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Preface

This book is based on one-semester graduate courses I gave at Michigan in 1994
and 1998, and at Harvard in 1999. A part of the book is borrowed from an earlier
version of my lecture notes which were published by the Seoul National Univer-
sity [22]. The main changes consist of including several chapters on algebraic
invariant theory, simplifying and correcting proofs, and adding more examples
from classical algebraic geometry. The last Lecture of [22] which contains some
applications to construction of moduli spaces has been omitted. The book is lit-
erally intended to be a first course in the subject to motivate a beginner to study
more. A new edition of D. Mumford’s bookGeometric Invariant Theorywith ap-
pendices by J. Fogarty and F. Kirwan [75] as well as a survey article of V. Popov
and E. Vinberg [91] will help the reader to navigate in this broad and old subject
of mathematics. Most of the results and their proofs discussed in the present book
can be found in the literature. We include some of the extensive bibliography of
the subject (with no claim for completeness). The main purpose of this book is
to give a short and self-contained exposition of the main ideas of the theory. The
sole novelty is including many examples illustrating the dependence of the quo-
tient on a linearization of the action as well as including some basic constructions
in toric geometry as examples of torus actions on affine space. We also give many
examples related to classical algebraic geometry. Each chapter ends with a set of
exercises and bibliographical notes. We assume only minimal prerequisites for
students: a basic knowledge of algebraic geometry covered in the first two chap-
ters of Shafarevich’s book [104] and/or Hartshorne’s book [46], a good knowledge
of multilinear algebra and some rudiments of the theory of linear representations
of groups. Although we often use some of the theory of affine algebraic groups,
the knowledge of the group GLn is enough for our purpose.

I am grateful to some of my students and colleagues for critical remarks and
catching numerous mistakes in my lecture notes. Special thanks go to Ana-Maria
Castravet, Mihnea Popa, Janis Stipins and Ivan Arzhantsev.
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Introduction

Geometric invariant theory arises in an attempt to construct a quotient of an al-
gebraic varietyX by an algebraic action of a linear algebraic groupG. In many
applicationsX is the parametrizing space of certain geometric objects (algebraic
curves, vector bundles, etc.) and the equivalence relation on the objects is defined
by a group action. The main problem here is that the quotient spaceX/G may
not exist in the category of algebraic varieties. The reason is rather simple. Since
one expects that the canonical projectionf : X → X/G is a regular map of al-
gebraic varieties and so has closed fibres, all orbits must be closed subsets in the
Zariski topology ofX. This rarely happens whenG is not a finite group. A pos-
sible solution to this problem is to restrict the action to an invariant open Zariski
subsetU , as large as possible, so thatU → U/G exists. The geometric invariant
theory (GIT) suggests a method for choosing such a set so that the quotient is a
quasi-projective algebraic variety. The idea goes back to David Hilbert. Suppose
X = V is a linear space andG is a linear algebraic group acting onV via its
linear representation. The set of polynomial functions onV invariant with respect
to this action is a commutative algebraA over the ground field. Hilbert proves that
A is finitely generated ifG = SLn or GLn and any set of generatorsf1, . . . , fN

of A defines an invariant regular map fromX to some affine algebraic varietyY
contained in affine spaceAN whose ring of polynomial functions is isomorphic
to A. By a theorem of Nagata the same is true for any reductive linear algebraic
group. The mapf : X → Y has a universal property forG-invariant maps of
X and is called the categorical quotient. The inverse image of the origin is the
closed subvariety defined by all invariant homogeneous polynomials of positive
degree. It is called the null-cone. Its points cannot be distinguished by invariant
functions; they are called unstable points. The remaining points are called semi-
stable points. When we pass to the projective spaceP(V ) associated toV , the
images of semi-stable points form an invariant open subsetP(V )ss and the map
f induces a regular map̄f : P(V )ss → Ȳ , whereȲ (denoted byP(V )ss//G) is

ix



x INTRODUCTION

a projective algebraic variety with the projective coordinate algebra isomorphic
toA. In applications considered by Hilbert,P(V ) parametrizes projective hyper-
surfaces of certain degree and dimension, and the projective algebraic varietyȲ
is the “moduli space” of these hypersurfaces. The hypersurfaces represented by
unstable points are left out from the moduli space; they are “too degenerate”. A
nonsingular hypersurface is always represented by a semi-stable point. SinceȲ is
a projective variety, it is considered as a “compactification” of the moduli space
of nonsingular hypersurfaces. The fibres of the mapP(V )ss → P(V )ss//G are
not orbits in general; however, each fibre contains a unique closed orbit so that
P(V )ss//G parametrizes closed orbits in the set of semi-stable points.

Since the equations of the null-cone are hard to find without computing expli-
citly the ring of invariant polynomials, one uses another approach. This approach
is to describe the set of semi-stable points by using the Hilbert–Mumford numer-
ical criterion of stability. In many cases it allows one to determine the setP(V )ss

very explicitly and to distinguish stable points among semi-stable ones. These are
the points whose orbits are closed inP(V )ss and whose stabilizer subgroups are
finite. The restriction of the mapP(V )ss → P(V )ss//G to the set of stable points
P(V )s is an orbit mapP(V )s → P(V )s/G. It is called a geometric quotient.

More generally, ifG is a reductive algebraic group acting on a projective al-
gebraic varietyX, the GIT approach to constructing the quotient consists of the
following steps. First one chooses a linearization of the action, aG-equivariant
embedding ofX into a projective spaceP(V ) with a linear action ofG as above.
The choice of a linearization is a parameter of the construction; it is defined by
aG-linearized ample line bundle onX. Then one setsXss = X ∩ P(V )ss and
defines the categorical quotientXss→ Xss//G as the restriction of the categorical
quotientP(V )ss → P(V )ss//G. The image varietyXss//G is a closed subvariety
of P(V )ss//G.

Let us give a brief comment on the content of the book.
In Chapters 1 and 2 we consider the classical example of invariant theory in

which the general linear group GL(V ) of a vector spaceV of dimensionn over
a fieldk acts naturally on the space of homogeneneous polynomials Pold(V ) of
some degreed. We explain the classical symbolic method which allows one to
identify an invariant polynomial function of degreem on this space with an ele-
ment of the projective coordinate algebrak[Gr(n,m)] on the Grassmann variety
Gr(n,m) of n-dimensional linear subspaces inkm in its Plücker embedding. This
interpretation is based on the First Fundamental Theorem of Invariant Theory. The
proof of this theorem uses a rather technical algebraic tool, the so-called Clebsch
omega-operator. We choose this less conceptual approach to show the flavor of the
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invariant theory of the nineteenth century. More detailed expositions of the clas-
sical invariant theory ([65], [123]) give a conceptual explanation of this operator
via representation theory. The Second Fundamental Theorem of Invariant Theory
is just a statement about the relations between the Plücker coordinates known in
algebraic geometry as the Plücker equations. We use the available computations
of invariants in later chapters to give an explicit description of some of the GIT
quotients arising in classical algebraic geometry.

In Chapter 3 we discuss the problem of finite generatedness of the algebra of
invariant polynomials on the space of a linear rational representation of an alge-
braic group. We begin with the Gordan–Hilbert theorem and explain the “unitary
trick” due to Adolf Hurwitz and Hermann Weyl which allows one to prove the
finite generatedness in the case of a semisimple or, more generally, reductive com-
plex algebraic group. Then we introduce the notion of a geometrically reductive
algebraic group and prove Nagata’s theorem on finite generatedness of the alge-
bra of invariant polynomials on the space of a linear rational representation of a
reductive algebraic group.

In Chapter 4 we discuss the case of a linear rational representation of a nonre-
ductive algebraic group. We prove a lemma due to Grosshans which allows one to
prove finite generatedness for the restriction of a representation of a reductive al-
gebraic groupG to a subgroupH provided the algebra of regular functions on the
homogeneous spaceG/H is finitely generated. A corollary of this result is a clas-
sical theorem of Weitzenböck about invariants of the additive group. The central
part of this chapter is Nagata’s counterexample to Hilbert’s Fourteenth Problem.
It asks about finite generatedness of the algebra of invariants for an arbitrary al-
gebraic group of linear transformations. We follow the original construction of
Nagata with some simplifications due to R. Steinberg.

Chapter 5 is devoted to covariants of an action. A covariant of an affine al-
gebraic groupG acting on an algebraic varietyX is aG-equivariant regular map
fromX to an affine space on which the group acts via its linear representation. The
covariants form an algebra and the main result of the theory is that this algebra is
finitely generated ifG is reductive. The proof depends heavily on the theory of lin-
ear representations of reductive algebraic groups which we review in this chapter.
As an application of this theory we prove the classical Cayley-Sylvester formula
for the dimension of the spaces of covariants and also the Hermite reciprocity.

In Chapter 6 we discuss categorical and geometric quotients of an algebraic
variety under a regular action of an algebraic group. The material is fairly standard
and follows Mumford’s book.

Chapter 7 is devoted to linearizations of actions. The main result is that any
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algebraic action of a linear algebraic group on a normal quasi-projective algebraic
varietyX is isomorphic to the restriction of a linear action on a projective space
in whichX is equivariantly embedded. The proof follows the exposition of the
theory of linearizations from [66].

Chapter 8 is devoted to the concept of stability of algebraic actions and the
construction of categorical and geometric quotients. The material of this chapter
is rather standard and can be found in Mumford’s book as well as in many other
books. We include many examples illustrating the dependence of the quotients on
the linearization.

Chapter 9 contains the proof of Hilbert–Mumford’s numerical criterion of sta-
bility. The only novelty here is that we also include Kempf’s notion of stability
and give an example of its application to the theory of moduli of abelian varieties.

The remaining Chapters 10–12 are devoted to some examples where the com-
plete description of stable points is available. In Chapter 10 we discuss the case
of hypersurfaces in projective space. We give explicit descriptions of the moduli
spaces of binary forms of degree≤ 5, plane curves of degree 3 and cubic surfaces.
In Chapter 11 we discuss moduli spaces of ordered collections of linear subspaces
in projective space, in particular of points inPn or of lines inP3. The examp-
les discussed in this chapter are related to some of the beautiful constructions of
classical algebraic geometry. In Chapter 12 we introduce toric varieties as GIT
quotients of an open subset of affine space. Some of the constructions discussed
in the preceding chapters admit a nice interpretation in terms of the geometry of
toric varieties. This approach to toric varieties is based on some recent work of D.
Cox ([16]) and M. Audin ([3]).

We will be working over an algebraically closed fieldk sometimes assumed
to be of characteristic zero.



Chapter 1

The symbolic method

1.1 First examples

The notion of an invariant is one of the most general concepts of mathematics.
Whenever a groupG acts on a setS we look for elementss ∈ S which do not
change under the action, i.e., which satisfyg · s = s for anyg ∈ G. For example,
if S is a set of functions from a setX to a setY , andG acts onS via its action on
X and its action onY by the formula

(g · f)(x) = g · f(g−1 · x),

then anequivariant functionis a functionf : X → Y satisfyingg · f = f , i.e.,

f(g · x) = g · f(x), ∀g ∈ G, ∀x ∈ X.

In the case whenG acts trivially onY , an equivariant function is called aninvari-
ant function. It satisfies

f(g · x) = f(x), ∀g ∈ G, ∀x ∈ X.

Among all invariant functions there exists a universal function, the projection map
p : X → X/G from the setX to the set of orbitsX/G. It satisfies the property
that for any invariant functionf : X → Y there exists a unique map̄f : X/G→
Y such thatf = f̄ ◦ p. So if we know the set of orbitsX/G, we know all
invariant functions onX. We will be concerned with invariants arising in algebra
and algebraic geometry. Our sets and our groupG will be algebraic varieties and
our invariant functions will be regular maps.

Let us start with some examples.

1



2 CHAPTER 1. THE SYMBOLIC METHOD

Example1.1. Let A be a finitely generated algebra over a fieldk and letG be a
group of its automorphisms. The subset

AG = {a ∈ A : g(a) = a,∀g ∈ G} (1.1)

is ak-subalgebra ofA. It is called thealgebra of invariants. This definition fits
the general setting if we letX = Spm(A) be the affine algebraic variety overk
with coordinate ring equal toA, and letY = A1

k be the affine line overk. Then
elements ofA can be viewed as regular functionsa : X → A1

k between algebraic
varieties. A more general invariant function is an invariant mapf : X → Y be-
tween algebraic varieties. IfY is affine with coordinate ringB, such a map is de-
fined by a homomorphism ofk-algebrasf ∗ : B → A satisfyingg(f ∗(b)) = f ∗(b)
for anyg ∈ G, b ∈ B. It is clear that such a homomorphism is equal to the com-
position of a homomorphismB → AG and the natural inclusion mapAG → A.
Thus if we takeZ = Spm(AG) we obtain that the mapX → Z defined by the
inclusionAG ↪→ A plays the role of the universal function. So it is natural to
assume thatAG is the coordinate ring of the orbit spaceX/G. However, we shall
quickly convince ourselves that there must be some problems here. The first one
is that the algebraAG may not be finitely generated overk and so does not define
an algebraic variety. This problem can be easily resolved by extending the cate-
gory of algebraic varieties to the category of schemes. For any (not necessarily
finitely generated) algebraA overk, we may still consider thesubring of invari-
antsAG and view any homomorphism of ringsB → A as a morphism of affine
schemes Spec(A) → Spec(B) . Then the morphism Spec(A) → Spec(AG) is the
universal invariant function. However, it is preferable to deal with algebraic va-
rieties rather than to deal with arbitrary schemes, and we will later show thatAG

is always finitely generated if the groupG is a reductive algebraic group which
acts algebraically on Spm(A). The second problem is more serious. The affine
algebraic variety Spm(AG) rarely coincides with the set of orbits (unlessG is a
finite group). For example, the standard action of the general linear group GLn(k)
on the spacekn has two orbits but no invariant nonconstant functions.

The following is a more interesting example.

Example1.2. LetG = GLn(k) act by automorphisms on the polynomial algebra
A = k[X11, . . . , Xnn] in n2 variablesXij, i, j = 1, . . . , n, as follows. For any
g = (aij) ∈ G the polynomialg(Xij) is equal to theijth entry of the matrix

Y = g−1 ·X · g, (1.2)

whereX = (Xij) is the matrix with the entriesXij. Then, the affine variety
Spm(A) is the affine space Matn of dimensionn2. Its k-points can be interpreted
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asn × n matrices with entries ink and we can view elements ofA as polyno-
mial functions on the space of matrices. We know from linear algebra that any
such matrix can be reduced to its Jordan form by means of a transformation (1.2)
for an appropriateg. Thus any invariant function is uniquely determined by its
values on Jordan matrices. LetD be the subspace of diagonal matrices identified
with linear spacekn and letk[Λ1, . . . ,Λn] be the algebra of polynomial functions
on D. Since the set of matrices with diagonal Jordan form is a Zariski dense
subset in the set of all matrices, we see that an invariant function is uniquely
determined by its values on diagonal matrices. Therefore the restriction homo-
morphismAG → k[Λ1, . . . ,Λn] is injective. Since two diagonal matrices with
permuted diagonal entries are equivalent, an invariant function must be a sym-
metric polynomial inΛi. By the Fundamental Theorem on Symmetric Functions,
such a function can be written uniquely as a polynomial in elementary symmetric
functionssi in the variablesΛ1, . . . ,Λn. On the other hand, letci be the coeffi-
cients of the characteristic polynomial

det(X − tIn) = (−1)ntn + c1(−t)n−1 + · · ·+ cn

considered as polynomial functions on Matn, i.e., elements of the ringA. Clearly,
the restriction ofci to D is equal to theith elementary symmetric functionsi.
So we see that the image ofAG in k[Λ1, . . . ,Λn] coincides with the polynomial
subalgebrak[s1, . . . , sn]. This implies thatAG is freely generated by the functions
ci. So we can identify Spm(AG) with affine spacekn. Now consider the universal
map Spm(A) → Spm(AG). Its fibre over the point(0, . . . , 0) defined by the
maximal ideal(c1, . . . , cn) is equal to the set of matricesM with characteristic
polynomialdet(M − tIn) = (−t)n. Clearly, this set does not consist of one orbit,
any Jordan matrix with zero diagonal values belongs to this set. Thus Spm(AG)
is not the orbit set Spm(A)/G.

We shall discuss later how to remedy the problem of the construction of the
space of orbits in the category of algebraic varieties. This is the subject of the ge-
ometric invariant theory (GIT) with which we will be dealing later. Now we shall
discuss some examples where the algebra of invariants can be found explicitly.

LetE be a finite-dimensional vector space over a fieldk and let

ρ : G→ GL(E)

be a linear representation of a groupG in E. We consider the associated action of
G on the space Polm(E) of degreem homogeneous polynomial functions onE.
This action is obviously linear. The value off ∈ Polm(E) at a vectorv is given, in
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terms of the coordinates(t1, . . . , tr) of v with respect to some basis(ξ1, . . . , ξr),
by the following expression:

f(t1, . . . , tr) =
∑

i1,...,ir≥0
i1+···+ir=m

ai1...irt
i1
1 · · · tirr ,

or in the vector notation,
f(t) =

∑
i∈Zr

≥0

|i|=m

ait
i. (1.3)

The direct sum of the vector spaces Polm(E) is equal to the graded algebra of
polynomial functions Pol(E). Sincek is infinite (we assumed it to be algebraically
closed), Pol(E) is isomorphic to the polynomial algebrak[T1, . . . , Tr]. In more
sophisticated language, Polm(E) is naturally isomorphic to themth symmetric
productSm(E∗) of the dual vector spaceE∗ and Pol(E) is isomorphic to the
symmetric algebraS(E∗).

