqj rq wkh joredo pdunhw/ dowkrxjk

dw d orzhu ohyho/ vd| dv d jhrphwulf Eurzqldq prwlrq zlwk sdudphwhuv u> �531

Wkh _vkrfnv% rffxu lq wklv shulrg dw d orzhu udwh/ vd| �31 H{sodlq krz |rx

zrxog vlpxodwh wklv surfhvv/ vd| iru d 63 gd| shulrg/ dqg xvh wkh vlpxodwlrq wr

sulfh d Hxurshdq Sxw rswlrq rq wklv dvvhw1

Lq vxfk d sureohp/ wkh txdqwlw| ri lqwhuhvw/ riwhq fdoohg wkh shuirupdqfh

phdvxuh lq wkh vlpxodwlrq olwhudwxuh/ lv dq h{shfwhg ydoxh ri frpsoh{ ixqfwlrq1
Wkh ixqfwlrq lv xvxdoo| zulwwhq dv d frpsxwhu surjudp lqyroylqj vrph vlpxodwhg

udqgrp yduldeohv/ dqg zkhwkhu rxu udqgrp yduldeohv duh jhqhudwhg e| lqyhuvh

wudqvirup/ ru dffhswdqfh0uhmhfwlrq ru vrph rwkhu phwkrg/ lw lv xowlpdwho| d
ixqfwlrq ri d qxpehu ri xqlirup yduldwhv X4> X5> = = = zklfk duh lqsxw wr wkh

vlpxodwlrq1 Wkhvh xqlirup udqgrp yduldeohv ghwhuplqh vxfk txdqwlwlhv dv wkh
qrupdoo| glvwulexwhg lqfuhphqwv ri wkh orjdulwkp ri wkh surfhvv dqg wkh wlph

<4
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dqg wkh pdjqlwxgh ri wkh _vkrfnv%1 Wkh vlpxodwlrq lv ehlqj xvhg wr hvwlpdwh

dq lqwhjudo

H+W , @

] ]
= =

]
W +x4> x5> = = = xg,gx4gx5 = = = gxg +614,

ryhu wkh xqlw fxeh lq vd| g glphqvlrqv zkhuh g lv odujh/ dqg zkhuh W lv/ iru
h{dpsoh/ wkh h{shfwhg uhwxuq iurp wkh rswlrq xqghu wkh ulvn0qhxwudo phdvxuh1

Zh qrz vwxg| whfkqltxhv iru hydoxdwlqj vxfk lqwhjudov/ ehjlqqlqj zlwk wkh pxfk

vlpsohu fdvh ri dq lqwhjudo lq rqh glphqvlrq1

Glvfuhwh Hyhqw Vlpxodwlrq1

Vlpxodwlrq ri surfhvvhv vxfk dv qhwzrunv ru txhxhv duh h{dpsohv ri glvfuhwh hyhqw

vlpxodwlrqv+GHV,/ ghvljqhg wr ghvfuleh v|vwhpv wkdw duh dvvxphg wr fkdqjh
lqvwdqwdqhrxvo| lq uhvsrqvh wr vxgghq ru glvfuhwh hyhqwv1 Wkhvh duh prghov

wkdw fdq eh fdwhjrul}hg e| d vwdwh/ zlwk fkdqjhv rqo| dw glvfuhwh wlph srlqwv1

Lq prgholqj dq lqyhqwru| v|vwhp/ iru h{dpsoh/ wkh duulydo ri d edwfk ri udz
pdwhuldov fdq eh frqvlghuhg dv vxfk dq hyhqw zklfk fkdqjhv wkh vwdwh ri wkh

v|vwhp1 D v|vwhp gulyhq e| d v|vwhp ri gl�huhqwldo htxdwlrqv lq frqwlqxrxv

wlph lv dq h{dpsoh ri d v|vwhp wkdw lv qrw d GHV ehfdxvh wkh fkdqjhv rffxu
frqwlqxrxvo| lq wlph1 W|slfdoo| lq d v|vwhp zh lghqwli| rqh ru pruh shuirupdqfh

phdvxuhv e| zklfk wkh v|vwhp lv wr eh mxgjhg/ dqg sdudphwhuv zklfk pd| eh
dgmxvwhg wr lpsuryh wkh v|vwhp shuirupdqfh1 H{dpsohv duh wkh ghod| iru dq dlu

wud�f frqwuro v|vwhp/ zdlwlqj wlphv iru edqn whoohu vfkhgxolqj v|vwhp/ ghod|v

ru wkurxjksxw iru frpsxwhu qhwzrunv/ uhvsrqvh wlphv iru wkh orfdwlrq ri �uh
vwdwlrqv ru vxsso| ghsrwv/ hwf1

Rqh dssurdfk wr GHV lv ixwxuh hyhqw vlpxodwlrq zklfk surfhhgv e| vfkhgxo0

lqj rqh ru pruh ixwxuh hyhqwv/ fkrrvlqj wkh ixwxuh hyhqw lq wkh ixwxuh hyhqw vhw
zklfk kdv plqlpxp wlph/ xsgdwlqj wkh vwdwh ri wkh v|vwhp dqg wkh forfn dffrug0

lqjo| dqg wkhq uhshdwlqj wklv zkroh surfhgxuh1 D vwrfn sulfh zklfk pryhv e|

glvfuhwh dprxqwv pd| eh frqvlghuhg d GHV1 Lq idfw wklv dssurdfk lv riwhq xvhg
lq ydoxlqj dphulfdq rswlrqv e| prqwh Fduor phwkrgv zkhq zh xvh d elqrpldo

ru wulqrpldo wuhh1

!� $�
����� 
�������� ��
 ��������������� ������

��
�� �����
������

Frqvlghu hydoxdwlqj dq lqwhjudo ri wkh irup � @
U 4
3
i+x,gx e| Prqwh0Fduor

phwkrgv1 Rqh vlpsoh dssurdfk/ fdoohg fuxgh Prqwh Fduor lv wr udqgrpo| vdpsoh
Xl � X ^3> 4` dqg wkhq dyhudjh wr rewdlq a� @ 4

q

Sq
l@4 i+Xl, 1 Wklv dyhudjh lv

reylrxvo| dq xqeldvhg hvwlpdwru ri wkh lqwhjudo dqg wkh yduldqfh ri wkh hvwlpdwru
lv ydu+i+X4,,@q1
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integrand for valuing a call option

Iljxuh 614=

H{dpsoh= D fuxgh vlpxodwlrq

Iru d vlpsoh h{dpsoh wkdw zh zloo xvh wkurxjkrxw/ frqvlghu dq lqwhjudo zklfk
pljkw eh xvhg wr sulfh d fdoo rswlrq1 Lqghhg zh vdz lq vhfwlrq 51; wkdw li d

Hxurshdq rswlrq kdv sd|r� ixqfwlrq jlyhq e| Yr+{, dv d ixqfwlrq ri wkh ixwxuh

ydoxh ri wkh vwrfn/ wkhq wkh rswlrq fdq eh ydoxhg xvlqj wkh glvfrxqwhg ixwxuh
sd|r� iurp wkh rswlrq xqghu wkh ulvn qhxwudo phdvxuh> h�uWH^Y3+V3h

[, ` zkhuh

wkh udqgrp yduldeoh [ kdv d qrupdo glvwulexwlrq zlwk phdq uW ��5W@5 dqg

yduldqfh �5W 1 Zh kdyh dovr vhhq wkdw dq| udqgrp yduldeoh fdq/ lq wkhru|/
eh jhqhudwhg e| lqyhuvh wudqvirup +dowkrxjk wklv lv qrw uhfrpphqghg iru wkh

qrupdo glvwulexwlrq,1 Ohw xv iru wkh prphqw ljqruh wklv uhfrpphqgdwlrq dqg
vxssrvh wkdw zh kdyh jhqhudwhg [ iurp d vlqjoh xqlirup udqgrp yduldeoh X

xvlqj [ @ I�4+X, zkhuh I lv wkh qrupdo +uW � �5W@5/ �5W , fxpxodwlyh

glvwulexwlrq ixqfwlrq1 Wkhq wkh ydoxh ri wkh rswlrq fdq eh zulwwhq dv dq
h{shfwdwlrq zlwk uhvshfw wr wkh xqlirup udqgrp yduldeoh X>

h�uWH^Y3+V3 h{siI�4+X,j,` @
] 4

3

i+x,gx zlwk i+x, @ h�uWY3+V3 h{siI�4+x,j,

Wklv ixqfwlrq lv judskhg lq Iljxuh BB1

Zh kdyh vhhq wkdw d vlpsoh fuxgh Prqwh Fduor hvwlpdwru fruuhvsrqgv wr
hydoxdwlqj wklv ixqfwlrq dqg d odujh qxpehu ri udqgrpo| vhohfwhg ydoxhv ri

Xl � X ^3> 4` dqg wkhq dyhudjlqj wkh uhvxowv1 Iru h{dpsoh wkh iroorzlqj ixqfwlrq

lq Pdwode hydoxdwhv i+x,=
u�?U|�L? �'U@**LT|2E�c5fci chct�}4@cA�

I �@*�i Lu |�i �?|i}h@?_ uLh @ U@** LT|�L? ��|� i ihU�ti Th�Ui i c h'@??�@* �?|ihit|

I h@|ic t�}4@'@??�@* �L*c 5f'U�hhi?| t|LU! Th�Ui� �'�?�uLh4 Efc�� �?T�| |L
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I}i?ih@|i ?Lh4@* �@h�@|i M) �?�ihti |h@?tuLh4� A'4@|�h�|)

I6Lh �*@U!�5U�L*itc �?|i}h@|i L�ih Efc���

 '5f8i TE?Lh4�?�E�ch8A�t�}4@	28A%2ct�}4@8t^h|EA���( I t|LU! Th�Ui @| |�4i

A'V3 h{si��4+X > uW � �5

5
W> �5W ,j

�'i TE�h8A�84@ EE �i �cf�( I A��t �t |�i _�tUL�?|i_ |L

Thiti?| �@*�i Lu |�i U@** LT|�L?

Lq wkh fdvh ri lqlwldo vwrfn sulfh '43> h{huflvh sulfh@'43> dqqxdo yro@3=53>
u@ 8(> W @ =58 +wkuhh prqwkv,/ wklv lv uxq dv

N'�?�uh?_Efc�c�c�ffff�(

4i@?EU@**LT|2ENc�fc�fc�fDc�2c�2D��

dqg wklv surylghv dq dssur{lpdwh ydoxh ri wkh rswlrq ri 317:761 Zh pd|

frq�up wklv zlwk wkh eodfn0vfkrohv irupxod/ djdlq lq Pdwode/ ^FDOO/SXW` @

EOVSULFH+V3/h{/u/W/vljpd/3,1 Wkh odvw dujxphqw lv wkh glylghqg |lhog zklfk

zh dvvxphg 31 Wklv surylghv wkh uhvxow FDOO @ 317948 lqglfdwlqj wkdw rxu

vlpxodwlrq zdv uhdvrqdeo| dffxudwh0 rxw e| 5 shufhqw ru vr1 Lq idfw rqh ri wkh

dgydqwdjhv ri vlpxodwlrq lv wkdw lw surylghv d vlpsoh hvwlpdwru ri dffxudf|1 Lq

jhqhudo/ zkhq q vlpxodwlrqv duh frqgxfwhg/ wkh dffxudf| lv phdvxuhg e| wkh

vwdqgdug huuru ri wkh vdpsoh phdq> �i@
s
q zkhuh �5i @ ydu+i+X,,= Lq wklv

fdvh/ wklv lv hdvlo| hvwlpdwhg1

5u't^h|E�@hEU@**LT|2ENc�fc�fc�fDc�2c�2D���(

5u%t^h|E*i?}|�EN��

jlylqj wkh vwdqgdug ghyldwlrq ru vwdqgdug huuru ri 31339:1 Vlqfh dssur{0

lpdwho| qrupdo yduldeohv duh zlwklq 5 vwdqgdug ghyldwlrqv ri wkhlu phdq +zlwk

suredelolw| durxqg <8(, zh fdq dvvhuw zlwk frq�ghqfh <8( wkdw wkh wuxh sulfh

ri wkh rswlrq lv zlwklq wkh lqwhuydo 3=7:76	5+3=339:,= dqg wklv lqwhuydo grhv/ lq

wklv fdvh/ fdswxuh wkh wuxh ydoxh ri wkh rswlrq1 Zh zloo orrn dw wkh h�flhqf|

ri ydulrxv lpsuryhphqwv lq wklv phwkrg/ dqg wr wkdw hqg/ zh uhfrug wkh ydoxh

ri wkh yduldqfh ri wkh hvwlpdwru edvhg rq d vlqjoh xqlirup yduldwh lq wklv fdvh>

�
5
fuxgh @ �

5
i @ ydu+i+X,, � 3=779:=

Wkhq wkh fuxgh Prqwh Fduor hvwlpdwru xvlqj q ixqfwlrq hydoxdwlrqv ru q

xqlirup yduldwhv kdv yduldqfh dssur{lpdwho| =3=779:@q= Li L zhuh deoh wr dg0

mxvw wkh phwkrg vr wkdw wkh yduldqfh lq wkh qxphudwru zhuh kdoyhg/ wkhq L frxog

dfklhyh wkh vdph dffxudf| iurp d vlpxodwlrq xvlqj kdoi wkh qxpehu ri ixqfwlrq

hydoxdwlrqv= Iru wklv uhdvrq/ zkhq zh frpsduh wzr gl�huhqw phwkrgv iru frq0

gxfwlqj d vlpxodwlrq/ wkh udwlr ri yduldqfhv fruuhvsrqglqj wr d �{hg qxpehu ri

ixqfwlrq hydoxdwlrqv fdq dovr eh lqwhusuhwhg urxjko| dv wkh udwlr ri frpsxwhu

wlph uhtxluhg iru d jlyhq suhghwhuplqhg dffxudf|1 Zh zloo riwhq frpsduh ydul0

rxv qhz phwkrgv ri hvwlpdwlqj wkh vdph ixqfwlrq edvhg rq yduldqfh uhgxfwlrq

vfkhphv dqg txrwh wkh h�flhqf| jdlq ryhu fuxgh Prqwh0Fduor vdpsolqj1
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5 uniform variates at 0.1, 0.3, 0.5, 0.6, 0.8

Iljxuh 615=

H�flhqf| @
yduldqfh ri Fuxgh Prqwh Fduor Hvwlpdwru

Yduldqfh ri qhz hvwlpdwru
+615,

zkhuh erwk qxphudwru d ghqrplqdwru fruuhvsrqg wr hvwlpdwruv zlwk wkh vdph

qxpehu ri ixqfwlrq hydoxdwlrqv +vlqfh wklv lv xvxdoo| wkh pruh h{shqvlyh sduw

ri wkh frpsxwdwlrq,1 Dq h�flhqf| jdlq ri 433 zrxog lqglfdwh wkdw wkh fuxgh

Prqwh Fduor hvwlpdwru zrxog uhtxluh 433 wlphv wkh qxpehu ri ixqfwlrq hydoxd0

wlrqv wr dfklhyh wkh vdph yduldqfh1

Frqvlghu d fuxgh hvwlpdwru rewdlqhg iurp 8 X ^3> 4` yduldwhv/ 3=4> 3=5> 3=8> 3=9> 3=;=

Wkh fuxgh Prqwh Fduor hvwlpdwru lq wkh fdvh q @ 8 lv glvsod|hg lq Iljxuh 615/

wkh hvwlpdwru ehlqj wkh vxp ri wkh duhdv ri wkh pdunhg uhfwdqjohv1 Iru wklv

sduwlfxodu fkrlfh ri 8 xqlirup yduldwhv/ qrwh wkdw wkhuh dsshduv wr eh dq xqghu0

hvwlpdwh ri wkh lqwhjudo ehfdxvh wzr ri udqgrp qxpehuv jhqhudwhg zhuh vpdoohu

wkdq 318 +dqg frqwulexwhg 3, dqg wkh rwkhu wkuhh dsshdu wr eh rq dyhudjh voljkwo|

wrr vpdoo1 Ri frxuvh dqrwkhu vhohfwlrq ri 8 xqlirup udqgrp qxpehuv pd| suryh

wr eh hyhq pruh edgo| glvwulexwhg1

Wkhuh duh ydulrxv zd|v ri lpsurylqj wkh h�flhqf| ri wklv hvwlpdwru/ pdq| ri

zklfk sduwldoo| hpxodwh qxphulfdo lqwhjudwlrq whfkqltxhv1 Iluvw zh vkrxog qrwh

wkdw prvw qxphulfdo lqwhjudov/ olnh a� / duh zhljkwhg dyhudjhv ri wkh ydoxhv ri

wkh ixqfwlrq dw fhuwdlq srlqwv Xl exw fkrlfh ri wkhvh srlqwv lv qrupdoo| pdgh

wr dwwhpsw uhdvrqdeoh edodqfh lq ydoxhv/ dqg wkh zhljkwv wr surylgh dffxudwh

dssur{lpdwlrqv iru sro|qrpldov ri fhuwdlq ghjuhh1 Iru h{dpsoh/ wkh wudsh}rlgdo

uxoh fruuhvsrqgv wr wkh Xl htxdoo| vsdfhg dqg wkh zhljkwv duh 4
q
vr wkdw wkh
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Iljxuh 616=

_hvwlpdwru% ri wkh lqwhjudo lv

a� @
4

q

q[
l@4

i+l@q, +616,

ru pruh suhflvho|/ lqfrusrudwlqj gl�huhqw zhljkwv dw wkh erxqgdu| srlqwv/ 4
5qii+3,.

5i+4@q, . = = = . 5i+4 � 4
q
, . i+4,j1 Wkh edodqfh lq odujh dqg vpdoo ydoxhv ri

wkh ixqfwlrq lv hylghqw lq vxfk d uxoh/ dv vkrzq lq Iljxuh 6161 Lq wklv fdvh wkh

revhuydwlrqv duh htxdoo| vsdfhg1

Vlpsvrq*v uxoh lv wr jhqhudwh htxdoo| vsdfhg srlqwv dqg zhljkwv wkdw+ h{fhsw

iru hqgsrlqwv, dowhuqdwh 5@6q> 7@6q> 5@6q = = = 1 Lq wklv fdvh/ zkhq q lv hyhq/

wkh lqwhjudo lv hvwlpdwhg zlwk

a� @
4

6q
ii+3, . 7i+4@q, . 5i+5@q, . = = =. 7i+

q� 4

q
, . i+4,j +617,

Wkh wudsh}rlgdo uxoh lv h{dfw iru olqhdu ixqfwlrqv dqg Vlpsvrq*v uxoh/ iru txdgudwlf

ixqfwlrqv1

Wkh dqdorj| ehwzhhq yduldqfh uhgxfwlrq whfkqltxhv dqg qxphulfdo lqwhjud0

wlrq phwkrgv lv d xvhixo rqh/ vlqfh lw lqglfdwhv lq zkdw gluhfwlrq zh vkrxog

pryh lq rughu wr surylgh lqfuhdvhg dffxudf| ryhu vlpsoh udqgrp vdpsolqj1 Zh

pd| hlwkhu ydu| wkh zhljkwv dwwdfkhg wr wkh lqglylgxdo srlqwv ru ydu| wkh Xl

wkhpvhoyhv1 Qrwlfh wkdw dv orqj dv wkh Xl kdyh pdujlqdo glvwulexwlrq wkdw lv

X ^3> 4` / zh fdq lqwurgxfh dq| ghjuhh ri ghshqghqfh dprqj wkhp +lq rughu wr

frph forvhu wr htxdo vsdflqj, dqg a� dv gh�qhg deryh zloo frqwlqxh wr eh dq

xqeldvhg hvwlpdwru1
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Xvlqj Dqwlwkhwlf Yduldwhv1

Frqvlghu wkh fdvh q @ 5 1 Wkhq a� @ 4
5
ii+X4,.i+X5,j kdv phdq

U 4
3
i+x,gx

dqg yduldqfh jlyhq e| 4
5
iydui+X4,.fry^i+X4,> i+X5,`j dvvxplqj erwk X4> X5

duh xqlirup1 Lq wkh lqghshqghqw fdvh wkh fryduldqfh whup glvdsshduv1 Qrwlfh/

krzhyhu/ wkdw li zh duh deoh wr lqwurgxfh d qhjdwlyh fryduldqfh/ wkh uhvxowlqj

yduldqfh ri a� zloo eh vpdoohu wkdq wkdw ri d fuxgh Prqwh Fduor hvwlpdwru1

Zkhq i lv prqrwrqh/ i+4�X4, ghfuhdvhv zkhq i+X4, lqfuhdvhv/ vxevwlwxwlqj

X5 @ 4�X4 kdv wkh ghvluhg h�hfw +lq idfw zh zloo vkrz odwhu wkdw zh fdqqrw gr

dq| ehwwhu zkhq wkh ixqfwlrq lv prqrwrqh,1 Vxfk d ydoxh ri X5 / edodqflqj e| d

qhjdwlyh fruuhodwlrq wkh yduldelolw| lq X4/ lv whuphg dq dqwlwkhwlf yduldwh1 Lq rxu

h{dpsoh/ ehfdxvh wkh ixqfwlrq wr eh lqwhjudwhg lv prqrwrqh/ wkhuh lv d qhjdwlyh

fruuhodwlrq ehwzhhq i+X4, dqg i+4� X4, dqg wkh yduldqfh lv ghfuhdvhg ryhu

vlpsoh udqgrp vdpsolqj1 Wr ghwhuplqh wkh h{whqw ri wkh yduldqfh uhgxfwlrq

xvlqj dqwlwkhwlf udqgrp qxpehuv/ vxssrvh zh jhqhudwh 433> 333 xqlirup yduldwhv

X dqg xvh dv zhoo wkh ydoxhv ri 4 � X dv +iru d wrwdo ri 533> 333 ixqfwlrq

hydoxdwlrqv dv ehiruh,1

I@+fdoorsw5+X/43/43/138/15/158,.fdoorsw5+40X/43/43/138/15/158,,25>

Wklv uhvxowv lq phdq+I,@31794;9 dqg ydu+I,@3144541 Vlqfh hdfk ri wkh

433333 frpsrqhqwv ri I uhvxowv iurp wzr ixqfwlrq hydoxdwlrqv/ wkh yduldqfh

vkrxog eh frpsduhg zlwk �
5
fuxgh@5 @ =5567= Wkh h�flhqf| jdlq gxh wr wkh

xvh ri dqwlwkhwlf udqgrp qxpehuv lv =5567@=4454 ru derxw wzr vr urxjko| kdoi

dv pdq| ixqfwlrq hydoxdwlrqv jlyh wkh vdph suhflvlrq dv rewdlqdeoh zlwk fuxgh

Prqwh Fduor1 Wkh lqwurgxfwlrq ri dqwlwkhwlf yduldwhv kdv kdg wkh vdph h�hfw

dv lqfuhdvlqj wkh vdpsoh vl}h e| d idfwru ri 5 zlwk wkh dgghg ehqh�w wkdw rqo|

rqh kdoi dv pdq| xqlirup yduldwhv duh uhtxluhg1

Vwudwl�hg Vdpsoh1

Rqh ri wkh uhdvrqv iru wkh lqdffxudf| ri erwk fuxgh dqg dqwlwkhwlf Prqwh Fduor

hvwlpdwruv lq wkh deryh h{dpsoh lv wkh odujh lqwhuydo lq zklfk wkh ixqfwlrq lv

}hur/ exw zh qhyhuwkhohvv vdpsoh wkhuh1 Zh zrxog suhihu wr frqfhqwudwh rxu

vdpsoh lq wkh uhjlrq zkhuh wkh ixqfwlrq lv srvlwlyh0 lqghhg zkhuh lw ydulhv pruh/

xvh odujhu vdpsoh vl}hv1 D phwkrg dovr ghvljqhg wr dfklhyh d ehwwhu edodqfh/ lv

wkh xvh ri d vwudwl�hg vdpsoh1 Vxssrvh/ iru h{dpsoh/ zh fkrrvh X4 � X ^3> d`

dqg X5 � X ^d> 4` 1 Wkhq wkh hvwlpdwru a�vw @ di+X4, . +4 � d,i+X5, lv

xqeldvhg iru �1 Pruhryhu/

ydu+a�vw, @ d
5
ydu^i+X4,` . +4� d,5ydu^i+X5,` . 5d+4� d,fry^i+X4,> i+X5,` =

+618,

Hyhq zkhq X4 > X5 duh lqghshqghqw/ wkhuh pd| eh d gudpdwlf lpsuryhphqw lq

yduldqfh li wkh yduldelolw| ri i lq wkh lqwhuydov ^3> d` dqg ^d> 4` lv vxevwdqwldoo|

ohvv wkdq lq wkh zkroh lqwhuydo ^3> 4`1
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Ohw xv uhwxuq wr wkh h{dpsoh deryh1 Vxssrvh iru vlpsolflw| zh fkrrvh lq0

ghshqghqw ydoxhv ri X4> X5= Lq wklv fdvh

ydu+a�vw, @ d
5
ydu^i+X4,` . +4� d,5ydu^i+X5,`= +619,

Iru h{dpsoh iru d @ =:> wklv uhvxowv lq d yduldqfh ri durxqg 3=3773 rewdlqhg

iurp wkh iroorzlqj

�@hE@8U@**LT|2E�?�uh?_Efc@c�cDffff�c�fc�fc�fDc�2c�2D�nE��@�8U@**LT|2E�?�uh?_E@c�c�cDffff�c�fc�fc�fDc�2c�2D��

zklfk jlyhv d yduldqfh ri derxw 3=3773= Vlqfh hdfk frpsrqhqwr wkh yhfwru

deryh fruhvsrqgv wr wzr ixqfwlrq hydoxdwlrqv zh vkrxog frpsduh zlwk d fuxgh

Prqwh Fduor hvwlpdwru zlwk q @ 5 kdylqj yduldqfh �
5
i@5 @ 3=5567=Wklv fru0

uhvsrqgv wr dq h�flhqf| jdlq ri =5567@=3773 ru durxqg 81 Zh fdq d�rug wr

xvh rqh �iwk wkh vdpsoh vl}h e| vlpso| vwudwli|lqj wkh vdpsoh lqwr wzr vwudwd1

Wkh lpsuryhphqw lv olplwhg e| wkh idfw wkdw zh duh vwloo vdpsolqj lq d uhjlrq lq

zklfk wkh ixqfwlrq lv 3 +dowkrxjk qrz voljkwo| ohvv riwhq,1

D jhqhudo vwudwl�hg vdpsoh hvwlpdwru lv frqvwuxfwhg dv iroorzv1 Zh vxeglylgh

wkh lqwhuydo ^3> 4` lqwr frqyhqlhqw vxelqwhuydov 3 @ {3 ? {4 ? = = = {n @ 4 /

vhohfw ql yduldwhv Ylm � X ^{l�4> {l`1 Wkhq wkh xqeldvhg hvwlpdwru ri � lv

a�vw @

n[
l@4

+{l � {l�4,
4

ql

ql[
m@4

i+Ylm, +61:,

zlwk yduldqfh/ lq wkh fdvh ri lqghshqghqw Ylm=

ydu+a�vw, @

n[
l@4

+{l � {l�4,
5 4

ql
ydu^i+Yl4,`= +61;,

Rqfh djdlq/ li zh fkrrvh rxu lqwhuydov vr wkdw wkh yduldwlrq zlwklq lqwhuydov lv

vpdoo/ wklv surylghv d vxevwdqwldo lpsuryhphqw ryhu fuxgh Prqwh Fduor1 Wkh

rswlpdo fkrlfh ri vdpsoh vl}hv zlwklq lqwhuydov duh

ql b +{l � {l�4,
s
ydu^i+Yl4,`

dqg wkh lqwhuydov vkrxog eh fkrvhq vr wkdw wkh yduldqfhv ydu^i+Yl4,` duh vpdoo1

ql b +{l� {l�4,
s
ydu^i+Yl4,`= Lq jhqhudo/ rswlpdo vdpsoh vl}hv duh sursruwlrqdo

wr wkh ohqjwk ri lqwhuydo wlphv wkh vwdqgdug ghyldwlrq ri ixqfwlrq hydoxdwhg dw d

xqlirup udqgrp yduldeoh rq wkh lqwhuydo1 Wkh iroorzlqj ixqfwlrq zdv ghvljqhg

iru d jlyhq vhohfwlrq ri lqwhuydov wr �uvw hvwlpdwh wkh yduldqfhv/ wkhq ghwhuplqh

dssursuldwh vdpsoh vl}hv/ dqg �qdoo| frpsxwh wkh vwudwl�hg udqgrp vdpsoh

hvwlpdwru BB dqg lwv yduldqfh BB1

ixqfwlrq ^hvw/y/q`@vwudwl�hg+{/qvdpsoh,

hvw@3>

q@^`>
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p@ohqjwk+{,>

iru l@4=p04

y@ ydu+fdoorsw5+xqliuqg+{+l,/{+l.4,/4/4333,/43/43/138/15/158,,>

q@^q +{+l.4,0{+l,,-vtuw+y,`>

hqg

q@�rru+qvdpsoh-q2vxp+q,,>

y@3>

iru l@4=p04

I@fdoorsw5+xqliuqg+{+l,/{+l.4,/4/q+l,,/43/43/138/15/158,>

hvw@hvw.+{+l.4,0{+l,,-phdq+I,>

y@y.ydu+I,-+{+l.4,0{+l,,a52q+l,>

hqg

D fdoo wr ^hvw/y/q`@vwudwl�hg+^3 19 1;8 4`/433333, iru h{dpsoh jhqhudwhv d

vwudwl�hg vdpsoh zlwk wkh vwudwd wkh wkuhh lqwhuydov^3/ 319`/^319/ 31;8`/^31;/ 384`

dqg rxwsxwv wkh hvwlpdwh 31794:/ lwv yduldqfh 6=8�43�: dqg wkh dssur{lpdwho|

rswlpdo fkrlfh ri vdpsoh vl}hv q @ 59;88> 6468;> 74:;8= Wr frpsduh wklv zlwk

d fuxgh Prqwh Fduor hvwlpdwru/ qrwh wkdw d wrwdo ri <<<<; ixqfwlrq hydoxdwlrqv

duh xvhg vr wkh h�flhqf| jdlq lv �5fuxgh@+<<<<; � 6=8 � 43�:,@451; vr wklv

vwudwl�hg udqgrp vdpsoh fdq dffrxqw iru dq lpsuryhphqw lq h�flhqf| ri derxw

d idfwru ri 461

Zlwklq d vwudwl�hg udqgrp vdpsoh zh pd| dovr lqwurgxfh dqwlwkhwlf yduldwhv

ghvljqhg wr surylgh qhjdwlyh fryduldqfh1 Iru h{dpsoh zh pd| xvh dqwlwkhwlf

sdluv zlwklq dq lqwhuydo li zh eholhyh wkdw wkh ixqfwlrq lv prqrwrqh lq wkh lqwhuydo

dqg dovr ehwzhhq lqwhuydov dv zhoo1 Iru h{dpsoh zh pd| vhw Ylm @ {l�4 .

+{l � {l�4,X dqg Y+l.4,m @ {l.4 � +{l.4 � {l,X wr rewdlq dqwlwkhwlf sdluv

zlwklq lqwhuydov1 Iru d vlpsoh h{dpsoh ri wklv dssolhg wr wkh deryh fdoo rswlrq

ydoxdwlrq/ frqvlghu wkh hvwlpdwru edvhg rq vwudwd ^317: 31;7`/^31;7 4`1 Khuh zh

kdyh qrw erwkhuhg wr vdpsoh wr wkh ohiw ri 317: vlqfh wkh ixqfwlrq lv 3 wkhuh1

a�vwu>dqw @
3=6:

5
^i+=7: . =6:X, . i+=;7� =6:X,` .

3=49

5
^i+=;7 . =49X, . i+4� =49X,`

Wr dvvhvv wklv hvwlpdwru/ zh vkruwhqhg wkh fdoo fdoorsw5 wr d ixqfwlrq ri rqh

dujxphqw iq/

ixqfwlrq i@iq+x,

i@fdoorsw5+x/43/43/138/15/158,>

dqg wkhq hydoxdwhg/ iru X d yhfwru ri 433333 xqlirup/

phdq+I, ( jlyhv 31794891

ydu+I, ( jlyhv 31334791

wr rewdlq wkh uhvxow 31794891 dqg wkh yduldqfh ri wkh vdph yhfwru lv 31334791

Wklv vkrxog eh frpsduhg zlwk wkh fuxgh Prqwh0Fduor hvwlpdwru kdylqj wkh vdph

qxpehu q @ 7 ri ixqfwlrq hydoxdwlrqv dv hdfk ri wkh frpsrqhqwv ri wkh yhfwru

I = �5fuxgh@7 @ 3=779:@7 @ =444:= Wkh jdlq lq h�flhqf| lv wkhuhiruh 1444:213347
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ru dssur{lpdwho| ;31 Wkh deryh vwudwl�hg0dqwlwkhwlf vlpxodwlrq zlwk 433/333

lqsxw yduldwhv dqg 733/333 ixqfwlrq hydoxdwlrqv lv htxlydohqw wr d fuxgh Prqwh

Fduor vlpxodwlrq zlwk vdpsoh vl}h 65 ploolrq$ Yduldqfh uhgxfwlrq pdnhv wkh

gl�huhqfh ehwzhhq d vlpxodwlrq wkdw lv ihdvleoh rq d odswrs dqg rqh wkdw zrxog

uhtxluh d yhu| orqj wlph rq d pdlqiudph frpsxwhu11

Frqwuro Yduldwhv1

Wkhuh duh wzr whfkqltxhv wkdw shuplw xvlqj nqrzohgjh derxw d ixqfwlrq zlwk

vkdsh vlplodu wr wkdw ri i 1 Iluvw/ zh frqvlghu wkh xvh ri d frqwuro yduldwh1

Qrwlfh wkdw iru duelwudu| ixqfwlrq j+x, /]
i+x,gx @

]
j+x,gx .

]
+i+x,� j+x,,gx= +61<,

Li wkh lqwhjudo ri j lv nqrzq/ wkhq zh pd| vxevwlwxwh lw iru wkh �uvw whup deryh

dqg fdofxodwh wkh vhfrqg e| fuxgh Prqwh Fduor/ uhvxowlqj lq hvwlpdwru

a�fy @

]
j+x,gx .

4

q

q[
l@4

^i+Xl,� j+Xl,` +6143,

dqg wkh yduldqfh lv uhgxfhg ryhu wkdw ri fuxgh Prqwh Fduor e| d idfwru

ydu^i+X,`@ydu^i+X,� j+X,`> X � X ^3> 4`= +6144,

Ohw xv uhwxuq wr rxu h{dpsoh1 E| vrph h{shulphqwdwlrq/ +zklfk frxog lq0

yroyh d suholplqdu| fuxgh vlpxodwlrq, zh qrwh wkdw wkh ixqfwlrq

j+x, @ 9^+x� =7:,.`5 . +x� =7:,.

surylghv d uhdvrqdeoh dssur{lpdwlrq wr wkh ixqfwlrq i+x,=Pruhryhu/ wkh lqwhjudo

ri wkh ixqfwlrq j+=, lv hdv| wr rewdlq1 Wkh frpsdulvrq lv vhhq lq Iljxuh 6171

Wkh lpsuryhphqw lq yduldqfh lv vhhq lq wkh �jxuh1 E| fuxgh Prqwh Fduor/

wkh yduldqfh ri wkh hvwlpdwru lv ghwhuplqhg e| wkh yduldelolw| lq wkh ixqfwlrq

i+x, ryhu lwv ixoo udqjh1 E| xvlqj d frqwuro yduldwh/ wkh yduldqfh ri wkh hvwlpdwru

lv ghwhuplqhg e| wkh yduldqfh ri wkh gl�huhqfh ehwzhhq wkh wzr ixqfwlrqv/ zklfk

lq wklv fdvh lv txlwh vpdoo1 Zh xvhg wkh iroorzlqj pdwode ixqfwlrqv>

ixqfwlrq j@JJ+x, ( wkh ixqfwlrq j+x,

( frqwuro yduldwh iru fdoorsw51

x@pd{+3/x017:,>

j@9-x1a5.x>

ixqfwlrq ^hvw/ydu4/ydu5`@frqwuro+i/j/lqwj/q,

(^hvw/ydu4/ydu5`@frqwuro+i/j/lqwj/q,

(uxqv d vlpxodwlrq rq wkh ixqfwlrq i xvlqj frqwuro yduldwh j +erwk fkdudfwhu

vwulqjv, q wlphv1

( lqwj lv wkh lqwhjudo ri j ( lqwj@
U 4
3
j+x,gx
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f(
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g(u)

f(u)

Iljxuh 617=

(rxwsxwv hvwlpdwru hvw dqg yduldqfhv ydu4/ydu5/ zlwk dqg zlwkrxw frqwuro

yduldwh1

X@xqliuqg+3/4/4/q,>

IQ@hydo+vwufdw+i/*+X,*,,> ( i+x,

FQ@hydo+vwufdw+j/*+X,*,,> ( j+x,

hvw@lqwj.phdq+IQ0FQ,>

ydu4@ydu+IQ,>

ydu5@ydu+IQ0FQ,>

dqg wkhq wkh fdoo ^hvw/ydu4/ydu5`@frqwuro+*iq*/*JJ*/5-+186,a6.+186,a525/433333,

|lhoglqj wkh hvwlpdwh 317935 dqg yduldqfhv ydu4 @ 3176:4/ ydu5 @ 31346; iru dq

h�flhqf| jdlq ri durxqg 651

Lpsruwdqfh Vdpsolqj1

D vhfrqg whfkqltxh wkdw lv vlplodu lv wkdw ri lpsruwdqfh vdpsolqj1 Djdlq zh

ghshqg rq kdylqj d pdqdjhdeoh ixqfwlrq j wkdw lv vlplodu wr i exw lq wklv fdvh/

udwkhu wkdq plqlpl}h wkh gl�huhqfh ehwzhhq wkh wzr ixqfwlrqv/ zh fkrrvh j+x,

vxfk wkdw i+x,@j+x, kdv olwwoh yduldelolw| ryhu wkh xqlw lqwhuydo1 Zh dovr uhtxluh

wkdw j lv ri vx�flhqwo| wudfwdeoh irup wkdw zh fdq jhqhudwh yduldwhv iurp d

ghqvlw| sursruwlrqdo wr lw/ l1h1 d ghqvlw| ri wkh irup fj+x, > 3 ? x ? 4 1 Wklv

lpsolhv/ ri frxuvh/ wkdw wkh ixqfwlrq j pxvw eh qrq0qhjdwlyh dqg kdyh d �qlwh

lqwhjudo1 Qrwh wkdw ]
i+x,gx @ H

�
i+],

fj+],

�
+6145,
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zkhuh ] kdv wkh ghqvlw| ixqfwlrq fj+}, dqg wklv fdq eh hvwlpdwhg e|

a�lp @
4

q

q[
l@4

i+]l,

fj+]l,
+6146,

iru lqghshqghqw ]l � fj+},= Wkh yduldqfh lv

yduia�lpj @
4

q
ydui i+]l,

fj+]l,
j @4

q

�]
i
5+x,

fj+x,
gx� �

5

�
= +6147,

Uhwxuqlqj wr rxu h{dpsoh/ zh pljkw frqvlghu xvlqj wkh vdph ixqfwlrq dv

ehiruh iru j+x,= Krzhyhu/ lw lv qrw hdv| wr jhqhudwh yduldwhv iurp d ghqvlw|

sursruwlrqdo wr wklv ixqfwlrq j e| lqyhuvh wudqvirup vlqfh wklv zrxog uhtxluh

vroylqj d fxelf htxdwlrq1 Lqvwhdg/ ohw xv frqvlghu vrphwklqj pxfk vlpsohu/ wkh

ghqvlw| ixqfwlrq fj+x, @ f4+x� =7:,. kdylqj fxpxodwlyh glvwulexwlrq ixqfwlrq

f5 ^+x � =7:,.`5 dqg lqyhuvh f1g1i1 I
�4+x, @ 3=7: . 3=86

s
x= Wkh iroorzlqj

ixqfwlrq vlpxodwhv dq lpsruwdqfh vdpsoh hvwlpdwru=

u�?U|�L? dit|c�o'�4TLh|@?UiEucN�

Ih�?t @ t�4�*@|�L? L? |�i u�?U|�L? u �t�?} �4TLh|@?Ui _i?t�|) } E_i�?i_ �ihi�?�

? |�4it�

I u t�L�*_ Mi <u?< LM|@�?i_ uhL4 U@**LT|2�

IL�|T�|t @** |�i �?_���_�@* it|�4@|Lht Et�L�*_ Mi @�ih@}i_� @?_ �@h�@?Ui�

IN'�?�uh?_Efc�c�c?�(

IW� �t |�i �?�ihti Uu Lu |�i �4TLh|@?Ui _�t|h�M�|�L?

W�'�e.n�D�8t^h|EN�(

IW�_i?t �t |�i _i?t�|) Lu |�i �4TLh|@?Ui t@4T*�?} _�t|h�M�|�L? @| W�

W�_i?t'28EW���e.�%E�D��	2(

6�'i�@*Et|hU@|Euc<EW��<��(

it|'6��%W�_i?t(

�'�@hE6��%W�_i?t�(

Wkh ixqfwlrq zdv fdoohg zlwk ^hvw/y`@lpsruwdqfh+*iq*/xqliuqg+3/4/4/433333,,>

jlylqj hvwlpdwh phdq+hvw, @ 317943 zlwk yduldqfh y @ 31345; iru dq h�flhqf|

jdlq ri durxqg 68 ryhu fuxgh Prqwh Fduor1

Frpelqlqj Prqwh Fduor Hvwlpdwruv1

Zh kdyh qrz vhhq d qxpehu ri gl�huhqw yduldqfh uhgxfwlrq whfkqltxhv +wklv lv

idu iurp dq h{kdxvwlyh olvw,1 Zlwk hdfk lv d yduldqfh irupxod wkdw zrxog whoo xv

zkdw wkh jdlq lq h�flhqf| lv ryhu fuxgh Prqwh Fduor li zh zhuh deoh wr fdofxodwh

wkh lqwhjudov dsshdulqj lq wkh yduldqfh irupxod1 Qrupdoo| wkhvh/ wrr/ pxvw eh

hvwlpdwhg iurp wkh vdpsoh1 Wkxv lw lv riwhq qrw fohdu d sulrul zklfk vdpsolqj

surfhgxuh dqg hvwlpdwru lv ehvw1 Iru h{dpsoh li d ixqfwlrq i lv prqrwrqh rq

^3> 4` wkhq dq dqwlwkhwlf yduldwh fdq eh lqwurgxfhg zlwk dq hvwlpdwru ri wkh irup

a�d4 @
4

5
^i+X, . i+4� X,` > X � X ^3> 4` +6148,
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exw li wkh ixqfwlrq lv lqfuhdvlqj wr d pd{lpxp vrphzkhuh durxqg 4
5
dqg wkhq

ghfuhdvlqj wkhuhdiwhu zh pljkw suhihu

a�d5 @
4

7
^i+X@5, . i++4� X,@5, . i++4 . X,@5, . i+4� X@5,` = +6149,

Qrwlfh wkdw dq| zhljkwhg dyhudjh ri wkhvh wzr xqeldvhg hvwlpdwruv zrxog dovr

surylgh dq xqeldvhg hvwlpdwru ri � 1 Wkh odujh qxpehu ri srwhqwldo yduldqfh

uhgxfwlrq whfkqltxhv lv dq hpeduudvvphqw ri ulfkhv fdxvlqj wkh xvxdo glohpqd>

zklfk wrro gr L xvh dqg krz gr L nqrz lw lv ehwwhu wkdq wkh rwkhuvB Iruwxqdwho|/

fkrrvlqj d vlqjoh phwkrg lv uduho| qhfhvvdu| ru ghvludeoh1 Lqvwhdg lw lv suhihudeoh

wr xvh d zhljkwhg dyhudjh ri wkh dydlodeoh hvwlpdwruv zlwk wkh rswlpdo fkrlfh ri

wkh zhljkwv surylghg e| uhjuhvvlrq1 Pruh jhqhudoo| vxssrvh wkdw zh kdyh q

hvwlpdwruv ru vwdwlvwlfv \l > l @ 4> = = q / doo xqeldvhg hvwlpdwruv ri wkh vdph

sdudphwhu � vr wkdw wkdw H+\l, @ � iru doo l 1 Lq yhfwru qrwdwlrq/ ohwwlqj

\
3 @ +\4> ===> \q,> zh zulwh H+\ , @ ]� zkhuh ] lv wkh yhfwru ] 3 @ +4> 4> ===> 4,=

Ohw xv vxssrvh iru wkh prphqw wkdw zh nqrz wkh yduldqfh0fryduldqfh pdwul{

Y ri wkh yhfwru \4> = = = \q 1

Wkhruhp 4: +ehvw olqhdu frpelqdwlrqv ri hvwlpdwruv,

Wkh olqhdu frpelqdwlrq ri wkh \l zklfk lv dq xqeldvhg hvwlpdwru ri � dqg

kdv plqlpxp yduldqfh dprqj doo olqhdu xqeldvhg hvwlpdwruv lv
S

l el\l zkhuh

wkh yhfwru e lv jlyhq e|

e
w @ +]w

Y
�4
],�4]w

Y
�4
=

Wkh yduldqfh ri wkh uhvxowlqj hvwlpdwru lv e
w
Y e @ 4@+]w

Y
�4
],1

Lq sudfwlfh/ ri frxuvh/ zh doprvw qhyhu nqrz wkh yduldqfh0fryduldqfh pdwul{

ri d yhfwru ri hvwlpdwruv \ 1 Krzhyhu/ zlwk lqghshqghqw uhsolfdwhg ydoxhv ri

wkhvh hvwlpdwruv/ wklv fryduldqfh pdwul{ fdq hdvlo| eh hvwlpdwhg iurp gdwd dqg

wkh deryh zhljkwv ohdglqj wr wkh rswlpdo olqhdu frpelqdwlrq frpsxwhg1

Ohw xv uhwxuq wr wkh h{dpsoh dqg dwwhpsw wr �qg wkh ehvw frpelqdwlrq ri

wkh pdq| hvwlpdwruv zh kdyh frqvlghuhg vr idu1 Wr wklv hqg/ ohw

\4 @
3=86

5
^i+=7: . =86x, . i+4� =86x,` dq dqwlwkhwlf hvwlpdwru/

\5 @
3=6:

5
^i+=7: . =6:x, . i+=;7� =6:x,` .

3=49

5
^i+=;7 . =49x, . i+4� =49x,`>

\6 @ 3=6:^i+=7: . =6:x,` . 3=49^i+4� =49x,`>

\7 @

]
j+{,g{ . ^i+x,� j+x,`>

\8 @ a�lp> wkh lpsruwdqfh vdpsolqj hvwlpdwru +BB,1

\5 lv dq dqwlwkhwlf dqg vwudwl�hg hvwlpdwru/ \6 d vlpsohu yhuvlrq ri d vwudwl�hg0

dqwlwkhwlf hvwlpdwru/ \7 lv d frqwuro yduldwh hvwlpdwru dqg \8 wkh lpsruwdqfh



437 FKDSWHU 61 YDULDQFH UHGXFWLRQ WHFKQLTXHV1

vdpsolqj hvwlpdwru doo iru d vlqjoh lqsxw udqgrp yduldwh1 Lq rughu wr ghwhuplqh

wkh rswlpdo olqhdu frpelqdwlrq zh qhhg wr jhqhudwh vlpxodwhg ydoxhv ri doo 8

hvwlpdwruv xvlqj wkh vdph xqlirup udqgrp qxpehuv dv lqsxwv1 Zh ghwhuplqh

wkh ehvw olqhdu frpelqdwlrq ri wkhvh hvwlpdwruv xvlqj

u�?U|�L? dLc�cMcVo'LT|�4@*EN�

I }i?ih@|it LT|�4@* *�?i@h UL4M�?@|�L? Lu ��i it|�4@|Lht @?_ L�|T�|t

I @�ih@}i it|�4@|Lhc �@h�@?Ui @?_ �i�}�|t

v�'E�D�%2�8Eu?E�e.n�D�8N�nu?E���D�8N��(

v2'��.8�D8Eu?E�e.n��.8N�nu?E�He���.8N��n��S8�D8Eu?E�Hen��S8N�nu?E����S8N��(

v�'��.8u?E�e.n��.8N�n��S8u?E����S8N�(

�?|}'28E�D��	�n�D�	2%2(

ve'�?|}nu?EN��BBEN�(

vD'�4TLh|@?UiE<u?<cN�(

j'dv�< v2< v�< ve< vD<o(

4i@?Ej�

V'UL�Ej�(

~'L?itEDc��(

V�'�?�EV�(

M'V�8~%E~<8V�8~�(

L'4i@?Ej8M�(

�'�%E~<8V�8~�(

dqg rqh uxq ri wklv hvwlpdwru/ fdoohg zlwk ^r/y/e/Y`@ rswlpdo+xqliuqg+3/4/4/433333,,

|lhogv r @ 3=7948> y @ 4=455;�43�8> e3 @ ^�3=8838> 4=77<3> 3=3<<;> 3=37<4>�3=37:8`=
Wkh dqvzhu lv dffxudwh wr dw ohdvw irxu ghflpdov zklfk lv qrw vxusulvlqj vlqfh wkh

yduldqfh shu xqlirup udqgrp qxpehu lv y @ 4=455;h � 338= Frqvhtxhqwo| wkh

yduldqfh ri wkh phdq ri 433/333 hvwlpdwruv lv 41455;�43�43/ wkh vwdqgdug huuru

lv durxqg 133334 vr zh vkrxog h{shfw dffxudf| wr dw ohdvw 7 ghflpdo sodfhv1

Qrwh wkdw vrph ri wkh zhljkwv duh qhjdwlyh dqg rwkhuv duh juhdwhu wkdq rqh1

Wklv lv frpprq vlqfh wkh whfkqltxh ehlqj xvhg lv uhjuhvvlrq1 Wkh h�hfw ri

vrph hvwlpdwruv pd| eh/ rq vxewudfwlrq/ wr uhqghu wkh ixqfwlrq pruh olqhdu dqg

dffrpprgdwh lw wr dqrwkhu hvwlpdwru/ iru h{dpsoh1 Wkh h�flhqf| jdlq lv dq

lpsuhvvlyh 31779:23133334455; ru derxw 73/3331 Krzhyhu vlqfh wkhuh duh 43

ixqfwlrq hydoxdwlrqv iru hdfk xqlirup yduldwh/ wkh h�flhqf| zkhq zh dgmxvw iru

wkh qxpehu ri ixqfwlrq hydoxdwlrqv lv 7/3331 Wklv vlpxodwlrq xvlqj 433/333

xqlirup udqgrp qxpehuv dqg wdnlqj d frxsoh ri plqxwhv rq d Shqwlxp +566

Pk}, lv htxlydodohqw wr irxu eloolrq vlpxodwlrqv e| fuxgh Prqwh Fduor/ d pdmru

wdvn rq wkh odujhvw frpsxwhuv dydlodeoh$

Li L zhuh lqwhqglqj wr xvh wklv vlpxodwlrq phwkrg uhshdwhgo|/ L pljkw zhoo

zlvk wr vhh zkhwkhu vrph ri wkh hvwlpdwruv fdq eh rplwwhg zlwkrxw wrr pxfk

orvv ri lqirupdwlrq1 Vlqfh wkh yduldqfh ri wkh rswlpdo hvwlpdwru lv 4@+]w
Y
�4
],/

zh pljkw fkrrvh dq hvwlpdwru iru ghohwlrq +iru h{dpsoh ghohwlqj wkh l3wk urz

dqg froxpq ri Y , zklfk kdv wkh ohdvw h�hfw rq wklv txdqwlw| ru lwv uhflsurfdo

]
w
Y
�4
]= Lq sduwlfxodu/ li zh ohw Y+l, eh wkh pdwul{ Y zlwk wkh l3wk urz dqg

froxpq ghohwhg dqg
S

Y
mn dv wkh vxp ri doo hohphqwv ri wkh pdwul{ Y �4

>wkhq

zh fdq lghqwli|
S

Y
mn �

S
Y
mn
+l, dv wkh orvv ri lqirupdwlrq zkhq wkh l

3
wk
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hvwlpdwru lv ghohwhg1 Vlqfh qrw doo hvwlpdwruv kdyh wkh vdph qxpehu ri ixqfwlrq

hydoxdwlrqv/ zh vkrxog dgmxvw wklv lqirupdwlrq e| IH+l, @qxpehu ri ixqfwlrq

hydoxdwlrqv uhtxluhg e| wkh l3wk hvwlpdwru1 Lq rwkhu zrugv/ li dq hvwlpdwru l lv

wr eh ghohwhg/ lw vkrxog eh wkh rqh fruuhvsrqglqj wr

plq
l
i
S

Y
mn �

S
Y
mn
+l,

IH+l,
j=

Vlqfh zh nqrz wkh yduldqfh ri wkhfrpelqhg hvwlpdwru shu ixqfwlrq hydoxdwlrq/

zh vkrxog gurs wkh l3wk hvwlpdwru li wklv plqlpxp lv ohvv wkdq wkh lqirupdwlrq

shu ixqfwlrq hydoxdwlrq lq wkh frpelqhg hvwlpdwru1 Lq wkh deryh h{dpsoh zlwk

doo �yh hvwlpdwruv lqfoxghg/
S

Y
mn @ ;;:8: +zlwk 43 ixqfwlrq hydoxdwlrqv shu

xqlirup yduldwh, vr wkh lqirupdwlrq shu ixqfwlrq hydoxdwlrq lv ;> ;:9=

l
S

Y
mn �

S
Y
mn
+l, IH+l,

S
Y mn

�

S
Y mn

+l,

IH+l,

4 ;;/37; 5 77357

5 ;:/<;< 7 54/<<:

6 5;/34: 5 47/33;

7 88/:58 4 88/:58

8 65/656 4 65/656

Lq wklv fdvh/ li zh zhuh wr holpdwh rqh ri wkh hvwlpdwruv/ rxu fkrlfh zrxog

olnho| eh qxpehu 6 vlqfh lw frqwulexwhv wkh ohdvw lqirupdwlrq shu ixqfwlrq hydo0

xdwlrq1 Krzhyhu/ vlqfh doo frqwluxeh pruh wkdq ;> ;:9 shu ixqfwlrq hydoxdwlrq/

zh vkrxog olnho| uhwdlq doo �yh1

Frpprq Udqgrp Qxpehuv1

Zh qrz glvfxvv dqrwkhu yduldqfh uhgxfwlrq whfkqltxh/ forvho| uhodwhg wr frqwuro

dqg dqwlwkhwlf yduldwhv fdoohg frpprq udqgrp qxpehuv1 Lw lv d frpprq sureohp

wr qhhg wr hvwlpdwh wkh gl�huhqfh lq shuirupdqfh ehwzhhq wzr v|vwhpv1 Iru

h{dpsoh/ zh nqrz wkh yduldqfh ri wkh vdpsoh phdq dqg zh zlvk wr hvwlpdwh

e| Prqwh Fduor wkh gl�huhqfh ehwzhhq wkh yduldqfh ri d urexvw hvwlpdwru ri

orfdwlrq dqg wkdw ri wkh phdq1 Dowhuqdwlyho| zh pd| eh frqvlghulqj lqyhvwlqj

lq d qhz slhfh ri htxlsphqw wkdw zloo vshhg xs surfhvvlqj dw rqh qrgh ri d

qhwzrun dqg zh zlvk wr hvwlpdwh wkh h{shfwhg lpsuryhphqw lq shuirupdqfh1

Lq jhqhudo/ vxssrvh wkdw zh zlvk wr hvwlpdwh e| Prqwh Fduor wkh gl�huhqfh

ehwzhhq wzr h{shfwdwlrqv/ vd|

Hk4+[,�Hk5+\ , +614:,

zkhuh [ kdv fxpxodwlyh glvwulexwlrq ixqfwlrq I[ dqg \ kdv f1g1i1 I\ 1

Qrwlfh wkdw

ydu^k4+[,� k5+\ ,` @ ydu^k4+[,` . ydu^k5+\ ,`� 5fryik4+[,> k5+\ ,j
+614;,



439 FKDSWHU 61 YDULDQFH UHGXFWLRQ WHFKQLTXHV1

dqg wklv lv vpdoo li zh fdq lqgxfh d kljk ghjuhh ri srvlwlyh fruuhodwlrq ehwzhhq

wkh jhqhudwhg yduldwhv [ dqg \ 1 Wklv lv suhflvho| wkh rssrvlwh sureohp wkdw

ohg wr dqwlwkhwlf udqgrp qxpehuv/ zkhuh zh zlvkhg wr lqgxfh d kljk ghjuhh ri

qhjdwlyh fruuhodwlrq1 Wkh iroorzlqj wkhruhp vxssruwv wkh xvh ri erwk frpprq

dqg dqwlwkhwlf udqgrp qxpehuv1

Wkhruhp 4; +pd{lpxp2plqlpxp fryduldqfh,

Vxssrvh k4 dqg k5 duh erwk qrq0ghfuhdvlqj +ru erwk qrq0lqfuhdvlqj, ixqf0

wlrqv1 Vxemhfw wr wkh frqvwudlqw wkdw [ > \ kdyh fxpxodwlyh glvwulexwlrq ixqf0

wlrqv I[ > I\ uhvshfwlyho|/ wkh fryduldqfh

fry^k4+[,> k5+\ ,`

lv pd{lpl}hg zkhq \ @ I
�4
\ +X, dqg [ @ I

�4
[ +X, +l1h1 iru frpprq

xqlirup^3> 4` udqgrp qxpehuv , dqg lv plqlpl}hg zkhq \ @ I
�4
\ +X, dqg

[ @ I
�4
[ +4� X, + l1h1 iru dqwlwkhwlf udqgrp qxpehuv,1

Surri1 Zh zloo vnhwfk d surri ri wkh wkhruhp1 Wkh iroorzlqj uhsuhvhqwdwlrq

ri fryduldqfh lv xvhixo= gh�qh

K+{> |, @ S +[ A {> \ A |,� S +[ A {,S +\ A |,= +614<,

Wkhq wkh fryduldqfh ehwzhhq k4+[, dqg k5+\ , / lq wkh fdvh ri erwk k4 dqg

k5 prqrwrqh gl�huhqwldeoh ixqfwlrqv/ lv jlyhq e| wkh irupxod=

fry+k4+[,> k5+\ ,, @

]
4

�4

]
4

�4

K+{> |,k34+{,k
3

5+|,g{g|= +7153,

Wklv irupxod fdq eh yhul�hg e| wzlfh lqwhjudwlqj e| sduwv1 Wkh irupxod vkrzv

wkdw rxu remhfwlyh lq wkh fdvh ri lqfuhdvlqj ixqfwlrqv kl dqg pd{lpl}lqj wkh

fryduldqfh lv wkh pd{lpl}dwlrq ri S +[ A {> \ A |, vxemhfw wr wkh frqvwudlqw

wkdw wkh| kdyh wkh uhtxluhg pdujlqdo glvwulexwlrqv1 Vxssrvh/ iru h{dpsoh/ wkh

glvwulexwlrq zhuh glvfuhwh/ dw wkh srlqwv lqglfdwhg lq wkh iroorzlqj �jxuh1 Zh

zlvk wr pd{lpl}h S ^[ A {> \ A |` vxemhfw wr wkh frqvwudlqw wkdw wkh sure0

delolwlhv S ^[ A {` dqg S ^\ A |` duh khog �{hg1 Qrwh wkdw li wkhuh lv

dq| zhljkw dwwdfkhg wr wkh srlqwv lq wkh orzhu uljkw txdgudqw +odehoohg _OU%,/

wklv zhljkw fdq eh uhdvvljqhg wr wkh srlqwv lq wkh xsshu uljkw txdgudqw zlwkrxw

d�hfwlqj S ^[ A {` dqg e| vr grlqj/ lqfuhdvlqj S ^[ A {> \ A |`= Vlploduo|/

dq| srlqwv lq wkh xsshu ohiw txdgudqw zlwk srvlwlyh suredelolw| fdq kdyh wklv

suredelolw| pryhg dv zhoo wr wkh xsshu uljkw txdgudqw1 Iru wkh pd{lpxp/ wkhq/

wkhuh vkrxog eh qr zhljkw lq wkh txdgudqwv XO dqg OU iru dq| fkrlfh ri {=

Lq rwkhu zrugv/ [ A { li dqg rqo| li \ A | ru htxlydohqwo|/ [ lv d prqrwrqh

lqfuhdvlqj ixqfwlrq ri \ ru wkh| duh erwk lqfuhdvlqj ixqfwlrqv ri d frpprq

xqlirup yduldwh1

Zh qrz frqvlghu d vlpsoh exw srzhuixo jhqhudol}dwlrq ri frqwuro yduldwhv1

Wkh jhqhudo phwkrg lv wr dfklhyh d uhgxfwlrq lq yduldqfh e| zulwlqj dq hvwlpdwru
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1 2 3 4 5 6 7 8 9 10
1

2

3

4

5

6

7

8

9

10

x

y

P[X>x,Y>y]

UL

LR

UR

redistributing weight increases P[X>x,Y>y]

Iljxuh 618=

W dv wkh vxp ri wzr xqfruuhodwhg frpsrqhqwv/ wkh vhfrqg ri zklfk kdv phdq

3/ vd|1

W @ W4 . W5 +6153,

zkhuh H+W5, @ 3 dqg fry+W4> W5, @ 3 1 Wkhq lw lv hdv| wr vhh wkdw W4

kdv wkh vdph phdq dv W dqg yduldqfh wkdw lv vpdoohu +xqohvv W5 @ 3 zlwk

suredelolw| 4,1

Rqh vshfldo fdvh lv yduldqfh uhgxfwlrq e| frqglwlrqlqj1 Lq rughu wr gh�qh

frqglwlrqdo h{shfwdwlrq/ dvvxph udqgrp yduldeohv [> \> ] doo kdyh �qlwh

yduldqfhv dqg gh�qh H^[m\ ` dv wkh xqltxh +zlwk suredelolw| rqh, ixqfwlrq ri

\ zklfk plqlpl}hv Hi[ � j+\ ,j5 1 Gh�qh fry+[>\ m], @ H^[\ m]` �
H^[m]`H^\ m]` 1 Wkh yduldqfh uhgxfwlrq lv edvhg rq wkh iroorzlqj wkhruhp=

Wkhruhp 4< +d, H+[, @ HiH^[m\ `j
+e, fry+[>\ , @ Hifry+[>\ m],j. fryiH^[m]`> H^\ m]`j

Wkh wkhruhp lv xvhg dv iroorzv1 Vxssrvh zh duh jlyhq a�/ dq xqeldvhg hvwlpd0

wru ri � dqg ] lv vrph duelwudu| frqglwlrqlqj yduldwh1 Wkhq W4 @ H^a�m]` /
dovr dq xqeldvhg hvwlpdwru ri �/ dqg ydu+W4, @ ydu+a�, � yduia� � W4j 1

Lq rwkhu zrugv/ dq| yduldeoh ] / zkhq frqglwlrqhg rq/ fdq rqo| ghfuhdvh wkh

yduldqfh ri wkh hvwlpdwru/ zlwk wkh ghfuhdvh prvw vljql�fdqw li ] lv plqlpdoo|

fruuhodwhg zlwk a� 1 Uhgxflqj yduldqfh e| frqglwlrqlqj lqyroyhv vhdufklqj iru d

yduldwh zkrvh frqglwlrqdo h{shfwdwlrq zlwk wkh ruljlqdo hvwlpdwru lv frpsxwdeoh

dqg zklfk h{sodlqv prvw ri wkh yduldelolw| lq a�1
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Lw lv riwhq wkh fdvh wkdw zh zlvk wr vlpxodwh iurp d �qlwh hujrglf Pdunry fkdlq

lq lwv htxloleulxp ru vwdwlrqdu| vwdwh/ exw wklv vwdwlrqdu| glvwulexwlrq grhv qrw

wdnh d vlpsoh irup shuplwwlqj rqh ri wkh vwdqgdug whfkqltxhv1 Zh gr dvvxph

wkdw zh duh deoh wr jhqhudwh wudqvlwlrqv lq wkh Pdunry Fkdlq/ krzhyhu1 Lq

rwkhu zrugv li wkh fkdlq lv suhvhqwo| lq vwdwh l> zh duh deoh wr jhqhudwh iurp wkh

glvwulexwlrq sursruwlrqdo wr Slm> m @ 4> ===N= Rqh srvvlelolw| wkdw lv riwhq xvhg lv

wr ehjlq wkh Pdunry fkdlq lq vrph lqlwldo vwdwh dqg uxq lw iru d orqj wlph +fdoohg

wkh lqlwldo wudqvlhqw, xqwlo zh duh txlwh vxuh wkdw lw lv lq htxlooleulxp/ dqg wkhq

xvh d vxevhtxhqw sruwlrq ri wklv fkdlq/ glvfduglqj wkh lqlwldo wudqvlhqw1 Fohduo|

wklv lv qrw dq h�flhqw xvh ri uhvrxufhv li wkh lqlwldo wudqvlhqw lv orqj/ exw li lw

lv vkruwhqhg/ zh uxq wkh ulvn ri lqwurgxflqj eldv lqwr rxu vlpxodwlrqv1 Wkhuh

lv/ krzhyhu/ d phwkrg zklfk shuplwv vlpxodwlrq gluhfwo| iurp wkh vwdwlrqdu|

glvwulexwlrq ri wkh Pdunry fkdlq gxh wr Surss dqg Zlovrq +4<<8,1 Ohw xv

vxssrvh zh duh deoh wr jhqhudwh wudqvlwlrqv lq wkh Pdunry fkdlq xvlqj d ixqfwlrq

ri wkh irup !+l> Xw, zkhuh Xw lv d xqlirup^3> 4` glvwulexwlrq/ vr li [w @ l> wkhq

wkh qh{w vwdwh ri wkh fkdlq dw wlph w.4 lv jhqhudwhg dv [w.4 @ !+l> Xw,= Qrwh

wkdw e| frpsrvlwlrq zh fdq jhqhudwh wkh fkdlq ryhu dq lqwhuydo/ iru h{dpsoh

I
w
v+l, @ !+===!+!+!+!+l> Xv,> Xv.4,> Xv.5,> Xv.6,===> Xw�4, zloo jhqhudwh wkh ydoxh

ri [w jlyhq wkdw [v @ l= Qrz lpdjlqh dq lq�qlwh vhtxhqfh X ri lqghshqghqw

xqlirup Xw> w @ ===>�6>�5>�4 xvhg wr jhqhudwh wkh vwdwh ri d fkdlq dw wlph 3=

Ohw xv lpdjlqh iru wkh prphqw wkdw wkhuh lv d ydoxh ri P vxfk wkdw I 3
�P+l, lv

d frqvwdqw ixqfwlrq ri l= Lq wklv fdvh zh vd| wkdw frdohvfhqfh kdv rffxuuhg lq

wkh lqwhuydo1 Wklv phdqv wkdw qr pdwwhu zkhuh zh vwduw wkh fkdlq dw wlph �P
lw hqgv xs dw wkh vdph srlqw dw wlph 3= Lq wklv fdvh/ lw lv txlwh xqqhfhvdu| wr

vlpxodwh wkh fkdlq ryhu wkh zkroh lq�qlwh wlph lqwhuydo �4 ? w � 3 vlqfh lw kdg

wr eh vrphzkhuh dw wlph w @ �P dqg qr pdwwhu zkhuh lw zdv/ lw hqghg xs dw

wkh vdph srlqw dw wlph w @ 3= Lq wklv hyhqw/ zh fdq vdiho| frqvlghu wkh frpprq

ydoxh ri wkh fkdlq dw wlph 3 wr eh jhqhudwhg iurp wkh vwdwlrqdu| glvwulexwlrq

vlqfh lw lv h{dfwo| wkh vdph ydoxh dv li zh kdg uxq wkh fkdlq iurp w @ �4= Qrz

wkhuh lv dq hdv| zd| wr fkhfn zkhwkhu frdohvfhqfh kdv rffxuuhg lq dq lqwhuydo

li wkh vwdwh vsdfh ri wkh Pdunry fkdlq lv rughuhg1 Iru h{dpsoh vxssrvh wkh

vwdwhv duh qxpehuhg 4> 5> ===>N= Wkhq lw lv riwhq srvvleoh wr duudqjh wkdw wkh

ixqfwlrq !+l> X, lv prqrwrqlf lq lwv �uvw dujxphqw iru hdfk ydoxh ri X= Wklv

lv wkh fdvh/ iru h{dpsoh zkhq zh xvh lqyhuvh wudqvirup wr jhqhudwh wkh ydoxh/

iru h{dpsoh !+l> X, @ lqiim>
Sm

o@4 Slo A Xj surylghg wkdw wkh sduwldo vxpvSm
o@4 Slo duh prqrwrqlf ixqfwlrqv ri l= Qrwlfh wkhq wkdw wkh ixqfwlrqv I 3

�P+l,

duh doo prqrwrqlf ixqfwlrqv ri l dqg vr li I 3
�P+4, @ I

3
�P+N, wkhq lw pxvw eh

d frqvwdqw ixqfwlrq1 Qrwlfh dovr wkdw li wkhuh lv dq| wlph lq dq lqwhuydo ^v> w` dw

zklfk frdohvfhqfh rffxuv vr wkdw I w
v lv d frqvwdqw ixqfwlrq/ wkh vdph zloo eh

wuxh ri dq| lqwhuydo frqwdlqlqj lw ^V> W ` � ^v> w`=

Lw lv hdv| wr suryh wkdw frdohvfhqvh rffxuv iru vx�flhqwo| odujh P= Iru

dq hujrglf �qlwh Pdunry fkdlq/ wkhuh lv vrph vwhs vl}h O vxfk wkdw hyhu|



6171 FRXSOLQJ DQG SHUIHFW VLPXODWLRQV1 43<

wudqvlwlrq kdv srvlwlyh suredelolw| S ^[w.O @ mm[w @ l` A � iru doo l> m= Wkhq

wkh suredelolw| ri frdohvfhqfh lq dq lqwhuydo ri ohqjwk O lv dw ohdvw %N.4
A 3

dqg vlqfh wkhuh duh lq�qlwho| pdq| lqwhuydov glvmrlqw ri ohqjwk O lq ^�4> 3` dqg

wkh hyhqw wkdw wkhuh lv d frdohvfhqvh lq hdfk duh lqghshqghqw/ wkh suredelolw|

wkdw frdohvfhqvh rffxuv vrphzkhuh lq ^�4> 3` lv 4==

Zh qrz ghwdlo wkh Surss Zlovrq dojrulwkp

41 Vhw P @ 4> [X @ N>[O @ 4

51 Jhqhudwh X�P ====X�P@5.4

61 Iru w @ �P wr �4 uhshdw

+d, rewdlq [O @ !+[O> X, dqg [X @ !+[X > X,

+e, Li [O @ [X vwrs dqg rxwsxw [+3, @ [O

71 P @ 5P

81 Jr wr 51

Lw lv lpsruwdqw wr qrwlfh lq wklv dojrulwkp wkdw wkh udqgrp yduldeoh Xw rqfh

jhqhudwhg lv QRW jhqhudwhg djdlq rq d vxevhtxhqw sdvv zkhq P lv grxeohg1 Li

lw zhuh wkh dojrulwkp zrxog eh eldvhg1 Lw lv uhxvhg dw hdfk sdvv xqwlo frdohvfhqvh1

!�# ���	���� ��� ��
���� 
�����������

D yhu| hohjdqw dqg vlpsoh phwkrg ri jhqhudwlqj wzr fruuhodwhg vlpxodwlrqv lv

wkdw ri frxsolqj1 Wklv lv vlplodu wr wkh phwkrg ri frqwuro yduldwhv> lw jhqhudwhv

d srvlwlyh fruuhodwlrq/ exw lw kdv rqh uhpdundeoh dgydqwdjh1 Lq vrph fdvhv/

rqo| dssur{lpdwh lqirupdwlrq derxw wkh sdudphwhu lv qhfhvvdu| wr jhqhudwh

wkh udqgrp yduldeoh [=

Ohw xv ehjlq zlwk d vlpsoh h{dpsoh1 Vxssrvh zh zlvk wr jhqhudwh udq0

grp yduldeohv/ vd| Q +�, kdylqj d Q+�> 4, glvwulexwlrq1 Li zh zlvk d pd{lpxp

srvvleoh fruuhodwlrq zlwk Q +3, iru h{dpsoh/ wkhq wkh vlpsohvw srvvlelolw|/ htxly0

dohqw wr wkh xvh ri frpprq udqgrp qxpehuv/ lv wr xvh Q +�, @ � . ] zkhuh

] lv Q+3> 4,= Wklv surylghv d fruuhodwlrq ri 4 zlwk Q +3,= Frxsolqj lv uh0

odwhg wr dffhswdqfh0uhmhfwlrq1 Wkh lghd lv wr jhqhudwh Q +�, dqg Q +3, e|

dffhswdqfh0uhmhfwlrq/ hqvxulqj wkdw surylghg wkdw wkh srlqw fkrvhq olhv xqghu

erwk ghqvlwlhv/ wkh vdph srlqw lv xvhg1 Pruh suhflvho|/ zh xvh wkh iroorzlqj

dojrulwkp=

+4, Fkrrvh d srlqw +{> |, xqlirupo| glvwulexwhg xqghu wkh Q+3> 4, suredelolw|

ghqvlw| ixqfwlrq1

+5, Gh�qh Q +�, @ { surylghg wkdw wkh srlqw dovr olhv xqghu wkh Q+�> 4,

s1g1i1 Rwkhuzlvh gh�qh Q +�, @ {. lZ zkhuh Z @ wkh zlgwk ri wkh qrupdo

s1g1i1 dw khljkw | @5

t
�5 oq+

s
5�|, dqg l lv wkh xqltxh zkroh qxpehu fkrvhq
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vr wkdw wkh srlqw +{ . lZ> |, grhv olh xqghu wkh Q+�> 4, suredelolw| ghqvlw|

ixqfwlrq1

Iru d sduwlfxodu ydoxh ri |> qrwh wkdw Q +�, lv d slhfhzlvh frqvwdqw/ qrq0

ghfuhdvlqj ixqfwlrq ri �1 Iru h{dpsoh wkh iroorzlqj judsk=

ILJXUH

Zh frxog/ ri frxuvh/ jhqhudol}h wr dq duelwudu| yduldqfh jhqhudwlqj Q+�> �5,

xvlqj �Q +�@�,= ohw xv ghqrwh vxfk d udqgrp yduldeoh e| Q +�> �5m}> |,=

Qrz wkh idfw wkdw wklv judsk lv slhfhzlvh frqvwdqw phdqv lq idfw zh gr qrw

dozd|v qhhg suhflvh lqirupdwlrq frqfhuqlqj wkh ydoxh ri � lq rughu wr jhqhudwh

wkh udqgrp yduldeoh Q +�,= Vxssrvh iru h{dpsoh zh zhuh jlyhq dq xsshu dqg

orzhu erxqg rq wkh phdq d � � � e= Vxssrvh ixuwkhupruh wkdw zh jhqhudwhg

Q +d, dqg Q +e, dqg qrwh wkdw wkh| duh lghqwlfdo1 Wkh prqrwrqlflw| lqvxuhv

wkdw wkhq Q +�, zloo wdnh rq wklv frpprq ydoxh1 Ri frxuvh lw lv txlwh srvvleoh

wkdw Q +d, dqg Q +e, duh qrw lghqwlfdo/ dqg lq wklv fdvh lw pd| eh qhfhvvdu| wr

�qg d wljkwhu erxqg rq rq wkh ydoxh ri � ri wkh deryh irup1 Exw zkhq wkhuh

lv vrph frpsxwdwlrqdo h�ruw lqyroyhg lq wljkwhqlqj wklv erxqg/ zh kdyh vdyhg

wklv h�ruw zlwk vrph +krshixoo| odujh, suredelolw|1

+ILQLVK11111111,

!�( 
��� �����.�
���� %		��������� �� ��������

!�(�� %���� 7	������

Frqvlghu dv dq h{dpsoh d glvfuhwho| vdpsohg Dvldq fdoo rswlrq rq dq dvvhw zlwk

sulfh surfhvv V+w, 1 Dq Dvldq rswlrq lv olnh d Hxurshdq rswlrq exw zlwk wkh

ydoxh ixqfwlrq ghshqghqw qrw rq wkh forvlqj sulfh ri wkh xqghuo|lqj exw rq

dq dyhudjh1 Dq Dvldq fdoo rswlrqv sd|v dq dprxqw htxdo wr pd{+3> �Vn �N,

zkhuh �Vn @ 4
n

Sn
l@4 V+lW@n,1 Khuh n ghshqgv rq wkh iuhtxhqf| ri vdpsolqj

+h1j1 li W @ =58 dqg vdpsolqj lv zhhno|/ wkhq n @ 46,= Li V+w, iroorzv d

jhrphwulf Eurzqldq prwlrq/ wklv lv wkh vxp ri orjqrupdoo| glvwulexwhg udqgrp

yduldeohv +udwkhu wkdq qrupdoo| glvwulexwhg rqhv, dqg dv d uhvxow wkh glvwulexwlrq

ri wkh sduwldo vxpv lv yhu| gl�fxow wr rewdlq1 Krzhyhu/ wkh glvwulexwlrq ri wkh

jhrphwulf phdq lv uhodwlyho| vlpsohu zkhuh wkh jhrphwulf phdq ri q ydoxhv

{4> ===> {q lv +{4{5==={q,
4@q

= Rxu remhfwlyh lv wr ghwhuplqh wkh ydoxh ri wkh

rswlrq H+Y4, @ Hih�uWpd{+3> �Vn � N,j= Vlqfh zh h{shfw jhrphwulf phdqv

wr eh forvh wr dulwkphwlf phdqv/ zh pd| xvh dv d frqwuro yduldwh wkh udqgrp

yduldeoh Y5 @ h
�uW

pd{+3> �Vn �N, zkhuh �Vn @ i
Tn
l@4 V+lW@n,j4@n1 Dvvxph

wkdw Y4 dqg Y5 rewdlq iurp wkh vdph vlpxodwlrq dqg duh wkhuhiruh srvvleo|

fruuhodwhg1 Ri frxuvh Y5 lv rqo| xvhixo dv d frqwuro yduldwh li lwv h{shfwhg ydoxh

fdq eh ghwhuplqhg dqdo|wlfdoo| ru qxphulfdoo| pruh hdvlo| wkdq Y41 Iruwxqdwho|/

lq wklv fdvh/ zh pd| xvh wkh uhodwlrq ehwzhhq d jhrphwulf Eurzqldq prwlrq dqg

wkh qrupdo udqgrp zdon wr ghwhuplqh wkh glvwulexwlrq ri wkh jhrphwulf phdq1

Vlqfh V+w, @ V3h
\ +w, zkhuh \ +w, lv d Eurzqldq prwlrq zlwk guliw u � �

5
@5
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dqg gl�xvlrq �/ lw iroorzv wkdw �Vn> kdv wkh vdph glvwulexwlrq dv grhv

V3 h{si
4

n

n[
l@4

\ +lW@n,j= +6154,

Wklv lv d zhljkwhg dyhudjh ri wkh lqghshqghqw qrupdo lqfuhphqwv ri wkh surfhvv

dqg wkhuhiruh qrupdoo| glvwulexwhg1 Lq sduwlfxodu li

�\ @
4

n

n[
l@4

\ +lW@n,

@
4

n
^n+\ +W@n,, . +n � 4,i\ +5W@n,� \ +W@n,j. +n � 5,i\ +6W@n,� \ +5W@n,j

.===. i\ +W ,� \ ++n � 4,W@n,j`>

wkhq

�\ @ H+ �\ , @
u � �

5
@5

n

n[
l@4

lW@n @ +u � �
5

5
,
n . 4

5n
W

dqg

�
5
\ @ ydu+�\ , @

4

n5
in5ydu+\ +W@n,, . +n � 4,5ydui\ +5W@n,� \ +W@n,j. ===j

@
W�

5

n6

n[
l@4

l
5 @

W�
5+n . 4,+5n . 4,

9n5
=

Wkh forvhg irup vroxwlrq iru wkh sulfh H+Y5, lq wklv fdvh lv wkhuhiruh hdvlo|

rewdlqhg ehfdxvh lw uhgxfhv wr wkh vdph lqwhjudo ryhu wkh orjqrupdo ghqvlw|

wkdw ohdgv wr wkh Eodfn0Vfkrohv irupxod1 Uhfdoo wkdw wkh Eodfn0Vfkrohv irupxod

jlyhv

H+h�uW +V3 h{siQ++u � �
5

5
,W> �5W ,j �N,. @ H+V3 h{siQ+��

5
W

5
> �

5
W ,j �Nh

�uW ,.=

Lq idfw

H+Y5, @ Hih�uW +V3h\ �N, .j> \ � Q++u � �
5

5
,
n . 4

5n
W>

W�
5+n . 4,+5n . 4,

9n5
,

@ HiV3 h{siuW +
4� n

5n
, .

�
5
W +4� n

5,

45n5
j h{siQ+�h�5W

5
> h�5W ,j �Nh

�uW , .j

zlwk

h�5 @ �
5+n . 4,+5n . 4,

9n5
=



445 FKDSWHU 61 YDULDQFH UHGXFWLRQ WHFKQLTXHV1

WkxvH+Y5, lv jlyhq e| wkh Eodfn0Vfkrohv irupxod zlwk V3 uhsodfhg e| V3 h{siuW +4�n5n
,.

�5W +4�n5,
45n5

j dqg �5 e|
�5+n.4,+5n.4,

9n5
= Ri frxuvh zkhq n @ 4> wklv jlyhv h{dfwo|

wkh vdph uhvxow dv wkh edvlf Eodfn0Vfkrohv ehfdxvh lq wklv fdvh/ wkh dvldq rswlrq

fruuhvsrqgv wr wkh dyhudjh ri d vlqjoh revhuydwlrq1

Qrz wkh prvw hohphqwdu| irup ri frqwuro yduldwh vxjjhvwv xvlqj wkh hvwlpdwru

H+Y5, . Y4 � Y5 +6155,

zkhuh wkh udqgrp yduldeohv Y4> Y5 uhvxow iurp wkh vdph vlpxodwlrq1 Wklv

h{suhvvlrq pd| eh uhjdughg dv d vlpsoh dssur{lpdwlrq wr Y4 zkhq revhuydwlrqv

rq Y5 duh dydlodeoh1 D ehwwhu dssur{lpdwlrq lv rewdlqhg e| uhjuhvvlrq1 Vlqfh

hohphqwdu| uhjuhvvlrq |lhogv

Y4 �H+Y4, @ �+Y5 �H+Y5,, . � +6156,

zkhuh

� @
fry+Y4> Y5,

ydu+Y5,
+6157,

dqg wkh huuruv � kdyh h{shfwdwlrq 3/ lw iroorzv wkdw H+Y4, . � @ Y4 � �+Y5 �
H+Y5,, dq xqeldvhg hvwlpdwru ri H+Y4, kdylqj vpdoohvw yduldqfh dprqj doo

olqhdu frpelqdwlrqv ri Y4 dqg Y51 Qrz zkhq � @ 4 wklv uhgxfhv wr wkh

vlpsohu irup ri wkh frqwuro yduldwh whfkqltxh1 Krzhyhu/ wklv irup lv jhqhudoo|

ehwwhu lq whupv ri pd{lpl}lqj h�flhqf|1 Ri frxuvh lw lv qhfhvvdu| wr hvwlpdwh

wkh fryduldqfh dqg wkh yduldqfhv lq wkh gh�qlwlrq ri � iurp wkh vlpxodwlrqv

wkhpvhoyhv1

Lq sudfwlfh/ ri frxuvh/ wkhuh lv qrw d vlqjoh vlpxodwlrq exw pdq| dqg wkh

udqgrp yduldeohv Y4> Y5 deryh duh uhsodfhg e| wkhlu dyhudjhv ryhu pdq| vlp0

xodwlrqv1 Wkh iroorzlqj wdeoh lv vlplodu wr wkdw lq Er|oh/ Eurdglh dqg Jodvvhu0

pdq+4<<8,/ frpsduhv wkh yduldqfh ri wkh fuxgh Prqwh Fduor hvwlpdwru zlwk wkdw

ri dq hvwlpdwru xvlqj d vlpsoh frqwuro yduldwh1 Lq wklv fdvh/ N @ 433> n @ 83> u @

3=43> W @ 3=5 dqg vwdqgdug huuruv duh hvwlpdwhg iurp 43/333 vlpxodwlrqv1 Vlqfh

wkh h�flhqf| lv wkh udwlr ri wkh qxpehu ri vlpxodwlrqv uhtxluhg iru d jlyhq gh0

juhh ri dffxudf|/ ru dowhuqdwlyho| wkh udwlr ri wkh yduldqfhv/ wklv wdeoh lqglfdwhv

h�flhqf| jdlqv gxh wr wkh xvh ri d frqwuro yduldwh ri vhyhudo kxqguhg1 Ixuwkhu

jdlqv fdq eh dfklhyhg xvlqj wkh prgl�hg frqwuro yduldwh ghvfulehg deryh1

����� ���� �������� �����
 ��� ��	�����	� ������� �
	��  !"
�	��
�
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VLJPD N2V
VWDQGDUG HUURU

RI FUXGH

VWDQGDUG HUURU

RI FRQWURO

315 31< 31388; 31333:

413 313667 3133397

414 3133969 3133379

317 31< 31438 31335;4

413 31398< 313358;

414 313656 313355:

Wkh iroorzlqj ixqfwlrq lpsohphqwv wkh frqwuro yduldwh iru dq dvldq rswlrq

dqg zdv xvhg wr surgxfh wkh deryh wdeoh1 Zh dyrlg orrslqj lq wkh ixqfwlrq lq

rughu wr vshhg xs frpsxwdwlrqv1

u�?U|�L? d��c�2ctUo'@t�@?Ehc5fct�}cAckc!c?�

IUL4T�|it |�i �@*�i Lu @? @t�@? LT|�L? V� @?_ UL?|hL* �@h�@|i V2

I5f'�?�|�@* Th�Uic k't|h�!i Th�Ui

It�} ' t�}4@c !'?�4Mih Lu |�4i �?Uhi4i?|t �? �?|ih�@* df�Ao

ItU �t �@*�i Lu |�i tULhi u�?U|�L? uLh |�i ?Lh4@* �?T�|t ��|� hitTiU| |L

I h |�i �?|ihit| h@|i T@h@4i|ih�

I+iTi@|t uLh @ |L|@* Lu ? t�4�*@|�L?t�

��'do( �2'do( tU'do(

4?'Eh�t�}	2%2�8A%!(

t_'t�}8t^h|EA%!�(

v'?Lh4h?_E4?ct_c!c?�(

tU' EA%!�8t�4Ev�4?�%Et_	2�(

v'U�4t�4Ed3ihLtE�c?�( vo�(

5 ' 5f8i TEv�(

��' i TE�h8A�84@ E4i@?E5��kcf�(

�2'i TE�h8A�84@ E5f8i TE4i@?Ev���kcf�(

_�tTEd<t|@?_@h_ ihhLht < ?�42t|hEt^h|E�@hE���%?�� < ?�42t|hEt^h|E�@hE����2�%?��o�

Iru h{dpsoh zh pljkw frq�up wkh odvw urz ri wkh deryh wdeoh xvlqj wkh

frppdqg

dvldq+14/4332414/17/15/433/83/43333,>1

!�(� 3�
����.8� 9�����

Lq wkh deryh/ zh lpsohphqwhg mxvw rqh yduldqfh uhgxfwlrq vfkhph1 Wkhuh duh

pdq| rwkhu srvvlelolwlhv1 Zh h{shfw wkh rswlrq wr kdyh d sd|r� forvho| uhodwhg

wr wkh forvlqj ydoxh ri wkh vwrfn V+W ,= Lw pljkw eh uhdvrqdeoh wr vwudwli| wkh

vdpsoh> l1h1 vdpsoh pruh riwhq zkhq V+W , lv odujh/ dqg wkhuh duh vhyhudo zd|v

wr lpsohphqw wklv1 Rqh lv wr xvh lpsruwdqfh vdpsolqj dqg jhqhudwh V+W , iurp

d jhrphwulf Eurzqldq prwlrq zlwk guliw odujhu wkdq uVw vr wkdw lw lv pruh olnho|

wkdw V+W b, A N= Exw li zh gr wklv zh qhhg wr wkhq pxowlso| e| wkh udwlr ri wkh
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wzr suredelolw| ghqvlw| ixqfwlrqv ru wkh ghqvlw| ri rqh surfhvv zlwk uhvshfw wr

wkh rwkhu1 Wklv ghqvlw| lv jlyhq e| d uhvxow fdoohg Jluvdqry*v ohppd dqg d yhu|

vlpsoh irup ri wklv ohppd dsshduv ehorz1

Wkhruhp 53 +Jluvdqry, Frqvlghu dq Lwr surfhvv jhqhudwhg e| wkh htxdwlrq

gVw @ �+Vw,gw. �+Vw,gZw= +6158,

Ohw wkh glvwulexwlrq ri wklv surfhvv eh S= Vxssrvh zh jhqhudwh d vlplodu surfhvv

zlwk wkh vdph gl�xvlrq whup exw gl�huhqw guliw whup

gVw @ �3+Vw,gw. �+Vw,gZw= +6159,

Dvvxph wkdw lq erwk fdvhv/ wkh surfhvv vwduwv dw wkh vdph lqlwldo ydoxh V3 dqg ohw

wkh glvwulexwlrq ri wklv surfhvv eh S3= Wkhq wkh %olnholkrrg udwlr% ru wkh ghqvlw|
gS
gS3

ri S zlwk uhvshfw wr S3 lv

gS

gS3
@ h{si

] W

3

�+Vw,� �3+Vw,

�5+Vw,
gVw �

] W

3

�
5+Vw,� �

5
3+Vw,

5�5+Vw,
gwj

Surri1 Ghvslwh wkh fodlp wr wkh ohiw/ wklv lv qrw whfkqlfdoo| d surri/ exw

dq dujxphqw lq idyrxu ri wkh deryh irupxod1 Ohw xv frqvlghu wkh frqglwlrqdo

glvwulexwlrq ri d vpdoo lqfuhphqw lq wkh surfhvv Vw xqghu wkh prgho +BB,1

Vlqfh wklv glvwulexwlrq lv frqglwlrqdoo| qrupdo glvwulexwhg lw kdv frqglwlrqdo

suredelolw| ghqvlw| ixqfwlrq jlyhq wkh sdvw

4s
5�gw

h{si�+gVw � �+Vw,gw,
5
@+5�5+Vw,gw, +615:,

dqg xqghu wkh prgho +BB,/ lw kdv wkh frqglwlrqdo suredelolw| ghqvlw|

4s
5�gw

h{si�+gVw � �3+Vw,gw,
5
@+5�5+Vw,gw, +615;,

Wkh udwlr ri wkhvh wzr suredelolw| ghqvlw| ixqfwlrqv lv

h{si�+Vw,� �3+Vw,

�5+Vw,
gVw �

�
5+Vw,� �

5
3+Vw,

5�5+Vw,
gwj

Exw wkh mrlqw suredelolw| ghqvlw| ixqfwlrq ryhu d qxpehu ri glvmrlqw lqwhuydov lv

rewdlqhg e| pxowlso|lqj wkhvh frqglwlrqdo ghqvlwlhv wrjhwkhu dqg wklv uhvxowv lq

�w h{si
�+Vw,� �3+Vw,

�5+Vw,
gVw �

�
5+Vw,� �

5
3+Vw,

5�5+Vw,
gwj

@ h{si
] W

3

�+Vw,� �3+Vw,

�5+Vw,
gVw �

] W

3

�
5+Vw,� �

5
3+Vw,

5�5+Vw,
gwj
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zkhuh wkh surgxfw ri h{srqhqwldov uhvxowv lq wkh vxp ri wkh h{srqhqwv/ ru/ lq

wkh olplw dv wkh lqfuhphqw gw dssurdfkhv 3/ wkh fruuhvsrqglqj lqwhjudov1

Jluvdqry*v uhvxow lv yhu| xvhixo lq frqgxfwlqj vlpxodwlrqv ehfdxvh lw shuplwv

xv wr fkdqjh wkh glvwulexwlrq xqghu zklfk wkh vlpxodwlrq lv frqgxfwhg1 Lq

jhqhudo/ li zh zlvk wr ghwhuplqh dq h{shfwhg ydoxh xqghu wkh phdvxuh S> zh

pd| frqgxfw d vlpxodwlrq xqghu S3 dqg wkhq pxowlso| e| gS
gS3

ru li zh xvh d

vxevfulsw rq H wr ghqrwh wkh phdvxuh xqghu zklfk wkh h{shfwdwlrq lv wdnhq/

HSY +VW , @ HS3 ^Y +VW ,
gS

gS3
`=

Vxssrvh iru h{dpsoh L zlvk wr ghwhuplqh e| vlpxodwlrq wkh h{shfwhg ydoxh ri

Y +uW , iru dq lqwhuhvw udwh prgho

guw @ �+uw,gw. �gZw +615<,

iru vrph fkrlfh ri ixqfwlrq �+uw,= Wkhq dffruglqj wr Jluvdqry*v wkhruhp/ zh pd|

vlpxodwh xqghu wkh pxfk vlpsohu Eurzqldq prwlrq prgho guw @ �3gw . �gZw

dqg wkhq dyhudjh wkh ydoxhv ri

Y +uW ,
gS

gS3
@ Y +uW , h{si

] W

3

�+uw,� �3

�5
guw �

] W

3

�
5+uw,� �

5
3

5�5
gwj

Zh fdq wkhq fkrrvh wkh frqvwdqw �3 wr +dssur{lpdwho|, surgxfh plqlpxp

yduldqfh ri wkh deryh dyhudjh1

Fdoo rswlrq zlwk vwrfkdvwlf lqwhuhvw udwhv1

Frqvlghu iru dq h{dpsoh wkh sulflqj ri dq rswlrq/ vd| d fdoo rswlrq xqghu dq

dvvxpswlrq ri vwrfkdvwlf lqwhuhvw udwhv1 Zh zloo xvh wkh phwkrg ri frqglwlrqlqj/

dowkrxjk wkhuh duh rwkhu srwhqwldo yduldqfh uhgxfwlrq wrrov khuh1 Vxssrvh wkh

dvvhw sulfh/ +xqghu wkh ulvn0qhxwudo suredelolw| phdvxuh/ vd|, iroorzv d prgho ri

wkh irup

gVw @ uwVwgw. �VwgZ
+4,
w +6163,

zkhuh wkh vsrw lqwhuhvw udwh prgho lv wkh Euhqqdq0Vfkzduw} prgho/

guw @ d+e� uw,gw. �3uwgZ
+5,
w +6164,

zkhuh Z
+4,
w > Z

+5,
w duh lqghshqghqw Eurzqldq prwlrq surfhvvhv1 Khuh e lv

wkh orqj uxq dyhudjh ri wkh lqwhuhvw udwhv dqg wkh sdudphwhu d A 3 jryhuqv

krz txlfno| uhyhuvlrq wr e rffxuv1

Zh zlvk wr xvh vlpxodwlrq wr sulfh d ghulydwlyh/ vd| d fdoo rswlrq1
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Frqwuro Yduldwhv1 Wkh �uvw phwkrg pljkw eh wr xvh fuxgh Prqwh Fduor> l1h1

wr vlpxodwh erwk wkh surfhvv Vw dqg wkh surfhvv uw/ hydoxdwh wkh rswlrq dw

h{slu|/ vd| Y +VW > W , dqg wkhq glvfrxqw wr lwv suhvhqw ydoxh e| pxowlso|lqj

e| h{si�
U W
3
uwgwj1 Krzhyhu/ lq wklv fdvh zh fdq h{sorlw wkh nqrzohgjh wkdw

wkh lqwhuhvw udwhv duh lqghshqghqw ri wkh Eurzqldq prwlrq surfhvv Z
+4,
w zklfk

gulyhv wkh dvvhw sulfh surfhvv1 Iru h{dpsoh/ vxssrvh wkdw wkh lqwhuhvw udwh

ixqfwlrq uw zhuh nqrzq +htxlydohqwo|= frqglwlrq rq wkh ydoxh ri wkh lqwhuhvw

udwh surfhvv,1 Zkloh lw pd| eh gl�fxow wr rewdlq wkh ydoxh ri dq rswlrq xqghu

wkh prgho +BB,/+BB, lw lv hdvlhu xqghu wkh prgho zklfk dvvxphv frqvwdqw lqwhuhvw

udwh f1 Ohw xv fdoo wklv frqvwdqw lqwhuhvw udwh prgho iru dvvhw sulfhv zlwk wkh

vdph lqlwldo sulfh V3 dqg gulyhq e| wkh htxdwlrq

g]w @ f]wgw. �]wgZ
+4,
w +6165,

prgho _3% dqg ghqrwh h{shfwdwlrqv xqghu wklv glvwulexwlrq e| H
31 Wkh ydoxh

ri wkh frqvwdqw f zloo eh ghwhuplqhg odwhu1 Dvvxph wkdw zh vlpxodwhg wkh dvvhw

sulfhv xqghu wklv prgho dqg wkhq ydoxhg d fdoo rswlrq/ vd|1 Wkhq vlqfh

oq+]W@V3, kdv d Q++f� �
5

5
,W> �5W , glvwulexwlrq

zh frxog xvh wkh Eodfn0Vfkrohv irupxod wr ghwhuplqh wkh frqglwlrqdo h{shfwhg

ydoxh

H
3^h{si�

] W

3

uwgwj+]W �N,.muv> 3 ? v ? W ` @ H^+V3h
+f�u,W

h
Z � h

�uW
N,.mu`

@ EV+V3h
+f�u,W

>N> u> W> �,

zkhuh Z kdv d Q+��5W@5/�5W , glvwulexwlrq dqg u @ 4
W

U W
3
uwgw lv wkh dyhudjh

lqwhuhvw udwh ryhu wkh shulrg1 Wkh ixqfwlrq EV lv wkh Eodfn0Vfkrohv irupxod

zlwk dujxphqwv lq wkh vdph rughu dv wkh Pdwode ixqfwlrq eovsulfh= Lq rwkhu

zrugv e| uhsodflqj wkh wkh lqwhuhvw udwh e| lwv dyhudjh ryhu wkh shulrg dqg wkh

lqlwldo ydoxh ri wkh vwrfn e| V3h
+f�u,W

> wkh Eodfn0Vfkrohv irupxod surylghv wkh

ydoxh iru dq rswlrq rq dq dvvvhw gulyhq e| +BB, frqglwlrqdo rq wkh ydoxh ri u=

Wklv lv d xvhixo frqwuro yduldwh iru wkh sureohp1 Lwv xqfrqglwlrqdo h{shfwhg ydoxh

fdq eh ghwhuplqhg e| jhqhudwlqj wkh lqwhuhvw udwh surfhvvhv dqg dyhudjlqj ydoxhv

ri EV+V3h
+f�u,W

>N> u> W> �,= Ilqdoo| zh pd| hvwlpdwh wkh uhtxluhg rswlrq sulfh

xvlqj dq dyhudjh ri ydoxhv ri

h{si�
] W

3

uwgwj^+VW �N,. � +]W �N,.`j.HiEV+V3h+f�u,W >N> u> W> �,j

iru VW dqg ]W jhqhudwhg iurp wkh vdph vlpxodwlrq +l1h1 xvlqj frpprq udqgrp

qxpehuv,1
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Wkh fkrlfh ri wkh frvwdqw f fdq eh pdgh hlwkhu iru frqyhqlhqfh ru wr

plqlpl}h wkh yduldqfh ri wkh hvwlpdwruv h{si�
U W
3
uwgwj^+VW � N,. � +]W �

N,.`j= Rqh vlpsoh dqg h�hfwlyh fkrlfh lv f @ u vlqfh wklv phdqv wkdw wkh

vhfrqg whup lv HiEV+V3>N> u> W> �,j=

Lpsruwdqfh Vdpsolqj Wkh h{shfwdwlrq xqghu wkh fruuhfw prgho frxog dovr

eh ghwhuplqhg e| pxowlso|lqj wklv udqgrp yduldeoh e| wkh udwlr ri wkh wzr

olnholkrrg ixqfwlrqv dqg wkhq wdnlqj wkh h{shfwdwlrq xqghu H3
= Lq rwkhu zrugv/

e| Jluvdqry*v Wkhruhp/ HY +VW > W , @ H
3iY +VW > W , gSgS3 j zkhuh S dqg S3

duh wkh phdvxuhv fruuhvsrqglqj wr wkh S dqg S3 surfhvvhv uhvshfwlyho|1 Wkh

uhtxluhg Udgrq0Q|nrg|p ghulydwlyh lv

gS

gS3
@ h{si

] W

3

uw � f

�5uw
guw �

] W

3

u
5
w � f

5

5�5
gwj +6166,

Wkh uhvxowlqj hvwlpdwru ri wkh ydoxh ri wkh rswlrq lv wkhuhiruh dq dyhudjh

ryhu doo vlpxodwlrqv ri wkh ydoxh ri

Y +uW > W ,h{si�
] W

3

uwgw.

] W

3

uw � f

�5uw
gVw �

] W

3

u
5
w � f

5

5�5
gwj +6167,

zkhuh wkh wudmhfwrulhv uw duh vlpxodwhg xqghu wkh frqvwdqw lqwhuhvw udwh prgho

+BB,1 Lq rwkhu zrugv/ uw @ h{si+f � �
5
@5,w . �Z

+4,
w j iru vwdqgdug Eurzqldq

prwlrq Z
+4,
w =

Wkh guliw sdudphwhu lq wklv prgho f fdq eh fkrvhq wr plqlpl}h wkh yduldqfh

ri wkh hvwlpdwru1

!�+ 
��������� ��

��
 ��� ���60��6 �	�����

Vxssrvh zh revhuyh d vwrfkdvwlf surfhvv [w ryhu wkh lqwhuydo 3 � w � W 1 Dv

lv riwhq grqh zlwk �qdqfldo wlph vhulhv zh uhfrug wkh lqlwldo ydoxh ru rshq ri

wkh wlph vhulhv R @ [3 wkh whuplqdo ydoxh ru forvh F @ [W / wkh pd{lpxp

ryhu wkh shulrg ru wkh kljk K @ pd{i[w> 3 � w � Wj dqg wkh plqlpxp

ru wkh orz O @ plqi[w> 3 � w � Wj1 Wkh uhfruglqj ri doo irxu yduldeohv

lv frpprq lq sudfwlfh exw wkh xvh ri doo lv uduh1 Iru h{dpsoh/ wkh yduldqfh

ru yrodwlolw| sdudphwhu lv frpprqo| hvwlpdwhg xvlqj rqo| wkh rshq dqg forvh

R>F dowkrxjk wkh lqirupdwlrq dydlodeoh iru wklv sdudphwhu lq wkh irxu udqgrp

yduldeohv R>F>K>O lv derxw vhyhq wlphv dv juhdw iru Eurzqldq prwlrq1 Pruh

frpprqo|/ lq idfw/ yrodwlolw| lv ghwhuplqhg dv wkh _lpsolhg yrodwlolw|% iurp wkh

sulfh ri d ghulydwlyh vrog rq wkh rshq pdunhw zklfk kdv [w dv wkh xqghuo|lqj

dvvhw sulfh1 Wkh lpsolhg yrodwlolw| lv wkh ydoxh ri wkh yrodwlolw| sdudphwhu

zklfk surgxfhv wkh pdunhw sulfh ri d jlyhq rswlrq +xvxdoo| d khdylo|0wudghg ru

ehqfkpdun rswlrq,1 Iru h{dpsoh vxssrvh d sduwlfxodu rswlrq zlwk vwulnh sulfh

N> pdwxulw| W> dqg lqlwldo ydoxh ri wkh vwrfn V3 lv wudghg rq wkh pdunhw dw

d sulfh jlyhq e| Y= Wkhq zh pd| vroyh wkh htxdwlrq EV+V3>N> u> W> �, @ Y

iru wkh lpsolhg yrodwlolw| sdudphwhu �= Wklv hvwlpdwh ri yrodwlol| pd| gl�hu
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vxevwdqwldoo| iurp wkh klvwrulfdo yrodwlolw| rewdlqhg lq wkh Eodfn0Vfkrohv prgho

e| frpsxwlqj wkh vdpsoh yduldqfh ri wkh uhwxuqv orj+Vw.4@Vw,= Qhyhuwkhohvv

vlqfh lw djuhhv zlwk wkh pdunhw sulfh ri wkh rswlrq lw h{shfwhg wr pruh forvho|

uh�hfw wkh ulvn0qhxwudo glvwulexwlrq T dqg lv wkhuhiruh xvhg1 Wkh glvdgydqwdjh

ri wklv phwkrg ri fdoleudwlqj wkh sdudphwhu lv wkdw lwv ydoxh zloo ghshqg rq wkh

vwulnh sulfh ri wkh rswlrq/ dv zhoo dv wkh wlph dqg pdwxulw| sdudphwhuv1

Iru pdq| ri wkh surshuwlhv ri wkh surfhvv/ erwk iru fdoleudwlqj yrodwlolw|

sdudphwhuv dqg iru ydoxlqj surgxfwv wkdw ghshqg rq wkh wdlo ehkdylrxu ri wkh

glvwulexwlrqv/ wkh yhfwru ri ydoxhv +K>O>R>F, lv vxevwdqwldoo| pruh lqirupd0

wlyh wkdq lv +R>F, dqg vkrxog jhqhudoo| eh xvhg/ sduwlfxoduo| li wkh surgxfw

pd| eh d ixqfwlrq ri wkh pd{lpxp ru wkh plqlpxp1 Fohduo| wkh h{wuhph re0

vhuydwlrqv ri d surfhvv lv qrw rqo| kljko| lqirupdwlyh iru wkh yrodwlolw| exw dovr

iru lpsruwdqw phdvxuhv uhodwhg wr wkh ulvn dvvrfldwhg zlwk d jlyhq lqyhvwphqw1

Lq jhqhudo/ phdvxuhv ri ulvn vxfk dv YdU +Ydoxh dw Ulvn, vkrxog dovr eh dgdswhg

wr revhuydwlrqv ri wkh kljk dqg orz ri d surfhvv1

Surshuwlhv ri wkh mrlqw glvwulexwlrq ri wkhvh udqgrp yduldeohv frqglwlrqdo rq

R duh zhoo0nqrzq lq fhuwdlq vshfldo fdvhv1 Iru h{dpsoh zkhq [w lv d Eurzqldq

prwlrq zlwk }hur guliw wkh mrlqw glvwulexwlrq lv jlyhq lq Eloolqjvoh|+4<9;,1 Vxfk

uhvxowv shuplw xv wr fdofxodwh wkh mrlqw glvwulexwlrq iru wkh vlqjoh prvw lpsru0

wdqw prgho iru vhfxulw| sulfhv/ wkh jhrphwulf Eurzqldq prwlrq prgho1 Wklv

mrlqw glvwulexwlrq lv lpsruwdqw iru wkh ydoxdwlrq ri ghulydwlyhv wkdw lqyroyh wkh

pd{lpxp ri wkh surfhvv> rswlrqv vxfk dv eduulhu rswlrqv/ orrn0edfn rswlrqv/

fdsv/ �rruv/ hwf1 Wkh dvvxpswlrq wkdw wkh xqghuo|lqj dvvhw iroorzv d jhrphwulf

Eurzqldq prwlrq lv vwdqgdug lq wkh ydoxdwlrq ri vxfk ghulydwlyh surgxfwv1 Krz0

hyhu/ lw kdv dovr ehhq zhoo0nqrzq iru vrph wlph wkdw wkh glvwulexwlrq ri dvvhw

sulfhv gr qrw iroorz d jhrphwulf Eurzqldq prwlrq/ dqg dw ehvw wklv lv d idluo|

fuxgh dssur{lpdwlrq dssolfdeoh rqo| rq d odujh vfdoh1 Pdq| dowhuqdwlyhv kdyh

ehhq vxjjhvwhg zklfk dwwhpsw wr dffrpprgdwh wkh odujhu0wkdq0Jdxvvldq wdlov

h{shulhqfhg lq wkh pdunhw/ lqfoxglqj pl{wxuhv ri qrupdo glvwulexwlrqv/ surfhvvhv

zlwk mxpsv/ jhrphwulf Eurzqldq prwlrq vxeruglqdwhg wr d udqgrp forfn/ dqg

wkh vwdeoh surfhvvhv1

Wkh dssolfdwlrq ri wkh mrlqw glvwulexwlrq wr rswlrq sulflqj lv zhoo ghyhorshg/

dqg wkhuh duh pdq| sdwk0ghshqghqw rswlrqv zkrvh ydoxdwlrq uhtxluhv erwk wkh

forvh dqg wkh h{wuhpd ri d surfhvv1 Iru h{dpsoh d eduulhu rswlrq kdv sd|r�

ixqfwlrq d ydoxh ri wkh forvh F frqglwlrqdo rq wkh h{wuhpd +K>O, o|lqj lq vrph

uhjlrq/ xvxdoo| dq lqwhuydo1 Wkh rswlrq pd| eh nqrfnhg0rxw +l1h1 wkh rswlrq

kdv ydoxh 3 li wkh surfhvv ohdyhv wkh lqwhuydo, ru nqrfnhg lq +wkh rswlrq rqo|

kdv ydoxh li wkh surfhvv hqwhuv wkh lqwhuydo dw vrph srlqw,1 Orrn0edfn rswlrqv

kdyh sd|r� wkdw lv d ixqfwlrq ri erwk wkh kljk dqg wkh forvh ru wkh orz dqg

wkh forvh1 Iru h{dpsoh d orrn0edfn sxw rswlrq kdv sd|r� jlyhq e| +K � F,

htxlydohqw wr wkh uhwxuq rewdlqhg e| vhoolqj wkh vwrfn dw lwv kljk dqg fryhulqj

wkh vkruw srvlwlrq dw wkh forvh1 D orrn0edfn fdoo rswlrq lv vlplodu/ zlwk sd|r�

ri wkh irup +F �O,= Klqgvljkw rswlrqv/ vrphwlphv fdoohg �{hg0vwulnh orrn0edfn

rswlrqv/ kdyh sd|r� zklfk ghshqgv rqo| rq wkh glvwulexwlrq ri wkh kljk ru orz/

iru h{dpsoh +K �N,. lq wkh fdvh ri d klqgvljkw fdoo rswlrq1 Wkhuh lv d odujh
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qxpehu ri sdshuv ghyrwhg wr wkh ydoxdwlrq ri vxfk rswlrqv1 Iru ghwdlov/ vhh wkh

uhihuhqfhv lq Eurdglh/ Jodvvhupdq dqg Nrx +4<<9,1 Zh ehjlq zlwk wkh uhvxow

rq wkh glvwulexwlrq ri kljkv dqg orzv1

Wkhruhp 54 Vxssrvh �+{, dqg �+w, duh srvlwlyh uhdo0ydoxhg ixqfwlrqv vxfk

wkdw j+{, @
U { 4

�+|,
g| dqg �+w, @

U w
3
�
5+v,gv duh zhoo gh�qhg rq ?. dqg

ohw ��4+w, ghqrwh wkh lqyhuvh ixqfwlrq ri �= Vxssrvh d surfhvv [w kdylqj

uhdo sdudphwhuv � dqg gl�xvlrq frh�flhqw �+{, A 3 vdwlv�hv wkh vwrfkdvwlf

gl�huhqwldo htxdwlrq=

g[w @ ^� .
4

5
�
3+[w,`�+[w,�

5+w,gw. �+[w,�+w,gZw= +6168,

Gh�qh K @ pd{i[w> 3 � w � Wj wr eh wkh kljk ryhu wkh shulrg ^3> W `/ R @

[3> [W @ F=

+d, Wkhq zlwk i3 uhsuhvhqwlqj wkh suredelolw| ghqvlw| ixqfwlrq ri [W @ F � R

lq wkh fdvh � @ 3> zh kdyh

XK @
i3+5j+K,� j+R,� j+F,,

i3+j+F,� j+R,,
� X ^3> 4`

dqg XK lv lqghshqghqw ri F= +e, Iru hdfk ydoxh ri W / ]K @+j+K,�j+R,,+j+K,�
j+F,, lv lqghshqghqw ri R> F> dqg kdv dq h{srqhqwldo glvwulexwlrq zlwk phdq
4
5

U W
3
�
5+v,gv1 Vlploduo| iru wkh orz/

XO @
i3+5j+O,� j+R,� j+F,,

i3+j+F,� j+R,,
� X ^3> 4`

dqg ]K @+j+O, � j+R,,+j+O, � j+F,, lv lqghshqghqw ri R> F> dqg kdv dq

h{srqhqwldo glvwulexwlrq zlwk phdq 4
5

U W
3
�
5+v,gv1

Surri1 Iluvw qrwh wkdw xqghu wkh prqrwrqlfdoo| lqfuhdvlqj wudqvirupdwlrq

]w @ j+[w, dqg xvlqj Lwr*v ohppd/ ]w vdwlv�hv d vwrfkdvwlf gl�huhqwldo htxdwlrq

ri wkh irup>

g]w @ ��
5+w,gw. �+w,gZw> 3 � w � W +6169,

Li zh qrz dsso| d wlph fkdqjh dqg frqvlghu wkh surfhvv ]��4+w, lw lv hdv| wr vhh

wkdw wklv surfhvv lv d Eurzqldq prwlrq zlwk guliw/ l1h1 lw vdwlv�hv wkh htxdwlrq

g]w @ �gw. gZw> 3 � w � �
�4+W ,= +616:,

Wkhuhiruh lw lv vx�flhqw wr suryh wkh uhvxow iru d Eurzqldq prwlrq surfhvv zlwk

W uhsodfhg e| �
�4+W ,1 Dvvxph zlwkrxw orvv ri jhqhudolw| wkdw ]3 @ 3= Qrz

ohw S>H ghqrwh suredelolwlhv dqg h{shfwdwlrqv lq prgho +7168, dqg S3> H3 eh

suredelolwlhv dqg h{shfwdwlrqv lq wkh vdph prgho zlwk }hur guliw l1h1 � @ 3=

Dvvxph zlwkrxw orvv ri jhqhudolw| wkdw ]3 @ 3= Qrz d Eurzqldq prwlrq surfhvv

fdq eh frqvlghuhg dv d olplw ri d vhtxhqfh ri vlpsoh udqgrp zdonv vr wkh �uvw
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vwhs lv wr yhuli| d uhvxow iru vlpsoh udqgrp zdonv/ rqh lq zklfk wkh surfhvv

mxpsv xs ru grzq zlwk htxdo suredelolw| 4@5= Vxssrvh wkdw Iljxuh 619 lv d

uhvfdohg vdpsoh sdwk iurp vxfk d surfhvv1 Frqvlghu wzr ydoxhv } dqg v erwk

srvvleoh ydoxhv iru wkh surfhvv1 Qrwlfh wkdw iru hdfk vdpsoh sdwk hqglqj dw

v zklfk sdvvhv deryh d eduulhu dw wkh srlqw } wkhuh lv d fruuhvsrqglqj sdwk

hqglqj dw 5} � v rewdlqhg e| uh�hfwlqj wkh ruljlqdo sdwk iurp wkh �uvw wlph lw

furvvhv wkh eduulhu dw }= Lq idfw wkhuh lv d rqh0rqh fruuhvsrqghqfh ehwzhhq vxfk

sdwkv1 Lw iroorzv wkdw wkhuh lv wkh vdph qxpehu ri sdwkv hqglqj dw v ? } dqg

zlwk pd{lpxp � } dv sdwkv hqglqj dw wkh uh�hfwlrq ri v>qdpho| 5} � v= Vlqfh

iru d vlpsoh udqgrp zdon doo sdwkv kdyh wkh vdph suredelolw|/ lw iroorzv wkdw

iru d vlpsoh udqgrp zdon

S ^pd{
w?W

]w � }> ]W @ v` @ S ^]W @ 5} � v`=

Qrz vlqfh wkh Eurzqldq prwlrq surfhvv zlwk guliw � @ 3 lv d olplw ri vxfk

vlpsoh udqgrp zdonv/ wkh vdph uhvxow krogv surylghg zh lqwhusuhw remhfwv olnh

S ^]W @ 5}�v` dv d suredelolw| ghqvlw| ixqfwlrq1 Qrwh dovr wkdw wkh frqglwlrqdo
glvwulexwlrq ri d Eurzqldq prwlrq surfhvv vdwlvi|lqj g]w @ �gw . gZw jlyhq

]W grhv qrw ghshqg rq wkh ydoxh ri wkh guliw whup �= Wkhuhiruh

S ^pd{
w?W

]w � }m]W @ v` @ S3^pd{
w?W

]w � }m]W @ v`

@
S3^pd{w?W ]w � }> ]W @ v`

S3^]W @ v`
@
S3^]W @ 5} � v`

S3^]W @ v`
> iru v ? }=

Qrz uhfdoo wkdw e| wkh lqyhuvh wudqvirup surshuw|/ li d udqgrp yduldeoh [

kdv d frqwlqxrxv fxpxodwlyh glvwulexwlrq ixqfwlrq I +{,> wkhq I +[, kdv d

xqlirup^3> 4` glvwulexwlrq1 Wkh vdph lv wuxh li zh uhsodfh I +{, e| wkh vxuylyru

ixqfwlrq S ^[ � {`= Lw iroorzv li zh ghqrwh K @ pd{w?W ]w> wkdw frqglwlrqdo

rq ]W @ v> wkh udqgrp yduldeoh i3+5K � v,@i3+v, kdv d xqlirup ^3> 4` glv0

wulexwlrq zkhuh i3 lv wkh qrupdo +3> W , suredelolw| ghqvlw| ixqfwlrq1 Vlqfh wklv

glvwulexwlrq grhv qrw ghshqg rq wkh ydoxh ri v> wkh xqlirup udqgrp yduldeoh

i3+5K �]W ,@i3+]W , lv lqghshqghqw ri wkh wkh ydoxh ]W =+e, Qrz dvvxph wkdw

[w vdwlv�hv htxdwlrq +BB, zlwk [3 @ 3= Zh kdyh vhhq wkdw wkh udqgrp ydul0

deoh XK @ i3+5K � F,@i3+F, kdv d xqlirup^3> 4` glvwulexwlrq lqghshqghqw ri

F zkhuh i3 lv wkh qrupdo+3> ��4+W ,, suredelolw| ghqvlw| ixqfwlrq1 Rq wdnlqj

orjdulwkpv dqg vlpsoli|lqj

� oq+XK, @
5

��4+W ,
K+K � F,

kdv dq h{srqhqwldo glvwulexwlrq zlwk phdq 4 dqg wkhuhiruh K+K � F, kdv dq

h{srqhqwldo glvwulexwlrq zlwk phdq 4
5
�
�4+W ,= Pruh jhqhudoo| li zh uhpryh wkh

dvvxpswlrq wkdw R @ 3>

+K �R,+K � F, � h{s+
4

5
�
�4+W ,, lqghshqghqwo| ri R>F=

Wkh uhvxowv iru wkh orz iroorz e| v|pphwu|1
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The reflection principle

Iljxuh 619=

Fruroodu| 55 Iru d Eurzqldq prwlrq surfhvv/

+K �R,+K � F, � h{s+
4

5
�
5
W , lqghshqghqwo| ri R>F dqg

+O�R,+O� F, � h{s+
4

5
�
5
W , lqghshqghqwo| ri R>F=

Fruroodu| 56 Iru d Jhrphwulf Eurzqldq prwlrq surfhvv/

oq+K@R, oq+K@F, � h{s+
4

5
�
5
W , lqghshqghqwo| ri R>F dqg

oq+O@R, oq+O@F, � h{s+
4

5
�
5
W , lqghshqghqwo| ri R>F=

Wkhvh wzr fruroodulhv pd| eh xvhg wr gluhfwo| vlpxodwh d ydoxh iru wkh kljk

jlyhq wkh ydoxh ri wkh forvh1 Iru h{dpsoh/ iru d Eurzqldq prwlrq surfhvv/ zh

qhhg rqo| jhqhudwh d udqgrp h{srqhqwldo yduldwh H � h{s+4
5
�
5
W , dqg wkhq

vroyh wkh htxdwlrq +K �R,+K � F, @ H iru K A pd{+F>R,=

Wkh mrlqw suredelolw| ghqvlw| ixqfwlrq ri wkh kljk dqg wkh forvh ri d Eurzqldq

prwlrq lv hdvlo| rewdlqhg iurp wkh deryh wkhruhp1 Lq sduwlfxodu li [ @ +F �
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R,@
s
W > q @ �

s
W dqg \ @ +K �R,@

s
W > wkhq wkh mrlqw suredelolw| ghqvlw|

ixqfwlrq ri +\>[, wdnhv wkh irup>

i+|> {, @

s
5 +5 | � {, h�

+5|�{,5

5 .q{�q5

5

s
�

> iru �4 ? { ? |> | A 3= +616;,

Qrwh wkdw [ lv d frpsohwh vx�flhqw vwdwlvwlf iru wkh sdudphwhu q 1 Pruhryhu/

wkh suredelolw| ghqvlw| ixqfwlrq ri \ m[ @ { lv

i\ m[+|m{, @ 5+5| � {,h�5|+|�{,> | � { +616<,

Zlwk ] @ \ +\ �[,/ wkh frqglwlrqdo ghqvlw| ri ] lv

i]m[+}m{, @ 5h�5}> } � 3 +6173,

dqg vr lv h{srqhqwldo zlwk phdq 4@5/ surylglqj dq dqrwkhu vlpsoh ghulydwlrq

ri wkh h{srqhqwldoo| glvwulexwhg udqgrp yduldeoh1

Qrwh wkdw e| v|pphwu|/

XO @
i3+5j+O,� j+[W ,� j+[3,,

i3+j+[W ,� j+[3,,
� X ^3> 4` +6174,

dqg ]O @+j+OW ,� j+[3,,+j+OW ,� j+[W ,, kdv dq h{srqhqwldo glvwulexwlrq

zkhuh O ghqrwhv wkh orz1

Wkhuh lv d xqlirup vwdwlvwlf uhodwhg wr XK xvhg e| Uhghnrs +4<<8, wr whvw wkh

orfdo Eurzqldq qdwxuh ri ydulrxv �qdqfldo wlph vhulhv1 Iru d Eurzqldq prwlrq

surfhvv/ wkh vwdwlvwlf

K �R

5K �R � F
+6175,

lv xqlirupo| ^3> 4` glvwulexwhg1 Uhghnrs revhuyhv wkdw wkh revhuydwlrqv rq wklv

vwdwlvwlf duh idu wrr riwhq forvh wr ru htxdo wkh h{wuhph ydoxhv 3 ru 41 Htxlyd0

ohqwo|/ zh pd| xvh wkh vwdwlvwlf

F �R

5K �R � F
� X ^�4> 4`= +6176,

Wkh xqliruplw| ri wkh vwdwlvwlfv XK dqg XO lv xvhixo iru vlpxodwlqj wkh ydo0

xhv ri wkh kljk ru orz dqg wkh forvh ri wkh Eurzqldq prwlrq surfhvv zlwkrxw

uhsolfdwlqj lwv sdwk1 Wklv pd| eh xvhg/ iru h{dpsoh/ wr sulfh d Hxurshdq rs0

wlrq zlwk nqrfn0rxw eduulhu dw wkh srlqw p1 Vxssrvh wkh surfhvv lv jhrphwulf

Eurzqldq prwlrq/ srvvleo| xqghu d wlph fkdqjh1

g[w @ ^� . 4@5`��5+w,[wgw. ��+w,[wgZw= +6177,

Lq wklv fdvh �+[w, @ �[w iru frqvwdqw � dqg j+{, @ oq+{,= Wkhq oq+[W@[3,

kdv d qrupdo glvwulexwlrq xqghu S3 zlwk phdq 3 dqg yduldqfh �5
U W
3
�
5+v,gv=
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Iljxuh 61:=

!�+�� 7�� ��

��


Zlwkrxw jhqhudwlqj d sdwk iru wkh surfhvv/ zh pd| vlpxodwh wkh kljk dqg wkh

forvh jhrphwulfdoo| dv iroorzv1 Zh ehjlq e| jhqhudwlqj erwk kljk dqg forvh

xqghu S3 lq wkh fdvh ri }hur guliw1 Frqvlghu d judsk ri wkh S3 suredelolw|

ghqvlw| ixqfwlrq i3+{, ri oq+F, dv vkrzq lq Iljxuh 61:1

Li zh fkrvh wr vlpxodwhg wkh forvh xvlqj dffhswdqfh0uhmhfwlrq/ zh zrxog

fkrrvh d srlqw SK dw udqgrp xqlirupo| glvwulexwhg lq wkh uhjlrq ehorz wkh

judsk ri wklv ghqvlw|1 Wkhq wkh {0frruglqdwh ri wklv srlqw lv d yduldwh jhqhudwhg

iurp wkh suredelolw| ghqvlw| ixqfwlrq i3+{,1 Uhpdundeo|/ wkh |0frruglqdwh ri

vxfk d udqgrpo| vhohfwhg srlqw fdq eh xvhg wr jhqhudwh wkh ydoxh ri wkh kljk1

Dvvxph wkdw {0frruglqdwh lv wkh vlpxodwhg ydoxh ri oq+F,1 Vxssrvh wkdw zh

h{whqg d olqh krul}rqwdoo| wr wkh uljkw iurp wklv srlqw xqwlo lw vwulnhv wkh judsk ri

wkh suredelolw| ghqvlw| dqg wkhq frqvlghu wkh devflvvd ri wklv srlqw0 wklv ydoxh lv

wkh vlpxodwhg ydoxh ri 5 oq+K,� oq+F,1 Lw lv fohdu wkdw wkh fruuhvsrqglqj ydoxh

ri oq+K, grhv qrw h{fhhg d erxqgdu| dw wkh srlqw p li dqg rqo| li wkh srlqw

S lv ehorz wkh judsk ri wkh suredelolw| ghqvlw| ixqfwlrq exw qrw lq wkh vkdghg

uhjlrq rewdlqhg e| uh�hfwlqj wkh uljkw kdqg wdlo ri wkh ghqvlw| derxw wkh yhuwlfdo

olqh { @p� oq+R, lq Iljxuh 61;1 Wkxv d nqrfn0rxw rswlrq zlwk sd|r� ixqfwlrq

jlyhq e| #+oq+F,,L+K ? h
p, fdq eh frqvlghuhg d ydqlood Hxurshdq rswlrq zlwk

sd|r� ixqfwlrq #
�+{, @ #+{,> { �p> #

�+{, @ �#+5p� {,> { �p1
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Iljxuh 61;=

Lqghhg dq| rswlrq zkrvh ydoxh ghshqgv rq wkh kljk dqg wkh forvh ri wkh

surfhvv fdq eh vlploduo| ydoxhg1 Hlwkhu ri wkh srlqwv SK > SO pd| eh vdpsohg e|

jhqhudwlqj lwv { frruglqdwh oq+F, iurp wkh ghqvlw| i3+{, dqg wkhq vxevhtxhqwo|

wkh | frruglqdwh dv Xi3+oq+F,,> X � X ^3> 4`1

Zh qrz frqvlghu eulh�| wkh fdvh ri qrq0}hur guliw1 Li wkh ruljlqdo surfhvv

lv d Eurzqldq prwlrq/ wkhq wkh pduwlqjdoh phdvxuh zloo qhfhvvdulo| kdyh }hur

guliw dqg wklv frqvlghudwlrq lv xqqhfhvvdu|1 Krzhyhu/ iru ydoxlqj rswlrqv rq d

jhrphwulf Eurzqldq prwlrq/ wkh guliw lq wkh surfhvv orj+[w,/ wkrxjk w|slfdoo|

vpdoo/ lv qrq0}hur1 Iruwxqdwho|/ doo wkdw qhhgv wr eh fkdqjhg lq wkh deryh lv wkh

pdujlqdo glvwulexwlrq ri oq+F, vlqfh doo frqglwlrqdo glvwulexwlrqv jlyhq wkh ydoxh

ri F duh wkh vdph dv lq wkh }hur0guliw fdvh1 Iru h{dpsoh/ lq Iljxuh 61</ d srlqw

S kdv ehhq vhohfwhg xqlirupo| glvwulexwhg lq wkh vkdghg uhjlrq xqghu i+{,/ wkh

judsk ri wkh suredelolw| ghqvlw| ixqfwlrq ri oq+F,= Li wklv srlqw kdg ehhq dovr

xqghu wkh judsk ri i3+{, dv zhoo/ zh zrxog kdyh xvhg lw dv SK h{dfwo| dv ehiruh

wr jhqhudwh wkh ydoxh ri wkh kljk K= Krzhyhu/ lq wklv fdvh/ wkh srlqw zdv qrw

ehorz wkh judsk ri i3+{, dqg vr zh uhsodfhg wkh |0frruglqdwh ri wkh srlqw e|

dqrwkhu Xi3+F, zkhuh X lv X ^3> 4`=

Li zh zlvk wr sulfh dq rswlrq zlwk d pruh jhqhudo sd|r� ixqfwlrq #+K>F,

lqfuhdvlqj lq F/ lw pd| eh suhihudeoh wr xvh lpsruwdqfh vdpsolqj/ iru h{dpsoh

jhqhudwh F iurp d ghqvlw| zlwk pruh zhljkw lq wkh uljkw wdlo1 Lq idfw vlqfh rswlrq
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Iljxuh 61<=

sd|r� ixqfwlrqv duh jhqhudoo| vlpsohu ixqfwlrqv wkdq pdq| suredelolw| ghqvlwlhv/

lw lv riwhq ghvludeoh wr xvh wkhp dv lpsruwdqfh vdpsolqj glvwulexwlrqv1 Dv dq

h{dpsoh ehorz/ zh frqvlghu d Hxurshdq nqrfn0rxw fdoo rswlrq zlwk h{huflvh sulfh

H dqg nqrfn0rxw xsshu eduulhu dw hp= Dvvxph iru vlpsolflw| lq wkh uhpdlqghu

ri wklv h{dpsoh }hur guliw dqg wkdw zh kdyh douhdg| wudqviruphg wkh sureohp wr

Eurzqldq prwlrq +l1h1 H>F>p> hwf duh orjdulwkpv ri wkh sulfhv,1 Wkh sd|r�

ixqfwlrq lv wkh wuldqjxodu uhjlrq ehorz lq Iljxuh 61431 Vxssrvh zh jhqhudwh d

srlqw F dw udqgrp zlwk suredelolw| ghqvlw| sursruwlrqdo wr wklv ixqfwlrq1 Li zh

uhshdw wklv/ dyhudjlqj wkh ohqjwk ri wkh olqh vhjphqwv i3+F,� i3+5p� F,> zh

rewdlq dq hvwlpdwru ri wkh ydoxh ri wkh rswlrq1

Zh vlploduo| vkrz krz wr ydoxh d grzq dqg lq sxw rswlrq xvlqj wkh �jxuh1

Frqvlghu d nqrfn0lq erxqgdu| dw p ? H zkhuh H lv wkh rswlrq h{huflvh sulfh1

Wkhq wkh sd|r� ixqfwlrq lv pd{+3> H�F, zkhq O ? p> dqg rwkhuzlvh wkh sd|r�

lv 31 Lq rughu wr euhdfk wkh erxqgdu|/ d srlqw pxvw eh vhohfwhg iurp wkh vkdghg

uhjlrq lq Iljxuh 61441 Wkh slhfhzlvh olqhdu ixqfwlrq lv wkh sd|r� ixqfwlrq1 Qrwh

wkdw wkh lqwhjudo ri wkh sd|r� ixqfwlrq ryhu srlqwv fkrvhq iurp wkh vkdghg

uhjlrq lv htxlydohqw wr wkh lqwhjudo iru srlqwv fkrvhq xqghu wkh qrupdo fxuyh

zlwk phdq 5p�R= Lq rwkhu zrugv/ lq wkh fdvh ri jhrphwulf Eurzqldq prwlrq/

zh fdq hvwdeolvk wkh ydoxh ri wklv rswlrq xvlqj wkh Eodfn0Vfkrohv irupxod iru wkh

sulfh ri d fdoo rswlrq zlwk wkh vdph sdudphwhuv exw zlwk fxuuhqw sulfh ri wkh

vwrfn +rq d orj vfdoh, 5p�R=

Wkhuh lv d vlplodu jhrphwulf ylhz ri wkh frqglwlrqdo glvwulexwlrq ri wkh forvh

F jlyhq wkh kljk K1 Vxssrvh zh zlvk wr jhqhudwh d srlqw iurp wkh frqglwlrqdo
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Iljxuh 6143=

Iljxuh 6144=
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Iljxuh 6145=

glvwulexwlrq ri F jlyhqK @ p 1 Wkhq d srlqw lv fkrvhq xqlirupo| rq wkh lqwhuydo

^3> i+p,` dqg wkhq surmhfwhg krul}rqwdoo| wr wkh ohiw xqwlo lw vwulnhv wkh judsk ri

i+5p� {,1 Wkh {0frruglqdwh ri wkh srlqw ri lqwhuvhfwlrq lv wkh jhqhudwhg ydoxh

ri wkh forvh1 Wklv lv looxvwudwhg lq Iljxuh 61451

D vlplodu �jxuh looxvwudwhv wkh glvwulexwlrq ri wzr vlpsoh vwdwlvwlfv wkdw �jxuh

surplqhqwo| lq wkh whvw ri �w ri Uhghnrs +4<<8,1

Lq �jxuh 6146/ frqvlghu wkh glvwulexwlrq ri wkh forvh jlyhq wkh ydoxh ri 5K�F1
Fohduo| wkh forvh lv glvwulexwhg xqlirupo| dorqj wkh krul}rqwdo vwulsh/ l1h1 X ^R�
+5K �F,> +5K �F,`= Vlqfh wkh ydoxh ri K lv kdoi zd| ehwzhhq wkh srlqw F dqg

5K�F> lw iroorzv wkdw wkh frqglwlrqdo glvwulexwlrq riK lv xqlirup X ^R> 5K�F`=
Rqh dgydqwdjh ri wklv xqliruplw| lv wkdw lw lv lqghshqghqw ri wkh glvwulexwlrq i3=

Iru h{dpsoh lw krogv zkdwhyhu wkh vfdoh sdudphwhu ri wkh qrupdo glvwulexwlrq

lv/ ru hyhq li wkh glvwulexwlrq lv d yduldqfh pl{wxuh ri qrupdo udqgrp yduldeohv1

Wkxv lw dssolhv wr d Eurzqldq prwlrq vxeruglqdwhg wr dq lqghshqghqw udqgrp

forfn1

Wklv h{dpsoh vlpso| lqglfdwhv wkdw vlpxodwlqj orrn0edfn dqg eduulhu rswlrqv

fdq riwhq eh uhgxfhg d sureohp ri �qglqj d fhuwdlq lqwhjudo ru duhd lq d �jxuh1

Wkxv/ wkh duud| ri yduldqfh uhgxfwlrq wrrov wkdw duh glvfxvvhg lq wklv fkdswhu

pd| eh dssolhg wr sureohpv ri wklv w|sh1

Zh forvh wklv vhfwlrq zlwk d eulhi glvfxvvlrq ri d vlplodu �jxuh zklfk dssolhv

wr wkh glvfuhwh fdvh1 Vxssrvh wkdw wkh vwrfn sulfh fdq rqo pryh xs ru grzq e|

d �{hg lqfuhphqw � dv iru d vlpsoh udqgrp zdon1 Frqvlghu wkh suredelolw|

klvwrjudp ri wkh lqfuhphqw F �R vxssruwhg e| d odwwlfh
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Iljxuh 6146=

Rqfh djdlq frqvlghu d srlqw fkrvhq xqlirupo| dqg dw udqgrp xqghu wklv

klvwrjudp1 Wkh forvhvw srlqw rq wkh odwwlfh wr wkh {0frruglqdwh ri wklv srlqw fdq

eh frqvlghuhg d jhqhudwhg ydoxh ri wkh forvh1 Pruhryhu/ li zh uxq d krul}rqwdo

olqh wr wkh uljkw/ wkhq wkh odvw edu/ vd| |> sdvvhg wkurxjk ehiruh lw ohdyhv wkh

klvwrjudp fruuhvsrqgv/ zlwk rqh vpdoo dgmxvwphqw/ wr wkh jhqhudwhg ydoxh ri

5K�F dv lq wkh frqwlqxrxv fdvh1 Wkh dgmxvwphqw vwhpv iurp wkh idfw wkdw wkh
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gl�huhqfh ehwzhhq wklv srlqw dqg wkh forvh lv 5+K�F, zklfk lv dq hyhq pxowlsoh
ri wkh vl}h ri d mxps1 Wkxv/ li zh gh�qh K @ �^|�F

5�
`> zkhuh wkh vtxduh eudfnhwv

lqglfdwh _wkh lqwhjhu sduw ri %/ wkhq K lv d vlpxodwhg ydoxh ri wkh kljk1

!�+� 7�� �����
: �/� 0�

��
�

Zh kdyh glvfxvvhg d vlpsoh ghylfh deryh iru jhqhudwlqj mrlqwo| wkh kljk dqg wkh

forvh ru wkh orz dqg wkh forvh ri d surfhvv jlyhq wkh ydoxh ri wkh rshq1 Wkh mrlqw

glvwulexwlrq ri K>O>F jlyhq wkh ydoxh ri R ru wkh glvwulexwlrq ri F lq wkh fdvh

ri xsshu dqg orzhu eduulhuv lv pruh sureohpdwlf1 Frqvlghu d vlqjoh idfwru prgho

dqg wzr eduulhuv0 dq xsshu dqg d orzhu eduulhu1 Qrwh wkdw wkh kljk dqg wkh

orz lq dq| jlyhq lqwhuydo lv ghshqghqw/ exw li zh vlpxodwh d sdwk lq uhodwlyho|

vkruw vhjphqwv/ e| �uvw jhqhudwlqj q lqfuhphqwv dqg wkhq jhqhudwlqj wkh kljkv

dqg orzv zlwklq hdfk lqfuhphqw/ wkhq wkhuh lv dq h{wuhpho| orz suredelolw|

wkdw wkh kljk dqg orz ri wkh surfhvv zloo erwk olh lq wkh vdph vkruw lqfuhphqw1

Iru h{dpsoh iru d Eurzqldq prwlrq zlwk wkh wlph lqwhuydo sduwlwlrqhg lqwr 8

htxdo vxelqwhuydov/ wkh suredelolw| wkdw wkh kljk dqg orz erwk rffxu lq wkh

vdph lqfuhphqw lv ohvv wkdq durxqg 31344 zkdwhyhu wkh guliw1 Li zh lqfuhdvh wkh

qxpehu ri vxelqwhuydov wr 43/ wklv lv durxqg 31333;1 Wklv lqglfdwhv wkdw surylghg

zh duh zloolqj wr vlpxodwh kljkv/ orzv dqg forvh lq whq vxelqwhuydov/ suhwhqglqj

wkdw zlwklq vxelqwhuydov wkh kljkv dqg orzv duh frqglwlrqdoo| lqghshqghqw/ wkh

huuru lq rxu dssur{lpdwlrq lv yhu| vpdoo1

Dq dowhuqdwlyh/ pruh frpsxwdwlrqdoo| lqwhqvlyh/ lv wr gl�huhqwldwh wkh lq�qlwh

vhulhv h{suhvvlrq iru wkh suredelolw| S +K � e> O � �d>F @ xmR @ 3` +vhh

iru h{dpsoh Eloolqjvoh|/ +4<9;,/ s1 :<, wr rewdlq wkh mrlqw suredelolw| ghqvlw|

dqg dwwhpsw wr jhqhudwh iurp wklv ghqvlw|1 F fdq eh jhqhudwhg e| dffhswdqfh

uhmhfwlrq lq wkh suhvhqfh ri wkh eduulhuv vlqfh wkh ghqvlw| lv grplqdwhg e| wkh

ghqvlw| lq wkh devhqfh ri dq| eduulhuv1 Wklv uhtxluhv hydoxdwlrq ri wkh lq�qlwh

vhulhv1

Dq dowhuqdwlyh doorzv jhqhudwlqj vlpxodwhg ydoxhv ri wkh forvh zlwk devrue0

lqj eduulhuv dw �d / e zlwkrxw xvlqj dq lq�qlwh vhulhv1 Lw lv zhoo0nqrzq wkdw

wkh uh�hfwlrq sulqflsoh dssolhv wr wkh wzr0erxqgdu| fdvh dv zhoo1 Dvvxph wkdw

wkh surfhvv lv vwdqgdug Eurzqldq prwlrq zlwk guliw }hur1Wkh deryh uhvxowv duh

sulpdulo| xvhixo iru dq rswlrq wkdw ghshqgv rqo| r wkh forvlqj sulfh dqg hlwkhu

wkh kljk ru wkh orz ryhu d shulrg1 Pruh jhqhudoo| zh zrxog olnh wr vlpxodwh d

forvlqj xqghu wkh frqglwlrq wkdw wkh surfhvv uhpdlqv zlwklq d fhuwdlq lqwhuydo/

h1j1 wkdw K ? e dqg O A �d= Wr wklv hqg/ gh�qh d ixqfwlrq iudf.+{, @ {�e{f
li { A 3 dqg rwkhuzlvh iudf.+{, @ 3=

Wkhruhp 57 Iru d Eurzqldq prwlrq surfhvv/ S ^�d ? O ? K ? emF @ x` @

4� S ^iudf.+ K
d.e, A

e
d.e mF @ x`� S ^iudf.+ �Od.e, A

d
d.e mF @ x`

Surri1 Wkh iroorzlqj irupxod lv xvhixo iru d fdvh lq zklfk doo wkuhh riK>O>F

duh uhtxluhg 1 Dvvxph iru vlpsolflw| wkdw [+w, lv d Eurzqldq prwlrq zlwk

� @ 4/ [+3, @ 3>dqg K @ pd{i[+w,> 3 ? w ? 4j> O @ plqi[+w,> 3 ? w ? 4j
dqg F @ [+4,=Wkhq +vhh iru h{dpsoh Kh/ Nhluvwhg/ Uhekro}/ Wkhruhp 514, iru
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�d ? x ? e>

S ^�d ? O ? K ? emF @ x` @

4[
q@�4

i!+x� 5q+d. e,,

!+x,
� !+x� 5q+d. e, . 5d,

!+x,
j

Qrwh wkdw iru q A 3>

S ^K A q+d. e,mF @ x` @
!+x� 5q+d. e,,

!+x,
>

S ^K A q+d. e,� dmF @ x` @
!+x� 5q+d. e, . 5d,

!+x,

dqg iru q @ �p ? 3>

S ^O ? �p+d. e,mF @ x` @
!+x. 5p+d. e,,

!+x,

S ^O ? �p+d. e,� dmF @ x` @
!+x. 5p+d. e, . 5d,

!+x,

Zlwk wkhvh vxevwlwxwlrqv/

S ^�d ? O ? K ? emF @ x` @ 4� !+x. 5d,

!+x,

�
4[
q@4

S ^q+d. e, A K A q+d. e,� dmF @ x`

.

4[
p@4

S ^�p+d. e,� d ? O ? �p+d. e,mF @ x`

@ 4� S ^O ? �dmF @ x`

�S ^iudf.+ K

d. e
, A

e

d. e
`

.