We will consider the case whenE = Pold(V ) andG = SL(V ) be the special
linear group with its linear action onE described above. LetA = Pol(Pold(V )).
We can take for coordinates on the space Pold(V ) the functionsAi which assign
to a homogeneous form (1.3) its coefficientai. So any element fromA is a poly-
nomial in theAi. We want to describe the subalgebra of invariantsAG.

The problem of findingAG is almost two centuries old. Many famous mathe-
maticians of the nineteenth century made a contribution to this problem. Complete
results, however, were obtained only in a few cases. The most complete results
are known in the casedimV = 2, the case whereE consists ofbinary formsof
degreed. We write a binary form as

p(t0, t1) = a0t
d
0 + a1t

d−1
0 t1 + · · ·+ adt

d
1.

In this case we haved+ 1 coefficients, and hence elements ofA are polynomials
P (A0, . . . , Ad) in d+ 1 variables.

1.2 Polarization and restitution

To describe the ring Pol(Pold(V ))SL(V ) one uses the symbolic expression of a
polynomial, which we now explain. We assume that char(k) = 0.

A homogeneous polynomial of degree 2 on a vector spaceE is a quadratic
form. Recall its coordinate-free definition: a mapQ : E → k is a quadratic form
if the following two properties are satisfied:
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(i) Q(tv) = t2Q(v), for anyv ∈ E and anyt ∈ k;

(ii) the mapQ̃ : E × E → k defined by the formula

Q̃(v, w) = Q(v + w)−Q(v)−Q(w)

is bilinear.

A homogeneous polynomialP ∈ Polm(E) of degreem can be defined in a similar
way by the following properties:

(i) P (tv) = tmP (v), for anyv ∈ E and anyt ∈ k;

(ii) the map pol(P ) : Em → k defined by the formula

pol(P )(v1, . . . , vm) =
∑

I⊂[m]

(−1)m−#IP
(∑

i∈I

vi

)
is multilinear.

Here and throughout we use[m] to denote the set{1, . . . ,m}.
As in the case of quadratic forms, we immediately see that the map pol(P ) is

a symmetric multilinear form and also thatP can be reconstructed from pol(P )
by the formula

m!P (v) = pol(P )(v, . . . , v).

The symmetric multilinear form pol(P ) is called thepolarizationof P . For any
symmetric multilinear fromF : Em → k the function res(F ) : E → k defined by

res(F )(v) = F (v, . . . , v)

is called therestitutionof F . It is immediately checked that res(F ) ∈ Polm(V )
and

pol(res(F )) = m!F.

Since we assumed that char(k) = 0, we obtain that eachP ∈ Polm(E) is equal to
the restitution of a unique symmetricm-multilinear form, namely1

m!
pol(P ).

Assume thatP is equal to the product of linear formsP = L1 · · ·Lm. We
have

pol(P )(v1, . . . , vm) =
∑

I⊂[m]

(−1)m−#IL1 · · ·Lm

(∑
i∈I

vi

)
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=
∑

I⊂[m]

(−1)m−#IL1

(∑
i∈I

vi

)
· · ·Lm

(∑
i∈I

vi

)
(1.4)

=
∑

I⊂[m]

(−1)m−#I
(∑

i∈I

L1(vi)
)
· · ·
(∑

i∈I

Lm(vi)
)

=
∑

σ∈Σm

L1(vσ(1) · · ·Lm(vσ(m)) =
∑

σ∈Σm

Lσ(1)(v1) · · ·Lσ(m)(vm)

HereΣm denotes the permutation group onm letters.
Let (ξ1, . . . , ξn) be a basis ofE and(t1, . . . , tn) be the dual basis ofE∗. Any

v ∈ E can be written in a unique way asv =
∑n

i=1 ti(v)ξi. Let Symm(E) be the
vector space of symmetricm-multilinear forms onEm. For anyv1, . . . , vm ∈ E
and anyF ∈ Symm(E), we have

F (v1, . . . , vm) = F
( n∑

i=1

ti(v1)ξi, . . . ,
n∑

i=1

ti(vm)ξi

)
=

n∑
i1,...,im=1

ti1(v1) · · · tim(vm)F (ξi1 , . . . , ξim).

Takingv1 = · · · = vm = v, we obtain that

res(F )(v) =
n∑

i1,...,im=1

ti1(v) · · · tim(v)F (ξi1 , . . . , ξim)

=
( n∑

i1,...,im=1

ai1...imti1 · · · tim
)
(v).

Thus any polynomialP ∈ Polm(E) can be written uniquely as a sum of mono-
mials ti1 · · · tim. This is the coordinate-dependent definition of a homogeneous
polynomial. Since thepolarization map

pol : Polm(E) → Symm(E)

is obviously linear, we obtain that Symm(E) has a basis formed by the polariza-
tions of monomialsti1 · · · tim. Applying (1.4), we have

pol(ti1 · · · tim)(v1, . . . , vm) =
∑

σ∈Σm

tσ(1)(v1) · · · tσ(m)(vm).
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If we denote by(t(j)1 , . . . , t
(j)
n ) a jth copy of the basis(t1, . . . , tn) in E∗, we can

rewrite the previous expression as

pol(ti1 · · · tim)(v1, . . . , vm) =
∑

σ∈Σm

t
(1)
σ(1) · · · t

(m)
σ(m)(v1, . . . , vm).

Here, we consider the product ofm linear forms onV as anm-multilinear form
onEm. We have

pol(ti1 · · · tim)(ξj1 , . . . , ξjm) = #{σ ∈ Σm : (j1, . . . , jm) = (iσ(1), . . . , iσ(m))}.
(1.5)

If we write ti1 · · · tim = tk1
1 · · · tkn

n , then the right-hand side is equal tok1! · · · kn!
if {i1, . . . , im} = {j1, . . . , jm} and zero otherwise.

Note that the polarization allows us to identify Polm(E) with the dual to the
space Polm(E∗). To see this, choose a basis of Polm(E∗) formed by the monomi-
alsξi1 · · · ξim. For anyF ∈ Symm(E) we can set

F (ξi1 · · · ξim) = F (ξi1 , . . . , ξim)

and then extend the domain ofF to all homogeneous degreem polynomials by
linearity. Applying (1.5), we get

pol(tk1
1 · · · tkm

n )(ξl1
1 · · · ξln

n ) =

{
k1! · · · kn! if (k1, . . . , kn) = (l1, . . . , ln)

0 otherwise.

This shows that the map from Polm(E)× Polm(E∗) to k defined by

(P,Q) =
1

m!
pol(P )(Q) (1.6)

is a perfect duality, i.e., it defines isomorphisms

Polm(E)∗ ∼= Polm(E∗), Polm(E∗)∗ ∼= Polm(E). (1.7)

Moreover, the monomial basis(ξk) = (ξk1
1 · · · ξkn

n ) of Polm(E∗) is dual to the
basis( m!

k1!···kn!
tk1
1 · · · tkn

n ) = (m!
k!

tk).

Remark1.1. Note that the coefficientsak of a polynomial

P =
∑
|k|=m

m!

k!
akt

k ∈ Polm(E) (1.8)
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are equal to the value ofAk = ξk = ξk1
1 · · · ξkn

n onP . We can view the expression
Pgeneral=

∑
|k|=m

m!
k!
Akt

k as a “general” homogeneous polynomial of degreem.
Thus we get a strange formula

Pgeneral=
∑
|k|=m

m!

k!
Akt

k =
∑
|k|=m

m!

k!
ξktk =

( n∑
i=1

ξiti

)m

.

This explains the classical notation of a homogeneous polynomial as a power of a
linear polynomial.

Remark1.2. One can view a basis vectorξi as a linear differential operator on
Pol(E) which acts on linear functions byξi(tj) = δij. It acts on any polynomial
P =

∑
k akt

k as the partial derivative∂i = ∂
∂ti

. Thus we can identify any poly-

nomialD(t1, . . . , tn) ∈ Pol(E∗) with the differential operator̃D(∂1, . . . , ∂n) by
replacing the variableξi with ∂i. In this way the duality Polm(E∗)×Polm(E) → k
is defined by the formula

(D,P ) =
1

m!
D̃(P ).

Remark1.3. For the reader with a deeper knowledge of multilinear algebra, we
recall that there is a natural isomorphism between the linear space Polm(E) and
themth symmetric powerSm(E∗) of the dual spaceE∗. The polarization map is
a linear map fromSm(E∗) to Sm(E)∗ which is bijective when(char(k),m!) = 1.
The universal property of tensor product allows one to identify the spacesSm(E)∗

and Symm(E).

Let us now consider the case whenE = Pold(V ), wheredimV = r.
First recall that amultihomogeneous functionof multi-degree(d1, . . . , dm) on

V is a function onV m which is a homogeneous polynomial function of degreedi

in each variable; when eachdi = 1, we get the usual definition of a multilinear
function. We denote the linear space of multihomogeneous functions of multi-
degree(d1, . . . , dm) by Pold1,...,dm(V ). The symmetric groupΣm acts naturally
on the space Pold,...,d(V ) by permuting the variables. The subspace of invariant
(symmetric) functions will be denoted by Symd,...,d(V ). In particular,

Sym1,...,1(V ) = Symm(V ).

Lemma 1.1. We have a natural isomorphism of linear spaces

symb: Polm(Pold(V )) → Symd,...,d(V
∗).
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Proof. The polarization map defines an isomorphism

Polm(Pold(V )) ∼= Symm(Pold(V )).

Using the polarization again we obtain an isomorphism Pold(V )∗ ∼= Pold(V ∗).
Thus any linear function on Pold(V ) is a homogeneous polynomial function of
degreed on V ∗. Thus a multilinear function on Pold(V ) can be identified with a
multihomogeneous function onV ∗ of multi-degree(d, . . . , d).

Let us make the isomorphism from the preceding lemma more explicit by
using a basis(ξ1, . . . , ξr) in V and its dual basis(t1, . . . , tr) in V ∗. LetAk, |k| =
d, be the coordinate functions on Pold(V ), where we write eachP ∈ Pold(V ) as
in (1.8) withm replaced byd, so thatAk(P ) = ak. Any F ∈ Polm(Pold(V ))

is a polynomial expression in theAk of degreem. Let (A
(1)
k ), . . . , (A

(m)
k ) be

the coordinate functions in each copy of Pold(V ). The polarization pol(F ) is a
multilinear expression in theAj

k. Now, if we replaceA(j)
k with the monomialξ(j)k

in a basis(ξ(j)
1 , . . . , ξ

(j)
r ) of thejth copy ofV , we obtain thesymbolic expression

of F
symb(F )(ξ(1), . . . , ξ(m)) ∈ Pold,...,d(V

∗).

Remark1.4. The mathematicians of the nineteenth century did not like super-
scripts and preferred to use different letters for vectors in different copies of the
same space. Thus they would write a general polynomialP =

∑
k

m!
k!
Akt

k of
degreed as

P =
(∑

i

αiti

)d

=
(∑

i

βiti

)d

= · · · ,

and the symbolic expression of a functionF (. . . , Ak, . . .) as an expression in
αi, βi, . . ..

Example1.3. Let r = 2, d = 2. In this case Pol2(V ) consists of quadratic forms in
two variablesP = a0x

2
0 + 2a1x0x1 + a2x

2
1. The discriminantD = A20A02 −A2

11

is an obvious invariant of SL2(k). We have

pol(D) = A20B02 + A02B20 − 2A11B11,

symb(D) = α2
0β

2
1 + α2

1β
2
0 − 2α0α1β0β1 = (α0β1 − α1β0)

2 = (α, β)2,

where

(α, β) = det

(
α0 α1

β0 β1

)
.
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Example1.4. Let r = 2, d = 4. The determinant (called theHankel determinant)

det

a0 a1 a2

a1 a2 a3

a2 a3 a4


in coefficients of a binary quartic

f = a0x
4
0 + 4a1x

3
0x1 + 6a2x

2
0x

2
1 + 4a3x0x

3
1 + a4x

2
1

defines a functionC ∈ Pol3(Pol4(k2)) on the space of binary quartics. It is called
thecatalecticant. We leave as an exercise to verify that its symbolic expression is
equal to

symb(C) = (α, β)2(α, γ)2(β, γ)2.

It is immediate to see that the group GL2(k) acts onk[a0, . . . , a4] via its action on
α, β, γ by (

α0

α1

)
→
(
a b
c d

)(
α0

α1

)
, . . . . (1.9)

This implies that the catalecticant is invariant with respect to the group SL2(k).

1.3 Bracket functions

It is convenient to organize the variablesξ(1)
1 , . . . , ξ

(1)
r , . . . , ξ

(m)
1 , . . . , ξ

(m)
r as a ma-

trix of sizer ×m:

A =

ξ
(1)
1 . . . ξ

(m)
1

...
...

...
ξ

(1)
r . . . ξ

(m)
r

 .

First, we identify the space Pold,...,d(V
∗) with the subspace of the polynomial

algebrak[ξ(1)
1 , . . . , ξ

(1)
r ; . . . ; ξ

(m)
1 , . . . , ξ

(m)
r ] consisting of polynomials which are

homogeneous of degreed in each set of variablesξ(j)
1 , . . . , ξ

(j)
r . Next, we identify

the algebrak[ξ(1)
1 , . . . , ξ

(1)
r ; . . . ; ξ

(m)
1 , . . . , ξ

(m)
r ] with the algebra Pol(Matr,m) of

polynomial functions on the space of matrices Matr,m. The value of a variableξ(j)
i

at a matrixA is the(ij)-entry of the matrix. The group(k∗)m acts naturally on
the space Matr,m by

(λ1, . . . , λm) · [C1, . . . , Cm] = [λ1C1, . . . , λmCm],
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where we write a matrixA as a collection of its columns. In a similar way the
group(k∗)r acts on Matr,m by row multiplication. We say that a polynomialP ∈
Pol(Matr,m) is multihomogeneousof multi-degree(d1, . . . , dm) if for any λ ∈ k∗,
and anyA = [C1, . . . , Cm] ∈ Matr,m,

P ([C1, . . . , Cj−1, λCj, Cj+1, . . . , Cm]) = λdjP ([C1, . . . , Cj, . . . , Cm]).

We say thatP is multiisobaric of multi-weight(w1, . . . , wr) if the polynomial
functionA → P (At) on the space Matr,m is multihomogeneous of multi-degree
(w1, . . . , wr). Let Pol(Matr,m)d1,...,dm;w1,...,wr denote the linear space of polyno-
mial functions on the space Matr,m which are multihomogeneous of multi-degree
(d1, . . . , dm) and multiisobaric of multi-weight(w1, . . . , wr). If d1 = · · · = dm =
d we writedm = (d1, . . . , dm); we use similar notation for the weights.

It follows from the definition that the symbolic expression of any invariant
polynomial from Polm(Pold(V )) is multilinear. Let us show that it is also multi-
isobaric:

Proposition 1.1.

symb(Polm(Pold(V ))SL(V )) ⊂ Pol(Matr,m)dm;wr ,

where
rw = md.

Proof. We shall consider anyF ∈ Polm(Pold(V )) as a polynomial in coefficients
Ai of the general polynomial

∑
i

(
d
i

)
Ait

i from Pold(V ). For anyg ∈ GLr(k) we
can write

gr = (det g)g̃,

whereg̃ ∈ SLr(k). It is clear that the scalar matrixλIr acts on each elementξi of
the basis ofV by multiplying it byλ. Hence it acts on the coordinate functionti
by multiplying it byλ−1 and on Pold(V ) via multiplication byλ−d. Hence it acts
on Polm(Pold(V )) by multiplication byλmd (recall that(g ·F )(P ) = F (g−1 ·P )).
Therefore we get

gr · F = (det g)mdg̃ · F = (det g)mdF.

Since anyg′ ∈ GLr(k) can be written as anrth power, we obtain thatg · F =
χ(g)F for some homomorphismχ : GLr(k) → k∗. Notice that when we fix
F andP ∈ Pold(V ), the functiong → g · F (P ) is a polynomial function in



12 CHAPTER 1. THE SYMBOLIC METHOD

entries of the matrixg which is homogeneous of degreemd. Also, we know that
χ(g)r = (det g)md. Sincedet g is an irreducible polynomial of degreer in entries
of the matrix, we obtain thatχ(g) is a nonnegative power ofdet g. Comparing the
degrees we get, for anyg ∈ GLr(k),

g · F = (det g)wF.

Since the map symb: Polm(Pold(V )) → Pol(Matr,m) is GLr(k)-equivariant, we
see that

g · symb(F ) = (det g)wF, ∀g ∈ GLr(k).

If we takeg to be the diagonal matrix of the form diag[1, . . . , 1, λ, 1, . . . , 1] we
immediately obtain that symb(F ) is multiisobaric of multi-weightwr. Also, by
definition of the symbolic expression, symb(F ) is multihomogeneous of multi-
degreedm. This proves the assertion.

Corollary 1.1. Assumer - md. Then, form > 0,

Polm(Pold(V ))SL(V ) = {0}.

An example of a function from Pol(Matr,r)1r,1r is the determinant function
Dr : A 7→ detA. More generally we define thebracket functiondetJ on Matr,m
whose value on a matrixA is equal to the maximal minor formed by the columns
from a subsetJ of [m] := {1, . . . ,m}. If J = {j0, . . . , jn} we will often use its
classical notation for the minors

detJ = (j0 . . . jn) = [j0, . . . , jn].

It is isobaric of weight1 but not multihomogeneous ifm > r. Using these func-
tions one can construct functions from Pol(Matr,m)dm,wr whenevermd = rw.
This is done as follows.