4[
p@4

S ^p.
d

d. e
A

�O
d. e

A pmF @ x`

@ 4� S ^iudf.+
K

d. e
, A

e

d. e
`� S ^iudf.+

�O
d. e

, A
d

d. e
`

vlqfh

4[
p@4

S ^p.
d

d. e
A

�O
d. e

A pmF @ x` @

4[
p@4

S ^p� e

d. e
A
�O� d� e

d. e
A p� 4mF @ x`

@ S ^iudf.+
�O
d. e

, ?
d

d. e
> dqg � O A +d. e,mF @ x`

@ S ^�O A +d. e,mF @ x`� S ^iudf.+
�O
d. e

, A
d

d. e
> dqg � O A +d. e,mF @
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Wkh prvw lpsruwdqw ihdwxuh ri wklv uhvxow lv wkdw wkh wzr suredelolwlhv rq

wkh uljkw vlgh ghshqg rqo| rq wkh mrlqw glvwulexwlrq ri wzr udqgrp yduldeohv K

dqg F ru O dqg F=

Ohw xv qrz dvvxph wkdw zh duh lqwhuhvwhg lq d eduulhu ru sdwk ghshqghqw

rswlrq zkrvh xqghuo|lqj iroorzv d Jhrphwulf Eurzqldq prwlrq1 Wklv uhvxow

fdq eh xvhg wr vlpxodwh dq rswlrq wkdw ghshqgv rq wkh forvlqj sulfh ri d vwrfn

lq rqh zd| li wkh vwrfn sulfh uhpdlqv lq d jlyhq lqwhuydo Rh�d ? O ? K ? Rh
e/

exw li lw euhdfkhv d orzhu eduulhu dw Rh�d ru xsshu eduulhu dw Rhe lw sd|v d

gl�huhqw dprxqw srvvleo| dovr d ixqfwlrq ri wkh forvlqj sulfh1 Wkhvh sd|r�v frxog

eh srvlwlyh ru qhjdwlyh1 Li lw euhdfkhv dq xsshu eduulhu dw Rhe lw sd|v dqrwkhu

dprxqw Ye= Li erwk eduulhuv duh euhdfkhg wkhq wkh sd|r� lv d wklug dprxqw Yde=

Iru h{dpsoh/ vxssrvh wkh sd|r� lv Y +F, li Rh
�d

? O ? K ? Rh
e
= Dvvxph

wkdw jlyhq wkh ydoxh ri F> wkh sd|r� ri wkh rswlrq lv jlyhq e|

Y +F>K>O>R, @

;AA?
AA=

Y +F, li Rh
�d

? O ? K ? Rh
e

Yd+F, li Rh
�d

A O dqg K ? Rh
e

Ye+F, li Rh
�d

? O dqg K A Rh
e

Yde+F, li Rh
�d

A O dqg K A Rh
e

Gh�qh udqgrp zhljkwv dv iroorzv= vxssrvh iru jlyhq F> zh pd| jhqhudwh

K dqg O hlwkhu lqghshqghqwo| ri rqh dqrwkhu ru zlwk dq duelwudu| ghjuhh ri

ghshqghqfh1 Wkhvh jhqhudwh udqgrp zhljkwv

Zd+F, @ 4 li O ? Rh
�d

Z
.
d +F, @ 4 li iudf

.+
� oq+O,
d.e , A d

d.e

Ze+F, @ 4 li K A Rh
e

Z
.
e +F, @ 4 li iudf

.+
oq+K,

d.e , A
e

d.e

dqg rwkhuzlvh/ hdfk ri wkhvh zhljkwv lv 31 Wkhq wkh deryh wkhruhp vkrzv

wkdw 4 �Z
.
d +F, � Z

.
e +F, lv dq xqeldvhg hvwlpdwru frqglwlrqdo rq F ri wkh

suredelolw| S ^Rh�d ? O ? K ? Rh
emF` dqg wkhuhiruh Z.

d +F, .Z
.
e +F, lv dq

xqeldvhg hvwlpdwru ri S ^Rh�d A O ru K A Rh
emF`= Vlploduo|/ wkh frqglwlrqdo

h{shfwhg ydoxh ri Z.
d +F,.Z

.
e +F,�Ze+F, lv S ^Rh�d A O dqg K ? Rh

emF`
dqg riZ.

d +F,.Z
.
e +F,�Zd+F, lv S ^Rh

�d
? O dqg K A Rh

emF` 1 Wkhuhiruh
wkh zhljkwhg dyhudjh

Y +F,+4�Z
.
d +F,�Z

.
e +F,, . Yd+F,+Z

.
d +F, .Z

.
e +F,�Ze+F,,

.Ye+F,+Z
.
d +F, .Z

.
e +F,�Zd+F,, . Yde+F,+Zd+F,�Z

.
d +F, .Ze+F,�Z

.
e +F,,

surylghv dq xqeldvhg hvwlpdwru ri H^Y +F>K>O>R,mF` iru hdfk F= Wkhvh

udqgrp zhljkwv pd| eh uhsodfhg e| dq dyhudjh ri d qxpehu ri vxfk udqgrpo|

jhqhudwhg zhljkwv iru hdfk ydoxh ri F= Wkh zhljkwv fdq eh qhjdwlyh0 iru h{dpsoh

+4�Z
.
d +F,�Z

.
e +F,, fdq htxdo �4= Wkhvh ydoxhv duh dgmxvwphqw iru d vpdoo

ghjuhh ri ryhufrxqwlqj wkdw rffxuv zkhq erwk eduulhuv duh furvvhg1 Zh kdyh
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irxqg wkdw wklv vfkhph lv sduwlfxoduo| h�flhqw li K dqg O duh jhqhudwhg xvlqj

dqwlwkhwlf xqlirup udqgrp qxpehuv> iru h{dpsoh vroylqj iru K A pd{+F>R,

wkh htxdwlrq

oq+K@R, oq+K@F, @ ��
5
W

5
oq+X,

jlyhv dq dgmxvwphqw wr wkh jhrphwulf phdq ri wkh rshq dqg forvh=

K @
s
RFh{si4

5

s
oq+F@R,5 � 5�5W oq+X,j

dqg vlploduo|

O @
s
RFh{si�4

5

s
oq+F@R,5 � 5�5W oq+4� X,j

zkhuh X lv Xqlirup^3> 4`= Wklv fkrlfh ohdgv wr d yhu| vpdoo suredelolw| wkdw

wkh zhljkwv +4�Z
.
d +F,�Z

.
e +F,, duh htxdo wr �4=

!�, �
�0����

41 Xvh erwk fuxgh dqg dqwlwkhwlf udqgrp qxpehuv wr lqwhjudwh wkh ixqfwlrq] 4

3

h
x � 4

h� 4
gx=

Zkdw lv wkh h�flhqf| jdlq dwwulexwhg wr wkh xvh ri dqwlwkhwlf udqgrp

qxpehuvB

51 Krz odujh d vdpsoh vl}h zrxog L qhhg/ xvlqj dqwlwkhwlf dqg fuxgh Prqwh

Fduor/ lq rughu wr hvwlpdwh wkh deryh lqwhjudo/ fruuhfw wr irxu ghflpdo

sodfhv/ zlwk suredelolw| dw ohdvw <8(B

61 Xqghu zkdw frqglwlrqv rq i grhv wkh xvh ri dqwlwkhwlf udqgrp qxpehuv

frpsohwho| fruuhfw iru wkh yduldelolw| ri wkh Prqwh0Fduor hvwlpdwruB l1h1

Zkhq lv ydu+i+X, . i+4� X,, @ 3B

71 Vkrz wkdw li zh xvh dqwlwkhwlf udqgrp qxpehuv wr jhqhudwh wzr qrupdo

udqgrp yduldeohv [4> [5> kdylqj phdq uW � �
5
W@5 dqg yduldqfh �5W /

wklv lv htxlydohqw wr vhwwlqj [5 @ 5+uW ��5W@5,�[4= Lq rwkhu zrugv/ lw

lv qrw qhfhvvdu| wr xvh wkh lqyhuvh wudqvirup phwkrg wr jhqhudwh qrupdo

udqgrp yduldeohv lq rughu wr shuplw wkh xvh ri dqwlwkhwlf udqgrp qxpehuv1

81 Xvh d vwudwl�hg udqgrp vdpsoh wr lqwhjudwh wkh ixqfwlrq

] 4

3

h
x � 4

h� 4
gx=

Zkdw gr |rx uhfrpphqg iru lqwhuydov +wzr ru wkuhh, dqg vdpsoh vl}hvB Zkdw

lv wkh h�flhqf| jdlqB
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41 Xvh d frpelqdwlrq ri vwudwl�hg udqgrp vdpsolqj dqg dq dqwlwkhwlf udqgrp

qxpehu lq wkh irup

4

5
^i+X@5, . i+4� X@5,`

wr lqwhjudwh wkh ixqfwlrq ] 4

3

h
x � 4

h� 4
gx=

Zkdw lv wkh h�flhqf| jdlqB

51 Lq wkh fdvh i+{, @ h{�4
h�4 / xvh j+{, @ { dv d frqwuro yduldwh wr

lqwhjudwh ryhu ^3/4`1 Vkrz wkdw wkh yduldqfh lv uhgxfhg e| d idfwru ri

dssur{lpdwho| 931 Lv wkhuh pxfk dgglwlrqdo lpsuryhphqw li zh xvh d pruh

jhqhudo txdgudwlf ixqfwlrq ri {B

61 Lq wkh fdvh i+{, @ h{�4
h�4

/ frqvlghu xvlqj j+{, @ { dv d frqwuro yduldwh

wr lqwhjudwh ryhu ^3/4`1 Qrwh wkdw uhjuhvvlrq ri i+X, rq j+X, |lhogv

i+X,�H+i+X,, @ �^j+X,�Hj+X,`.% zkhuh wkh huuru whup % kdv phdq

3 dqg lv xqfruuhodwhg zlwk j+X, dqg � @ fry+i+X,> j+X,,@ydu+j+X,=

Wkhuhiruh/ wdnlqj h{shfwdwlrqv rq erwk vlghv dqg uhrujdqlvlqj wkh whupv/

H+i+X,, @ i+X,� �^j+X,�H+j+X,,`= Wkh Prqwh0Fduor hvwlpdwru

4

q

q[
l@4

ii+Xl,� �^j+Xl,�H+j+Xl,,`j

lv dq lpsuryhg frqwuro yduldwh hvwlpdwru/ htxlydohqw wr wkh rqh glvfxvvhg

deryh lq wkh fdvh � @ 4= Ghwhuplqh krz pxfk ehwwhu wklv hvwlpdwru lv

wkdq wkh edvlf frqwro yduldwh fdvh � @ 4 e| shuiruplqj vlpxodwlrqv1 Vkrz

wkdw wkh yduldqfh lv uhgxfhg e| d idfwru ri dssur{lpdwho| 931 Lv wkhuh

pxfk dgglwlrqdo lpsuryhphqw li zh xvh d pruh jhqhudo txdgudwlf ixqfwlrq

ri {B

71 D fdoo rswlrq sd|v dq dprxqw Y +V, @ 4@+4 . h{s+V+W ,� n,, dw wlph W

iru vrph suhghwhuplqhg sulfh n= Glvfxvv zkdw |rx zrxog xvh iru d frqwuro

yduldwh dqg frqgxfw d vlpxodwlrq wr ghwhplqh krz lw shuirupv/ dvvxplqj

jhrphwulf Eurzqldq prwlrq iru wkh vwrfn sulfh/ lqwhuhvw udwh 8(/ dqqxdo

yrodwlolw| 53( dqg ydulrxv lqlwldo vwrfn sulfhv/ ydoxhv ri n dqg W=

81 Lw kdv ehhq vxjjhvwhg wkdw vwrfnv duh qrw orj0qrupdoo| glvwulexwhg exw wkh

glvwulexwlrq fdq eh zhoo dssur{lpdwhg e| uhsodflqj wkh qrupdo glvwulex0

wlrq e| d vwxghqw w glvwulexwlrq1 Vxssrvh wkdw wkh gdlo| uhwxuqv [l duh

lqghshqghqw zlwk suredelolw| ghqvlw| ixqfwlrq i+{, @ f+4.+{@e,5,�5 +wkh

uh0vfdohg vwxghqw glvwulexwlrq zlwk 6 ghjuhhv ri iuhhgrp,1 Zh zlvk wr hvwl0

pdwh d zhhno| Y du=<8/ d ydoxh �s vxfk wkdw S ^
S8

l@4[l ? s` @ =38= Li zh

zlvk wr gr wklv e| vlpxodwlrq/ vxjjhvw dq dssursuldwh phwkrg lqyroylqj

lpsruwdqfh vdpsolqj1 Lpsohphqw dqg hvwlpdwh wkh yduldqfh uhgxfwlrq1
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91 Vxssrvh/ iru h{dpsoh/ L kdyh wkuhh gl�huhqw vlpxodwlrq hvwlpdwruv \4> \5> \6
zkrvh phdqv ghshqg rq wzr xqnqrzq sdudphwhuv �4> �51 Lq sduwlfxodu/

vxssrvh \4> \5> \6> duh xqeldvhg hvwlpdwruv ri �4> �4. �5> �5 uhvshfwlyho|1

Ohw xv dvvxph iru wkh prphqw wkdw ydu+\l, @ 4> fry+\l> \m, @ �4@51
L zdqw wr hvwlpdwh wkh sdudphwhu �41 Vkrxog L xvh rqo| wkh hvwlpdwru

\4 zklfk lv wkh xqeldvhg hvwlpdwru ri �4/ ru vrph olqhdu frpelqdwlrq

ri \4> \5> \6B Frpsduh wkh qxpehu ri vlpxodwlrqv qhfhvvdu| iru d fhuwdlq

ghjuhh ri dffxudf|1

:1 Frqvlghu wkh v|vwhpdwlf vdpsoh hvwlpdwru edvhg rq wkh wudsh}rlgdo uxoh=

a� @
4

q

q�4[
l@3

i+Y . l@q,> Y � X ^3>
4

q
`

Glvfxvv wkh eldv dqg yduldqfh ri wklv hvwlpdwru1 Lq wkh fdvh i+{, @ {
5
>

krz grhv lw frpsduh zlwk rwkhu hvwlpdwruv vxfk dv fuxgh Prqwh Fduor dqg

dqwlwkhwlf udqgrp qxpehuv uhtxlulqj q ixqfwlrq hydoxdwlrqv1 Duh wkhuh

dq| glvdgydqwdjhv wr lwv xvhB

;1 Lq wkh fdvh i+{, @ h{�4
h�4 / xvh j+{, @ { dv d frqwuro yduldwh wr lqwhjudwh

ryhu ^3/4`1 Ilqg wkh rswlpdo olqhdu frpelqdwlrq xvlqj hvwlpdwruv +7148, dqg

+7149,/ dq lpsruwdqfh vdpsolqj hvwlpdwru dqg wkh frqwuro yduldwh hvwlpdwru

deryh1 Zkdw lv wkh h�flhqf| jdlq ryhu fuxgh Prqwh0FduorB
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Zkhq lqwhjudwlqj lq rqh glphqvlrq/ d qxphulfdo phwkrg zlwk Q htxdoo| vsdfhg

srlqwv zloo jhqhudoo| kdyh eldv wkdw dssurdfkhv 3 dw wkh udwh 4@Q zkhq wkh

ixqfwlrq kdv rqh ghulydwlyh1 Wklv lv ehfdxvh] +m.4,@Q

m@Q

i+{,g{� 4

Q
i+|, � 4

Q5
vxs} mi 3+},m +714,

iru | lq wkh lqwhuydo m@Q � | � +m . 4,@Q 1 Li wkh ixqfwlrq lv nqrzq wr kdyh

pruh erxqghg ghulydwlyhv/ wkhq qxphulfdo lqwhjudov fdq eh irxqg zklfk xvh

Q srlqwv exw zklfk kdyh vpdoohu huuru1 Lqghhg txdgudwxuh irupxodh shuplw

dssur{lpdwlqj dq lqwhjudo ri d sro|qrpldo ri ghjuhh 5Q � 4 h{dfwo| xvlqj rqo|

Q srlqwv wrjhwkhu zlwk +qrq0frqvwdqw, zhljkwv dwwdfkhg wr wkrvh srlqwv1 E|

frqwudvw/ d Prqwh Fduor lqwhjudo zlwk Q srlqwv kdv }hur eldv exw vwdqgdug

ghyldwlrq wkdw lv d frqvwdqw pxowlsoh ri 4@
s
Q 1 Wkxv wkh qxphulfdo lqwhjudo

kdv d idvwhu udwh ri ghfuhdvh ri eldv wkhq wkh udwh dw zklfk wkh Prqwh Fduor

lqwhjudo ghfuhdvhv lwv vwdqgdug ghyldwlrq/ dqg wklv lv d odujh sduw ri wkh uhdvrq

zh pd| suhihu qxphulfdo lqwhjudwlrq wr Prqwh Fduor phwkrgv lq rqh glphqvlrq1

Wkh vlwxdwlrq fkdqjhv vxevwdqwldoo| lq 5 glphqvlrqv1 Qrz/ li Q srlqwv duh

wr eh glvwulexwhg ryhu d xqlirup odwwlfh lq vrph uhjlrq/ wkh glvwdqfh ehwzhhq

dgmdfhqw srlqwv zloo eh ri rughu 4@
s
Q dqg wklv lv wkh rughu ri wkh eldv lq d

qxphulfdo lqwhjudo1 Wklv lv wkh vdph rughu dv wkh vwdqgdug ghyldwlrq ri d Prqwh

Fduor lqwhjudo1 Ixuwkhupruh/ wkh vlwxdwlrq uhvxowv lq d suhihuhqfh iru wkh Prqwh

Fduor lqwhjudo ryhu vxfk qxphulfdo phwkrgv iru dq v�glphqvlrqdo lqwhjudo zkhq
v � 61 Krzhyhu/ wkhuh duh phwkrgv ri lpsurylqj rq wkh sodfhphqw ri wkh srlqwv

lq d qxphulfdo lqwhjudo wr ghfuhdvh wkh eldv1 Txdvl0udqgrp vdpsohv/ dqdorjrxv

wr htxdoo| vsdfhg srlqwv lq rqh glphqvlrq/ duh glvfxvvhg e| Qlhghuuhlwhu +4<:;,1

468
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Qlhghuuhlwhu vkrzv wkdw iru vx�flhqwo| vprrwk ixqfwlrqv dqg lqwhooljhqw fkrlfh

ri srlqwv/ rqh fdq dfklhyh wkh pxfk ehwwhu udwh ri frqyhujhqfh1

Zh kdyh vhhq d qxpehu ri phwkrgv ghvljqhg wr uhgxfh wkh glphqvlrqdolw|

ri wkh sureohp1 Shukdsv wkh prvw lpsruwdqw ri wkhvh lv frqglwlrqlqj/ zklfk fdq

uhgxfh dq v glphqvlrqdo lqwhjudo wr d rqh0glphqvlrqdo rqh1 Lq wkh pxowlglphq0

vlrqdo fdvh/ yduldqfh uhgxfwlrq kdv dq lqfuhdvhg lpsruwdqfh ehfdxvh ri wkh kljk

yduldelolw| lqgxfhg e| wkh glphqvlrqdolw| ri fuxgh phwkrgv1 Wkh rwkhu ydul0

dqfh uhgxfwlrq whfkqltxhv vxfk dv uhjuhvvlrq dqg vwudwl�fdwlrq fduu| ryhu wr wkh

pxowlyduldeoh sureohp zlwk olwwoh fkdqjh/ h{fhsw iru wkh lqfuhdvhg frpsoh{lw| ri

ghwhuplqlqj d uhdvrqdeoh vwudwl�fdwlrq lq vxfk sureohpv1

#� )

�
� �� ����
���� �����
�����

Zh frqvlghu wkh sureohp ri qxphulfdo lqwhjudwlrq lq v glphqvlrqv1 Iru v @ 4

wkhuh duh fodvvlfdo lqwhjudwlrq phwkrgv/ olnh wkh wudsh}rlgdo uxoh=

] 4

3

i+x,gx �
p[
q@3

zqi+
q

p
,> +715,

zkhuh zr @ zp @ 4@+5p,/ dqg zq @ 4@p iru 4 � q � p� 41 Wkh wudsh}rlgdo

uxoh lv h{dfw iru dq| ixqfwlrq wkdw lv olqhdu dqg vr zh fdq dvvhvv wkh huuru ri

lqwhjudwlrq e| xvlqj d olqhdu dssur{lpdwlrq wkurxjk wkh srlqwv + mp > i+
m
p,, dqg

+ m.4
p
> i+ m.4

p
,,=Iru

m

p
? { ?

m . 4

p

dqdorjrxv wr wkh Wd|oru vhulhv h{sdqvlrq/ li wkh ixqfwlrq kdv d frqwlqxrxv vhfrqg

ghulydwlyh/

i+{, @ i+
m

p
, . +{� m

p
,p^i+

m . 4

p
,� i+

m

p
,` .R+{� m

p
,5=

Lqwhjudwlqj erwk vlghv ehwzhhq m
p

dqg m.4
p
> qrwlfh wkdw

] +m.4,@p

m@p

ii+ m
p
, . +{� m

p
,p^i+

m . 4

p
,� i+

m

p
,`jg{ @

i+ m.4p , . i+ mp,

5p

lv wkh duhd ri wkh wudsh}rlg dqg wkh huuru lq wkh dssur{lpdwlrq lv

R+

] +m.4,@p

m@p

+{� m

p
,5, @ R+p�6,=

Dgglqj wkhvh huuruv ri dssur{lpdwlrq ryhu wkhp wudsh}rlgv jlyhv R+p�5,= Frq0

vhtxhqwo|/ wkh huuru lq wkh wudsh}rlgdo uxoh dssur{lpdwlrq lv R+p�5,/ surylghg

wkdw i kdv d frqwlqxrxv vhfrqg ghulydwlyh rq ^3> 4`1
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Zh qrz frqvlghu wkh pxowlglphqvlrqdo fdvh/ v � 51 Vxssrvh zh hydoxdwh

wkh ixqfwlrq dw doo ri wkh +p.4,v srlqwv ri wkh irup +q4
p
> = = = >

qv
p
, dqg xvh wklv

wr dssur{lpdwh wkh lqwhjudo1 Wkh fodvvlfdo qxphulfdo lqwhjudwlrq phwkrgv xvh

Fduwhvldq surgxfw ri rqh0glphqvlrqdo lqwhjudwlrq uxohv1 Iru h{dpsoh/ wkh v0irog

Fduwhvldq surgxfw ri wkh wudsh}rlgdo uxoh lv

]
Lv
i+x,gx �

p[
q4@3

� � �
p[

qv@3

zq4 � � �zqvi+
q4

p
> = = = >

qv

p
,> +716,

zkhuh �Lv @ ^3> 4`v lv wkh forvhg v0glphqvlrqdo xqlw fxeh dqg wkh zq duh dv
ehiruh1 Wkh wrwdo qxpehu ri qrghv lv Q @ +p. 4,v1 Iurp wkh suhylrxv huuru
erxqg lw iroorzv wkdw wkh huuru qrz lv R+p�5,/ surylghg wkdw wkh vhfrqg sduwldo
ghulydwlyhv ri i duh frqwlqxrxv rq �Lv 1 Zh nqrz wkdw wkh huuru fdqqrw eh vpdoohu
dv wkh deryh irupxod fdq eh dssolhg wr wkh fdvh zkhuh wkh ixqfwlrq ghshqgv rq
rqo| rqh yduldeoh1 Lq whupv ri wkh qxpehu Q ri qrghv ru ixqfwlrq hydoxdwlrqv/
vlqfh p @ R+Q4@v,> wkh huuru lv R+Q�5@v,/ zklfk zlwk lqfuhdvlqj glphqvlrq v

fkdqjhv gudvwlfdoo|1 Iru h{dpsoh li zh uhtxluhg Q @ 433 qrghv wr dfklhyh d
uhtxluhg suhflvlrq lq wkh fdvh v @ 4> wr dfklhyh wkh vdph suhflvlrq iru d v @ 8
glphqvlrqdo lqwhjudo xvlqj wklv dssurdfk zh zrxog qhhg wr hydoxdwh wkh ixqfwlrq
dw d wrwdo ri 433v @ 4343 ru whq eloolrq qrghv1 Wklv skhqrphqd lv riwhq fdoohg
wkh _fxuvh ri glphqvlrqdolw|%1

D ghflvlyh vwhs lq ryhufrplqj wkh sureohp ri glphqvlrqdolw| zdv wkh ghyho0
rsphqw ri wkh Prqwh Fduor phwkrg zklfk lv edvhg rq udqgrp vdpsolqj1 E|
wkh fhqwudo olplw wkhruhp/ hyhq d fuxgh Prqwh Fduor hvwlpdwh iru qxphulfdo
lqwhjudwlrq |lhogv d suredelolvwlf huuru erxqg ri wkh irup RS +Q

�4@5, lq whupv
ri wkh qxpehu Q ri qrghv +ru ixqfwlrq hydoxdwlrqv, dqg wklv krogv xqghu d yhu|
zhdn uhjxodulw| frqglwlrq rq wkh ixqfwlrq i 1 Wkh uhpdundeoh ihdwxuh khuh lv
wkdw wklv rughu ri pdjqlwxgh grhv qrw ghshqg rq wkh glphqvlrq v1 Wklv lv wuxh
hyhq li wkh lqwhjudwlrq grpdlq lv frpsolfdwhg1 Qrwh krzhyhu wkdw wkh gh�qlwlrq

ri _R% kdv fkdqjhg iurp rqh wkdw hvvhqwldoo| frqvlghuv wkh zruvw fdvh vfhqdulr

wr rqh wkdw phdvxuhv wkh dyhudjh ru suredelolvwlf ehkdylrxu ri wkh huuru1

Krzhyhu/ wkh Prqwh Fduor phwkrg kdv vhyhudo gh�flhqflhv zklfk pd| olplw
lwv xvhixoqhvv=

41 Wkhuh duh rqo| suredelolvwlf huuru erxqgv +wkhuh lv qr jxdudqwhh wkdw wkh
h{shfwhg dffxudf| lv dfklhyhg lq d sduwlfxodu fdvh 0dq dowhuqdwlyh dssurdfk
zrxog rswlpl}h wkh _zruvw0fdvh% ehkdylrxu,>

51 Wkh uhjxodulw| ri wkh lqwhjudqg lv qrw uh�hfwhg1 Wkh suredelolvwlf huuru
erxqg RS +Q

�4@5, krogv xqghu d yhu| zhdn uhjxodulw| frqglwlrq exw qr
h{wud ehqh�w lv ghulyhg iurp dq| dgglwlrqdo uhjxodulw| ri wkh lqwhjudqg1
Iru h{dpsoh wkh hvwlpdwru lv qr pruh suhflvh li zh nqrz wkdw wkh ixqfwlrq
i kdv vhyhudo frqwlqxrxv ghulydwlyhv1 Ri frxuvh lq pdq| fdvhv zh gr qrw
nqrz zkhwkhu wkh lqwhjudqg lv vprrwk dqg vr wklv surshuw| lv vrphwlphv
dq dgydqwdjh1
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61 Jhqhudwlqj wuxo| lqghshqghqw udqgrp qxpehuv lv yluwxdoo| lpsrvvleoh 0 lq
sudfwlfh zh xvh svhxgrudqgrp qxpehuv wr dssur{lpdwh lqghshqghqfh1

#� �� 9�/ ����
�	���� ��5������

Wkh txdvl0Prqwh Fduor phwkrg sodfhv dwwhqwlrq rq wkh remhfwlyh/ dssur{lpdwlqj
dq lqwhjudo/ udwkhu wkdq dwwhpswlqj wr lplwdwh wkh ehkdylrxu ri lqghshqghqw
xqlirup udqgrp yduldwhv1 Rxu remhfwlyh lv wr dssur{lpdwh wkh lqwhjudo xvlqj d
dyhudjh ri wkh ixqfwlrq dw Q srlqwv/ dqg zh pd| dwwhpsw wr fkrrvh wkh srlqwv
vr wkdw wkh dssur{lpdwlrq lv pruh dffxudwh1

]
Lv
i+x,gx � 4

Q

Q[
q@4

i+{q,=

Txdvl Prqwh0Fduor |lhogv d pxfk ehwwhu uhvxow/ jlylqj xv wkh ghwhuplqlvwlf huuru
erxqg R+Q�4+orjQ,v�4, iru vxlwdeo| fkrvhq vhwv ri qrghv dqg iru lqwhjudqgv
zlwk d uhodwlyho| orz ghjuhh ri uhjxodulw|1 Hyhq vpdoohu huuru erxqgv fdq eh
dfklhyhg iru vx�flhqwo| uhjxodu lqwhjudqgv1 Wkh vhwv ri qrghv surgxflqj wklv
kljk dffxudf| duh rewdlqhg iurp ydulrxv zhoo0nqrzq vhtxhqfhv1

Vxssrvh/ dv zlwk d fuxgh Prqwh Fduor hvwlpdwh/ zh dssur{lpdwh

]
Lv
i+x,gx � 4

Q

Q[
q@4

i+{q,=

zlwk {4> = = = >{Q 5 �Lv1 Wkh gl�huhqfh lv wkdw qrz wkh qrghv duh ghwhuplqlvwlf/
fkrvhq vr dv wr jxdudqwhh d vpdoo huuru1 Wkh fulwhulrq iru wkh fkrlfh ri ghwhu0
plqlvwlf srlqwv ghshqgv rq wkh qxphulfdo sureohp dw kdqg1 Iru wkh sureohp
ri qxphulfdo lqwhjudwlrq/ wkh vhohfwlrq fulwhulrq lv hdv| wr �qg dqg ohdgv wr wkh
frqfhswv ri xqlirupo| glvwulexwhg vhtxhqfh dqg glvfuhsdqf|/ zklfk fdq eh
ylhzhg dv d txdqwlwdwlyh phdvxuh iru wkh ghyldwlrq iurp xqlirup glvwulexwlrq1

D edvlf uhtxluhphqw iru d orz glvfuhsdqf| vhtxhqfh lv wkdw zh rewdlq d frqyhu0
jhqw phwkrg=

olp
Q$4

4

Q

Q[
q@4

i+{q, @

]
Lv
i+x,gx>

dqg wklv vkrxog krog iru d uhdvrqdeoh fodvv ri lqwhjudqgv1 Wklv vxjjhvwv wkdw wkh
ghvludeoh qrghv {4> = = = >{Q duh wkrvh zklfk duh _hyhqo| glvwulexwhg% ryhu �Lv1
Ydulrxv qrwlrqv ri glvfuhsdqf| kdyh ehhq frqvlghuhg dv txdqwlwdwlyh phdvxuhv
iru wkh ghyldwlrq iurp wkh xqlirup glvwulexwlrq dqg zh zloo glvfxvv rqo| wzr1
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#� � "�<������� �����
�� �� "���
�	�����

Li E lv d qrqhpsw| idplo| ri Ohehvjxh0phdvxudeoh vxevhwv ri �Lv/ wkhq d jhqhudo
qrwlrq ri glvfuhsdqf| ri wkh vhw S @ i{4> = = = >{Qj lv jlyhq e|

GQ+E> S , @ vxs
E5E

m& ri srlqwv lq E

Q
� �v+E,m> +717,

zkhuh �v+E, ghqrwhv wkh Ohehvjxh phdvxuh ri E lq Uv1 E| vxlwdeoh
vshfldol}dwlrq ri wkh idplo| E zh rewdlq wkh prvw lpsruwdqw frqfhswv ri
glvfuhsdqf|=

Wkh vwdu glvfuhsdqf| =

G�
Q+S , @ GQ+M

�> S ,> +718,

zkhuh M� lv wkh idplo| ri doo vxelqwhuydov ri �Lv ri wkh irup
Tv
l@4

^3> xl,1

Wkh h{wuhph glvfuhsdqf|=

GQ+S , @ GQ+M>S ,> +719,

zkhuh M lv wkh idplo| ri doo vxelqwhuydov ri �Lv ri wkh irup
Tv
l@4

^xl> yl,1

Qrwh wkdw wkh vwdu glvfuhsdqf| lv d qdwxudo rqh lq vwdwlvwlfv/ vlqfh lw phdvxuhv
wkh pd{lpxp gl�huhqfh ehwzhhq wkh hpslulfdo fxpxodwlyh glvwulexwlrq ixqfwlrq
ri wkh srlqwv i{4> = = = >{Qj dqg wkh xqlirup glvwulexwlrq ri phdvxuh rq wkh xqlw
fxeh1 Lq rughu wr surylgh huuru erxqgv iru wkh txdvl0Prqwh Fduor dssur{lpdwlrq
zh qhhg d qrwlrq ri wrwdo yduldwlrq1

#� �! "�<������� ����� $�
������

Li i lv vx�flhqwo| gl�huhqwldeoh wkhq wkh yduldwlrq ri i rq �Lv lq wkh vhqvh ri
Kdug| dqg Nudxvh lv

Y +i, @
v[

n@4

[
4�l4?���?ln�v

Y +n,+i > l4> = = = > ln,> +71:,

zkhuh

Y +n,+i > l4> = = = > ln, @

]
4

3

� � �
]

4

3

m Cni

C{l4 � � � C{ln
m{m@4>m 9@l4>=== >lng{l4 � � � g{ln = +71;,

Zh kdyh wkh iroorzlqj lqhtxdolw|=
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#� �# ����
��� =�6��� � >��/6� ���5������

Li i kdv erxqghg yduldwlrq Y +i, rq �Lv lq wkh vhqvh ri Kdug| dqg Nudxvh/ wkhq/
iru dq| {4> = = = >{Q 5 Lv/ zh kdyh

m 4
Q

Q[
q@4

i+{q,�
]
Lv
i+x,gxm � Y +i,G�

Q+{4> = = = >{Q,= +71<,

Vlqfh G�
Q+S , � GQ+S ,/ zh dovr kdyh

m 4
Q

Q[
q@4

i+{q,�
]
Lv
i+x,gxm � Y +i,GQ+{4> = = = >{Q,= +7143,

Wklv uhvxow doorzv xv wr vhsdudwh wkh h�hfwv ri wkh lqwhjudqg iurp wkrvh ri
wkh vhtxhqfh dqg h{sodlqv zk| wkh glvfuhsdqf| sod|v d fhqwudo uroh lq wkh wkhru|
ri txdvl0Prqwh Fduor phwkrgv1

Wkh huuru dqdo|vlv edvhg rq wklv uhvxow ghprqvwudwhv wkdw vpdoo huuruv duh
jxdudqwhhg li srlqw vhwv zlwk vpdoo vwdu ru h{wuhph glvfuhsdqf| duh xvhg1 Vxfk
vhtxhqfhv duh fdoohg orz0glvfuhsdqf| vhtxhqfhv

Lq wkh rqh glphqvlrqdo fdvh wkh ehvw udwh ri frqyhujhqfh lv R+Q�4 orjQ,/
Q � 51 Lw lv dfklhyhg/ iru h{dpsoh/ e| wkh ydq ghu Frusxw vhtxhqfh1

#� �( )*��	��� �� ��/ ����
�	���� ��5������

Lq kljkhu glphqvlrqv wkhuh h{lvw vhyhudo frqvwuxfwlrqv=

#� �+ >����� 
�5�������

D Kdowrq vhtxhqfh lv rewdlqhg e| uhyhuvlqj wkh gljlwv lq wkh uhsuhvhqwdwlrq
ri vrph vhtxhqfh ri lqwhjhuv lq d jlyhq edvh1 Wr ehjlq zlwk/ frqvlghu rqh0
glphqvlrqdo fdvh v @ 4 +wklv lv wkh vr0fdoohg ydq ghu Frusxw vhtxhqfh, dqg
edvh e @ 5= Wdnh wkh edvh e uhsuhvhqwdwlrq ri wkh vhtxhqfh ri qdwxudo qxpehuv>
4> 43> 44> 433> 434> 443> 444> 4333> 4334> 4343> 4344> 4433> 4434> === dqg wkhq pds
wkhvh lqwr wkh xqlw lqwhuydo ^3> 4`1 Lq jhqhudo/ wkh lqwhjhu

Sw
n@3

dne
n lv pdsshg

lqwr wkh srlqw
Sw

n@3
dne

n�w�4= Wkhvh elqdu| gljlwv duh pdsshg lqwr +3/4, lq
wkh iroorzlqj wkuhh vwhsv>

41 Zulwh q xvlqj lwv elqdu| h{sdqvlrq1 h1j1 46 @ 4+;, . 4+7, . 3+5, . 4+4,
ehfrphv 4434=

51 Uhyhuvh wkh rughu ri wkh gljlwv1 h1j1 4434 ehfrphv 43441

61 Ghwhuplqh wkh qxpehu wkdw wklv lv wkh elqdu| ghflpdo h{sdqvlrq iru1 h1j1
4434 @ 4+4

5
, . 4+4

7
, . 3+4

;
, . 4+ 4

49
, @ 46

49
=



7151 HUURUV LQ QXPHULFDO LQWHJUDWLRQ 474

Wkxv 4 jhqhudwhv 425/ 43 jhqhudwhv 3+4
5
, @ 4+4

7
,> 44 jhqhudwhv 4+4

5
,.4+4

7
, dqg

wkh vhtxhqfh ri srvlwlyh lqwhjhuv jhqhudwhv wkh srlqwv 4@5> 4@7> 6@7> 4@;> 8@;> 6@;> :@;> ====
zklfk duh idluo| hyhqo| vsdfhg/ dqg shuihfwo| vsdfhg li wkh qxpehu ri qrghv Q
lv ri wkh irup 5n � 41 Lq kljkhu glphqvlrqv/ vd| lq v glphqvlrqv/ zh fkrrvh v
glvwlqfw sulphv/ e4> e5> ===ev +xvxdoo| wkh vpdoohvw, dqg jhqhudwh/ iurp wkh vdph
lqwhjhu p / wkh v frpsrqhqwv ri wkh yhfwru dffruglqj wkh deryh phwkrg1 Iru
h{dpsoh/ zh frqvlghu wkh fdvh v @ 6 dqg xvh edvhv e4 @ 5> e5 @ 6> e6 @ 8=
Wkh �uvw ihz yhfwruv / +4

5
> 4
6
> 4
8
,> +4

7
> 5
6
> 5
8
,> +6

7
> 4
<
> 6
8
,> ===duh jhqhudwhg lq wkh wdeoh

ehorz1

p
uhsuhv
edvh 5

�uvw
frpsrqhqw

uhsuhv1
edvh 6

vhfrqg
frps

uhsuhv
edvh 8

wklug
frps

4 4 425 4 426 4 428
5 43 427 5 526 5 528
6 44 627 43 42< 6 628
7 433 42; 44 72< 7 728
8 434 82; 45 :2< 43 4258
9 443 62; 53 52< 44 9258
: 444 :2; 54 82< 45 44258
< 4333 4249 55 ;2< 46 49258
43 4334 <249 433 425: 47 54258

Iljxuh 714 surylghv d sorw ri wkh �uvw 833 srlqwv lq wkh deryh Kdowrq vhtxhqfh
ri glphqvlrq 61

Wkhuh dsshduv wr eh juhdwhu xqliruplw| wkdq d vhtxhqfh ri udqgrp srlqwv
zrxog kdyh1 Vrph sdwwhuqv duh glvfhuqleoh rq wkh wzr glphqvlrqdo sorw ri wkh
�uvw 433 srlqwv/ iru h{dpsoh vhh Iljxuhv 715/ 7161

1Krzhyhu/ qrwlfh wkdw wkh sorw ri 433 sdluv ri lqghshqghqw xqlirup udqgrp
qxpehuv lq Iljxuh 717 vkrzv pruh foxvwhulqj dqg pruh krohv lq wkh srlqw forxg1

Wkhvh srlqwv zhuh jhqhudwhg zlwk wkh iroorzlqj ixqfwlrq iru surgxflqj wkh
Kdowrq vhtxhqfh1

u�?U|�L?  '�@*|L?E?ct�

I �@t _�4i?t�L? ? M) t @?_ �t |�i �ht| ? |ih4t Lu |�i �@*|L? ti^�i?Ui Lu

I_�4i?t�L? t�

T'Th�4itEt8S�( T'TE�Gt�(  'do(

uLh �'�Gt

 'd EULhT�|E?cTE����<o(

i?_

u�?U|�L?  'ULhT�|E?cM�

I UL?�ih|t �?|i}iht �G? |L uhL4 �@? _i? ULhT�| ?�4Mih ��|� M@ti M

4'�LLhE*L}E?�%*L}EM��(

?'�G?( �'do(

uLh �'fG4

@'hi4E?cM�( ?'E?�@�%M(

�'d� (@o(
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i?_

 'EE��%M<��	E�GE4n����8�(

Wkh Kdowrq vhtxhqfh lv uhdvrqdeo| xqlirup iru vpdoo glphqvlrqv/ exw lw lv
hdv| wr vhh wkdw li v lv odujh/ wkh xqliruplw| ghjudghv udslgo|1 Wkh shuirupdqfh
lv hqkdqfhg e| shupxwlqj wkh frh�flhqwv dn sulru wr pdsslqj lqwr wkh xqlw
lqwhuydo1 Wkh Idxuh vhtxhqfh lv rewdlqhg lq wklv zd|1 Lw lv vlplodu wr wkh
Vrero*v vhtxhqfh ehorz lq wkdw hdfk glphqvlrq lv d shupxwdwlrq ri d ydq ghu
Frusxw vhtxhqfh> krzhyhu/ wkh sulph xvhg iru wkh edvh lv fkrvhq dv wkh vpdoohvw
sulph juhdwhu wkdq ru htxdo wr wkh glphqvlrq +E1O1 Ir{/ 4<<9/ DFP Wudqv1
Pdwk1 Vriwzduh,1 Rwkhu vxjjhvwlrqv iru shupxwlqj wkh gljlwv lq d Kdowrq
vhtxhqfh lqfoxgh xvlqj rqo| hyhu| o3wk whup lq wkh vhtxhqfh vr dv wr ghvwur| wkh
f|foh1

Lq sudfwlfh/ lq rughu wr ghwhuplqh wkh h�hfw ri xvlqj rqh ri wkhvh orz glv0
fuhsdqf| vhtxhqfhv zh qhhg rqo| vxevwlwxwh vxfk d vhtxhqfh iru wkh yhfwru ri
lqghshqghqw xqlirup udqgrp qxpehuv xvhg e| d vlpxodwlrq1 Iru h{dpsoh li zh
zlvkhg wr vlpxodwh d surfhvv iru 43 wlph shulrgv/ wkhq ydoxh d fdoo rswlrq dqg
dyhudjh wkh uhvxowv/ zh frxog uhsodfh wkh 43 lqghshqghqw xqlirup udqgrp qxp0
ehuv wkdw zh xvhg wr jhqhudwh rqh sdwk e| dq hohphqw ri wkh Kdowrq vhtxhqfh
zlwk v @ 43=

Vxssrvh zh uhwxuq eulh�| wr wkh fdoo rswlrq h{dpsoh wuhdwhg lq Fkdswhu 61
Wkh wuxh ydoxh ri wklv fdoo rswlrq zdv 317948 dffruglqj wr wkh Eodfn0Vfkrohv
irupxod1 Li krzhyhu zh vxevwlwxwh wkh ydq ghq Frusxw vhtxhqfh iru wkh vhtxhqfh
ri xqlirup udqgrp qxpehuv/

4i@?Eu?EULhT�|E�fffffc2���

zh rewdlq dq hvwlpdwh ri 317947 yhu| forvh wr wkh fruuhfw ydoxh1

#� �, 
�0�� 
�5�����

Wkh Vrero vhtxhqfh lv jhqhudwhg vxfk wkdw wkh �uvw 5p whupv ri hdfk glphqvlrq
iru p @ 3> 4> = = = duh d shupxwdwlrq ri wkh fruuhvsrqglqj whupv ri wkh ydq ghu
Frusxw vhtxhqfh +S1 Eudwoh| dqg E1O1 Ir{/ 4<<;/ DFP Wudqv1 Pdwk1 Vriwzduh,1
Zh ehjlq zlwk d vhw ri gluhfwlrq qxpehuv yl @

pl

5l
> l @ 4> 5> zkhuh wkh pl duh

rgg srvlwlyh lqwhjhuv ohvv wkdq 5l1 Wkh ydoxhv ri pl duh fkrvhq wr vdwlvi|
d uhfxuuhqfh uhodwlrq xvlqj wkh frh�flhqwv ri d sulplwlyh sro|qrpldo lq wkh
Jdorlv Ilhog ri rughu 51 Iru h{dpsoh fruuhvsrqglqj wr d sulplwlyh sro|qrpldo

}s . f4}
s�4 . ===fs�4} . fs

lv wkh uhfxuvlrq

pl @ 5f4pl�4 . 55f5pl�5 . ===. 5sfspl�s

zkhuh wkh dgglwlrq lv fduulhg rxw xvlqj elqdu| dulwkphwlf1 Iru wkh Vrero
vhtxhqfh/ zh wkhq uhsodfh wkh elqdu| gljlw dn e| dnyn1
Wkh Vreho dqg Idxuh vhtxhqfhv duh sduwlfxodu fdvhv ri +w> v,� qhwv1 Lq rughu wr
gh�qh wkhq zh qhhg wkh frqfhsw ri dq hohphqwdu| lqwhuydo1
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#� �? "�<������� ��������
� ����
.��

Dq hohphqwdu| lqwhuydo lq edvh e lv q lqwhuydo H lq Lv ri wkh irup

H @
v\

m@4

�
dm

egm
>
+dm . 4,

egm

�
> +7144,

zlwk gm � 3/ 3 � dm � egm dqg dm / gm duh lqwhjhuv1

#� �@ "�<������� #���� �$ � ���

Ohw 3 � w � p eh lqwhjhuv1 D +w=p=v, 0 qhw lq edvh e lv d �qlwh vhtxhqfh zlwk
ep srlqwv iurp Lv vxfk wkdw hyhu| hohphqwdu| lqwhuydo lq edvh e ri yroxph ew�p

frqwdlqv h{dfwo| ew srlqwv ri wkh vhtxhqfh1

#� ��� "�<������� #�� �$ � ��5�����

Dq lq�qlwh vhtxhqfh ri srlqwv i{lj 5 Lv lv d +w/v,0vhtxhqfh lq edvh e li iru doo
n � 3 dqg p A w/ wkh �qlwh vhtxhqfh {nep > = = = >{+n.4,ep�4 irupv d +w/p/v, 0
qhw lq edvh e1

Lw lv nqrzq wkdw iru d +w> v,0vhtxhqfh lq edvh e wkh orz glvfuhsdqf| lv hqvxuhg=

G�
Q � F

+orjQ,v

Q
.R+

+orjQ,v�4

Q
,= +7145,

Vshfldo frqvwuxfwlrqv ri vxfk vhtxhqfhv iru v � 5 kdyh wkh vpdoohvw glvfuhs0
dqf| wkdw lv fxuuhqwo| nqrzq +K1 Qlhghuuhlwhu/ 4<<5/ Udqgrp Qxpehu Jhqhud0

wlrq dqg Txdvl0Prqwh Fduor Phwkrgv,1
Wkh wkhvlv ri N1V1 Wdqj +4<<;, surylghv d wkrurxjk lqyhvwljdwlrq lqwr ydulrxv

lpsuryhphqwv lq Txdvl0Prqwh Fduor vdpsolqj/ dv zhoo dv wkh hylghqfh ri wkh kljk
h�flhqf| ri wkhvh phwkrgv zkhq ydoxlqj Udlqerz Rswlrqv lq kljk glphqvlrqv1
Sdsdjhrujlrx dqg Wudxe +4<<9, whvwhg zkdw Wh}xnd fdoohg jhqhudol}hg Idxuh
srlqwv1 Wkh| frqfoxghg wkdw wkhvh srlqwv zhuh vxshulru wr Vrero srlqwv iru wkh
prgho sureohp1 Sduwlfxoduo| lpsruwdqw iru �qdqfldo frpsxwdwlrq/ d uhdvrqdeo|
vpdoo huuru frxog eh dfklhyhg zlwk ihz hydoxdwlrqv1 Iru h{dpsoh/ mxvw 4:3
jhqhudol}hg Idxuh srlqwv zhuh vx�flhqw wr dfklhyh dq huuru ri ohvv wkdq rqh sduw
lq d kxqguhg iru d 693 glphqvlrqdo sureohp1 Vhh dovr Wudxe dqg Zr}qldnrzvnl/
+4<<7, dqg Sdvnry dqg Wudxe/+4<<8,1
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Hvwlpdwlqj wkh vhqvlwlylw| ri d vlpxodwlrq zlwk uhvshfw wr fkdqjhv lq wkh sdudp0
hwhu ydoxhv lv dq lpsruwdqw sduw ri hvwdeolvklqj wkh ydolglw| ri wkh frqfoxvlrqv1
Li d vlpxodwlrq hvwlpdwhv dq h{shfwhg ydoxh dw fhuwdlq ydoxh ri wkh sdudphwhuv
zlwk 3=65 	 3=38 exw wkh ghulydwlyh zlwk uhvshfw wr rqh sdudphwhu/ vd| wkh
yrodwlolw| sdudphwhu �/ lv 8> wklv lqglfdwhv wkdw d fkdqjh ri wkh yrodwlolw| ri rqo|
3135 ru 5 shufhqw zrxog uhvxow lq d fkdqjh lq wkh dyhudjh ri wkh rughu ri 3141
Vlqfh yrodwlolw| w|slfdoo| fkdqjhv udslgo| e| idu pruh wkdq rqh shufhqw/ wkhq wkh
dssduhqw suhflvlrq ri wkh hvwlpdwh 3=65	 =338 lv yhu| plvohdglqj1

Ri sduwlfxodu lpsruwdqfh lq �qdqfh duh fhuwdlq ghulydwlyhv ri dq rswlrq sulfh
ru sruwirolr ydoxh zlwk uhvshfw wr wkh sdudphwhuv xqghuo|lqj wkh Eodfn Vfkrohv
prgho1 Wkhvh duh fdoohg wkh _Juhhnv%/ ehfdxvh pdq| ri wkhp +qrw wr phqwlrq
pdq| sdudphwhuv dqg frqvwdqwv xvhg lq Vwdwlvwlfv/ Sk|vlfv/ Pdwkhpdwlfv/ dqg
wkh uhvw ri Vflhqfh, duh ghqrwhg e| juhhn ohwwhu1 Vxssrvh Y ghqrwhv wkh ydoxh
ri d sruwirolr edvhg rq dq dvvhw V+w, zkrvh yrodwlolw| sdudphwhu lv � zkhq wkh
fxuuhqw vsrw lqwhuhvw udwh lv u= Wkhq li Y @ Y +V+w,> w> �> u,> wkh prvw lpsruwdqw
ghulydwlyhv duh>

Qdph V|pero
Ydoxh lq

EV prgho

Ghowd � CY
CV

�+g4,

Jdppd � C5Y
CV5

!+g4,

v�
s
W�w

ukr � CY
Cu

N+W � w,h�u+W�w,�+g5,

Wkhwd � CY
Cw

v�!+g4,

5
s
W�w � uNh�u+W�w,�+g5,

Yhjd Y CY
C�

v!+g4,
s
W � w

Lq vrph fdvhv wkhuh duh dqdo|wlf irupxodh iru wkhvh txdqwlwlhv dqg iru d

47<
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Hxurshdq fdoo rswlrq lq wkh Eodfn0Vfkrohv prgho/ wkhvh irupxodh duh jlyhq deryh
zkhuh

g4 @
4

�
s
W � w

ioq+ v
N
, . +u .

�5

5
,+W � w,j

g5 @ g4 � �
s
W � w

dqg !>� duh wkh vwdqgdug qrupdo suredelolw| ghqvlw| ixqfwlrq dqg fxpxod0
wlyh glvwulexwlrq ixqfwlrq uhvshfwlyho|1 Wkhvh ghulydwlyhv duh fdofxodwhg w|slfdoo|
qrw rqo| ehfdxvh wkh| duh uhohydqw wr d khgjlqj vwudwhj| +hvshfldoo| � dqg �,
exw dovr ehfdxvh wkh| jlyh dq lghd dv wr krz udslgo| wkh ydoxh ri rxu sruwirolr
lv h�hfwhg zkhq wkhuh lv dq dgyhuvh fkdqjh lq rqh ri wkh sdudphwhuv1

Dv dq h{dpsoh ri wkh xvh ri wkhvh ghulydwlyhv/ lw lv frpprq wr lppxql}h d
sruwirolr djdlqvw fkdqjhv lq rqh ru pruh sdudphwhuv1 Iru h{dpsoh vxssrvh L
rzq d sruwirolr zkrvh ydoxh S +V> w, ghshqgv rq wkh sulfh ri d vwrfn ru lqgh{
V= L zlvk wr lppxql}h wklv sruwirolr djdlqvw fkdqjhv lq V e| lqyhvwlqj gluhfwo|
lq wkh vwrfn V dqg lq dq rswlrq rq wklv vwrfn zkrvh ydoxh lv jlyhq e| Y +V> w,
dw wlph w= Vxssrvh L dgg wr p| sruwirolr {V xqlwv ri wkh vwrfn dqg {R xqlwv
ri wkh rswlrq vr wkdw wkh ydoxh ri wkh qhz sruwirolr lv

S +V> w, . {VV . {rY +V> w,=

Lq rughu wr hqvxuh wkdw wklv ydoxh fkdqjhv dv olwwoh dv srvvleoh zkhq V fkdqjhv/
vhw wkh ydoxh ri lwv ghowd dqg jdppd +�uvw dqg vhfrqg ghulydwlyh zlwk uhvshfw
wr V, htxdo wr }hur1 Wklv jlyhv wzr htxdwlrqv lq wkh wzr xqnqrzq ydoxhv ri
{v> {r=

�S . {v . {3�r @ 3

�S . {r�r @ 3

zkhuh �S >�3 duh wkh ghowdv iru wkh ruljlqdo sruwirolr dqg rswlrq uhvshfwlyho|
dqg �S >�r duh wkh jdppdv1 Wkh vroxwlrq jlyhv

{r @ ��S
�r

{v @ �r
�S
�r

��S

dqg wkh khgjhg sruwirolr kdv ydoxh

S +V> w, . +�r
�S
�r

��S ,V � +
�S
�r

,Y +V> w,=

Wkh dydlodelolw| ri wzr lqvwuxphqwv/ wkh vwrfn dqg d vlqjoh rswlrq rq wkh xqghu0
o|lqj V doorz xv wr dgmxvw d sruwirolr vr wkdw wkh �uvw wzr ghulydwlyhv ri lwv ydoxh
ixqfwlrq zlwk uhvshfw wr V duh erwk }hur1 Wkh sruwirolr lv wkhuhiruh surwhfwhg
djdlqvw uhdvrqdeo| vpdoo fkdqjhv lq V= Vlploduo|/ zlwk pruh rswlrqv rq wkh vdph
vwrfn/ rqh frxog duudqjh wkdw wkh sruwirolr lv lppxql}hg ru surwhfwhg djdlqvw
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dgyhuvh pryhphqwv lq wkh rwkhu sdudphwhuv dv zhoo/ lqfoxglqj wkh lqwhuhvw udwh
dqg wkh yrodwlolw| sdudphwhu1 Wklv khgjhg sruwirolr fohduo| uhtxluhv ghulydwlyhv
ri wkh ydoxh ixqfwlrq/ dqg iru pruh frpsolfdwhg prghov wkdq wkh Eodfn0Vfkrohv/
zh uhtxluh vlpxodwlrq phwkrgv qrw rqo| iru ydoxlqj rswlrqv dqg sruwirolrv/ exw
dovr iru ghwhuplqlqj wkhvh ghulydwlyhv zlwk uhvshfw wr xqghuo|lqj sdudphwhuv1

Frqvlghu qrz dq lpsruwdqw txhvwlrq lq vwuhvv ru vhqvlwlylw| whvwlqj/ wkh sure0
ohp ri hvwlpdwlqj dq h{shfwhg ydoxh dw pdq| gl�huhqw ydoxhv ri dq xqghuo|lqj
sdudphwhu1 Rqh yhu| vxusulvlqj ihdwxuh ri lpsruwdqfh vdpsolqj lv wkdw vlpx0
odwlrqv frqgxfwhg dw rqh ydoxh ri d sdudphwhu � fdq dovr eh xvhg wr hvwlpdwh
dqg h{shfwhg ydoxh fruuhvsrqglqj wr doo rwkhu ydoxhv ri wkh sdudphwhu1 Wkh
hvwlpdwlrq ri dq h{shfwdwlrq xqghu rqh ydoxh ri d sdudphwhu xvlqj vlpxodwlrqv
frqgxfwhg dw dqrwkhu lv vrphwlphv fdoohg wkh _zkdw li% sureohp1 Ghqrwh wkh
suredelolw| ghqvlw| ixqfwlrq ri d udqgrp yduldeoh ru yhfwru [ xqghu � e|
i�+{, dqg dvvxph wkhvh ghqvlwlhv doo kdyh frpprq vxssruw1 Dq h{shfwdwlrq
fdofxodwhg xqghu wklv ydoxh ri wkh sdudphwhu zloo eh ghqrwhg H�+=,= Li zh zdqw
wr hvwlpdwh wkh h{shfwhg ydoxh ri d vwdwlvwlf Y +[, / xqghu gl�huhqw ydoxhv # ri
wkh sdudphwhu qrwh wkdw

p+#, @ H#Y +[, @ H�^Y +[,i#+[,@i�+[,`= +814,

Wkhuh pd| eh pdq| uhdvrqv iru rxu lqwhuhvw lq wkh ixqfwlrq p+#,1 D ghulydwlyh
lv sulfhg xvlqj fxuuhqw ydoxhv iru wkh dvvhw sulfh/ lqwhuhvw udwh/ yrodwlolw| sdudp0
hwhu hwf1 dqg zh pd| zlvk wr judsk wkh sulfh ryhu d udqjh ri +srvvleoh ixwxuh,
ydoxhv ri wkh sdudphwhuv1 Wkh qhfhvvlw| iru hvwlpdwlqj ghulydwlyhv lq rughu wr
lppxql}h ri khgjh d sruwirolr lv glvfxvvhg deryh1 Wkh olnholkrrg udwlr hvwlpdwru

Y +[,i#+[,@i�+[, zkhuh [ � i� lv dq xqeldvhg +lpsruwdqfh vdpsoh, hvwlpd0
wru ri p+#, 1 Wklv phdqv wkdw d vlpxodwlrq dw � shuplwv xqeldvhg hvwlpdwlrq

ri wkh zkroh ixqfwlrq p+#, @ H#W +[, / dqg wkhuhe| dovr lwv ghulydwlyhv1
Krzhyhu/ wklv vlpsoh uhvxow pxvw eh whpshuhg e| d vwxg| ri wkh suhflvlrq ri

wklv hvwlpdwru1 Iru � wkh wuxh ydoxh ri wkh sdudphwhu +vr [ lv jhqhudwhg xqghu
�, dqg iru # 9@ �/ wkh olnholkrrg udwlrv i#+[,@i�+[, $ 3 zlwk suredelolw|
rqh dv wkh vdpsoh vl}h +xvxdoo| wkh glphqvlrq ri wkh revhuydwlrq yhfwru [,
q $ 41 Wklv phdqv wkdw wkh olnholkrrg lv yhu| pxfk vpdoohu iru vrph ydoxh
ri wkh sdudphwhu # idu iurp wkh wuxh ydoxh wkdq lw lv dw wkh wuxh ydoxh1 Wklv
zrxog vhhp wr lpso| wkdw iru odujh vdpsoh vl}hv/ wkh ixqfwlrq i#+[,@i�+[,
lv yhu| forvh wr }hur dqg vr wkh h{shfwdwlrq H�^Y +[,i#+[,@i�+[,`= vkrxog
eh forvh wr }hur1 Krzhyhu/ li zh vxevwlwxwh Y +[, @ 4> wkhq wkh h{shfwdwlrq
H�^i#+[,@i�+[,` @ 4 iru doo # dqg doo q= Vr iru odujh q zh kdyh irxqg d
udqgrp yduldeoh i#+[,@i�+[, zklfk lv yhu| forvh wr 3 dqg lqghhg frqyhujhv wr
3 dv q $ 4> dqg |hw lwv h{shfwhg ydoxh uhpdlqv 4 iru doo q= Wklv dssduhqw
frqwudglfwlrq lv uhvroyhg xsrq uhfdoolqj wkdw wkh olnholkrrg udwlrv duh qrw xql0
irupo| lqwhjudeoh/ dqg gr qrw ehkdyh lq wkh olplw dv q$4 lq wkh vdph zd| lq
suredelolw| dv wkh| gr lq h{shfwdwlrq1 Wklv olnholkrrg udwlrv iru odujh q duh forvh
wr 3 zlwk kljk suredelolw| exw wdnh odujhu dqg odujhu ydoxhv zlwk ghfuhdvlqjo|
vpdoo suredelolwlhv1

Wklv phdqv wkdw iru idluo| odujh vdpsoh vl}hv/ wkh olnholkrrg udwlr i#+[,@i�+[,
lv udwkhu xqvwdeoh1 Lw wdnhv yhu| odujh ydoxhv ryhu d vpdoo udqjh ri ydoxhv ri
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[ dqg lv forvh wr }hur iru rwkhuv dqg frqvhtxhqwo| lw kdv yhu| odujh ydul0
dqfh1 Lq idfw dv wkh vdpsoh vl}h $ 4> wkh yduldqfh ri wkh olnholkrrg udwlr
ydu�+i#+[,@i�+[,, $ 4 yhu| txlfno|1 Wkh surfhvv ri _dyhudjlqj% lq vxfk
d vlwxdwlrq wdnhv d orqj wlph wr dssur{lpdwh dq h{shfwhg ydoxh1 Wklv dujxhv
djdlqvw wkh xvh ri wkh olnholkrrg udwlrv dv vxjjhvwhg deryh/ dw ohdvw iru odujh
vdpsoh vl}hv/ vlqfh prphqw0w|sh hvwlpdwruv edvhg rq wkhvh olnholkrrg udwlrv zloo
whqg wr eh yhu| xqvwdeoh lq phdq dqg yduldqfh/ sduwlfxoduo| zkhq # lv idu iurp
�1 Wklv sureohp pd| eh sduwldoo| doohyldwhg li yduldqfh uhgxfwlrq ru dowhuqdwlyh
whfkqltxhv duh hpsor|hg1

(�� )��������� "�
�.���.���

Ohw xv ehjlq e| h{dplqlqj wkh hvwlpdwlrq ri wkh ghulydwlyh p3+�, @ C
C�
H�Y +[,

lq jhqhudo zkhq zh duh rqo| deoh wr hydoxdwh wkh ixqfwlrq Y +[, e| vlpxodwlrq/
vr wkhuh lv huuru lq lwv ydoxdwlrq1 Zh frxog frqgxfw lqghshqghqw vlpxodwlrqv dw
wzr gl�huhqw ydoxhv ri wkh sdudphwhuv/ vd| dw �.k> ��k / dyhudjh wkh ydoxhv
ri Y +[, xqghu hdfk/ uhvxowlqj vd| lq wkh hvwlpdwruv ap+�.k, dqg ap+��k, dqg
wkhq wdnh dv rxu hvwlpdwru wkh gl�huhqfh

ap+� . k,� ap+� � k,

5k
+815,

exw wklv fuxgh hvwlpdwru vx�huv iurp d qxpehu ri glvdgydqwdjhv>

� Lw uhtxluhv wzlfh dv pdq| vlpxodwlrqv dv zh frqgxfw dw d vlqjoh srlqw1

� Lw lv khdylo| eldvhg li k lv odujh xqohvv wkh ixqfwlrqp+�, lv forvh wr olqhdu1

� Lw kdv yhu| odujh yduldqfh lw k lv vpdoo1

Qrz zh kdyh vhhq vrph phwkrgv iru dpholrudwlqj wkh odvw ri wkhvh sureohpv1
Vlqfh zh duh hvwlpdwlqj d gl�huhqfh/ xvh ri frpprq udqgrp qxpehuv lq wkh
vlpxodwlrqv dw wkh wzr sdudphwhu ydoxhv � . k dqg � � k vkrxog uhgxfh wkh
yduldelolw| vrphzkdw/ exw wklv vwloo ohdyhv rshq wkh sureohp ri hvwlpdwlqj wkh
ghulydwlyh/ hvvhqwldoo| wkh olplw ri vxfk d vorsh hvwlpdwh1

(���� ��� 
��
� �������� )�������
�

Wkhuh duh wzr dowhuqdwlyhv wkdw duh srsxoduo| xvhg/ Shuwxuedwlrq Dqdo|vlv/ zklfk
ghshqgv rq sdwkzlvh gl�huhqwldwlrq/ dqg wkh vfruh ixqfwlrq ru Olnholkrrg udwlr

phwkrg1 Erwk kdyh wkh dgydqwdjh wkdw d vlpxodwlrq dw d vlqjoh sdudphwhu ydoxh
doorzv hvwlpdwlrq ri wkh ixqfwlrq dqg lwv ghulydwlyh erwk1 Zh ehjlq e| lqwur0
gxflqj wkh vfruh ixqfwlrq phwkrg1 Wkh lghd ehklqg wkh vfruh ixqfwlrq phwkrg
lv yhu| vlpsoh/ dqg lw lqyroyhv lqwhufkdqjlqj ghulydwlyh dqg lqwhjudo1 Zh zlvk
wr hvwlpdwh p3+�, @ C

C�

U
Y +{,i�+{,g{ dqg xqghu vrph uhjxodulw| frqglwlrqv
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fdoohg wkh Fudp�hu frqglwlrqv zh pd| lqwhufkdqjh wkh lqwhjudo dqg ghulydwlyh
+iru h{dpsoh dv uhtxluhg e| wkh Fudphu0Udr lqhtxdolw|,

p3+�, @
C

C�

]
Y +{,i�+{,g{ +816,

@

]
Y +{,

Ci�+{,

C�
g{ @ H�^Y +[,V+�,`

zkhuh V+�, ghqrwhv wkh vfruh ixqfwlrq ru

V+�, @ V+�> {, @
Coq^i�+{,`

C�
= +817,

Vlqfh wkh vfruh ixqfwlrq kdv h{shfwhg ydoxh 3> l1h1 H�V+�, @ 3> wkh txdqwlw|
H�^Y +[,V+�,` lv mxvw wkh fryduldqfh ehwzhhq Y +[, dqg V+�, dqg wklv fdq
eh hvwlpdwhg xvlqj wkh vdpsoh fryduldqfh1 Lq sduwlfxodu li zh kdyh d wrwdo ri q
lqghshqghqw vlpxodwlrqv dw sdudphwhu ydoxh �>

_fry+Y +[,> V+�>[,, @
4

q

q[
l@4

Y +[l,V+�>[l,�
4

q

q[
l@4

Y +[l,
4

q

q[
l@4

V+�>[l,

surylghv dq hvwlpdwru ri wkh vhqvlwlylw| C
C�
H
�
Y +[,=

H{dpsoh1 D Prqwh0Fduor Hvwlpdwru ri ukr1

Vxssrvh duh lqwhuhvwhg lq wkh � iru dq rswlrq zlwk sd|r� ixqfwlrq dw pdwxulw|
jlyhq e| Y +V+W ,> W ,= Dvvxph wkh Eodfn0Vfkrohv prgho vr wkdw wkh glvwulexwlrq
ri V+W , xqghu wkh T phdvxuh lv orjqrupdo zlwk phdq � @ V3 h{siuWj dqg
yrodwlolw| �

s
W = Iru euhylw| zh ghqrwh V+W , e| V= Wkhq li V kdv wkh orj0qrupdo

glvwulexwlrq zlwk phdq �> V @ h\ zkhuh \ � Q+orj+�,��5W@5> �5W ,1 Qrwh
wkdw li j lv wkh fruuhvsrqglqj suredelolw| ghqvlw| ixqfwlrq/

Corj+j,

C�
@

\ � orj+�, . �5W@5

��5W

Corj+j,

Cu
@

\ � orj+�, . �5W@5

��5W

C�

Cu
+818,

@
orj+V@V3,� uW . �5W@5

�5

Wkxv dq hvwlpdwru ri � fdq eh rewdlqhg iurp wkh vdpsoh fryduldqfh/ ryhu
d odujh qxpehu ri vlpxodwlrqv/ ri wkh ydoxhv ri Y +V> W , dqg

Corj+j,

Cu
ru htxlydohqwo| wkh vdpsoh fryduldqfh ehwzhhq Y +V> W , dqg ��5 orj+V@V3,=

Wklv vfruh ixqfwlrq hvwlpdwru fdq eh h{suhvvhg dv d olplw ri olnholkrrg udwlr
hvwlpdwruv Krzhyhu/ wkh vfruh ixqfwlrq lv pruh vwdeoh wkdq lv wkh olnholkrrg
udwlr iru odujh vdpsoh vl}h ehfdxvh lwv prphqw ehkdylrxu lv/ xqolnh wkdw ri wkh
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olnholkrrg udwlr/ vlplodu wr lwv ehkdylrxu lq suredelolw|1 Xqghu wkh vwdqgdug
uhjxodulw| frqglwlrqv uhihuuhg wr deryh/ wkh vfruh ixqfwlrq V+�, @ Vq+�, iru
dq lqghshqghqw vdpsoh ri vl}h q vdwlv�hv d odz ri odujh qxpehuv

4

q
Vq+�, $ H^V4+�,` @ 3 +819,

dqg d fhqwudo olplw wkhruhp>

4s
q
Vq+�,$ Q+3> M4+�,, +81:,

lq glvwulexwlrq zkhuh wkh olplwlqj yduldqfh M4+�, @ ydu^V4+�,`1 Zkhq wkh
glphqvlrq ri [ lv kljk/ krzhyhu/ wkh vfruh ixqfwlrq hvwlpdwru vwloo vx�huv iurp
wrr pxfk yduldelolw|1

Dprqj doo udqgrp ixqfwlrqvJ+[> �, zklfk vdwlvi| C
C�
H�Y +[, @ H�^+Y +[,J+[> �,`

iru doo Y / wkh vfruh ixqfwlrq fdqqrw eh lpsuryhg rq lq wkh vhqvh wkdw lw kdv wkh
vpdoohvw srvvleoh yduldqfh1

Frqglwlrqlqj wkh Vfruh Ixqfwlrq Hvwlpdwru1

Qrwh wkdw

p3+�, @ H�^Y +[,V+�,` @ H�iH�^Y +[,mV+�,`V+�,j +81;,

Wkh frqglwlrqdo h{shfwdwlrq H�^Y +[,mV+�,` lq wkh deryh surgxfw lv wr eh hv0
wlpdwhg e| Prqwh0Fduor surylghg wkdw zh duh deoh wr jhqhudwh wkh yduldwhv
frqglwlrqdo rq wkh ydoxh ri wkh vfruh ixqfwlrq1 Wkh rxwvlgh lqwhjudo H�i=jryhu
wkh glvwulexwlrq ri V+�, pd| eh frqgxfwhg hlwkhu dqdo|wlfdoo| ru qxphulfdoo|/
xvlqj rxu nqrzohgjh ri wkh dv|pswrwlf glvwulexwlrq ri wkh vfruh ixqfwlrq1

Iru euhylw|/ ghqrwh V+�, e| V dqg lwv pdujlqdo suredelolw| ghqvlw| ixqfwlrq
e| iV+v, 1

Ohw [vl> l @ 4> ===q eh yduldwhv doo jhqhudwhg zlwk wkh frqglwlrqdo glvwul0
exwlrq ri [ jlyhq V @ v iru wkh �{hg sdudphwhu �1 Wkhq edvhg rq d vdpsoh
ri vl}h q/ wkh vxjjhvwhg hvwlpdwru lv=]

+
4

q

q[
l@4

Y +[vl,,viV+v,gv +81<,

Wkhuh duh vrph srzhuixo dgydqwdjhv wr +BB,/ sduwlfxoduo| zkhq wkh gdwd lv jhq0
hudwhg iurp rqh ri wkh glvwulexwlrqv lq dq h{srqhqwldo idplo|1 Wkh h{srqhqwldo
idplo| ri glvwulexwlrqv lv d eurdg fodvv zklfk lqfoxghv prvw zhoo0nqrzq frqwlq0
xrxv dqg glvfuhwh glvwulexwlrq idplolhv vxfk dv wkh qrupdo/ orjqrupdo/ h{srqhq0
wldo/ jdppd/ elqrpldo/ qhjdwlyh elqrpldo/ jhrphwulf/ dqg Srlvvrq glvwulexwlrqv1

[4 lv vdlg wr kdyh dq h{srqhqwldo idplo| glvwulexwlrq li lwv ghqvlw| zlwk
uhvshfw wr vrph grplqdwlqj phdvxuh +xvxdoo| d frxqwlqj phdvxuh ru Ohehvjxh
phdvxuh, wdnhv wkh irup=
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i�+{4, @ h�+�,\ +{4,k+{4,f+�,

iru vrph ixqfwlrqv �+�,> f+�,> \ +{4, dqg k+{4, 1

Zkhq wkh lqsxw frqvlvwv ri d udqgrp vdpsoh ri vl}h q iurp vxfk dq h{sr0
qhqwldo idplo| glvwulexwlrq/ wkh vwdwlvwlf \q @

Sq
l@4

\ +[l, kdv d glvwulexwlrq
dovr ri wkh h{srqhqwldo idplo| irup dqg lv vx�flhqw iru wkh idplo| ri glvwul0
exwlrqv1 E| wklv zh phdq wkdw wkh frqglwlrqdo glvwulexwlrq ri +[4> = = = [q,
jlyhq wkh vwdwlvwlf \q lv lqghshqghqw ri wkh sdudphwhu �1 Ixuwkhupruh/ sur0
ylghg �3+�, 9@ 3 / frqglwlrqlqj rq wkh vfruh ixqfwlrq lv htxlydohqw wr frqglwlrqlqj
rq \q 1 Wkh vfruh ixqfwlrq lv dozd|v d ixqfwlrq ri wkh vx�flhqw vwdwlvwlf1 Vxs0
srvh zh ghqrwh lw e| V+\q> �, 1 Wkxv/ ghqrwlqj d frqglwlrqdo yduldwh [ jlyhq
\q @ | e| [| / zh pd| hvwlpdwh p3+�, xvlqj

_p3+�, @
]
H^Y +[,m\q @ |`V+|> �,Jq+g|, @

]
Y +[|,V+|> �,Jq+g|, +8143,

zkhuh Jq lv wkh glvwulexwlrq ri wkh vx�flhqw vwdwlvwlf \q 1 Iru jhqhudo vdpsoh
vl}h/ Y +[|, lq wkh lqwhjudqg lv uhsodfhg e| dq dyhudjh ri wkh whupv ri wkh irup
Y +[|, 1 Vlploduo|/ zh hvwlpdwh p+#, xvlqj vlpxodwlrqv dw wkh sdudphwhu ydoxh
� e|

_p+#, @

]
Y +[|,h

|+�+#,��+�,, f+#,

f+�,
Jq+g|,= +8144,

Zkhq zh duh dwwhpswlqj wr hvwlpdwh ghulydwlyhv p3+�, vlpxowdqhrxvo| dw
d qxpehu ri gl�huhqw ydoxhv ri � / shukdsv lq rughu wr �w wkh ixqfwlrq zlwk
vsolqhv ru uhsuhvhqw lw judsklfdoo|/ wkhuh duh vrph yhu| frqvlghudeoh dgydqwdjhv
wr wkh hvwlpdwru xqghuo|lqj +BB,1 Ehfdxvh wkh frqglwlrqdo h{shfwdwlrq grhv qrw
ghshqg rq wkh ydoxh ri � / zh pd| frqgxfw wkh vlpxodwlrq +xvxdoo| dw wzr
ru pruh ydoxhv ri w , dw d vlqjoh frqyhqlhqw � 1 Wkh hvwlpdwhg frqglwlrqdo
h{shfwdwlrq zloo eh wkhq xvhg lq dq lqwhjudo ri wkh irup +BB, iru doo xqghuo|lqj
ydoxhv ri �1 Vlploduo|/ d vlqjoh vlpxodwlrq fdq eh xvhg wr hvwlpdwh p+#, iru
pdq| gl�huhqw ydoxhv ri # 1

Wkhuh duh d qxpehu ri vlpsoh vshfldo fdvhv ri h{srqhqwldo idplo| zkhuh wkh
frqglwlrqdo glvwulexwlrqv duh hdvlo| hvwdeolvkhg dqg vlpxodwhg1 Qrwh wkdw wkh
yduldeohv fdq eh jhqhudwhg vhtxhqwldoo| ehjlqqlqj zlwk [4 vr wkh iroorzlqj
glvwulexwlrqdo uhvxowv duh dghtxdwh1

(��� )*��	���

41 +H{srqhqwldo Glvwulexwlrq,1 Vxssrvh [l duh h{srqhqwldoo| glv0
wulexwhg zlwk suredelolw| ghqvlw| ixqfwlrq i�+{, @ 4