Definition. A (rectangular)tableauon the set[m] = {1, 2, . . . ,m} of sizew × r
is a matrix τ11 . . . τ1r

...
...

...
τw1 . . . τwr

 (1.10)

with entries in[m] satisfying the inequalitiesτij < τij+1. We say that the tableau
is homogeneousof degreed if eachi, 1 ≤ i ≤ m, occurs exactlyd times; clearly
d must satisfy the relationmd = wr.



BIBLIOGRAPHICAL NOTES 13

An example of a tableau on the set[4] of size2× 2 and degree 2 is
1 2
2 3
3 4
1 4

 .
For each tableauτ as above we define thetableau functionµτ on Matr,m by

µτ =
w∏

i=1

[τi1, . . . , τir].

We say thatµτ is homogeneousof degreed if τ is of degreed. It is clear that any
such function belongs to Pol(Matr,m)dm,wr . For example, the symbolic expression
of the determinant of a binary quadratic form from Example 1.3 is equal to[12]2.
The symbolic expression(12)2(23)2(13)2 of the catalecticant corresponds to the
functionµτ , where

τ =


1 2
1 2
2 3
2 3
1 3
1 3

 .

Notice the way a tableau functionµτ changes when we apply a transformation
g ∈ GLr(k): each bracket function[i1, . . . , ir] is multiplied bydet g. So for each
tableauτ on the set[m] of sizew× r the functionµτ is multiplied bydet(g)w. In
particular, each such function is an invariant for the groupG = SLr(k) of matrices
with determinant equal to 1. Taking linear combinations of homogeneous degree
d tableau functions that are invariant with respect to permutation of columns, we
get a lot of examples of elements in Pol(Pold(V ))SL(V ). In the next chapter we
will prove that any element from this ring is obtained in this way.

Bibliographical notes

The symbolic method for expression of invariants goes back to the earlier days of
theory of algebraic invariants, which originates in the work of A. Cayley of 1846.
It can be found in many classical books on invariant theory ([28], [38], [39], [47],
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[98]). A modern exposition of the symbolic method can be found in [18], [65], [85].
The theory of polarization of homogeneous forms is a basis of many constructions
in projective algebraic geometry; see for example [14], [39], [99], [100]. For a
modern treatment of some of the geometric applications we refer to [24], [54].

Exercises

1.1Show that Pol(Matr,m)d1,...,dm;w1,...,wr = {0} unless
∑m

i=1 di =
∑r

j=1wj.

1.2 Let W = Pol2(V ) be the space of quadratic forms on a vector spaceV of
dimensionr.

(i) Assume that char(k) 6= 2 or r is odd. Show that Pol(E)SL(V ) is generated
(as ak-algebra) by thediscriminantfunction whose value at a quadratic form is
equal to the determinant of the matrix defining its polar bilinear form.

(ii) Which level sets of the discriminant function are orbits of SL(V ) in W?

1.3LetF ∈ Pold(V ). For anyw ∈ V andt ∈ k∗ consider the function onV × k∗

defined by(v, t) → t−1(F (v + tw) − F (v)). Show that this function extends to
V × k and letPw(F ) denote the restriction of the extended function toV × {0}.

(i) Show thatPw(F ) ∈ Pold−1(V ) and the pairing

V × Pold(V ) → Pold−1(V ), (w,F ) 7→ Pw(F ),

is bilinear.
(ii) Assumed! 6= 0 in k. Let Pw : Pold(V ) → Pold−1(V ) be the linear map

F 7→ Pw(F ). Show that the functionV d → k defined by

(w1, . . . , wm) 7→ 1

d!
(Pw1 ◦ · · · ◦ Pwd

)(F )

coincides with pol(F ).
(iii) Show thatPw(F ) =

∑r
i=1 ai

∂F
∂ti

, where(a1, . . . , ar) are the coordinates of
w with respect to some basis(ξ1, . . . , ξr).

1.4Let P(V ) be the projective space associated to a vector spaceV of dimension
r. We consider each nonzerov ∈ V as a point̄v in P(V ). The hypersurface
Pv̄ : Pv(F ) = 0 in P(V ) is called thepolar hypersurfaceof the hypersurface
HF : F = 0 with respect to the point̄v. Show that for anyx ∈ HF ∩ Pv̄ the
tangent hyperplane ofHF atx contains the point̄v.
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1.5 Consider the bilinear pairing between Polm(V ) and Polm(V ∗) defined as in
(1.6). For anyF ∈ Polm(V ),Φ ∈ Pols(V ∗) denote the value of this pairing at
(F,Φ) by PΦ(F ). Show that

(i) for fixed F the assignmentΦ 7→ PΦ(F ) defines a linear map

aps : Pols(V
∗) → Polm−s(V ),

(ii) for any Φ′ ∈ Pols′(V ∗), PΦΦ′(F ) = PΦ(PΦ′(F )),
(iii) PΦ(F ) = Pvs ◦ · · · ◦ Pv1(F ) if Φ is the product of linear polynomials

v1, · · · , vs ∈ V = (V ∗)∗.

1.6 In the notation of the preceding exercise,Φ ∈ Pols(V ∗) is calledapolar to a
homogeneous formF ∈ Polm(V ) if PΦ(F ) = 0. Show that

(i) (
∑r

i=1 aiξi)
m is apolar toF if and only if F (a1, . . . , ar) = 0,

(ii) (
∑r

i=1 aiξi)
m−1 is apolar toF if and only if all partial derivatives ofF

vanish ata = (a1, . . . , ar).

1.7 Consider the linear map aps defined in Exercise 1.5. The matrix of this map
with respect to the basis in Polm(V ∗) defined by the monomialsξi and the basis
in Polm(V ) defined by the monomialstj is called thecatalecticant matrix. Show
that

(i) Show that ifm = 2 dimV the determinant of the catalecticant matrix is an
invariant on the space Polm(V ) (it is called thecatalecticant invariant) .

(ii) Show that, ifdimV = 2 andm = 4, the catalecticant invariant coincides
with the one defined in Example 1.4.

(iii) Find the degree of the catalecticant invariant.
(iv) Show that the catalecticant invariant on the space Pol2(V ) coincides with

the discriminant invariant.
(v) Compute the catalecticant matrix in the casedimV = 3,m = 4, s = 2.

1.8Let P ∈ Polm(V ). For anyv1, . . . , vm ∈ V and anyλ1, . . . , λm ∈ k write

P (λ1v1 + · · ·+ λmvm) =
∑

d1+···+dm=m

λd1
1 . . . λdm

m Pd1,...,dm(v1, . . . , vm).

(i) Show that the functionPd1,...,dm : (v1, . . . , vm) 7→ Pd1,...,dm(v1, . . . , vm) is
multihomogeneous of multi-degree(d1, . . . , dm).

(ii) Show thatP1,...,1 = pol(P ).

1.9Find the symbolic expression for the polynomialF = a0a4 − 4a1a3 + 3a2
2 on

the space of binary quartics Pol4(k
2). Show that it is an invariant for the group

SL2(k).
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1.10Find the polarization of the determinant polynomialDr.

1.11 Let χ : GLr(k) → k∗ be a homomorphism of groups. Assume thatχ is
given by a polynomial in the entries ofg ∈ GLr(k). Prove that there exists a
nonnegative integert such that, for allg ∈ GLr(k), χ(g) = (det g)t.



Chapter 2

The First Fundamental Theorem

2.1 The omega-operator

We saw in the preceding chapter that the symbolic expressions of the discriminant
of a binary quadratic form and of the catalecticant of a binary quartic are polyno-
mials in the bracket functions. The theorem from the title of this chapter shows
that this is the general case for invariants of homogeneous forms of any degree
and in any number of variables. In fact we will show more: the bracket functions
generate the algebra Pol(Matr,m)SLr(k). Recall that the group SLr(k) acts on this
ring via its action on matrices by left multiplication.

We start with some technical lemmas.

For any polynomialP (X1, . . . , XN) let P̃ denote the (differential) operator on
k[X1, . . . , XN ] obtained by replacing each unknownXi with the partial derivative
operator ∂

∂Xi
(cf. Remark 1.2).

In this section we will use only a special operator of this sort. We takeN = r2

with unknownsXij, i, j = 1, . . . , r, and letP be the determinant functionDr of
the matrix with entriesXij. We denote the corresponding operatorP̃ by Ω. It is
called theomega-operatoror theCayley operator.

Lemma 2.1.
Ω(Ds

r) = s(s+ 1) . . . (s+ r − 1)Ds−1
r .

Proof. First observe that for any permutationσ ∈ Σr we have

∂r

∂X1σ(1) . . . ∂Xrσ(r)

(Dr) = ε(σ), (2.1)

17
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whereε(σ) is the sign of the permutationσ. This immediately gives thatΩ(Dr) =
r!. For any subsetJ = {j1, . . . , jk} of [r] set

Ω(J, σ) =
∂k

∂Xj1σ(j1) · · · ∂Xjkσ(jk)

,

∆(J, σ) = Ω(J, σ)(Dr).

Analogously to (2.1) we get

∆(J, σ)(Dr) = ε(J, σ)MJ̄σ(J), (2.2)

where for any two subsetsK,L of [r] of the same cardinality we denote byMK,H

the minor of the matrix(Xij) formed by the rows corresponding to the setK and
the columns corresponding to the setL. The bar denotes the complementary set
and

ε(J, σ) = sign

(∏
a,b∈J
a<b

(σ(a)− σ(b))

)
.

Now applying the chain rule we get

Ω([r], σ)(Ds
r) = Ω([r − 1], σ)

∂Ds
r

∂Xrσ(r)

= Ω([r − 1], σ)(sDs−1
r ∆({r}, σ)) = Ω([r − 2], σ)

s∂Ds−1
r ∆({r}, σ)

∂Xr−1σ(r−1)

= Ω([r − 2], σ)
(
s(s− 1)Ds−2

r ∆({r}, σ)∆({r − 1}, σ) + sDs−1
r ∆({r − 1, r}, σ)

)
=

r∑
k=1

s(s− 1)(s− k + 1)Ds−k
r

( ∑
J1t···tJk=[r]

∆(J1, σ) . . .∆(Jk, σ)
)
.

Now recall a well-known formula from multilinear algebra which relates the
minors of a matrixA and the minors of its adjoint (also calledadjugatein classic
literature) matrixÃ = adj(A) (see [8], Chapter 3,§11, exercise 10):

ÃH,K = det(A)|H|−1AH̄,K̄ . (2.3)

Applying (2.3) we obtain

∆(J1, σ) . . .∆(Jk, σ) = Dk−r
r

k∏
i=1

ε(Ji, σ)M̃Ji,σ(Ji).
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Now recall the Laplace formula for the determinant of a square matrixA of
sizer:

det(A) = ε(J1, . . . , Jk)
∑

I1t···tIk=[r]

ε(I1, . . . , Ik)MJ1,I1 . . .MJk,Ik
, (2.4)

where
[r] = J1 t · · · t Jk

is a fixed partition of the set of rows ofA andε(I1, . . . , Ik) is equal to the sign of
the permutation(I1 . . . Ik) where we assume that the elements of each setIj are
listed in the increasing order. Applying this formula tõM we find∑

σ∈Σr

ε(σ)ε(J1, σ) . . . ε(Jk, σ)ÃJ1,σ(J1) . . . ÃJk,σ(Jk) = j1! . . . jk!Dr−1
r ,

whereji = #Ji, i = 1, . . . , k. Thus, lettingσ run through the setΣr, we sum up
the expressionsε(σ)Ω([r], σ)(Dr

r) to get

Ω(Ds
r) =

n∑
k=0

s(s− 1) . . . (s− k)p(r, k)Ds−1
r = c(r, s)Ds−1

r ,

where
p(r, k) =

∑
J1t...tJk=[r]

j1! . . . jk!.

We leave to the reader as an exercise to verify that

c(r, s) = s(s+ 1) . . . (s+ r − 1).

The precise value of the nonzero constantc(r, s) is irrelevant for what follows.

Lemma 2.2. LetF = P1 · · ·Pr ∈ k[X11, . . . , Xrm], where eachPi is equal to the
product ofmi linear formsL(j)

i =
∑r

s=1 a
(j)
is Xis, j = 1, . . . ,mi. Then

Ω(F ) =
∑

det

a
(j1)
11 . . . a

(jr)
1r

...
...

...
a

(j1)
r1 . . . a

(jr)
rr

 (P1/L
(j1)
1 ) · · · (Pr/L

(jr)
n ),

where the sum is taken over the setS = {(j1, . . . , jr) : 1 ≤ ji ≤ mi}.
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Proof. By the chain rule,

∂rF

∂X1i1 · · · ∂Xrir

=
∑

(j1,...,jr)∈S

a
(j1)
1i1
· · · a(jr)

rir
(P1/L

(j1)
1 ) · · · (Pr/L

(jr)
r ).

After multiplying by the sign of the permutation(i1, . . . , ir) and summing up
over the set of permutations, we get the desired formula from the assertion of the
lemma.

2.2 The proof

Now we are ready to prove the First Fundamental Theorem of Invariant Theory:

Theorem 2.1. The algebra of invariantsPol(Matr,m)SLr(k) is generated by the
bracket functions[j1, . . . , jr].

Proof. Let Pol(Matr,m)w be the subspace of polynomials which are multiisobaric
of multi-weightwr. It is clear that

Pol(Matr,m)SLr(k) =
⊕
w≥0

Pol(Matr,m)w
SLr(k).

So we may assume that an invariant polynomialF ∈ Pol(Matr,m)SLr(k) belongs to
Pol(Matr,m)w. Fix a matrixA ∈ Matr,m and consider the assignmentg 7→ F (g ·A)
as a function on Matr,r. It follows from the proof of Proposition 1.1 that

F (g · A) = det(g)wF (A).

SinceF is multiisobaric, it is easy to see thatF (g · A) can be written as a sum
of products of linear polynomials as in Lemma 2.2, withmi = w. Applying the
omega-operator to the left-hand side of the identityw times we will be able to get
rid of the variablesgij and get a polynomial in bracket functions. On the other
hand, by Lemma 2.1 we get a scalar multiple ofF . This proves the theorem.

Let Tabr,m(w) denote the subspace of Polw(Matr,m) spanned by tableau func-
tions on[m] of sizew× r and let Tabr,m(w)hom be its subspace spanned by homo-
geneous tableau functions of degreed. Recall that, as follows from the definition
of a tableau,rw = md. The symmetric groupΣm acts linearly on the space
Tabr,m(w) via its action on tableaux by permuting the elements of the set[m]. We
denote by Tabr,m(w)Σm the subspace of invariant elements. Clearly,

Tabr,m(w)Σm ⊂ Tabr,m(w)hom.
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Corollary 2.1. Letw = md
r

. We have

Pol(Matr,m)
SLr(k)
dm,wr = Tabr,m(w)hom.

By Proposition 1.1, the symbolic expression of any invariant polynomialF

from Polm(Pold(V ))SLr(k) belongs to Pol(Matr,m)
SLr(k)
dm,wr , and hence must be a lin-

ear combination of tableau functions from Tabr,m(w). The groupΣm acts natu-
rally on Matr,m by permuting the columns and hence acts naturally on Pol(Matr,m)
leaving the subspaces Pol(Matr,m)dm,wr invariant. Applying Lemma 1.1, we get

Corollary 2.2.

symb(Polm(Pold(V ))SLr(k)) = Tabr,m(w)Σm
hom,

whererw = md.

2.3 Grassmann varieties

The ring Pol(Matr,m)SLr(k) has a nice geometric interpretation. Let Gr(r,m) be
the Grassmann variety ofr-dimensional linear subspaces inkm (or, equivalently,
(r− 1)-dimensional linear projective subspaces ofPm−1). Using the Pl̈ucker map

L →
∧r(L), we can embed Gr(r,m) in P(

∧r(km)) = P(m
r )−1. The projective

coordinates in this projective space are the Plücker coordinatespi1...ir , 1 ≤ i1 <
· · · < ir ≤ m. Consider the setΛ(r,m) of orderedr-tuples in[m]. Letk[Λ(r,m)]
be the polynomial ring whose variables are the Plücker coordinatespJ indexed
by elements of the setΛ(r,m). We view it as the projective coordinate ring of
P(
∧r(km)). Consider the natural homomorphism

φ : k[Λ(r,m)] → Pol(Matr,m)

which assigns topi1...ir the bracket polynomial[i1, . . . , ir]. By Theorem 2.1, the
image of this homomorphism is equal to the subring Pol(Matr,m)SLr(k) of invariant
polynomials.

Theorem 2.2.The kernelIr,m ofφ is equal to the homogeneous ideal of the Grass-
mann varietyGr(r,m) in its Plücker embedding.
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Proof. Let Mat′r,m be the dense open subset of the affine space Matr,m formed

by matrices of maximal rankr. Consider the mapf : Mat′r,m → A(m
r ) =

Spec(k[Λ(r,m)]) given by assigning toA ∈ Mat′r,m the values of the bracket
functions[i1, . . . , ir] onA. Clearly, the corresponding mapf ∗ of the rings of reg-
ular functions coincides withφ. Also it is clear that the imageZ of f is contained
in the affine coneG̃r(r,m) over Gr(r,m). The composition off and the canoni-
cal projectionG̃r(r,m) \ {0} → Gr(r,m) is surjective. LetF be a homogeneous
polynomial from Ker(φ). Then its restriction toZ is zero, and hence, since it is
homogeneous, its restriction to the whole ofG̃r(r,m) is zero. ThusF belongs
to Ir,m. Conversely, ifF belongs toIr,m, its restriction toZ is zero, and hence
f ∗(F ) = 0 becausef : Mat′r,m → Z is surjective. Since Gr(r,m) is a projective
subvariety,Ir,m is a homogeneous ideal (i.e. generated by homogeneous polyno-
mials). Thus it was enough to assume thatF is homogeneous.

Corollary 2.3.
Pol(Matr,m)SLr(k) ∼= k[Gr(r,m)].

The symmetric groupΣm acts naturally on Gr(r,m) by permuting the coor-
dinates in the spacekm. This corresponds to the action ofΣm on the columns of
matrices from Matr,m. Let T be the subgroup of diagonal matrices in SLm(k). It
acts naturally on Gr(r,m) by scalar multiplication of columns. Letk[Gr(r,m)]w
be the subspace generated by the cosets of homogeneous polynomials of degree
w. Applying Corollary 2.1 and Corollary 2.2, we obtain

Corollary 2.4. Let rw = md. Then

Polm(Pold(k
r))SLr(k) ∼= k[Gr(r,m)]Σm×T

w .

2.4 The straightening algorithm

We now describe a simple algorithm which allows one to construct a basis of the
space Tabr,m(w).

Definition. A tableau on the set[m] of sizew × s

τ =

τ11 . . . τ1r
...

...
...

τw1 . . . τwr


is calledstandardif τij ≤ τ(i+1)j for everyi andj.
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For example, [
1 3
2 4

]
is standard but [

1 4
2 3

]
is not.

Theorem 2.3.The tableau functionsµτ corresponding to standard tableaux form
a basis of the spaceTabr,m(w).

Proof. We will describe thestraightening lawdue to A. Young. It is an algorithm
which allows one to write any tableau function as a linear combination of tableau
functions corresponding to standard tableaux.

We will use the following relation between the bracket functions:

r+1∑
s=1

(−1)s[i1, . . . , ir−1, js][j1, . . . , js−1, js+1, . . . , jr+1] = 0. (2.5)

Here(i1, . . . , ir−1) and(j1, . . . , jr+1) are two fixed increasing sequences of num-
bers from the set[m] and we assume that in the bracket function[i1, . . . , ir−1, js],
the sequence(i1, . . . , ir−1, js) is rearranged to be in increasing order or equal to
zero if two of the numbers are equal.

This relation follows from the observation that the left-hand side, considered
as a function on the subspace(kr)r+1 of Matr,m formed by the columns with
indicesj1, . . . , jr+1, is(r+1)-multilinear and alternating. Since the exterior power∧r+1(kr) equals zero, the function must be equal to zero.

Suppose a tableau functionµτ is not standard. By permuting the rows ofτ
we can assume thatτi1 ≤ τ(i+1)1 for all i. Let j be the smallest index such that
τij > τ(i+1)j for somei. We assume thatτkj ≤ τ(k+1)j for k < i. We call the pair
(ij) with this property themark of τ . Consider equation (2.5) corresponding to
the sequences

(i1, . . . , ir−1) = (τ(i+1)1, . . . , τ(i+1)(j−1), τ(i+1)(j+1), . . . , τ(i+1)r),

(j1, . . . , jr+1) = (τi1, . . . , τij, . . . , τir, τ(i+1)j).

Here we assume that the second sequence is put in increasing order. It allows us
to express[τi1, . . . , τir][τ(i+1)1, . . . , τ(i+1)r] as a sum of the products

[τi1, . . . , τ̂is, . . . , τir, τ(i+1)j][τ(i+1)1, . . . , τ̂(i+1)j, . . . , τ(i+1)r, τis].
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Substituting this in the productµτ of the bracket functions corresponding to the
rows of τ , we expressµτ as a sum of theµτ ′ such that the mark of eachτ ′ is
greater than the mark ofτ (with respect to the lexicographic order). Continuing
in this way we will be able to writeµτ as a sum of standard tableau functions.

This shows that the standard tableau functions span the space Tabr,m(w). We
skip the proof of their linear independence (see, for example, [48], p. 381).

Corollary 2.5. The homogeneous idealIr,m definingGr(r,m) in its Plücker em-
bedding is generated by the quadratic polynomials

PI,J =
n+2∑
s=1

(−1)spi1...ir−1,jspj1...,js−1js+1,...,jr+1 ,

whereI = (i1, . . . , ir−1), J = (j1, . . . , jr+1) are increasing sequences of numbers
from the set[m].

Proof. It is enough to show that any homogeneous polynomialF from Ir,m can
be expressed as a polynomial in thePI,J . Let I ′r,m be the ideal generated by the
polynomials thePI,J . It follows from the straightening algorithm that, modulo
I ′r,m, the polynomialF is equal to a linear combination of monomials which are
mapped to standard tableau functions in the ringk[Matr,m]. Since the standard
tableau functions are linearly independent, we obtain thatF ∈ I ′r,m.

Remark2.1. The equationsPI,J = 0 defining the Grassmannian Gr(r,m) are
called thePlücker equations. Corollary 2.3 implies that the Plücker equations de-
scribe the basic relations between the bracket functions. This result is sometimes
referred to as theSecond Fundamental Theoremof Invariant Theory.

Now we are in business and finally can compute something. We start with the
caser = 2. Let us write any degreed homogeneous standard tableau in the form

τ =


a1

1 a2
2

a1
2 a2

3
...

...
a1

m−1 a2
m

 ,
whereaj

i denotes a column vector with coordinates equal toi. Let |aj
i | be the

length of this vector. It is clear that

|a1
1| = |a2

m| = d, |a1
i |+ |a2

i | = d, 1 < i < m,
m−1∑
i=2

|a1
i | =

m−1∑
i=2

|a2
i | = w − d = (m− 2)d/2.
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So if we set|a1
i | = αi−1, i = 2, . . . ,m− 1, then a standard tableau is determined

by a point with integer coordinates inside of the convex polytopeΠ(1, d,m) in
Rm−2 defined by the inequalities

0 ≤ αi ≤ d,

m−2∑
i=1

αi = w − d.

Example2.1. Let d = 3. We have

Π(1, 3,m) =

{
(α1, . . . , αm−2) ∈ Rm−2 : 0 ≤ αi ≤ 3,

m−2∑
i=1

αi = 3(m− 2)/2

}
.

The first nontrivial case ism = 2. We have the unique solution(0, 0) for which
the corresponding standard tableau is

τ =

1 2
1 2
1 2

 .
The only nontrivial permutation of two letters changesµτ to−µτ . Thus

Pol2(Pol3(k
2))SL2(k) = {0}.

Next is the casem = 4. We have the following solutions:

(α1, α2) = (0, 3), (3, 0), (1, 2), (2, 1).

The corresponding standard tableaux are

τ1 =


1 2
1 2
1 2
3 4
3 4
3 4

 , τ2 =


1 3
1 3
1 3
2 4
2 4
2 4

 , τ3 =


1 2
1 2
1 3
2 4
3 4
3 4

 , τ4 =


1 2
1 3
1 3
2 4
2 4
3 4

 .

Let us see how the groupΣ4 acts on the space Tab2,4(6)hom. The groupΣ4 is
generated by the transpositions(23), (12), (14). We have

(23)µτ1 = µτ2 , (23)µτ3 = µτ4 (2.6)
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By the straightening algorithm,

[23][14] = [13][24]− [12][34],

so that

(12)µτ1 = −µτ1 ,

(12)µτ2 = ([13][24]− [12][34])3

= µτ2 − µτ1 − 3µτ4 + 3µτ3 ,

(12)µτ3 = [12]2[23][14][34]2

= [12]3[13][24][34]2 − [12]3[34]3 = µτ3 − µτ1

(12)µτ4 = −[12][23]2[14]2[34],

= −[12][34][13]2[24]2 + 2[12][34][13][24][12][34]− [12][34][12]2[34]2

= −µτ4 + 2µτ3 − µτ1 .

Similarly, we get

(13)µτ1 = −µτ2 + 3µτ4 − 3µτ3 + µτ1 ,

(13)µτ2 = −µτ2 ,

(13)µτ3 = −µτ2 + 2µτ4 − µτ3 .

This implies that anyΣ4-invariant combination of the standard tableau functions
must be equal toF = aµτ1 + bµτ2 + cµτ3 + dµτ4 , where

a = b, c = d, 2c+ 3a = 0.

This gives that Tab2,4(6)Σ4 is spanned by

F = −2µτ1 − 2µτ2 + 3µτ3 + 3µτ4

= −2[12]3[34]3 − 2[13]3[24]3 + 3[12]2[13][24][34]2 + 3[12][13]2[24]2[34].

We leave to the reader to verify that this expression is equal to symb(D), where

D = 6a0a1a2a3 + 3a2
1a

2
2 − 4a3

1a3 − 4a0a
3
2 − a2

0a
2
3. (2.7)

This is the discriminant of the cubic polynomial

f = a0x
3
0 + 3a1x

2
0x1 + 3a2x0x

2
1 + a3x

3
1.



BIBLIOGRAPHICAL NOTES 27

Bibliographical notes

Our proof of the First Fundamental Theorem based on the use of the omega-
operator (theCayleyΩ-process) is borrowed from [110]. TheΩ-process is also
discussed in [7], [85], [115]. A proof based on the Capelli identity (see the ex-
ercises below) can be found in [65], [123]. Another proof using the theory of
representations of the group GL(V ) can be found in [18] and [65]. Theorem
2.1 is concerned with invariant polynomial functions onm-vectors in a vector
spaceV with respect to the natural representation of SL(V ) in V ⊕m. One can
generalize it by considering polynomial functions inm vectors inV andm′ cov-
ectors, i.e. vectors in the dual spaceV ∗. The First Fundamental Theorem asserts
that the algebra of SL(V )-invariant polynomials onV ⊕m ⊕ (V ∗)⊕m′

is gener-
ated by the bracket functions on the spaceV ⊕m, bracket functions on the space
(V ∗)⊕m′

, and the functions[i|j], 1 ≤ i ≤ m, 1 ≤ j ≤ m′, whose value at
(v1, . . . , vm;φ1, . . . , φm′) ∈ V ⊕m ⊕ (V ∗)⊕m′

is equal toφj(vi). The proof can
be found in [18], [65], [123]. One can also find there a generalization of Theorem
2.1 to invariants with respect to other subgroups of GLn(k).

There is a vast amount of literature devoted to the straightening algorithm and
its various generalizations (see, for example, [17]). We followed the exposition
from [48]. It is not difficult to see that the Plücker equations define set theoreti-
cally the Grassmann varieties in their Plücker embedding (see, for example, [40]).
Corollary 2.5 describes the homogeneous ideal of the Grassmannian. As far as I
know the only textbook in algebraic geometry which contains a proof of this fact
is [48]. We refer to [33] for another proof based on the representation theory.

Exercises

2.1Prove thatΩf ◦ Ωg = Ωfg for any two polynomialsf, g ∈ k[X1, . . . , XN ].

2.2Let Ω be the omega-operator in the polynomial ringk[Matr,r]. Prove that
(i)Ω(Ds

r) = s(s+ 1) . . . (s+ r − 1)Ds−1
r for negative integerss,

(ii) Ω((1−Dr)
−1) = r!(1−Dr)

−r−1,

(iii) the functionf =
∑∞

i=0
Di

r

1·2!···(i+1)!
is a solution of the differential equation

Ωf = f in the ring of formal power seriesk[[(Xij)]].

2.3 For eachi, j ∈ [m] define the operatorDij acting in Pol(Matr,m) by the for-
mulaDijf =

∑r
s=1Xsi

∂f
∂Xsj

.
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(i) Prove that the operatorsDij commute with each other and commute with
Ω if i 6= j.

(ii) Check the following identity (theCapelli identity):

det


Dmm + (m− 1)id Dm(m−1) . . . Dm1

D(m−1)m D(m−1)(m−1) + (m− 2)id . . . Dm−11
...

...
...

...
D2m . . . D22 + id D21

D1m . . . D12 D11


=

{
0 if m > r,

DrΩ if m = r.

2.4 Using the Capelli identity show that the operatorΩ̃ : Polr(Pold(V )) →
Polr(Pold−1(V )) defined byΩF = F ′, where symb(F ′) = Ω(symb(F )), is well-
defined and transforms an SL(V )-invariant to an SL(V )-invariant.

2.5 Show that Pol3(Pol4(k2))SL2(k) is spanned by the catalecticant invariant from
Example 1.4 in Chapter 1.

2.6Show that Pol(Pol3(k2))SL2(k) is generated (as ak-algebra) by the discriminant
invariant from Example 2.1.

2.7Show that Pol(Pol2(V ))SL(V ) is equal tok[D], whereD : Pol2(V ) → k is the
discriminant of quadratic form. Find symb(D).

2.8LetG = Or(k) be the orthogonal group of the vector spacekr equipped with
the standard inner product. Consider the action ofG on Matr,m by left multipli-
cation. Show that Pol(Matr,m)Or(k) is generated by the functions[ij] whose value
on a matrixA is equal to the dot-product of theith andjth columns.

2.9 With the notation from the preceding exercise let O+
r (k) = Or(k) ∩ SLr(k).

Show that Pol(Matr,m)O+
r (k) is generated by the functions[ij] and the bracket func-

tions.

2.10Show that the field of fractions of the ring Pol(Matr,m)SLr(k) is a purely tran-
scendental extension ofk of transcendence degreer(m− r) + 1.



Chapter 3

Reductive algebraic groups

3.1 The Gordan–Hilbert Theorem

In this chapter we consider a class of linear group actions on a vector spaceE for
which the algebra of invariant polynomials Pol(E)G is finitely generated. We start
with the case of finite group actions.

Theorem 3.1. LetG be a finite group of automorphisms of a finitely generated
k-algebraA. Then the subalgebraAG is finitely generated overk.

Proof. This follows easily from standard facts from commutative algebra. First
we observe thatA is integral overB = AG. Letx1, . . . , xn be generators ofA. Let
B′ be the subalgebra ofA generated by the coefficients of the monic polynomials
pi(t) ∈ B[t] such thatpi(xi) = 0. ThenA = B′[x1, . . . , xn] is a finiteB′-module.
SinceB′ is noetherian,B is also a finiteB′-module. SinceB′ is finitely generated
overk,B must be finitely generated overk.

Let us give another proof of this theorem in the special case when the order
d of G is prime to the characteristic ofk andG acts onA = Pol(E) via its
linear action onE. In this caseG leaves invariant the subspace of homogeneous
polynomials of degreem so that

Pol(E)G =
∞⊕

m=0

Pol(E)G
m.

Let I be the ideal inA generated by invariant polynomials vanishing at0 (or,
equivalently, by invariant homogeneous polynomials of positive degree). Apply-
ing the Hilbert Basis Theorem, we obtain that the idealI is finitely generated by

29
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a finite set of polynomialsF1, . . . , Fn in AG. We may assume that eachFi is ho-
mogeneous of degreemi > 0. Then for any homogeneousF ∈ AG of degreem
we can write

F = P1F1 + · · ·+ PnFn (3.1)

for some homogeneous polynomialsPi of degreem − mi. Now consider the
operator av: A→ A defined by the formula

av(P ) =
1

d

∑
g∈G

g(P ).

Clearly,
av|AG = id, av(A) = AG.

Applying the operator av to both sides of (3.1) we get

F = av(P1)F1 + · · ·+ av(Pn)Fn.

By induction we can assume that each invariant homogeneous polynomial of de-
gree< m can be expressed as a polynomial inFi’s. Since av(Pi) is homogeneous
of degree< m, we are done.

Let us give another application of the Hilbert Basis Theorem (it was proven
by Hilbert exactly for this purpose):

Theorem 3.2. (Gordan–Hilbert) The algebra of invariantsPol(Pold(V ))SL(V ) is
finitely generated overk.

Proof. Let E = Pold(V ). The proof uses the same idea as the one used in the
second proof of Theorem 3.1. Instead of the averaging operator av we use the
omega-operatorΩ. LetF ∈ Polm(E)SL(V ). Write

F = P1F1 + · · ·+ PnFn

for somePi ∈ Pol(E)m−mi
andFi ∈ Polmi

(E)SL(V ). By the proof of Proposition
1.1 there exists an integere such that, for anyv ∈ E,

F (g · v) = (det g)eF (v).

The numbere is called theweightof F .
Now, for a general matrixg, we have the identity of functions on GL(V ):

F (g · v) = (det g)eF (v) =
n∑

i=1

(det g)eiPi(g · v)Fi(v).
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Now let us apply the omega-operatorΩ to both sidese times. We get

cF (v) =
n∑

i=1

Ωe((det g)eiPi(g · v))Fi(v),

wherec is a nonzero constant. Now the assertion follows by showing that the
value ofΩe((det g)eiPi(g · v)) at g = 0 is an invariant and using induction on the
degree of the polynomial.

Lemma 3.1. For anyP ∈ Pol(E) let

F (g, v) = Ωr((det g)qP (g · v)).

ThenF (0, v) is either zero or an invariant of weightr − q.

Proof. This is nothing more than the change of variables in differentiation. Lett
be a general square matrix of sizeN . We have

F (g, t · v) = Ωr((det g)qP (gt · v))
= (det t)−qΩr(det(gt)qP (gt · v))
= (det t)−q det(t)rΩr

det(gt)(det(gt)qP (gt · v))
= (det t)r−qF (gt, v).

HereΩdet(gt) denotes the omega-operator in the ringk[. . . Xij, . . . , Yij, . . .] corre-
sponding to the determinant of the matrix(Zij) whereZij =

∑
sXisYsj. We use

the formula
Ω(Φ(Z)) = det(Yij)Ωdet(gt)(Φ(Z)) (3.2)

for any polynomialΦ(Z) in the variablesZij. This easily follows from the differ-
entiation rules and we leave its proof to the reader. Now plugging ing = 0 in (3.2)
(although it is not in GL(V ) the left-hand side extends to the whole polynomial
ring in the matrix entries) we obtain

F (0, t · v) = (det t)r−qF (0, v).