�
h�{@� 1 Wkhq jlyhqSq

l@4
[l @ | wkh ydoxhv [4> [4.[5> = = =

Sq�4
l@4

[l duh glvwulexwhg dv
q� 4 Xqlirup ^3> |` rughu vwdwlvwlfv1
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51 +Jdppd glvwulexwlrq,1 Vxssrvh [l duh glvwulexwhg dv lqghshqghqw
jdppd +�> �, yduldwhv zlwk suredelolw| ghqvlw| ixqfwlrq

i�+{, @
{��4h�{@�

�+�,��
= +8145,

Wkhq wkh glvwulexwlrq ri [4@| jlyhq
Sq

l@4
[l @ | kdv wkh Ehwd +�> q�,

glvwulexwlrq1

61 +Qrupdo glvwulexwlrq,1 Vxssrvh [l kdyh d Q+�> �5, glvwulexwlrq1
Wkhq wkh glvwulexwlrq ri [4 jlyhq

S
l[l @ | lv Q+|@q> +4� 4

q
,�5,1

71 +Elqrpldo glvwulexwlrq,1 Vxssrvh [l duh glvwulexwhg dv elqrpldo
+q> �, yduldwhv1 Wkhq jlyhq

Sp
l@4

[l @ | / [4 kdv d k|shujhrphwulf
glvwulexwlrq zlwk sdudphwhuv +pq> q> |,1

81 +Srlvvrq glvwulexwlrq,1 Vxssrvh [l kdyh wkh Srlvvrq +�, glvwulexwlrq1
Wkhq jlyhq

Sq
l@4

[l @ | / wkh glvwulexwlrq ri [4 lv elqrpldo +|> 4@q,1

91 +Jhrphwulf glvwulexwlrq,1 Vxssrvh [l kdyh wkh jhrphwulf glvwulex0
wlrq1 Wkhq jlyhq

Sq
l@4

[l @ | / wkh glvwulexwlrq ri [4 lv d qhjdwlyh
k|shujhrphwulf zlwk suredelolw| ixqfwlrq

i+{, @

�
|�{�4
q�5

��
|�4
q�4

� =

:1 +orj0Qrupdo Glvwulexwlrq, Vxssrvh [l kdyh wkh orj0qrupdo glvwulex0
wlrq zlwk phdq �= Uhfdoo wkdw [l @ h\l zkhuh \l � Q+orj+�,��5@5> �5,1
Qrwh wkdw

Corj+j,

C�
@
\ � orj+�, . �5@5

��5
+8146,

dqg wkhuhiruh wkh frqglwlrqdo glvwulexwlrq ri [4 jlyhq wkh vx�flhqw vwdwlv0
wlf

Tq
l@4

[l @ { lv ri wkh irup h]l zkhuh ]l � Q+orj+{,@q> +4� 4

q
,�5,

dqg vr \l kdv frqglwlrqdo phdq {4@qh{si+4� 4

q
,�

5

5
j dqg yrodwlolw| sd0

udphwhu +4� 4

q
,�51

(���! )*��	��� )��������� $����

Vxssrvh zh zlvk wr hvwlpdwh CY
C�

zkhuh Y lv wkh ydoxh ri dq rswlrq rq dq
dvvhw/ dqg � lv wkh yrodwlolw| sdudphwhu lq wkh dvvhw sulfh htxdwlrq1 Frqvlghu iru
h{dpsoh d Hxurshdq rswlrq zkrvh suhvhqw ydoxh fdq eh zulwwhq dv dq h{shfwhg
ydoxh xqghu wkh ulvn qhxwudo glvwulexwlrq

Y @ Hih�uWy+VW ,j
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zkhuh VW / wkh whuplqdo ydoxh ri wkh dvvhw/ lv dvvxphg wr kdyh d orjqrupdo
glvwulexwlrq zlwk phdq V3h

uW dqg yduldqfh sdudphwhu �5W 1 Ghqrwh wkh
fruuhvsrqglqj orjqrupdo suredelolw| ghqvlw| ixqfwlrq ri V+w, e|

j+v, @
4

v�
s
5�W

h{si�+orj+v,� orj+V3,� uW . �5W@5,5@5�5Wj=

Iru euhylw|/ zulwh

j+v, @
4

v�
s
5�W

h{si�U5@5�5Wj

zkhuh zh kdyh ghqrwhg U @ U+v, @ +orj+v,� uW � orj+V3,.�5W@5,1 Wkhq wkh
vfruh ixqfwlrq zlwk uhvshfw wr wkh sdudphwhu �5 lv

C orj+j,

C�
@
U5 � �5W

�6W
� U

�

Wkhuhiruh/ e| +BB,/ dq xqeldvhg hvwlpdwru ri yhjd lv wkh vdpsoh fryduldqfh/ ryhu
doo vlpxodwlrqv/

ffry+h�uWy+VW ,> U5+VW ,� �5W

�6W
� U+VW ,

�
,=

Qrwlfh wkdw U+VW ,

�
s
W

@ ] kdv wkh vwdqgdug qrupdo glvwulexwlrq/ dqg lq whupv ri

] /

VW @ V3h{siuW � �5W@5 . �
s
W]j= +8147,

Wkhq wkh fryduldqfh lq +BB, lv

Hih�uWy+V3h{siuW � �5W@5 . �
s
W]j,

�
]5 � 4

�
�
s
W]

�
j

vlqfh VW lv jhqhudwhg iurp +BB,1 Wklv uhgxfhv wr d vlpsoh rqh0glphqvlrqdo
lqwhjudo zlwk uhvshfw wr d qrupdo suredelolw| ghqvlw| ixqfwlrq dqg zh fdq hlwkhu
vlpxodwh wklv txdqwlw| ru xvh d qxphulfdo lqwhjudwlrq1 Ehfdxvh ri wkh kljk
yduldelolw| ri wkh vfruh ixqfwlrq/ lw lv ghvludeoh wr xvh yduldqfh uhgxfwlrq lq
hydoxdwlqj wklv hvwlpdwru1Rqh ri wkh vlpsohvw qxphulfdo lqwhjudwlrq whfkqltxhv
zkhq h{shfwdwlrq fdq eh zulwwhq zlwk uhvshfw wr d qrupdo suredelolw| ghqvlw|
ixqfwlrq lv Jdxvvldq Txdgudwxuh phqwlrqhg ehorz1

(���# 3������� ;���
���
��

Zh frqvlghu jhqhudo lqwhjudov ri wkh irup] 4

�4
k+w,!+w,gw +8148,
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zkhuh ! lv wkh vwdqgdug qrupdo suredelolw| ghqvlw| ixqfwlrq1 Vxssrvh vxfk dq
lqwhjudo lv dssur{lpdwhg e| d zhljkwhg vxp/

n[
l@4

zlk+wl,= +8149,

Wkh zhljkwv/ zl/ duh fkrvhq vr wkdw wkh dssur{lpdwlrq lv h{dfw iru wkh �uvw n
prphqwv ri wkh vwdqgdug qrupdo glvwulexwlrq1 Lq rwkhu zrugv/ lw lv uhtxluhg
wkdw

n[
l@4

zlw
u
l @ �u> u @ 3> 4> = = = > n � 4 +814:,

zkhuh �u @ 3 iru u rgg dqg �u @ u$@+u@5,$5u@5 iru u hyhq1 Iru duelwudu| wl wkhvh
zhljkwv jlyh dq dssur{lpdwlrq wkdw lv h{dfw iru sro|qrpldov ri ghjuhh dw prvw
n�41 Krzhyhu/ li zh duh iuhh qrw rqo| wr fkrrvh wkh zhljkwv/ exw dovr wkh srlqwv
wl / zh fdq dfklhyh d ehwwhu dssur{lpdwlrq/ rqh wkdw lv h{dfw iru sro|qrpldov ri
ghjuhh 5n � 41 Lq wklv fdvh/ zh pxvw fkrrvh wkh devflvvdh wr eh wkh n urrwv ri
wkh Khuplwh sro|qrpldov /

sn+{, @ +�4,n^!+{,`�4 g
n!+{,

g{n
> +814;,

wr jlyh dq dssur{lpdwlrq zklfk lv h{dfw iru sro|qrpldov ri ghjuhh 5n � 41 Wkh
Khuplwh sro|qrpldov zlwk ghjuhh n � 8 duh=

s3+{, @ 4> s4+{, @ {> s5+{, @ {5 � 4> s6+{, @ {6 � 6{>

s7+{, @ {7 � 9{5 � 6> s8+{, @ {8 � 43{6 � 48{=

Ilqglqj wkh urrwv ri wkhvh sro|qrpldov/ dqg vroylqj iru wkh dssursuldwh zhljkwv/
wkh fruuhvsrqglqj dssur{lpdwlrqv wr wkh lqwhjudo

U4
�4 k+w,!+w,gw duh=

] 4

�4
k+w,!+w,gw � +4@5,k+�4, . +4@5,k+4,> n @ 5] 4

�4
k+w,!+w,gw � +5@6,k+3, . +4@9,k+	

s
6,> n @ 6

Lq jhqhudo/ li zh zlvk wr hydoxdwh wkh h{shfwhg ydoxh ri d ixqfwlrq ri [ �
Q+�> �5,/ wkh dssur{lpdwlrqv duh

H^k+[,` � +4@5,k+�� �, . +4@5,k+�. �,> n @ 5

H^k+[,` � +5@6,k+�, . +4@9,k+�.
s
6�, . +4@9,k+��

s
6�,> n @ 6

Wklv odvw irupxod lv h{dfw iru k d sro|qrpldo ri ghjuhh 81
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(� ��<��������� ��
��
0����� %�������� �����

/��� ��4�
����������

Wkhuh lv dq dowhuqdwh phwkrg iru vhqvlwlylw| dqdo|vlv zklfk riwhq frpshwhv
idyrxudeo| zlwk wkh vfruh ixqfwlrq phwkrg deryh dqg zklfk h{sorlwv lqirupdwlrq
rq wkh ghulydwlyh ri wkh shuirupdqfh phdvxuh1 Dv d suholplqdu| h{dpsoh/ ohw
xv uhwxuq wr wkh sureohp ri hvwlpdwlqj d juhhn +h1j1 ukr/ yhjd/ ghowd ru wkhwd,
iru d Hxurshdq rswlrq1 Lq wklv fdvh/ zh zlvk wr hvwlpdwh wkh ghulydwlyh ri
wkh rswlrq sulfh Y @ Hih�u+W�w,y+VW ,j zlwk uhvshfw wr vrph sdudphwhu +h1j1
u> �> V3> w, zkhuh VW kdv d orjqrupdo glvwulexwlrq zlwk phdq Vwh

u+W�w, dqg
yduldqfh sdudphwhu �5+W � w,/ dqg y+VW , lv wkh ydoxh ri wkh rswlrq rq h{slu|
zkhq wkh vwrfn sulfh lv VW = Fdoo wkh sdudphwhu � iru wkh suhvhqw1 Vxssrvh zh
jhqhudwh VW @ V3 h{s+u+W�w,��5+W�w,@5.�]

s
W � w, iru d vwdqgdug qrupdo

udqgrp yduldeoh ]1 Wkhq gl�huhqwldwlqj gluhfwo| zlwk uhvshfw wr wkh sdudphwhu
surylghg vxfk d ghulydwlyh h{lvwv dqg fdq eh pryhg xqghu wkh h{shfwdwlrq vljq/
|lhogv

C

C�
Hih�uWy+VW ,j @ h�uWy3+VW ,

C

C�
VW

Wkxv/ wr hvwlpdwh wkh ghulydwlyh/ dq dyhudjh ri vlpxodwhg ydoxhv ri wkh irup

4

q

q[
l@4

^h�uWy3+VWl,
C

C�
VWl` +814<,

zkhuh VWl @ V3 h{s+uW � �5W@5. �
s
W]l, lv wkh l

3wk vlpxodwhg forvlqj ydoxh1
Lq idfw li wkh ixqfwlrq y+=, lv forvh wr ehlqj frqvwdqw/ wkhq wklv hvwlpdwru zloo
kdyh yduldqfh forvh wr }hur dqg zloo eh txlwh dffxudwh/ olnho| pruh dffxudwh wkdq
wkh vfruh ixqfwlrq hvwlpdwru ghvfulehg lq wkh odvw vhfwlrq1 Frqvlghu wkh fdvh ri d
Hxurshdq fdoo rswlrq zlwk vwulnh N/ y+VW , @ +VW�N,. dqg y3+VW , @ 4^VWAN`1
Qrwh wkdw wkh ghulydwlyh h{lvwv hyhu|zkhuh h{fhsw dw wkh srlqwN> exw wkh ghulyd0
wlyh dw wkh srlqw VW @ N grhv qrw h{lvw1 Wr vhh li zh fdq flufxpyhqw wklv
sureohp/ fdq zh �qg d vhtxhqfh ri hyhu|zkhuh gl�huhqwldeoh ixqfwlrqv yq+{,
vxfk wkdw yq+{, $ y+{, dqg y3q +{, $ y3+{, iru doo { 9@ nB Li vr wkhq zh
fdq vkrz wkdw zlwk yq uhsodflqj y lq +BB,/ zh rewdlq d frqvlvwhqw hvwlpdwru ri
C
C�
Hih�uWyq+VW ,j dqg wkhq xvlqj wkh Ohehvjxh grplqdwhg frqyhujhqfh wkhr0

uhp/ zh pd| fduu| wklv frqvlvwhqf| ryhu wr y+{,= Lq wklv fdvh/ zh pljkw fkrrvh

yq+{, @

�
q+{�N . 4

7q
,5> iru N � 4

7q
? { ? N . 4

7q

+{�N,> iru { A N . 4

7q

dqg yq+{, @ 3 iru { ? N � 4

7q
> d frqwlqxrxvo| gl�huhqwldeoh ixqfwlrq zklfk

djuhhv zlwk y+{, erwk lq lwv ydoxh dqg lwv ghulydwlyh hyhu|zkhuh h{fhsw lq wkh
glplqlvklqj lqwhuydo +N � 4

7q
>N . 4

7q
,= Pruh jhqhudoo| zkhq y+{, lqfuhdvhv dw

prvw olqhduo| lq { dv {$4> lw lv srvvleoh wr �qg d grplqdwlqj ixqfwlrq/ exw
li wkh sd|r� ixqfwlrq y+{, lqfuhdvhg dw d idvwhu udwh/ wklv pd| qrw eh srvvleoh1
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Vr jhqhudoo| vshdnlqj li wkhuh duh d �qlwh qxpehu ri srlqwv zkhuh wkh ghulydwlyh
grhv qrw h{lvw/ dqg wkh sd|r� ixqfwlrq lv erxqghg deryh e| olqhdu ixqfwlrqv ri
wkh vwrfn sulfh/ dq hvwlpdwru ri wkh irup +BB, fdq eh xvhg1

Lq jhqhudo wkh vxjjhvwhg phwkrg fruuhvsrqgv wr wkh irloorzlqj vlpsoh vwhsv>

41 zulwh wkh h{shfwhg ydoxh zh zlvk wr ghwhuplqh lq whupv ri wkh sdudphwhuv
+dv h{solflw dujxphqwv, dqg udqgrp yduldeohv zkrvh glvwulexwlrq grhv qrw
ghshqg rq wkhvh sdudphwhuv +h1j1 X ^3> 4` ru Q+3> 4,=, Wkh vlpsohvw zd|
wr gr wklv pd| eh wr xvh wkh lqyhuvh wudqvirup1

51 Gl�huhqwldwh wklv h{shfwhg ydoxh zlwk uhvshfw wr wkh sdudphwhu ri lqwhuhvw/
sdvvlqj wkh ghulydwlyh xqghu wkh h{shfwhg ydoxh vljq1

61 Vlpxodwh ru qxphulfdoo| ghwhuplqh wklv h{shfwhg ydoxh1

(� �� )*��	��� ��% �������� �� $����

Djdlq frqvlghu dq hvwlpdwh ri CY
C�

zkhuh w @ 3>

Y @ Hih�uW y+VW ,j>

dqg VW / wkh whuplqdo ydoxh ri wkh dvvhw/ kdv d orjqrupdo glvwulexwlrq zlwk phdq
V3h

uW dqg yrodwlolw| sdudphwhu �5W 1 Zh zlvk wr zulwh VW lq whupv ri udqgrp
yduldeohv zlwk glvwulexwlrqv wkdw gr qrw ghshqg rq wkh sdudphwhuv1 Uhfdoo wkdw

VW @ V3h{siuW � �5W@5 . �
s
W]j

zlwk ] d vwdqgdug qrupdo udqgrp yduldeoh1 Wkhq surylghg wkdw zh fdq sdvv
wkh ghulydwlyh wkurxjk wkh h{shfwhg ydoxh/

CY

C�
@ Hih�uWy3+VW ,

CVW

C�
j

@ Hih�uWy3+VW ,VW +
s
W] � �W ,j=

Wklv fdq eh vlpxodwhg e| jhqhudwlqj ydoxhv ri ] dqg wkhq VW @ V3h{siuW�
�5W@5.�

s
W]j dqg dyhudjlqj wkh ydoxhv ri h�uWy3+VW ,VW +

s
W]��W ,= Dowhu0

qdwlyho|/ vlqfh wklv lv d rqh glphqvlrqdo lqwhjudo/ zh fdq lqwhjudwh wkh ixqfwlrq
djdlqvw wkh vwdqgdug qrupdo s1g1i1! l1h1

h�uW
] 4

�4
y3+V3h

uW��5W@5.�
s
W},V3h

uW��5W@5.�
s
W}+

s
W} � �W ,!+},g}=

Qrwh wkh vlplodulw| ehwzhhq wklv hvwlpdwru dqg wkh vfruh ixqfwlrq hvwlpdwru
lq wkh vdph sureohp1 Wkh sulpdu| gl�huhqfh lv wkdw y3 lv pxowlsolhg e| d olqhdu
ixqfwlrq ri ] lq wklv fdvh/ exw y e| d txdgudwlf ixqfwlrq ri ] lq wkh fdvh ri wkh
vfruh ixqfwlrq1 Lq sduw ehfdxvh ri wkh kljkhu yduldelolw| ri wkh vfruh ixqfwlrq/ wkh
shuwxuedwlrq dqdo|vlv hvwlpdwru lv vxevwdqwldoo| ehwwhu dw ohdvw iru d vwdqgdug
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fdoo rswlrq1 Wkh iroorzlqj ixqfwlrq zdv xvhg wr frpsduh wkh hvwlpdwruv dqg
wkhlu vwdqgdug huuruv1

u�?U|�L? dTh�Uic�i}@c5,o'it|�i}@E~c5fct�}4@chcAck�

I |�L it|�4@|Lht Lu �i}@ c �i}@E��'tULhi u�?U|�L? it|�4@|Lhc �E2�'W�� it|�4@|Lh

5,E��c5,E2� |�i�h t|@?_@h_ ihhLht�

I �'T@)Lg u�?U|�L?c �Th�4i �t �|t _ih��@|��i�

I~'h@?_?E�c?� �t @ �iU|Lh Lu t|@?_@h_ ?Lh4@*

5A'5f8i TEh8Ant�}4@8t^h|EA�8~��D8t�}4@	28A�(

�'4@ Efc5A�k�(

��'i TE�h8A�8E��8EE~�	2���%t�}4@�t^h|EA�8~��(

�Th�4i'L?itE�c*i?}|�E~���8E5A:k�(

�2'i TE�h8A�8E�Th�4i�85A�8Et^h|EA�8~�t�}4@8A��(

�i}@'d4i@?E��� 4i@?E�2�o(

5,'t^h|Ed�@hE��� �@hE�2�o%*i?}|�E~��(

Th�Ui'i TE�h8A�84i@?E��(

Iru h{dpsoh wkh fdoo dTh�Uic�i}@c5,o'it|�i}@Eh@?_?E�cDfffff�c�fc�2c��c�2Dcb� uh0
vxowv lq wkh sulfh ri d fdoo rswlrq rq d vwrfn zruwk '43 dqg zlwk 6 prqwkv ru
rqh txduwhu ri d |hdu wr pdwxulw|/ lqwhuhvw udwh u @ =38> dqqxdo yrodwlolw| 3=53=
Wkh hvwlpdwhg sulfh lv '414986 dqg wkh wzr hvwlpdwhv ri yhjd duh 3=;;68 dqg
3=<5<: zlwk vwdqgdug huuruv 3=356; dqg 3=338< uhvshfwlyho|1 Vlqfh wkh udwlr ri
yduldqfhv lv dssur{lpdwho| 7/ wkh LSD hvwlpdwru lv hylghqwo| derxw 49 wlphv dv
h�flhqw dv lv wkh vfruh ixqfwlrq hvwlpdwru lq wklv fdvh/ dowkrxjk hyhq wkh vfruh
ixqfwlrq hvwlpdwru surylghv uhdvrqdeoh dffxudf|1 Qrw doo ghulydwlyhv fdq eh hv0
wlpdwhg dv vxffhvvixoo| xvlqj LSD krzhyhu1 Iru h{dpsoh li zh duh lqwhuhvwhg lq
wkh Jdppd ru vhfrqg ghulydwlyh ri d Hxurshdq fdoo rswlrq zlwk uhvshfw wr Vw>
y+VW , @ +VW �N,. dqg y33+{, @ 3 iru doo { 9@ N= Wkxv/ li zh duh shuplwwhg
wr gl�huhqwldwh wzlfh xqghu wkh h{shfwhg ydoxh lq

Y @ Hih�uW y+VW ,j

zh rewdlq

� @ h�uWH^y33+VW ,
C5VW

CV5

3

` @ 3

zklfk lv fohduo| lqfruuhfw1 Wkh sureohp lq wklv fdvh lv wkdw wkh uhjxodulw| uhtxluhg
iru wkh vhfrqg lqwhufkdqjh ri ghulydwlyh dqg hvshfwdwlrq idlov1

Wkh Pxowlyduldwh Fdvh1

Zh zlvk wr jhqhudwh [ @ +[4> = = = [q, zlwk lqghshqghqw frpsrqhqwv dqg
ohw wkh fxpxodwlyh glvwulexwlrq ixqfwlrq dqg wkh suredelolw| ghqvlw| ixqfwlrq ri
[l eh ghqrwhg Il�+{, dqg il� uhvshfwlyho|1 Rqh djdlq zh zlvk wr hvwlpdwh wkh
vhqvlwlylw| ru ghulydwlyh ri wkh h{shfwhg ydoxh

p+�, @ H�Y +[4> = = = [q> �,
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zlwk uhvshfw wr wkh sdudphwhu � iru vrph ixqfwlrq Y= Qrwlfh wkdw wr doorz iru
wkh prvw jhqhudo vlwxdwlrq/ zh shuplw � wr qrw rqo| d�hfw wkh glvwulexwlrq ri wkh
yduldeohv [l exw dovr lq vrph fdvhv eh dq dujxphqw ri wkh ixqfwlrq Y 1 Vxssrvh
zh jhqhudwh wkh udqgrp yduldeohv [l e| lqyhuvh wudqvirup iurp d yhfwru ri q
lqghshqghqw xqlirup yduldwhv Xl dffruglqj wr [l @ I�4l� +Xl,1 Wkhq qrwh wkdw
C[l

C�
@ � 4

il�+[l,

CIl�+[l,

C�
1 Wkxv/ zlwk Y +l, @ CY +[>�,

C[l

/ dqg Y +�, @ CY +[>�,

C�
zh

kdyh/ xqghu frqglwlrqv shuplwwlqj wkh lqwhufkdqjh ri ghulydwlyh dqg lqwhjudo/

p3+�, @ Hi
[
l

CY +[> �,

C[l

C[l

C�
.
CY +[> �,

C�
j

@ H

%
CY +[> �,

C�
�
[
l

Y +l,+[> �,
4

il�+[l,

CIl�+[l,

C�

&
+8153,

Wklv vxjjhvwv d Prqwh Fduor hvwlpdwru/ dq dyhudjh ryhu doo +lqghshqghqw,
vlpxodwlrqv ri whupv ri wkh irup

dyhudjhiY +�,+[> �,�
[
l

Y +l,+[> �,

il�+[l,

CIl�+[l,

C�
j +8154,

Wkh xqeldvhg hvwlpdwru +BB, lv fdoohg wkh Lq�qlwhvlpdo shuwxuedwlrq dqdo|vlv

hvwlpdwru +LSD,1 Xqiruwxqdwho|/ wkh frqglwlrqv shuplwwlqj wkh uhtxluhg lqwhu0
fkdqjh ri ghulydwlyh dqg lqwhjudo duh qrw dozd|v phw dqg vr wkh hvwlpdwru pd|
lq vrph fdvhv eh eldvhg1 Vhh Fdr +4<;:d, iru vrph frqglwlrqv1 Zkhq wkh frqgl0
wlrqv duh phw/ qrwh wkh uhodwlrqvkls ehwzhhq whupv lq wkh shuwxuedwlrq dqdo|vlv
hvwlpdwru dqg wkh vfruh ixqfwlrq hvwlpdwru/ rewdlqhg e| lqwhjudwlrq e| sduwv=

H�^Y +[> �,
C orj+i�l+[l,,

C�
` @ H�

]
Y +[4> ==={l> ===[q> �,

C

C�
il�+{l,g{l

@ H�Y +[4> ==={l> ===[q> �,
C

C�
Il�+{l,g{lm4�4 �H�

]
Y +l,+[4> ==={l> ===[q> �,

C

C�
Il�+{l,g{l

@ �H�iY +l,+[> �,
CIl�+[l,@C�

il�+[l,
j=

Qrwlfh wkdw iru qhduo| frqvwdqw ixqfwlrqv Y / wkh judglhqw Y +l, lv forvh wr }hur
dqg wkh shuwxuedwlrq dqdo|vlv hvwlpdwru kdv vpdoo yduldqfh1 Lq jhqhudo/ zkhq lw
lv xqeldvhg/ lw vhhpv wr surylgh juhdwhu h�flhqf| wkdq wkh fuxgh vfruh ixqfwlrq
hvwlpdwru1 Rq wkh rwkhu kdqg/ wkh frpsdulvrq lv xvxdoo| fduulhg rxw lq vsh0
fl�f fdvhv/ dqg wkhuh vhhpv wr eh qr jhqhudo uhdvrq zk| shuwxuedwlrq dqdo|vlv
vkrxog eh suhihuuhg1 Wkh odfn ri gl�huhqwldelolw| ri sd|r� ixqfwlrqv Y fdq eh d
sureohp/ lqwurgxflqj srwhqwldo eldv lqwr shuwxuedwlrq dqdo|vlv hvwlpdwruv1 Wkh
lq�qlwhvlpdo shuwxuedwlrq dqdo|vlv hvwlpdwru lv dq lq�qlwhvlpdo ru olplwlqj yhu0
vlrq ri wkh xvh ri frpprq udqgrp qxpehuv dv wkh iroorzlqj dujxphqw vkrzv1
Jhqhudwlqj [l� dv deryh/ lw lv uhdvrqdeoh wr hvwlpdwh

p+� . �,�p+� � �,

5�
� Y +[�.�> � . �,� Y +[���> � � �,

5�
=
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Wdnlqj olplwv dv � $ 3 dqg dvvxplqj wkh judglhqw h{lvwv lq d qhljkerukrrg ri
� zh duulyh dw wkh shuwxuedwlrq dqdo|vlv hvwlpdwru1

Lq�qlwhvlpdo shuwxuedwlrq dqdo|vlv +LSD, dvvxphv wkdw wkh rughu ri hyhqwv
lq wkh shuwxuehg sdwk lv wkh vdph dv wkh rughu lq wkh qrplqdo sdwk iru d vpdoo
hqrxjk �/ doorzlqj d fdofxodwlrq ri Y +{> �,/ wkh vhqvlwlylw| ri wkh vdpsoh shu0
irupdqfh iru d sduwlfxodu vlpxodwlrq1 Lw zloo jhqhudoo| jlyh vdwlvidfwru| uhvxowv
iru Hxurshdq rswlrqv/ exw pd| idlo lq vlpxodwlrqv ri orrnedfn ru eduulhu rswlrqv
li frpprq udqgrp qxpehuv idlo wr jlyh sd|r�v wkdw duh forvh zkhq sdudphwhu
ydoxhv duh forvh1

Lq wkh pruh frpprq flufxpvwdqfh wkdw wkh ixqfwlrq Y grhv qrw gluhfwo|
ghshqg rq wkh sdudphwhu/ wkh fuxgh Prqwh Fduor LSD hvwlpdwru +BB, lv dq
dyhudjh ryhu doo +lqghshqghqw, vlpxodwlrqv

�
[
l

C

C[l

Y +[,
CIl�+[l,@C�

il�+[l,
+8155,

zkhuh wkh ghulydwlyhv ri C
C[l

Y +[, pd| eh ghulyhg wkurxjk dqdo|vlv ri wkh v|vwhp
ru wkurxjk wkh lpsolflw ixqfwlrq wkhruhp li wkh sureohp lv wudfwdeoh1 Lq h{dpsohv
zkhuh LSD kdv ehhq irxqg wr eh xqeldvhg/ lw kdv dovr ehhq irxqg wr eh frqvlvwhqw1
Zkhq frpsduhg wr wkh fuxgh vfruh ixqfwlrq phwkrg iru wkhvh h{dpsohv/ lw kdv
jhqhudoo| ehhq irxqg wr eh wkh pruh h�flhqw ri wkh wzr/ dowkrxjk h{fhswlrqv wr
wklv uxoh duh hdv| wr �qg1

LSD lv edvhg rq wkh gl�huhqwldwlrq ri wkh rxwsxw surfhvv1 Ehfdxvh ri wklv/
wkh frqglwlrqv uhtxluhg iru wkh h{fkdqjh ri wkh gl�huhqwldwlrq dqg h{shfwdwlrq
rshudwruv pxvw eh yhul�hg iru hdfk dssolfdwlrq1 Wklv pdnhv LSD xqvxlwdeoh dv d
_eodfn0er{% dojrulwkp1 E| frqwudvw/ wkh vfruh ixqfwlrq phwkrg/ wrjhwkhu zlwk
lwv yduldqfh uhgxfhg yduldwlrqv/ rqo| lpsrvh uhjxodulw| rq wkh lqsxw yduldeohv
dqg uhtxluh qr nqrzohgjh ri wkh surfhvv ehlqj vlpxodwhg1 Rq wkh rwkhu kdqg/
wkh vfruh ixqfwlrq phwkrg uhtxluhv wkdw wkh sdudphwhu zkrvh vhqvlwlylw| lv lq0
yhvwljdwhg eh d vwdwlvwlfdo sdudphwhu> l1h1 lqgh{ d idplo| ri ghqvlwlhv/ zkhuhdv
shuwxuedwlrq dqdo|vlv doorzv pruh jhqhudo w|shv ri sdudphwhuv1

(� � 
������.��� �� ��� .���� �� � �	
��� �	���� �� ���
��

��������

Frqvlghu wzr vwrfnv ru dvvhw sulfhv zlwk forvlqj ydoxhv V4+W , dqg V5+W , mrlqwo|
orjqrupdoo| glvwulexwhg zlwk yrodwlolw| sdudphwhuv �4> �5> dqg fruuhodwlrq �= Ri
frxuvh doo ri wkh sdudphwhuv jryhuqlqj wklv glvwulexwlrq duh vxemhfw wr fkdqjh
lq wkh pdunhw/ lqfoxglqj wkh fruuhodwlrq �= Zh duh lqwhuhvwhg lq wkh sulfh ri
d Hxurshdq fdoo rswlrq rq wkh vsuhdg lq sulfh ehwzhhq wkh wzr vwrfnv/ dqg lq
sduwlfxodu/ wkh vhqvlwlylw| ri wklv sulfh wr fkdqjhv lq wkh fruuhodwlrq1 Ohw wkh
sd|r� ixqfwlrq eh

y+V4+W ,> V5+W ,, @ pd{+3> +V4+W ,� V5+W ,�N,, +8156,

@ pd{+3> ^h{siuW � �5
4
W@5 . �4]4j � h{siuW � �5

5
W@5 . �5]5j �N`,
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iru vwulnh sulfh N dqg fruuhodwhg vwdqgdug qrupdo udqgrp yduldeohv ]4> ]5=

Shukdsv wkh hdvlhvw zd| wr jhqhudwh vxfk udqgrp yduldeohv lv wr jhqhudwh ]4> ]6

lqghshqghqw vwdqgdug qrupdo dqg wkhq vhw

]5 @ �]4 .
s
4� �5]6= +8157,

Wkhq wkh vhqvlwlylw| ri wkh rswlrq sulfh zlwk uhvshfw wr � lv wkh ghulydwlyh
wkh glvfrxqwhg h{shfwhg uhwxuq

C

C�
H^h�uWy+V4+W ,> V5+W ,,` @ H^��5 h{si��55W@5 . �5]5j

C

C�
]5LD`

@ H^��5 h{si��55W@5 . �5+�]4 .
s
4� �5]6,j+]4 �

�s
4� �5

]6,4D` +8158,

zkhuh 4D lv wkh lqglfdwru ixqfwlrq ri wkh vhw

D @ D+]4> ]5, @ ^h{siuW � �5
4
W@5 . �4]4j � h{siuW � �5

5
W@5 . �5]5j A N`

dqg zkhuh ]4> ]6 duh lqghshqghqw vwdqgdug qrupdo udqgrp yduldeohv dqg ]5

vdwlv�hv +BB,1 Wkxv dq LSD hvwlpdwru ri wkh vhqvlwlylw| lv jlyhq e| dq dyhudjh
ri whupv ri wkh irup

��5 h{si��55W@5 . �5+�]4 .
s
4� �5]6,j+]4 �

�s
4� �5

]6,4D+]4>]5,=

+8159,

Ri frxuvh yduldqfh uhgxfwlrq fdq eh hdvlo| dssolhg wr wklv hvwlpdwru/ hvsh0
fldoo| vlqfh wkhuh lv d vxevwdqwldo vhw rq zklfk +BB, lv htxdo wr 31

(�! �
�0�����

41 Dvvxph wkdw [ kdv d qrupdo +�> 4, glvwulexwlrq dqg Y +[, @ [ .
e[5 . f[6= Vkrz fdq hvwlpdwh C

C�
H�Y +[, @ 4 . 5e� . 6f+4 . �5, e|

udqgrpo| vdpsolqj q lqghshqghqw ydoxhv ri [l> l @ 4> 5> ===q dqg xvlqj
wkh hvwlpdwru 4

q

Sq
l@4

Y +[l,+[l � �,1 Krz zrxog wkh yduldqfh ri wklv
frpsduh zlwk wkh yduldqfh ri dq dowhuqdwlyh hvwlpdwru 4

q

Sq
l@4

Y 3+[l,1
Krz gr wkh| frpsduh li Y lv forvh wr ehlqj d olqhdu ixqfwlrq/ l1h1 li e> f
duh vpdooB
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W|slfdoo| d gl�xvlrq prgho iru �qdqfldo gdwd lqfoxghv sdudphwhuv zlwk xqnqrzq
ydoxhv zklfk uhtxluh hvwlpdwlrq1 Iru h{dpsoh wkh FLU prgho iru lqwhuhvw udwhv/
zulwwhq lq wkh irup

guw @ +�. �uw,gw. �
s
uwgZw

kdv wkuhh xqnqrzq sdudphwhuv wkdw uhtxluh hvwlpdwlrq lq rughu wr xvh wkh prgho
lq ydoxlqj ghulydwlyhv1 Dffruglqj wr wkh vlpsohvw glvfuhwh wlph dssur{lpdwlrq wr
wkh surfhvv/ wkh Hxohu Vfkhph/ wkh lqfuhphqwv lq wkh surfhvv ryhu vpdoo lqwhuydov
ri wlph duh dssur{lpdwho| frqglwlrqdoo| lqghshqghqw dqg qrupdoo| glvwulexwhg1
Wkxv/ dssur{lpdwho|/

�u � +�. �uw,�w � Q+3> �5uw�w,

Wkxv/ wkh sdudphwhuv lq wkh guliw whup fdq eh rewdlqhg e| zhljkwhg ohdvw
vtxduhv> l1h1 e| plqlpl}lqj wkh vxp ri wkh vtxduhg vwdqgdugl}hg qrupdo yduldwhv1

plq�>�z+�u � +�. �uw,�w,
5

zkhuh wkh zhljkwv z duh sursruwlrqdo wr wkh uhflsurfdo ri wkh yduldqfhv z @
4@+uw�w,1 Wkh vroxwlrq wr wklv lv vwdqgdug lq uhjuhvvlrq wh{werrnv=

a� @

S
z�u+uw � �u,S
z+uw � �u,5

> a� @ �u � a��u +914,

zkhuh �u> �u ghqrwh zhljkwhg dyhudjhv> h1j1 �u @
S

zuw@
S

z1
Jluvdqry*v Wkhruhp doorzv xv wr xvh pd{lpxp olnholkrrg hvwlpdwlrq iru dq|

sdudphwhuv wkdw uhvlgh lq wkh guliw whup ri d gl�xvlrq1 Iru h{dpsoh frqvlghu d
prgho ri wkh irup

g[w @ d+[w> �,gw. �+[w,gZw

498
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Zh vxssrvh iru wkh prphqw wkdw wkh gl�xvlrq whup �+[w, lv nqrzq dqg wkdw wkh
rqo| xqnqrzq sdudphwhu+v, lv �1 Wkhq wkh Udgrq0Q|nrg|p ghulydwlyh ri wkh
phdvxuh lqgxfhg e| wklv surfhvv zlwk uhvshfw wr wkh fruuhvsrqglqj pduwlqjdoh
phdvxuh gh�qhg e|

g[w @ �+[w,gZw

lv jlyhq +xqghu wkh xvxdo frqglwlrqv, e| Jluvdqry*v Wkhruhp

h{si
]

d+[w> �,

�5+[w,
g[w �

4

5

]
d5+[w> �,

�5+[w,
gwj= +915,

Wkh pd{lpxp olnholkrrg hvwlpdwh ri � lv rewdlqhg e| pd{lpl}lqj wklv ixqfwlrq1
Vhwwlqj wkh ghulydwlyh ri lwv orjdulwkp htxdo wr 3 uhvxowv lq wkh olnholkrrg htxdwlrq]

Cd

C�
��5+[w,g[w �

]
dCd

C�
��5+[w,gw @ 3

ru

]
��5+[w,

Cd

C�
+g[w � d+[w> �,gw, @ 3

Xvxdoo|/ ri frxuvh/ zh kdyh dydlodeoh rqo| revhuydwlrqv wdnhq dw glvfhwh wlph
srlqwv w4 ? w5 ? = = = dqg wkh deryh lqwhjudo zloo wkhq eh uhsodfhg e| d vxp[

l

��5+[wl,
Cd+[wl> �,

C�
+�[wl � d+[wl > �,�w, @ 3= +916,

+� )��������� $���������

Zkloh wkh Hxohu phwkrg shuplwv hvwlpdwlrq ri sdudphwhuv lq wkh gl�xvlrq fr0
h�flhqw dv zhoo dv wkrvh lq wkh guliw/ wkhuh lv qr olnholkrrg dujxphqw edvhg
rq frqwlqxrxv wlph revhuydwlrqv zklfk doorzv hvwlpdwlrq ri gl�xvlrq frh�flhqw
sdudphwhuv1 Wklv lv ehfdxvh wkh lq�qlwh yduldwlrq ri d gl�xvlrq surfhvv lq duel0
wudulo| vpdoo wlph lqwhuydov iru frqwlqxrxv wlph revhuydwlrqv wkhruhwlfdoo| shuplw
h{dfw hvwlpdwlrq ri sdudphwhuv lq wkh gl�xvlrq frh�flhqw zlwk dq duelwudulo|
vkruw revhuyhg wudmhfwru| ri wkh surfhvv1 Lq rwkhu zrugv lqirupdwlrq iru hvwl0
pdwlqj wkh gl�xvlrq frh�flhqw rewdlqv pxfk pruh udslgo| wkdq iru wkh guliw/
dqg lq wklv uhvshfw wkh frqwlqxrxv wlph surfhvvhv duh txlwh gl�huhqw wkdq wkhlu
glvfuhwh dqdorjxhv1 Wzr gl�xvlrqv +ru hyhq Eurzqldq prwlrq surfhvvhv, zlwk
gl�huhqw gl�xvlrq frh�flhqwv duh pxwxdoo| vlqjxodu vr wkdw zh fdq wkhruhwl0
fdoo| ghwhuplqh iurp d vlqjoh vdpsoh sdwk wkh h{dfw gl�xvlrq whup1 Sudfwlfh
lv frqvlghudeo| gl�huhqw iru vhyhudo uhdvrqv1 Iluvw/ zh qhyhu revhuyh d surfhvv
lq frqwlqxrxv wlph1 Vhfrqg/ surfhvvhv olnh vhfxulw| sulfhv/ lqwhuhvw udwhv dqg h{0
fkdqjh udwhv duh rqo| vlplodu wr fhuwdlq gl�xvlrq surfhvvhv zkhq ylhzhg ryhu d
orqjhu wlph lqwhuydo wkdq d vlqjoh gd| ru zhhn1 Wkhlu orfdo ehkdylrxu lv yhu| gli0
ihuhqw> iru h{dpsoh wkh| hyroyh wkurxjk d vhulhv ri mxpsv ri ydu|lqj pdjqlwxghv1
Wklug/ wkhuh lv lqirupdwlrq rq dq| surfhvv iru zklfk ghulydwlyhv duh vrog lq wkh
ghulydwlyh pdunhw1 Wkh xvxdo hvwlpdwh ri yrodwlolw| lv wkh _lpsolhg yrodwlolw|%
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ru wkh yduldqfh sdudphwhu zklfk zrxog/ lq wkh Eodfn0Vfkrohv irupxod/ pdnh wkh
wkhruhwlfdo ghulydwlyh sulfhv htxdo wr wkhlu revhuyhg ydoxhv1 Zkloh wklv lv qrw
h{dfwo| wkh klvwrulfdo yrodwlolw|/ lw +surylghg wkdw wkh prgho krogv, lv lghqwlfdo
wr wkh lqvwdqwdqhrxv ydoxh ri wkh yrodwlolw| vlqfh wkh ulvn qhxwudo phdvxuh kdv
wkh vdph gl�xvlrq frh�flhqw dv grhv wkh Lwr surfhvv zh dvvxph ghulyhv wkh dvvhw
sulfh1

Frqvlghu dv dq h{dpsoh wkh vwrfn sulfh ri Qhz ]hdodqg Whohfrp olvwhg
rq wkh Qhz \run Vwrfn H{fkdqjh +Wlfnhu Q\VH=Q]W,1 Zh grzqordghg wkuhh
prqwkv ri gdlo| vwrfn sulfh gdwd +Ihe 55/ 5333 wr Pd| 55/ 5333, iurp wkh zhe0
vlwh kwws=22�qdqfh1|dkrr1frp dqg rq wkh edvlv ri wklv/ zlvk wr hvwlpdwh wkh
yrodwlolw|1 Wkh vwrfn sulfh ryhu wklv shulrg lv judskhg lq Iljxuh 9141 Lw zdv
grzqordghg wr dq h{fho �oh dqg ordghg lqwr Pdwode iurp wklv �oh1 Vlqfh wkh
orjdulwkp ri gdlo| vwrfn sulfhv lv dvvxphg wr eh d Eurzqldq prwlrq zh pd|
hvwlpdwh wkh gdlo| yrodwlolw| xvlqj wkh vdpsoh yduldqfh ri wkh �uvw gl�huhqfhv lq
wkhvh orjdulwkpv1 Wr rewdlq wkh yduldqfh ryhu d |hdu/ pxowlso| e| wkh qxpehu ri
wudglqj gd|v +durxqg 585, lq d |hdu1 Wkxv wkh dqqxdo yrodwlolw| lv hvwlpdwhg e|
t^h|E2D28�@hE_�gE*L}E|i*iUL4Th�Ui���� zklfk jlyhv d ydoxh durxqg 31641 Krz grhv
wklv klvwrulfdo hvwlpdwh ri yrodwlolw| frpsduh zlwk wkh yrodwlolw| dv ghwhuplqhg
e| rswlrq sulfhvB

Iljxuh 915 rewdlqv iurp wkh Fklfdjr Erdug ri Rswlrqv H{fkdqjh dqg surylghv
wkh fxuuhqw sulfh ri fdoov dqg sxwv rq Q]W1

Iru h{dpsoh vxssrvh wkhuh zdv d Mxo| sxw rswlrq/ vwulnh sulfh '63 wkdw vrog
iru '54

6
1 Vxssrvh wkh fxuuhqw lqwhuhvw udwh +lq XV grooduv vlqfh wkhvh duh XV

groodu sulfhv, lv 9(1 Wklv lv urxjko| wkh lqwhuhvw udwh rq d vkruw whup ulvn iuhh
ghsrvlw olnh d wuhdvxu| eloo1 Wkhq wkh lpsolhg yrodwlolw| lv ghwhuplqhg e| �qglqj
wkh ydoxh ri wkh sdudphwhu � vr wkdw wkh Eodfn0Vfkrohv irupxod jlyhv h{dfwo|
wklv ydoxh iru dq rswlrq sulfh/ l1h1 �qglqj d ydoxh ri � vr wkdw SXW@5166
zkhuh

d��wwc�NAo ' �w5�+W�,E2H�H.Dc�fc�fSce2%2D2c�cf��

Lq wklv fdvh/ zh rewdlq � @ =6<: odujhu wkdq wkh klvwrulfdo yrodwlolw| ryhu
wkh sdvw wkuhh prqwkv1 Zklfk ydoxh lv _fruuhfw%B Dssduhqwo| lq wklv fdvh wkh
T phdvxuh dvvljqv d juhdwhu yrodwlolw| wkdq wkh vwrfn kdv1 Lv wkhuh dq| reylrxv
h{sodqdwlrqB Fhuwdlqo| wkh pdunhw frqglwlrqv iru wklv frpsdq| pd| zhoo kdyh
fkdqjhg hqrxjk wr h�hfw d uhfhqw fkdqjh lq wkh yrodwlolw|1 Pruhryhu/ uhphpehu
wkdw wkh glvwulexwlrq wkdw pdwwhuv lq sulflqj dq rswlrq lv wkh T phdvxuh/ d
glvwulexwlrq dvvljqhg e| wkh pdunhw iru wkh rswlrq1 Li |rx xvh dq| rwkhu glvwul0
exwlrq/ |rx r�hu rwkhuv dq duelwudjh dw |rxu h{shqvh1 Vr lq sudfwlfh/ yrodwlolw|
lv edfnhg rxw/ zkhuh srvvleoh/ iurp wkh sulfh ri ghulydwlyhv rq wkh jlyhq dvvhw1
H{fhswlrqv duh pdgh zkhq wkh pdunhw iru d jlyhq rswlrq ru wkh xqghuo|lqj
dvvhw lv yhu| wklq ru zkhq lw lv d yhu| vkruw wlph xqwlo pdwxulw| +lq wklv fdvh/
rwkhu frqvlghudwlrqv d�hfw wkh rswlrq sulfh,1 Lq wklv fdvh wkhuh duh qr wudghg
rswlrqv rq whohfrp lq wkh gd| dqg zh kdyh olwwoh fkrlfh exw wr xvh klvvwrulfdo
yrodwlolw|/ shukdsv frpsdulqj zlwk lpsolhg yrodwlolw| iurp suhylrxv gd|v1

Zkhq zh ghflgh wr xvhv klvwrulfdo gdwd wr hvwlpdwh yrodwlolw| wkhuh duh pruh
h�flhqw hvwlpdwruv wkdq wkh vdpsoh yduldqfh ri wkh uhwxuqv1 Wkrvh zklfk xvh wkh
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Iljxuh 914=
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Iljxuh 915=

kljkv dqg orzv lq d shulrg r�hu frqvlghudeoh jdlqv lq h�flhqf| xvlqj frpprqo|
sxeolvkhg gdwd1

Sduwlfxoduo| xvhixo vwdwlvwlfv lq wklv uhjdug duh wkh h{srqhqwldoo| glvwulexwhg
udqgrp yduldeohv ]K @ orj+K@R, orj+K@F, dqg ]O @ orj+O@R, orj+O@F, +lq

wkh fdvh ri jhrphwulf Eurzqldq prwlrq, lqwurgxfhg lq Wkhruhp 71617/ zkhuh

+R>F>K>O, ghqrwh wkh rshq/ forvh/ kljk/ orz sulfh ryhu d shulrg �w= Lq wklv

fdvh erwk ]K dqg ]O kdyh dq h{srqhqwldo glvwulexwlrq zlwk phdq �5�w@5

frqglwlrqdoo| rq wkh ydoxhv ri R> F1 Wkhuhiruh/ lw lv lqghshqghqw ri F1 D

vlplodu dujxphqw ohdgv wr }O @ orj+O@R, orj+O@F, � h{s+�5�w@5,1 Wkxv

erwk ri wkhvh vwdwlvwlfv ohdgv wr dq xqeldvhg hvwlpdwru ri wkh sdudphwhu �5 1

Dq dowhuqdwlyh hvwlpdwru ri wkh vfdoh sdudphwhu �5 lv rewdlqhg iurp wkh lq0

fuhphqw F@R dorqh1 Lqghhg wkh pd{lpxp olnholkrrg hvwlpdwru edvhg rq wkh

glvwulexwlrq ri wklv lqfuhphqw lv iorj+F@R,j5@�w= Wkxv zh kdyh wkuhh hvwlpd0
wruv ri wkh yrodwlolw| sdudphwhu/ iorj+F@R,j5@�w> 5 orj+O@R, orj+O@F,@�w> dqg
5 orj+O@R, orj+O@F,@�w=Zkloh wkh �uvw lv lqghshqghqw ri wkh rwkhu wzr jlyhqR/

xqiruwxqdwho| wkh vhfrqg dqg wklug duh wkhpvhoyhv qrw xqfruuhodwhg1 Lq rughu wr

zhljkw wkhp rswlpdoo| zh qhhg vrph lqirupdwlrq derxw wkhlu mrlqw glvwulexwlrq1

Lw iroorzv wkdw erwk iorj+F@R,j5@�w dqg +]K.]O,@�w surylgh xqeldvhg hvwl0

pdwruv ri wkh yrodwlolw| sdudphwhu �5 dqg lqghhg wkh odwwhu lv lqghshqghqw ri wkh
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iruphu1

Wkhvh hvwlpdwruv duh duhdv looxvwudwhg lq Iljxuh {{1 Frqvlghu wkh sorw fru0

uhvsrqglqj wr wlph w1 Wkh yhuwlfdo vfdoh lv orjdulwkplf vr wkdw orjv duh sorwwhg1

Wklv sorw lv frqvwuxfwhg xvlqj dq duelwudulo| fkrvhq dqjoh � iurp wkh irxu ydoxhv

+R>F>K>O, xvlqj wzr olqhv c4> c5 wkurxjk wkh srlqw +w> 4
5
+orj+R, . orj+F,,,

zlwk vorshv 	 wdq+�,1 Krul}rqwdo olqhv duh gudzq dw wkh ruglqdwh ydoxhv

orj+K,> orj+O,> orj+R,> orj+F, dqg xvlqj wkh srlqwv zkhuh orj+R,dqg orj+F,

vwulnh wkh wzr olqhv dv fruqhuv/ d uhfwdqjoh lv frqvwuxfwhg1 Wkh duhd ri wklv uhfw0

dqjoh wdq+�,+orj+F@R,,5 lv dq xqeldvhg hvwlpdwru ri wdq+�,�5�w surylghg wkh

Eurzqldq prwlrq kdv qr guliw1 Wkh vhfrqg uhjlrq frqvlvwv ri _zlqjv% jhqhudwhg

e| wkh irxu srlqwv dw zklfk wkh krul}rqwdo olqh dw orj+K,> orj+O, vwulnh wkh

olqhv c4> c51 Wkh wrwdo duhd ri wklv uhjlrq +erwk zlqjv, lv wdq+�,+]O . ]K,

zklfk lv dqrwkhu xqeldvhg hvwlpdwru ri wdq+�,�5W lqghshqghqw ri wkh �uvw/ dqg

dovr lqghshqghqw ri zkhwkhu ru qrw wkh xqghuo|lqj Eurzqldq prwlrq kdv guliw1

E| frpsdulqj wkhvh duhdv/ zh fdq ghwhfw deqrupdo fkdqjhv lq wkh yrodwlolw|/

ru fkdqjhv lq wkh guliw ri wkh surfhvv wkdw zloo lqfuhdvh wkh revhuyhg ydoxh ri

+orj+F@R,,5 zkloh ohdylqj wkh vhfrqg hvwlpdwru xqfkdqjhg1 Ehfdxvh hdfk hv0

wlpdwru lv edvhg rqo| rq d vlqjoh shulrg/ lw lv xvhixo wr surylgh dv zhoo d sorw

lqglfdwlqj zkhwkhu wkhuh lv d shuvlvwhqw fkdqjh lq hlwkhu ru erwk ri wkh wzr

hvwlpdwruv ri yrodwlolw|1

Li wkh Eurzqldq prwlrq grhv lqghhg kdyh }hur guliw zh frxog frpelqh wkh

wzr hvwlpdwruv deryh/ dqg wkh rswlpdo olqhdu frpelqdwlrq lv/ zlwk zhljkwv yhu|

voljkwo| urxqghg/

�5EOX �
4

:�w
+iorj+F@R,j5 . 9+]K . ]O,, +917,

zkhuh wkh zhljkwv kdyh ehhq ghwhuplqhg xvlqj wkh idfw wkdw ]K dqg ]O duh

fruuhodwhg zlwk fruuhodwlrq frh�flhqw � �=66;1
Krz pxfk ehwwhu lv wklv wkdq wkh xvxdo hvwlpdwru ri yrodwlolw| +orj+F@R,,5B
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Frpsxwdwlrq lq wkh fdvh �5W @ 4 |lhogv

ydu+a�5EOX, � 3=5;7

zkloh ydu+orj+F@R,5, @ 51 Wkh udwlr lv dssur{lpdwho| :1 Lq rwkhu zrugv/

revhuydwlrqv rq wkh kljk/ orz/ rshq/ forvh shuplw derxw vhyhq wlphv wkh h�flhqf|

iru hvwlpdwlqj wkh yrodwlolw| sdudphwhu1 Uhodwhg hvwlpdwruv kdyh ehhq vxjjhvwhg

lq wkh olwhudwxuh1 Iru h{dpsoh/ Sdunlqvrq + 4<;3, lq h�hfw vxjjhvwv wkh hvwlpdwru

4

7W 5orj 5
+orj+K@O,,5 +918,

zklfk lv derxw �yh wlphv dv h�flhqw dv +orj+F@R,,5@W dqg Urjhuv dqg Vdwfkhoo

+4<<4, vxjjhvw wkh hvwlpdwru

+]K . ]O, +919,

zklfk lv qhduo| wkh vdph dv �5EOX 1 Shukdsv wkh vlpsohvw kljk h�flhqf| hvwl0

pdwru/ lv vxjjhvwhg e| Jdupdq dqg Nodvv +4<;3, dqg wdnhv wkh irup

a�5JN @
4

5
+orj+K@O,,5 � +5 oq+5,� 4,+orj+F@R,,5 +91:,

Zh dovr vkrz hpslulfdoo| wkh h�hfwlyhqhvv ri lqfrusrudwlqj wkh kljk orz forvh

lqirupdwlrq lq d phdvxuh ri yrodwlolw|1 Iru h{dpsoh/ wkh sorw ehorz jlyhv wkh

hjjwlphu sorw iru wkh Grz Mrqhv Lqgxvwuldo Lqgh{ iru wkh prqwkv ri Iheuxdu|

dqg Pdufk 53331 Wkh yhuwlfdo vfdoh lv orjdulwkplf vlqfh wkh Eodfn Vfkrohv prgho

lv vxfk wkdw wkh orjdulwkp ri wkh lqgh{ lv Eurzqldq prwlrq1 D suhsrqgudqfh ri

uhg uhfwdqjohv vkrzv shulrgv zkhq wkh guliw grplqdwhv/ zkhuhdv zkhuh wkh juhhq

wdlov duh odujhu/ wkh yrodwlolw| lv hylghqfhg pruh e| odujh ydoxhv ri wkh kljk ru

vpdoo ydoxhv ri wkh orz/ frpsduhg wr wkh gdlo| fkdqjh1 Wkh fxpxodwlyh vxp ri

wkh duhdv ri wkh uhjlrqv ehorz/ hlwkhu uhg ru juhhq/ surylgh d phdvxuh ri yrodwlolw|1

Lq wkh devhqfh ri vxevwdqwldo guliw/ erwk phdvxuh wkh vdph txdqwlw|1 Zh fdq

hlwkhu sorw wklv fxpxodwlyh vxp ru d prylqj dyhudjh ri wkh deryh phdvxuhv dv

lq wkh judsk ehorz1 Wkh fxuyh odehoohg _lqwud0gd|% phdvxuhv wkh yrodwlolw| dv

ghwhuplqlqhg e| wkh kljk/ orz/ rshq forvh iru d jlyhq gd| dqg wkdw odehoohg lqwhu0

gd|/ wkh yrodwlolw| dv hvwlpdwhg iurp rqo| wkh gdlo| forvh2rshq +ru forvh2forvh0

wkh vhfrqg doprvw lghqwlfdo fxuyh, sulfhv1 Dssduhqwo| iru wklv shulrg/ iurp

Mdqxdu| 4<<< wr Pdufk 5333/ wkh lqwud0gd| yrodwlolw| zdv juhdwhu wkdq wkh lqwhu0

gd| yrodwlolw|1 Wklv lv htxdoo| hylghqw iurp wkh sorw ri wkh fxpxodwlyh yduldqfh

iru wkh vdph shulrg ri wlph1

D frqvlvwhqw gl�huhqfh ehwzhhq wkh lqwud0gd| dqg wkh lqwhu0gd| yrodwlolw|

zrxog eh hdv| wr h{sodlq li wkh vlwxdwlrq zhuh uhyhuvhg ehfdxvh rqh frxog dujxh

wkdw wkh lqwhu0gd| phdvxuh frqwdlqv d frpsrqhqw gxh wr wkh guliw ri wkh surfhvv

dqg ryhu wklv shulrg wkhuh zdv d vljql�fdqw guliw1 D gl�huhqfh lq wklv gluhfwlrq

lv pruh gl�fxow wr h{sodlq xqohvv lw lv d idloxuh ri wkh Eodfn0Vfkrohv prgho1
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Iljxuh 916=

Iljxuh 917=
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Iljxuh 918=

Li wkhuh lv d frqvlvwhqw vxfk idloxuh/ rqh pljkw h{shfw d vlplodu ehkdylrxu lq

dqrwkhu pdunhw1 Li zh jhqhudwh d vlplodu sorw ryhu wkh lghqwlfdo shulrg ri wlph

iru wkh QDVGDT lqgh{ zh �qg wkdw wkh frpsdulvrq lv uhyhuvhg1 Wklv/ ri frxuvh/

frxog eh h{sodlqhg e| wkh juhdwhu guliw ri wkh whfkqrorj| ghshqghqw QDVGDT

+uhodwlyh wr lwv yrodwlolw|, frpsduhg wr wkh uhodwlyho| wudglwlrqdo pdunhw ri wkh

Grz Mrqhv1

Wkhuh lv qr grxew wkdw wklv gl�huhqfh lv uhdo1 Lq idfw li zh sorw wkh fxpxodwlyh

ydoxh ri wkh udqjh ri wkh lqgh{ glylghg e| wkh forvh +K�O,@F dv lq Iljxuh [

ehorz lw frq�upv wkdw wkh gdlo| udqjh dv phdvxuhg e| wklv udwlr lv frqvlvwhqwo|

vpdoohu iru wkh QDVGDT wkdq iru wkh Grz Mrqhv iru wklv shulrg1

Dowkrxjk kljk/ orz/ rshq/ forvh gdwd lv frpprqo| dydlodeoh iru pdq| �qdq0

fldo wlph vhulhv/ wkh txdolw| ri wkh uhfruglqj lv riwhq grxewixo1 Zkhq zh xvhg

roghu gdwd iurp wkh Wrurqwr Vwrfn H{fkdqjh/ wkhuh zhuh d qxpehu ri gd|v lq

zklfk wkh kljk ru orz zhuh vr idu iurp rshq dqg forvh wr eh h{solfdeoh rqo| dv

d uhfruglqj huuru +riwhq wkh gl�huhqfh zdv doprvw h{dfwo| '43,1 Zkhq wkh gdwd

rq kljkv dqg orzv lv dffxudwh/ wkhuh lv vxevwdqwldo lpsuryhphqw lq h�flhqf| dqg

dgglwlrqdo lqirupdwlrq dydlodeoh e| xvlqj lw1 Exw wkhuh lv qr jxdudqwhh wkdw sxe0

olvkhg gdwd lv fruuhfw1 D vlplodu revhuydwlrq rq Q\VH gdwd lv pdgh e| Zljjlqv

+4<<4,> _Lq whupv ri wkh FXSY gdwd edvh lwvhoi/ wkhuh dsshdu wr eh d qxpehu ri

fdvhv zkhuh wkh uhfrughg kljk ru orz sulfhv duh vljql�fdqwo| rxw ri olqh uhodwlyh

wr dgmdfhqw forvlqj sulfhv%1
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Iljxuh 919=
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�A�������

_Wkh rqo| shuihfw khgjh lv lq d Mdsdqhvh jdughq1% Lq sudfwlfh zh duh xvx0

doo| idfhg zlwk uhtxlulqj wr khgjh rqh dvvhw xvlqj rqh ru pruh rwkhu dvvhwv1

Wkhvh pd| lqfoxgh ghulydwlyhv rq wkh ruljlqdo dvvhw/ zklfk duh kljko| fruuhodwhg

ryhu vkruw shulrgv/ ru vlpso| vlplodu lqyhvwphqwv +vxfk dv �qdqfldo lqvwlwxwlrqv,

zklfk uhdfw vlploduo| wr pdunhw frqglwlrqv1

Vxssrvh zh zlvk wr khgjh rqh lqyhvwphqw/ vd| lq vwrfn F5 xvlqj dqrwkhu/

vd| F4= Ohw xv vxssrvh wkdw orj+F4@R4,> orj+V5@R5, kdyh yduldqfhv �54�w> �
5
5�w

dqg fruuhodwlrq frh�flhqw �= Dvvxph dw wkh rshq zh duh orqj 4 groodu zruwk

ri vwrfn 5 dqg vkruw k grooduv zruwk ri vwrfn 41 Rxu wrwdo lqyhvwphqw lv 4� k=
Rxu wrwdo dw wkh hqg ri wkh shulrg lv F5@R5 � kF4@R41 Wkh rswlpdo khgjh

udwlr/ wkh ydoxh ri k plqlpl}lqj wkh yduldqfh ri F5@R5 � kF4@R4 lv jlyhq e|

k @
fry+F5@R5> F4@R4,

ydu+F4@R4,
@

h��4�5�w � 4

h�
5
4
�w � 4

� ��5@�4 zkhq �w lv vpdoo1

Zkloh yrodwlolwlhv �4 /�5 pd| eh lpsolhg e| ghulydwlyhv rq hdfk ri wkhvh dvvhwv/

wkh fruuhodwlrq sdudphwhu � lv w|slfdoo| qrw nqrzq dqg xvxdoo| hvwlpdwhg iurp

klvwrulfdo gdwd1+Li vsuhdg rswlrqv rq wkh gl�huhqfh ehwzhhq wkhvh wzr dvvhwv

zhuh pdunhwhg/ wkhq wkhvh pljkw doorz xv wr edfn rxw fruuhodwlrqv iurp pdunhw

sulfhv dv zhoo,1 Zh frqvlghu xvlqj ixoo revhuydwlrqv rq kljk/ orz/ rshq/ forvh

gdwd wrzdugv hvwlpdwlqj �=

Vlqfh lq wkh wzr ru pxowl0idfwru fdvh wkh mrlqw glvwulexwlrqv ri kljkv/ orzv

dqg forvlqj ydoxhv lv xqnqrzq/ zh qhhg wr uhyhuw wr d vlpsohu dowhuqdwlyh wkdq

olnholkrrg phwkrgrorj|1 Rqh srvvlelolw| lv d vhplsdudphwulf dssurdfk1 Zh kdyh

vhhq wkdw lq wkh Eodfn0Vfkrohv prgho/ wwkh vwdwlvwlfv

]K4 @ orj+K4@R4, orj+K4@F4,

]K5 @ orj+K5@R5, orj+K5@F5,

]O4 @ orj+O4@R4, orj+O4@F4,

]O5 @ orj+O5@R5, orj+O5@F5,

doo kdyh pdujlqdo h{srqhqwldo glvwulexwlrqv dqg hdfk lv lqghshqghqw ri wkh forvh1

Zh frqvlghu khuh d vhpl0sdudphwulf dssurdfk1 Dv dq lqwurgxfwlrq/ ohw xv

frqvlghu d vlpsoh wudqvirupdwlrq ri wkh deryh h{srqhqwldo udqgrp yduldeohv j

dqg dvvxph wkdw zh fdq ghwhuplqh wkh fruuhodwlrq fru+j+]K4,> j+]K5,, @ d+�,

dv d ixqfwlrq ri �= Iru vlpsolflw| dvvxph d orfdwlrq dqg vfdoh fkdqjh vr wkdw

Hij+]K4,j @ 3> yduij+]K4,j @ 4= Wkhq d vlpsoh hvwlpdwlqj ixqfwlrq iru � fdq

eh frqvwuxfwhg dv

j+]K4,j+]K5, . j+]O4,j+]O5,� 5d+�, @ 3= +91;,
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WkhJrgdpeh lqirupdwlrq +ru uhflsurfdo ri dv|pswrwlf yduldqfh, lq wklv hvwlpdw0

lqj ixqfwlrq iru wkh sdudphwhu � lv

i5d3+�,j5

yduij+]K4,j+]K5, . j+]O4,j+]O5,j
+91<,

dqg wklv vkrxog eh d jxlgholqh wr wkh fkrlfh ri wudqvirupdwlrq j= Odujhu ydoxhv

ri wklv udwlr fruuhvsrqg wr vpdoohu ydoxhv ri wkh dv|pswrwlf yduldqfh ri wkh

hvwlpdwru1 Dqrwkhu hvwlpdwlqj htxdwlrq iru � wkdw lv frpprqo| xvhg lv zulwwhq

lq whupv ri wkh rshq dqg forvlqj sulfhv=

+F5 �R5 � �5W ,^ F4 �R4 � �4W �
��4

�5
+F5 �R5 � �5W ,` @ 3

iurp zklfk/ li zh xvh vdpsoh yduldqfhv wr hvwlpdwh wkh yduldqfh sdudphwhuv/ zh

rewdlq wkh hvwlpdwru

a�F @ ffru+F5 �R5> F4 �R4, +9143,

zkhuh ffru ghqrwhv wkh vdpsoh fruuhodwlrq frh�flhqw1 E| d vlplodu dujxphqw

wklv kdv Jrgdpeh lqirupdwlrq jlyhq e|

4

4� �5
=

Wkh hvwlpdwlqj ixqfwlrq lq +BB, lv qrw rqo| xqeldvhg/ lw lv frqglwlrqdoo| xqeldvhg
jlyhq F4> F5> R4> R5= Wr vhh wklv qrwh wkdw wkh frqglwlrqdo h{shfwdwlrq

H^j+]K4,j+]K5, . j+]O4,j+]O5,� 5d+�,mF4 �R4> F5 �R5` +9144,

lv d ixqfwlrq ri wkh frpsohwh vx�flhqw vwdwlvwlf +F4�R4> F5�R5, iru wkh guliw

whupv +�4> �5, zkrvh h{shfwdwlrq lv 3 iru dq| ydoxh ri wkhvh guliw whupv1 Lw

iroorzv wkdw wkh hvwlpdwlqj ixqfwlrqv lq +BB, dqg +BB, duh ruwkrjrqdo1 +Qrwh= lw
lv qrw gl�fxow wr vkrz wkdw wkh frqglwlrqdo h{shfwdwlrq lq +BB, fdq eh jhqhudwhg
iurp wzr fruuhodwhg Eurzqldq eulgjhv zlwkrxw nqrzohgjh ri wkh guliw whupv

+�4> �5, dqg lv wkhuhiruh d erqd �gh vwdwlvwlf/ lqghshqghqw ri wkhvh sdudphwhuv1,

Ehfdxvh wkh| duh ruwkrjrqdo/ wkh ehvw olqhdu frpelqdwlrq ri wkh wzr ixqfwlrqv

lv hdvlo| rewdlqhg1 Wkh zhljkwv duh sursruwlrqdo wr

5d3+�,

yduij+]K4,j+]K5, . j+]O4,j+]O5,j
dqg

4

ydu+F4 �R4,+4� �5,
uhvshfwlyho|/

dqg wkh lqirupdwlrq lq wkh rswlpdo olqhdu frpelqdwlrq lv jlyhq e| wkh vxp

ri wkh wzr lqirupdwlrqv

i5d3+�,j5

yduij+]K4,j+]K5, . j+]O4,j+]O5,j
.

4

4� �5
= +9145,
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Wkh h{suhvvlrq +BB, lv xvhixo erwk wr ghwhuplqh zkdw wudqvirupdwlrq j frq0

wulexwhv prvw wr wkh hvwlpdwlrq ri � dv zhoo dv wr ghwhuplqh wkh h{whqw ri wkh

frqwulexwlrq ri wkh kljk0orz lqirupdwlrq uhodwlyh wr dq rswlpdo frpelqdwlrq

zlwk wkh rshq0forvh gdwd1

Wkhuh duh ydulrxv srvvlelolwlhv iru wkh wudqvirupdwlrq j> wkh vlpsohvw ehlqj dq

ruglqdu| vwdqgdugl}dwlrq= Zh frqvlghu wkh fodvv ri wkh irup j+]sK4, @ +]sK4 �
H+]

s
K4,,@

s
ydu+]

s
K4, iru vrph vxlwdeoh ydoxh ri s A 31 D wudqvirupdwlrq ri

wkh jdppd glvwulexwlrqv wkdw pdnh wkhp yhu| qhduo| qrupdo lv wkh fxeh urrw

wudqvirupdwlrq+s @ 4@6,1 Krzhyhu/ zh zloo vhh odwhu wkdw d voljkwo| gl�huhqw

srzhu s @ 3=7 uhvxowv lq d glvwulexwlrq wkdw lv vwloo forvh wr qrupdo exw surgxfhv

vrphzkdw juhdwhu h�flhqf| iru hvwlpdwlqj wkh fruuhodwlrq dfurvv d udqjh ri

xqghuo|lqj ydoxhv ri �= Vhh Iljxuh BB iru wkh frpsdulvrq ri wkh ghqvlw| ri ]3=7
K

dqg dq dssur{lpdwlqj qrupdo ghqvlw| rewdlqhg e| htxdwlqj wkh wzr ghqvlwlhv dw

wkh prgh1

Qrupdo dssur{lpdwlrq wr ]3=7

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

1.2

1.4

f(
x)

x

Normal approximation to Z (0.4),  Z exponential

Vwdqgdugl}dwlrq lv dfklhyhg xvlqj wkh phdq dqg yduldqfh

�l @ H+]3=7
Kl , @ H+]3=7

Ol , @ �+4=7,

�
�5lW

5

�3=7
@ =9:57+�5lW ,

3=7>

�5l @ ydu+]3=7
Kl , @ i�+4=;,� �5+4=7,j

�
�5lW

5

�3=;
@ =3;5;+�5lW ,

3=;= +9146,

Zh ehjlq e| fkrrvlqj d ydoxh ri s zklfk uhvxowv lq dssur{lpdwh pd{lpl}d0

wlrq ri wkh lqirupdwlrq lq +BB, 1 Vlqfh d+�, lv xqnqrzq/ hydoxdwlqj lwv ghulyd0

wlyh lq wkh qxphudwru ri +BB, pxvw eh grqh xvlqj hlwkhu vlpxodwlrq ru qxphulfdo
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phwkrgv1 Rxu dssur{lpdwlrq ohdgv wr wkh iroorzlqj sorw ri wkh lqirupdwlrq iru

yhuvxv s iru ydulrxv ydoxhv ri �=
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Wkh rswlpdo fkrlfh ri s hylghqwo| ghshqgv wr vrph ghjuhh rq wkh xqghuo|lqj

ydoxh ri � +vhh wkh iroorzlqj �jxuh, exw lw dsshduv wkdw wkh fkrlfh s * 3=7 lv

uhdvrqdeo| h�flhqw iru prvw ydoxhv ri �= Wkh ohyho ri wkhvh fxuyhv dovr lqglfdwhv

zkdw lqfuhdvh ri h�flhqf| wr h{shfw e| xvlqj wkh hvwlpdwlqj ixqfwlrq +BB, lq
dgglwlrq wr +:1<,1 Lq idfw wkh uhodwlyh h�flhqf| ri wklv hvwlpdwru uhodwlyh wr xvh

ri +BB, lv h{dpsoh lq wkh fdvh � @ 3=;8> wkh wzr whupv lq +BB, duh derxw 5=;
dqg 6=9 uhvshfwlyho| lqglfdwlqj urxjko| dq lqfuhdvh ri ;3 shufhqw gxh wr wkh

dgglwlrqdo lqirupdwlrq1 Wkh jdlqv dsshdu wr eh vpdoohu iru odujhu ydoxhv ri �=

Zkhq s @ =7 dqg � @ 3=48> wkh ydoxhv duh durxqg 3=:8 dqg 3=<; uhvshfwlyho|

lqglfdwlqj durxqg d :8 shufhqw jdlq lq h�flhqf|1 Vr dowkrxjk wkh lqirupdwlrq

fkdqjhv zlwk �> wkh uhodwlyh h�flhqf| dsshduv pruh vwdeoh1 Zh hpskdvl}h

wkdw wkhvh h�flhqf| �jxuhv duh urxjk dw wklv vwdjh/ vlqfh wkh ghulydwlyh lq wkh

qxphudwru ru +61<, kdv ehhq hvwlpdwhg e| d fuxgh �uvw gl�huhqfh1

Lq wkh fdvh s @ =7> zh pd| rewdlq wkh ixqfwlrq d+�, e| qxphulfdo phdqv

xvlqj wkh nqrzq exw frpsolfdwhg irup ri wkh mrlqw glvwulexwlrq +vhh Kh/

Nlhuvwhdg dqg {{{ , ru dowhuqdwlyho| hvwlpdwh lw e| vlpxodwlrq1 Lq wklv fdvh zh

xvhg d qxpehu ri dssur{lpdwlrqv lqfoxglqj d vprrwk uhjuhvvlrq ri wkh irup d+�,

� f+e��g, wr hvwlpdwh wkh ixqfwlrq iurp vlpxodwlrqv= Krzhyhu d irxuwk ghjuhh

sro|qrpldo �w vhhphg dghtxdwh1 Wkh sro|qrpldo �w zdv d+�, � 3=3<36�7 .