This proves the assertion.

Remark3.1. In fact, the same proof applies to a more general situation when
GLn(k) acts on a vector spaceE by means of a rational linear representation (see
the definition of a rational representation in the next section). We have to use that
in this caseg · F = det(g)eF for anyg ∈ GLn(k) andF ∈ Pol(E)SLn(k).
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Remark3.2. The proof shows that the algebra of invariants Pol(E)SLn(k) is gen-
erated by a finite generating setF1, . . . , Fn of the idealI generated by invariant
homogeneous polynomials of positive degree. LetZ = V (I) ⊂ E be the subset
of common zeros ofF1, . . . , Fn. Let J be the ideal in Pol(E)SLn(k) of all polyno-
mials vanishing onZ. By Hilbert’s Nullstellensatz, for eachi = 1, . . . , n, there
exists a positive integerρi such thatF ρi

i ∈ J . LetG1, . . . , GN be homogeneous
generators ofJ . Letd be the largest of the degrees of theFi andr be the largest of
the numbersρi. Then it is easy to see that any invariant homogeneous polynomial
of degree≥ drn can be expressed as a polynomial inG1, . . . , GN . This implies
that the ring Pol(E)SLn(k) is integral over the subringk[G1, . . . , GN ] generated
by G1, . . . , GN . In fact, it can be shown that it coincides with the integral clo-
sure ofk[G1, . . . , GN ] in the field of fractions of Pol(E) (see, for example, [115],
Corollary 4.6.2). In Chapter 9 we will learn how to describe the setZ (it will be
identified with the null-cone) without explicitly computing the ring of invariants.
This gives a constructive approach to finding the algebra of invariants.

3.2 The unitary trick

Let us give another proof of the Gordan–Hilbert Theorem using another device
replacing the averaging operator av due to A. Hurwitz (later called the “unitary
trick” by H. Weyl). We assume thatk = C.

LetG = SLn(C) andK = SU(n) be its subgroup of unitary matrices. LetG
act on Pol(E) via its linear representationρ : G→ GL(E).

Lemma 3.2. (Unitary trick)

Pol(E)G = Pol(E)K

Proof. Let F ∈ Pol(E). For anyM ∈ Matn consider the function onR × E
defined by

φ(t; v) = F (etM · v).

Let 〈M,F 〉 be the function onE defined by

〈M,F 〉(v) =
dφ(t; v)

dt
(0).

Sinceφ(t + a; v) = φ(t; eaM · v) we see that〈M,F 〉(v) = 0 for all v ∈ E if and
only if dφ(t;v)

dt
(a) = 0 for all a ∈ R and allv ∈ E. The latter is equivalent to the
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condition thatF (etM · v) = F (v) for all t ∈ R and allv ∈ E. Let denote the
space of complex matrices of sizen × n with zero trace. Since anyg ∈ SLn(C)
can be written asg = eM for someM ∈ sln(C), we see that the condition

〈M,F 〉 = 0, ∀M ∈ sln, (3.3)

is equivalent toF being invariant. Next we easily convince ourselves (by using
the chain rule) that the mapM → 〈M,F 〉 is linear, so it is enough to check (3.3)
for the set of theM which spanssln(C). Consider a basis ofsln(C) formed by
the matrices

Eij − Eji,
√
−1(Eij + Eji),

√
−1(Eii − Ejj),

where1 ≤ i < j ≤ n. Observe that the same matrices form a basis overR of the
subspacesu(n) of sln(C) formed by skew-hermitian matricesM (i.e. satisfying
tM = −M ). Now we repeat the argument replacingG by K = SU(n). We use
that anyg ∈ K can be written in the form eM for someM ∈ su(n). We find that
F ∈ Pol(E)K if and only if 〈M,F 〉 = 0 for all M ∈ su(n). Since the properties
〈M,F 〉 = 0 for allM ∈ su(n) and〈M,F 〉 = 0 for allM ∈ sln(C) are equivalent
we are done.

The groupK = SU(n) is a compact smooth manifold. Ifg = (gij) ∈ K and
gij = g′ij +

√
−1g′′ij, whereg′ij, g

′′
ij are real, thenK is a closed and a bounded

submanifold ofR2n2
defined by the equations

n∑
j=1

gaj ḡbj = δab, 1 ≤ a ≤ b ≤ n, det(g) = 1,

whereδab is the Kronecker symbol. This allows one to integrate over it. We
consider any polynomial complex valued function onK as a restriction of a poly-
nomial function on GLn(C). For each such functionφ(g) set

av(φ) =

∫
K
φ(g)dg∫
K

dg
,

where dg =
∏

1≤i,j≤N dg′ijdg
′′
ij.

Lemma 3.3. For anyF ∈ Pol(E) the functionF̃ defined by

F̃ (v) = av(F (g · v))

isK-invariant.
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Proof. For any matrixg = (gij) ∈ K let g′ = (g′ij) andg′′ = (g′′ij). For any
s, g, u ∈ K with u = g · s we have

(u′ u′′) = (g′ g′′) ·
(
s′ −s′′
s′′ s′

)
.

Here we use block-expressions of these matrices. It is easy to see that

S =

(
s′ −s′′
s′′ s′

)
is an orthogonal real matrix of size2n × 2n. Thus the jacobian of the change
of variablesg 7→ u = g · s is equal todetS = ±1. SinceK is known to be a
connected manifold, the functions 7→ detS is constant; it takes the value1 at
s = In, sodetS ≡ 1. Applying the formula for the change of variables in the
integration we get∫

K

F (gs · v)dg =

∫
K

F (g · (s · v))d(gs) =

∫
K

F (u · v)du,

hence

F̃ (s · v) = av(F (gs · v))

=

∫
K
F (gs · v)dg∫

K
dg

=

∫
K
F (u · v)du∫

K
dg

= av(F (u · v)) = F̃ (v).

One can generalize the preceding proof to a larger class of groups of com-
plex matrices. What is important in the proof is that such a groupG contains a
compact subgroupK such that the complex Lie algebra ofG is isomorphic to the
complexification of the real Lie algebra ofK. Here are examples of such groups,
their compact subgroups, and their corresponding Lie algebras:

1) G = GLn(C), Lie(G) =gln(C) = Matn(C),

K = SU(n), Lie(K) =u(n) ∩ sln(C).

2) G = On(C), Lie(G) ={A ∈ gln(C) : tA = −A},
K = On(R), Lie(K) ={A ∈ gln(R) : tA = −A}.

These groups satisfy the following property
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(LR) Let ρ : G → GL(V ) be a homomorphism of complex Lie groups, andv ∈
V G\{0}. Then there exists an invariant subspaceW such thatV = Cv⊕W .
Or, in other words, there exists aG-invariant linear functionf on V such
thatf(v) 6= 0.

One checks this property by first replacingG with its compact subgroupK as
above. Taking any linear functionf with f(v) > 0 we average it by integration
overK to find a nonzeroK-invariant function with the same property. Then we
apply Lemma 3.3 to ensure thatf isG-invariant.

3.3 Affine algebraic groups

Next we observe that property (LR) from the preceding section can be stated over
any algebraically closed fieldk. Instead of complex Lie groups, we will be dealing
with affine algebraic groupsG overk.

Definition. An affine algebraic groupG over a fieldk is an affine algebraic variety
overk with the structure of a group on its set of points such that the multiplication
mapµ : G×G→ G and the inversion mapβ : G→ G are regular maps.

Although we assume that the reader is familiar with some rudiments of alge-
braic geometry, we have to fix some terminology which may be slightly different
from the standard textbooks (for example, [104]). We shall use an embedding-
free definition of an affine algebraic variety over an algebraically closed fieldk .
Namely, a setX := Spm(A) of homomorphisms of a finitely generatedk-algebra
A without zerodivisors tok. The algebraA is called thecoordinate algebraof
X and is denoted byO(X) (or k[X]). An elementa ∈ A can be considered as
a k-valued function onX whose value at a pointx : A → k is equal tox(a).
Functions onX of this form are calledregular functions. A point x is uniquely
determined by the maximal idealmx of functions vanishing atx. A choice of
generatorsx1, . . . , xn ofO(X) defines a bijection fromX to a subset of the affine
spaceAn = Spm(k[T1, . . . , Tn]) identified naturally with the setkn. This subset is
equal to the set of common zeros of the ideal of relations between the generators.
A regular map (or morphism)f : X → Y of affine algebraic varieties is defined
as a map given by composition with a homomorphism of the coordinate algebras
f ∗ : O(Y ) → O(X). This makes a category of affine algebraic varieties over
k which is equivalent to the dual of the category of finitely generated domains
overk. This latter category has direct products defined by the tensor product of
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k-algebras. A subsetV (I) of X of homomorphisms vanishing on an idealI of
O(X) is called a closed subset. It can be identified with an affine algebraic variety
Spm(A/J), whereJ = radI is the radical ofI. A pointx ∈ X is a closed subset
corresponding to the maximal idealmx of A. Closed subsets define a topology
onX, the Zariski topology. Open subsetsD(f) = X \ V ((f)), f ∈ A, form a
basis of the topology. Each subsetD(f) can be identified with an affine algebraic
variety Spm(A[1/f ]).

A choice ofn generators of thek-algebraO(X) defines an isomorphism from
X to a closed subset of the affine spaceAn. A morphism of affine varieties
Spm(A) → Spm(B) corresponding to a surjective homomorphismB → A of
k-algebras defines an isomorphism from Spm(B) to a closed subset of Spm(A).
It is called a closed embedding.

The multiplication and the inversion morphismsµ, β defining an affine alge-
braic groupG can equivalently be given by homomorphisms ofk-algebras

µ∗ : O(G) → O(G)⊗k O(G), β∗ : O(G) → O(G),

which are called thecomultiplicationand thecoinverse.
For anyk-algebraK we define the setX(K) ofK-pointsofX to be the set of

homomorphisms ofk-algebrasO(X) → K. In particular, ifK = O(Y ) for some
affine algebraic varietyY , the setX(K) can be identified naturally with the set of
morphisms fromY toX.

Here are some examples of affine algebraic groups which we will be using in
the book.

(a) GLn,k = Spm(k[. . . , Xij, . . .][det((Xij))
−1]) (ageneral linear groupoverk):

GLn,k(K) = GL(n,K), µ∗(Xij) =
n∑

s=1

XisXsj, β∗(Xij) = X ij,

whereX ij is equal to the(ij)th entry of the inverse of the matrix(Xij).

(b) Gm,k = GL1,k = Spm(k[T, T−1]) (themultiplicative groupoverk):

Gm,k(K) = K∗, µ∗(T ) = T ⊗ T, β∗(T ) = T−1.

(c) Ga,k = Spm(k[T ]) (theadditive groupoverk):

Ga,k(K) = K+, µ∗(T ) = T ⊗ 1 + 1⊗ T, β(T ) = −T.

Other examples of affine algebraic groups can be realized by taking direct prod-
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ucts or by taking a closed subvariety which is an affine algebraic group with re-
spect to the restriction of the multiplication and the inverse morphisms (aclosed
subgroup). For example, we have

(d) T n
k = Gn

m,k (anaffine torusoverk),

(e) SLn,k (aspecial linear groupoverk).
Affine algebraic groups overk form a category. Its morphisms are morphisms

of affine algebraic varieties which induce homomorphisms of the corresponding
group structures. One can prove that any affine algebraic groupG admits a mor-
phism to the group GLn,k such that it is a closed embedding. In other words,G is
isomorphic to alinear algebraic group, i.e., a closed subvariety of GLn,k whose
K-points for anyk-algebraK form a subgroup of GLn(K). If no confusion arises,
we will also drop the subscriptk in the notation of groups GLn,k,Gm,k, and so on.

From now on all of our groups will be linear algebraic groups and all of our
maps will be morphisms of algebraic varieties.

We define an action ofG on a varietyX to be a regular mapα : G×X → X
satisfying the usual axioms of an action (which can be expressed by the commuta-
tivity of some natural diagrams). We call such an action arational actionor, better,
a regular action. In particular, a linear representationρ : G→ GL(V ) ∼= GLn(k)
will be assumed to be given by regular functions on the affine algebraic varietyG.
Such linear representations are calledrational representations.

Let an affine algebraic groupG act on an affine varietyX = Spm(A). This
action can be described in terms of thecoaction homomorphism

α∗ : A→ O(G)⊗ A,

whereO(G) is the coordinate ring ofG. It satisfies a bunch of axioms which are
“dual” to the usual axioms of an action; we leave their statements to the reader.
For anya ∈ A we have

α∗(a) =
∑

i

fi ⊗ ai,

wherefi ∈ O(G), ai ∈ A. An elementg ∈ G is a homomorphismO(G) →
k, f 7→ f(g), and we set

g(a) := (g ⊗ 1) ◦ α∗(a) =
∑

fi(g)ai. (3.4)

A homomorphismα : G→ Aut(A) arising in this way is called arational action
of G on ak-algebraA. We will continue to denote the subalgebra of invariant
elements byAG.

An important property of a rational action is the following.
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Lemma 3.4.For anya ∈ A, the linear subspace ofA spanned by the “translates”
g(a), g ∈ G, is finite-dimensional.

Proof. This follows immediately from equation (3.4). The set of elementsai is a
spanning set.

Note that not every homomorphism of groupsG → Aut(A) arises from a
rational action ofG onX.

Example3.1. Let G = Gm act on an affine algebraic varietyX = Spm(A). Let
α∗ : A→ O(G)⊗ A = k[T, T−1]⊗ A be the corresponding coaction homomor-
phism. For anya ∈ A we can write

α∗(a) =
∑
i∈Z

T i ⊗ ai. (3.5)

It is easy to see, using the axioms of an action, that the mapspi : A→ A, a 7→ ai

are the projection operators, i.e.,pi(ai) = ai. Denoting the imagepi(A) byAi we
haveAiAj ⊂ Ai+j and

A =
⊕
i∈Z

Ai. (3.6)

This defines a grading onA. Conversely, given a grading ofA, we defineα∗ by
α∗(a) =

∑
i∈Z T

i⊗ai, whereai is theith graded part ofa. This gives a geometric
interpretation of a grading of a commutativek-algebra.

Assume now that grading (3.5) onA satisfiesAi = {0} for i < 0 andA0 = k.
Such a grading is called ageometric gradingand the corresponding action is called
a goodGm-action. In this case, the idealm0 =

∑
i>0Ai is a maximal ideal ofA

and hence defines a pointp0 of X, called thevertex. We set

X∗ = Spm∗(A) = Spm(A) \ {p0}.

The groupGm acts on the open setX∗; the quotient set is denoted by Projm(A)
and is called theprojective spectrumof A. Assume thatA is a finitely generated
k-algebra with a geometric grading. Choose a set of its homogeneous generators
{x0, . . . , xn}. If xi ∈ Aqi

for someqi > 0, then anyt ∈ Gm acts onA by sending
xi to tqixi. Use the generators to identifyX with a closed subset ofAn+1 defined
by the homogeneous idealI of relations betweenx0, . . . , xn. The vertex ofX
becomes the origin0 in An+1. We obtain a natural bijection from Projm(A) to the
set{(a0, . . . , an) ∈ Spm(A) \ {0}}/k∗, wherek∗ acts by

t · (a0, . . . , an) = (tq0a0, . . . , t
qnan). (3.7)
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In the special case whenx0, . . . , xn are algebraically independent (i.e.,I = {0}),
so thatA ∼= k[T0, . . . , Tn] with grading defined byTi ∈ Aqi

, the set

P(q0, . . . , qn) = Projm(A) =
(
An+1 \ {0}

)
/k∗

is called theweighted projective spacewith weightsq0, . . . , qn. When all theqi
are equal to 1, we obtain the usual definition of then-dimensional projective space
Pn(k).

Let µn be the closed subgroup ofGm = Spm(k[T, T−1]) defined by the ideal
(T n − 1). As an abstract group it is isomorphic to the group ofnth roots of 1 in
k. LetA be a gradedk-algebra andGm → Aut(A) be the corresponding action.
It follows from the definition that

Aµn = A(n) :=
∑
i∈Z

Ain.

The inclusionA(n) ⊂ A defines a natural map Spm∗(A) → Spm∗(A(n)) which
coincides with the quotient map for the action ofµn on Spm∗(A) (use thatxn ∈
A(n) for anyx ∈ A). LetGm act on Spm∗(A(n) with respect to the grading defined
by

A
(n)
i = Ain. (3.8)

Then

Projm(A) = Spm∗(A)/k∗ = (Spm∗(A)/µn)/k∗

= Spm∗(A(n))/k∗ = Projm(A(n)).

It is known that for any finitely generated geometrically gradedk-algebraA there
exists a numbern such thatA(n) is generated by elements of degree 1 with respect
to the grading defined by (3.8) (see [9], Chap. III,§1). This implies that Projm(A)
is bijective to a subset of somePN(k) equal to the set of common zeros of a
homogeneous ideal in the ring of polynomialsk[T0, . . . , TN ] with the standard
grading.

One can make this statement more precise by defining the category of projec-
tive varieties. First of all we notice that for any nonzero homogeneous element
f /∈ m0, the subsetD(f) of Spm(A) of all points not vanishing onf does not
contain the vertex and is invariant with respect to the action ofGm defining the
grading. Since any ideal inA is contained in a homogeneous ideal ofA, the union
of the setsD(f) is equal to Spm∗(A). So Projm(A) is equal to the union of the
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subsetsD(f)+ = D(f)/k∗. If we identifyD(f) with Spm(A[1/f ]), the action of
Gm onD(f) corresponds to the (not necessarily geometric) grading defined by

A[1/f ]i = {a/f s : a ∈ Ai+s deg(f)}.

Let A(f) = A[1/f ]0 = A[1/f ]Gm. It is called thehomogeneous localizationof

the graded ringA with respect tof . Any element ofA[1/f ]
(deg(f))
i can be written

uniquely in the formf iA(f). This implies that the image of any pointx ∈ D(f)
in D(f)+ is determined by its restriction toA[1/f ]0. Thus, any point inD(f)+

is uniquely determined by a homomorphismA(f) → k. This shows that we can
identify D(f)+ with Spm(A(f)). Since the union of sets of the formD(f)+ is
the whole set Projm(A), we can define a topology on Projm(A) in which an open
set is a set whose intersection with any setD(f)+ is an open set in its Zariski
topology. The open subsetsD(f)+ form a basis of the topology.

A quasi-projective algebraic varietyover k is defined to be a locally closed
subset (i.e., the intersection of an open subset with a closed subset) of some
Projm(A). A closed subset is called aprojective varietyoverk. For any open sub-
setU of Projm(A) we define a regular function onU as a functionf : U → k such
that its restriction to any subsetD(f)+ ⊂ U is a regular function. Regular func-
tions onU form ak-algebra which we will denote byO(U). LetX ⊂ Projm(A)
andY ⊂ Projm(B) be two quasi-projective algebraic varieties overk. A mor-
phismΦ : X → Y is defined to be a continuous map fromX to Y (with respect
to the induced Zariski topologies) such that for any open subsetU ⊂ Y and any
φ ∈ O(U), the compositionφ ◦ Φ is a regular function onf−1(U).

For example, any surjective homomorphism of graded algebrasα : A → B
preserving the grading (the latter will be always assumed) defines a closed em-
beddingΦ : Spm(B) ⊂ Spm(A) whose restriction to any subsetD(f) is a closed
embedding of affine varieties. It corresponds to the homomorphismα : A[1/f ] →
B[1/α(f)]. This defines a closed embedding fromD(f)+ toD(α(f))+ and a mor-
phismΦ : Projm(B) → Projm(A). In particular, a choice of homogeneous gen-
erators of degreesq0, . . . , qn of A defines a morphism Projm(A) → P(q0, . . . , qn)
which is aclosed embedding(i.e., an isomorphism onto a closed subset of the
target space).

One can show (see Exercise 3.6) that any projective algebraic variety is iso-
morphic to some Projm(A). Any affine algebraic variety is isomorphic to a quasi-
projective algebraic variety because the affine spaceAn is isomorphic to an open
subsetUi of Pn = Projm(k[T0, . . . , Tn]) whose complement is the closed sub-
set defined by the ideal(Ti). Thus any locally closed subset of an affine variety
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is a quasi-projective algebraic variety. We will employ topological terminology
dealing with the Zariski topology of a quasi-projective variety. For example, we
can speak about irreducible, connected quasi-projective algebraic varieties. We
refer the reader to textbooks in algebraic geometry for the notion of a nonsingular
quasi-projective variety.

Note that an algebraic group is irreducible if and only if it is connected; this
follows from Exercise 3.2.

Even when we study rational actions of an algebraic group on an affine alge-
braic varieties we have to deal with nonaffine quasi-projective algebraic varieties.

Example3.2. Let α : G × X → X be a rational action of an affine algebraic
groupG on an affine algebraic varietyX. For any pointx ∈ X, we have a regular
mapαx : G → X defined byαx(g) = α(g, x). The fibre of this map over the
point x is a closed subgroup ofG, called thestabilizer subgroupof x. It is an
affine algebraic group. The image O(x) of this map is a subset ofX, called the
orbit of x, which is not necessarily closed. However, ifG is irreducible, the orbit
O(x) is a locally closed subset ofX, and hence is a quasi-projective algebraic
variety. It follows from the Chevalley Theorem (see [46], p. 94), that the image of
a regular map is a disjoint finite union of locally closed subsets. However, sinceG
is irreducible, the image is irreducible and hence must be a locally closed subset,
i.e., a quasi-projective variety. Of course, the image of an affine variety is not
always affine.

Example3.3. Let H be a closed subgroup of an algebraic groupG. Consider
the subspaceV of O(G) spanned by theG-translates of generators of the idealI
definingH. By Lemma 3.4V is finite-dimensional of some dimensionN . Let
W = V ∩ I andn = dimW . ThenG acts rationally on the Grassmannian
variety Gr(n,N) of n-dimensional subspaces ofW . One can show thatH is
the subgroup ofG which fixesW ∈ Gr(n,N). Thus we can identify the quasi-
projective algebraic variety O(W ) ⊂ Gr(n,N) with the set of conjugacy classes
G/H.

3.4 Nagata’s Theorem

Our goal is to prove the following theorem of M. Nagata

Theorem 3.3.LetG be a geometrically reductive group which acts rationally on
an affine varietySpm(A). ThenAG is a finitely generatedk-algebra.

Let us first explain the notion of a geometrically reductive group.
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Definition. A linear algebraic groupG is calledlinearly reductiveif for any ra-
tional representationρ : G → GL(V ) and any nonzero invariant vectorv there
exists a linearG-invariant functionf onV such thatf(v) 6= 0.

The unitary trick shows that GLn and SLn and their products are linearly re-
ductive groups overC. This is not true anymore for the same groups defined over
a field of characteristicp > 0. In fact, even a finite group is not linearly reductive
if its order is not coprime to the characteristic. However, it turns out (Haboush’s
Theorem, [44]) that all these groups are geometrically reductive in the following
sense.

Definition. A linear algebraic groupG is calledgeometrically reductiveif for any
rational representationρ : G → GL(V ) and any nonzero invariant vectorv there
exists a homogeneousG-invariant polynomialf onV such thatf(v) 6= 0.

In fact, one can define the notion of areductive algebraic groupover any field
which will include the groups GLn,SLn,On and their products and Haboush’s
Theorem asserts that any reductive group is geometrically reductive. We are not
going into the proof of Haboush’s Theorem, but let us give the definition of a
reductive affine algebraic group (over an algebraically closed field) without going
into details.

A linear algebraic groupT is called analgebraic torus(or simply a torus)
if it is isomorphic toGn

m. An algebraic group is calledsolvableif it admits a
composition series of closed normal subgroups whose successive quotients are
abelian groups. Each algebraic groupG contains a maximal connected solvable
normal subgroup. It is called theradical of G. A groupG is calledreductiveif its
radical is a torus. A connected linear algebraic groupG is calledsemisimpleif its
radical is trivial.

Each semisimple group isisogeneous(i.e., there exists a surjective homomor-
phism from one to another with a finite kernel) to the direct product ofsimple
algebraic groups. A simple algebraic group is a non-commutative algebraic group
characterized by the property that it does not contain proper closed normal sub-
groups of positive dimension.

There is a complete classification of semisimple affine algebraic groups. Ex-
amples of simple groups are the classical groups

SLn+1 (typeAn),SO2n+1 (typeBn),Sp2n (type, Cn),SO2n, n > 2, (typeDn).

There are also some simple groups ofexceptional typeof typesF4, G2, E6, E7, E8.
Every simple algebraic group is isogeneous to one of these groups .
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We shall start the proof of Nagata’s Theorem with the following.

Lemma 3.5. Let a geometrically reductive algebraic groupG act rationally on a
k-algebraA leaving an idealI invariant. ConsiderAG/I∩AG as a subalgebra of
(A/I)G by means of the injective homomorphism induced by the inclusionAG ⊂
A. For anya ∈ (A/I)G there existsd > 0 such thatad ∈ AG/I ∩ AG. If G is
linearly reductive thend can be taken to be1.

Proof. Let ā be a nonzero element from(A/I)G, let a be its representative inA
and letµ∗(a) =

∑
i αi ⊗ ai. Let V be theG-invariant subspace ofA spanned by

theG-translates ofa. By Lemma 3.4V is finite-dimensional and is contained in
the subspace spanned by theai’s. Let v = g′(a) ∈ V . We haveg(v) = g(g′(a)) =
gg′(a) = a + w, wherew ∈ W = I ∩ V . This shows that anyv ∈ V can be
written in the form

v = λa+ w

for someλ ∈ k andw ∈ W . Let l : V → k be the linear map defined byv 7→ λ.
We have

g(v) = g(l(v)a+ w) = l(v)g(a) + g(w) = l(v)a+ w′ = l(g(v))a+ w′′

for somew,w′, w′′ ∈ W . This implies thatl(g(v)) = l(v), w′ = w′′, and, in
particular, the linear mapl : V → k isG-invariant. Consider it as an element of
the dual spaceV ∗. The groupG acts linearly onV ∗ andl is aG-invariant element.
Choose a basis(v1, . . . , vn) of V with v1 = a, andvi ∈ W for i ≥ 2. Then
we can identifyV ∗ with the affine spaceAn by using the dual basis, so thatl =
(1, 0, . . . , 0). By definition of geometrical reductiveness, we can find aG-invariant
homogeneous polynomialF (Z1, . . . , Zn) of degreed such thatF (1, 0, . . . , 0) 6=
0. We may assume thatF = Zd

1 + · · · . Now we can identifyvi with the linear
polynomialZi, hence(F − Zd

1 )(v1, . . . , vn) = F (v1, . . . , vn)− ad belongs to the
idealJ ofA generated byv2, . . . , vn. Since each generator ofJ belongs toW ⊂ I,
we see thatad ≡ F (v1, . . . , vn) moduloI. SinceF (v1, . . . , vn) ∈ AG (becauseF
isG-invariant), we are done.

Now we are ready to finish the proof of Nagata’s Theorem. To begin, by
noetherian induction, we may assume that for any nontrivialG-invariant idealI
the algebra(A/I)G is finitely generated.

Assume first thatA =
∑

n≥0An is a geometrically gradedk-algebra (i.e.,
A0 = k) and that the action ofG preserves the grading. For example,A could be
a polynomial algebra on whichG acts linearly. The subalgebraAG inherits the
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grading. SupposeAG is an integral domain. Take a homogeneous elementf ∈ AG

of positive degree. We havefA∩AG = fAG since, for anyx ∈ A, g(xf)−xf =
f(g(x) − x) = 0 implies thatx ∈ AG. Since(A/fA)G is finitely generated and
integral overAG/fAG = AG/fA ∩ AG (Lemma 3.5), we obtain thatAG/fAG is
finitely generated. Hence its maximal ideal(AG/fAG)+ generated by elements
of positive degree is finitely generated. If we take the set of representatives of its
generators and addf to this set, we obtain a set of generators of the ideal(AG)+

in AG. But now, using the same inductive (on degree) argument as in the second
proof of Theorem 3.1, we obtain thatAG is a finitely generated algebra.

Now assume thatAG contains a zero-divisorf . ThenfA and the annihilator
idealR = (0 : f) := {a ∈ A : fa = 0} are nonzeroG-invariant ideals. As
above,AG/fA∩AG andAG/R∩AG are finitely generated. LetB be the subring
of AG generated by representatives of generators of both algebras. It is mapped
surjectively toAG/fA ∩ AG andAG/R ∩ AG. Let c1, . . . , cn be representatives
in A of generators of(A/R)G as aB/R ∩ B-module. Sinceg(ci) − ci ∈ R
for all g ∈ G, we getf(g(ci) − ci) = 0, i.e., fci ∈ AG. Let us show that
AG = B[fc1, . . . , fcn]. Then we will be done. Ifa ∈ AG, we can findb ∈ B
such thata − b ∈ fA (sinceB is mapped surjectively toAG/fA ∩ AG). Then
a−b = fr isG-invariant implies thatr ∈ (A/R)G. Thusr ∈ ΣiBci. This implies
a = b+ fr = b+ fc ∈ B[fc1, . . . , fcn] as we wanted.

So we are done in the graded case.
Now let us consider the general case. Lett1, . . . , tn be generators ofA. Con-

sider thek-vector spaceV ⊂ A spanned byG-translates of theti. It follows from
Lemma 3.4 thatV is finite-dimensional. Without loss of generality we may as-
sume now that(t1, . . . , tn) is a basis of this space. Letφ : S = k[T1, . . . , Tn] → A
be the surjective homomorphism defined byTi 7→ ti. The groupG acts onS
linearly by g(Ti) =

∑
αijTj, whereg(ti) =

∑
αijtj. Let I be the kernel ofφ.

It is obviouslyG-invariant. We obtain thatAG = (S/I)G. By Lemma 3.5,AG is
integral overSG/I ∩ SG. Since we have shown already thatSG is finitely gener-
ated, we are almost done (certainly done in the case whenG is linearly reductive).
By a previous case we may assume thatAG has no zerodivisors. A result from
commutative algebra (see, for example, [26], Corollary 13.3) gives that the inte-
gral closureR of SG/I ∩ SG in the field of fractionsQ(AG) of AG is a finitely
generatedk-algebra provided thatQ(AG) is a finite extension of the field of frac-
tions of SG/I ∩ SG. SinceR is integral overAG this would imply thatAG is
finitely generated (see [26], Exercise 4.3.2). Thus it is enough to show that the
fieldQ(A) is a finite extension of the field of fractions ofSG/I ∩ SG. SinceAG

is integral over this ring, it is enough to show thatQ(AG) is finitely generated as
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a field. If A is a domain this is obvious (a subfield of a finitely generated field
is finitely generated). In the general case we use the total ring of fractions ofA,
the localizationAT with respect to the setT of nonzerodivisors. For any maximal
idealm of AT we havem ∩ AG = 0 sinceAG is a domain. This shows that the
field of fractions ofAG is a subfield ofAT/m. But the latter is a finitely generated
field equal to the field of fractions ofA/m ∩ A. The proof is now complete.

In the next chapter we will give an example (due to M. Nagata) of a ratio-
nal linear representationρ : G → GL(V ) of a linear algebraic group such that
Pol(V )G is not finitely generated.

The algebra of invariantsAG, whereG is a reductive algebraic group andA is
a finitely generated algebra, inherits many algebraic properties ofA. We shall not
go into this interesting area of algebraic invariant theory; however, we mention
the following simple but important result.

Proposition 3.1. LetG be a reductive algebraic group acting algebraically on a
normal finitely generatedk-algebraA. ThenAG is a normal finitely generated
algebra.

Proof. Recall that anormal ring is a domain integrally closed in its field of frac-
tions. LetK be the field of fractions ofA. It is clear that the field of fractions
L of AG is contained in the fieldKG of G-invariant elements ofK. We have to
check that the ringAG is integrally closed inL. Supposex ∈ L satisfies a monic
equation

xn + a1x
n−1 + · · ·+ a0 = 0

with coefficientsai ∈ AG. SinceA is normal,x ∈ A∩KG = AG and the assertion
is verified.

Bibliographical notes

The proof of the Gordan–Hilbert Theorem follows the original proof of Hilbert
(see [47]). The proof using the unitary trick can be found in [64], [110], and
[123]. The original proof of Nagata’s Theorem can be found in [79]. Our proof
is rather close to the original one. It can be found in [31], [75], [82], and [111]
as well. Haboush’s Theorem was a culmination of efforts of many people. There
are other proofs of Haboush’s Theorem with more constraints on a group (see a
survey of these results in [75], p. 191).



46 CHAPTER 3. REDUCTIVE ALGEBRAIC GROUPS

A good introduction to Lie groups and Lie algebras can be found in [34] or
[86] and [6]; [112], [53] are excellent first courses in algebraic groups.

We refer to [91],§3.9 for a survey of results in the spirit of Proposition 3.1.
An interesting question is when the algebra Pol(V )G, whereV is a rational lin-
ear representation of a reductive groupG, is isomorphic to a polynomial algebra.
WhenG is a finite group, a theorem of Chevalley [11] asserts that this happens if
and only if the representation ofG in V is equivalent to a unitary representation
whereG acts as a group generated by unitary reflections. The classification of
such unitary representations is due to Shephard and Todd ([107]). The classifi-
cation of pairs(G, V ) with this property whenG is a connected linear algebraic
group group is known whenG is simple, or whenG is semisimple andV is its irre-
ducible representation. We refer to [91],§8.7 for the survey of the corresponding
results.

Exercises

3.1For any abstract finite groupG construct an affine algebraick-group such that
its group ofK-points is equal toG for anyK/k.
3.2. Prove that any affine algebraic group is a nonsingular algebraic variety.
3.3Show that there are no nontrivial homomorphisms fromGm,k to Ga,k, or in the
other direction.
3.4Prove that a finite groupG over a field characteristicp > 0 is linearly reductive
if and only if its order is prime top. Show that suchG is always geometrically
reductive.
3.5 Give an example of a nonrational action of an affine algebraic group on an
affine space.
3.6Prove that any closed subset of Projm(A) is isomorphic to Projm(A/I), where
I is a homogeneous ideal ofA.
3.7 Let GLn act on Pol(E) via its linear representation inE. A polynomialF ∈
Pol(E) is called aprojective invariantof weightw ≥ 0 if, for any g ∈ G and
any v ∈ E, F (g · v) = (det g)wF (v). Let Pol(E)G

w be the space of projective
invariants of weightw. Show that the graded ring

∞⊕
w≥0

Pol(E)G
w

is finitely generated.



Chapter 4

Hilbert’s Fourteenth Problem

4.1 The problem

The assertions about finite generatedness of algebras of invariants are all related
to one of the Hilbert Problems. The precise statement of this problem (number 14
in Hilbert’s list) is as follows.