3=4496�6 . 3=4;<;�5 . 3=8;9:� . 3=3356= Wkh �w wr wkh ixqfwlrq lv judskhg

ehorz1 Wkh lqglylgxdo srlqwv duh hvwlpdwhv ri wkh fruuhodwlrq hdfk edvhg rq

58/333 elyduldwh Eurzqldq prwlrq surfhvvhv1
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Quartic approximation to a(rho)

Lqyhuwlqj wkh vlpsoh dssur{lpdwlrq wr d+�, surylghv d kljko| vlpsoh dqg

wudfwleoh hvwlpdwru ri wkh fruuhodwlrq ehwzhhq vwrfnv edvhg rqo| rq wkh fruuh0

odwlrq ehwzhhq wkh pdujlqdoo| h{srqhqwldo vwdwlvwlfv ]Kl> ]Ol= Wklv hvwlpdwru

lv

a�4 @ d�4+
4

5
+ffru+]3=7

K4> ]
3=7
K5, . ffru+]3=7

O4 > ]
3=7
O5 ,,, +:147,

D vlplodu hvwlpdwru rewdlqv dv zhoo iurp wkh furvv whupv vlqfh fru�+]
3=7
K4> ]

3=7
K5, @

d+��,=

a�5 @ �d�4+
4

5
+ffru+]3=7

K4> ]
3=7
O5 , . ffru+]3=7

O4 > ]
3=7
K5,,, +:148,

zkhuh djdlq ffru ghqrwhv wkh vdpsoh fruuhodwlrq 1 Wkhuh duh wzr srvvleoh zd|v

ri xvlqj wkhvh hvwlpdwruv/ hlwkhu dv hvwlpdwruv ri wkh fruuhodwlrq ehwzhhq wkh wzr

surfhvvhv wkdw wkdw/ xqolnh +618,/ lv lqghshqghqw ri dq| guliw zlwklq wkh shulrgv/

ru lq frpelqdwlrq zlwk wkh wkh hvwlpdwru +BB,1 Dv dqwlflsdwhg/ wkh hvwlpdwru

+BB, dggv frqvlghudeo| wr wkh h�flhqf| ri +BB, 1 Wkh uhodwlyh h�flhqflhv duh

judskhg ehorz1 Zh dovr dssur{lpdwh wkh jdlq lq h�flhqf| lq +BB, e| dvvxplqj
wkdw wkh glvwulexwlrq ri j+]Kl,> j+]Ol, lv pxowlyduldwh qrupdo vr wkdw zh fdq

hvwlpdwh wkh ghqrplqdwru ri +BB,1 Lq wklv fdvh/ +vhh Dqghuvrq/ vhfwlrq {{{,/ li

zh sxw

[ @ ^[K4> [O4> [K5> [O5`

zkhuh [Km @ j+]Km,>[Om @ j+]Om,> wkhq [ kdv fryduldqfh pdwul{�
D E+�,

E+�, D

�
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zkhuh

E+�, @

�
d+�, d+��,
d+��, d+�,

�
>

dqg D @

�
4 d+�4,
d+�4, 4

�
@ E+4,=

Wkhq wkh ghqrplqdwru lq wkh �uvw whup ri +61:, lv dssur{lpdwho| +vhh Dq0

ghuvrq+ ,/ ,/

yduij+]K4,j+]K5, . j+]O4,j+]O5,j @ 5^4 . d5+�4, . d5+�, . d5+��,`

dqg +BB, ehfrphv

5id3+�,j5

^4 . d5+�4, . d5+�, . d5+��,`
.

4

4� �5
=

Wkh udwlr ri wkh wzr whupv/ +4 � �5,
5id3+�,j5

^4.d5+�4,.d5+�,.d5+��,` surylghv wkh uhod0

wlyh h�flhqf| ri wkh hvwlpdwru a�4 zlwk uhvshfw wr +BB,1 Rxu dssur{lpdwlrq

wr wkh ixqfwlrq d+=,> surylghv dw ehvw d fuxgh dssur{lpdwlrq wr wkh ghulydwlyh

lq wkh qxphudwru/ exw wklv zrxog vhhp wr lqglfdwh h�flhqflhv lq h{fhvv ri 93

shufhqw1 Dq hvwlpdwru zklfk frpelqhv kljk0orz dqg rshq0forvh lqirupdwlrq fdq

lqfuhdvh vxevwdqwldoo| wkh lqirupdwlrq dqg wklv lv frq�uphg e| vlpxodwlrqv1 Ilj0

xuh [[ vkrzv wkh uhodwlyh h�flhqflhv ri wkh hvwlpdwru a�4 dqg wkh ehvw olqhdu

frpelqdwlrq ri a�4 dqg a�F erwk zlwk uhvshfw wr a�F 1 Wkhvh h�flhqflhv duh

rewdlqhg e| vlpxodwlrq dqg d vprrwkhg fxuyh +orhvv lq Vsoxv, lv vkrzq wkurxjk

wkh srlqwv1Wkh srlqwv duh ghwhuplqhg dv dq dyhudjh ri 833 vlpxodwlrqv/ hdfk

fruuhvsrqglqj wr vdpsoh vl}h q @ 533 kdylqj guliw 31 Wkh xsshu vhw ri srlqwv

dqg fxuyh duh wkh h�flhqflhv +dv phdvxuhg e| wkh udwlr ri vdpsoh yduldqfhv, ri

wkh rswlpdo olqhdu frpelqdwlrq ri wkh wkuhh hvwlpdwruv/ �4> �5> �F zlwk uhvshfw

wr wkh hvwlpdwru �F 1 H�flhqf| jdlqv ri rqh kxqguhg shufhqw dqg pruh duh

revhuyhg/ hvshfldoo| zkhq wkh wuxh fruuhodwlrq lv durxqg 31:81 Li zh xvh wkh

rswlpdo olqhdu frpelqdwlrq ri wkh wzr hvwlpdwruv �F > �4 rqo|/ wkhuh lv yhu| olwwoh

orvv ri lqirupdwlrq ryhu xvlqj doo wkuhh1 Wkhvh srlqwv duh odehoohg _1% dqg wkh

vprrwk qhduo| frlqflghv zlwk wkh xsshu fxuyh h{fhsw dw wkh h{wuhph hqgv1 Il0

qdoo| wkh srlqwv odehoohg _-% dqg wkh orzhu fxuyh lv wkh h�flhqf| ri wkh hvwlpdwru

�F dorqh1 Hylghqwo|/ lw lv yluwxdoo| dv h�flhqw dv �F iru ydoxhv ri � durxqg

31:81 Dq| eldv lq wkh hvwlpdwruv lv wrr vpdoo wr eh ghwhfwhg lq d vlpxodwlrq ri

wklv pdjqlwxgh1

ILJXUH [[
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Odujho| iru dffrxqwlqj uhdvrqv/ dqg iru wkh dyrlgdqfh ri duelwudjh/ �qdqfldo

dqdo|vwv frpprqo| hvwlpdwh sdudphwhuv ri d prgho qrw iurp klvwrulfdo gdwd exw

iurp vrph ghulydwlyh1 Iru h{dpsoh/ wkh yrodwlolw| sdudphwhu ri dq htxlw| lv riwhq

ghulyhg iurp wkh Eodfn0Vfkrohv sulfh ri rswlrqv rq wkh htxlw| dqg wkh sdudphwhuv

ri d gl�xvlrq prgho iru lqwhuhvw udwhv iurp wkh whup vwuxfwxuh ri lqwhuhvw udwhv1

Lq jhqhudo/ ri frxuvh/ wkh ghflvlrq zkhwkhu wr xvh lpsolhg ydoxhv iru sdudphwhuv

ri h�flhqw vwdwlvwlfdo hvwlpdwruv edvhg rq klvwrulfdo gdwd lv dqdorjrxv wr wkh

fkrlfh ehwzhhq wkh uhdo0zruog suredelolw| phdvxuh dqg wkh ulvn0qhxwudo rqh1 Li

rqh lv lqwhuhvwhg lq ydoxlqj ghulydwlyhv hpsor|lqj d qr0dueulwudjh sulqflsoh/ wkhq

wkh xvh ri wkh ulvn0qhxwudo phdvxuh lv uhtxluhg1 Rq wkh rwkhu kdqg/ li rqh zlvkhv

wr prgho wkh uhdo0zruog ehkdylrxu ri d jlyhq surfhvv/ riwhq vwdwlvwlfdo hvwlpdwruv/

wkrxjk frpsolfdwhg e| wkh idfw wkdw sdupdhwhuv pd| fkdqjh g|qdplfdoo| ryhu

wlph/ surylgh d ehwwhu �w wr revhuyhg gdwd dqg pd| eh pruh xvhixo lq suhglfwlqj

wkh ixwxuh1

Lw lv frpprq/ iru h{dpsoh/ wr dvvxph d gl�xvlrq prgho iru lqwhuhvw udwhv

wkdw shuplwv wlph0ydu|lqj frh�flhqw>

guw @ d+uw> w,gw. �+uw> w,gZw=

Frqvlghu d 30frxsrq erqg zklfk/ li lqyhvwhg wrgd| dw wlph w uhwxuqv 4' dw

wlph W 1 Wkhq/ li wkh fxuuhqw vkruw udwh lv uw / wkh ydoxh ri wklv erqg fdq eh
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zulwwhq dv d ixqfwlrq

i+uw> w, @ HT^h{si�
] W

w

uvgvj`

zkhuh HT ghqrwhv h{shfwdwlrq xqghu wkh ulvn0qhxwudo phdvxuh1 Wkh |lhog fxuyh

ghvfulehv wkh fxuuhqw h{shfwdwlrqv iru dyhudjh lqwhuhvw udwhv>

\ lhog+W � w, @ �
orj+i+uw> w,,

W � w

Iru d jlyhq gl�xvlrq prgho/ wkh ixqfwlrq i fdq eh ghwhuplqhg e| vroylqj wkh

SGH

C5

Cw5
i . d+{> w,

C5

CwC{
i .

4

5
�5+{> w,i � {i @ 3

vxemhfw wr wkh erxqgdu| frqglwlrq i+{> W , @ 4> doo { 5 ?= Wkh pruh

frpprq prghov vxfk dv wkh Ydvlfhn/ wkh FLU dqg wkh Phuwrq prghov iru lqwhuhvw

udwh vwuxfwxuh duh vxfk wkdw wkh |lhog fxuyh lv d�qh ru d olqhdu ixqfwlrq ri wkh

lqwhuhvw udwh1 Lq wklv fdvh i+{> w, @ h{sif+W�w,.g+W�w,{j iru vrph ixqfwlrqv

f+=,> g+=,1 Jhqhudoo| wklv olqhdulw| rffxuv surylghg wkdw erwk wkh guliw whup dqg

wkh vtxduh ri wkh gl�xvlrq frh�flhqw �5+{> w, duh olqhdu lq {1

Rqh ri wkh prvw srsxodu fxuuhqw dssurdfkhv wr lqwhuhvw udwhv lv wkh KMP

ru Khdwk0Mduurz0Pruwrq prgho/ zklfk frqvlvwv ri prgholqj wkh lqvwdqwdqhrxv

iruzdug udwh i+w> x,> x � w1 Hvvhqwldoo|/ wklv ixqfwlrq lv dvvxphg wr iroorz d

pxowlglphqvlrqdo gl�xvlrq1 Iru ghwdlov/ vhh Fkdswhu ; ri Gx�h +4<<9,1



���	��
 ,

����������

Wkhuh duh pdq| rwkh prghov sursrvhg iru �qdqfldo gdwd wkdw �qg vxssruw lq

vrph frppxqlwlhv/ dqg wkh ghedwh derxw zklfk duh dssursuldwh vkrzv qr vljq ri

hduo| uhvroxwlrq1 Wkh �hog ri duwl�fldo lqwhooljhqfh r�huv Qhxudo Qhwv/ d orfdoo|

vlpsoh prgho ruljlqdoo| vxjjhvwhg dv d ghvljq iru wkh eudlq1

,�� 2��
�� 2���

D edvlf suhplvh ri pxfk ri prghuq uhvhdufk lv wkdw pdq| rwkhuzlvh h{wuhpho|

frpsoh{ skhqrphqd duh pxfk vlpsohu zkhq ylhzhg orfdoo|1 Rq wklv orfdo vfdoh/

vwuxfwxuhv dqg rujdqlvdwlrq duh vxevwdqwldoo| vlpsohu1 Frpsoh{ vrflhwlhv ri lq0

vhfwv/ iru h{dpsoh/ duh rujdql}hg zlwk yhu| vlpsoh lqwhudfwlrqv1 Hyhq gl�huhqwldo

htxdwlrqv olnh

g|

g{
@ d|

duh xvhg wr ghvfuleh wkh vlpsoh orfdo vwuxfwxuh ri wkh pruh frpsolfdwhg h{sr0

qhqwldo ixqfwlrq1

Qhxudo Qhwv duh vxjjhvwhg dv ghylfhv iru surfhvvlqj lqirupdwlrq dv lw sdvvhv

wkurxjk d qhwzrun1 Iru h{dpsoh elqdu| elwv e4> e5> e6 hqwhulqj d jlyhq qrgh m

duh surfhvvhg zlwk d yhu| vlpsoh surfhvvru jm+e4> e5> e6, zklfk rxwsxwv d elw dqg

wkhq wudqvplwv lw wr dqrwkhu qrgh1 Wkxv d qhxudo qhw frqvlvwv ri d ghvfulswlrq

ri wkh surfhvvruv +xvxdoo| vlpsoh ixqfwlrqv zhljkwhg dyhudjhv,/ dq dufklwhfwxuh

ghvfulelqj wkh urxwlqj/ dqg d surfhgxuh iru hvwlpdwlqj wkh sdudphwhuv + iru

h{dpsoh wkh zhljkwv lq wkh zhljkwhg dyhudjh,1 Wkh| kdyh wkh dgydqwdjh ri

jhqhudolw| dqg �h{lelolw|0 wkh| fdq suredeo| eh prgl�hg wr kdqgoh qhduo| dq|

sureohp zlwk vrph vxffhvv1 Krzhyhu/ lq vshfl�f prghov iru zklfk wkhuh duh

vwdwlvwlfdoo| prwlydwhg dowhuqdwlyhv/ wkh| gr qrw xvxdoo| shuirup dv zhoo dv d

phwkrg ghvljqhg iru wkdw prgho1 Qhyhuwkhohvv/ wkhlu jhqhudolw| pdnhv wkhp d

srsxodu uhvhdufk wrslf lq �qdqfh1

4;6
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Dqrwkhu wrslf/ srsxodul}hg lq �qdqfh e| errnv e| Shwhuv +111, dqg Jolhn +4<;:,/

lv fkdrv1 Fkdrwlf v|vwhpv duh jhqhudoo| sxuho| ghwhuplqlvwlf v|vwhpv wkdw pd|

uhvhpeoh udqgrp ru vwrfkdvwlf rqhv1 Iru h{dpsoh li zh gh�qh d vhtxhqfh e| d

uhfxuvlrq ri wkh irup {w @ i+{w�4, iru vrph qrq0olqhdu ixqfwlrq i / wkh uhvxowlqj

v|vwhp pd| kdyh pdq| ri wkh dssduhqw surshuwlhv ri d udqgrp vhtxhqfh1 Gh0

shqglqj rq wkh qdwxuh ri wkh ixqfwlrq i / wkh vhthxqfh pd| ru pd| qrw dsshdu

_fkdrwlf%1 Frpsduh iru h{dpsoh wkh edkdylrxu ri wkh deryh uhfxuvlrq zkhq

i+{, @ d{+4� {,> 3 ? { ? 4> > d ? 7 dqg d lv vpdoo ru d lv qhdu 71

Vlploduo|/ wkh uhfxuvlrq

{w @ 4� d{5w�4 . e{w�5> d @ 4=7> e @ 3=6

ghvfulehv d elyduldwh fkdrwlf v|vwhp/ zklfk/ olnh dq dxwruhjuhvvlyh surfhvv ri

rughu 5/ uhtxluhv wzr suhghfhvvruv wr gh�qh wkh fxuuhqw ydoxh1 Lq jhqhudo/ d

v|vwhp pljkw gh�qh {w dv d qrq0olqhdu ixqfwlrq ri q suhghfhvvruv1 Wkhq gh0

whfwlqj fkdrv+ ru odfn wkhuri, lv htxlydohqw wr ghwhuplqlqj zkhwkhu wkh vhtxhqfhv

+{w> {w.4> = = = {w.q,> w @ 4> 5> �oo q. 4 glphqvlrqdo vsdfh1

Whvwv ghvljqhg wr whvw zkhwkhu d jlyhq vhtxhqfh ri vwrfn uhwxuqv duh lqgh0

shqghqw lghqwlfdoo| glvwulexwhg jhqhudoo| uhvxow lq uhmhfwlqj wklv k|srwkhvlv exw

wkh prvw sodxvleoh h{sodqdwlrq ri wklv lv qrw vr fohdu1 Iru h{dpsoh Kvlhk +4<<4,

whvwv iru erwk fkdrwlf ehkdylrxu dqg iru dufk0jdufk h�hfwv +suhglfwdeoh ydul0

dqfh fkdqjhv, dqg frqfoxghv wkdw wkh odwwhu lv wkh prvw olnho| fdxvh ri dssduhqw

ghshqghqfh lq wkh gdwd1

,�! %-�> %2" 3%-�>

Rqh ri wkh �uvw qrwlfdeoh idloxuhv lq wkh dssolfdwlrq ri wlph vhulhv prghov wr

�qdqfldo gdwd vxfk dv d vhfxulw| sulfh lv wkh idloxuh wr dghtxdwho| uhsuhvhqw h{0

whqghg revhuyhg shulrgv ri kljk dqg orz yrodwlolw|1 Wkh lqqrydwlrqv duh vxssrvhg

lq wkh frqyhqwlrqdo DUPD prghov wr eh lqghshqghqw zlwk 3 phdq dqg frqvwdqw

yduldqfh �5 dqg wkh vtxduhg lqqrydwlrqv vkrxog wkhuhiruh eh dssur{lpdwho|

lqghshqghqw +xqfruuhodwhg, yduldwhv1

Wkh wlph vhulhv prghov glvfxvvhg vr idu edvlfdoo| prgho wkh h{shfwhg ydoxh

ri wkh vhulhv jlyhq wkh sdvw revhuydwlrqv/ dvvxplqj wkdw wkh frqglwlrqdo yduldqfh

lv frqvwdqw1 JDUFK/ ru Jhqhudol}hg Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvfhgdv0

wlflw| wdnhv wklv rqh vwhs ixuwkhu/ doorzlqj wklv frqglwlrqdo yduldqfh wr dovr eh

prghohg e| d wlph vhulhv1 Lq sduwlfxodu/ vxssrvh wkdw wkh lqqrydwlrqv lq dq

DUPD prgho duh qrupdoo| glvwulexwhg jlyhq wkh sdvw

dw � Q+3> kw,

zkhuh wkh frqglwlrqdo yduldqfh kw vdwlv�hv vrph DUPD uhodwlrqvkls zlwk
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wkh vtxduhg lqqrydwlrqv srvlqj dv wkh qhz lqqrydwlrqv surfhvv1

�+E,kw @ �3 . �+E,d5w

zkhuh �+E, @ 4� �4E � = = = �uE
u dqg �+E, @ �4E . = = =. �vE

v 1

Wkh fdvh u @ 3 lv wkh ruljlqdo DUFK Dxwruhjuhvvlyh Frqglwlrqdo Khw0

hurvfhgdvwlflw| prgho/ dqg wkh prvw frpprq prgho wdnhv u @ 3> v @ 4 vr

kw @ �3 . �4d
5
w�4 1 Iru DUFK dqg JDUFK prghov wkh sdudphwhuv pxvw

eh hvwlpdwhg xvlqj erwk wkh prghov iru wkh frqglwlrqdo phdq dqg wkh frqgl0

wlrqdo yduldqfh dqg gldjqrvwlfv dsso| wr erwk prghov1 Wkh dgydqwdjhv ri wkhvh

prghov duh wkdw wkh| surylgh erwk iru vrph ghshqghqfh dprqj wkh revhuydwlrqv

wkurxjk yrodwlolw| udwkhu wkdq wkurxjk wkh phdq/ dqg wkdw wkh| whqg wr kdyh

khdylhu wdlov1 Dv d uhvxow/ wkh| surylgh odujhu hvwlpdwhg sulfhv iru ghhs rxw0ri0

wkh0prqh| rswlrqv/ iru h{dpsoh/ zklfk duh khdylo| ghshqghqw rq dq dffxudwh

prgho iru yrodwlolw|1

,�!�� %-�>&�'

Wkh edvlf prgho lqyhvwljdwhg e| Hqjoh zdv wkh vlpsohvw fdvh lq zklfk wkh sur0

fhvv kdv }hur frqglwlrqdo phdq +lw lv uhdvrqdeoh wr h{shfw wkdw wkh pdunhw kdv

uhpryhg prvw ru doo ri wklv, dqg exw wkdw wkh vtxduhv duh vljql�fdqwo| dxwr0

fruuhodwhg1 Pxfk �qdqfldo gdwd h{lelwv wklv surshuw| wr vrph ghjuhh1 Hqjohv

DUFK+4, prgho lv= {w � Q+3> kw, dqg

kw @ �3 . �4{
5
w�4

zkhuhdv dq DUFK uhjuhvvlrq prgho doorzv wkh frqglwlrqdo phdq ri {w lq +:17,

wr ghshqg rq vrph revhuyhg suhglfwruv1 Wkh JDUFK0LQ0PHDQ surfhvv �w e|

Iuhqfk hw1 do1 doorz wkh phdq ri {w wr eh d ixqfwlrq ri lwv yduldqfh vr wkdw

{w � Q+d. ek
s@5
w > kw,1 Wklv zrxog doorz whvwlqj wkh k|srwkhvhv ri uhodwlyh ulvn

dyhuvlrq/ iru h{dpsoh1 Krzhyhu/ wkhuh lv olwwoh hylghqfh wkdw e pd| eh qrq0

}hur/ dqg hyhq ohvv hylghqfh wr ghwhuplqh zkhwkhu wkh olqhdu uhodwlrq vkrxog eh

ehwzhhq phdq dqg vwdqgdug ghyldwlrq +s @ 4, ru ehwzhhq phdq dqg yduldqfh

+ s @ 5 ,1

,�!� )��������� ��
�����
�

Wkh frqglwlrqdo orj olnholkrrg wr eh pd{lpl}hg zlwk uhvshfw wr wkh sdudphwhuv

�l> �m lv=

orj+O, @ �
4

5

[
w

^orj kw .
ad5w
kw
`

Ydulrxv prgl�fdwlrqv ri wkh deryh JDUFK prgho duh srvvleoh dqg kdyh ehhq

wulhg/ exw wkh vslulw ri wkh prghov dv zhoo dv prvw ri wkh phwkrgrorj| uhpdlqv

edvlfdoo| wkh vdph1 Wkhuh lv dovr d v|vwhp ri \xoh0Zdonhu htxdwlrqv wkdw fdq eh
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vroyhg iru wkh frh�flhqwv �l lq dq DUFK prgho1 Li �l lv wkh dxwrfryduldqfh

ixqfwlrq ri wkh lqqrydwlrqv vtxduhg d5l / wkhq

�q @

v[
l@4

�l�q�l .
u[
l@4

�l�q�l

iru q � u . 41 Wkhvh surylgh wkh xvxdo SDI iru lghqwl�fdwlrq ri wkh vxlwdeoh

rughu u ri wkh dxwruhjuhvvlyh sduw1

,�!�! %6��6�8� ����
������ �
���
���

Fohduo|/ d prgho zklfk ohdgv wr vpdoo hvwlpdwhg yduldqfhv iru wkh lqqrydwlrqv

lv suhihuuhg/ doo hovh ehlqj htxdo/ wr rqh zlwk odujh uhvlgxdo yduldwlrq1 Lq rwkhu

zrugv zh duh lqfolqghg wr plqlpl}h wkh hvwlpdwhg uhvlgxdo yduldqfh 4
Q�n

S
ad5l

+ru htxlydohqwo| lwv orjdulwkp, lq wkh vhohfwlrq ri wkh prgho/ zkhuh n lv wkh

qxpehu ri dxwruhjuhvvlyh.prylqj dyhudjh sdudphwhuv lq wkh prgho1 Krzhyhu/

vxfk d fulwhulrq zrxog hqfrxudjh wkh dgglwlrq ri sdudphwhuv iru hyhq d pdujlqdo

lpsuryhphqw lq uhvlgxdo yduldqfh/ dqg vr d ehwwhu fulwhulrq shqdol}hv djdlqvw dq

lqfuhdvh lq wkh qxpehu ri sdudphwhuv1

DLF @ orj^
4

Q � n

[
ad5l ` .

5n

Q

Wkh DLF fulwhulrq fkrrvhv wkdw prgho zklfk plqlpl}hv wklv txdqwlw|1 Lw vkrxog

eh qrwhg wkdw wkh DLF sxw rxw e| V lv �5orj+O, .5�n dqg wklv lv dssur{lpdwho|

Q wlphv wkh deryh ydoxh1 Wkh dgydqwjh lq pxowlso|lqj e| Q lv wkdw gl�huhqfhv

rshudwh rq d pruh qdwxudo vfdoh1 Zkhq qhvwhg prghov duh frpsduhg +l1h1 rqh

prgho lv d vshfldo fdvh ri wkh rwkhu,/ gl�huhqfhv ehwzhhq ydoxhv ri wkh vwdwlvwlf

� 5orj+O, kdyh d glvwulexwlrq zklfk lv Fkl0vtxduhg zlwk ghjuhhv ri iuhhgrp

wkh gl�huhqfh lq wkh qxpehu ri sdudphwhuv lq wkh wzr prghov xqghu wkh qxoo

k|srwkhvlv wkdw wkh vlpsohu prgho krogv1

,�!�# ������� ��
 %-�> �4����

Prvw ri wkh whvwv iru wkh dghtxdf| ri d jlyhq wlph vhulhv prgho duh lqkhulwhg

iurp uhjuhvvlrq/ dowkrxjk lq vrph fdvhv wkh dxwrfruuhoodwlrq ri wkh vhulhv lq0

gxfhv d gl�huhqw olplwlqj glvwulexwlrq1 Iru h{dpsoh/ li wkhuh lv dq DUFK hi0

ihfw/ wkhq wkhuh vkrxog eh d vljql�fdqw uhjuhvvlrq ri ad5w rq lwv suhghfhvvruv

ad5w�4> ad
5
w�5> ad

5
w�6 = = = 1 Vxssrvh zh duh deoh wr rewdlq uhvlgxdov ado> ado.4> = = = adQ

iurp dq DUPD prgho iru wkh ruljlqdo vhulhv1 Zh whvw iru DUFK h�hfw e|

uhjuhvvlqj wkh yhfwru +ad5o.v> = = = ad
5
Q, rq d frqvwdqw dv zhoo dv wkh v _suhglfwruv%

+ad5o.v�4> > ad5Q�4,> +ad
5
o.v�5> > ad5Q�5,= = = = +ad

5
o > > ad5Q�v,

dqg rewdlqlqj wkh xvxdo frh�flhqw ri ghwhuplqdwlrq ru vtxduhg pxowlsoh fruuhod0

wlrq frh�flhqw U5 1 Vwdqgdugl}hg/ +Q � o,U5 kdv dq dssur{lpdwh fkl0vtxduhg
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glvwulexwlrq zlwk v ghjuhhv ri iuhhgrp xqghu wkh qxoo k|srwkhvlv ri krprvfhgdv0

wlflw| vr ydoxhv deryh wkh <8*wk fkl0vtxduhg shufhqwloh zrxog ohdg wr uhmhfwlqj

wkh krprvfhgdvwlflw| qxoo k|srwkhvlv dqg frqfoxglqj dufk0olnh h�hfwv1 Wkh iro0

orzlqj wdeoh surylghv wkh dssur{lpdwh fulwlfdo ydoxhv iru wkh fkl0vtxduhg dw wkh

8( ohyho1

Fkl0vtxduhg fulwlfdo ydoxhv

Frqfoxgh DUFK h�hfwv li +Q � o,U5 h{fhhgv=

v Fulwlfdo Ydoxh

4 61;7

5 81<<

6 :1;5

7 <17<

8 4413:

9 4518<

: 4713:

; 48184

< 491<5

43 4;164

,�!�( )*��	��� "��������
6 )*������

Wkh ruljlqdo h{fkdqjh udwh vhulhv lv jlyhq lq Iljxuh :141 Wkhuh duh dssur{lpdwho|

7:33 gdlo| revhuydwlrqv ri wkh ydoxh ri wkh Ghxwvfkpdun sulfhg lq Dphulfdq

grooduv fryhulqj d shulrg iurp Pd| 49/ 4<:5 wr Ghfhpehu 64/ 4<<31 Ilwwlqj dq

Iljxuh :14= Ghxwvfkpdun h{fkdqjh udwh

�jxuh@gp1sv/khljkw@6lq/zlgwk@8lq

DU prgho e| DLF wr wkh �uvw gl�huhqfhg vhulhv ri GP h{fkdqjh udwhv ohg wr dq

hvwlpdwh a�5 @ 4=74474� 43�8 dqg dq rughu DU+54, prgho zlwk wkh iroorzlqj

frh�flhqwv=
ODJ DU 54 frh�flhqwv ODJ DU 54 frh�flhqwv

4 3134:4<8977 44 3133:<:77:;

5 313566:44:< 45 0313543:6<65

6 3134::834<5 46 31359;45963

7 0313449;;::9 47 3133;948373

8 031335;37:33 48 3136:;3:563

9 3135699<:94 49 03134<<6:3<9

: 31345:78848 4: 0313558<<<3<

; 3137369;<3: 4; 03134:855746

< 31349987;49 4< 3135697;699

43 3137445<:64 53 31367;:4:5:

ODJ FRHII

54 03135778;;73
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dqg wkh iroorzlqj ydoxhv ri wkh DLF dv rxwsxw iurp Vsoxv fruuhvsrqglqj wr

odjv 406:/

471699543< 4717493489 4619573567 4714<<54;; 481:<;;5;4 4:1:85<5<:

491:;74:<: 4:19866536 45155:86<4 45198;5364 918655599 ;157844:5

;18;9<474 91<96;9:5 ;18:84<86 7185969:5 7185969:5 716877<55

8135<5<9< 716<6887: 31;43879< 313333333 41:::676; 6155:86<4

71:5793<7 818489583 8178:3645 :1754;:83 <1699543< 913<3;536

71548;536 81<7:5989 :1;:9<864 <1;965;45 4316653645 441666<;77

45174;<786

Wkh plqlpxp DLF kdv ehhq vxewudfwhg iurp doo ydoxhv vr lw fruuhvsrqgv

wr wkh rughu 54 prgho/ dqg diwhu vxewudfwlrq/ jlyhv wdexodwhg ydoxh 3=33333331

Wkhvh frh�flhqwv fdq eh frpsduhg zlwk wzlfh wkh vwdqgdug huuru ri 4@Q4@5

zkhuh Q @ 79<9 dqg wklv lv durxqg 3135;1 Vlqfh ihz ri wkh frh�flhqwv h{fhhg

wklv ydoxh +h{fhsw wkh frh�flhqw iru odj 43,/ wkhuh lv olwwoh vxssruw iru dq| qrq0

wulyldo dxwruhjuhvvlyh h�hfw1 Iruwxqdwho|/ ehfdxvh wkh hvwlpdwhg frh�flhqwv duh

jhqhudoo| vpdoo dv zhoo/ wkhuh zloo dovr eh olwwoh gl�huhqfh lq iruhfdvwlqj zkhwkhu

zh xvh zklwh qrlvh ru wkh vxjjhvwhg DU+54, prgho deryh/ vlqfh wkh zklwh qrlvh

prgho fruuhvsrqgv wr sxwwlqj doo ri wkh deryh +vpdoo, frh�flhqwv htxdo wr 31

Krzhyhu/ li zh vdyh wkh uhvlgxdov adw iurp wkh deryh wlph vhulhv/ dqg wkhq

vwxg| wkh vhulhv ad5w zh rewdlq wkh iroorzlqj=

ODJ Dxwrfruuhodwlrq Ixqfwlrq ODJ Dxwrfruuhodwlrq Ixqfwlrq

^4/` 3148;<55;69 ^9/` 3137934:3;;

^5/` 31434668389 ^:/` 31354849788

^6/` 313::83;634 ^;/` 3133<977936

^7/` 3133;74<<99 ^</` 31335<:9:93

^8/` 31365;89:36 ^43/` 314383:4639

^44/` 031363<84:::

ODJ SDUWLDO Dxwrfruuhodwlrq ODJ SDUWLDO Dxwrfruuhodwlrq

^4/` 513:<;;<h034 ^9/` 818447<4h035

^5/` 4165;3;<h034 ^:/` 61744536h035

^6/` <1:8<<:7h035 ^;/` 5133846:h035

^7/` 61338738h035 ^</` 41894::9h035

^8/` 71<73937h035 ^43/` 413357;7h034

^44/` 0613<84:;h035
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Vlqfh wkh DI vhhpv wr ghfd| vrphkdw pruh txlfno| wkdq wkh SDI zlwk 6

ydoxhv vljql�fdqwo| qrq0}hur/ zh pljkw wu| dq DUFK+6, prgho wr ghvfuleh wkh

surfhvv1 Wkh odujh frh�flhqw dw odj 43 jlyhv vrph frqfhuq1 Grhv lw lqglfdwh

vrph vruw ri elzhhno| vhdvrqdolw| wkdw zh pd| zlvk wr uhpryh +li lw kdv dq|

uhdvrqdeoh h{sodqdwlrq,B Li dq h{sodqdwlrq fdq eh irxqg/ wkhq wkh vhdvrqdolw|

fdq eh ghdow zlwk e| xvlqj gl�huhqfhv ri wkh irup +4�E43, 1

Glherog dqg Qhuoryh/ lq DUFK Prghov ri H{fkdqjh Udwh Ioxfwxdwlrqv frq0

�up wkh DUFK h�hfw rq wkh h{fkdqjh udwh iru d qxpehu ri gl�huhqw fxuuhqflhv1

Krzhyhu/ wkh| revhuyh vxevwdqwldoo| orqjhu h�hfwv +h1j1 dw odj � 45 , dowkrxjk

wkhlu gdwd lv zhhno|1
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Edvlf Gh�qlwlrqv1

Suredelolwlhv duh gh�qhg rq vhwv ru hyhqwv/ xvxdoo| ghqrwhg zlwk fdslwdo ohwwhuv

hduo| lq wkh doskdehw vxfk dv D>E>F= Wkhvh vhwv duh vxevhw ri d Vdpsoh Vsdfh

ru Suredelolw| Vsdfh 
/ zklfk rqh fdq wklqn ri dv d vsdfh ru vhw frqwdlqlqj doo

srvvleoh rxwfrphv ri dq h{shulphqw1 Zh zloo vd| wkdw dq hyhqw D � 
 rffxuv li

rqh ri wkh rxwfrphv lq D +udwkhu wkdq rqh ri wkh rxwfrphv lq 
 exw rxwvlgh ri

D , rffxuv1 Qrw rqo| vkrxog zh eh deoh wr ghvfuleh wkh suredelolw| ri lqglylgxdo

hyhqwv/ zh vkrxog dovr eh deoh wr gh�qh suredelolwlhv ri ydulrxv frpelqdwlrqv

ri wkhp lqfoxglqj

41 Xqlrq ri vhwv ru hyhqwv D^E @ D ru E +rffxuv zkhqhyhu D rffxuv ru

E rffxuv ru erwk D dqg E rffxu1,

51 Lqwhuvhfwlrq ri vhwv D_E @ D dqg E +rffxuv zkhqhyhu D dqg E rffxu,1

61 Frpsohphqw = Df @ qrw D +rffxuv zkhq wkh rxwfrph lv qrw lq D,=

71 Vhw gl�huhqfhv = DqE @ D_Ef +rffxuv zkhq D rffxuv exw E grhv qrw,

81 Hpsw| vhw = ! @ 
f +dq lpsrvvleoh hyhqw0lw qhyhu rffxuv vlqfh lw frqwdlqv

qr rxwfrphv,

Uhfdoo Gh Prujdq*v uxohv ri vhw wkhru|= +^lDl,f @ _lDf
l dqg +_lDl,f @ ^lDfl

Hyhqwv duh vxevhwv ri 
 1 Zh zloo fdoo I wkh fodvv ri doo hyhqwv +lqfoxglqj

! dqg 
,1

4<4
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D{lrpv ri Suredelolw|

D suredelolw| phdvxuh lv d vhw ixqfwlrq S = I $^3> 4` vxfk wkdw

41 S +
, @ 4

51 Li Dn lv d glvmrlqw vhtxhqfh ri hyhqwv vr Dn _Dm @ !> n 9@ m/ wkhq

S +^4l@4Dl, @

4[
l@4

S +Dl,

Sursrvlwlrq

S +!, @ 31

Sursrvlwlrq

Li Dn> n @ 4> = = = Q lv d �qlwh vhtxhqfh ri glvmrlqw hyhqwv vr Dn_Dm @ !> n 9@ m/

wkhq

S +^Ql@4Dl, @

Q[
l@4

S +Dl,

Sursrvlwlrq

S +Df, @ 4� S +D,

Sursrvlwlrq

Vxssrvh D � E1 Wkhq S +D, � S +E,1

Sursrvlwlrq

S +D ^E, @ S +D, . S +E,� S +D _E,

Sursrvlwlrq

+ lqfoxvlrq0h{foxvlrq, S +^nDn, @
S

n S +Dn,�
SS

l?m S +Dl_Dm, .
SSS

l?m?n S +Dl_
Dm _Dn,� ====

Sursrvlwlrq

S +^4l@4Dl, �
S

l S +Dl,1

Sursrvlwlrq

Vxssrvh D4 � D5 � = = = 1 Wkhq S +^4l@4Dl, @ olpl$4S +Dl,1
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H{dpsoh1

D frlq lv wrvvhg wzlfh1 Olvw 
 dqg wkh fodvv I ri srvvleoh hyhqwv1 Gh�qh wkh

suredelolw| ri dq hyhqw D wr eh

S +D, @
qxpehu ri srlqwv lq D

qxpehu ri srlqwv lq 


Zrxog wklv eh wkh fruuhfw gh�qlwlrq ri suredelolw| li zh gh�qhg wkh vdpsoh vsdfh

xvlqj wkh qxpehu ri khdgv revhuyhg 
 @ i3> 4> 5jB

Frxqwlqj Whfkqltxhv

Shupxwdwlrqv1

Wkh qxpehu ri zd|v ri duudqjlqj q glvwlqfw remhfwv lq d urz lv q$ @ q+q�4, = = = 4
dqg 3$@ 41 Gh�qh q+u, @ q+q� 4, = = = +q� u . 4, +fdoohg _q wr u idfwruv%,

iru duelwudu| q/ dqg u d qrq0qhjdwlyh lqwhjhu1 Gh�qh q+3, @ 4=

H{dpsoh1

Krz pdq| glvwlqfw zd|v duh wkhuh ri uhduudqjlqj wkh 48 ohwwhuv

DDDDDEEEEFFFGGHB

H{dpsoh

Wkhuh duh whq vwxghqwv vhdwhg dw d wdeoh ri zklfk 8 duh Sxuh Pdwk/ dqg 8 duh

Lpsxuh Pdwk1 Wkh rujdqlvhuv duh frqfhuqhg derxw +lqwhoohfwxdo, glvsxwhv1 Krz

pdq| duudqjhphqwv duh wkhuh vxfk wkdw qr wzr sxuh pdwk vwxghqwv vlw wrjhwkhuB

Li wkh vwxghqwv duh vhdwhg dw udqgrp/ zkdw lv wkh suredelolw| qr wzr sxuh pdwk

vwxghqwv duh vhdwhg wrjhwkhuB

Frpelqdwlrqv

Vxssrvh wkh rughu ri vhohfwlrq lv qrw frqvlghuhg wr eh lpsruwdqw1 Zh zlvk/ iru

h{dpsoh/ wr glvwlqjxlvk rqo| gl�huhqw vhwv vhohfwhg/ zlwkrxw uhjdug wr wkh rughu

lq zklfk wkh| zhuh vhohfwhg1 Wkhq wkh qxpehu ri glvwlqfw vhwv ri u remhfwv wkdw

fdq eh frqvwuxfwhg iurp q glvwlqfw remhfwv lv

�
q

u

�
@

q+u,

u$

Qrwh wklv lv zhoo gh�qhg iru u d qrq0qhjdwlyh lqwhjhu iru dq| uhdo qxpehu q 1
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Lqghshqghqw Hyhqwv1

Wzr hyhqwv D> E duh vdlg wr eh lqghshqghqw li

S +D _E, @ S +D,S +E, +514,

Frpsduh wklv gh�qlwlrq zlwk wkdw ripxwxdoo| h{foxvlyh ru glvmrlqw hyhqwv D>E 1

Hyhqwv D>E duh pxwxdoo| h{foxvlyh li D _E @ !1

Lqghshqghqw h{shulphqwv duh riwhq exlow iurp Fduwhvldq Surgxfwv ri vdpsoh

vsdfhv1 Iru h{dpsoh li 
4 dqg 
5 duh wzr vdpsoh vsdfhv/ dqg D4 �

4> D5 � 
5 wkhq dq h{shulphqw frqvlvwlqj ri erwk ri wkh deryh zrxog kdyh

vdpsoh vsdfh wkh Fduwhvldq surgxfw


4 �
5 @ i+$4> $5,>$4 5 
4> $5 5 
5j

dqg suredelolwlhv ri hyhqwv vxfk dv D4 � D5 duh hdvlo| gh�qhg/ lq wklv fdvh

dv S +D4 � D5, @ S4+D4,S5+D5,1 Yhuli| lq wklv fdvh wkdw dq hyhqw hqwluho|

ghwhuplqhg e| wkh �uvw h{shulphqw vxfk dv D @ D4�
5 lv lqghshqghqw ri rqh

ghwhuplqhg e| wkh vhfrqg E @ 
4 �D51

Gh�qlwlrq1

D �qh ru frxqwdeo| lq�qlwh vhw ri hyhqwv D4> D5> = = = == duh vdlg wr eh pxwxdoo|

lqghshqghqw li

S +Dl4 _Dl5 _ = = = Dln, @ S +Dl4,S +Dl5, = = = S +Dln, +515,

iru dq| n � 5 dqg l4 ? l5 ? = = = ln1

Surshuwlhv1

41 D/E lqghshqghqw lpsolhv D> Ef lqghshqghqw1

51 Dq| Dlm fdq eh uhsodfhg e| Dflm lq htxdwlrq +515,1

Zk| qrw vlpso| uhtxluh wkdw hyhu| sdlu ri hyhqwv lv lqghshqghqwB

H{dpsoh=

Sdluzlvh lqghshqghqfh grhv qrw lpso| lqghshqghqfh1 Wzr idlu frlqv duh wrvvhg1

Ohw D @ �uvw frlq lv khdgv/ E @ vhfrqg frlq lv khdgv/ F @ zh rewdlq h{dfwo|

rqh khdgv1 Wkhq D lv lqghshqghqw ri E dqg D lv lqghshqghqw ri F exw

D> E> F duh qrw pxwxdoo| lqghshqghqw1
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H{dpsoh

Sod|huv D dqg E ghflgh wr sod| fkhvv xqwlo rqh ri wkhp zlqv1 Wkh suredelolw|

D zlqv d jlyhq jdph lv 16/ wkh suredelolw| E zlqv lv =5 dqg wkh suredelolw| ri

d gudz lv 181 Zkdw lv wkh suredelolw| D zlqv �uvwB

Olp Vxs ri hyhqwv

Iru d vhtxhqfh ri hyhqwv Dq> q @ 4> 5> === zh gh�qh dqrwkhu hyhqw ^Dq l=r=` @ olp

vxs Dq @ _4p@4 ^4q@pDq= Qrwh wkdw wklv lv wkh vhw ri doo srlqwv { zklfk olh lq

lq�qlwho| pdq| ri wkh hyhqwv D4> D5> ===== Wkh qrwdwlrq l1r1 vwdqgv iru _lq�qlwho|

riwhq%1

Eruho Fdqwhool Ohppdv

Fohduo| li hyhqwv duh lqglylgxdoo| wrr vpdoo/ wkhq wkhuh olwwoh ru qr suredelolw|

wkdw wkhlu olp vxs zloo rffxu/ l1h1 wkdw wkh| zloo rffxu lq�qlwho| riwhq1

Ohppd 4= Iru dq duelwudu| vhtxhqfh ri hyhqwv Dq / li
S

q S +Dq, ? 4 wkhq

S ^Dq l=r=` @ 3 1

Ohppd 5= Iru d vhtxhqfh ri lqghshqghqw hyhqwv Dq /
S

q S +Dq, @4 lpsolhv

S ^Dq l=r` @ 41

Frqglwlrqdo Suredelolw|1

Vxssrvh zh duh lqwhuhvwhg lq wkh suredelolw| ri wkh hyhqw D exw zh duh jlyhq

vrph uhohydqw lqirupdwlrq/ qdpho| wkdw dqrwkhu uhodwhg hyhqw E rffxuuhg1

Krz gr zh uhylvh wkh suredelolwlhv dvvljqhg wr srlqwv ri 
 lq ylhz ri wklv

lqirupdwlrqB Li wkh lqirupdwlrq grhv qrw h�hfw wkh uhodwlyh suredelolw| ri srlqwv

lq E wkhq wkh qhz suredelolwlhv ri srlqwv rxwvlgh ri E vkrxog eh vhw wr 3 dqg

wkrvh zlwklq E vlpso| uhvfdohg wr dgg wr 41

Gh�qlwlrq= Frqglwlrqdo Suredelolw|=

Iru E 5 I zlwk S +E, A 3 / gh�qh d qhz suredelolw|

T+D, @ S +DmE, @
S +D _E,
S +E,

= +516,

Wklv lv dovr d suredelolw| phdvxuh rq wkh vdph vsdfh +
>I, / dqg vdwlv�hv wkh

vdph surshuwlhv1 Qrwh wkdw S +EmE, @ 4> S +EfmE, @ 31
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Wkhruhp= Ed|hv Uxoh

Li S +^qEq, @ 4 iru d glvmrlqw �qlwh ru frxqwdeoh vhtxhqfh ri hyhqwv Eq doo

zlwk srvlwlyh suredelolw|/ wkhq

S +EnmD, @
S +DmEn,S +En,S
q S +DmEq,S +Eq,

+517,

Wkhruhp= Pxowlsolfdwlrq uxoh1

Li D4 = = = Dq duh duelwudu| hyhqwv/

S +D4D5 = = = Dq, @ S +D4,S +D5mD4,S +D6mD5D4, = = = S +DqmD4D5 = = = Dq�4, +518,

H{dpsoh1 Gldjqrvwlf Whvwlqj1

Vxssrvh d eorrg whvw iru KLY whvwv srvlwlyh iru <8( ri wkh shrsoh zkr duh

dfwxdoo| KLY srvlwlyh dqg whvwv qhjdwlyh iru <<( ri wkh shrsoh zkr duh KLY

qhjdwlyh1 Vxssrvh wkh suredelolw| wkdw d pdoh lv KLY srvlwlyh lv 13334 dqg wkh

suredelolw| wkdw d ihpdoh lv KLY srvlwlyh lv 1333381 Dvvxph htxdo sursruwlrqv

ri pdohv dqg ihpdohv lq wkh srsxodwlrq1

41 Ilqg wkh suredelolw| wkdw d udqgrpo| vhohfwhg shuvrq zkr whvwhg srvlwlyh

rq wkh gldjqrvwlf whvw lv lqghhg KLY srvlwlyh1

51 Ilqg wkh suredelolw| wkdw d udqgrpo| vhohfwhg pdoh zkr whvwhg srvlwlyh

rq wkh gldjqrvwlf whvw lv lqghhg KLY srvlwlyh1

Udqgrp Yduldeohv dqg Glvfuhwh Glvwulexwlrqv

Udqgrp Yduldeohv

Surshuwlhv ri I 1

Wkh fodvv ri hyhqwv I +fdoohg d �� d oj heud ru �� ilhog, vkrxog eh vxfk wkdw

wkh rshudwlrqv qrupdoo| frqgxfwhg rq hyhqwv/ iru h{dpsoh frxqwdeoh xqlrqv ru

lqwhuvhfwlrqv/ ru frpsohphqwv/ nhhsv xv zlwklq wkdw fodvv1 Lq sduwlfxodu lw lv

vxfk wkdw

+d, Y duskl 5 I
+e, Li D 5 I wkhq Df 5 I 1

+f, Li Dq 5 I iru doo q @ 4> 5> ====> wkhq ^4q@4 5 I 1

Lw iroorzv iurp wkhvh surshuwlhv wkdw 
 5 I dqg I lv dovr forvhg xqghu

frxqwdeoh lqwhuvhfwlrqv/ ru frxqwdeoh lqwhuvhfwlrqv ri xqlrqv/ hwf1

Gh�qlwlrq

Ohw [ eh d ixqfwlrq iurp d suredelolw| vsdfh 
 lqwr wkh uhdo qxpehuv1 Zh

vd| wkdw wkh ixqfwlrq lv phdvxudeoh +lq zklfk fdvh zh fdoo lw d udqgrp yduldeoh,

li iru { 5 ?/ wkh vhw i$>[+$, � {j 5 I 1 Vlqfh hyhqwv lq I duh wkrvh wr zklfk

zh fdq dwwdfk d suredelolw|/ wklv shuplwv xv wr rewdlq suredelolwlhv iru wkh hyhqw

wkdw wkh udqgrp yduldeoh [ lv ohvv wkdq ru htxdo wr dq| qxpehu {1
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Gh�qlwlrq= Lqglfdwru udqgrp yduldeohv

Iru dq duelwudu| vhw D 5 I gh�qh LD+$, @ 4 li $ 5 D dqg 3 rwkhuzlvh1 Wklv

lv fdoohg dq lqglfdwru udqgrp yduldeoh1 +vrphwlphv d fkdudfwhulvwlf ixqfwlrq lq

phdvxuh wkhru|/ exw qrw khuh,1

Gh�qlwlrq= Vlpsoh Udqgrp yduldeohv1

Frqvlghu hyhqwv Dl 5 I vxfk wkdw ^lDl @ 
1 Gh�qh [+$, @
Sq

l@4 flLDl
+$,

zkhuh fl 5 ?1 Wkhq [ lv phdvxudeoh dqg lv frqvhtxhqwo| d udqgrp yduldeoh1

Zh qrupdoo| dvvxph wkdw wkh vhwv Dl duh glvmrlqw1 Ehfdxvh wklv lv d udqgrp

yduldeoh zklfk fdq wdnh rqo| �qlwho| pdq| gl�huhqw ydoxhv/ wkhq lw lv fdoohg

vlpsoh1 Dq| udqgrp yduldeoh wdnlqj rqo| �qlwho| pdq| srvvleoh ydoxhv fdq eh

zulwwhq lq wklv irup1

H{dpsoh1

D frlq lv wrvvhg 43 wlphv1 [ lv wkh qxpehu ri khdgv1 Ghvfuleh +
>I, dqg

wkh ixqfwlrq [+$, 1

Qrwdwlrq

Zh zloo riwhq ghqrwh wkh hyhqw i$ 5 
>[+$, � {j pruh frpsdfwo| e| ^[ � {`1

Wkhruhp1

Li [4> [5 duh udqgrp yduldeohv/ vr lv

41 [4 .[5

51 [4[5

61 plq+[4> [5, 1

Fxpxodwlyh Glvwulexwlrq Ixqfwlrqv1

Gh�qlwlrq1

Wkh fxpxodwlyh glvwulexwlrq ixqfwlrq +f1g1i1, ri d Udqgrp yduldeoh [ lv gh�qhg

wr eh wkh ixqfwlrq I +{, @ S ^[ � {`> { 5 ? 1

Surshuwlhv ri F1 G1 I1

41 D f1g1i1 I +{, lv qrq0ghfuhdvlqj1 l1h1 I +{, � I +|, zkhqhyhu { � |1

51 I +{,$ 3/ dv {$�41

61 I +{,$ 4/ {$41

71 I +{, lv uljkw frqwlqxrxv1 l1h1 I +{, @ olp I +{. k, dv k ghfuhdvhv

wr 31
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Wkhuh duh wzr w|shv ri glvwulexwlrqv wkdw zh frqvlghu lq wklv frxuvh/ glvfuhwh

glvwulexwlrqv dqg frqwlqxrxv rqhv1 Glvfuhwh glvwulexwlrqv duh wkrvh zkrvh fx0

pxodwlyh glvwulexwlrq ixqfwlrq dw dq| srlqw { fdq eh h{suhvvhg dv d �qlwh ru

frxqwdeoh vxp ri ydoxhv1 Iru h{dpsoh

I +{, @
[
l�{

sl

iru vrph suredelolwlhv sl zklfk vxp wr rqh1 Lq wklv fdvh wkh fxpxodwlyh glvwul0

exwlrq lv slhfhzlvh frqvwdqw/ zlwk mxpsv dw wkh ydoxhv wkdw wkh udqgrp yduldeoh

fdq dvvxph1 Wkh ydoxhv ri wkrvh mxpsv duh wkh lqglylgxdo suredelolwlhv1 Iru

h{dpsoh S ^[ @ {` lv htxdo wr wkh vl}h ri wkh mxps lq wkh judsk ri wkh f1g1i1

dw wkh srlqw { 1 Zh uhihu wr wkh ixqfwlrq i+{, @ S ^[ @ {` dv wkh suredelolw|

ixqfwlrq ri wkh glvwulexwlrq1

Vrph Vshfldo Glvfuhwh Glvwulexwlrqv

Wkh Glvfuhwh Xqlirup Glvwulexwlrq

Pdq| ri wkh glvwulexwlrqv frqvlghuhg vr idu duh vxfk wkdw hdfk srlqw lv htxdoo|

olnho|1 Iru h{dpsoh/ vxssrvh wkh udqgrp yduldeoh [ wdnhv hdfk ri wkh srlqwv

d> d. 4> = = = e zlwk wkh vdph suredelolw| 4
e�d.4 1 Wkhq wkh f1g1i1 lv

I +{, @
{� d. 4

e� d. 4
> { @ d> d. 4> = = = e

dqg wkh suredelolw| ixqfwlrq lv i+{, @ 4
e�d.4 iru { @ d> d . 4> = = = e dqg 3

rwkhuzlvh1

Wkh K|shujhrphwulf Glvwulexwlrq

Vxssrvh zh kdyh d froohfwlrq +wkh srsxodwlrq, ri Q remhfwv zklfk fdq eh

fodvvl�hg lqwr wzr jurxsv V ru I zkhuh wkhuh duh u ri wkh iruphu dqg Q�u
ri wkh odwwhu1 Vxssrvh zh wdnh d udqgrp vdpsoh ri q lwhpv zlwkrxw uhsodfhphqw

iurp wkh srsxodwlrq1 Zkdw lv wkh suredelolw| wkdw zh rewdlq h{dfwo| { V*vB

i+{, @

�
u
{

��
Q�u
q�{

�
�
Q
q

� > { @ 3> 4> = = =

Zkdw lv wkh srvvleoh udqjh ri ydoxhv ri { B Qrwh wkdw dv orqj dv Q>U> q> { duh

lqwhjhuv/ wklv irupxod jlyhv 3 xqohvv { lv lq wklv udqjh1 +Qrwh= zkloh dwwhpswlqj

wr dyrlg ehlqj wrr mxgjhphqwdo/ V deryh vwdqgv iru vxffhvv dqg I iru Idloxuh,

Wkh Elqrpldo Glvwulexwlrq

Wkh vhwxs lv lghqwlfdo wr wkdw lq wkh odvw sdudjudsk rqo| qrz zh vdpsoh zlwk

uhsodfhphqw1 Wkxv/ iru hdfk phpehu ri wkh vdpsoh/ wkh suredelolw| ri dq V lv
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s @ u@Q 1 Wkhq wkh suredelolw| ixqfwlrq lv

i+{, @

�
q

{

�
s{+4� s,q�{> { @ 3> 4> = = = q

Zlwk dq| glvwulexwlrq/ wkh vxp ri doo wkh suredelolwlhv vkrxog eh 41 Fkhfn wkdw

wklv lv wkh fdvh iru wkh elqrpldo/ l1h1 wkdw

q[
{@3

i+{, @ 4=

Wkh K|shujhrphwulf glvwulexwlrq lv riwhq dssur{lpdwhg e| wkh elqrpldo glv0

wulexwlrq lq wkh fdvh Q odujh1 Sureohp 9 ehorz mxvwl�hv wklv dssur{lpdwlrq1

Qrwh wkdw lq wkh fdvh ri wkh elqrpldo glvwulexwlrq/ wkh wzr sdudphwhuv +frq0

vwdqwv wkdw rqh qhhgv wr ghwhuplqh wkh glvwulexwlrq, q> s duh �{hg/ dqg xvxdoo|

nqrzq1 Iru �{hg vdpsoh vl}h q zh kdyh frxqwhg [ wkh qxpehu ri V*v lq q

wuldov ri d vlpsoh h{shulphqw +h1j1 wrvvlqj d frlq,1

Wkh Qhjdwlyh Elqrpldo glvwulexwlrq

Wkh elqrpldo glvwulexwlrq zdv jhqhudwhg e| dvvxplqj wkdw zh uhshdwhg wuldov d

�{hg qxpehu q ri wlphv dqg wkhq frxqwhg wkh wrwdo qxpehu ri vxffhvvhv [

lq wkrvh q wuldov1 Vxssrvh zh ghflgh lq dgydqfh wkdw zh zlvk d �{hg qxpehu

+ n , ri vxffhvvhv lqvwhdg/ dqg vdpsoh uhshdwhgo| xqwlo zh rewdlq h{dfwo| wklv

qxpehu1 Wkhq wkh qxpehu ri wuldov [ lv udqgrp1

i+{, @

�
{� 4

n � 4

�
sn+4� s,{�n> { @ n> n . 4> = = =

D vshfldo fdvh ri prvw lqwhuhvw lv wkh fdvh n @ 4 fdoohg wkh Jhrphwulf

glvwulexwlrq1 Wkhq

i+{, @ s+4� s,{�4> { @ 4> 5> = = =

Wkh Srlvvrq Glvwulexwlrq1

Vxssrvh wkdw d glvhdvh vwulnhv phpehuv ri d odujh srsxodwlrq + ri q lqglylgxdov,

lqghshqghqwo|/ exw lq hdfk fdvh lw vwulnhv zlwk yhu| vpdoo suredelolw| s 1 Li zh

frxqw [ wkh qxpehu ri fdvhv ri wkh glvhdvh lq wkh srsxodwlrq/ wkhq [ kdv wkh

elqrpldo +q> s, glvwulexwlrq1 Iru yhu| odujh q dqg vpdoo s wklv glvwulexwlrq

fdq eh djdlq dssur{lpdwhg dv iroorzv=

Wkhruhp1 Vxssrvh iq+{, lv wkh suredelolw| ixqfwlrq ri d elqrpldo glvwul0

exwlrq zlwk s @ �@q iru vrph �{hg �1 Wkhq dv q$4 /

iq+{,$ i+{, @
�{h��

{$

iru hdfk { @ 3> 4> 5> = = = 1
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Wkh ixqfwlrq i+{, deryh lv wkh suredelolw| ixqfwlrq ri d Srlvvrq Glvwul0

exwlrq qdphg diwhu d Iuhqfk pdwkhpdwlfldq1 Wklv glvwulexwlrq kdv d vlqjoh

sdudphwhu � / zklfk pdnhv lw hdvlhu wr xvh wkdq wkh elqrpldo/ vlqfh wkh el0

qrpldo uhtxluhv nqrzohgjh ru hvwlpdwlrq ri wzr sdudphwhuv1 Iru h{dpsoh wkh

vl}h q ri wkh srsxodwlrq ri lqglylgxdov zkr duh vxvfhswleoh wr wkh glvhdvh pljkw

eh xqnqrzq exw wkh _dyhudjh% qxpehu ri fdvhv lq d srsxodwlrq ri wklv w|sh �

frxog eh rewdlqhg1

H{dpsoh1

Skrqh fdoov duulyh dw d vzlwfkerdug dw dq dyhudjh udwh ri rqh hyhu| wzr plqxwhv1

Li wkh rshudwru qlsv rxw iru d txlfn gulqn +8 plqxwhv, zkdw lv wkh suredelolw|

wkdw wkhuh duh qr fdoov lq wklv lqwhuydoB Zkdw lv wkh suredelolw| wkdw wkhuh duh

pruh wkdq wkuhh fdoov +lq zklfk fdvh wkh vxshuylvru lv dohuwhg,1

?�! )*	����� $�����: ����: $�
������

H{shfwhg Ydoxh

Dq lqglfdwru udqgrp yduldeoh LD wdnhv wzr ydoxhv/ wkh ydoxh 4 zlwk suredelolw|

S +D, dqg wkh ydoxh 3 rwkhuzlvh1 Lwv h{shfwhg ydoxh/ ru dyhudjh ryhu pdq|

+lqghshqghqw, wuldov zrxog wkhuhiruh eh 3+4�S +D,,. 4S +D, @ S +D, 1 Wklv lv

wkh vlpsohvw fdvh ri dq lqwhjudo ru h{shfwdwlrq1

Uhfdoo wkdw d vlpsoh udqgrp yduldeoh lv rqh zklfk kdv rqo| �qlwho| pdq|

glvwlqfw ydoxhv fl rq wkh vhwv Dl zkhuh wkhvh vhwv irup d sduwlwlrq ri wkh

vdpsoh vsdfh +l1h1 wkh| duh glvmrlqw dqg wkhlu xqlrq lv 
,1

H{shfwdwlrq ri vlpsoh udqgrp Yduldeohv1

Iru d vlpsoh udqgrp yduldeoh [ @
S

l flLDl
/ gh�qh H+[, @

S
l flS +Dl, 1

Wkh irup lv vwdqgdug=

H+[, @
[

+ydoxhv ri [,� Suredelolw| ri ydoxhv

Wkxv/ iru h{dpsoh/ li d udqgrp yduldeoh [ kdv suredelolw| ixqfwlrq i+{, @

S ^[ @ {` / wkhq H+[, @
S

{ {i+{, 1

Surshuwlhv1

Iru vlpsoh udqgrp yduldeohv [> \ /

41 [+$, � \ +$, iru doo $ lpsolhv H+[, � H+\ ,1

51 Iru uhdo qxpehuv �> �/ H+�[ . �\ , @ �H+[, . �H+\ ,1

Surri1 Vxssrvh [ @
S

l flLDl
�
S

m gmLEm
zkhuh Dl irupv d glvmrlqw

sduwlwlrq ri wkh vsdfh 
 +l1h1 duh glvmrlqw vhwv zlwk ^l Dl @ 
, dqg Em dovr
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irupv d glvmrlqw sduwlwlrq ri wkh vsdfh1 Wkhq fl � gm zkhqhyhu DlEm 9@ !1

Wkhuhiruh

H+[, @
[
l

flS +Dl, @
[
l

fl
[
m

S +DlEm, �
[
l

[
m

gmS +DlEm, @
[
m

gmS +Em, @ H+\ ,

Iru wkh vhfrqg sduw/ qrwh wkdw �[ . �\ lv dovr d vlpsoh udqgrp yduldeoh

wkdw fdq eh zulwwhq lq wkh irup
S

l

S
m+�fl.�gm,LDlEm

zkhuh wkh vhwv DlEm

irup d glvmrlqw sduwlwlrq ri wkh vdpsoh vsdfh 
1 Qrz wdnh h{shfwdwlrq wr yhuli|

wkdw wklv htxdov �
S

l flS +Dl, . �
S

m gmS +Em,1

H{dpsoh Ilqg wkh H{shfwhg ydoxh ri [ / d udqgrp yduldeoh kdylqj wkh

Elqrpldo+q> s, glvwulexwlrq1

H{shfwdwlrq ri qrq0qhjdwlyh phdvxudeoh udqgrp yduldeohv1

Gh�qlwlrq= Vxssrvh [ lv d qrq0qhjdwlyh udqgrp yduldeoh vr wkdw [+$, � 3

iru doo $ 5 
1 Wkhq zh gh�qh

H+[, @ vxsiH+\ ,> \ vlpsoh> \ � [j=

H{shfwhg ydoxh= glvfuhwh fdvh1

Li d udqgrp yduldeoh [ kdv suredelolw| ixqfwlrq i+{, @ S ^[ @ {` / wkhq wkh

gh�qlwlrq ri h{shfwhg ydoxh lq wkh fdvh ri �qlwho| pdq| srvvleoh ydoxhv ri {

lv hvvhqwldoo| H+[, @
S

{ {i+{, 1 Wklv irupxod frqwlqxhv wr krog hyhq zkhq

[ pd| wdnh d frxqwdeo| lq�qlwh qxpehu ri ydoxhv surylghg wkdw wkh vhulhvS
{ {i+{, lv devroxwho| frqyhujhqw1

H{dpsoh1

Ilqg wkh h{shfwhg ydoxh ri d udqgrp yduldeoh [ kdylqj wkh jhrphwulf glvwul0

exwlrq1

Qrwdwlrq1

Qrwh wkdw e|
U
D
[gS zh phdq H+[LD, zkhuh LD lv wkh lqglfdwru ri wkh

hyhqw D=

Surshuwlhv ri H{shfwdwlrq1

Dvvxph [> \ duh qrq0qhjdwlyh udqgrp yduldeohv1 Wkhq >

41 Li [ @
S

l flLDl
vlpsoh/ H+[, @

S
l flS +Dl, 1

51 Li [+$, � \ +$, iru doo $ / H+[, � H+\ ,1
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61 Li [q lqfuhdvlqj wr [ / wkhq H+[q, lqfuhdvhv wr H+[, +wklv lv xvxdoo|

fdoohg wkh Prqrwrqh Frqyhujhqfh Wkhruhp,1

71 Iru qrq0qhjdwlyh qxpehuv �> �/ H+�[ . �\ , @ �H+[, . �H+\ ,1

Surri ri Surshuwlhv1

+4, Li ] � [ dqg ] lv d vlpsoh ixqfwlrq/ wkhq H+], � H+[, 1 Lw iroorzv

wkdw vlqfh [ lv d vlpsoh ixqfwlrq dqg zh wdnh wkh vxsuhpxp ryhu doo

vlpsoh ixqfwlrqv ] / wkdw wklv vxsuhpxp lv H+[,1

+51, Vxssrvh ] lv d vlpsoh ixqfwlrq � [1 Wkhq ] � \ 1 Lw iroorzv wkdw

wkh vhw ri ] vdwlvi|lqj ] � [ lv d vxevhw ri wkh vhw vdwlvi|lqj ] � \

dqg wkhuhiruh wkh vxsuhpxp ri H+], ryhu wkh iruphu fdqqrw eh juhdwhu1

+61, Vlqfh [q � [ li iroorzv irup surshuw| +5, wkdw H+[q, � H+[,1 Vlploduo|

H+[q, lv prqrwrqlfdoo| qrq0ghfuhdvlqj dqg lw wkhuhiruh frqyhujhv1 Wkxv

lw frqyhujhv wr d olplw vdwlvi|lqj

olpH+[q, � H+[,=

Zh zloo qrz vkrz wkdw olp H+[q, � H+[, dqg wkhq frqfoxgh htxdolw|

krogv deryh1 Vxssrvh � A 3 lv duelwudu| dqg \ @
S

l flLDl
zkhuh \ � [

lv d vlpsoh udqgrp yduldeoh1 Gh�qh Hq @ i$>[q+$, � +4��,\ +$,j Qrwh
wkdw dv q $ 4 / wklv vhtxhqfh ri vhwv lqfuhdvhv wr d vhw frqwdlqlqj

i$>[+$, � +4 � �@5,\ +$,j dqg vlqfh [ � \ wkh odwwhu lv wkh zkroh

vsdfh 
1 Wkhuhiruh/

H+[q, �
]
Hq

[qgS � +4� �,

]
Hq

\ gS=

Exw ]
Hq

\ gS @
[
l

flS +DlHq,$
[
l

flS +Dl,

dv q$41 Wkhuhiruh

olp H+[q, � +4� �,H+\ ,

zkhqhyhu \ lv d vlpsoh ixqfwlrq vdwlvi|lqj \ � [1 Qrwh wkdw wkh

vxsuhpxp ri wkh uljkw kdqg vlgh ryhu doo vxfk \ lv +4 � �,H+[,1 Zh

kdyh qrz vkrzq wkdw iru dq| � A 3 / olpH+[q, � +4 � �,H+[, dqg lw

iroorzv wkdw wklv lv wuxh dovr dv �$ 31

+7, Wdnh wzr vhtxhqfhv ri vlpsoh udqgrp yduldeohv [q lqfuhdvlqj wr [ dqg

\q lqfuhdvlqj wr \ 1 Dvvxph � dqg � duh qrq0qhjdwlyh1 Wkhq e|

surshuw| 51 ri 71415/

H+�[q . �\q, @ �H+[q, . �H+\q,

E| prqrwrqh frqyhujhqfh/ wkh ohiw vlgh lqfuhdvhv wr wkh olplw H+�[.�\ ,

zkloh wkh uljkw vlgh lqfuhdvhv wr wkh olplw �H+[, . �H+\ ,1 Zh ohdyh wkh

pruh jhqhudo fdvh ri d surri wr odwhu1
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Jhqhudo Gh�qlwlrq ri H{shfwhg Ydoxh1

Iru dq duelwudu| udqgrp yduldeoh [ / gh�qh [. @ pd{+[> 3, / [� @ pd{+3>�[, 1

Qrwh wkdw [ @ [. �[�1 Wkhq zh gh�qh H+[, @ H+[.,� H+[�, 1 Wklv
lv zhoo gh�qhg hyhq li rqh ri H+[., ru H+[�, duh htxdo wr 4 dv orqj dv erwk

ru qrw lq�qlwh vlqfh wkh irup 4�4 lv phdqlqjohvv1

Gh�qlwlrq1

Li erwk H+[., ?4 dqg H+[�, ?4 wkhq zh vd| [ lv lqwhjudeoh1

H{dpsoh=

Gh�qh d udqgrp yduldeoh [ vxfk wkdw S ^[ @ {` @ 4
{+{.4,

> { @ 4> 5> ==== 1

Lv wklv udqgrp yduldeoh lqwhjudeohB

Jhqhudo Surshuwlhv ri H{shfwdwlrq1

Lq wkh jhqhudo fdvh/ h{shfwdwlrq vdwlv�hv 407 ri 7141; deryh soxv wkh wkh dgglwlrqdo

surshuwlhv=

41 Li S +D, @ 3/
U
D
[+$,gS @ 3

51 Li S ^[ @ f` @ 4 iru vrph frqvwdqw f> wkhq H+[, @ f=

61 Li S ^[ � 3` @ 4 wkhq H+[, � 3= 1

Rwkhu lqwhusuhwdwlrqv ri H{shfwhg Ydoxh

Iru d glvfuhwh glvwulexwlrq/ wkh glvwulexwlrq lv riwhq uhsuhvhqwhg judsklfdoo| zlwk

d edu judsk ru klvwrjudp1 Li wkh ydoxhv ri wkh udqgrp yduldeoh duh {4 ? {5 ?