Problem 1. Let k be a field, and letk(t1, . . . , tn) be its purely transcendental
extension, and letK/k be a field extension contained ink(t1, . . . , tn). Is thek-
algebraK ∩ k[t1, . . . , tn] finitely generated?

Hilbert himself gave an affirmative answer to this question in the situation
whenK = k(t1, . . . , tn)SLn(k) where SLn acts linearly onk[t1, . . . , tn] (Theorem
3.2 from Chapter 3). The subalgebraK ∩ k[t1, . . . , tn] is of course the subalgebra
of invariant polynomialsk[t1, . . . , tn]SLn(k). A special case of his problem asks
whether the same is true for an arbitrary groupG acting linearly on the ring of
polynomials. A first counterexample was given by M. Nagata in 1959; we shall
explain it in this chapter. For the reader with a deeper knowledge of algebraic
geometry, which we assume in this book, we give a geometric interpretation of
Hilbert’s Fourteenth Problem due to O. Zariski.

For any subfieldK ⊂ k(t1, . . . , tn) we can find a normal irreducible algebraic
varietyX over k with field of rational functionsk(X) isomorphic toK. The
inclusion of the fields gives rise to a rational map

f : Pn −−→ X.

LetZ ⊂ Pn×X be the closure of the graph of the regular map of the largest open
subset ofPn on whichf is defined. LetH be the hyperplane at infinity inPn and

47
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D′ = pr2(pr−1
1 (H)). This is a closed subset ofX. By blowing up, if necessary,

we may assume thatD′ is the union of codimension 1 irreducible subvarietiesDi.
Let D be the Weil divisor onX equal to the sum of componentsDi such that
pr1(pr−1

2 (Di)) ⊂ H; note thatD could be the zero divisor. Thus for any rational
functionφ ∈ k(X), f∗(φ) is regular onPn \ H if and only if φ has poles only
along the irreducible components ofD. Let L(mD) be the linear subspace of
k(X) which consists of rational functions such that div(f) + mD ≥ 0. After
identifyingk(X) with K andO(Pn \H) with k[t1, . . . , tn] (by means off ∗), we
see thatK ∩ k[t1, . . . , tn] is isomorphic to the subalgebra

R(D) =
∞∑

m=0

L(mD)

of k(X). So the problem is reduced to the problem of finite generatedness of the
algebrasR(D) whereD is any positive Weil divisor on a normal algebraic variety
X.

Assume now thatX is nonsingular. Then each Weil divisor is a Cartier divisor
and hence can be given locally by an equationφU = 0 for some rational function
φU on X regular on some open subsetU ⊂ X. These functions must satisfy
φU = gUV φV onU ∩ V for somegUV ∈ O(U ∩ V )∗. We can take them to be the
transition functions of a line bundleLD. Rational functionsR with poles alongD
must satisfyaU = Rφn

U ∈ O(U) for somen ≥ 0. This implies that the functions
aU satisfyaU = gn

UV aV , hence form a section of the line bundleL⊗n
D . This shows

that the algebraR(D) is equal to the union of the linear subspacesΓ(X,L⊗n
D ) of

the fieldk(X). Let
R∗(D) =

⊕
n≥0

Γ(X,L⊗n
D ).

Recall that we can viewΓ(X,L⊗n
D ) as the space of regular functions on the line

bundleL−1
D whose restrictions to fibres are monomials of degreen. This allows

one to identify the algebraR∗(D) with the algebraO(L−1
D ). LetP be the variety

obtained fromL−1
D by adding the point at infinity in each fibre ofL−1

D . More
precisely, letOX be the trivial line bundle. Then the varietyP can be constructed
as the quotient of the rank 2 vector bundleV(L−1

D ⊕ OX) with the deleted zero
section by the groupGm acting diagonally on fibres; here the direct sum means
that the transition functions of the vector bundle are chosen to be diagonal matrices(

gUV 0
0 1

)
.
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Then we obtain thatR∗(D) is equal to the ringR(S) whereS is the divisor at
infinity in P . In this way we are led to the following.

Problem 2. (O. Zariski) LetX be a nonsingular algebraic variety and letD be
an effective divisor onX. When is the algebraR∗(D) finitely generated?

It can be shown that Nagata’s counterexample to the Hilbert problem is of the
formR∗(D) (see Exercise 4.3). It turns out that the algebrasR∗(D) are often not
finitely generated. However, if we impose certain conditions onD (for example,
that the complete linear system defined byLD has no base points) thenR∗(D)
is finitely generated. One of the fundamental questions in algebraic geometry is
the question of finite generatedness of the ringR∗(D), whereD is the canonical
divisor ofX. This is closely related to the theory of minimal models of algebraic
varieties (see [70]).

4.2 The Weitzenb̈ock Theorem

Let us first discuss the case of algebras of invariants of algebraic groups that are
not necessarily reductive. We will later give an example of Nagata which shows
thatAG is not finitely generated for some nonreductive groupG. Notice that ac-
cording to a result of V. Popov ([89]), ifAG is always finitely generated, thenG
must be reductive. In fact, the proof of this result relies on Nagata’s counterexam-
ple.

Since any affine algebraic groupH is a closed subgroup of a reductive group
G, we may ask how the ringsAG andAH are related. First of all we have the
following (see [41], [91]).

Lemma 4.1. Let an affine algebraic groupG act on a finitely generatedk-algebra
A. Then

AH ∼= (O(G)H ⊗ A)G.

HereH acts onG by left multiplication andG acts on itself by right multiplication.

Proof. Let X = Spm(A) be the affine algebraic variety withO(X) ∼= A. Let
f(g, x) ∈ O(G × X) = O(G) ⊗ A. Assumef ∈ (O(G)H ⊗ A)G. This means
thatf(hgg′−1, g′x) = f(g, x) for anyg′ ∈ G, h ∈ H. Letφ(x) = f(1, x). Then

φ(hx) = f(1, hx) = f(hh−1, h · x) = f(1, x) = φ(x).
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This shows thatφ ∈ AH . Conversely, ifφ ∈ AH , the functionf(g, x) = φ(g · x)
satisfies

f(hgg′−1, g′ · x) = φ(hg · x) = φ(h · (g · x)) = φ(g · x) = f(g, x).

Thusf ∈ (O(G)H ⊗ A)G. We leave to the reader to check that the maps

(O(G)H ⊗ A)G → AH , f(g, x) 7→ f(1, x),

AH → (O(G)H ⊗ A)G, φ(x) 7→ φ(g · x)

are inverse to each other.

Corollary 4.1. Assume that a rational action ofH on an affine varietyX extends
to an action of a geometrically reductive groupG containingH and also assume
thatO(G)H is finitely generated. ThenO(X)H is finitely generated.

The algebraO(G)H can be interpreted as the algebra of regular functions on
the quasi-projective algebraic varietyG/H (see Example 3.3). It could be affine,
for example whenH is a reductive subgroup of a reductive groupG. It also could
be a projective variety (for example, whenG = GLn andH contains the subgroup
of upper triangular matrices, or more generally, whenH is aparabolic subgroup
of a reductive groupG). A closed subgroupH of affine algebraic groupG is
calledobservableif G/H is quasi-affine(i.e., isomorphic to an open subvariety
of an affine variety). An observable subgroupH is called aGrosshans subgroup
if O(G)H is finitely generated.

Theorem 4.1. LetH be an observable subgroup of a connected affine algebraic
groupG. The following properties are equivalent:

(i) G is a Grosshans subgroup;

(ii) there exist a rational linear representation ofG in a vector spaceV of finite
dimension and a vectorv ∈ V such thatH = Gv and the orbitG · v of v is
of codimension≥ 2 in its closureG · v.

Proof. (i) ⇒ (ii) Let A = O(G)H and letX = Spm(A). X is an irreducible
algebraic variety on whichG acts (via the action ofG onA). Consider the canoni-
cal morphismφ : G/H → X such thatφ∗ : O(X) → O(G/H) = O(G)H is
the identity. SinceG/H is isomorphic to an open subset of an affine varietyY ,
the restriction mapO(Y ) → O(G/H) = O(X) defines a morphism of affine
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varietiesf : X → Y such that the compositionf ◦ φ : G/H → X → Y
is the open embeddingG/H ↪→ Y . Sinceφ is dominant, this easily implies
that φ is an open embedding. So we may assume thatG/H is an open subset
of X and that the restriction homomorphismO(X) → O(G/H) is bijective. Let
Z = X\(G/H). This is a closed subset ofX. SinceG is a nonsingular irreducible
algebraic variety,G is a normal affine variety, i.e., the ringO(G) is normal. By
Proposition 3.1 the ringO(G)H has the same property and henceX is a normal
affine variety. In particular,A is a Krull domain ([9], Chapter VII,§1) and we
can apply the theory of divisors. It follows from the approximation theorem (loc.
cit., Proposition 9) that one can find a rational functionR onX such that it has a
pole only at one irreducible component ofZ of codimension 1. Thus the rational
functionR is regular onG/H but not regular onX. This contradiction shows
that each irreducible component ofZ is of codimension≥ 2. Now, by Lemma
3.5, we can embedX into affine space in such a way thatG acts onX via a
linear representation. The closure of theG-orbit of φ(eH) is a closed subset of
X containingG/H, and hence the complement of the orbit in its closure is of
codimension≥ 2.

(ii) ⇒ (i) Let X be the closure of the orbit O= O(v). ReplacingX by its
normalization, we may assume that O∼= G/H is isomorphic to an open subset of a
normal affine algebraic varietyX with the complement of O of codimension≥ 2.
It remains to use that for each such open subsetU the restriction mapO(X) →
O(U) is bijective (see [26]).

Example4.1. Let G = SL2 andH be the subgroup of upper triangular matrices
with diagonal entries equal to 1. Obviously,H ∼= Ga. In the natural representation
of G in the affine planeA2, the orbit ofG of the vectorv = (1, 0) is equal to
A2 \ {0} and the stabilizer subgroupGv is equal toH. ThusH is a Grosshans
subgroup ofG. More generally, any maximal unipotent subgroup of an affine
algebraic groupG is a Grosshans subgroup (see [41], Thm. 5.6).

Let G = Ga. We know thatG is not geometrically reductive (Exercise 4.1).
However, we have the following classical result.

Theorem 4.2. (Weitzenb̈ock’s Theorem) Assumechar(k) = 0. Let ρ : Ga →
GL(V ) be a rational linear representation. Then the algebraPol(V )Ga is finitely
generated.

Proof. To simplify the proof let us assume thatk = C. We shall also identify
Ga with its imageG in GLn; which is isomorphic tok. This can be done since
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k does not contain finite nontrivial subgroups in characteristic zero soρ is either
trivial or injective. Letg ∈ G be a nonzero element. Since there are no nontrivial
rational homomorphisms fromk to k∗, all eigenvalues ofg must be equal to 1.
SinceG is commutative, there is a common eigenvectore for all g ∈ G. Con-
sider the induced action ofG on kn/ke. Let f be a common eigenvector for all
g ∈ G in this space. Theng(f) = f + age for all g ∈ G. Continuing in this way,
we find a basis ofV such that eacht ∈ k is represented by a unipotent matrix
A(t). Consider the differential of the homomorphismρ : G → GLn(k) at the
origin. It is defined bya 7→ aB, whereB = dA(t)

dt
(0). ClearlyB is a nilpotent

matrix. SinceA(t + t′) = A(t)A(t′), it is easy to see thatA(t)′ = BA(t) and
henceA(t) = exp(tB). By changing basis ofV , we may assume thatB is a
Jordan matrix. LetV = V1 ⊕ · · · ⊕ Vr, whereVi corresponds to a Jordan block
Bi of B of sizeni. It is easy to see that the representation ofG in Vi defined
by t 7→ exp(tBi) is isomorphic to the representation ofG in Polni

(k2) obtained
by restriction of the natural representation of SL2(k) in Polni

(k2). Here we con-
siderG as a subgroupU of upper triangular matrices in SL2(k). ThusG acts on
V by the restriction of the representation of SL2(k) in the direct sum of linear
representations in Polni

(k2). Now we can apply Lemma 4.1. Observe that any

g =

(
a b
c d

)
∈ SL2(k) can be reduced after multiplication by someu ∈ U to a

matrix of the form(
0 −c−1

c d

)
(c 6= 0) or

(
d−1 0
0 d

)
(c = 0).

Thus anyU -invariant regular function on SL2 is uniquely determined by its val-
ues on such matrices. Since the set of such matrices forms a subvariety of SL2

isomorphic toA2 \ {0}, the restriction of functions defines an isomorphism

O(SL2)
U ∼= O(A2 \ {0}).

SinceO(A2 \ {0}) ∼= O(A2), we conclude thatO(SL2)
U is finitely generated. So

we can apply Lemma 4.1 to the pair(G,SL2) and the representation of SL2 on
V = ⊕r

i=1Polni
(k2) to obtain the assertion of the theorem.

4.3 Nagata’s counterexample

Now we are ready to present Nagata’s counterexample to the Fourteenth Hilbert
Problem.
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Let G′ be the subgroup ofGn
a equal to the set of solutions(t1, . . . , tn) of a

system of linear equations

n∑
j=1

aijxj = 0, i = 1, 2, 3. (4.1)

We will specify the coefficients later. The groupG′ acts on the affine spaceA2n

by the formula

(t1, . . . , tn) · (x1, y1, . . . , xn, yn) = (x1 + t1y1, y1, . . . , xn + tnyn, yn).

Now let us consider the subgroup

C =

{
(c1, . . . , cn) ∈ Gn

m :
n∏

i=1

ci = 1

}
of Gn

m. It acts onA2n by the formula

(c1, . . . , cn) · (x1, y1, . . . , xn, yn) = (c1x1, c1y1, . . . , cnxn, cnyn)

Both of these groups are identified naturally with subgroups of SL2n and we en-
largeG′ by considering the groupG = G′ · C. The groupG is contained in the
subgroup of matrices of the form:

c1 α1 0 . . . . . . . . . . . . . . . 0
0 c1 0 . . . . . . . . . . . . . . . 0
0 0 c2 α2 0 . . . . . . . . . 0
0 0 0 c2 0 . . . . . . . . . 0
...

...
...

...
...

...
...

...
...

0 0 . . . . . . . . . . . . 0 cn αn

0 0 . . . . . . . . . . . . 0 0 cn


. (4.2)

Theorem 4.3. For an appropriate choice of the system of linear equations(4.1)
and the numbern the algebra of invariants

k[X1, . . . , Xn, Y1, . . . , Yn]G = k[X, Y ]G

is not finitely generated.

We start the proof with the following:
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Lemma 4.2. Assume that the determinant of the matrix(aij)1≤i,j≤3 is not equal
to zero. Then

k(X, Y )G = k(T, Z1, Z2, Z3),

where

T = Y1 . . . Yn, Zi =
n∑

j=1

aij

(XjT

Yj

)
, i = 1, 2, 3.

Moreover,Z1, Z2, Z3, T are algebraically independent overk.

Proof. Under the action ofg, defined by the matrix (4.2) from above, we have

g∗
(Xj

Yj

)
=
Xj

Yj

+ αj, g∗(T ) = T,

and, since
n∑

j=1

aijαj = 0, we obtain thatg∗(Zi) = Zi, i = 1, 2, 3. This shows that

the right-hand side is contained in the left-hand side. Using the assumption on
the coefficientsaij, we can writeXiT/Yi, i = 1, 2, 3, as a linear combination of
Z1, Z2, Z3 to obtain

k(X, Y ) = k(Z1, Z2, Z3, X4, . . . , Xn, Y1, . . . , Yn)

= k(T, Z1, Z2, Z3, X4, . . . , Xn, Y1, . . . , Yn−1).

The first equality shows thatZ1, Z2, Z3, Y1, . . . , Yn are algebraically independent
overk, henceZ1, Z2, Z3, T are algebraically independent.

Let H be the subgroup ofG defined by the conditionsα5 = · · · = αn =
0, ci = 1, i = 1, . . . , n. Obviously it is isomorphic toGa. We see that

k(X, Y )G ⊂ k(T, Z1, Z2, Z3, X4, . . . , Xn, Y1, . . . , Yn−1)
H

= k(T, Z1, Z2, Z3, X5, . . . , Xn, Y1, . . . , Yn−1).

Continuing in this way, we eliminateX5, . . . , Xn to obtain

k(X, Y )G ⊂ k(T, Z1, Z2, Z3, Y1, . . . , Yn−1).

Now we throw in the torus partC which acts onYi by multiplying it by ci. It
is clear that anyC-invariant rational function inY1, . . . , Yn−1 with coefficients in
k(T, Z1, Z2, Z3) must be equal to a constant. This proves the lemma.
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Consider now each column(a1j, a2j, a3j) of the matrix(aij) as the homoge-
neous coordinates of a pointPj in the projective planeP2. LetR(m) be the ideal
in k[Z1, Z2, Z3] generated by homogeneous polynomialsF with multiplicity≥ m
at each pointPj. If char(k) = 0, this means that all partials ofF of order< m
vanish atPj. In the general case, it means the following. By a linear change of
variables we may assume thatPj = (0, 0, 1). ThenF has multiplicity≥ m atPj

if considered as a polynomial inZ3 all its nonzero coefficients are homogeneous
polynomials inZ1, Z2 of degree≥ m.

Lemma 4.3.

k[X,Y ]G =
{ ∞∑

m=0

Fm(Z1, Z2, Z3)T
−m : Fm ∈ R(m)

}
.

Proof. By the preceding lemma,k[X, Y ]G = k[X, Y ] ∩ k(Z1, Z2, Z3, T ). First
notice that, sinceXi = ZiYi/T for i = 1, 2, 3, we have

k[X1, . . . , Xn, Y
±1
1 , . . . , Y ±1

n ] = k[Z1, Z2, Z3, X4, . . . , Xn, Y
±1
1 , . . . , Y ±1

n ].