{6 ? = = = wkhq uhfwdqjohv duh frqvwuxfwhg durxqg hdfk ydoxh/ {l/ zlwk duhd

htxdo wr wkh suredelolw| S ^[ @ {l`1 Lq wkh xvxdo fdvh wkdw wkh {l duh htxdoo|

vsdfhg/ wkh uhfwdqjoh durxqg {l kdv dv edvh +
{l�4.{l

5
>
{l.{l.4

5
,1 Lq wklv fdvh/

wkh h{shfwhg ydoxh H+[, lv wkh {0frruglqdwh ri wkh fhqwhu ri judylw| ri wkh

suredelolw| klvwrjudp1

Zh pd| dovr wklqn ri h{shfwhg ydoxh dv d orqj uxq dyhudjh ryhu pdq| lq0

ghshqghqw uhshwlwlrqv ri wkh h{shulphqw1 Wkxv/ i+{, @ S ^[ @ {` lv dssur{0

lpdwho| wkh orqj uxq sursruwlrq ri rffdvlrqv rq zklfk zh revhuyhg wkh ydoxh

[ @ { vr wkh orqj uxq dyhudjh ri pdq| lqghshqghqw uhsolfdwlrqv ri [ lvS
{ {i+{, @ H+[,1
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?�# "���
��� ��.�
���� ��� �����.�
���� "���
��

0������

Gh�qlwlrqv1

H{dpsoh1

Vxssrvh zh wkurz 5 glfh dqg gh�qh wzr udqgrp yduldeohv [ @ pd{lpxp

ri wkh wzr qxpehuv revhuyhg dqg \ @ plqlpxp1 Zh zlvk wr uhfrug wkh

suredelolw| ri doo srvvleoh frpelqdwlrqv ri ydoxhv iru erwk [ dqg \ 1 Zh pd|

gr vr wkurxjk d irupxod iru wkhvh mrlqw suredelolwlhv

S ^[ @ {> \ @ |` @ i+{> |, @

;?
=

5@69 { A |

4@69 { @ |

3 { ? |

iru {> | @ 4> 5> = = = 91

Gh�qlwlrqv1

Wkh ixqfwlrq i+{> |, @ S ^[ @ {> \ @ |` jlylqj wkh suredelolw| ri doo frpel0

qdwlrqv ri ydoxhv ri wkh udqgrp yduldeohv lv fdoohg wkh mrlqw suredelolw| ixqfwlrq

ri [ dqg \ 1 Wkh ixqfwlrq I +{> |, @ S ^[ � {> \ � |` lv fdoohg wkh mrlqw

fxpxodwlyh glvwulexwlrq ixqfwlrq1 Wkh mrlqw suredelolw| ixqfwlrq doorzv xv wr

frpsxwh wkh suredelolw| ixqfwlrqv ri erwk [ dqg \ 1 Iru h{dpsoh

S ^[ @ {` @
[
doo |

i+{> |,=

Zh fdoo wklv wkh pdujlqdo suredelolw| ixqfwlrq ri [/ ghqrwhg e| i[+{, @

S ^[ @ {` @
S

doo | i+{> |,1 Vlploduo|/ i\ +|, lv rewdlqhg e| dgglqj wkh mrlqw

suredelolw| ixqfwlrq ryhu doo ydoxhv ri { 1 Ilqdoo| zh duh riwhq lqwhuhvwhg lq wkh

frqglwlrqdo suredelolwlhv ri wkh irup

S ^[ @ {m\ @ |` @ i[m\ +{m|, @
i+{> |,

i\ +|,
=

Wklv lv fdoohg wkh frqglwlrqdo suredelolw| ixqfwlrq ri [ jlyhq \ 1

H{dpsoh Ghwhuplqh doo pdujlqdo suredelolw| ixqfwlrqv dqg frqglwlrqdo sure0

delolw| ixqfwlrqv lq H{dpsoh 814141

H{shfwhg Ydoxhv

Iru d vlqjoh +glvfuhwh, udqgrp yduldeoh zh ghwhuplqhg wkh h{shfwhg ydoxh ri d

ixqfwlrq ri [ / vd| k+[, e|

H^k+[,` @
[
doo {

+ydoxh ri k,� +Suredelolw| ri ydoxh, @
[
{

k+{,i+{,
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Iru wzr ru pruh udqgrp yduldeohv zh vkrxog xvh d vlplodu dssurdfk1 Krzhyhu/

zkhq zh dgg ryhu doo fdvhv/ wklv uhtxluhv dgglqj ryhu doo ydoxhv ri { dqg |1 Wkxv/

li k lv d ixqfwlrq ri erwk [ dqg \ /

H^k+[>\ ,` @
[

doo { dqg |

k+{> |,i+{> |,=

Gh�qlwlrq= Lqghshqghqw Udqgrp Yduldeohv

Wzr udqgrp yduldeohv [>\ duh vdlg wr eh lqghshqghqw li wkh hyhqwv ^[ @ {`

dqg ^\ @ |` duh lqghshqghqw iru doo {> |/ l1h1 li

S ^[ @ {> \ @ |` @ S ^[ @ {`S ^\ @ |` doo {> |

l1h1 li

i+{> |, @ i[+{,i\ +|, doo {> |=

Wklv gh�qlwlrq h{whqgv lq d qdwxudo zd| wr pruh wkdq wzr udqgrp yduldeohv1

Iru h{dpsoh zh vd| udqgrp yduldeohv [4> [5> = = = [q duh +pxwxdoo|, lqghshq0

ghqw li/ iru hyhu| fkrlfh ri ydoxhv {4> {5> = = = {q/ wkh hyhqwv ^[4 @ {4`> ^[5 @

{5`> = = = ^[q @ {q` duh lqghshqghqw hyhqwv1 Wklv krogv li wkh mrlqw suredelolw|

ixqfwlrq ri doo q udqgrp yduldeohv idfwruv lqwr wkh surgxfw ri wkh q pdujlqdo

suredelolw| ixqfwlrqv1

Wkhruhp

Li [>\ duh lqghshqghqw udqgrp yduldeohv/ wkhq

H+[\ , @ H+[,H+\ ,

H{dpsoh

Vxssrvh [ dqg \ duh wzr lqghshqghqw udqgrp yduldeohv zlwk wkh vdph

glvwulexwlrq +l1h1 vdph suredelolw| ixqfwlrqv,

i[+{, @ +4� s,{s> { @ 3> 4> = = =

dqg

i\ +|, @ +4� s,|s> | @ 3> 4> = = =

zkhuh 3 ? s ? 41 Ilqg wkh suredelolw| ixqfwlrq ri ] @ [ . \ dqg wkh

frqglwlrqdo suredelolw| ixqfwlrq i[m]+{m},1
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Gh�qlwlrq= Yduldqfh

Wkh yduldqfh ri d udqgrp yduldeoh phdvxuhv lwv yduldelolw| derxw lwv rzq h{0

shfwhg ydoxh1 Wkxv li rqh udqgrp yduldeoh kdv odujhu yduldqfh wkdq dqrwkhu/ lw

whqgv wr eh iduwkhu iurp lwv rzq h{shfwdwlrq1 Li zh ghqrwh wkh h{shfwhg ydoxh

ri [ e| H+[, @ �/ wkhq

Y du+[, @ H^+[ � �,5`=

Dgglqj d frqvwdqw wr d udqgrp yduldeoh grhv qrw fkdqjh lwv yduldqfh/ exw pxo0

wlso|lqj lw e| d frqvwdqw grhv> lw pxowlsolhv wkh ruljlqdo yduldqfh e| wkh frqvwdqw

vtxduhg +vhh 814146/ surshuw| 51,

H{dpsoh

Vxssrvh wkh udqgrp yduldeoh [ kdv wkh elqrpldo +q> s, glvwulexwlrq1 Ilqg

H+[, dqg ydu+[,1

Gh�qlwlrq=Fryduldqfh1

Gh�qh wkh fryduldqfh ehwzhhq 5 udqgrp yduldeohv [> \ dv

fry+[>\ , @ H^+[ � H[,+\ �H\ ,`

Fryduldqfh phdvxuhv wkh olqhdu dvvrfldwlrq ehwzhhq wzr udqgrp yduldeohv1 Qrwh

wkdw wkh fryduldqfh ehwzhhq wzr lqghshqghqw udqgrp yduldeohv lv 31 Li Wkh

fryduldqfh lv odujh dqg srvlwlyh/ wkhuh lv d whqghqf| iru odujh ydoxhv ri [ wr eh

dvvrfldwhg zlwk odujh ydoxhv ri \ 1 Rq wkh rwkhu kdqg/ li odujh ydoxhv ri [ duh

dvvrfldwhg zlwk vpdoo ydoxhv ri \ / wkh fryduldqfh zloo whqg wr eh qhjdwlyh1 Wkhuh

lv dq dowhuqdwh irup iru fryduldqfh/ jhqhudoo| hdvlhu iru kdqg fdofxodwlrq exw pruh

vxemhfw wr frpsxwhu ryhu�rz sureohpv= fry+[>\ , @ H+[\ ,� +H[,+H\ ,=

Wkhruhp1

Iru dq| wzr udqgrp yduldeohv [> \

ydu+[ . \ , @ ydu+[, . ydu+\ , . 5fry+[>\ ,

Rqh vshfldo fdvh lv ri ixqgdphqwdo lpsruwdqfh= wkh fdvh zkhq [>\ duh

lqghshqghqw udqgrp yduldeohv dqg ydu+[ . \ , @ ydu+[, . ydu+\ , vlqfh

fry+[>\ , @ 3=

H{dpsoh

D srsxodwlrq lqfoxghv d sursruwlrq s ri xqhpsor|hg1 Dq lqwhuylhzhu sroov

phpehuv ri wkh srsxodwlrq +|rx pd| dvvxph zlwk uhsodfhphqw vlqfh wkh srs0

xodwlrq lv odujh, dw udqgrp xqwlo h{dfwo| n xqhpsor|hg kdyh ehhq irxqg dqg

uhfrugv [ @ wkh wrwdo qxpehu sroohg1 Ilqg wkh yduldqfh ri [ zkhq n @ 4

dqg xvh wklv wr ghwhuplqh ydu+[, lq jhqhudo1



;171 GLVFUHWH ELYDULDWH DQG PXOWLYDULDWH GLVWULEXWLRQV 53:

Surshuwlhv ri Yduldqfh dqg Fryduldqfh

Iru dq| udqgrp yduldeohv [l dqg frqvwdqwv dl

41 Y du+[4, @ fry+[4> [4,1

51 ydu+d4[4 . d5, @ d54ydu+[4,1

61 fry+[4> [5, @ fry+[5> [4,1

71 fry+[4> [5 .[6, @ fry+[4> [5, . fry+[4> [6,1

81 fry+d4[4> d5[5, @ d4d5fry+[4> [5,1

Fruuhodwlrq Frh�flhqw

Wkh fryduldqfh kdv dq duelwudu| vfdoh idfwru ehfdxvh ri surshuw| 8 deryh1 Wklv

phdqv wkdw li zh fkdqjh wkh xqlwv lq zklfk vrphwklqj lv phdvxuhg/ +iru h{dpsoh

d fkdqjh iurp lpshuldo wr phwulf xqlwv ri zhljkw,/ wkh fryduldqfh zloo fkdqjh1

Lw lv ghvludeoh wr phdvxuh fryduldqfh lq xqlwv iuhh ri wkh h�hfw ri vfdoh1 Wr wklv

hqg/ gh�qh wkh vwdqgdug ghyldwlrq ri [ e| VG+[, @
s
ydu+[,1 Wkhq wkh

fruuhodwlrq frh�flhqw ehwzhhq [ dqg \ lv

� @
fry+[>\ ,

VG+[,VG+\ ,

Wkhruhp

Iru dq| sdlu ri udqgrp yduldeohv [>\ / zh kdyh � 4 � � � 4 zlwk � @ 	4
li dqg rqo| li wkh srlqwv +[>\ , dozd|v olh rq d olqh vr \ @ d[ . e iru vrph

frqvwdqwv d> e1

Wkh Pxowlqrpldo Glvwulexwlrq

Vxssrvh dq h{shulphqw lv uhshdwhg q wlphv +fdoohg _wuldov%, zkhuh q lv �{hg lq

dgydqfh1 Rq hdfk _wuldo% ri wkh h{shulphqw/ zh rewdlq dq rxwfrph lq rqh ri n

gl�huhqw fdwhjrulhv D4> D5> = = = Dn zlwk wkh suredelolw| ri rxwfrph Dl jlyhq e|

sl 1 Khuh
Sn

l@4 sl @ 41 Dw wkh hqg ri wkh q wuldov ri wkh h{shulphqw frqvlghu

wkh frxqw ri [l @qxpehu ri rxwfrphv lq fdwhjru| l> l @ 4> 5> = = = n1 Wkhq wkh

udqgrp yduldeohv +[4> [5> = = = [n, kdyh d mrlqw pxowlqrpldo glvwulexwlrq jlyhq

e| wkh mrlqw suredelolw| ixqfwlrq

S ^[4 @ {4> [5 @ {5> = = = [n @ {n` @

�
q

{4 {5 ==={n

�
s{44 s{55 = = = s{nn

zkhqhyhu
S

l {l @ q dqg rwkhuzlvh wklv suredelolw| lv 31 Qrwh wkdw wkh pdujlqdo

glvwulexwlrq ri hdfk [l lv elqrpldo +q> sl, dqg vr H+[l, @ qsl 1
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H{dpsoh

Lq srolwlfdo sroo ri 4333 uhvsrqghqwv/ [4 @ 733 lqglfdwhg wkdw wkh| zrxog

yrwh _\hv% lq d uhihuhqgxp/ [5 @ 693 lqglfdwhg wkdw wkh| zrxog yrwh _Qr%

dqg wkh uhpdlqghu zhuh xqghflghg1 Zulwh dq h{suhvvlrq iru wkh suredelolw| ri

h{dfwo| wklv rxwfrph dvvxplqj wkdw sqr @ s|hv @ =6;1 Ilqg wkh suredelolw|

wkdw [4 @ { jlyhq wkdw [4 .[5 @ |1

Fryduldqfh ri d olqhdu wudqvirupdwlrq1

Vxssrvh [ @ +[4> ===> [q,
3
lv d yhfwru zkrvvh frpsrqhqwv duh srvvleo| ghshq0

ghqw udqgrp yduldeohv1 Zh gh�qh wkh h{shfwhg ydoxh ri wklv udqgrp yhfwru

e|

� @ H+[, @

3
EEEEEEC

H[4

=

=

=

=

H[q

4
FFFFFFD

dqg wkh fryduldqfh pdwul{ e| d pdwul{

Y @

3
EEEEC

ydu+[4, fry+[4>[5, = = fry+[4> [q,

fry+[q>[4, = = = ydu+[q,

4
FFFFD =

Wkhq li D lv d t � q pdwul{ ri frqvwdqwv/ wkh udqgrp yhfwru \ @ D[ kdv

phdq D� dqg fryduldqfh pdwul{ DY D3 1 Lq sduwlfxodu li t @ 4> wkh yduldqfh

ri D[ lv DY D3 1

?�( ���������� "���
�0������

Gh�qlwlrqv

Vxssrvh d udqgrp yduldeoh [ fdq wdnh dq| uhdo qxpehu lq dq lqwhuydo1 Ri

frxuvh wkh qxpehu wkdw zh uhfrug lv riwhq urxqghg wr vrph dssursuldwh qxpehu

ri ghflpdo sodfhv/ vr zh grq*w dfwxdoo| revhuyh [ exw \ @ [ urxqghg wr wkh

qhduhvw �@5 xqlwv1 Vr/ iru h{dpsoh/ wkh suredelolw| wkdw zh uhfrug wkh qxpehu

\ @ | lv wkh suredelolw| wkdw [ idoov lq wkh lqwhuydo |��@5 ? [ � |.�@51

Li I +{, lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri [ wklv suredelolw| lv

S ^\ @ |` @ I +|.�@5,�I +|��@5, 1 Vxssrvh qrz wkdw � lv yhu| vpdoo dqg

wkdw wkh fxpxodwlyh glvwulexwlrq ixqfwlrq lv slhfhzlvh frqwlqxrxvo| gl�huhqwldeoh

zlwk d ghulydwlyh jlyhq lq dq lqwhuydo e|

i+{, @ I 3+{,=
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Wkhq I +|.�@5,�I +|��@5, � i+|,� dqg vr \ lv d glvfuhwh udqgrp yduldeoh

zlwk suredelolw| ixqfwlrq jlyhq +dssur{lpdwho|, e| S ^\ @ |` � �i+|,1 Wkh

ghulydwlyh ri wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri [ / surylghg lw h{lvwv/ lv

fdoohg wkh suredelolw| ghqvlw| ixqfwlrq ri wkh udqgrp yduldeoh [ 1 Qrwlfh wkdw

dq lqwhuydo ri vpdoo ohqjwk � durxqg wkh srlqw | kdv dssur{lpdwh suredelolw|

jlyhq e| ohqjwk ri lqwhuydo �i+|,1 Wkxv wkh suredelolw| ri d +vpdoo, lqwhuydo lv
dssur{lpdwho| sursruwlrqdo wr wkh suredelolw| ghqvlw| ixqfwlrq lq wkdw lqwhuydo/

dqg wklv lv wkh prwlydwlrq ehklqg wkh whup suredelolw| ghqvlw|1

H{dpsoh1

Vxssrvh [ lv d udqgrp qxpehu fkrvhq lq wkh lqwhuydo ^3> 4`1 Dq| lqwhuydo ri

ohqjwk � � ^3> 4` lv wr kdyh wkh vdph suredelolw| � uhjdugohvv ri zkhuh lw lv

orfdwhg1 Wkhq wkh fxpxodwlyh glvwulexwlrq ixqfwlrq lv jlyhq e|

I +{, @

;?
=

3 { ? 3

{ 3 � { ? 4

4 { � 4

Wkh suredelolw| ghqvlw| ixqfwlrq lv jlyhq e| wkh ghulydwlyh ri wkh f1g1i1 i+{, @ 4

iru 3 ? { ? 4 dqg rwkhuzlvh i+{, @ 3 1 Qrwlfh wkdw I +|, @
U |
�4 i+{,g{ iru doo

| dqg wkh suredelolw| ghqvlw| ixqfwlrq fdq eh xvhg wr ghwhuplqh suredelolwlhv

dv iroorzv>

S ^d ? [ ? e` @ S ^d � [ � e` @

] e

d

i+{,g{=

Lq sduwlfxodu/ qrwlfh wkdw I +e, @
U e
�4 i+{,g{ iru doo e1

H{dpsoh1

Lv lw dozd|v wuxh wkdw I +e, @
U e
�4 I 3+{,g{B Ohw I +{, eh wkh elqrpldo +q> 4@5,

fxpxodwlyh glvwulexwlrq ixqfwlrq1 Qrwlfh wkdw wkh ghulydwlyh I 3+{, h{lvwv dqg

lv frqwlqxrxv h{fhsw dw �qlwho| pdq| srlqwv { @ 3> 4> 5> 6> 7 1 Lv lw wuxh wkdw

I +e, @
U e
�4 I 3+{,g{B

Gh�qlwlrq +fxpxodwlyh glvwulexwlrq ixqfwlrq,

Vxssrvh wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri d udqgrp yduldeoh I +{, lv

vxfk wkdw lwv ghulydwlyh i+{, @ I 3+{, h{lvwv h{fhsw dw �qlwho| pdq| srlqwv1

Vxssrvh dovr wkdw

I +e, @

] e

�4
i+{,g{ +914,

iru doo e 5 ?1 Wkhq wkh glvwulexwlrq lv fdoohg +devroxwho|, frqwlqxrxv dqg wkh

ixqfwlrq i+{, lv fdoohg wkh suredelolw| ghqvlw| ixqfwlrq1
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H{dpsoh1

Lv lw uhdoo| qhfhvvdu| wr lpsrvh wkh dgglwlrqdo uhtxluhphqw +914, ru wklv mxvw

d frqvhtxhqfh ri wkh ixqgdphqwdo wkhruhp ri fdofxoxvB Frqvlghu wkh fdvh

I +{, @ 3> { ? 3> dqg I +{, @ 4> { � 3= Wklv fxpxodwlyh glvwulexwlrq ixqfwlrq

lv slhfhzlvh gl�huhqwldeoh +wkh rqo| srlqw zkhuh wkh ghulydwlyh idlov wr h{lvw lv

wkh srlqw { @ 3,= Exw lv wkh ixqfwlrq wkh lqwhjudo ri lwv ghulydwlyhB

Iru d frqwlqxrxv glvwulexwlrq/ suredelolwlhv duh ghwhuplqhg e| lqwhjudwlqj

wkh suredelolw| ghqvlw| ixqfwlrq1 Wkxv

S ^d ? [ ? e` @

] e

d

i+{,g{ +915,

D suredelolw| ghqvlw| ixqfwlrq lv qrw xqltxh1 Iru h{dpsoh zh pd| fkdqjh i+{,

dw �qlwho| pdq| srlqwv dqg lw zloo vwloo vdwlvi| +5, deryh dqg doo suredelolwlhv/

ghwhuplqhg e| lqwhjudwlqj wkh ixqfwlrq/ uhpdlq xqfkdqjhg1 Zkhqhyhu srvvleoh

zh zloo fkrrvh d frqwlqxrxv yhuvlrq ri d suredelolw| ghqvlw| ixqfwlrq/ exw dw

d �qlwh qxpehu ri glvfrqwlqxlw| srlqwv/ lw grhv qrw pdwwhu krz zh gh�qh wkh

ixqfwlrq1

Surshuwlhv ri d Suredelolw| Ghqvlw| Ixqfwlrq

41 i+{, � 3 iru doo { 5 ?1

51
U4
�4 i+{,g{ @ 41

Wkh Xqlirup Glvwulexwlrq1

Frqvlghu d udqgrp yduldeoh [ wkdw wdnhv ydoxhv zlwk d frqwlqxrxv xqlirup

glvwulexwlrq rq wkh lqwhuydo ^d> e` 1 Wkhq wkh fxpxodwlyh glvwulexwlrq ixqfwlrq

lv

I +{, @

;?
=

3 { ? d
{�d
e�d d � { ? e

4 { � e

dqg vr wkh suredelolw| ghqvlw| ixqfwlrq lv i+{, @ 4
e�d iru d ? { ? e dqg

hovhzkhuh wkh suredelolw| ghqvlw| ixqfwlrq lv 31 Djdlq/ qrwlfh wkdw wkh gh�qlwlrq

ri i dw wkh srlqwv d dqg e grhv qrw pdwwhu1

H{dpsoh

Ohw X kdyh d frqwlqxrxv xqlirup glvwulexwlrq rq wkh lqwhuydo ^3> 4`1 Gh�qh wkh

udqgrp yduldeoh [ @ oq+4@X,1 Ilqg wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri

[ dqg ghwhuplqh zkhwkhu lw lv devroxwho| frqwlqxrxv1 Li vr/ �qg lwv suredelolw|

ghqvlw| ixqfwlrq1
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H{shfwhg Ydoxhv iru Frqwlqxrxv Glvwulexwlrqv1

Vxssrvh zh zhuh wr dssur{lpdwh d frqwlqrxv udqgrp yduldeoh [ kdylqj sure0

delolw| ghqvlw| ixqfwlrq i+{, e| d d glvfuhwh udqgrp yduldeoh \ rewdlqhg e|

urxqglqj [ wr wkh qhduhvw � xqlwv1 Wkhq wkh suredelolw| ixqfwlrq ri \ lv

S ^\ @ |` @ S ^| ��@5 � [ � | .�@5` � �i+|,

dqg lwv h{shfwhg ydoxh lv

H+\ , @
[
|

|S ^| ��@5 ? [ � | .�@5` �
[
|

|�i+|,=

Qrwh wkdw dv wkh lqwhuydo ohqjwk � dssurdfkhv 3/ wklv vxp dssurdfkhv wkh

lqwhjudo ]
{i+{,g{

dqg wkxv zh gh�qh/ iru frqwlqxrxv udqgrp yduldeohv

H+[, @

] 4

�4
{i+{,g{

dqg iru dq| ixqfwlrq rq wkh uhdo qxpehuv k+{,/

H^k+[,` @

] 4

�4
k+{,i+{,g{=

H{dpsoh

Ilqg wkh h{shfwhg ydoxh dqg wkh yduldqfh ri d udqgrp yduldeoh kdylqj suredelolw|

ghqvlw| ixqfwlrq

i+{, @ �h��{> { A 3=

Wkh H{srqhqwldo Glvwulexwlrq1

Frqvlghu d udqgrp yduldeoh [ kdylqj suredelolw| ghqvlw| ixqfwlrq

i+{, @
4

�
h�{@�> { A 3

Wkh fxpxodwlyh glvwulexwlrq ixqfwlrq lv jlyhq e|

I +{, @ 4� h�{@�

dqg wkh prphqwv duh

H+[, @ �> ydu+[, @ �5

Vxfk d udqgrp yduldeoh lv fdoohg wkh h{srqhqwldo glvwulexwlrq dqg lw lv frp0

prqo| xvhg wr prgho olihwlphv ri vlpsoh frpsrqhqwv vxfk dv ixvhv/ wudqvlvwruv/

hwf wkdw duh qrw vxemhfw wr zhdu dqg whdu1
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H{dpsoh

Li wkh olihwlph ri d wudqvlvwru lv h{srqhqwldoo| glvwulexwhg/ �qg wkh suredelolw|

wkdw lw zloo vxuylyh dw ohdvw w pruh prqwkv jlyhq wkdw lw kdv douhdg| vxuylyhg

iru { prqwkv1 Frpsduh wklv zlwk wkh suredelolw| wkdw d qhz wudqvlvwru olyhv

iru dw ohdvw w prqwkv1

Qrwh= wklv surshuw| lv fdoohg wkh phpru|ohvv surshuw| ri wkh h{srqhqwldo glv0

wulexwlrq1 D frpsrqhqw zlwk wklv glvwulexwlrq ri ol�hwlphv grhv qrw h{klelw dq|

hylghqfh ri djlqj1

H{dpsoh

Vkrz wkdw iru d xqlirup^d/e` udqgrp yduldeoh [> zh kdyh H+[, @ d.e
5

dqg

ydu+[, @
+e�d,5

45
=

Jhqhudwlqj Udqgrp yduldeohv zlwk dq H{srqhqwldo Glvwulexwlrq1

Vxssrvh wkdw d frpsxwhu kdv d exlow0lq jhqhudwru iru wkh xqlirup^3/4` glvwul0

exwlrq + dv lv wkh fdvh iru qhduo| hyhu| kljkhu0ohyho frpsxwhu odqjxdjh,1 Krz

frxog L xvh d Xqlirup udqgrp yduldeoh X wr jhqhudwh dq h{srqhqwldo udqgrp

yduldeohB Ohw [ @ �� oq+4� X,= Ilqg wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri

[=

Wzr phwkrgv iru Frpsxwhu Jhqhudwlrq ri Udqgrp Yduldeohv1

E| idu wkh vlpsohvw dqg prvw frpprq phwkrg iru jhqhudwlqj qrq0xqlirup ydul0

dwhv lv edvhg rq wkh lqyhuvh fxpxodwlyh glvwulexwlrq ixqfwlrq1 Iru duelwudu| f1g1i1

I +{, / gh�qh I�4+|, @ plq i{>I +{, � |j 1 Wklv gh�qhv d svhxgr0lqyhuvh

ixqfwlrq zklfk lv d uhdo lqyhuvh +l1h1 I +I�4+|,, @ I�4+I +|,, @ | , rqo| lq wkh

fdvh wkdw wkh f1g1i1 lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj1 Krzhyhu/ lq wkh jhqhudo

fdvh ri d srvvleo| glvfrqwlqxrxv qrq0ghfuhdvlqj f1g1i1 wkh ixqfwlrq frqwlqxhv wr

hqmr| vrph ri wkh surshuwlhv ri dq lqyhuvh1 Lq sduwlfxodu/ lq wkh jhqhudo fdvh/ Li

I lv dq duelwudu| f1g1i1 dqg X lv xqlirup^3> 4` wkhq [ @ I�4+X, kdv

f1g1i1 I +{, 1

H{dpsoh= Jhqhudwlqj d glvfuhwh udqgrp yduldeoh

Frqvlghu jhqhudwlqj/ xvlqj X d xqlirup^3> 4` udqgrp yduldeoh/ d udqgrp

yduldeoh [ kdylqj wkh iroorzlqj suredelolw| ixqfwlrq=

{ 4 5 6 7 8 9

S^[@{` 314 316 315 314 314 315
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Iljxuh ;14=

H{dpsoh= Jhqhudwlqj d Jhrphwulf +s, udqgrp yduldeoh1

Lq wklv fdvh/ wkh f1g1i1 lv jlyhq e| I +{, @ 4� +4� s,^{`> { � 3 zkhuh ^{`

ghqrwhv wkh lqwhjhu sduw ri {1 Wkhq

[ @ 4 . ^
orj+4� X,

orj+4� s,
` ru 4 . ^

�H
orj+4� s,

`

zkhuh H lv h{srqhqwldo+4, jhqhudwhv d jhrphwulf udqgrp yduldeoh1 Frpsduh

wkh h�flhqf| ri wklv jhqhudwru zlwk rqh gh�qhg e| [ @ plqiQ >XQ ? sj zkhuh

X4> X5> === duh lqghshqghqw xqlirup^3/4` udqgrp yduldeohv1

Wkh uhmhfwlrq phwkrg lv xvhixo li wkh ghqvlw| j lv frqvlghudeo| vlpsohu wkdq

i erwk wr hydoxdwh dqg wr jhqhudwh glvwulexwlrqv iurp dqg li wkh frqvwdqw f

lv forvh wr 41 Wkh qxpehu ri lwhudwlrqv wkurxjk wkh deryh orrs xqwlo d srlqw

vdwlv�hv wkh frqglwlrq kdv d jhrphwulf glvwulexwlrq zlwk sdudphwhu s @ 4@f

dqg phdq f vr zkhq f lv odujh/ wkh uhmhfwlrq phwkrg lv qrw yhu| h�hfwlyh1

Wkh Qrupdo glvwulexwlrq

Qrupdo Dssur{lpdwlrq wr wkh Srlvvrq glvwulexwlrq

Frqvlghu d udqgrp yduldeoh [ zklfk kdv wkh Srlvvrq glvwulexwlrq zlwk sd0

udphwhu � 1 Uhfdoo wkdw H+[, @ � dqg ydu+[, @ � vr VG+[, @
s
�1 Zh
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Iljxuh ;15=

zlvk wr dssur{lpdwh wkh glvwulexwlrq ri wklv udqgrp yduldeoh iru odujh ydoxhv ri

�1 Lq rughu wr suhyhqw wkh glvwulexwlrq iurp glvdsshdulqj r� wr .4/ frqvlghu

wkh vwdqgdugl}hg udqgrp yduldeoh

] @
[ � �
s
�

=

Wkhq S ^] @ }` @ S ^[ @ �. }
s
�` @ �{

{$
h�� zkhuh { @ �. }

s
� lv dq lqwhjhu1

Xvlqj Vwluolqj*v dssur{lpdwlrq {$ �
s
5�{{{h�{ dqg wdnlqj wkh olplw ri wklv

dv �$4/ zh rewdlq

�{

{$
h�� �

4s
5��

h�}
5@5

zkhuh wkh v|pero � lv wdnhq wr phdq wkdw wkh udwlr ri wkh ohiw wr wkh uljkw kdqg

vlgh dssurdfkhv 41

Wkh vwdqgdug qrupdo glvwulexwlrq

Frqvlghu d frqwlqxrxv udqgrp yduldeoh zlwk suredelolw| ghqvlw| ixqfwlrq

i+{, @
4s
5�

h�{
5@5> �4 ? { ?4

Vxfk d glvwulexwlrq zh fdoo wkh vwdqgdug qrupdo glvwulexwlrq ru wkh Q+3> 4,

glvwulexwlrq1 Wkh fxpxodwlyh glvwulexwlrq ixqfwlrq

I +}, @

] }

�4

4s
5�

h�{
5@5g{
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lv qrw rewdlqdeoh lq vlpsoh forvhg irup/ dqg uhtxluhv hlwkhu qxphulfdo dssur{l0

pdwlrq ru d wdeoh ri ydoxhv1 Wkh suredelolw| ghqvlw| ixqfwlrq i+{, lv v|pphwulf

derxw 3 dqg dsshduv urxjko| dv iroorzv=
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Iljxuh ;16= Vwdqgdug Qrupdo Suredelolw| Ghqvlw| Ixqfwlrq

H{dpsoh1

Suryh wkdw wkh lqwhjudo ri wkh vwdqgdug qrupdo suredelolw| ghqvlw| ixqfwlrq lv

41 Wkh qrupdo fxpxodwlyh glvwulexwlrq ixqfwlrq lv dv jlyhq ehorz=

Qrwh/ iru h{dpsoh wkdw I +�{, @ 4�I +{, iru doo { dqg li ] kdv d vwdqgdug

qrupdo glvwulexwlrq

S ^�4 ? ] ? 4` � =9; dqg S ^�5 ? ] ? 5` � =<8=

H{dpsoh1

Li ] � Q+3> 4, �qg S ^]5 � 6=;7` 1

Wkh Jhqhudo Qrupdo Glvwulexwlrq1

Li zh lqwurgxfh d vkliw lq wkh orfdwlrq lq wkh judsk ri wkh qrupdo ghqvlw| dv zhoo

dv d fkdqjh lq vfdoh/ wkhq wkh uhvxowlqj udqgrp yduldeoh lv ri wkh irup

[ @ �. �]> ] � Q+3> 4,

iru vrph frqvwdqwv �4 ? � ?4> � A 31
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Comparison of N(40,24) and Bin(100,.4) probs

Iljxuh ;17=

H{dpsoh1

Vkrz wkdw wkh suredelolw| ghqvlw| ixqfwlrq ri [ lv

i+{>�> �, @
4s
5��

h�+{��,
5@5�5

Li d udqgrp yduldeoh [ kdv wkh deryh qrupdo glvwulexwlrq/ zh zloo ghqrwh wklv

e| [ � Q+�> �5, 1

Prphqwv

Vkrz wkdw wkh ixqfwlrq i+{>�> �, lqwhjudwhv wr 4 dqg lv wkhuhiruh d suredelolw|

ghqvlw| ixqfwlrq1 Ilqg wkh h{shfwhg ydoxh dqg yduldqfh ri d udqgrp yduldeoh

kdylqj wkh suredelolw| ghqvlw| ixqfwlrq i+{>�> �,1

Olqhdu Frpelqdwlrqv1

Vxssrvh [4 � Q+�4> �
5
4, dqg [5 � Q+�5> �

5
5, duh lqghshqghqw udqgrp

yduldeohv1 Wkhq [4 .[5 � Q+�4 . �5> �
5
4 . �55,1

H{dpsoh1

Vxssrvh [l � Q+�> �5, duh lqghshqghqw udqgrp yduldeohv1 Zkdw lv wkh

glvwulexwlrq ri wkh vdpsoh phdq

�[q @

Sq
l@4[l

q
B
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Iljxuh ;18=

Dvvxph � @ 4 dqg �qg wkh suredelolw| S ^m �[q � �m A 3=4` iru ydulrxv ydoxhv

ri q1 Zkdw kdsshqv wr wklv suredelolw| dv q$4B

Wkh Fhqwudo Olplw Wkhruhp

Wkh pdmru uhdvrq wkdw wkh qrupdo glvwulexwlrq lv wkh vlqjoh prvw frpprqo|

xvhg glvwlexwlrq lv wkh idfw wkdw lw whqgv wr dssur{lpdwh wkh glvwulexwlrq ri

vxpv ri udqgrp yduldeohv1 Iru h{dpsoh/ li zh wkurz q glfh dqg Vq lv wkh vxp

ri wkh rxwfrphv/ zkdw lv wkh glvwulexwlrq ri VqB= Wkh wdeohv ehorz surylgh wkh

qxpehu ri zd|v lq zklfk d jlyhq ydoxh fdq eh rewdlqhg1 Wkh fruuhvsrqglqj

surededelolw| lv rewdlqhg e| glylglqj e| 9q=

q @ 4/
4 5 6 7 8 9

4 4 4 4 4 4

q @ 5>
5 6 7 8 9 : ; < 43 44 45

4 5 6 7 8 9 8 7 6 5 4

q @ 6
� e D S . H b �f �� �2 �� �e �D �S �. �H

� � S �f �D 2� 2D 2. 2. 2D 2� �D �f S � �

q @ 7
7 8 9 : ; 1 1 1

4 7 43 53 68 1 1 1

Wkh glvwulexwlrqv vkrz d vlpsoh sdwwhuq1 Iru q @ 4/ wkh suredelolw| ixqfwlrq

lv d frqvwdqw +sro|qrpldo ghjuhh 3,1 Iru q @ 5> wzr olqhdu ixqfwlrqv vsolfhg

wrjhwkhu1 Iru q @ 6 d vsolqh frqvlvwlqj ri wkuhh txdgudwlf slhfhv +sro|qrpldov ri

ghjuhh q�4,= Lq jhqhudo wkh klvwrjudp iru Vq frqvlvwv ri q slhfhzlvh sro|qrpldov

ri ghjuhh q�4 zklfk dssurdfk yhu| udslgo| wkh vkdsh ri wkh qrupdo suredelolw|

ghqvlw| ixqfwlrq1

H{dpsoh

Ohw [l @ 3 ru 4 zkhq wkh l3wk wrvv ri d eldvhg frlq lv Wdlov ru Khdgv uhvshf0

wlyho|1 Zkdw lv wkh glvwulexwlrq ri Vq @
Sq

l@4[l B Frqvlghu wkh vwdqgdugl}hg
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udqgrp yduldeoh

V�q @
Vq � qss
qs+4� s,

Dssur{lpdwh wkh glvwulexwlrq ri V�q iru odujh ydoxhv ri q1

Iluvw ohw dq lqwhjhu { � qs . }
s
qs+4� s, iru �{hg }= Wkhq dv q $ 4 /

{@q$ s> 3 ? s ? 4/ Vwluolqj*v dssur{lpdwlrq lpsolhv wkdw�
q

{

�
�

s
5�qq.4@5h�q

5�{{.4@5+q� {,q�{.4@5
�

4s
5�qs+4� s,+{

q
,{+4� {

q
,q�{

=

Dovr xvlqj wkh vhulhv h{sdqvlrq oq+4 . {, @ {� 4
5
{5 . R

�
{6
�
/ sxwwlqj � @t

s+4�s,
q

> dqg qrwlqj � $ 3 dv q$4>

oqi
s{+4� s,q�{

+{
q
,{+4� {

q
,q�{

j @ { oq+
s

s. }�
, . +q� {, oq+

4� s

4� s� }�
,

@ �{ oq+4 .
}�

s
,� +q� {, oq+4�

}�

4� s
,

@ �q+s. }�, oq+4 .
}�

s
,� q+4� s� }�, oq+4�

}�

4� s
,

@ �q+s. }�,i+
}�

s
,�

4

5
+
}�

s
,5 .R+

}�

s
,6j

�q+4� s� }�,i�+
}�

4� s
,�

4

5
+
}�

4� s
,5 .R+

}�

4� s
,6j

@ �qi}� .
}5�5

s
�
4

5

}5�5

s
� }� .

}5�5

4� s
�
4

5

}5�5

4� s
.R+�6,j

@ �
4

5
}5�5+

q

s
.

q

4� s
, .R+q�4@5,

@ �
}5

5
.R+q�4@5,

Wkhuhiruh/

S ^Vq @ {` @ S ^V�q @ }` @

�
q

{

�
s{+4� s,q�{

�
�
q

{

�
+
{

q
,{+4�

{

q
,q�{

s{+4� s,q�{

+{
q
,{+4� {

q
,q�{

�
4s

qs+4� s,

4s
5�

h�}
5@5=

Wklv lv wkh vwdqgdug qrupdo suredelolw| ghqvlw| ixqfwlrq pxowlsolhg e| wkh

glvwdqfh ehwzhhq frqvhfxwlyh ydoxhv ri V�q1 Lq rwkhu zrugv/ wklv uhvxow vd|v wkdw
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wkh duhd xqghu wkh surededelolw| klvwrjudp iru V�q iru wkh edu durxqg wkh srlqw

} fdq eh dssur{lpdwhg e| wkh duhd xqghu wkh qrupdo fxuyh ehwzhhq wkh vdph

wzr srlqwv +} 	 4

5
s
qs+4�s,

,=

Wkhruhp1

Ohw [l> l @ 4> = = = q eh lqghshqghqw udqgrp yduldeohv doo zlwk wkh vdph glvwul0

exwlrq/ dqg zlwk phdq � dqg yduldqfh �5 1 Wkhq wkh fxpxodwlyh glvwulexwlrq

ixqfwlrq ri

V�q @

Sq
l@4[l � q�s

q�

frqyhujhv wr wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri d vwdqgdug qrupdo udqgrp

yduldeoh1

Wkh surri ri wklv uhvxow zh zloo ghihu diwhu wkh glvfxvvlrq ri prphqw jhqhu0

dwlqj ixqfwlrqv1

Frqvlghu/ iru h{dpsoh/ wkh fdvh zkhuh wkh [l duh lqgshqghqw hdfk zlwk d

Ehuqrxool +s, glvwulexwlrq1 Wkhq wkh vxp
Sq

l@4[l kdv d elqrpldo glvwulexwlrq

zlwk sdudphwhuv q> s dqg wkh deryh wkhruhp dvvhuwv wkdw li zh vxewudfw wkh

phdq dqg zh glylgh e| wkh vwdqgdug ghyldwlrq ri d elqrpldo udqgrp yduldeoh/

wkhq wkh uhvxow lv dssur{lpdwho| vwdqgdug qrupdo1 Lq rwkhu zrugv/ iru odujh

ydoxhv ri q d elqrpldo udqgrp yduldeoh lv dssur{lpdwho| qrupdo +qs> qs+4�s,,1
Wr yhulli| wklv idfw/ zh sorw erwk wkh elqrpldo+433> 3=7, klvwrjudp dv zhoo dv wkh

qrupdo suredelolw| ghqvlw| ixqfwlrq ehorz1

H{dpsoh1

Xvh wkh fhqwudo olplw wkhruhp dqg wkh qrupdo dssur{lpdwlrq wr d suredelolw|

klvwurjudp wr hvwlpdwh wkh suredelolw| wkdw wkh vxp ri wkh qxpehuv rq 9 glfh

lv 531 Zkdw lv wkh h{dfw suredelolw|B

Wkh Glvwulexwlrq ri d Ixqfwlrq ri d Udqgrp Yduldeoh1

Zh kdyh vhhq wkdw li [ kdv d qrupdo glvwulexwlrq/ wkhq d olqhdu ixqfwlrq ri

[> vd| d[ . e dovr kdv d qrupdo glvwulexwlrq1 Wkh sdudphwhuv duh hdvlo|

ghwhuplqhg vlqfh H+d[ . e, @ dH+[, . e dqg ydu+d[ . e, @ d5ydu+[,=

Lv wklv wuxh ri duelwudu| ixqfwlrqv dqg jhqhudo glvwulexwlrqvB Iru h{dpsoh lv

[5 qrupdoo| glvwulexwhgB Wkh dqvzhu lq jhqhudo lv QR1 Iru h{dpsoh/ wkh

glvwulexwlrq ri [5 pxvw eh frqfhqwudwhg hqwluho| rq wkh srvlwlyh ydoxhv ri {>

zkhuhdv wkh qrupdo glvwulexwlrqv duh doo vxssruwhg rq wkh zkroh uhdo olqh +l1h1

wkh suredelolw| ghqvlw| ixqfwlrsq i+{, A 3> doo { 5 U= Lq jhqhudo/ wkh vdihvw

phwkrg iru �qglqj wkh glvwulexwlrq ri wkh ixqfwlrq ri d udqgrp yduldeoh lq wkh

frqwlqxrxv fdvh lv wr �uvw �qg wkh fxpxodwlyh glvwulexwlrq ri wkh ixqfwlrq dqg

wkhq gl�huhqwldwh wr rewdlq wkh suredelolw| ghqvlw| ixqfwlrq1
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Iljxuh ;1;=

H{dpsoh1

Ilqg wkh suredelolw| ghqvlw| ixqfwlrq ri [ @ ]5 zkhuh ] kdv d vwdqgdug

qrupdo glvwulexwlrq1

Wkhruhp

Vxssrvh d frqwlqxrxv udqgrp yduldeoh [ kdv suredelolw| ghqvlw| ixqfwlrq

i[+{,= Vkrz wkdw wkh suredelolw| ghqvlw| ixqfwlrq ri \ @ k+[, zkhuh k+=,

lv d frqwlqxrxv prqrwrqh lqfuhdvlqj ixqfwlrq zlwk lqyhuvh ixqfwlrq k�4+|, lv

i\ +|, @ i[+k
�4+|,,

g

g|
k�4+|,

Prphqw Jhqhudwlqj Ixqfwlrqv

Frqvlghu d udqgrp yduldeoh [= Zh kdyh vhhq vhyhudo zd|v ri ghvfulelqj lwv glv0

wulexwlrq/ xvlqj hlwkhu d fxpxodwlyh glvwulexwlrq ixqfwlrq/ d suredelolw| ghqvlw|

ixqfwlrq +frqwlqxrxv fdvh, ru suredelolow| ixqfwlrq ru d suredelolw| klvwrjudp

ru wdeoh +glvfuhwh fdvh,1 Zh pd| dovr xvh vrph wudqvirup ri wkh suredelolw|

ghqvlw| ru suredelolw| ixqfwlrq1 Iru h{dpsoh/ frqvlghu wkh ixqfwlrq gh�qhg e|

P[+w, @ Hhw[

gh�qhg iru doo ydoxhv ri w vxfk wkdw wklv h{shfwdwlrqv h{lvwv dqg lv �qlwh1 Wklv

ixqfwlrq lv fdoohg wkh prphqw jhqhudwlqj ixqfwlrq ri wkh +glvwulexwlrq ri wkh,
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udqgrp yduldeoh [= Lw lv d srzhuixo wrro iru ghwhplqlqj wkh glvwulexwlrq ri vxpv

ri lqghshqghqw udqgrp yduldeohv dqg iru surylqj wkh fhqwudo olplw wkhruhp1 Lq

wkh glvfuhwh fdvh zh fdq zulwhP[+w, @
S

{ h
{wS ^[ @ {` dqg lq wkh frqwlqxrxv

fdvh P[+w, @
U4
�4 h{wi+{,g{=

Surshuwlhv ri wkh Prphqw Jhqhudwlqj Ixqfwlrq

Iru wkhvh surshuwlhv zh dvvxph wkdw wkh prphqw jhqhudwlqj ixqfwlrq
h{lvwv dw ohdvw lq vrph qhljkerxukrrg ri wkh ydoxh w @ 3> vd| iru
�Y duhsvlorq ? w ? Y duhsvlorq iru vrph Y duhsvlorq A 3= Zh dovr dv0
vxph wkdw g

gw
H^[qhw[j @ H^ g

gw
[qhw[ ` iru hdfk ydoxh ri q @ 3> 4> 5> iru

�Y duhsvlorq ? w ? Y duhsvlorq= Wkh delolw| wr gl�huhqwldwh xqghu dq
lqwhjudo ru lq�qlwh vxp lv mxvwl�hg xqghu jhqhudo frqglwlrqv lqyroylqj
wkh udwh dw zklfk wkh lqwhjudo ru vhulhv frqyhujhv1

41 P 3+3, @ H+[,

51 P +q,+3, @ H+[q,> q @ 4> 5> ===

61 D prphqw jhqhudwlqj ixqfwlrq xqltxho| ghwhuplqhv d glvwulexwlrq1 Lq

rwkhu zrugv li P[+w, @ P\ +w, iru doo �Y duhsvlorq ? w ? Y duhsvlorq>

wkhq [ dqg \ kdyh wkh vdph glvwulexwlrq1

71 Pd[.e+w, @ hewP[+dw, iru frqvwdqwv d> e1

81 Li[ dqg \ duh lqghshqghqw udqgrp yduldeohv/P[.\ +w, @P[+w,P\ +w,=

H{dpsoh

Ohw [ kdyh d Elqrpldo +q> s, glvwulexwlrq1 Wkhq wkh prphqw jhqhudwlqj

ixqfwlrq ri [ lv

P[+w, @ +shw . 4� s,q=

H{dpsoh

Ohw [ kdyh d Srlvvrq+�, glvwulexwlrq1 Wkhq wkh prphqw jhqhudwlqj
ixqfwlrq ri [ lv

P[+w, @ h{si�+hw � 4,j=

H{dpsoh

Ohw [ kdyh dq h{srqhqwldo glvwulexwlrq zlwk phdq �1 Wkhq wkh prphqw

jhqhudwlqj ixqfwlrq ri [ lv

P[+w, @
4

4� �w
iru w ? 4@�=



;181 FRQWLQXRXV GLVWULEXWLRQV 556

H{dpsoh

Ohw [ kdyh d Qrupdo +�> �5, glvwulexwlrq1 Wkhq wkh prphqw jhqhudwlqj

ixqfwlrq ri [ lv

P[+w, @ h{si�w. �5w5@5j=

Xvh wklv wr vkrz wkdw wkh vxp ri lqghshqghqw qrupdo udqgrp yduldeohv lv dovr

qrupdoo| glvwulexwhg1

Prphqw jhqhudwlqj ixqfwlrqv duh xvhixo iru vkrzlqj wkdw d vhtxhqfh ri fx0

pxodwlyh glvwulexwlrq ixqfwlrqv frqyhujh ehfdxvh ri wkh iroorzlqj uhvxow/ vwdwhg

zlwkrxw surri1 Wkh uhvxow lpsolhv wkdw frqyhujhqfh ri wkh prphqw jhqhudw0

lqj ixqfwlrqv fdq eh xvhg wr vkrz frqyhujhqfh ri wkh fxpxodwlyh glvwulexwlrq

ixqfwlrqv + l1h1 frqyhujhqfh ri wkh glvwulexwlrqv,1

Wkhruhp

Vxssrvh ]q v d vhtxhqfh ri udqgrp yduldeohv zlwk prphqw jhqhudwlqj ixqfwlrqv

Pq+w,= Ohw ] eh d udqgrp yduldeoh ] kdylqj prphqw jhqhudwlqj ixqfwlrqP+w,=

Li Pq+w,$P+w, iru doo w lq d qhljkerxukrrg ri 3> wkhq

S ^]q � }`$ S ^] � }`

dv q$4 iru doo ydoxhv ri } dw zklfk wkh ixqfwlrq I]+}, lv frqwlqxrxv1

Surri ri wkh Fhqwudo Olplw Wkhruhp

Zh qrz xvh wkh surshuwlhv ri wkh prphqw jhqhudwlqj ixqfwlrq wr suryh wkh

fhqwudo olplw wkhruhp> l1h1 wkdw wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri V�q @S
q
l@4[l�q�s

q�
frqyhujhv wr wkh f1g1i1 ri wkh vwdqgdug qrupdo glvwulexwlrq dv

q$4= Qrwh wkdw V�q @
4s
q
[�
l zkhuh [�

l @ +[l��,@� dqg vr lw lv vx�flhqw

wr suryh wklv uhvxow iru vwdqgdugl}hg udqgrp yduldeohv zlwk phdq 3 dqg yduldqfh

41 Lq wklv fdvh/ e| wkh deryh wkhruhp/ lw lv vx�flhqw wr vkrz wkdw wkh prphqw

jhqhudwlqj ixqfwlrq ri V�q frqyhujhv wr wkh prphqw jhqhudwlqj ixqfwlrq ri wkh

vwdqgdug qrupdo/ l11h wr p+w, @ hw
5@5= Qrz ohw Oq+w, eh wkh orjdulwkp ri wkh

prphqw jhqhudwlqj ixqfwlrq

Oq+w, @ oq^Pq+w,` @ oq^HhV
�

q
w`

dqg

O+w, @ oq^P+w,` @ oq^Hh[
�w`

Qrwh wkdw

Oq+w, @ qO+w@
s
q,

dqg wkdw
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41 O+3, @ 3

51 O3+3, @ 3

61 O33+3, @ 4

Wkhq

olp
q$4

Oq+w, @ olp
q$4

O+w@
s
q,@+q�4,

@ olp
q$4

�O3+w@
s
q,q�6@5w

�5q�5
e| O*Krvslwdo*v uxoh

@ olp
q$4

O3+w@
s
q,w

5q�4@5

@ olp
q$4

�O
33

+w@
s
q,q�6@5w5

�5q�6@5
e| O*Krvslwdo*v uxoh

@ olp
q$4

O
33

+w@
s
q,
w5

5

@
w5

5

Lw iroorzv rq h{srqhqwldwlqj wkdw Pq+w, frqyhujhv wr hw
5@5 zklfk lv wkh

Q+3> 4, prphqw jhqhudwlqj ixqfwlrq dqg wkhuhiruh wkh fxpxodwlyh glvwulexwlrq
ixqfwlrq ri V�q frqyhujhv wr wkh qrupdo fxpxodwlyh glvwulexwlrq ixqfwlrq srlqw0
zlvh +vlqfh wkh odwwhu f1g1i1 lv frqwlqxrxv hyhu|zkhuh,1

?�+ 
��������� �
�������

D Vwrfkdvwlf surfhvv lv dq lqgh{hg idplo| ri udqgrp yduldeohv [w iru w udqjlqj
ryhu vrph lqgh{ vhw W vxfk dv wkh lqwhjhuv ru dq lqwhuydo ri wkh uhdo olqh1 Iru
h{dpsoh d vhtxhqfh ri lqghshqghqw udqgrp yduldeohv lv d vwrfkdvwlf surfhvv/
dv lv d Pdunry fkdlq1 Iru dq h{dpsoh ri d frqwlqxrxv wlph vwrfkdvwlf surfhvv/
gh�qh [w wr eh wkh sulfh ri d vwrfn dw wlph w +dvvxplqj wudglqj rffxuv
frqwlqrxvo| ryhu wlph,1

Pdunry Fkdlqv

Frqvlghu d vhtxhqfh ri +glvfuhwh, udqgrp yduldeohv [4> [5> = = = hdfk ri zklfk
wdnhv lqwhjhu ydoxhv 4> 5> = = = Q +fdoohg vwdwhv,1 Zh dvvxph wkdw iru d fhuwdlq
pdwul{ S +fdoohg wkh wudqvlwlrq suredelolw| pdwul{ ,/ wkh frqglwlrqdo suredelolwlhv
duh jlyhq e| fruuhvsrqglqj hohphqwv ri wkh pdwul{> l1h1

S ^[q.4 @ mm[q @ l` @ Slm> l @ 4> = = = Q> m @ 4> = = = Q
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dqg ixuwkhupruh wkdw wkh fkdlq rqo| fduhv derxw wkh odvw vwdwh rffxslhg lq
ghwhuplqlqj lwv ixwxuh> l1h1 wkdw

S ^[q.4 @ mm[q @ l> [q�4 @ l4>[q�5 @ l5===[q�o @ lo` @ S ^[q.4 @ mm[q @ l` @ Slm

iru doo m> l> l4> l5> = = = 1 Wkhq wkh vhtxhqfh ri udqgrp yduldeohv [q lv fdoohg
d Pdunry Fkdlq1 Pdunry Fkdlq prghov duh wkh prvw frpprq vlpsoh prghov
iru ghshqghqw yduldeohv/ lqfoxglqj zhdwkhu +suhflslwdwlrq/ whpshudwxuh,/ pryh0
phqwv ri vhfxulw| sulfhv hwf1

Surshuwlhv ri wkh Wudqvlwlrq Pdwul{ S

Qrwh wkdw Slm � 3 iru doo l> m dqg
S

m Slm @ 4 iru doo l= Wklv odvw surshuw|
lpsolhv wkdw wkh Q �Q pdwul{ S � L +zkhuh L lv wkh lghqwlw| pdwul{, kdv
udqn dw prvw Q � 4 ehfdxvh wkh vxp ri wkh Q froxpqv ri S � L lv lghqwlfdoo|
31

H{dpsoh1 Udlq0Qr udlq

Vxssrvh wkdw wkh suredelolw| wkdw wrpruurz lv udlq| jlyhq wkdw wrgd| lv qrw lv
� dqg wkh suredelolw| wkdw wrpruurz lv gu| jlyhq wkdw wrgd| lv udlq| lv �=

H{dpsoh1 Jdpeohu*v Uxlq

D jdpeohu dw hdfk sod| ri d jdph hlwkhu zlqv '4 ru orvhv '4 lwk suredelolwlhv s>
40s uhvshfwlyho|1 Wkh jdpeohu txlwv sod|lqj zkhq klv iruwxqh uhdfkhv hlwkhu 3
ru P= Wkhq wkh wrwdo iruwxqh ri wkh jdpeohu dw wlph w iroorzv d Pdunry fkdlq1
Zkdw lv wkh wudqvlwlrq suredelolw| pdwul{B

Wkh glvwulexwlrq ri [w

Vkrz wkdw li wkh fkdlq lv vwduwhg e| udqgrpo| fkrrvlqj d vwdwh iru [3 zlwk
glvwulexwlrq S ^[3 @ l` @ tl> l @ 4> 5> = = = Q / wkhq wkh glvwulexwlrq ri [4 lv
wkh yhfwru t3S zkhuh t lv wkh froxpq yhfwru ri ydoxhv tl1 Vlploduo| wkh
glvwulexwlrq ri [w lv wkh yhfwru t3S w zkhuh S w lv wkh surgxfw ri wkh pdwul{
S zlwk lwvhoi w wlphv1 Xqghu yhu| jhqhudo frqglwlrqv/ lw fdq eh vkrzq wkdw
wkhvh suredelolwlhv frqyhujh dqg lq pdq| vxfk fdvhv/ wkh olplw grhv qrw ghshqg
rq wkh lqlwldo glvwulexwlrq t=

Gh�qlwlrq

D olplwlqj glvwulexwlrq ri d Pdunry fkdlq lv d yhfwru +� vd|, ri orqj uxq sure0
delolwlhv ri wkh lqglylgxdo vwdwhv vr

�l @ olpw$4S ^[w @ l`=
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Gh�qlwlrq

D vwdwlrqdu| glvwulexwlrq ri d Pdunry fkdlq lv wkh froxpq yhfwru +� vd|, ri
suredelolwlhv ri wkh lqglylgxdo vwdwhv vxfk wkdw

�3S @ �31

Wkhruhp

Dq| olplwlqj glvwulexwlrq ri d Pdunry Fkdlq pxvw eh d vwdwlrqdu| glvwulexwlrq1
%�����
Qrwh wkdw �3 @ olpq$4 t3Sq @ olpq$4+t3Sq,S @ +olpq$4 t3Sq,S @ �3S=

H{dpsoh

Frqvlghu d Pdunry fkdlq zlwk wudqvlwlrq suredelolw| pdwul{

S @

�
=< =4
=5 =;

�

Ilqg olpw$4S w dqg wkh olplwlqj glvwulexwlrq ri wkh Pdunry fkdlq1 Vkrz
wkdw lq jhqhudo iru d 5 � 5 wudqvlwlrq pdwul{/ wkh vwdwlrqdu| glvwulexwlrq lv
sursruwlrqdo wr +S54> S45,=

H{dpsoh= Elqdu| lqirupdwlrq=

Vxssrvh wkdw [4> [5> = = = lv d vhtxhqfh ri elqdu| lqirupdwlrq +Ehuqrxool udqgrp
yduldeohv, wdnlqj ydoxhv hlwkhu 3 ru 41 Vxssrvh wkdw wkh suredelolw| wkdw d 3 lv
iroorzhg e| d 4 lv s dqg wkh suredelolw| wkdw d 4 lv iroorzhg e| d 3 lv jlyhq e| t
zkhuh 3 ? s> t ? 41 Ilqg wkh wudqvlwlrq pdwul{ iru wkh Pdunry fkdlq dqg wkh
orqj uxq sursruwlrq ri }hurv lq wkh vhtxhqfh1

Zkhq lv wkh olplwlqj glvwulexwlrq ri d Pdunry fkdlq xqltxh dqg lqghshqghqw
ri wkh lqlwldo vwdwh ri wkh fkdlqB

Gh�qlwlrq= luuhgxfleoh/ dshulrglf

Zh vd| wkdw d Pdunry fkdlq lv luuhgxfleoh li hyhu| vwdwh fdq eh uhdfkhg iurp
hyhu| rwkhu vwdwh1 Lq rwkhu zrugv iru hyhu| sdlu l> m wkhuh lv vrph p vxfk wkdw

Sp
l>m A 31 Zh vd| wkdw wkh fkdlq lv dshulrglf li jfgiQ >S

+Q,
ll A 3j @ 41 Iru

d shulrglf fkdlq +l1h1 rqh zlwk shulrgA4, uhwxuqv wr d vwdwh fdq rffxu rqo| dw

pxowlsohv ri wkh shulrg jfgiQ >S
+Q,
ll A 3j=

Wkhruhp

Li d Pdunry fkdlq lv luuhgxfleoh dqg dshulrglf/ wkhq wkhuh h{lvwv d xqltxh olplwlqj
glvwulexwlrq �1 Lq wklv fdvh Sq $ �34

�
wkh pdwul{ zkrvh urzv duh doo lghqwlfdoo|

�3 dv q$4=
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Jhqhudwlqj Ixqfwlrqv1

Gh�qlwlrq= Jhqhudwlqj ixqfwlrq

Ohw d3> d4> d5> = = = eh d �qlwh ru lq�qlwh vhtxhqfh ri uhdo qxpehuv1 Vxssrvh wkh
srzhu vhulhv

D+w, @
4[
l@3

dlw
l

frqyhujhv iru doo � � ? w ? � iru vrph ydoxh ri � A 31 Wkhq zh vd| wkdw wkh
vhtxhqfh kdv d jhqhudwlqj ixqfwlrq D+w,1

Qrwh1 Hyhu| erxqghg vhthqfh kdv d jhqhudwlqj ixqfwlrq vlqfh wkh vhulhvS4
l@3 w

l frqyhujhv zkhqhyhu mwm ? 41 Wkxv/ glvfuhwh suredelolw| ixqfwlrqv kdyh
jhqhudwlqj ixqfwlrqv1 Wkh jhqhudwlqj ixqfwlrq ri d udqgrp yduldeoh [ ru lwv
dvvrfldwhg suredelolw| ixqfwlrq i[+{, @ S ^[ @ {` lv jlyhq e|

I[+w, @
[
{

i[+{,w
{ @ H+w[,=

Qrwh wkdw li wkh udqgrp yduldeoh kdv �qlwh h{shfwhg ydoxh/ wkhq wklv frqyhujhv
rq wkh lqwhuydo w 5 ^�4> 4`1

Wkh mr| ri jhqhudwlqj ixqfwlrqv lv wkdw wkh| surylgh d wudqvirup ri wkh
ruljlqdo glvwulexwlrq wr d vsdfh zkhuh pdq| rshudwlrqv duh pdgh pxfk hdvlhu1
Zh zloo jlyh h{dpsohv ri wklv odwhu1 Wkh prvw lpsruwdqw vlqjoh surshuw| lv
wkdw wkh| duh lq rqh0rqh fruuhvsrqghqfh zlwk glvwulexwlrqv vxfk wkdw wkh vhulhv
frqyhujhv> iru hdfk glvwulexwlrq wkhuh lv d xqltxh jhqhudwlqj ixqfwlrq dqg iru
hdfk jhqhudwlqj ixqfwlrq wkhuh lv d xqltxh glvwulexwlrq1

Dv d frqvhtxhqfh ri wklv uhsuhvhqwdwlrq dqg wkh iroorzlqj wkhruhp zh fdq
xvh jhqhudwlqj ixqfwlrqv wr ghwhuplqh glvwulexwlrqv wkdw zrxog rwkhuzlvh eh
gl�fxow wr lghqwli|1

Wkhruhp

Vxssrvh d udqgrp yduldeoh [ kdv jhqhudwlqj ixqfwlrq I[+w, dqg \ kdv
jhqhudwlqj ixqfwlrq I\ +w,= Vxssrvh wkdw [ dqg \ duh lqghshqghqw1 Wkhq wkh
jhqhudwlqj ixqfwlrq ri wkh udqgrp yduldeoh Z @ [.\ lv IZ +w, @ I[+w,I\ +w,1

H{dpsoh

Ilqg wkh glvwulexwlrqv wkdw fruuhvsrqgv wr wkh iroorzlqj jhqhudwlqj ixqfwlrqv=
+d, I+w, @ w

6�5w
+e, I+w, @ h�+w�4,

H{dpsoh

Ilqg wkh jhqhudwlqj ixqfwlrq ri wkh Elqrpldo +q> s, glvwulexwlrq1 Vxssrvh [4

dqg [5 duh lqghshqghqw udqgrp yduldeohv/ erwk zlwk wklv elqrpldo glvwulexwlrq1
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Ilqg wkh glvwulexwlrq ri Z @ [4 . [51 Qrwlfh wkdw zkhqhyhu d Prphqw
jhqhudwlqj ixqfwlrq h{lvwv/ zh fdq uhfryhu wkh jhqhudwlqj ixqfwlrq iurp lw e|
uhsodflqj hw e| w=

H{dpsoh1

Rqh ri vl{ gh�huhqw ydulhwlhv ri frxsrqv lv sodfhg lq hdfk er{ ri fhuhdo1 Ilqg
wkh glvwulexwlrq ri wkh qxpehu ri fhuhdo er{hv |rx qhhg wr ex| wr rewdlq doo vl{
frxsrqv1 +Dqvzhu= wkh +suredelolw|, jhqhudwlqj ixqfwlrq ri wkh qxpehu lv

8$w9

+9� w,+9� 5w,+9� 6w,+9� 7w,+9� 8w,

@ 8
657

w9 . 58
97;

w: . 4:8
5<49

w; . ;:8
44 997

w< . 44 8;8
46<<9;

w43 . ;:8
43 69;

w44 .R
�
w45
�

dqg wklv h{sdqvlrq dv d srzhu vhulhv surylghv wkh suredelolwlhv,

Wkh Srlvvrq Surfhvv1

Rqh ri wkh vlpsohvw frqwlqxrxv wlph vwrfkdvwlf surfhvvhv lv wkh Srlvvrq Surfhvv1
Vxssrvh Qw ghqrwhv wkh wrwdo qxpehu ri duulydov lqwr d v|vwhp +vxfk dv wkh
qxpehu ri fxvwrphuv duulylqj dw d txhxh, xqwloo wlph w 1 Qrwh wkdw wkh qxpehu
ri duulydov lq wlph lqwhuydo +d> e` lv wkhq Qe � Qd1 Dvvxph wkh iroorzlqj
surshuwlhv>

+d, Wkh suredelolw| ri h{dfwo| rqh duulydo lq d vpdoo lqwhuydo ri ohqjwk �w lv
��w. r+�w,1 +Qrwh wkdw wkh suredelolw| grhv qrw ghshqg rq zkhuh wkh lqwhuydo
lv/ rqo| rq lwv ohqjwk,1

+e, Wkh suredelolw| ri wzr ru pruh duulydov lq dq lqwhuydo ri ohqjwk �w lv
r+�w, zkhuh e| gh�qlwlrq ri wkh r qrwdwlrq/ r+�w,@�w$ 3 dv �w$ 3=

+f, Iru glvmrlqw lqwhuydov Ll @ +dl> el` +vr Ll _ Lm @ !> l 9@ m,/ wkh qxpehu
ri duulydov lq wkhvh lqwhuydov \l @ Qel �Qdl duh pxwxdoo| lqghshqghqw udqgrp
yduldeohv1

Wkhruhp1

Xqghu wkh deryh frqglwlrqv/ +d,0+f,/ wkh glvwulexwlrq ri wkh surfhvv Qw> w 5 W

lv wkdw ri d Srlvvrq surfhvv1 Wklv phdqv wkdw wkh qxpehu ri duulydov Qe �Qd

lq dq lqwhuydo +d> e` kdv d Srlvvrq glvwulexwlrq zlwk sdudphwhu �+e � d, @
��wkh ohqjwk ri wkh lqwhuydo/ dqg wkh qxpehu ri duulydov lq glvmrlqw wlph lqwhuydov
duh lqghshqghqw udqgrp yduldeohv1 Wkh sdudphwhu � vshfl�hv wkh udwh ri wkh
Srlvvrq surfhvv1

H{dpsoh1

41 +d, +d, Vkrz wkdw li Q+w, lv d Srlvvrq surfhvv dqg W4> W5> ==== duh wkh
wlphv ri wkh �uvw hyhqw/ dqg wkh wlph ehwzhhq wkh �uvw dqg vhfrqg
hyhqwv/ hwf1 wkhq W4> W5> === duh lqghshqghqw udqgrp yduldeohv/ hdfk
zlwk dq h{srqhqwldo glvwulexwlrq zlwk h{shfwhg ydoxh 4@�=
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+e, Vkrz wkdw li W4> W5> === Wq duh lqghshqghqw udqgrp yduldeohv hdfk
zlwk dq h{srqhqwldo +4, glvwulexwlrq/ wkhq wkh vxp

Sq

l@4 Wl kdv d
+jdppd, suredelolw| ghqvlw| ixqfwlrq

i+{, @
4

+q� 4,$
{q�4h�{> { A 3=

H{dpsoh1

Vxssrvh hphujhqf| fdoov wr <44 iroorz d Srlvvrq surfhvv zlwk dq dyhudjh ri 43
fdoov shu krxu1 Zkdw lv wkh suredelolw| wkdw wkhuh duh qr fdoov lq d �yh plqxwh
shulrgB Zkdw lv wkh suredelolw| wkdw wkhuh duh pruh wkdq 433 fdoov lq dq ;0krxu
vkliwB Jlyhq wkdw wkhuh duh 8 fdoov lq wkh �uvw krxu/ zkdw lv wkh suredelolw| wkdw
wkh �uvw fdoo rffxuuhg lq wkh �uvw { plqxwhvB

Srlvvrq Surfhvv lq vsdfh1

Lq dq dqdorjrxv zd| zh pd| gh�qh d Srlvvrq surfhvv lq vsdfh dv d glvwulexwlrq
jryhuqlqj wkh rffxuuhqfh ri udqgrp srlqwv zlwk wkh surshuwlhv lqglfdwhg deryh>
Wkh qxpehu ri srlqwv lq d jlyhq vhw V kdv d Srlvvrq glvwulexwlrq zlwk sdudphwhu
� � mVm zkhuh mVm lv wkh duhd ru yroxph ri wkh vhw/ dqg li \4> \5> === duh
wkh qxpehu ri srlqwv rffxuulqj lq glvmrlqw vhwv V4> V5> = = = / wkh| duh pxwxdoo|
lqghshqghqw udqgrp yduldeohv1

H{dpsoh

Edfwhuld duh lpphuvhg lq frqwdplqdwhg zdwhu dw d udwh ri � shu qdqrolwuh +qrwh=
4 qdqrolwuh @ 43�< olwuhv,1 Zkdw lv wkh suredelolw| wkdw wkhuh duh qr edfwhuld
lq d vdpsoh ri 4 po1 li � @ 43�6B Zkdw lv wkh suredelolw| ri pruh wkdq 4533
edfwhuld lq 4 po li � @ 43�6B

?�, ����������� )*	�������� ��� ��
��������

?�,�� ����������� )*	���������

Wkhruhp1

Ohw J � I eh vljpd0dojheudv dqg [ d udqgrp yduldeoh rq +
>I > S , 1 Dvvxph
H+[5, ? 4 1 Wkhq wkhuh h{lvwv dq doprvw vxuho| xqltxh J0phdvxudeoh \

vxfk wkdw

H^+[ � \ ,5` @ lqi]H+[ � ],5 +9=4,

zkhuh wkh lq�pxp lv ryhu doo J0phdvxudeoh udqgrp yduldeohv1 Qrwh1 Zh ghqrwh
wkh plqlpl}lqj \ e| H+[mJ,1

Iru wzr vxfk plqlpl}lqj \4> \5 / l1h1 udqgrp yduldeohv \ zklfk vdwlvi|
+914,/ zh kdyh S ^\4 @ \5` @ 4 1 Wklv lpsolhv wkdw frqglwlrqdo h{shfwdwlrq lv
doprvw vxuho| xqltxh1
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H{dpsoh1

Vxssrvh J @ i*>
j 1 Zkdw lv H+[mJ,B

H{dpsoh1

Vxssrvh J @ i*>D>Df>
j iru vrph hyhqw D1 Zkdw lv H+[mJ,B Frqvlghu
wkh vshfldo fdvh= [ @ LE 1

H{dpsoh1

Vxssrvh 
 @ +3> 4` dqg wkh ixqfwlrq [+$, lv Eruho phdvxudeoh1 Dvvxph wkdw
J lv jhqhudwhg e| wkh lqwhuydov + m�4

q
> m
q
` iru m @ 4> 5> ====> q1 Zkdw lv H+[mJ,B

Surshuwlhv ri Frqglwlrqdo H{shfwdwlrq1

+d, Li d udqgrp yduldeoh [ lv J0phdvxudeoh/ H+[mJ, @ [ 1

+e, Li d udqgrp yduldeoh [ lqghshqghqw ri d vljpd0dojheud J / wkhq
H+[mJ, @ H+[, 1

+f, Iru dq| vtxduh lqwhjudeoh J0phdvxudeoh ]/ H+][, @ H^]H+[mJ,`1

+g, +vshfldo fdvh ri +f,,=
U
D
[gS @

U
D
H+[mJ`gS iru doo D 5 J1

+h, H+[, @ H^H+[mJ,` 1

+i, Li d J0phdvxudeoh udqgrp yduldeoh ] vdwlv�hv H^+[ � ],\ ` @ 3 iru
doo rwkhu J0phdvxudeoh udqgrp yduldeohv \ / wkhq ] @ H+[mJ,1

+j, Li \4> \5 duh glvwlqfw J�phdvxudeoh udqgrp yduldeohv erwk plqlpl}lqj
H+[ � \ ,5 / wkhq S +\4 @ \5, @ 41

+k, Dgglwlyh H+[ . \ mJ, @ H+[mJ, . H+\ mJ,1

Olqhdulw| H+f[ . gmJ, @ fH+[mJ, . g1

+l, Li ] lv J�phdvxudeoh/ H+][mJ, @ ]H+[mJ, d1v1

+m, Li K � J duh vljpd0dojheudv/ H^H+[mJ,mK` @ H+[mK, 1

+n, Li [ � \ / H+[mJ, � H+\ mJ, d1v1

+o, Frqglwlrqdo Ohehvjxh Grplqdwhg Frqyhujhqfh1 Li [q $ [ d1v1 dqg
m[qm � \ iru vrph lqwhjudeoh udqgrp yduldeoh \ / wkhq H+[qmJ, $
H+[mJ, lq glvwulexwlrq

Qrwhv1 Lq jhqhudo/ zh gh�qh H+[m], @ H+[m�+],, dqg frqglwlrqdo
yduldqfh ydu+[mJ, @ Hi+[ � H+[mJ,,5mJj1 Iru uhvxowv frqqhfwhg
zlwk surshuw| +o, deryh surylglqj frqglwlrqv xqghu zklfk wkh frqglwlrqdo
h{shfwdwlrqv frqyhujh/ vhh Frqyhujhqfh lq glvwulexwlrq ri frqglwlrqdo h{0
shfwdwlrqv/ +4<<7, H1P1 Jrjjlq/ Dqq1 Sure 55/ 51 43<:044471
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Frqglwlrqdo H{shfwdwlrq iru lqwhjudeoh udqgrp yduldeohv1

Iru qrq0qhjdwlyh lqwhjudeoh [ fkrrvh vlpsoh udqgrp yduldeohv [q % [ 1
Wkhq H+[qmJ, % dqg vr lw frqyhujhv1 Gh�qh H+[mJ, wr eh wkh olplw1
Lq jhqhudo/ iru udqgrp yduldeohv wdnlqj srvlwlyh dqg qhjdwlyh ydoxhv/ zh gh�qh
H+[mJ, @ H+[.mJ,�H+[�mJ,1

?�,� ��
���������

Lqwxlwlyho|/ d pduwlqjdoh lv wkh wrwdo iruwxqh ri dq lqglylgxdo sduwlflsdwlqj lq
d _idlu jdph%1 Lq rughu wr eh idlu/ wkh h{shfwhg ydoxh ri rqh*v ixwxuh iruwxqh
jlyhq wkh klvwru| ri wkh surfhvv xs wr dqg lqfoxglqj wkh suhvhqw vkrxog eh htxdo
wr rqh*v suhvhqw zhdowk1 Vxssrvh wkh iruwxqh dw wlph v lv ghqrwhg [v 1 Wkh
fxuuhqw surfhvv dqg dq| rwkhu uhodwhg surfhvvhv xs wr wlph v jhqhudwh d vljpd0
dojheud Iv 1 Wkhq wkh dvvhuwlrq wkdw wkh jdph lv idlu lpsolhv H+[wmIv, @ [v

iru w A v1

Gh�qlwlrq1

i+[w>Iw,> w 5 Wj lv d pduwlqjdoh li

+d, Iw lv lqfuhdvlqj +lq w, idplo| ri vljpd0dojheudv

+e, Hdfk [w lv Iw� phdvxudeoh dqg Hm[wm ?41

+f, Iru hdfk v ? w> v> w 5 W / H+[wmIv, @ [v d1v1

H{dpsoh1

Vxssrvh ]w duh lqghshqghqw udqgrp yduldeohv zlwk h{shfwdwlrq 31 Gh�qh
Iw @ �+]4> ]5> = = = ]w, dqg Vw @

Sw

l@4]l 1 Wkhq i+Vw>Iw,> w @ 4> 5> ====j
lv d pduwlqjdoh1

H{dpsoh1

Ohw [ eh dq| lqwhjudeoh udqgrp yduldeoh/ dqg Iw dq lqfuhdvlqj idplo| ri
vljpd0dojheudv1 Sxw [w @ H+[mIw, 1 Wkhq +[w>Iw, lv d pduwlqjdoh1

Gh�qlwlrq1

i+[w>Iw,> w 5 Wj lv d uhyhuvh pduwlqjdoh li

+d, Iw lv ghfuhdvlqj +lq w, idplo| ri vljpd0dojheudv1

+e, Hdfk [w lv Iw� phdvxudeoh dqg Hm[wm ?41

+f, Iru hdfk v ? w> v> w 5 W / H+[vmIw, @ [w d1v1
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H{dpsoh1

Ohw [ eh dq| lqwhjudeoh udqgrp yduldeoh/ Iw eh dq| ghfuhdvlqj idplo| ri
vljpd0dojheudv1 Sxw [w @ H+[mIw, 1 Wkhq +[w>Iw, lv d uhyhuvh pduwlqjdoh1

Gh�qlwlrq1

i+[w>Iw,> w 5 Wj lv d vxe +vxshu, pduwlqjdoh li

+d, Iw lv lqfuhdvlqj +lq w, idplo| ri vljpd0dojheudv1

+e, Hdfk [w lv Iw� phdvxudeoh dqg Hm[wm ?41

+f, Iru hdfk v ? w> v> w 5 W / H+[wmIv, � +�, [v d1v1

H{dpsoh1

Ohw \l eh lqghshqghqw lghqwlfdoo| glvwulexwhg/ Iq @ �+\+4,> ===> \+q,> \q.4> \q.5> ===, /
zkhuh +\+4,> ===> \+q,, ghqrwh wkh rughu vwdwlvwlfv1 Wkhq Iq lv d ghfuhdvlqj idp0

lo| ri vljpd �hogv dqg �\q @ 4
q

Sq

l@4 \l @ H+\4mIq, lv d uhyhuvh pduwlqjdoh1

Gh�qlwlrq1

D udqgrp yduldeoh � lv d +rswlrqdo, vwrsslqj wlph iru d pduwlqjdoh +[w>Iw,
li iru hdfk w / ^� � w` 5 Iw 1

Gh�qlwlrq1

Iru dq rswlrqdo vwrsslqj wlph � gh�qh

I� @ iD 5 I >D _ ^� � w` 5 Iw> iru doo wj=

Wkhq wklv lv d vljpd0dojheud1

Wkhruhp1

Li +[w>Iw, w @ 4> 5> = = = q lv d +vxe, pduwlqjdoh dqg �> � duh vwrsslqj wlphv
zlwk ydoxhv lq i4> ==> qj / vxfk wkdw � � � / wkhq

H+[�mI�, +�, @ [�

+Vxe,pduwlqjdoh Frqyhujhqfh Wkhruhp1

Ohw +[q>Iq,> q @ 4> 5> = = = eh d vxepduwlqjdoh vxfk wkdw olp vxsq$4 Hm[qm ? 4 1
Wkhq wkhuh lv d +�qlwh, udqgrp yduldeoh [ vxfk wkdw [q $ [ d1v1
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Uhyhuvh pduwlqjdoh frqyhujhqfh Wkhruhp1

Li +[q>Iq,> q @ 4> 5> = = = lv d uhyhuvh pduwlqjdoh/

[q $ H+[4m _4q@4 Iq, d=v=

?�,�! ��
�������� ��� �������

Ohw V+w, ghqrwh wkh sulfh ri d vhfxulw| dw wkh ehjlqqlqj ri shulrg w @ 3> 4> 5> ===W 1
Zh dvvxph wkdw wkh vhfxulw| sd|v qr glylghqgv1 Gh�qh wkh +fxpxodwlyh, uhwxuqv

surfhvv dvvrfldwhg zlwk wklv vhfxulw| e| UV zkhuh

�UV+w, @ UV+w,�UV+w� 4, @
�V+w,

V+w� 4,
@
V+w,� V+w� 4,

V+w� 4,
> UV+3, @ 3=

Wkhq 433�UV+w,( lv wkh shufhqwdjh uhwxuq lq dq lqyhvwphqw lq wkh vwrfn lq wkh
w� 43vw shulrg1 Wkh uhwxuqv surfhvv lv d pruh qdwxudo fkdudfwhulvdwlrq ri vwrfn
sulfhv wkdq wkh ruljlqdo vwrfn sulfh surfhvv vlqfh lw lv lqyduldqw xqghu duwl�fldo
vfdoh fkdqjhv vxfk dv vwrfn vsolwv hwf1 Qrwh wkdw zh fdq zulwh wkh vwrfn sulfh lq
whupv ri wkh uhwxuqv surfhvv>

V+w, @ V+3,
w\

l@4

+4 .�UV+l,,=

Qrz frqvlghu dqrwkhu vhfxulw|/ d ulvnohvv glvfrxqw erqg zklfk sd|v qr frxsrqv1
Dvvxph wkdw wkh sulfh ri wklv erqg dw wlph w lv E+w,> E+3, @ 4 dqg UE+w,
lv wkh uhwxuq surfhvv dvvrfldwhg zlwk wklv erqg1 Wkhq �UE+w, @ u+w, lv wkh
lqwhuhvw udwh sdlg ryhu wkh w� 4*vw shulrg1 Lw lv xvxdo wkdw wkh lqwhuhvw sdlg ryhu
wkh w�4vw shulrg vkrxog eh ghfoduhg lq dgydqfh/ l1h1 dw wlph w�4 vr wkdw li V+w,
lv dgdswhg wr d �owudwlrq Iw/ wkhq u+w, lv suhglfwdeoh/ l1h1 lv Iw�4�phdvxudeoh1
Wkh glvfrxqwhg vwrfn sulfh surfhvv lv wkh surfhvv jlyhq e|

V�+w, @ V+w,@E+w,=

Frqvlghu d wudglqj vwudwhj| ri wkh irup +�+w,> �+w,, uhsuhvhqwlqj wkh wrwdo
qxpehu ri vkduhv ri erqgv dqg vwrfnv uhvshfwlyho| khog dw wkh ehjlqqlqj ri wkh
shulrg +w � 4> w,1 Vlqfh rxu lqyhvwphqw vwudwhj| pxvw eh ghwhuplqhg e| xvlqj
rqo| wkh suhvhqw dqg wkh sdvw ydoxhv ri wklv dqg uhodwhg surfhvvhv/ erwk �+w, dqg
�+w, duh suhglfwdeoh surfhvvhv1 Wkhq wkh ydoxh ri rxu lqyhvwphqw dw wlph w� 4
lv Yw�4 @ �+w,E+w�4,.�+w,V+w�4, dqg dw wkh hqg ri wklv shulrg/ wklv fkdqjhv
wr �+w,E+w,.�+w,V+w, zlwk wkh gl�huhqfh �+w,�E+w,.�+w,�V+w, uhsuhvhqwlqj
wkh jdlq ryhu wklv shulrg1 Dq lqyhvwphqw vwudwhj| lv vhoi0�qdqflqj li wkh ydoxh
diwhu uhedodqflqj wkh sruwirolr lv wkh ydoxh ehiruh0 l1h1 li doo lqyhvwphqwv duh
sdlg iru e| wkh deryh jdlqv1 Lq rwkhu zrugv li Yw @ �+w,E+w, . �+w,V+w, iru
doo w1 Dq duelwudjh rssruwxqlw| lv d wudglqj vwudwhj| wkdw pdnhv prqh| zlwk qr
lqlwldo lqyhvwphqw> l1h1 rqh vxfk wkdw Y3 @ 3> Yw � 3 iru doo w @ 4> = = = W dqg
H+YW , A 31 Wkh edvlf wkhruhp ri qr0duelwudjh sulflqj lv wkh iroorzlqj=
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Wkhruhp

Wkhuh duh qr duelwudjh rssruwxqlwlhv lq wkh deryh hfrqrp| li dqg rqo| li wkhuh
lv d phdvxuh T htxlydohqw wr wkh xqghuo|lqj phdvxuh S l1h1 S ?? T dqg
T ?? S vxfk wkdw xqghu T wkh glvfrxqwhg surfhvv lv d pduwlqjdoh> l1h1
HT+V

�+w,mIw�4` @ V�+w� 4, d1v1 iru doo w � W 1

Surri> Vhh Solvnd +614<,, sdjh <71

Qrwh= Wkh phdvxuh T lv fdoohg wkh htxlydohqw pduwlqjdoh phdvxuh dqg lv xvhg

wr sulfh ghulydwlyh vhfxulwlhv1 Iru dq| dwwdlqdeoh frqwlqjhqw fodlp [> +d iru dq|

udqgrp yduldeoh [ zklfk fdq eh zulwwhq dv d olqhdu ixqfwlrq ri wkh dydlo0

deoh lqyhvwphqwv,/ wkh duelwudjh0iuhh sulfh dw wlph w lv jlyhq e| wkh frqglwlrqdo

h{shfwhg ydoxh xqghu T ri wkh glvfrxqwhg uhwxuq [ jlyhq I� 1
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Wkh vlqjoh prvw lpsruwdqw frqwlqxrxv wlph surfhvv lq wkh frqvwuxfwlrq ri �qdq0
fldo prghov lv wkh Eurzqldq prwlrq surfhvv1 D Eurzqldq prwlrq lv wkh roghvw
frqwlqxrxv wlph prgho xvhg lq �qdqfh dqg jrhv edfn wr Edfkholhu durxqg wkh
wxuq ri wkh odvw fhqwxu|1 Lw lv dovr wkh prvw frpprq exloglqj eorfn iru pruh
vrsklvwlfdwhg frqwlqxrxv wlph prghov fdoohg gl�xvlrq surfhvvhv1

Wkh Eurzqldq prwlrq surfhvv lv d udqgrp frqwlqxrxv wlph surfhvv Z +w,
gh�qhg iru w � 3 vxfk wkdw Z +3, wdnhv vrph suhghwhuplqhg ydoxh/ xvxdoo| 3/
dqg iru hdfk 3 � v ? w> Z +w, �Z +v, kdv d qrupdo glvwulexwlrq zlwk phdq
�+w�v, dqg yduldqfh �5+w�v,= Wkh sdudphwhuv � dqg � duh wkh guliw dqg wkh
gl�xvlrq sdudphwhuv ri wkh Eurzqldq prwlrq dqg wkh vshfldo fdvh � @ 3> � @ 4>
Z +w, lv riwhq uhihuuhg wr dv d vwdqgdug Eurzqldq prwlrq ru d Zlhqhu surfhvv1
Ixuwkhu surshuwlhv ri wkh Eurzqldq prwlrq surfhvv wkdw duh lpsruwdqw duh=

D Eurzqldq prwlrq surfhvv h{lvwv vxfk wkdw wkh vdpsoh sdwkv duh hdfk frqwlq0
xrxv ixqfwlrqv +zlwk suredelolw| rqh,

Wkh mrlqw glvwulexwlrq ri dq| �qlwh qxpehu ri lqfuhphqwvZ +w5,�Z +w4,>Z +w7,�
Z +w6,> =====Z +wn, �Z +wn�4, duh lqghshqghqw qrupdo udqgrp yduldeohv
iru 3 � w4 � w5=== � wn=

Ixuwkhu surshuwlhv fdq eh ghulyhg iurp wkhvh1 Iru h{dpsoh vxssrvh zh frq0
vlghu d vxp ri vtxduhg lqfuhphqwv ri wkh irup

Sn�4
l@4 +Z +wl.4, �Z +wl,,

5 iru
iru 3 @ w4 � w5=== � wn @ w Li zh doorz wkh qxpehu ri lqfuhphqwv n wr jr wr
lq�qlw| dqg wkh phvk vl}h pd{+wl.4� wl, wr jr wr }hur/ wkhq lw lv hdv| wr vkrz
wkdw wkh olplw ri wklv udqgrp vxp ri vtxduhv lv d wrwdoo| qrq0udqgrp ydoxh w>

568
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wklv olplw wdnhq lq suredelolw|1 D vxp ri vtxduhv surfhvv gh�qhg lq wklv zd|
lv

Wkh Vwrfkdvwlf H{srqhqwldo dqg orjdulwkp1

Lw lv qdwxudo wr gh�qh wkh h{srqhqwldo ri d surfhvv

H+[, @
\

+4 . g[, @ h{si[ �
4

5
? [f Aj

\
+4 .�[,h��[

Wkhq li \ @ H+[,> zh kdyh

g\ @ \�g[

dqg wkhuhiruh zh gh�qh wkh vwrfkdvwlf orjdulwkp

O+\ , @
]

4

\�
g\

@�� 7
����
� "�4�
������ )5�������

Frqvlghu d vwrfkdvwlf gl�huhqwldo htxdwlrq ri wkh irup BB lq wkh vshfldo fdvh wkdw
wkh guliw whup lv olqhdu d+[w, @ �. �[w1 Prvw ri wkh vwdqgdug prghov iru lq0
whuhvw udwhv/ iru h{dpsoh/ wdnh wklv irup/ lqfoxglqj wkh FLU/ Ydvlfhn/ Jhrphwulf
Eurzqldq prwlrq1

Vxssrvh zh zlvk wr ghwhuplqh wkh h{shfwhg ydoxh ri wkh surfhvv1 Zh kdyh
vhhq wkdw li zh ghqrwh wkh h{shfwhg ydoxh e| p+v, @ H+[vm[3, wkhq lw vdwlv�hv
wkh ruglqdu| gl�huhqwldo htxdwlrq p3+w, @ �.�p+w,1 Wklv lv dq h{dpsoh ri wkh
vlpsohvw irup ri ruglqdu| gl�huhqwldo htxdwlrq/ rqh lq zklfk wkh ghulydwlyhv duh
ri rughu dw prvw 4 dqg wkh frh�flhqwv duh frqvwdqw1 Ohw xv frqvlghu wkh jhqhudo
�uvw rughu gl�huhqwldo htxdwlrq

g|

gw
. s+w,| @ j+w,=

Wkhvh duh vroyhg e| lqwurgxflqj dq lqwhjudwlqj idfwru �+w, vdwlvi|lqj

�+w,^
g|

gw
. s+w,|` @ ^�+w,|`3=

Lq rughu wkdw � vdwlvi| wklv/ zh uhtxluh �s @ �3 ru

�+w, @ h{si
] w

s+v,gvj=

Wkhq +�|,3 @ �j uhvxowlqj lq wkh jhqhudo vroxwlrq

|+w, @
4

�+w,
^

] w

�+v,j+v,gv. f`=
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PDSOH fdq eh xvhg wr vroyh gl�huhqwldo htxdwlrqv vxfk dv wklv rqh1 Iru
h{dpsoh zh zrxog �uvw gh�qh wkh gl�huhqwldo htxdwlrq +khuh zh vxevwlwxwhg
d> e iru �> �, dqg wkhq uhtxhvw d vroxwlrq> +=A lv wkh PDSOH surpsw,

A ght =@ glii+|+{,/{, 0 d 0 e-|+{, @ 3>

A gvroyh+ght/ |+{,,>

Zh pljkw kdyh zlvkhg wr vshfli| dq lqlwldo frqglwlrq lq wkh deryh htxdwlrq1
Vxssrvh zh zlvk wr vshfli| |+3, @ f

A gvroyh+ght/|+3,@f/|+{,,>

dqg zh kdyh wkh vroxwlrq

|+{, @ �d@e . h{s+e{,^
d

e
. f` = +41:,

Frqvlghu dv dq h{dpsoh wkh Fr{0Lqjhuvroo0Urvv prgho/ khuh zulwwhq zlwk d
voljkwo| gl�huhqw vshfl�fdwlrq ri sdudphwhuv1 Li uw ghqrwhv wkh vsrw lqwhuhvw
udwh dw wlph w /

guw @ + �. �uw, gw . �u
4@5
w gZw +41;,

Li zh ohw p+w, ghqrwh wkh phdq/ wdnlqj h{shfwdwlrqv rq erwk vlghv jlyhv

p3+w, @ +�. �p+w,,

dqg wkhuhiruh wkh vroxwlrq lv jlyhq e| +41:, zlwk d> e uhsodfhg e| �> �1
Qrq0olqhdu ruglqdu| gl�huhqwldo htxdwlrqv duh xvxdoo| vrphzkdw pruh gl�0

fxow wr vroyh1 Wkhvh duh htxdwlrqv ri wkh irup

g|

g{
@ i+{> |,

zkhuh i+{> |, lv qrw d olqhdu ixqfwlrq ri |1 Iru h{dpsoh li wkh ixqfwlrq i+{> |,
lv d txdgudwlf ixqfwlrq ri |/ wkh htxdwlrq lv fdoohg Ulfdwwl*v htxdwlrq1 Vxssrvh
wklv htxdwlrq lv krprjhqhrxv/ dqg fdq eh zulwwhq lq wkh irup

P+{> |,g{.Q+{> |,g| @ 3= +<14,

Wkhuh lv vrphwlphv d ixqfwlrq �+{> |, fdoohg dq lqwhjudwlqj idfwru vdwlvi|lqj

C

C|
+�P, @

C

C{
+�P,

dqg lq wklv fdvh wkh krprjhqhrxv htxdwlrq fdq eh vroyhg h{solflwo|1 Qrwh wkdw
diwhu pxowlsolfdwlrq e| �/ wkh htxdwlrq

�Pg{. �Qg| @ 3
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lv h{dfw lq wkh vhqvh wkdw lw lv rewdlqhg dv wkh gl�huhqwldo ri dq htxdwlrq ri wkh
irup #+{> |, @ f1 Zkhq qr h{solflw vroxwlrq wr d gl�huhqwldo htxdwlrq fdq eh
rewdlqhg/ zh pd| hlwkhu dssur{lpdwh wkh vroxwlrq qxphulfdoo| ru rewdlq d srzhu
vhulhv h{sdqvlrq ri wkh vroxwlrq/ wr dv pdq| whupv dv duh zlvkhg1

Iru h{dpsoh/ frqvlghu wkh gl�huhqwldo htxdwlrq

g5

gw5
|+w, . 8

g

gw
|+w, . 9|+w, @ 3

Wklv lv vroyhg lq PDSOH zlwk
A gh4 =@ glii+|+w,/w'5, . 8-glii+|+w,/w, . 9-|+w, @ 3>

A gvroyh+gh4/ |+w,,>

|lhoglqj=

|+w, @ F4h{s+�6w, . F5h{s+�5w,

dqg dowkrxjk lq wklv fdvh dq dqdo|wlf vroxwlrq lv dydlodeoh/ zh pljkw iru d
pruh gl�fxow gl�huhqwldo htxdwlrq zlvk d vhulhv h{sdqvlrq/ dv rewdlqhg e|

A gvroyh+gh4/ |+w,/ vhulhv,>

Vxssrvh wkh lqlwldo frqglwlrq lv |3+3, @ f=

Wklv |lhogv wkh vhulhv h{sdqvlrq ri wkh vroxwlrq

|+w, @ |+3, . fw.

�
�6 |+3,�

8 f

5

�
w5 .

�
8 |+3, .

4< f

9

�
w6

.

�
�

4< |+3,

7
�

98 f

57

�
w7 .

�
46 |+3,

7
.

544 f

453

�
w8 .R

�
w9
�

Sureohp=

Vroyh wkh ruglqdu| gl�huhqwldo htxdwlrq

6w5|33+w,� 5w|3+w, . 5|+w, @ 3

dqg vnhwfk wkh srvvleoh vroxwlrqv1

Sureohp= +Ilqglqj wkh vwdwlrqdu| glvwulexwlrq ri dq Lwr surfhvv,1

Frqvlghu dq Lwr surfhvv ri wkh irup=

g[w @ d+[w,gw. �+[w,gZw= +<15,
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Vxssrvh wkhuh lv d vwdwlrqdu| ghqvlw| �+{, vdwlvi|lqj

]
s+v> }> w> {,�+},g} @ �+{, iru doo v ? w/ dqg doo {1

Pxowlso| Nroprjrury*v iruzdug gl�huhqwldo htxdwlrq +416, e| �+}, dqg lqwhjudwh
ryhu }= Wkxv vkrz wkdw wkh vwdwlrqdu| glvwulexwlrq �+{, pxvw vdwlvi| d gl�hu0
hqwldo htxdwlrq ri wkh irup

g5

g{5
+�5+{,�+{,, @ 5

g

g{
+d+{,�+{,,

Vroyh wklv gl�huhqwldo htxdwlrq wr rewdlq wkh irup ri wkh vwdwlrqdu| glvwulex0
wlrq dvvxplqj wkdw wkh gl�xvlrq prghov d surfhvv +olnh lqwhuhvw udwh/ ru dvvhw
sulfh, wkdw lv srvlwlyh/ vr wkdw �+3, @ �3+3, @ 3=

@� 
������ �� 7
����
� "�4�
������ )5��������

Frqvlghu qrz d v|vwhp ri ruglqdu| gl�huhqwldo htxdwlrqv ri wkh irup

g

gw
|+w, @ �s+w,|+w, . j+w, +41<,

zkhuh |+w, lv dq q0glphqvlrqdo froxpq yhfwru ri ixqfwlrqv |l+w,dqg s+w, lv
d q � q pdwul{ ri ixqfwlrqv dqg j lv dq q0glphqvlrqdo froxpq yhfwru ri
ixqfwlrqv1 Wkhq wkh vroxwlrq lv h{dfwo| dqdorjrxv wr wkh rqh0glphqvlrqdo fdvh1
Iluvw/ iru d vtxduh pdwul{ D zh gh�qh wkh h{srqhqwldo

hD @
4[
q@3

Dq

q$
+4143,

Wkhq wkh lqwhjudwlqj idfwru � lv gh�qhg e| lqwhjudwlqj frpsrqhqwzlvh= �+w,

@ h
U
w

w3
s+v, gv

=

Qrwh wkdw wklv lv d pdwul{1 Wkh vroxwlrq lv wkhq jlyhq e| |+w, @ ^ �+w,`�4 ^
U w
w3
�+v,

j+v, gv `1 Pdsoh dovr shuplwv wkh vroxwlrq ri v|vwhpv ri gl�huhqwldo htxdwlrqv1
Iru h{dpsoh frqvlghu wkh vhfrqg rughu gl�huhqwldo htxdwlrq |33+{, @ |+{,1 Wklv
lv htxlydohqw wr wkh v|vwhp |3+{, @ }+{,> }3+{, @ |+{,1 Vroyh dv iroorzv=

A v|v =@ glii+|+{,/{,@}+{,/ glii+}+{,/{,@|+{,

A ifqv =@ |+{,/ }+{,

A gvroyh+v|v/|+3,@3/}+3,@4/ifqv,>|+{,@425 h{s+{ 0425 h{s+0{,>}+{,

@425 h{s+{, . 425 h{s+0 {,
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Sureohp=

Ilqg wkh jhqhudo vroxwlrq wr wkh iroorzlqj v|vwhp ri �uvw rughu gl�huhqwldo htxd0
wlrqv=

j3+{, @ �
s
i+{,>

k33+{, @
j+{,

i+{,

i 3+{, @ h{si�i+{,j

@�! ��
���� "�4�
������ )5�������

Pdq| ri wkh sulflqj irupxodh hqfrxqwhuhg lq �qdqfh fdq eh ghulyhg dv vroxwlrqv
wr rqh ru pruh sduwldo gl�huhqwldo htxdwlrqv/ lqfoxglqj wkh prvw lpsruwdqw/ wkh
Eodfn0Vfkrohv irupxod1 Lq jhqhudo/ wklv lv ehfdxvh wkh prvw frpprq prghov iru
wkh xqghuo|lqj dvvhw duh gl�xvlrq prghov1 Pdsoh surylghv vrph idflolw| iru wkh
vroxwlrq ri vlpsoh sduwldo gl�huhqwldo htxdwlrqv1 Iru h{dpsoh=

=ASGH =@ {-gl�+i+{/|,/|,0|-gl�+i+{/|,/{, @ 3>
=Asgvroyh+SGH,>
surylghv wkh vroxwlrq i+{> |, @ I4+{. |, iru duelwudu| ixqfwlrq I4=
Ehiruh glvfxvvlqj phwkrgv ri vroxwlrq lq jhqhudo/ zh ghyhors wkh Eodfn0

Vfkrohv htxdwlrq lq d jhqhudo frqwh{w1 Vxssrvh wkdw d vhfxulw| sulfh vdwlv�hv

gVw @ d+Vw> w , gw . �+Vw> w, gZw +4144,

Rxu dvvxphg pdunhw doorzv lqyhvwphqw lq wkh vwrfn dv zhoo dv lq glvfrxqw erqgv/
zkrvh sulfh dw wlph w lv �w1 Wkhuh duh ydulrxv rwkhu dvvxpswlrqv dv zhoo>
iru h{dpsoh sduwldo vkduhv pd| eh sxufkdvhg/ wkhuh duh qr glylghqgv sdlg dqg
qr frpplvvlrqv/ dqg qr srvvlelolw| ri ghidxow iru wkh erqgv1 Vlqfh erqgv duh
dvvxphg ulvn0iuhh/ wkh| vdwlvi| dq htxdwlrq

g�w @ uw�wgw

zkhuh uw lv wkh ulvn0iuhh +vsrw, lqwhuhvw udwh dw wlph w1
Zh zlvk wr ghwhuplqh Y +Vw> w,/ wkh ydoxh ri dq rswlrq rq wklv vhfxulw| zkhq

wkh vhfxulw| sulfh lv Vw/ dw wlph w1 Vxssrvh wkh rswlrq kdv h{slu| gdwh W dqg
d jhqhudo sd|r� ixqfwlrq zklfk ghshqgv rqo| rq VW > wkh surfhvv dw wlph W 1

D txlfn uhplqghu ri rqh ri wkh prvw lpsruwdqw vlqjoh uhvxowv ri wkh wzhqwlhwk
fhqwxu| lq �qdqfh dqg lq vflhqfh1 Wklv vlqjoh pdwkhpdwlfdo uhvxow xqghuolhv wkh
uhvhdufk ohdglqj wr 4<<: Qreho Sul}h wr Phuwrq dqg Eodfn iru wkhlu zrun rq
khgjlqj lq �qdqfldo prghov1

Lwr*v ohppd1

Vxssrvh Vw lv d gl�xvlrq surfhvv vdwlvi|lqj

gVw @ d+Vw> w , gw . �+Vw> w, gZw
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dqg vxssrvh Y +Vw> w, lv d vprrwk ixqfwlrq ri erwk dujxphqwv1 Wkhq Y +Vw> w,
dovr vdwlv�hv d gl�xvlrq htxdwlrq ri wkh irup

gY @ ^d+V w> w ,
CY

CV
.

�5+Vw> w,

5

C5Y

CV5
.
CY

Cw
`gw . �+V w> w,

CY

CV
gZ w= +4145,

Wkh surri ri wklv uhvxow lv whfkqlfdo exw wkh lghdv ehklqg lw duh vlpsoh1
Vxssrvh zh h{sdqg dq lqfuhphqw ri wkh surfhvv Y +Vw> w, 1

Y +Vw.k> w. k, � Y +Vw> w, .
CY

CV
+Vw.k � Vw, .

4

5

C5Y

CV5
+Vw.k � Vw,

5 .
CY

Cw
k

+4146,

zkhuh zh kdyh ljqruhg uhpdlqghu whupv wkdw duh r+k,= Qrwh wkdw vxevwlwxwlqj
iurp +4144, lqwr +4146,/ wkh lqfuhphqw +Vw.k�Vw, lv dssur{lpdwho| qrupdo zlwk
phdq d+Vw> w , k dqg yduldqfh �5+Vw> w , k1 Frqvlghu wkh whup +Vw.k � Vw,

5=

Qrwh wkdw lw lv wkh vtxduh ri wkh deryh qrupdo udqgrp yduldeoh dqg kdv h{shfwhg
ydoxh �5+Vw> w,k. d5+Vw> w,k

5= Wkh yduldqfh ri wklv udqgrp yduldeoh lv R+k5, vr
li zh ljqruh doo whupv ri rughu r+k, wkh lqfuhphqw Y +Vw.k> w . k, � Y +Vw> w, lv
dssur{lpdwho| qrupdoo| glvwulexwhg zlwk phdq

^d+Vw> w ,
CY

CV
.

�5+Vw> w,

5

C5Y

CV5
.
CY

Cw
`k

dqg vwdqgdug ghyldwlrq �+Vw> w,
CY
CV

s
k mxvwli|lqj +exw qrw surylqj$, wkh uhodwlrq

BB1

E| Lwr*v ohppd/ surylghg Y lv vprrwk/ lw dovr vdwlv�hv d gl�xvlrq htxdwlrq
ri wkh irup BB1 Zh vkrxog qrwh wkdw zkhq Y uhsuhvhqwv wkh sulfh ri dq rswlrq/
vrph odfn ri vprrwkqhvv lq wkh ixqfwlrq Y lv lqhylwdeoh1 Iru h{dpsoh iru d
Hxurshdq fdoo rswlrq zlwk h{huflvh sulfh N/ Y +VW > W , @ pd{+VW �N> 3, grhv
qrw kdyh d ghulydwlyh dw wkh h{huflvh sulfh1 Iruwxqdwho|/ vxfk h{fhswlrqdo srlqwv
fdq eh zrunhg durxqg lq wkh dujxphqw1 Iru khgjlqj sxusrvhv/ lv lw srvvleoh wr
�qg d vhoi0�qdqflqj sruwirolr frqvlvwlqj rqo| ri wkh vhfxulw| dqg wkh erqg zklfk
h{dfwo| uhsolfdwhv wkh rswlrq sulfh surfhvv Y +Vw> w,B Vxssrvh vxfk d olqhdu
frpelqdwlrq lv xwVw . zw�w zkhuh wkh suhglfwdeoh ixqfwlrqv xw> zw uhsuhvhqw
wkh qxpehu ri vkduhv ri vwrfn dqg erqgv uhvshfwlyho| rzqhg dw wlph w1 Wkh
sruwirolr lv dvvxphg wr eh vhoi0�qdqflqj dqg wklv uhtxluhv wkdw doo uhwxuqv rewdlq
iurp wkh fkdqjhv lq wkh ydoxh ri wkh vhfxulwlhv dqg erqgv khog/ l1h1 lw lv dvvxphg
wkdw gY @ xwgVw . zwgw= Vxevwlwxwlqjiurp+4=44,>

gY @ xwgVw . zwg�w @ ^xwd+Vw> w, . zwuw�w`gw. xw�+Vw> w,gZw +4147,
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Lw iroorzv rq frpsdulqj wkh frh�flhqwv ri gw dqg gZw lq BB dqg +4147,/ wkdw
xw @

CY
CV

fdoohg wkh ghowd fruuhvsrqglqj wr ghowd khgjlqj1 Frqvhtxhqwo|/

Y @
CY

CV
Vw . zw�w

dqg vroylqj iru zw zh rewdlq=

zw @
4

�w
^Y �

CY

CV
Vw`=

Wkh frqfoxvlrq lv wkdw lw lv srvvleoh wr g|qdplfdoo| fkrrvh d wudglqj vwudwhj|/
l1h1 wkh zhljkwv zw> xw vr wkdw rxu sruwirolr ri vwrfnv dqg erqgv shuihfwo|
uhsolfdwhv wkh ydoxh ri wkh rswlrq1 Li zh rzq wkh rswlrq/ wkhq e| vkruwlqj Ghowd
xqlwv ri vwrfn/ zh duh shuihfwo| khgjhg lq wkh vhqvh wkdw rxu sruwirolr uhsolfdwhv
d ulvn0iuhh erqg1 Vxusulvlqjo|/ lq wklv lghdo zrug ri frqwlqxrxv surfhvvhv dqg
frqwlqxrxv wlph wudglqj frpplvvlrq0iuhh wudglqj/ wkh shuihfw khgjh +vdlg wr h{lvw
rqo| lq d Mdsdqhvh jdughq,/ lv srvvleoh1 Wkh htxdwlrq zh rewdlqhg e| htxdwlqj
erwk frh�flhqwv lq BB dqg +4147, lv ri wkh irup>

�uwY . uwVw
CY

CV
.
CY

Cw
.
�5+Vw> w,

5

C5Y

CV5
@ 3= +4148,

Wkh qhjdwlyh ri wkh �uvw wzr whupv uw+Y �Vw CYCV , uhsuhvhqwv wkh dprxqw pdgh e|
wkh sruwlrq ri rxu sruwirolr ghyrwhg wr ulvn0iuhh erqgv1 Wkh odvw wzr whupv uhs0
uhvhqwv wkh uhwxuq rq d khgjhg sruwirolr orqj rqh rswlrq dqg vkruw ghowd vwrfnv1
Wklv ixqgdphqwdo htxdwlrq lv hylghqwo| vdwlv�hg e| dq| rswlrq sulfh surfhvv
zkhuh wkh xqghuo|lqj vhfxulw| vdwlv�hv d gl�xvlrq htxdwlrq dqg wkh rswlrq ydoxh
dw h{slu| ghshqgv rqo| rq wkh ydoxh ri wkh vhfxulw| dw wkdw wlph1 Wkh w|sh ri
rswlrq ghwhuplqhv wkh whuplqdo frqglwlrqv dqg xvxdoo| xqltxho| ghwhuplqhv wkh
vroxwlrq1 Lw lv h{wudruglqdu| wkdw wklv htxdwlrq lq qr zd| ghshqgv rq wkh guliw
frh�flhqw d+Vw> w,= Wklv lv wkh uhpdundeoh ihdwxuh ri wkh duelwudjh0iuhh wkhru|1
Hvvhqwldoo|/ qr pdwwhu zkdw wkh guliw whup iru wkh sduwlfxodu vhfxulw| lv/ lq rughu
wr dyrlg duelwudjh/ doo vhfxulwlhv duh sulfhg dv li wkh| kdg guliw wkh vsrw lqwhuhvw
udwh1 Wklv SGH jryhuqv prvw ghulydwlyh surgxfwv/ Hxurshdq fdoo rswlrqv/ sxwv/
ixwxuhv ru iruzdugv1 Krzhyhu/ wkh erxqgdu| frqglwlrqv dqg khqfh wkh vroxwlrq
ghshqgv rq wkh sduwlfxodu ghulydwlyh1 Wkh vroxwlrq wr vxfk dq htxdwlrq lv srvvl0
eoh dqdo|wlfdoo| lq d ihz fdvhv/ zkloh lq pdq| rwkhuv/ qxphulfdo whfkqltxhv duh
qhfhvvdu|1 Rqh vshfldo fdvh ri wklv htxdwlrq ghvhuyhv sduwlfxodu dwwhqwlrq1 Lq
wkh fdvh ri jhrphwulf Eurzqldq prwlrq/ d+Vw> w, @ �Vw dqg �+Vw> w, @ �Vw iru
frqvwdqwv �> � Dvvxph wkdw wkh vsrw lqwhuhvw udwh lv d frqvwdqw u dqg wkdw d
frqvwdqw udwh ri glylghqgv G3 lv sdlg rq wkh vwrfn1 Lq wklv fdvh/ wkh htxdwlrq
vshfldol}hv wr

�uY .
CY

Cw
. +u �G3,V

CY

CV
.
�5V5

5

C5Y

CV5
@ 3= +4149,

Qrwh wkdw zh kdyh qrw xvhg dq| ri wkh surshuwlhv ri wkh sduwlfxodu ghulydwlyh
surgxfw |hw/ qru grhv wklv gl�huhqwldo htxdwlrq lqyroyh wkh guliw frh�flhqw �1
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Zh vkrxog dovr qrwh wkdw wkh dvvxpswlrq wkdw wkhuh duh qr wudqvdfwlrq frvwv lv
hvvhqwldo wr wklv dqdo|vlv/ dv zh kdyh dvvxphg wkdw wkh sruwirolr lv frqwlqxdoo|
uhedodqfhg1

Zh kdyh qrz vhhq wzr ghulydwlrqv ri sduderolf sduwldo gl�huhqwldo htxdwlrqv/
vr0fdoohg ehfdxvh olnh wkh htxdwlrq ri d sduderod/ wkh| duh �uvw rughu +ghulyd0
wlyhv, lq rqh yduldeoh +w, dqg vhfrqg rughu lq wkh rwkhu +{,1 Xvxdoo| wkh vroxwlrq
ri vxfk dq htxdwlrq uhtxluhv uhgxflqj lw wr rqh ri wkh prvw frpprq sduwldo
gl�huhqwldo htxdwlrqv/ wkh khdw ru gl�xvlrq htxdwlrq/ zklfk prghov wkh gl�xvlrq
ri khdw dorqj d urg1 Wklv htxdwlrq wdnhv wkh irup

C

Cw
x @ n

C5

C{5
x +414:,

D vroxwlrq ri BB zlwk dssursuldwh erxqgdu| frqglwlrqv fdq vrphwlph eh irxqg
e| wkh vhsdudwlrq ri yduldeohv1 Zh zloo odwhu glvfxvv lq pruh ghwdlo wkh vroxwlrq
ri sduderolf htxdwlrqv/ erwk e| dqdo|wlf dqg qxphulfdo phdqv1 Iluvw/ krzhyhu/
zkhq fdq zh krsh wr �qg d vroxwlrq ri BB ri wkh irup x+{> w, @ j+{@

s
w,=

E| gl�huhqwldwlqj dqg vxevwlwxwlqj deryh/ zh rewdlq dq ruglqdu| gl�huhqwldo
htxdwlrq ri wkh irup

j33+$, .
4

5n
$j3+$, @ 3> $ @ {@

s
w +414;,

Ohw xv vroyh wklv xvlqj PDSOH1
htq =@ glii+j+z,/z/z,.+z2+5-n,,-glii+j+z,/z,@3>

gvroyh+htq/j+z,,>

dqg ehfdxvh wkh ghulydwlyh ri wkh vroxwlrq lv voljkwo| hdvlhu +iru d vwdwlvwlfldq,
wr lghqwli| wkdq wkh vroxwlrq lwvhoi/

A glii+(/z,>

jlylqj

C

Cz
j+$, @ F5 h{si�z5@7nj @ F5 h{si�{5@7nwj +414<,

vkrzlqj wkdw d frqvwdqw soxv d frqvwdqw pxowlsoh ri wkh Qrupdo +3> 5nw, fxpx0
odwlyh glvwulexwlrq ixqfwlrq ru

x+{> w, @ F4 . F5

4

5
s
�nw

] {

�4
h{si�}5@7nwjg} +4153,

lv d vroxwlrq ri wklv/ wkh khdw htxdwlrq iru w A 3= Wkh uroh ri wkh wzr frqvwdqwv lv
vlpsoh1 Fohduo| li d vroxwlrq wr BB lv irxqg/ wkhq zh pd| dgg d frqvwdqw dqg2ru
pxowlso| e| d frqvwdqw wr rewdlq dqrwkhu vroxwlrq1 Wkh frqvwdqw lq jhqhudo lv
ghwhuplqhg e| lqlwldo dqg erxqgdu| frqglwlrqv1 Vlploduo| wkh lqwhjudo fdq eh
uhpryhg zlwk d fkdqjh lq wkh lqlwldo frqglwlrq iru li x vroyhv BB wkhq vr grhv Cx

C{
=

Iru h{dpsoh li zh zlvk d vroxwlrq iru wkh kdoi uhdo { A 3 zlwk lqlwldo frqglwlrq
x+{> 3, @ 3> x+3> w, @ 4 doo w A 4> zh pd| xvh

x+{> w, @ 5S +Q+3> 5nw, A {, @
4

s
�nw

] 4

{

h{si�}5@7nwjg}> w A 3> { � 3=
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Iljxuh <14=

Ohw xv frqvlghu d edvlf vroxwlrq wr BB=

x+{> w, @
4

5
s
�nw

h{si�{5@7nwj +4154,

Wklv frqqhfwlrq ehwzhhq wkh khdw htxdwlrq dqg wkh qrupdo glvwulexwlrqv lv ixq0
gdphqwdo dqg wkh zhdowk ri vroxwlrqv ghshqglqj rq wkh lqlwldo dqg erxqgdu|
frqglwlrqv lv frqvlghudeoh1 Zh sorw d ixqgdphqwdo vroxwlrq ri wkh htxdwlrq dv
iroorzv=

A x+{/w, =@ +182vtuw+Sl-w,,-h{s+0{a52+7-w,,>

A sorw6g+x+{/w,/{@07117/w@135117/d{hv@er{hg,>

ILJXUH 414= x+{/w,

Dv w $ 3> wkh ixqfwlrq dssurdfkhv d vslnh dw { @ 3> xvxdoo| uhihuuhg wr dv
wkh _Gludf ghowd ixqfwlrq% +dowkrxjk lw lv qr ixqfwlrq dw doo, dqg v|perolfdoo|
uhsuhvhqwlqj wkh ghulydwlyh ri wkh _Khdylvlgh ixqfwlrq%1 Wkh Khdylvlgh ixqfwlrq
lv gh�qhg dv K+{, @ 4> { � 3 dqg lv rwkhuzlvh 3 dqg lv wkh fxpxodwlyh glvwul0
exwlrq ixqfwlrq ri d srlqw pdvv dw 31 Vxssrvh zh duh jlyhq dq lqlwldo frqglwlrq
ri wkh irup x+{> 3, @ x3+{,= Wr wklv hqg/ lw lv khosixo wr orrn dw wkh vrox0
wlrq x+{> w, dqg wkh lqlwldo frqglwlrq x3+{, dv d glvwulexwlrq ru phdvxuh +lq wklv
fdvh ghvfulehg e| d ghqvlw|, ryhu wkh vsdfh yduldeoh {= Iru h{dpsoh wkh ghqvlw|
x+{> w, fruuhvsrqgv wr d phdvxuh iru �{hg w ri wkh irup �w+D, @

U
D
x+{> w,g{=

Qrwh wkdw wkh lqlwldo frqglwlrq frpsdwleoh zlwk wkh deryh vroxwlrq +4153, fdq
eh ghvfulehg vrphzkdw foxpvlo| dv _x+{> 3, fruuhvsrqgv wr d phdvxuh sodflqj
doo pdvv dw { @ {3 @ 3 %1Lq idfw dv w $ 3> zh kdyh lq vrph vhqvh wkh iroorzlqj
frqyhujhqfh x+{> w,$ �+{, @ gK+{,> wkh gludf ghowd ixqfwlrq1 Zh frxog mxvw dv
hdvlo| frqvwuxfw vroyh wkh khdw htxdwlrq zlwk d pruh jhqhudo lqlwldo frqglwlrq ri
wkh irup x+{> 3, @ gK+{� {3, iru duelwudu| {3 dqg wkh vroxwlrq wdnhv wkh irup

x+{> w, @
4

5
s
�nw

h{si�+{� {3,
5@7nwj= +4155,
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Lqghhg vxpv ri vxfk vroxwlrqv ryhu gl�huhqw ydoxhv ri {3> ru zhljkwhg vxpv/ ru
wkhlu olplwv/ lqwhjudov zloo frqwlqxh wr eh vroxwlrqv wr BB1 Lq rughu wr dfklhyh wkh
lqlwldo frqglwlrq x3+{, zh qhhg rqo| slfn d vxlwdeoh zhljkw ixqfwlrq1 Qrwh wkdw

x3+{, @

]
x3+},gK+} � {,

Qrwh wkdw wkh ixqfwlrq

x+{> w, @
4

5
s
�nw

] 4

�4
h{si�+} � {,5@7nwjx3+},g} +4155,

vroyhv BB vxemhfw wr wkh uhtxluhg erxqgdu| frqglwlrq1

Sureohp

Xvh vhsdudwlrq ri yduldeohv wr vroyh wkh khdw htxdwlrq BB rq 3 ? { ? 4> w A 3
vxemhfw wr lqlwldo frqglwlrq x+{> 3, @ x3+{, dqg x+3> w, @ x+4> w, @ 3> w A 3=

Zh pd| dovr vroyh wkh khdw htxdwlrq zlwk jlyhq lqlwldo2erxqgdu| frqglwlrqv
xvlqj wkh Odsodfh Wudqvirupv1 Wkh sureohp lv wr vroyh BB zlwk n @ 4 vxemhfw
wr

x+{> 3, @ x3+{,> x+{> w, erxqghg1

Gh�qh wkh Odsodfh wudqvirup zlwk uhvshfw wr wkh yduldeoh w wr eh X+{> v, @U4
3

x+{> w, h{si�vw,gw= Zh vxssrvh wkdw zh pd| gl�huhqwldwh wzlfh xqghu wkh
lqwhjudo vljq vr wkdw BB lpsolhv

vX+{> v,� x3+{, @
C5

C{5
X+{> v,

zklfk fdq eh vroyhg dv dq ruglqdu| gl�huhqwldo htxdwlrq iru �{hg v= Wkh vroxwlrq
lv

X+{> v, @
4

5
s
v

] 4

�4
h{si�

s
vm{� |mjx3+|,g|

Wkh vroxwlrq +4155, wr wkh khdw htxdwlrq fdq qr eh irxqg e| lqyhuwlqj wklv
Odsodfh wudqvirup
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Qrupdoo|/ gl�huhqwldo dqg sduwldo gl�huhqwldo htxdwlrqv duh vroyhg qxphulfdoo|
e| uhsodflqj wkh ghulydwlyhv e| gl�huhqfhv1 Uhfdoo wkdw d Wd|oru vhulhv dssur{l0
pdwlrq wr d ixqfwlrq i wdnhv wkh irup

i+{. k, @ i+{, . dk.
e

5
k5 .R+k6,

zkhuh d @ i 3+{, dqg e @ i 33+{, duh wkh �uvw dqg vhfrqg ghulydwlyh ri wkh
ixqfwlrq dw { uhvshfwlyho|1

Li zh zlvk wr hvwlpdwh wkh �uvw ghulydwlyh d zh pljkw xvh wkh iruzdug +�uvw,

gl�huhqfh dssur{lpdwlrq i+{.k,�i+{,
k

@ d. e
5
k.R+k5, ru wkh edfnzdug dqdorj|

i+{,�i+{�k,
k

@ d � e
5
k . R+k5, exw qrwh wkdw wkh dssur{lpdwlrq edvhg rq

v|pphwulf �uvw gl�huhqfhv dsshduv ehwwhu>

i+{. k,� i+{� k,

5k
@ d.R+k5,=

Vlploduo|/ lq dssur{lpdwlqj wkh vhfrqg ghulydwlyh e zh fdq xvh wkh vhfrqg
gl�huhqfh

i+{. k,� 5i+{, . i+{� k,

k5
@ e.R+k,

Wkhvh dssur{lpdwlrqv/ jhqhudoo| edvhg rq fhqwudo gl�huhqfhv udwkhu wkdq iru0
zdug ru edfnzdug gl�huhqfhv irup wkh edvlv ri wkh pruh suhflvh qxphulfdo vr0
oxwlrqv wr gl�huhqwldo dqg sduwldo gl�huhqwldo htxdwlrqv1

57:
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Pdq| ri wkhvh dssur{lpdwlrqv duh hdvlo| rewdlqhg xvlqj gl�huhqfh dqg gli0
ihuhqwldo rshudwru qrwdwlrq/ ghvljqhg wr shuplw hdv| dffhvv wr ydulrxv irupxodh
iru dssur{lpdwlqj ghulydwlyhv1 Wr ehjlq zlwk/ vxssrvh zh duh lqwhuhvwhg lq ds0
sur{lpdwlqj wkh ghulydwlyh ri d ixqfwlrq i+{, ri d vlqjoh yduldeoh1 Ghqrwh e|
Gi wkh ghulydwlyh ixqfwlrq i 3 / vr

G3i+{, @ i+{,> +Gi,+{, @ i 3+{,> +G5i,+{, @ i 33 >

hwf1 Wkhq iru k vpdoo/ e| d Pdfodxulq*v vhulhv h{sdqvlrq/

i+{. k, @
4[
l@3

klGl

l$
i+{, @ hkGi+{,

zkhuh wkh vhfrqg htxdolw| lv uhdoo| wkh gh�qlwlrq ri wkh rshudwru hkG 1 Wkxv
wkh iruzdug gl�huhqfh �i+{, @ i+{ . k, � i+{, fdq eh zulwwhq lq rshudwru
qrwdwlrq �i+{, @ hkGi+{,� i+{, ru v|perolfdoo| � @ hkG � 4 dqg

G @
4

k
orj+4 .�, @

4

k
+��

�5

5
.

�6

6
� = = = ,

Vlploduo|

G5 @
4

k5
+�5 ��6 .

44

45
�7 � = = = ,=

Wkh �uvw whup lq wkhvh h{sdqvlrqv surylghv d vlpsoh hvwlpdwru ri wkh �uvw dqg

vhfrqg ghulydwlyh uhvshfwlyho|1 Wkxv/ iru h{dpsoh/ wkh hvwlpdwru �5

k5
surylghv

d vlpsoh dssur{lpdwlrq wr wkh vhfrqg ghulydwlyh1 Wkh qh{w whup lq wkh vhulhv
surylghv dq lqglfdwlrq ri wkh rughu ri wkh huuru1 Zh kdyh vhhq wkdw fhqwudo
gl�huhqfhv whqg wr surylgh pruh dffxudwh hvwlpdwhv ri ghulydwlyhv1 Lqwurgxflqj
wkh qrwdwlrq iru fhqwudo gl�huhqfhv �i+{, @ i+{. k@5,� i+{� k@5,/ qrwh wkdw

� @ +4 .�,4@5 � +4 .�,�4@5 @ +hkG@5 � h�kG@5, @ 5vlqk+kG,

H{sdqglqj wkh lqyhuvh ri wkh k|shuerolf vlqh lq d vhulhv/

G @
4

k
vlqk�4+�@5, @

4

k
+� �

4

57
�6 . = = = ,

dqg vlploduo|

G5 @
4

k5
+�5 �

4

45
�7 . = = = ,=

Wkh pruh udslg frqyhujhqfh ri wkh hvwlpdwruv xvlqj fhqwudo gl�huhqfhv udwkhu
wkdq iruzdug ru edfnzdug gl�huhqfhv lv dssduhqw1 Wkxv/ wkh hvwlpdwru ri �uvw
ghulydwlyh �

k
kdv huuru R+k5, dqg wkh hvwlpdwru ri vhfrqg ghulydwlyh

�5

k5
i @

i+{. k,� 5i+{, . i+{� k,

k5
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kdv huuru R+k5,1
Ohw xv qrz vhh krz wkhvh gl�huhqfh dssur{lpdwlrqv wr ghulydwlyhv fdq eh xvhg

wr qxphulfdoo| vroyh dq ruglqdu| gl�huhqwldo htxdwlrq1 Wkh �uvw dqg vlpsohvw
phwkrg lv wkh Hxohu phwkrg/ exw wkhuh lv d kxjk qxpehu ri pruh vrsklvwlfdwhg
dowhuqdwlyhv lqfoxglqj wkh wudsh}rlgdo uxoh/ ru wkh lpsuryhg Hxohu phwkrg/ wkh
prgl�hg Hxohu phwkrg/ dqg wkh Uxqjh0Nxwwd phwkrg1 Frqvlghu wkh vlpsohvw/
wkh iruzdug Hxohu phwkrg dqg wkh vlpsoh gl�huhqwldo htxdwlrq ri vhfrqg rughu

g5

gw5
|+w, @ 433h�43w . 433h43w +514,

zlwk lqlwldo frqglwlrqv |+3, @ 5> |3+3, @ 3= Qrwh wkdw li zh uhsodfh wkh vhfrqg
ghulydwlyh e| d vhfrqg gl�huhqfh/ wkh htxdwlrq ehfrphv

4

k5
�5|+w, @ 433h�43w . 433h43w> w @ 5k> 6k> === +515,

doorzlqj xv wr dssur{lpdwh ydoxhv ri wkh ixqfwlrq rq wkh odwwlfh ri srlqwv ri
wkh irup nk> n @ 5> 6> === xvlqj wkh lqlwldo ydoxhv1 Wkh ydoxhv fruuhvsrqglqj wr
n @ 3> 4 uhvxow iurp wkh lqlwldo frqglwlrqv1

Sureohp1

Vroyh wkh htxdwlrq +514, zlwk lqlwldo frqglwlrqv |+3, @ 5> |3+3, @ 3 qxphulfdoo|
xvlqj +515, uhfxuvlyho| dqg k @ 3=4=

Xvh wkh vlpsohvw Hxohu dssur{lpdwlrq iru wkh lqlwldo frqglwlrqv e| uhsodflqj
|3+3, @ 3 e| wkh frqglwlrq �|+3, @ 3= Frpsduh zlwk wkh h{dfw vroxwlrq1

Sureohp1

Vroyh wkh htxdwlrq +514, zlwk lqlwldo frqglwlrqv |+3, @ 5> |3+3, @ 3 qxphulfdoo|
xvlqj wkh uhfxuvlrq

4

k5
�5|+w, @ 433h�43w . 433h43w> w @ 5k> 6k> === +516,

dqg k @ 3=4= Frpsduh zlwk wkh h{dfw vroxwlrq1
Wkh lpsuryhg Hxohu phwkrg lv d vlpsoh prgl�fdwlrq ri wkh Hxohu phwkrg

iru vroylqj dq htxdwlrq ri wkh irup |3+w, @ i+w> |,= Wkh sureohp zlwk Hxohu*v
phwkrg lv lw xvhv dv vorsh wkh ghulydwlyh dw rqh hqg rqo| ri wkh lqwhuydo dqg
dq lpsuryhg dssur{lpdwlrq ri wkh ghulydwlyh xvlqj wkh dyhudjh vorsh ri dw wkh
wzr hqgsrlqwv lv xvxdoo| pruh dffxudwh1 Lq wklv fdvh/ zh pdnh d suholplqdu|
hvwlpdwh ri |++n . 4,k, ghqrwhg e| |� @ ki+nk> |+nk,, . |+nk, dqg wkhq vroyh
iru |++n . 4,k, wkh htxdwlrqv

|++n . 4,k, @
i+nk> |+nk,, . i++n . 4,k> |�,

5
k. i+nk> |+nk,,> n @ 4> 5> ====
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Wkh Uxqjh0Nxwwd phwkrg gl�huv iurp wkh deryh wzr phwkrgv rqo| lq wkh
zd| lq zklfk wkh vorsh ri wkh olqh lv hvwlpdwhg1 Iru h{dpsoh zh pd| wdnh dq
dyhudjh ri wkh vorsh i+w> |, dw srlqwv w @ nk> +n . 4@5,k> +n . 4,k dqg ydulrxv

fruuhvsrqglqj ydoxhv ri | lq wkh lqwhuydo1 Lq idfw lw lv srvvleoh wr vhohfw 7 frp0
elqdwlrqv ri ydoxhv +w> |, vr wkdw wkh dssur{lpdwlrq lv shuihfw zkhq |+w, lv d
sro|qrpldo ri ghjuhh 71 Lq jhqhudo1 zh pd| vhohfw n srlqwv vr wkdw wkh dssur{l0
pdwlrq lv shuihfw iru d sro|qrpldo ri ghjuhh n1 Wklv lv d jhqhudo ghvfulswlrq ri
wkh Uxqjh0Nxwwd phwkrg1

|++n . 4,k, @ +zhljkwhg dyhudjh ri ydoxhv ri i+w> |, lq wkh lqwhuydo,k. i+nk> |+nk,,> n @ 4> 5> ===

Sureohp=

Xvh Hxohu*v phwkrg dqg wkh lpsuryhg Hxohu*v phwkrg wr vroyh wkh htxdwlrq
|3+w, @ w|+w, xvlqj vwhs vl}h k @ 3=4 dqg 3=38 dqg lqlwldo frqglwlrq |+3, @ 4=
Frpsduh wkh vroxwlrq zlwk wkh h{dfw vroxwlrq rq wkh lqwhuydo 3 ? w ? 4= Krz
grhv wkh huuru fkdqjh dv zh +d, lqfuhdvh k> +e, ohw w jhw iduwkhu dzd| iurp wkh
lqlwldo frqglwlrq w @ 3=

H{dpsoh= Qxphulfdo Phwkrgv iru RGH*v lq PDSOH=

Frqvlghu wkh vhfrqg rughu gl�huhqwldo htxdwlrq

g5

gw5
|+w, @ w|+w,

zlwk lqlwldo frqglwlrqv |+3, @ 3> |3+3, @ 4=1 Zh zlvk d qxphulfdo vroxwlrq1 Wkhuh
duh d qxpehu ri phwkrgv dydlodeoh lq PDSOH lqfoxglqj fodvvlfdo/ ovrgh/ pjhdu/
uin78/ wd|oruvhulhv/gyhun:;1 Hdfk kdv d qxpehu ri rswlrqv1 Wkh vlpsohvw phwkrg
lv fodvvlfdo^iruhxohu` iru iruzdug hxohu1

A ght =@ gl�+|+w,/ w'5, @ |+w,-w>

A dqv=@gvroyh+ght/|+w,/qxphulf/phwkrg@fodvvlfdo^iruhxohu`/

lqlwldo@duud|+^3/4`,/ vwduw@3,>

Zh pd| wkhq sorw wkh uhvxow iru 3 ? w ? 5 dv iroorzv>

A zlwk+sorwv,>

A rghsorw+dqv/^w/|+w,`/3115,>

Frpsduh zlwk dq dowhuqdwh pruh dffxudwh phwkrg>

A dqv5 =@ gvroyh+ght6/ |+w,/ qxphulf/ phwkrg@pjhdu^pvwhssduw`/ lqlwldo@duud|+^5/3`,/
vwduw@3,>

A rghsorw+dqv5/^w/|+w,`/3115/ d{hv@er{hg,>

A dqv+5,>

^w @ 5/ |+w, @ 618;;66;9;3;5<39:/ |*+w, @ 7197656<:4738943<`

A dqv5+5,>

^w @ 5/ |+w, @ 619443:9933<::465/ |*+w, @ 719:95:9993:5;443`
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Iljxuh 4314=

Vwdelolw|=

Lqvwdelolw| lv wkh srvvleoh dffxpxodwlrq ri uhodwlyho| vpdoo huuruv ryhu wlph/ dqg
uhvxowv lq huuruv wkdw jhw odujhu dv w $ 41 D vwdeoh qxphulfdo phwkrg lv
irujlylqj ri vpdoo huuruv ryhu wlph/ zkloh dq xqvwdeoh phwkrg pd| h{djjhudwh
wkhvh huuruv xqwlo wkh| duh wkh grplqdqw sduw ri wkh ixqfwlrq1 Iru dq h{dpsoh
ri lqvwdelolw|/ frqvlghu wkh ruglqdu| gl�huhqwldo htxdwlrq

g|

gw
@ | � w

zlwk vroxwlrq jlyhq e| | @ +|3 � 4,hw . +w . 4, zkhuh wkh lqlwldo ydoxh lv
|+3, @ |3 1 Vxssrvh wkdw wuxh ydoxh ri wkh |3 lv 4 exw lw kdv ehhq dssur{lpdwhg
qxphulfdoo| e| 4 . � zlwk � vpdoo1 Wkh huuru pljkw/ iru h{dpsoh/ eh wkh huuru
gxh wr h{suhvvlqj wkh lqlwldo frqglwlrq zlwk �rdwlqj srlqw dulwkphwlf1 Iru sduwldo
gl�huhqwldo htxdwlrqv/ riwhq wkh lqlwldo frqglwlrq lv dovr dssur{lpdwhg xvlqj d
odwwlfh ri ydoxhv/ dqg wklv uhvxowv lq lqlwldo huuru1 Qrwh wkdw hyhq li wkh frpsxwhu
zhuh deoh wr rewdlq wkh h{dfw dqdo|wlf vroxwlrq wr wkh gl�huhqwldo htxdwlrq zlwk
wkh huurqhrxv lqlwldo ydoxh/ wkh gl�huhqfh ehwzhhq wkh wuxh vroxwlrq w . 4 dqg
wkh dssur{lpdwlrq lv �hw +dvvxplqj qr vxevhtxhqw huuruv,1 Wklv jurzv zlwkrxw
erxqg dv w$41

����� 2���
���� ������� ��
 ��"�)�8�� )*	����� ������
"�4�
���� �������

Zh qrz uhwxuq wr wkh khdw frqgxfwlrq ru gl�xvlrq htxdwlrq

Cx

Cw
@
C5x

C{5
+517,

vxemhfw wr wkh lqlwldo frqglwlrq x+{> 3, @ x3+{,1 D vlpsoh dssurdfk wr vroylqj
wklv htxdwlrq qxphulfdoo| lv wr dssur{lpdwh wkh �uvw ghulydwlyh rq wkh ohiw dqg
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wkh vhfrqg ghulydwlyh rq wkh uljkw xvlqj �qlwh gl�huhqfhv dqg vroyh wkh uhvxowlqj
v|vwhp ri htxdwlrqv iru wkh dssur{lpdwh ydoxh ri wkh ixqfwlrq rq julg srlqwv1
Vxssrvh/ iru h{dpsoh zh uhsodfh wkh ghulydwlyh rq wkh ohiw vlgh e| d iruzdug
gl�huhqfh dqg wkh vhfrqg ghulydwlyh rq wkh uljkw vlgh e| d fhqwudo vhfrqg gli0
ihuhqfh/ Wklv doorzv xv wr vroyh iru wkh ydoxhv ri x+{> w . �w, lq whupv ri wkh
ydoxhv ri x+{> w,iru doo { @ q�{ dqg w @ p�w> p @ 3> 4> 5> = = = 1 Ghqrwlqj
Xl>m @ x+l�{> m�w,wkh htxdwlrq ehfrphv

Xl>m.4 � Xl>m @
�w

+�{,5
+Xl.4>m � 5Xl>m . Xl�4>m,

ru

Xl>m.4 @ uXl.4>m . +4� 5u,Xl>m . uXl�4>m +518,

zkhuh u @ �w
+�{,5

1 Lw wxuqv rxw wkdw wklv vwudwhj| ri vroylqj iru Xl>m.4 lq whupv

ri lwv suhghfhvvruv lv qrw vwdeoh/ l1h1 wkh fxpxodwlyh huuru grhv qrw frqyhujh/
xqohvv u ? 4@51 Wklv lpsrvhv d orzhu olplw rq wkh srvvleoh vl}h ri �{> yl}1
+�{,5 A 5�w= Wklv phwkrg lv fdoohg wkh h{solflw �qlwh gl�huhqfh phwkrg/ qrw
ehfdxvh lw lv xqfhqvruhg +dowkrxjk wklv lv dovr wuxh, exw ehfdxvh zh duh deoh wr
vroyh h{solflwo| iru wkh ydoxhv dw wlph vwhs m.4 xvlqj wkh ydoxhv dw wlph vwhs m=

Frqvlghu wkh vwdelolw| ri dq htxdwlrq ri wkh irup +518,1 Ohw X�l>m eh wkh
vroxwlrq wr +518, ehjlqqlqj zlwk wkh h{dfw lqlwldo frqglwlrqv dqg Xl>m wkh ydoxhv
rewdlqhg vroylqj +518, li zh ehjlq zlwk wkh +voljkwo|, huurqhrxv ydoxhv Xl>31
Wkhq wkh huuru gxh wr wkh huuru lq wkh lqlwldo frqglwlrq lv Hl>m @ X�l>m�Xl>m1 Lw
lv hdv| wr vhh wkdw wklv/ vlqfh lw lv d olqhdu frpelqdwlrq ri whupv vdwlvi|lqj +518,/
dovr vdwlv�hv wkh htxdwlrq +518,1 Vxssrvh/ iru h{dpsoh/ Hl>m @ ��mvlq+l$, iru
hdfk l> m dqg iru vrph uhdo � dqg iuhtxhqf| $ dqg iru +vpdoo, �1 Lq jhqhudo lw
lv srvvleoh wr vkrz wkdw wkh jhqhudo vroxwlrq ri +518, lv d olqhdu frpelqdwlrq ri
vxfk whupv zlwk gl�huhqw ydoxhv ri �> $1 Vxevwlwxwlqj lq +518, dqg vroylqj/

� @ 4 . u
vlq++l. 4,$,� 5vlq+l$, . vlq++l� 4,$,

vlq+l$,
=

Vlqfh vlq+D.E, @ vlq+D,frv+E, . frv+D,vlq+E, wklv uhvxowv lq

� @ 4 . 5u^frv$ � 4` @ 4� 7uvlq5+$@5,

Qrwh wkdw li u A 4@5/ lw lv srvvleoh wkdw iru vrph iuhtxhqflhv $/ wkh fruuhvsrqg0
lqj ydoxh ri � ? �41 Wklv uhvxowv lq �m eorzlqj xs lq pdjqlwxgh dv m $4/
l1h1 wkh devroxwh ydoxh ri dw ohdvw vrph ri wkh huuruv zloo jr wr lq�qlw| dv m $41
Zh kdyh d vlplodu lqvwdelolw| li u ? 31 Krzhyhu/ li 3 ? u ? 4@5 wkh huuruv zloo
doo frqyhujh wr 3 dv m $4 dqg wkh vroxwlrq wr +518, lv vwdeoh1 Iru wkh h{solflw
phwkrg wr eh vwdeoh/ zh qhhg �w ? 4

5
+�{,51

Sureohp=

Zkdw lv wkh jhqhudo irup iru wkh vroxwlrq ri wkh gl�huhqfh htxdwlrq |n.5 �
6|n.4 . 5|n @ +4@5,n> n @ 4> 5> ===B
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+Klqw= vroyh dv |rx zrxog d gl�huhqwldo htxdwlrq= �uvw/ �qg wkh urrwv ri wkh
fkdudfwhulvwlf htxdwlrq dqg khqfh doo vroxwlrqv wr wkh krprjhqhrxv gl�huhqfh
htxdwlrq1 Wkhq �qg d sduwlfxodu vroxwlrq wr wkh krprjhqhrxv htxdwlrq1,

Sureohp=

Frqvlghu vroylqj wkh sduwldo gl�huhqfh htxdwlrq +518, e| vhsdudwlrq ri yduldeohv1
l1h1 dvvxph d vroxwlrq h{lvwv ri wkh irup Xl>m @ gl!m iru vhtxhqfhv gl> !m = Vkrz

wkdw wkh jhqhudo vroxwlrq lv ri wkh irup !m @ ��m iru vrph � dqg gl @ F4 vlq+l$,.
F5 frv+l$, iru vrph F4> F5> $=

Wkh qh{w sureohp vkrzv wkdw li zh zhuh wr uhsodfh wkh ohiw vlgh ri +517,
e| d fhqwudo gl�huhqfh wkdw vkrxog eh pruh dffxudwh/ zh qhyhuwkhohvv rewdlq d
phwkrg zklfk lv xqvwdeoh iru doo ydoxhv ri u1

Sureohp=

Zh kdyh douhdg| vhhq wkdw fhqwudo gl�huhqfhv duh jhqhudoo| pruh suhflvh hv0
wlpdwhv ri ghulydwlyhv wkdq duh iruzdug ru edfnzdug gl�huhqfhv1 Vxssrvh zh
uhsodfh +515, xvlqj d fhqwudo gl�huhqfh hvwlpdwru ri Cx

Cw
= Vkrz wkdw zh rewdlq wkh

sduwldo gl�huhqfh htxdwlrq

Xl>m.4 � Xl>m�4 @
5�w

�{5
+Xl.4>m � 5Xl>m . Xl�4>m, +519,

Wkh Irxulhu phwkrg dssurdfkhv wkh vwdelolw| ri wklv gl�huhqfh htxdwlrq e|
pdsslqj wkh fkdqjhv lq wkh wzr gluhfwlrqv lqwr wkh frpsoh{ sodqh1 Iru h{dpsoh/
vxssrvh zh frqvlghu d vroxwlrq zklfk lv d frqvwdqw pxowlsoh ri Xl>m @ }ltm iru

vrph frpsoh{ } @ h��{
s�4 dqg uhdo t @ h��w / zkhuh �> � duh duelwudu| uhdo

qxpehuv1 Jhqhudo vroxwlrqv frxog eh rewdlqhg e| wdnlqj olqhdu frpelqdwlrqv ri
vxfk whupv iru gl�huhqw ydoxhv ri � dqg � dqg wkhq wdnlqj wkh uhdo ru lpdjlqdu|
sduw ri wkh olqhdu frpelqdwlrq1 Vxevwlwxwlqj lq +519,/ rewdlq wkh htxdwlrq

t �
4

t
@ 7u^frv+��{,� 4` @ �;uvlq5+��{@5,=

Vkrz wkdw hyhq iru u forvh wr }hur exw srvlwlyh/ wkhuh lv d vroxwlrq iru t zlwk
mtm A 4 ohdglqj wr dq h{sorglqj vroxwlrq wr wkh gl�huhqfh htxdwlrq dv m $ 41
Wklv lqglfdwhv lqvwdelolw| lq wkh gl�huhqfh htxdwlrq +519, pdnlqj lw xqghvludeoh
iru dq| ydoxh ri u @ �w

�{5
1

Iru wkh h{solflw �qlwh0gl�huhqfh phwkrg lw fdq eh suryhq wkdw li zh �w dqg
�{ whqg wr }hur lq vxfk d zd| wkdw wkh udwlr u @ �w

+�{,5
uhpdlqv ehwzhhq 3

dqg 4
5
wkhq wkh �qlwh gl�huhqfh dssur{lpdwlrq frqyhujhv wr wkh dfwxdo vroxwlrq1

Wr vhh wklv zh fdq frqvlghu wkh gl�huhqfh ehwzhhq wkh h{dfw vroxwlrq dqg wkh
�qlwh0gl�huhqfh dssur{lpdwlrq=

Gq>p @ Xq>p � Yq>p>
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zkhuh Yq=p lv wkh vroxwlrq ri wkh h{solflw �qlwh0gl�huhqfh phwkrg1 Iurp wkh
Wd|oru*v wkhruhp dssolhg wr wkh iruzdug dqg wkh fhqwudo gl�huhqfh dssur{lpdwlrq
zh fdq �qg wkdw