The intersection of the right-hand side with the fieldk(T, Z1, Z2, Z3) is equal to
k[T, T−1, Z1, Z2, Z3]. Thus

k[X,Y ]G = k[Z1, Z2, Z3, T, T
−1].

Write any invariant homogeneous polynomialF ∈ k[X, Y ]Gd as a sum of monomi-
alsZi1

1 Z
i2
2 Z

ir
3 T

−m, wherei1, i2, i3 ≥ 0 andm ∈ Z. Since eachZi is homogeneous
inX of degree 1 and inY of degreen−1, andT is homogeneous of degreen in Y ,
we must have(i1+i2+i3)+(n−1)(i1+i2+i3)−mn = n(i1+i2+i3)−mn = d.
This implies that we can writeF as a sum

∑
m Fm(Z1, Z2, Z3)T

−m, where each
Fm is homogeneous inZ1, Z2, Z3 of degreei1 + i2 + i3 = m + d

n
. Now writeF

as a polynomial inX whose coefficients are polynomials inY . Since the degree
of F in X is equal toi1 + i2 + i3, we obtain that eachFm(Z1, Z2, Z3)T

−m is the
X-homogeneous component ofF , and henceFm(Z1, Z2, Z3)T

−m is a polynomial
in X, Y .

It remains to show thatFm(Z1, Z2, Z3)T
−m ∈ k[X, Y ] if and only if each

Fm ∈ R(m). Assume that none ofa3j is equal to zero. After a linear change of
variables, we obtain thatFm ∈ R(m) if and only if its coefficients as a polynomial
in Z3 are homogeneous polynomials inzj = a3jZ1 − a1jZ3, z

′
j = a3jZ2 − a2jZ3
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of degree≥ m. Sincezj andz′j are both divisible byYj in k[X, Y ], we see that,
for any polynomialF ∈ R(m), we have

FT−m ∈ k[X, Y ].

We leave to the reader to prove the converse.

Next, we need a lemma from algebraic geometry.
Let C : F (T0, T1, T2) = 0 be an irreducible plane cubic curve in the projec-

tive planeP2 over an algebraically closed fieldk. It is known that the setC◦ of
nonsingular points ofC has the structure of an algebraic group (in the case when
C is nonsingular this can be found for example in [104], Chapter 3,§3). If C is
singular, this is easy to see. The normalizationC̄ of C is isomorphic toP1 and the
projection mapC̄ → C is an isomorphism outside one point (a cuspidal cubic) or
two points (a nodal cubic). The complement of one point inP1 is isomorphic to
the affine line, and hence has a structure of an algebraic group isomorphic to the
additive groupGa. The complement of two points is isomorphic toA1 \ {0} and
has a structure of an affine algebraic group isomorphic to the multiplicative group
Gm. For example, if char(k) 6= 3, any cuspidal cubic is isomorphic to the plane
curve given by the equation

T 2
2 T0 − T 3

1 = 0 (4.3)

(see Chapter 10). Its singular point is(1, 0, 0) and the set of nonsingular points is
the subset ofk2 defined by the equationX3 − Y = 0. The group law is given by
the formula

(x, y) + (x′, y′) = (x+ x′, (x+ x′)3).

Each irreducible plane cubic curveC has at least one nonsingular inflection point,
i.e., a point where the tangent to the curve has multiplicity of intersection with the
curve is equal to 3 (the only exception are certain cuspidal cubics in characteristic
3, see Chapter 10). Any of these points can be chosen as the zero point of the group
law. In the example (4.3), the point(0, 0, 1) is the unique nonsingular inflection
point. We denote the sum of two pointsp, q ∈ C with respect to the group law by
p⊕ q.

Lemma 4.4. Let C be an irreducible plane cubic curve with a nonsingular in-
flection pointo taken to be the zero of the group law on the setC◦ of nonsingular
points ofC. Letp1, . . . , p9 ∈ C◦. Then the order of the sum⊕9

i=1pi in the group
law onC◦ is equal tom > 0 if and only if there exists a homogeneous polynomial
F of degree3m not vanishing identically onC with multiplicitym at each point
pi.
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Proof. We assume thatC is nonsingular; however, everything we say is valid in
the singular case too. We use the following geometric interpretation of the group
law. Given two nonsingular pointsp andq in C the line joining them intersects
the curve at the point equal to−(p ⊕ q). Also, for any pointp its negative−p is
the third point of intersection of the line joiningp ando with the curveC. This
immediately implies that the sump⊕ q is the unique pointr such that there exists
a rational function onC with divisor is equal top+ q − r − o. By induction, this
implies thatp1 ⊕ . . . ⊕ pn is the unique pointr such that there exists a rational
functionf onC whose divisordiv(f) is equal top1 + · · · + pn − r − (n − 1)o.
Conversely, suppose suchf exists. Letr′ = p1 ⊕ · · · ⊕ pn. By the above there
exists a rational functiong such thatdiv(g) = p1 + · · ·+ pn − r′ − (n− 1)o. But
thendiv(f/g) = r′− r. This implies thatr = r′ (otherwise the rational map from
C to P1 defined by the functionf is an isomorphism).

In particular, we obtain thatp1 ⊕ · · · ⊕ pn is anm-torsion element if and
only if m(p1 + · · · + pn) − mno is the divisor of a rational function. Let us
now taken = 9. Assume that there exists a polynomialG3m as in the statement
of the lemma. LetL = 0 be the equation of the inflection tangent at the point
o. Then the restriction of the rational functionG3m/L

3m on P2 to the curveC
defines a rational functionf with div(f) = m(p1 + · · · + p9) − 9mo. Thus
p1 ⊕ · · · ⊕ pm is anm-torsion element in the group law. Conversely, assume that
the latter occurs. By the above there exists a rational functionf with div(f) =
m(p1 + · · ·+ p9)− 9mo. By changing the projective coordinates if necessary, we
may assume that the equation ofL is T0 = 0 and that none of the pointspi is the
point with projective coordinates(1, 0, 0). Then the rational functionf is regular
on the affine curveC \ {T0 = 0}. Hence it can be represented by a polynomial
G′(T1/T0, T2/T0) with nonzero constant term. Homogenizing this polynomial,
we obtain a homogeneous polynomialG which is not divisible byT0 such that
the curveG = 0 cuts out the divisorm(p1 + · · · + p9). By Bézout’s Theorem,
the degree ofG is equal to3m. Note thatG is not defined uniquely since we
can always add to it a polynomial of the formF ·H, whereH is a homogeneous
polynomial of degree3m−3. The rational function(G+F ·H)/T 2m

0 cuts out the
same divisor onC. Now we have to show thatH can be chosen in such a way that
G has multiplicitym at each pointpi. LetOi be the local ring ofP2 at the point
pi and letmi be its maximal ideal. SinceC was assumed to be nonsingular, one
can find a system of generatorsx, y of mi such thatx = 0 is a local equation of
C atpi. We shall identify the formal completion̂Oi of Oi with the ring of formal
power seriesk[[X,Y ]] in such a way that under the inclusionOi ⊂ Ôi the image
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of x is equal toX and the image ofy is equal toY . Let

g =
∞∑

n=0

gn(X, Y )

be the Taylor expansion of the rational functionG/T 3m
0 , wheregn(X,Y ) is a

homogeneous form of degreen in X,Y . We denote by[g]s thesth Taylor poly-
nomial

∑s
n=0 gn(X,Y ). The polynomialG has multiplicity≥ m atpi if and only

if [g]m−1 = 0. The local ringOi/(x) is isomorphic to the local ringOC,pi
of C at

pi, and its completion̂OC,pi
is isomorphic tok[[Y ]]. The imagēg of g in ÔC,pi

is
equal to

∑∞
n=0 gn(0, Y ) and the fact that the order of the restriction ofG/T 3m

0 to
C atpi is equal tom gives thatgn(0, Y ) = 0, n < m. This implies that

[g]m−1 = Xhi(X, Y )

for some polynomialhi(X, Y ) of degree≤ m−2. Now consider thek-linear map

φ : k[T0, T1, T2]3m−3 →
9⊕

i=1

k[X, Y ]≤m−2

which assigns to a homogeneous polynomialH of degree3m − 3 the element
(u1, . . . , u9), whereui is the(m− 2)th Taylor polynomial of the rational function
H/T 3m−3

0 at the pointpi. We claim that this map is surjective. Computing the
dimensions of both spaces we find that

dim k[T0, T1, T2]3m−3 − dim
9⊕

i=1

k[X, Y ]≤m−2 =
(
3m−1

2

)
− 9
(

m
2

)
= 1.

Thus it suffices to show that the kernel of the map is one-dimensional. An element
in the kernel defines a homogeneous polynomialH of degree3m − 3 which has
multiplicity ≥ m − 1 at each pointpi. Since we assume that the order of the
sum of the points is exactlym, the polynomialH must vanish onC. Dividing
H by F and continuing the argument, we see thatH = cFm−1 for somec ∈ k.
This proves the surjectivity. Now, it remains to chooseH in such a way that its
image underφ is equal to(h1, . . . , h9). Then the(m − 1)th Taylor expansion of
(G−FH)/T 3m

0 atpi is equal to[g]m−1−Xhi = 0. ThusG−FH has multiplicity
m at each pointpi.
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Remark4.1. LetG3m = 0 be the equation of the curveD cutting out the divisor
m(p1 + · · · + p9). Let F = 0 be the equation ofC. For anyλ, µ ∈ k, the
polynomialλG3m +µFm defines a curveD(λ, µ) which cuts out the same divisor
m(p1 + · · · + p9) onC. Whenm is equal to the order of the pointp1 ⊕ · · · ⊕ p9,
the “pencil” of curvesD(λ, µ) is called theHalphen pencilof indexm (see [15],
Chapter 5). One can show that its general member is an irreducible curve with
m-tuple points atp1, . . . , p9. The genus of its normalization is equal to 1.

Lemma 4.5. Let p1, . . . , p9 be nine distinct nonsingular points on an irreducible
plane cubicC : F = 0. Assume that their sum in the group law is not a torsion
element.

(i) A homogeneous polynomialG of degree≤ 3m which has multiplicity≥ m
at each pointpi is divisible byFm.

(ii) The dimension of the spaceVd of homogeneous polynomials of degree
d ≥ 3m which have multiplicity≥ m at eachpi is equal to

(
d+2
2

)
− 9
(

m+1
2

)
.

Proof. AssumeG is not divisible byF . By Bézout’s Theorem,degG = 3m. Now
this contradicts Lemma 4.4, so we may writeG = FG′ for some homogeneous
polynomial of degree3m− 3. Clearly, the multiplicity ofG′ at eachpi is equal to
m− 1. Applying the lemma again, we find that the sum of thepi in the group law
is a torsion element unlessF dividesG′. Continuing in this way we find thatFm

dividesG. This proves the first assertion.
Let us prove the second one. We may assume that all the pointspi lie in

the affine partT0 6= 0. Consider the linear functionsφj
i , i = 1, . . . , 9, j =

1, . . . ,
(

m+1
2

)
, on the space of homogeneous polynomialsk[T0, T1, T2]d of degree

d which assign to a polynomialP the partial derivatives of order≤ m of the
dehomogenized polynomialP/T d

0 at the pointpi, i = 1, . . . , 9. Obviously,Vd

is the space of common zeros of the functionsφj
i . To check assertion (ii) it suf-

fices to show that the functionsφj
i are linearly independent. The subspace of

common zeros of the restriction of these functions to the spaceV ′
d formed by the

polynomialsT d−3m
0 G, whereG ∈ k[T0, T1, T2]3m, is of dimension 1 (by (i) it con-

sists of polynomials proportional toFm, whereF = 0 is the curveC). Since(
3m+2

2

)
− 9
(

m+1
2

)
= 1, the restriction of the functionsφj

i to V ′
d is a linearly inde-

pendent set. Therefore the functionsφj
i are linearly independent.

Now we are ready to prove Theorem 4.3.

Proof. We taken = 9 and in the equations (4.1) we take(a1i, a2i, a3i) to be the co-
ordinates of the pointspi which lie in the nonsingular part of an irreducible plane
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cubicC and which do not add up to anm-torsion point for anym > 0. Also, to
satisfy Lemma 4.2, we assume that the first three points do not lie on a line. This
can always be arranged unless char(k) > 0 andC is a cuspidal cubic. Assume
thatk[X,Y ]G is finitely generated. By Lemma 4.3, we can find a generating set
of the formFnj

/Tmj , j = 1, . . . , N , whereFnj
is a polynomial of some degreenj

which has multiplicitymj at the pointsp1, . . . , p9. By Lemma 4.5(i),nj ≥ 3mj.
Choosem larger than everymj and prime to char(k). By Lemma 4.5(ii), the
dimension of the spaceV3m+1 of polynomials of degree3m+ 1 which have mul-
tiplicity ≥ m at eachpi is equal to

(
3m+3

2

)
− 9
(

m+1
2

)
= 3m + 3. On the other

hand the dimension of the subspace of polynomials inV3m+1 which vanish onC
is equal to

(
3m
2

)
− 9
(

m
2

)
= 3m. Thus there exists a polynomialF ∈ V3m+1 which

does not vanish on the curveC. Let us show thatF/Tm cannot be expressed as a
polynomial inFnj

/Tmj . Consider any monomialUd1
1 · · ·UdN

N . After we replace
Uj with Fnj

/Tmj , its degree inZ1, Z2, Z3 is equal to
∑
njdj and its degree in

T is equal to
∑
mjdj (here we use thatZ1, Z2, Z3, T are algebraically indepen-

dent). Suppose our monomial enters into a polynomial expression ofF/Tm in the
generatorsFnj

/Tmj . Then3m+ 1 =
∑
njdj,m =

∑
mjdj. Thus∑

j

(nj − 3mj)dj = 1.

SinceF does not vanish onC, we may assume thatdj = 0 if nj = 3mj (in this
caseFnj

= 0 definesC). Thusnj > 3mj for all j with dj 6= 0, and we get that the
only possible case isdj = 1, nj = 3mj + 1 for onej and all otherdj are equal to
zero. Thusm =

∑
mjdk = mj for somej. This contradicts the choice ofm.

Remark4.2. If we takeC to be the cuspidal cubicT 2
2 T0 − T 3

1 = 0 over a field of
zero characteristic, and the pointspi = (a3

i , ai, 1) with the first three points not on
a line, then the conditions onpi will always be satisfied unless

∑9
i=1 ai = 0. In

fact, the group law onC◦ has no nonzero torsion points.

Remark4.3. If we restrict the action only to the groupG′ ∼= G6
a (not including

the torus), the algebra of invariants is also not finitely generated. This follows
from Nagata’s Theorem since the torus is a reductive group. One may ask what
is the smallestr such that there exists a rational action ofGr

a on a polynomial
algebra for which the algebra of invariants is not finitely generated. Recall that by
Weitzenb̈ock’s Theorem,r > 1. Examples withr = 3 and4 were given recently
by S. Mukai ([71]).
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Finally we sketch Nagata’s original proof of Theorem 4.3, which leads to a
very interesting conjecture on plane algebraic curves. We keep the previous nota-
tions.

Lemma 4.6. For any homogeneous idealI ⊂ k[Z1, Z2, Z3] let deg(I) denote the
smallest positive integerd such thatI ∩ k[Z1, Z2, Z3]d 6= {0}. Assume thatn is
chosen to be such thatdeg(R(m)) > m

√
n for all m > 0. Then for any natural

numberm there exists a natural numberN such thatR(m)N 6= R(mN).

Proof. Let R(m)d = k[Z1, Z2, Z3]d ∩ R(m) be the space of homogeneous poly-
nomials of degreed in R(m). As we explained in the proof of Lemma 4.5, the
dimension of this space is greater than or equal to(d + 2)(d + 1)/2 − n(m +
1)m/2. Thus we see thatlimm→∞(deg(R(m))/m) ≤

√
n. In view of our assump-

tion we must havelimm→∞(deg(R(m))/m) =
√
n. Since again by assumption

deg(R(m))/m >
√
n we see that for sufficiently largeN ,

degR(mN) ≤ mN
√
n < N deg(R(m)) = degR(m)N .

This implies thatR(mN) is strictly larger thanR(m)N .

Lemma 4.7. The assumptions of the previous lemma are satisfied whenn = s2

wheres ≥ 4 and the coordinates of the pointspi generate a field of sufficiently
high transcendence degree overk.

For the proof we refer to [80]. It is rather hard.

Let us show that the four preceding lemmas imply the assertion. Assume
that the algebrak[X, Y ]G is generated by finitely many polynomialsPi(X, Y ).
We can write them in the formPi =

∑
m Fi,mT

−m as in Lemma 4.3. Letr =
maxi,m{degFi,m}. By Lemma 4.6, we can findF ∈ R(rN) for sufficiently large
N such thatF /∈ R(r)N . ObviouslyP = FT−rN cannot be expressed as a
polynomial in thePi. This contradiction proves the assertion.

The assumption thatn = s2 was crucial in Lemma 4.7. The following conjec-
ture of Nagata is still unsolved.

Conjecture. Let p1, . . . , pn ben ≥ 9 general points in projective plane. LetC
be a plane curve of degreed which passes through eachPi with multiplicitymi.
Then

d
√
n ≥

n∑
i=1

mi.

Here “n general points” means that the sets of points(P1, . . . , Pn) for which
the assertion in the conjecture may be wrong form a proper closed subset in(P2)n.



62 CHAPTER 4. HILBERT’S FOURTEEN