Gq=p @ +4� 5u,Gq>p . u+Gq.4>p .Gq�4>p, . �w+U4�w.U5+�{,
5,>

zkhuh U4 dqg U5 duh wzr erxqghg lq devroxwh ydoxh ixqfwlrqv1 Iru aGp @
pd{q mGq>pm dqg aGp.4 @ pd{q mGq>p.4m/ wkh odujhvw huuruv dw wlph0vwhs p

dqg p. 4 uhvshfwlyho|/ zh jhw

aGp.4 � +m4� 5um. 5mum, aGp .�w+U4�w.U5+�{,
5,=

Surylghg wkdw 3 � u � 4
5
/ zh kdyh m4� 5um. 5mum @ 4/ dqg khqfh

aGp.4 � aGp .�w+U4�w.U5+�{,
5,=

E| lqgxfwlrq lw iroorzv

aGp.4 � aG3 . +p. 4,�w+U4�w.U5+�{,
5,>

vr li zh dvvxph }hur huuru dw wlph0vwhsp @ 3/ zklfk zh fdq gr vlqfh Yq>3 @ Xq>3
iurp wkh lqlwldo frqglwlrq/ zh vhh wkdw

aGp.4 � +p. 4,�w+U4�w.U5+�{,
5,$ 3 dv �w$ 3>

zklfk suryhv wkdw wkh phwkrg jlyhv dq dssur{lpdwlrq zklfk frqyhujhv wr wkh
dfwxdo vroxwlrq1 D prgl�fdwlrq wr wklv dujxphqw vkrzv wkdw li u A 4

5
wkh huuru

dfwxdoo| jurzv zlwkrxw erxqg dv zh ohw �w $ 31 Wkhuhiruh/ iru h{solflw �qlwh0
gl�huhqfh phwkrg iru wkh gl�xvlrq htxdwlrq wkh vwdelolw| dqg wkh frqyhujhqfh
sureohpv duh htxlydohqw1

Wkh prudo ri wklv vwru| lv wkdw rqh vkrxog eh fduhixo zlwk glvfuhwh dssur{lpd0
wlrqv wr frqwlqxrxv gl�huhqwldo htxdwlrqv1 Wkh vwdelolw| ri wkh phwkrg dqg wkh
frqyhujhqfh ri wkh qxphulfdo vroxwlrq duh dprqj wkh pdq| frqfhuqv1 Ydulrxv
phwkrgv kdyh ehhq sursrvhg wkdw vroyh vrph ri wkh vwdelolw| sureohpv hqfrxq0
whuhg deryh/ dqg wkhvh duh lpsohphqwhg lq pdq| sdfndjhv1 Zh glvfxvv wkhvh
phwkrgv ixuwkhu lq wkh iroorzlqj vhfwlrqv1

�����! ��	����� ������ "�4�
���� 
�������� �� ��� "�4��
���� )5�������

Wkh lpsolflw �qlwh gl�huhqfh vfkhph iru vroylqj +517, lv vlplodu wr wkh h{solflw
phwkrg lq wkdw zh xvh �uvw gl�huhqfhv iru wkh ghulydwlyh rq wkh ohiw kdqg vlgh
ri +517, exw zh xvh wkh edfnzdug gl�huhqfh lqvwhdg1 Wklv uhvxowv lq d v|vwhp
ri olqhdu htxdwlrqv lq x+{> w, lq whupv ri wkh ydoxhv ri x+{> w � �w,iru doo { @
q�{ dqg w @ p�w> p @ 3> 4> 5> = = = / dqg wkhvh htxdwlrqv iruwxqdwho| wdnh d
vlpsoh irup1

Xl>m � Xl>m�4 @ u+Xl.4>m � 5Xl>m . Xl�4>m, +51:,
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ru

�uXl.4>m . +4 . 5u,Xl>m � uXl�4>m @ Xl>m�4

zkhuh u @ �w@+�{,5= Erxqgdu| frqglwlrqv ghwhuplqh wkh ydoxh ri Xl>mrq wkh
xsshu dqg orzhu erxqgdu| ri d uhfwdqjoh/ h1j1 iru l @ 	Q> dqg doo m> zkloh lqlwldo
frqglwlrqv suhvfuleh wkh ydoxh ri wkh ixqfwlrq dw wlph 31

Wkh lpsolflw phwkrg uhtxluhv vroylqj wklv v|vwhp ri htxdwlrqv dw wlph m lq
whupv ri wkh vroxwlrq dw wlph m� 41 Wkhuh duh wkuhh zd|v lq zklfk vroxwlrqv wr
v|vwhpv vxfk dv wklv fdq eh dssurdfkhg1 Wkh �uvw lv pdwul{ lqyhuvlrq1 Iru odujh
pdwulfhv wklv lv yhu| gl�fxow1 Wkh vhfrqg phwkrg xvhv dq OX ghfrpsrvlwlrq
ri wkh pdwul{ lqwr wzr frpsrqhqwv/ O / d orzhu wuldqjxodu pdwul{/ dqg X dq
xsshu wuldqjxodu pdwul{1 Wkh dgydqwdjh ri wuldqjxodu pdwulfhv lv wkdw v|vwhpv
ri htxdwlrqv ri wkh irup O{ @ | / iru h{dpsoh/ fdq eh hdvlo| vroyhg e| vlp0
soh vxevwlwxwlrq1 D wklug phwkrg/ fdoohg vxffhvvlyh ryhu uhod{dwlrq +VRU, lv d
phwkrg iru vroylqj wkh htxdwlrq

PX�>m @ em

iru d pdwul{ P dqg yhfwru em 1 Khuh X�>m ghqrwhv wkh froxpq yhfwru +X�Q>m> X�Q.4>m> = = = > XQ>m, /
e ghshqgv rq X�>m�4 dqg wkh erxqgdu| frqglwlrqv dqg

P @

3
EEEEEEC

4 . 5u �u 3 = = 3
�u 4 . 5u �u 3 = 3
3 �u 4 . 5u �u 3 =

= = = = = =

3 = = = �u 4 . 5u

4
FFFFFFD
=

Wklv lv wkhq uhzulwwhq

Xl>m @
4

4 . 5u
^el>m . u+Xl�4>m . Xl.4>m,` +51;,

dqg wkhq vwduwlqj zlwk dq lqlwldo hvwlpdwh ri wkh vroxwlrq +dozd|v iru �{hg m,/
vxevwlwxwh lq wkh ohiw wr rewdlq dq xsgdwhg hvwlpdwh rq wkh uljkw1 Wklv frq0
wlqxhv xqwlo wkhuh lv olwwoh fkdqjh lq wkh frpsrqhqwv ri X�>m= Wkhuh lv rqh
vlpsoh prgl�fdwlrq ri wklv wkdw lv qrupdoo| dssolhg lq sudfwlfh/ prwlydwhg
e| wkh idfw wkdw vhtxhqfhv riwhq frqyhujh lq vxfk d zd| wkdw wkh huuruv gh0
fuhdvh olnh d jhrphwulf vhulhv1 Zkhq wklv lv wkh fdvh/ frqyhujhqfh pd| eh df0
fhohudwhg e| ryhu0uhod{dwlrq +h{wudsrodwlqj wkh vroxwlrq,1 Wklv lv prvw hdvlo|
ghvfulehg zlwk dq h{dpsoh1 Frqvlghu wkh vhtxhqfh {q @ 3=4 . 3=<{q�4 @
3=4333> 3=4<33> 3=5:43> 3=676<> 3=73<8> 3=79;9> 3=854:> === li zh ehjlq zlwk {4 @
3=4= Fohduo| wklv vhtxhqfh frqyhujhv udwkhu vorzo| wr 41 Frqvlghu wkh vhtxhqfh
gh�qhg e| |q @ 3=4 . 3=<{q�4> dqg {q @ {q�4 . $+|q � {q�4, iru vrph ryhu0
uhod{dwlrq sdudphwhu $ A 4= Krz pxfk idvwhu grhv wkh vhtxhqfh frqyhujh li
$ @ 8B Wkh �uvw ihz whupv duh3=4> 3=8<8> 3=:<:8> 3=;<;: zklfk lv fohduo| d vxe0
vwdqwldo lpsuryhphqw1 Ri frxuvh $ � < surylghv hyhq idvwhu frqyhujhqfh1
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Sureohp +VRU,=

Frqvlghu wkh vhtxhqfh

{q @
{q�4
5

.
4

{q�4

{4 @ 43= Lqyhvwljdwh wkh vshhg ri frqyhujhqfh ri wklv vhtxhqfh dqg rqh rewdlqhg
e| vxffhvvlyh ryhu0uhod{dwlrq1 Iru zkdw ydoxh ri wkh sdudphwhu $ grhv wkh vshhg
ri frqyhujhqfh vhhp wr eh juhdwhvwB

Wkh VRU phwkrg frqvlvwv ri �uvw vroylqj

\ n.4
l>m @

4

4 . 5u
^el>m . u+Xn.4

l�4>m . Xn
l.4>m,`

dqg wkhq sxwwlqj

Xn.4
l>m @ Xn

l>m . $+\ n.4
l>m � Xn

l>m,> n @ 4> 5> 6> ===

xqwlo frqyhujhqfh1

�����# ��� �
��6�2������� ������

Wklv phwkrg gl�huv iurp erwk wkh iruzdug dqg edfnzdug dssurdfk ri wkh h{0
solflw dqg ixoo| lpsolflw phwkrgv sulpdulo| lq wkdw wkh �uvw iruzdug ru edfnzdug
gl�huhqfh lv qrz uhsodfhg e| d v|pphwulf �uvw gl�huhqfh/ lpsurylqj wkh dffx0
udf| wr R+�w,51 Qrwh wkdw

Cx

Cw
+{> w.�w@5, @

x+{> w.�w,� x+{> w,

�w
.R+�w,5=

Vlploduo|/ zh fdq rewdlq dq dssur{lpdwlrq wr wkh uljkw kdqg vlgh dffxudwh wr
wkh vdph rughu e| dyhudjlqj wkh v|pphwulf vhfrqg gl�huhqfh dw srlqwv w dqg
w.�w/ l1h1 xvlqj

x+{.�{> w,� 5x+{> w, . x+{��{> w,

5+�{,5

.
x+{.�{> w.�w,� 5x+{> w.�w, . x+{��{> w.�w,

5+�{,5

Vhwwlqj wkhvh htxdo uhvxowv lq d v|vwhp ri olqhdu htxdwlrqv lq wkh ydoxhv ri x+{> w.
�w, vroydeoh lq whupv ri wkh ydoxhv ri x+{> w, iru doo {1 Wkhvh htxdwlrqv wdnh
wkh irup>

Xl>m.4 � Xl>m @
u

5
iXl.4>m.4 � 5Xl>m.4 . Xl�4>m.4 . Xl.4>m � 5Xl>m . Xl�4>mj
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Wkh v|vwhp ri htxdwlrqv wkdw uhvxow iurp wkh Fudqn0Qlfrovrq dssurdfk lv vlplodu
wr wkh irup vkrzq ri wkh lpsolflw phwkrg

PX�>m.4 @ EX�>m . e�>m

zkhuh

P @

3
EEEEEEC

4 . u �u@5 3 = = 3
�u@5 4 . u �u@5 3 = 3
3 �u@5 4 . u �u@5 3 =

= = = = = =

3 = = = �u@5 4 . u

4
FFFFFFD
>

E @

3
EEEEEEC

4� u u@5 3 = = 3
u@5 4� u u@5 3 = 3
3 u@5 4� u u@5 3 =

= = = = = =

3 = = = u@5 4� u

4
FFFFFFD
>

dqg e�>m lv d yhfwru ri }hurv lq wkh fhqwhu/ zlwk qrq0}hur hohphqwv dw wkh erxqg0
du| zklfk ghshqg rq wkh erxqgdu| frqglwlrqv1

Dv zh zloo vkrz lq wkh qh{w vhfwlrq/ wkh Fudqn0Qlfrovrq phwkrg kdv frqyhu0
jhqfh dqg vwdelolw| surshuwlhv vlplodu wr wkdw ri wkh lpsolflw phwkrg/ wkh phwkrg
lv vwdeoh li u A 31

�����( 
��0����� ��� ����������� �� ��� �
��6�2��������

Zh qrz frqvlghu wkh vwdelolw| ri wkh Fudqn0Qlfrovrq phwkrg xvlqj d pdwul{
dssurdfk1 Frqvlghu rqfh djdlq wkh qxphulfdo vroxwlrq wr wkh khdw htxdwlrq

C

Cw
x @

C5

C{5
x

rq 3 ? { ? 4 vxemhfw wr wkh lqlwldo frqglwlrq x+{> 3, @ i+{, dqg vrph
erxqgdu| frqglwlrqv x+4> w, @ j4+w,> x+3> w, @ j5+w, iru doo w 1 Zh kdyh vhhq
wkdw phwkrgv vxfk dv wkh Fudqn0Qlfrovrq lqyroyh glvfuhwl}lqj lq erwk wkh wlph
dqg vsdfh gluhfwlrqv/ dqg wkhq zulwlqj d uhfxuvlyh irupxod ri wkh irup

PX�>m.4 @ EX�>m . e�>m

zkhuh wkh pdwulfhv P dqg E duh gh�qhg lq wkh odvw vhfwlrq 1 Qrwh wkdw

X�>m.4 @ SX�>m .P�4e�>m @ = = =

@ S m.4X�>3 . S mP�4e�>3 . S m�4P�4e�>4 . = = =.P�4e�>m +51<,
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zkhuh S lv wkh pdwul{ P�4E1 Ohw wkh hljhqydoxhv ri wkh pdwul{ S eh
�4> �5> = = = dqg wkh fruuhvsrqglqj qrupdol}hg hljhqyhfwruv y4> y5> = = = 1 Uhfdoo
iurp olqhdu dojheud wkdw S m kdv wkh vdph hljhqyhfwruv zlwk hljhqydoxhv �mq1
Wkhq surylghg wkdw wkhvh hljhqyhfwruv vsdq wkh vsdfh/ zh fdq zulwh X�>3 @S

l �lyl iru vrph frqvwdqw frh�flhqwv �l/ dqg wkhq

S mX�>3 @
[
l

�l�
m
lyl= +5143,

Vlploduo|/ hdfk ri wkh rwkhu whupv rq wkh uljkw kdqg vlgh ri +51<, fdq dovr eh
zulwwhq lq d vlplodu irup zlwk frh�flhqwv lqyroylqj srzhuv ri wkh hljhqydoxhv
�
m
l 1 Iru vwdelolw| zlwk uhvshfw wr vpdoo huuruv lq wkh lqlwldo frqglwlrqv/ zh zrxog

olnh wr eh dvvxuhg wkdw dv m lqfuhdvhv/ wkh yhfwru rq wkh uljkw kdqg vlgh ri +5143,
uhpdlqv erxqghg1 Wklv lv fohduo| wkh fdvh li doo ri wkh hljhqydoxhv �l duh ohvv
wkdq ru htxdo wr 41 D vlplodu dujxphqw lpsolhv vwdelolw| zlwk uhvshfw wr vpdoo
huuruv lq wkh lqlwldo frqglwlrqv1 Wkxv wkh frqglwlrq iru pdwul{ vwdelolw| lv pruh
jhqhudoo|/ iru d uhfxuvlrq ri wkh irupPX�>m.4 @ EX�>m.e�>m/ wkdw wkh pd{lpxp
hljhqydoxh ri S / l1h1 wkh pd{lpxp urrw ri wkh htxdwlrq ghw+P � �E, @ 3 lv
ohvv wkdq rqh lq devroxwh ydoxh1 Lq wkh fdvh ri wkh Fudqn Qlfrovrq phwkrg/ wklv
uhvxowv lq wkh vdph frqglwlrq dv grhv wkh Irxulhu phwkrg/ l1h1 wkdw 3 ? u1

Ehvlghv vwdelolw|/ zklfk hqvxuhv wkdw huuruv gr qrw whqg wr jurz zlwkrxw
erxqg/ zh jhqhudoo| uhtxluh vrph lqglfdwlrq wkdw wkh glvfuhwh dssur{lpdwlrq wr
d sduwldo GH lv forvh wr wkh frqwlqxrxv vroxwlrq1 Ohw wkh gl�huhqfh rshudwru I
fruuhvsrqg wr wkh glvfuhwh Fudqn0Qlfrovrq phwkrg1

8L�c� '
L�c�n� 3 L�c�

{|
3

tL�n�c�n� 3 2L�c�n� n L�3�c�n� n L
�n�c� 3 2L
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n L
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Wkhq wkh gl�huhqfh ehwzhhq wkh glvfuhwh Fudqn0Qlfrovrq dqg wkh fruuhvsrqglqj

gl�huhqwldo rshudwru fdq eh h{sdqghg/ dv zdv grqh lq vhfwlrq 514/ wr rewdlq

IXl>m � +
C

Cw
x�

C5

C{5
x, @

4

5
+�w,

C

Cw
^
C

Cw
x�

C5

C{5
x`�

4

45
+�{,5

C7x

C{7
+5144,

.
4

9
+�w,5

�
C6x

Cw6
�
6

5

C7x

C{5Cw5

�
. = = =

Qrwh wkdw dv orqj dv erwk �w dqg �{ dssurdfk 3/ wkh huuru lq wkh ds0

sur{lpdwlrq rq wkh uljkw vlgh ri +5144, dovr dssurdfkhv 3 +dvvxplqj vx�flhqw

vprrwkqhvv ri wkh vroxwlrq,1 Wkxv wkh qxphulfdo vroxwlrq lv frqvlvwhqw xqghu

wkhvh frqglwlrqv1

�����+ ��� ������ �� 9�����

Lq jhqhudo/ wkh phwkrg ri olqhv lv d ghylfh zklfk uhgxfhv d sduwldo gl�huhqwldo

htxdwlrq wr d frxsohg v|vwhp ri ruglqdu| gl�huhqwldo htxdwlrqv1 Frqvlghu iru dq

h{dpsoh wkh qrq0olqhdu htxdwlrq

C

Cw
x @

C5

C{5
x. +

C

C{
x,5
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Vxssrvh zh xvh v|pphwulf �uvw dqg vhfrqg rughu gl�huhqfhv iru wkh ghulyd0

wlyhv rq wkh uljkw vlgh ri wklv htxdwlrq/ exw frqwlqxh wr ohdyh wkh ohiw vlgh dv d

ghulydwlyh1 Wkhq dw d jlyhq srlqw +{> w, wkh htxdwlrq wdnhv wkh irup

C

Cw
x+{> w, @

4

k5
^x+{. k> w,� 5x+{> w, . x+{� k> w,` .

4

7k5
^x+{. k> w,� x+{� k> w,`5=

Li zh qrz ghqrwh Xl+w, @ x+lk> w,> l @ 3> 4> 5> = = = / wkhq wklv ehfrphv d frxsohg

v|vwhp ri �uvw rughu gl�huhqwldo htxdwlrqv

X 3l+w, @
4

k5
^Xl.4+w,� 5Xl+w, . Xl�4+w,` .

4

7k5
^Xl.4+w,� Xl�4+w,`

5> l @ 4> 5> = = =

zklfk/ wrjhwkhu zlwk wkh dssursuldwh lqlwldo ru erxqgdu| frqglwlrqv/ pd| eh

vroyhg/ iru h{dpsoh lq PDSOH/ wr rewdlq dq dssur{lpdwh vroxwlrq wr wkh SGH1

�����, ������ )������� ��� ��� 3���
6�� �������

Pxfk ri wkh wkhru| ri ruglqdu| dqg sduwldo gl�huhqwldo htxdwlrqv sdudoohov fru0

uhvsrqglqj uhvxowv lq olqhdu dojheud1 Zh ehjlq zlwk vrph hohphqwdu| uhvxowv

frqfhuqlqj olqhdu rshudwruv1 Frqvlghu d yhfwru vsdfh vsdqqhg e| d frpsohwh

vhw ri yhfwruv y4> y5> = = = 1 E| wklv zh phdq wkdw dq| hohphqw ri wkh yhfwru

vsdfh fdq eh zulwwhq dv d olplw ri d olqhdu frpelqdwlrq ri wkh vsdqqlqj yhfwruv

olpq$4

Sq
l@4 �lyl1 Vxssrvh wkh yhfwru vsdfh kdv dq lqqhu surgxfw ghqrwhg e|

+x> y,1 D frpsohwh lqqhu surgxfw vsdfh lv fdoohg d Kloehuw Vsdfh1 Lq wkh fdvh ri

d �qlwh0glphqvlrqdo yhfwru vsdfh/ wklv lqqhu surgxfw lv xvxdoo| wkh grw surgxfw

ehwzhhq wkh wzr frh�flhqw yhfwruv1 Krzhyhu/ zh zloo ghdo khuh zlwk dq lq�qlwh

glphqvlrqdo yhfwru vsdfh lq zklfk wkh yhfwruv duh ixqfwlrqv1 Qrz ohw D eh

d srvlwlyh olqhdu rshudwru rq wkh yhfwru vsdfh1 Wklv phdqv wkdw zkhq y v d

yhfwru/ vr lv Dy dqg lw lv olqhdu> D+y4.y5, @ Dy4.Dy51 Ri frxuvh zh xvxdoo|

uhsuhvhqw olqhdu rshudwruv lq wkh �qlwh glphqvlrqdo fdvh e| pdwulfhv/ exw zkhq

wkh yhfwruv frqvlvw ri ixqfwlrqv/ wkhq remhfwv olnh ghulydwlyhv ri wkh ixqfwlrq/ �uvw

gl�huhqfhv/ hwf1 duh dovr olqhdu rshudwruv1 D olqhdu rshudwru lv srvlwlyh gh�qlwh

li lw lv v|pphwulf ++Dy> x, @ +y>Dx, iru doo x> y, dqg +Dy> y, � Fmmymm5 iru doo

y dqg vrph F A 31

Zh qrz frqvlghu d sduwlfxodu plqlpl}dwlrq sureohp/ hdvlhvw wr lqwhusuhw

dqg suryh lq wkh �qlwh glphqvlrqdo fdvh/ exw xvhixo lq wkh lq�qlwh glphqvlrqdo

sureohpv lq gl�huhqwldo htxdwlrqv dv zhoo1 Wr prwlydwh wkh uhvxow/ suhwhqg iru

wkh prphqw wkdw wkh yhfwruv i> x> y duh �qlwh0glphqvlrqdo froxpq yhfwruv dqg

D lv d srvlwlyh gh�qlwh pdwul{1 Vxssrvh zh zlvk wr plqlpl}h wkh ohqjwk ri

wkh uhvlgxdov Dy � i ryhu srvvleoh yhfwruv y uhvwulfwhg wr vrph olqhdu vxevsdfh

ri Hxfolghdq vsdfh1 Wkh qrwlrq ri glvwdqfh lv dgdswhg wr wkh srvlwlyh gh�qlwh

pdwul{ D/ vr wkdw wkh vtxduhg glvwdqfh lv jlyhq e| +Dy � i,WD�4+Dy � i, @

+Dy> y, � 5+i> y, . +i> i,= Vlqfh zh duh plqlpl}lqj ryhu y> lw lv htxlydohqw wr

plqlpl}h wkh txdqwlw| +Dy> y,� 5+i> y, dqg wklv plqlpl}dwlrq lv htxlydohqw wr

plqlpl}lqj wkh _ohqjwk% ri wkh uhvlgxdov Dy � i=
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Sursrvlwlrq

Vxssrvh D lv d olqhdu rshudwru rq d jlyhq grpdlq GD lq d Kloehuw vsdfh1

Vxssrvh zh zlvk wr plqlpl}h wkh txdgudwlf ixqfwlrqdo

+Dy> y,� 5+i> y, +5145,

ryhu doo yhfwruv y iru d jlyhq ixqfwlrq i 5 GD1 Wkhq wkh iroorzlqj duh

htxlydohqw

+d, y� lv wkh ghvluhg plqlpxp1

+e, y� lv wkh xqltxh vroxwlrq wr wkh htxdwlrq Dy� @ i 1

+f, Surylghg GD lv vsdqqhg e| edvh yhfwruv y4> = = = yq vfdohg wr kdyh ohqjwk

4/ wkhq y� @
S

dlyl zkhuh d4> d5> = = = dq vroyhv wkh v|vwhp ri htxdwlrqv

[
l

+Dyl> ym,dl @ +i> ym,> m @ 4> 5> = = = q +5146,

Wkh odvw htxdwlrq deryh fdq eh zulwwhq lq vlpsohu irup dqg dssolhv jhqhudoo|/

hyhq lq flufxpvwdqfhv lq zklfk wkh rshudwru lv qrw srvlwlyh gh�qlwh1 Vxssrvh zh

zlvk wr vroyh Dy� @ i 1 Vxssrvh wkhuh duh �qlwho| pdq| edvlv yhfwruv y4> = = = yq
wkdw zh wklqn _doprvw% vsdq wkh ghvluhg vsdfh1 Wkhq dq| sursrvhg vroxwlrq

wkdw lv d olqhdu frpelqdwlrq ri wkhvh yhfwruv/ vd| y�q @
Sq

l@4 dlyl pxvw eh

dvvhvvhg wkurxjk wkh vl}h ri wkh uhvlgxdov Dy�q � i 1 Dv lq uhjuhvvlrq/ zh kdyh

dfklhyhg wkh surmhfwlrq ri wkh vroxwlrq rqwr wklv �qlwh glphqvlrqdo vxevsdfh

rqo| li wkhvh uhvlgxdov duh shushqglfxodu wr hdfk ri wkh edvlv yhfwruv/ l1h1 li

+Dy�q � i> ym, @ 3> m @ 4> 5> = = = q1 Wklv lv wkh v|vwhp ri htxdwlrqv +5146,1

Qrz frqvlghu dv d vlpsoh h{dpsoh wkh khdw htxdwlrq

C

Cw
x @

C5

C{5
x> 3 ? { ? 4> 3 ? w

vxemhfw wr lqlwldo dqg erxqgdu| frqglwlrqv

x+{> 3, @ 4> 3 ? { ? 4

x+3> w,�
C

C{
x+3> w, @ 3> w A 3

C

C{
x+4> w, @ 3> w A 3

Zh ehjlq zlwk d edvh ri ixqfwlrqv ri { wkdw vdwlvi| wkh erxqgdu| frqglwlrqv1

Iru h{dpsoh/ wkh sro|qrpldov

ym+{, @ +4 . {,�
{m.4

m . 4



594

doo vdwlvi| wkh erxqgdu| frqglwlrqv

ym+3,� y3m+3, @ 3> y3m+4, @ 3=

Qrz frqvlghu dssur{lpdwlqj d vroxwlrq lq wkh irup

�x+{> w, @ d4+w,y4+{, . d5+w,y5+{,

Lq wklv h{dpsoh/ wkh vsdfh ri ixqfwlrqv vkrxog lqfoxgh +srvvleo| lq�qlwh, olqhdu

frpelqdwlrqv ri wzlfh gl�huhqwldeoh ixqfwlrqv ri { zklfk vdwlvi| wkh erxqgdu|

frqglwlrqv/ zlwk frh�flhqwv wkdw duh gl�huhqwldeoh ixqfwlrqv ri w1 Wkh lqqhu

surgxfw lv +x> y, @
U 4
3
x+{> w,y+{> w,g{1 Wkh uhvlgxdo dw wlph w lv

D�x� i @
C

Cw
�x�

C5

C{5
�x> w A 3

dqg

4� �x+{> 3,> w @ 3=

Wkhq wkh frqglwlrqv +5146, ohdg wr wkh idfw wkdw wkh uhvlgxdov duh ruwkrjrqdo wr

wkh wzr edvlv yhfwruv/ l1h1 wkdw

] 4

3

+4� �x+{> 3,,ym+{,g{ @ 3> m @ 4> 5

] 4

3

^
C

Cw
�x�

C5

C{5
�x`ym+{,g{ @ 3> m @ 4> 5 +4314,

Wkhvh htxdwlrqv uhgxfh wr

<

8
d4+3, .

9<4

693
d5+3, @

7

6

9<4

693
d4+3, .

45<4

963
d5+3, @

4:

45

dqg

<

8
d34+w, .

9<4

693
d35+w, .

7

6
d4+w, .

4:

45
d5+w, @ 3

9<4

693
d34+w, .

45<4

963
d35+w, .

4:

45
d4+w, .

56

48
d5+w, @ 3

dqg wkh vroxwlrq wr wklv v|vwhp ri htxdwlrqv lv jlyhq e|

d4+w, @ 3=8;9h�=:75w . 5=77;h�44=::3w> d5 @ 3=477h�=:75w � 5=5<8h�44=::3w
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dqg vr wkh dssur{lpdwh vroxwlrq wr wkh lqlwldo0erxqgdu| ydoxh sureohp lv

�x+{> w, @ 3=8;9h�=:75w . 5=77;h�44=::3w+4 . {� {5@5,

.3=477h�=:75w � 5=5<8h�44=::3w+4 . {� {6@6,=

Ri frxuvh/ ehfdxvh wkh vhfrqg h{srqhqw lv vr odujh dqg qhjdwlyh/ lw lv fohdu

wkdw wkh �uvw whup lq wkhvh frh�flhqwv grplqdwhv iru prghudwh ru odujh ydoxhv

ri w1

H{dpsoh1

Wkh phwkrgv zh frqvlghu khuh duh jhqhudoo| dssolfdeoh wr qxphulfdoo| vroylqj

dq htxdwlrq ri wkh irup

C

Cw
x.D+x, @ 3

zkhuh D+x, lv xvxdoo| uhtxluhg wr eh d srvlwlyh gh�qlwh olqhdu gl�huhqwldo

rshudwru zlwk uhvshfw wr {1 Dq h{dpsoh ri d srvlwlyh gh�qlwh rshudwru lv rqh

ri wkh irup D+x, @ � C
C{
^d+{> w, C

C{
x+{> w,` iru d qrq0qhjdwlyh ixqfwlrq d1 Lw

lv hdv| wr vkrz/ iru h{dpsoh/ wkdw wkh rshudwru � C5

C{5
lv srvlwlyh gh�qlwh

rq d vxlwdeoh vxevsdfh ghwhuplqhg e| wkh erxqgdu| frqglwlrqv1 Zh uhwxuq wr

vroylqj htxdwlrq +5146, rq 3 ? { ? �> 3 ? w ? 4 xqghu wkh erxqgdu|/ lqlwldo

frqglwlrqv x+{> 3, @ 4> 3 ? { ? �/ dqg x+3> w, @ x+�> w, @ 31 Wkh phwkrg ri

vhsdudwlrq ri yduldeohv ohdgv wr vroxwlrqv ri wkh irup xq+{> w, @ h�q
5wvlq+q{,

dqg lw lv hdv| wr vhh lq wklv fdvh wkdw li zh wu| d olqhdu frpelqdwlrq ri wkh

irup x+{> w, @
S

q dqxq wkh htxdwlrq dqg erxqgdu| frqglwlrqv duh vdwlv�hg

iru dq @ 7
�q
> q @ 4> 6> 8> = = = > dqg rwkhuzlvh dq @ 31 Wkhuhiruh lq wklv fdvh/

dq h{solflw vroxwlrq wr wkh htxdwlrq lv nqrzq>

x+{> w, @
[

q@4>6>8>===

7

�q
h�q

5wvlq+q{,=

Vxssrvh iru wkh prphqw zh glg qrw nqrz wklv vroxwlrq1 Zh frxog dwwhpsw d vr0

oxwlrq dv d olqhdu frpelqdwlrq ri �qlwho| pdq| ri wkh edvlv yhfwruv yq+{, @
vlq+q{,

q
> q @ 3> 4> 5> = = = 8 vr wkh dwwhpswhg vroxwlrq pljkw wdnh wkh irup

�x+{> w, @ d3+w, .
S8

q@4 dq+w,yq+{,1 Surfhhglqj dv lq wkh odvw h{dpsoh/ li zh

uhtxluh wkdw wkh uhvlgxdov duh ruwkrjrqdo wr wkh edvlv yhfwruv/ zh rewdlq wkh

htxdwlrqv

d3+w, @ 4

] �

3

^
C

Cw
�x�

C5

C{5
�x`ym+{,g{ @ 3> m @ 3> 4> = = = 8 +5147,
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Iljxuh 4315=

zklfk uhgxfhv d frxsohg v|vwhp ri �uvw rughu gl�huhqwldo htxdwlrqv wkdw pd|

eh vroyhg iru wkh frh�flhqwv dm+w,1 Riwhq wkh v|vwhp ri htxdwlrqv +5147, lv

vlpsol�hg ixuwkhu e| glvfuhwl}lqj wlph/ l1h1 uhsodflqj C
Cw
�x e| d �uvw iruzdug

gl�huhqfh iru vpdoo +wlph, vwhs vl}h k 1 Wkhq wkh htxdwlrqv duh vlpso| olqhdu

htxdwlrqv/ zlwk qr ghulydwlyhv lqyroyhg/ dqg wkh| duh vroyhg vhtxhqwldoo| lq

w @ mk> m @ 4> 5>1

Wkhuh lv dq dowhuqdwlyh iru wkh edvh ixqfwlrqv yq frpprqo| xvhg dqg riwhq

uhihuuhg wr dv d �qlwh hohphqw phwkrg1 Vxssrvh/ iru h{dpsoh/ zh xvh wkh wkuhh

vlpsoh vsolqh ixqfwlrqv uhsuhvhqwhg e| wkh wuldqjohv ehorz1

Fohduo| wkhvh ixqfwlrqv duh frqwlqrxv/

dqg lqghhg kdyh slhfhzlvh frqwlqxrxv �uvw ghulydwlyhv1 Iru h{dpsoh/ ym+{,

fdq eh uhfryhuhg e| lqwhjudwlqj lwv �uvw ghulydwlyh1 Xqiruwxqdwho|/ wkh vhfrqg

ghulydwlyhv gr qrw kdyh wklv surshuw| dqg li zh h{suhvv �x dv d olqhdu frpel0

qdwlrq ri wkhvh edvh ixqfwlrqv/ zh vwloo qrw eh deoh wr dsso| wkh rshudwru D

wr lw/ vlqfh wklv uhtxluhv vhfrqg ghulydwlyhv zlwk uhvshfw wr {1 Wklv vhhplqjo|

kdupohvv idloxuh kdv ohg wr d prxqwdlq ri pdwkhpdwlfdo olwhudwxuh surylglqj d

zhdn lqwhusuhwdwlrq ri gl�huhqwldo htxdwlrqv1 Urxjko| vshdnlqj/ ixqfwlrqv duh

gh�qhg e| wkh uhvxow xsrq lqwhjudwlrq diwhu pxowlsolfdwlrq e| zhoo0ehkdyhg whvw

ixqfwlrqv1 Iru h{dpsoh/ wkh gludf ghowd ixqfwlrq frxog eh gh�qhg hlwkhu dv d

phdvxuh/ ru dv wkh _ixqfwlrq%� surylglqj
U
�+{,!+{,g{ @ !+3, iru doo vprrwk

ixqfwlrqv != Xqghu d zhdn lqwhusuhwdwlrq/ lq rughu wr vroyh iru wkh frh�flhqwv

deryh/ zh uhtxluh lqwhjudov ri wkh irup
U
^� C5

C{5
yq+{,`ym+{,g{ dqg wklv fdq eh

lqwhusuhwhg xvlqj lqwhjudwlrq e| sduwv1 Iru h{dpsoh li zh duh lqwhjudwlqj ryhu d

vwuls d ? { ? e dqg li wkh edvlv yhfwruv ym+{, duh }hur dw { @ d> { @ e +ehfdxvh
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erxqgdu| frqglwlrqv lpso| wkdw wkh vroxwlrq lv dovr }hur rq wklv erxqgdu|,/

]
^�

C5

C{5
yq+{,`ym+{,g{ @

]
^
C

C{
yq+{,`^

C

C{
ym+{,`g{ +4315,

hyhq zkhq wkh vhfrqg ghulydwlyh idlov wr h{lvw1 Qrwlfh wkdw wklv lghqwlw| dovr

vkrzv wkdw wkh olqhdu rshudwru D @ � C5

C{5
vdwlv�hv +Dy=y, � 3 dqg lv wkhuhiruh

srvlwlyh gh�qlwh1

Vxppdu|

Zh kdyh vhhq vhyhudo dowhuqdwlyh phwkrgv wkdw fdq eh xvhg wr qxphulfdoo| vroyh

d v|vwhp ri wkh irup

C

Cw
x.D+x, @ i

iru srvlwlyh gh�qlwh rshudwru D1 Zh pd| glvfuhwl}h erwk wlph dqg vsdfh/ xvlqj d

phwkrg vxfk dv Fudqn0Qlfrovrq1 Zh pd| glvfuhwl}h vsdfh dqg qrw wlph/ uhvxowlqj

lq d v|vwhp ri �uvw rughu gl�huhqwldo htxdwlrqv lq w1 Dowhuqdwlyho|/ zh pd|

glvfuhwl}h wlph1 Sxwwlqj xm+{, @ x+m�w> {, wklv uhtxluhv vroylqj d v|vwhp ri wkh

irup

xm+{,� xm�4+{,

�w
.Dxm+{, @ 3

zlwk wkh lqkhulwhg erxqgdu| frqglwlrqv1 Wklv pd| uhvxow lq d v|vwhp ri vhfrqg

rughu gl�huhqwldo htxdwlrqv lq { zklfk pd| eh vroyhg dqdo|wlfdoo| ru qxphulfdoo|

+h1j1 e| �qlwh hohphqw phwkrgv,1

�����? 
������� �� ��� "�4����� )5�������

Lq wklv vhfwlrq zh frqvlghu wkh jhqhudo vroxwlrq wr wkh gl�xvlrq htxdwlrq ri wkh

irup +4148,/ uhzulwwhq dv

CY

Cw
@ uwY � uwVw

CY

CV
�
�5+Vw> w,

5

C5Y

CV5
+5148,

zkhuh Vw lv dq dvvhw sulfh gulyhq e| d gl�xvlrq htxdwlrq

gVw @ d+Vw> w,gw. �+Vw> w,gZw> +5149,

Y +Vw> w, lv wkh sulfh ri dq rswlrq rq wkdw dvvhw dw wlph w/ dqg uw @ u+w, lv wkh

vsrw lqwhuhvw udwh dw wlph w1 Zh dvvxph wkdw wkh sulfh ri wkh rswlrq dw h{slu|

W lv d nqrzq ixqfwlrq ri wkh dvvhw sulfh

Y +VW > W , @ Y3+VW ,= +514:,

Vrphzkdw vwudqjho|/ wkh rswlrq lv sulfhg xvlqj d uhodwhg exw qrw lghqwlfdo surfhvv

+ru/ htxlydohqwo|/ wkh vdph surfhvv xqghu d gl�huhqw phdvxuh,1 Uhfdoo iurp wkh
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edfnzdugv Nroprjrury htxdwlrq +415, wkdw li d uhodwhg surfhvv [w vdwlv�hv wkh

vwrfkdvwlf gl�huhqwldo htxdwlrq

g[w @ u+[w> w,[wgw. �+[w> w,gZw +514;,

wkhq lwv wudqvlwlrq nhuqho s+w> v> W> }, @ C
C}
S ^[W � }m[w @ v` vdwlv�hv d sduwldo

gl�huhqwldo htxdwlrq vlplodu wr +5148,>

Cs

Cw
@ �u+v> w,v

Cs

Cv
�
�5+v> w,

5

C5s

Cv5
+514<,

Iru d jlyhq surfhvv [w wklv ghwhuplqhv rqh vroxwlrq1 Iru vlpsolflw|/ frqvlghu

wkh fdvh +qdwxudo lq �qdqfh dssolfdwlrqv, zkhq wkh vsrw lqwhuhvw udwh lv d ixqfwlrq

ri wlph/ qrw ri wkh dvvhw sulfh> u+v> w, @ u+w,1 Wr rewdlq wkh vroxwlrq vr wkdw

whuplqdo frqglwlrqv lv vdwlv�hg/ frqvlghu d surgxfw

i+w> v> W> }, @ s+w> v> W> },t+w> W , +5153,

zkhuh

t+w> W , @ h{si�
] W

w

u+y,gyj

lv wkh glvfrxqw ixqfwlrq ru wkh sulfh ri d }hur0frxsrq erqg dw wlph w zklfk

sd|v 4' dw pdwxulw|1

Ohw xv wu| dq dssolfdwlrq ri rqh ri wkh prvw frpprq phwkrgv lq vroylqj

SGH*v/ wkh _oxfn| jxhvv% phwkrg1 Frqvlghu d olqhdu frpelqdwlrq ri whupv ri

wkh irup +5153, zlwk zhljkw ixqfwlrq z+},= l1h1 wu| d vroxwlrq ri wkh irup

Y +v> w, @

]
s+w> v> W> },t+w> W ,z+},g} +5154,

iru vxlwdeoh zhljkw ixqfwlrq z+},1 Lq ylhz ri wkh gh�qlwlrq ri s dv d wudqvlwlrq

suredelolw| ghqvlw|/ wklv lqwhjudo fdq eh uhzulwwhq dv d frqglwlrqdo h{shfwdwlrq=

Y +w> v, @ H^z+[W ,t+w> W ,m[w @ v` +5155,

wkh glvfrxqwhg frqglwlrqdo h{shfwdwlrq ri wkh udqgrp yduldeoh z+[W , jlyhq wkh

fxuuhqw vwdwh ri wkh surfhvv/ zkhuh wkh surfhvv lv dvvxphg wr iroorz +514;,1 Qrwh

wkdw lq rughu wr vdwlvi| wkh whuplqdo frqglwlrq BB/ zh fkrrvh z+{, @ Y3+{,1

Qrz

CY

Cw
@

C

Cw

]
s+w> v> W> },t+w> W ,z+},g}

@

]
^�u+Vw> w,Vw

Cs

Cv
�
�5+Vw> w,

5

C5s

Cv5
`t+w> W ,z+},g}

.u+Vw> w,

]
s+w> Vw> W> },t+w> W ,z+},g} e| +514<,

@ �u+Vw> w,Vw
CY

CV
�
�5+Vw> w,

5

C5Y

CV5
. u+Vw> w,Y +Vw> w,
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zkhuh zh kdyh dvvxphg wkdw zh fdq sdvv wkh ghulydwlyhv xqghu wkh lqwhjudo

vljq1 Wkxv wkh surfhvv

Y +w> v, @ H^Y3+[W ,t+w> W ,m[w @ v` +5156,

vdwlv�hv erwk wkh sduwldo gl�huhqwldo htxdwlrq +5148, dqg wkh whuplqdo frqglwlrqv

BB dqg lv khqfh wkh vroxwlrq1 Lqghhg lw lv wkh xqltxh vroxwlrq vdwlvi|lqj fhuwdlq

uhjxodulw| frqglwlrqv1 Wkh uhvxow dvvhuwv wkdw wkh ydoxh ri dq| Hxurshdq rswlrq

lv vlpso| wkh frqglwlrqdo h{shfwhg ydoxh ri wkh glvfrxqwhg sd|r� +glvfrxqwhg wr

wkh suhvhqw, dvvxplqj wkdw wkh glvwulexwlrq lv wkdw ri wkh surfhvv +514;,1 Wklv

uhvxow lv d vshfldo fdvh zkhq wkh vsrw lqwhuhvw udwhv duh ixqfwlrqv rqo| ri wlph ri

wkh iroorzlqj pruh jhqhudo wkhruhp1

Wkhruhp+ Ih|qpdq0Ndf,

Vxssrvh wkh frqglwlrqv iru d xqltxh vroxwlrq wr +5148/514:, +vhh iru h{dpsoh

Gx�h/ dsshqgl{ H, duh vdwlv�hg1 Wkhq wkh jhqhudo vroxwlrq wr +5148, xqghu wkh

whuplqdo frqglwlrq BB lv jlyhq e|

Y +V> w, @ H^Y3+[W ,h{si�
] W

w

u+[y> y,gyj m [w @ V` +5157,

Wklv uhsuhvhqwv wkh glvfrxqwhg uhwxuq iurp wkh rswlrq xqghu wkh glvwulexwlrq

ri wkh surfhvv [w 1 Wkh glvwulexwlrq lqgxfhg e| wkh surfhvv [w lv uhihuuhg wr

dv wkh htxlydohqw pduwlqjdoh phdvxuh ru ulvn qhxwudo phdvxuh1 Qrwlfh wkdw zkhq

wkh ruljlqdo surfhvv lv d gl�xvlrq/ wkh htxlydohqw pduwlqjdoh phdvxuh vkduhv wkh

vdph gl�xvlrq frh�flhqw exw kdv wkh guliw uhsodfhg e| u+[w> w,[w= Wkh rswlrq

lv sulfhg dv li wkh guliw zhuh wkh vdph dv wkdw ri d ulvn0iuhh erqg l1h1 dv li wkh

lqvwdqwdqhrxv udwh ri uhwxuq iurp wkh vhfxulw| li lghqwlfdo wr wkdw ri erqg1 Ri

frxuvh/ lq sudfwlfh/ lw lv qrw1 D ulvn suhplxp pxvw eh sdlg wr wkh vwrfn0kroghu

wr frpshqvdwh iru wkh juhdwhu ulvn dvvrfldwhg zlwk wkh vwrfn1

Wkhuh duh vrph fdvhv lq zklfk wkh frqglwlrqdo h{shfwdwlrq +BB, fdq eh ghwhu0

plqhg h{solflwo|1 Lq jhqhudo/ wkhvh uhtxluh wkdw wkh surfhvv ru d vlpsoh ixqfwlrq

ri wkh surfhvv lv Jdxvvldq1

Iru h{dpsoh/ vxssrvh wkdw erwk u+w, dqg �+w, duh ghwhuplqlvwlf ixqfwlrqv

ri wlph rqo|1 Wkhq zh fdq vroyh wkh vwrfkdvwlf gl�huhqwldo htxdwlrq +5155, wr

rewdlq

[W @
[w

t+w> W ,
.

] W

w

�+x,

t+x> W ,
gZx +5158,

Wkh �uvw whup deryh lv wkh frqglwlrqdo h{shfwhg ydoxh ri [W jlyhq [w1 Wkh

vhfrqg lv wkh udqgrp frpsrqhqw/ dqg vlqfh lw lv d zhljkwhg vxp ri wkh qrupdoo|
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glvwulexwhg lqfuhphqwv ri d Eurzqldq prwlrq zlwk zhljkwv wkdw duh qrq0udqgrp/

lw lv dovr d qrupdo udqgrp yduldeoh1 Wkh phdq lv 3 dqg wkh +frqglwlrqdo, ydul0

dqfh lv
U W
w

�5+x,

t5+x>W,
gx=Wkxv wkh frqglwlrqdo glvwulexwlrq ri [W jlyhq[w lv qrupdo

zlwk frqglwlrqdo h{shfwdwlrq [w

t+w>W,
dqg frqglwlrqdo yduldqfh

U W
w

�5+x,

t5+x>W,
gx1

Sureohp1

Frqvlghu dssur{lpdwlqj dq lqwhjudo ri wkh irup
U W
3
j+w,gZw �

S
j+w,iZ +w .

k, �Z +w,j zkhuh j+w, lv d qrq0udqgrp ixqfwlrq dqg wkh vxp lv ryhu ydoxhv

ri w @ qk> q @ 3> 4> 5> ===W@k � 4= Vkrz e| frqvlghulqj wkh glvwulexwlrq ri wkh

vxp dqg wdnlqj olplwv wkdw wkh udqgrp yduldeoh
U W
3
j+w,gZw kdv d qrupdo

glvwulexwlrq dqg �qg lwv phdq dqg yduldqfh1

Sureohp1

Jlyh dq h{dpsoh ri d ixqfwlrq j+w>Zw, vxfk wkdw wkh udqgrp yduldeoh
U 4
3
j+w>Zw,gZw

grhv qrw kdyh d qrupdo glvwulexwlrq exw kdv odujhu wdlov wkdq wkh qrupdo glvwul0

exwlrq kdv1

Wkh vshfldo fdvh ri +BB, ri prvw frpprq xvdjh lv wkh Eodfn0Vfkrohv prgho=

vxssrvh wkdw �+V> w, @ V�+w, iru �+w, vrph ghwhuplqlvwlf ixqfwlrq ri w1 Wkhq

wkh glvwulexwlrq ri [w lv qrw Jdxvvldq/ exw iruwxqdwho|/ lwv orjdulwkp lv1 Lq

wklv fdvh zh vd| wkdw wkh glvwulexwlrq ri [w lv orjqrupdo1

Orjqrupdo Glvwulexwlrq

Vxssrvh ] lv d qrupdo udqgrp yduldeoh zlwk phdq � dqg yduldqfh �51 Wkhq zh

vd| wkdw wkh glvwulexwlrq ri [ @ h] lv orjqrupdo zlwk phdq � @ h{si�.�5@5j
dqg yrodwlolw| sdudphwhu �1 Wkh orjqrupdo suredelolw| ghqvlw| ixqfwlrq zlwk

phdq � A 3 dqg yrodwlolw| sdudphwhu � A 3 lv jlyhq e| wkh suredelolw| ghqvlw|

ixqfwlrq

j+{m�> �, @
4

{�
s
5�

h{si�+orj {� orj � � �5@5,5@5�5j= +5159,

Wkh vroxwlrq wr +514;, zlwk qrq0udqgrp ixqfwlrqv �+w,> u+w, lv qrz

[W @ [wh{si
] W

w

+u+x,� �5+x,@5,gx.

] W

w

�+x,gZxj= +515:,

Vlqfh wkh h{srqhqw lv qrupdo/ wkh glvwulexwlrq ri [W lv orjqrupdo zlwk

phdq orj+[w, .
U W
w
+u+x, � �5+x,@5,gx dqg yduldqfh

U W
w
�5+x,gx1 Lw iroorzv

wkdw wkh frqglwlrqdo glvwulexwlrq lv orjqrupdo zlwk phdq � @ [wt+w> W , dqg

yrodwlolw| sdudphwhu

t U W
w
�5+x,gx1

Zh qrz ghulyh wkh zhoo0nqrzq Eodfn0Vfkrohv irupxod dv d vshfldo fdvh ri

+BB,1 Iru d fdoo rswlrq zlwk h{huflvh sulfh H/ wkh sd|r� ixqfwlrq lv Y3+VW , @
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pd{+VW � H> 3,1 Qrz lw lv khosixo wr xvh wkh idfw wkdw iru d vwdqgdug qrupdo

udqgrp yduldeoh ] dqg duelwudu| � A 3>�4 ? � ?4 zh kdyh wkh h{shfwhg

ydoxh ri pd{+h�].�> 3, lv

h�.�
5@5�+

�

�
. �,��+

�

�
, +515;,

zkhuh �+=, ghqrwhv wkh vwdqgdug qrupdo fxpxodwlyh glvwulexwlrq ixqfwlrq1 Dv

d uhvxow/ lq wkh vshfldo fdvh wkdw u dqg � duh frqvwdqwv/ +BB, uhvxowv lq wkh

idprxv Eodfn0Vfkrohv irupxod zklfk fdq eh zulwwhq lq wkh irup

Y +V> w, @ V�+g4,�Hh�u+W�w,�+g5, +515<,

zkhuh g4 ? g5 duh wkh ydoxhv 	�5@5 vwdqgdugl}hg e| dgglqj orj+V@H,.u+W�w,
dqg glylglqj e| �

s
W � w1 Wklv pd| eh ghulyhg e| wkh iroorzlqj ghylfh> Dvvxph

+l1h1 suhwhqg, wkdw/ jlyhq fxuuhqw lqirupdwlrq/ wkh glvwulexwlrq ri V+W , dw

h{slu| lv orjqrupdoo| glvwulexwhg zlwk wkh phdq � @ V+w,hu+W�w, 1

Wkh phdq ri wkh orj0qrupdo lq wkh ulvn qhxwudo zruog V+w,hu+W�w, lv h{dfwo|

wkh ixwxuh ydoxh ri rxu fxuuhqw vwrfnv V+w, li zh zhuh wr vhoo wkh vwrfn dqg

lqyhvw wkh fdvk lq d edqn ghsrvlw1 Wkhq wkh ixwxuh ydoxh ri dq rswlrq zlwk

sd|r� ixqfwlrq jlyhq e| Y3+VW , lv wkh h{shfwhg ydoxh ri wklv ixqfwlrq djdlqvw

wklv orjqrupdo suredelolw| ghqvlw| ixqfwlrq/ wkhq glvfrxqwhg wr suhvhqw ydoxh

h�u+W�w,
]
4

3

Y3+{,j+{mV+w,hu+W�w,> �
s
W � w,g{= +5163,

Qrwlfh wkdw wkh Eodfn0Vfkrohv ghulydwlrq fryhuv dq| gl�xvlrq surfhvv jry0

huqlqj wkh xqghuo|lqj dvvhw zklfk lv gulyhq e| d vwrfkdvwlf gl�huhqwldo htxdwlrq

ri wkh irup

gV @ d+V,gw. �VgZw +5164,

uhjdugohvv ri wkh qdwxuh ri wkh guliw whup d+V,1 Iru h{dpsoh d qrq0olqhdu

ixqfwlrq d+V, fdq ohdg wr glvwulexwlrqv wkdw duh qrw orjqrupdo dqg |hw wkh

rswlrq sulfh lv ghwhuplqhg dv li lw zhuh1

H{dpsoh1

Frqvlghu sulflqj dq lqgh{ rswlrq rq wkh V)S 833 lqgh{ dq Mdqxdu| 44/ 5333

+wkh lqgh{ VS[ forvhg dw 4765158 rq wklv gd|,1 Wkh rswlrq V[] DH0D lv d

Mdqxdu| fdoo rswlrq zlwk vwulnh sulfh 47581 Wkh rswlrq pdwxuhv +dv gr htxlw|

rswlrqv lq jhqhudo, rq wkh wklug iulgd| ri wkh prqwk ru Mdqxdu| 54/ d wrwdo ri

: wudglqj gd|v odwhu1 Vxssrvh zh zlvk wr sulfh vxfk dq rswlrq xvlqj wkh odfn0

Vfkrohv prgho1 Lq wklv fdvh/ W � w phdvxuhg lq |hduv lv :@585 @ 3=35:::;= Wkh

dqqxdo yrodwlolw| ri wkh Vwdqgdug dqg Srru 833 lqgh{ lv durxqg 4<18 shufhqw ru

314<8 dqg wkh yhu| vkruw whup lqwhuhvw udwhv dssur{lpdwho| 6(1 Lq Pdwode zh

fdq ydoxh wklv rswlrq xvlqj

^FDOO/SXW` @ EOVSULFH+4765158/4758/3136/:2585/314<8/3,
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FDOO @ 56136;4

SXW @ 4719344

Dujxphqwv ri wkh ixqfwlrq EOVSULFH duh/ lq rughu/ wkh fxuuhqw htxlw| sulfh/

wkh vwulnh sulfh/ wkh dqqxdo lqwhuhvw udwh u> wkh wlph wr pdwxulw| W � w lq |hduv/

wkh dqqxdo yrodwlolw| � dqg wkh odvw dujxphqw lv wkh glylghqg |lhog lq shufhqw

zklfk zh dvvxphg 31 Wkxv wkh Eodfn0Vfkrohv sulfh iru d fdoo rswlrq rq VS[

lv durxqg 561361 Lqghhg wklv fdoo rswlrq glg vhoo rq Mdq 44 iru '561331 dqg

wkh sxw rswlrq iru '47 82;1 Iurp wkh sxw fdoo sdulw| uhodwlrq +vhh iru h{dpsoh

Zloprww/ Krzlvrq/ Ghz|qqh/ sdjh 74, V . S � F @ Hh�u+W�w, ru lq wklv

fdvh 4765=58 . 47=958 � 56 @ 4758h�u+:@585,1 Zh pljkw vroyh wklv uhodwlrq wr

rewdlq wkh vsrw lqwhuhvw udwh u= Lq rughu wr frq�up wkdw d gl�huhqw lqwhuhvw udwh

pljkw dsso| ryhu d orqjhu whup/ zh frqvlghu wkh Vhswhpehu fdoo dqg sxw rswlrqv

+V[], rq wkh vdph gd| zlwk h{huflvh sulfh 4733 zklfk vrog iru '485 dqg :4'

uhvshfwlyho|1 Lq wklv fdvh wkhuh duh4:4 wudglqj gd|v wr h{slu| dqg vr zh qhhg wr

vroyh 4765=58 . :4 � 485 @ 4733h�u+4:4@585,/ zkrvh vroxwlrq lv u @ 3=3855 =

Wklv lv forvh wr wkh vl{ prqwk lqwhuhvw udwhv dw wkh wlph/ exw 6( lv orz iru wkh

yhu| vkruw whup udwhv1 Wkh glvfuhsdqf| zlwk wkh dfwxdo lqwhuhvw udwhv lv rqh ri

vhyhudo prghvw idloxuhv ri wkh Eodfn0Vfkrohv prgho wr eh glvfxvvhg ixuwkhu odwhu1

Sureohp

Yhuli| wkdw iru dq| sdlu ri frqvwdqwv d 9@ 3 dqg e A 3

g[w @ +[�4
w . de,[wgw. e[wgZw

grhv qrw kdyh d vroxwlrq lq wkh irup [w @ i+w> \w,/ zkhuh i+w> |, lv/ vd|/ d uhdo

ixqfwlrq dqg \w lv d Jdxvvldq surfhvv1

�����@ ����6�
������ /��� �
��������� ������

Zh qrz prgli| wkh dujxphqw lq vhfwlrq 51; wr dffrpprgdwh wudqvdfwlrq frvwv1

Dv lq Ohodqg +4<;8,/ Krjjdug hw do1 +4<<6,/ zh dvvxph ghowd khgjlqj dqg wkh

wudqvdfwlrq frvwv lq hdfk wlph lqwhuydo lv d frqvwdqw sursruwlrq n@5 ri wkh

ydoxh ri wkh wudghv lq wkdw lqwhuydo1 Vxssrvh zh kdyh/ dw wlph w / xw xqlwv ri

wkh vhfxulw|/ dqg edqn ghsrvlwv ru erqgv/ hduqlqj frqvwdqw lqwhuhvw udwh u/ wr d

wrwdo ydoxh ri Ew1 Wkhq wkh ydoxh ri wkh sruwirolr Yw @ xwVw . Ew1 Wkhuhiruh

wkh fkdqjh lq ydoxh ryhu d vpdoo wlph lqwhuydo lv ri wkh irup

gYw @ xwgVw . uEwgw� +n@5,Vwmgxwm

soxv whupv ri vpdoohu rughu1 Wkh odvw whup uhsuhvhqwv wkh wudqvdfwlrq frvwv ryhu

wklv wlph lqwhuydo1 Xvlqj Lwr*v ohppd rq Y +V> w, zh rewdlq

gY @
CY

CV
gV .

�
CY

Cw
.
�5

5
V5

C5Y

CV5

�
gw
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Htxdwlqj whupv/ xw @
CY +Vw>w,

CV
uhvxowlqj lq ghowd0khgjlqj dqg

uEwgw� +n@5,Vwmgxwm @
�
CY

Cw
.
�5

5
V5

C5Y

CV5

�
gw +5165,

Dsso|lqj Lwr*v ohppd wr hydoxdwlqj gxw zloo vkrz wkdw

gxw @
C5Y

CV5
gV . vpdoohu rughu whupv

Wkhuhiruh

+n@5,Vwmgxwm � +n@5,Vwm
C5Y

CV5
mmgVm= +5166,

Qrz zh uhjdug wklv gl�huhqwldo htxdwlrq dv dq dssur{lpdwlrq wr d glvfuhwh sur0

fhvv iru zklfk gV uhsuhvhqwv wkh fkdqjh lq wkh surfhvv ryhu d glvfuhwh wlph lq0

whuydo ri ohqjwk gw1 Lq wklv fdvh/ vlqfh dssur{lpdwho|/ gV � Q+d+Vw,gw> �
5V5w gw,

lw iroorzv wkdw HmgVm @
s
5@��Vw

s
gw dqg vlqfh/ e| wkh odz ri odujh qxpehuv/

wkh vxp ri pdq| vxfk lqfuhphqwv frqyhujhv wr wkh h{shfwhg ydoxh/ wkh whup mgVm
pd| eh uhsodfhg lq +5166, e|

s
5@��Vw

s
gw1 Wkhuhiruh/ vxevwlwxwlqj lq +5165,/

zh rewdlq wkh htxdwlrq

uEwgw� +n@5,Vwm
C5Y

CV5
m
s
5@��Vw

s
gw @

�
CY

Cw
.
�5

5
V5

C5Y

CV5

�
gw=

Froohfwlqj whupv/ dqg vxevwlwxwlqj Ew @ Yw � CY
CV

Vw/ wklv uhgxfhv wr

CY

Cw
.
�5

5
+4 .D vjq+�,,V5

C5Y

CV5
. uV

CY

CV
� uY @ 3

zkhuh � @ C5Y
CV5

dqg

D @

u
5

�

n

�
s
gw

lv wkh vr0fdoohg Ohodqg qxpehu1 Wklv lv h{dfwo| wkh vdph htxdwlrq wkdw zdv

vroyhg wr jlyh wkh Eodfn0Vfkrohv irupxod h{fhsw wkdw wkh yrodwlolw| �5 lv lq�dwhg

+gh�dwhg, e| wkh idfwru +4 .D vjq+�,,,1 Lq wkh fdvh 3 ? D ? 4/ wklv htxdwlrq

kdv d vroxwlrq iru duelwudu| sd|r� ixqfwlrq Y31 Lq wkh fdvh D A 4 / li wkh

sd|r� ixqfwlrq lv frqyh{/ wkhq djdlq wkh vroxwlrq lv jlyhq e| Eodfn0Vfkrohv

zlwk lq�dwhg yrodwlolw|1 Krzhyhu/ li wkh sd|r� ixqfwlrq lv qrq0frqyh{/ wkhq wkh

pdwkhpdwlfdo sureohp lv loo0srvhg +vhh Dyhoodqgd dqg Sdudv +4<<7,,1

������� ������� ��
 %��
���� 7	�����

Wkh ydoxdwlrq ri Dphulfdq rswlrqv lv zkdw lv nqrzq dv d iuhh erxqgdu| sureohp1

W|slfdoo| dw hdfk wlph w wkhuh lv d ydoxh Vi +w, zklfk pdunv wkh erxqgdu| ehwzhhq

wzr uhjlrqv= wr rqh vlgh rqh vkrxog krog wkh rswlrq rq wkh rwkhu vlgh rqh vkrxog
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h{huflvh lw1 Vlqfh zh grq*w nqrz d sulrul Vi +w,/ krzhyhu/ zh fdqqrw dsso|

erxqgdu| frqglwlrqv lq wkh zd| zh gr iru Hxurshdq rswlrqv1

Iru dq Dphulfdq sxw rswlrq/ zlwk ydoxh S +V> w,/ wkh ydoxdwlrq sureohp fdq

eh zulwwhq dv d iuhh erxqgdu| sureohp dv iroorzv1 Iru hdfk wlph w/ zh pxvw

glylgh wkh V d{lv lqwr wzr glvwlqfw uhjlrqv= wkh �uvw/ 3 � G ? Vi +w,/ lv zkhuh

hduo| h{huflvh lv rswlpdo dqg

S @ H � V>
CS

Cw
.
4

5
�5V5

C5S

CV5
. uV

CS

CV
� uS ? 3>

wkh vhfrqg/ Vi +w, ? V ?4/ zkhuh hduo| h{huflvh lv qrw rswlpdo dqg

S A H � V>
CS

Cw
.
4

5
�5V5

C5S

CV5
. uV

CS

CV
� uS @ 3=

Wkh erxqgdu| frqglwlrqv dw V @ Vi +w, duh wkdw S dqg lwv vorsh duh frqwlqxrxv=

S +Vi +w,> w, @ pd{+H � Vi +w,> 3,>
CS

CV
+Vi +w,> w, @ �4=
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� Dqqxlw| D xqlirup vhulhv ri sd|phqwv ru uhfhlswv ryhu d vshfl�hg shulrg

ri wlph

� Dvvhw D Sk|vlfdo ru lqwdqjleoh lwhp ri ydoxh wr d frpsdq| ru lqglylgxdo

� Edqnuxswf| D ohjdo surfhhglqj ri wkh glvsrvdo ri dvvhwv ri d exvlqhvv ru

lqglylgxdo wr vdwlvi| fuhglwruv* fodlpv lq ixoo ru lq sduw dqg surwhfwlqj wkh

ghewru iurp ixuwkhu dfwlrq1

� Ehwd D uhjuhvvlrq frh�flhqw lqglfdwlqj wkh udwh dw zklfk d jlyhq vwrfn

fkdqjhv iru d xqlw fkdqjjh lq wkh pdunhw dv d zkroh1

� Erqg D �qdqfldo lqvwuxphqw uhsuhvhqwlqj d irup ri frusrudwh orqj0whup

ghew lvvxhg wr lqyhvwruv1

� Erqg udwlqj D sxeolvkhg udqnlqj ri d erqg ghyhorshg e| �dqdqfldo

rujdqlvdwlrqv wr h{suhvv uhodwlyh vrxqgqhvv rq d gh�qhg vfdoh1

� Errn ydoxh wkh uhfrughg ydoxh ri dq dvvhw ru oldelolw| dv uh�hfwhg lq

�qdqfldo vwdwhphqwv

� Fdoo surylvlrq d surylvvlrq shuplwwlqj wkh lvvxlqj frpsdq| wr uhghhp

sduw ru doo ri d erqg ru suhihuuhg vwrfn dw d gdwh ghwhuplqhg e| wkh frp0

sdq|1

� Fdslwdo wkh ixqgv frpplwwhg wr dq lhqwhusulvh lq wkh irup ri rqhuvkls

htxlw| dqg orqj0whup �qdqflqj1

� Fdslwdol}dwlrq Wkh vxp ri doo orqj0whup vrxufhv ri fdslwdo ri d frpsdq|1

Wkh gl�huhqfh ehwzhhq fxuuhqw oldelolwlhv dqg wrwdo dvvhwv1

� Fdvk �rz Wkh srvwlyh lq�rz ru qhjdwlyh rxw�rz ri fdvk fdxvhg e| dq

dfwlylw| ryhu d vshfl�hv shulrg ri wlph1

5:6
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� Frpprq vwrfn +frpprq vkduhv, Vhfxulwlhv uhsuhvhqwlqj d ghuhfw rzqhu0

vkls lqwhuhvw lq d frusrudwlrq dqg d uhvlgxdo fodlp rq lwv dvvhwv1

� Frpsrxqglqj Wkh surfhvv ri fdofxodwlqj wkh jurzlqj ydoxh ri d vxp ri

prqh| ryhu wlph fdxvhg e| wkh uhlqyhvwphqw ri hduqhg lqwhuhvw1

� Frxsrq udwh Wkh vwdwhg lqwhuhvw udwh vshfl�hv rq wkh lqwhuhvw frxsrqv

dwwdfkhg wr erqgv dqg fdofxodwhg dv d shufhqwdjh ri wkhlu idfh ydoxh1

� Fuhglw wkh uhfrjqlvhg delolw| ri dq lqglylgxdo ru frusrudwlrq wr dvvxph

lqghewhwgqhvv zlwk wkh survshfw ri vhuylflqj vxfk ghew1

� Ghew +oledelolw|, Dq reoljdwlrq wr sd| dprxqwv gxh xqghu vshfl�hg whupv1

� Ghidxow idloxuh wr pdnh d sd|phqw rq d ghew reoljdwlrq zkhq gxh1

� Glvfrxqwlqj wkh surfhvv ri fdofxodwlqj wkh uhgxfhg ydoxh ri d ixwxuh vxp

ri prqh| lq sursruwlrq wr wkh rssruwxqlw| ri hduqlqj lqwhuhvw ryhu wkdw

shulrg1

� Glyhuvl�fdwlrq wkh surfhvv ri lqyhvwlqj lq d qxpehu ri xquhodwhg ru

sduwldoo| lqghshqghqw dvvhwv ru dfwlylwlhv wr hvwdeolvk d pruh vdwlvidfwru|

sruwirolr dqg uhgxfh wkh yrodwlolw|1

� Glylghqg sd|rxw wkh udwlr ri wkh dprxqw ri glylghqgv glvwulexwhg wr

wkh diwhuwd{ hduqlqjv r d frusrudwlrq1

� Glylghqg |lhog Wkh udwlr ri wkh wrwdo dprxqw ri glylghqgv sd|deoh rq

rqh vkduh ryhu d vshfl�hg shulrg wr wkh fxuuhqw pdunhw sulfh shu vkduh1

� Hduqlqjv wkh gl�huhqfh ehwzhhq uhyhqxh dqg frvwv dqg h{shqvhv iru d

vshfl�hv shulrg1

� Hduqlqjv shu vkduh> wkh wrwdo diwhuwd{ hduqlqjv glylghg e| wkh qxpehu

ri frpprq vkduhv rxwvwdqglqj1

� Htxlw| wkh uhfrughg rzqhuvkls fodlp ri doo frpprq dqg suhihuuhg vkduh0

kroghuv dv uh�hfwhg rq wkh edodqfh vkhhw1

� Idlu pdunhw ydoxh wkh sulfh iru dq dvvhw rq zklfk wzr udwlrqdo sduwlhv

zlwk vx�flhqw lqirupdwlrq zrxog djuhh lq wkh devhqfh ri rwkhu idfwruv1

� Ilqdqfldo Prgho wkh uhsuhvhqwdwlrq lq d pdwkhpdwlfdo prgho ru

frpsxwhu surjudp uhodwlqj wkh h�hfw ri ydulrxv lqsxw idfwruv wr vrph

phdvxuhv ri shuirupdqfh1

� Il{hg0lqfrph vhfxulw| dq| vhfxulw| zklfk surylghv d frqvwdqw vwuhdp

ri lqwhuhvw ru glylghqg ryhu lwv olih1

� Iruhljq h{fkdqjh h{srvxuh Wkh srwhqwldo orvv iurp fkdqjhv lq wkh h{0

fkdqjh udwh zlwk rqh ru pruh iruhljq fxuuhqflhv1
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� Khgjh d vwudwhj| wr qhxwudol}h wkh ulvn ri dq lqyhvwphqw e| hqjdjlqj lq

r�vhwwlqj frqwudfwv zkhuhe| srwhqwldo jdlqv dqg orvvhv zloo whqg wr fdqfho1

� Mxqn erqg dq| erqg zlwk ulvn fkdudfwhulvwlfv kljkhu wkdq qrupdo

lqyhvwphqw judgh1

� Ohyhudjh Dq| wudqvdfwlrq zklfk pdjql�hv d jlyhq h�hfw1

� Oldelolw| dq reoljdwlrq wr sd| d vshfl�hg dprxqw ru shuirup d vshfl�hg

vhuylfh dw vshflihg wlphv1

� Oltxlglw| Wkh ghjuhh wr zklfk d frpsdq| lv uhdglo| deoh wr phhw lwv

fxuuhqw reoljdwlrqv/ ru wkh hdvh zlwk zklfk d vhfxulw| fdq eh erxjkw ru

vrog1

� Pdunhw ydoxh Wkh ydoxh ri dqg dvvhw dv ghwhuplqhg lq dq xqfrqwudlqhg

pdunhw ri pdq| ex|huv dqg vhoohuv1

� Qhw suhvhqw ydoxh Wkh gl�huhqfh ehwzhhq wkh suhvhqw ydoxhv ri fdvk

lq�rzv dqg fdvk rxw�rzv

� Qrplqdo dprxqw Dq| txdqwlw| qrw dgmxvwhg iru fkdqjhv lq pdnhw frq0

glwlrqv/ sxufkdvlqj srzhuv1

� Rswlrq D frqwudfwxdo rssruwxqlw| wr sxufkdvh ru vhoo dq dvvhw ru vhfxulw|

dw d suhghwhuplqhg sulfh/ zlwkrxw reoljdwlrq wr gr vr1

� Sdu ydoxh wkh qrplqdo ydoxh hvwdeolvkhg e| wkh lvvxhu ri d vhfxulw|1 Iru

d erqg/ wkh lvvxlqj frpsdq| zloo sd| wkh sdu ydoxh rq pdwxulw|1

� Shushwxlw| d vhulhv ri ohyho shulrglf sd|phqwv ru uhfhlswvv h{shfwhg wr

odvw iruhyhu1

� Sruwirolr d vhw ri glyhuvh lqyhvwphqwv khog e| dqg lqglylgxdo ru frpsdq|1

� Suhihuuhg Vwrfn d vshfldo fodvv ri fdslwdo vwrfn wkdw uhfhlyhv d irup ri

suhihuhqfh ryhu frpprq vwrfn lq lwv fodlp rq hduqlqjv dqg dvvhwv1

� Suhvhqw Ydoxh wkh ydoxh wrgd| ri d ixwxuh vxp ru d vhulhv ri vxpv

fdofxodwhg e| glvfrxqwlqj wkh ixwxuh dprxqwv1

� Sulqflsdo wkh ruljlqdo dprxqw ri d ordq ru erqg +dovr fdoohg idfh ydoxh,

rq zklfk lqwhuhvw lv edvhg1

� Ulvn dqdo|vlv d surfhvv ri lqwhjudwlqj ulvn lqwr dq dqdo|vlv1

� Ulvn dyhuvlrq d vxemhfwlyh xqzloolqjqhvv wr dffhsw d jlyhq ohyho ri ulvn/

xqohvv wkhuh lv d wudgh0r� iru kljkhu dyhudjh uhwxuq1

� Ulvn0iuhh lqwhuhvw udwh Wkh dvvxphg |lhog rewdlqdeoh rq d jxdudqwhhg

vhfxulw|1
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� Ulvn suhplxp Wkh lqfuhdvhg uhwxuq uhtxluhg iru dq lqyhvwphqw wr frp0

shqvdwh wkh kroghu iru wkh ohyho ri ulvn lqyroyhg1

�


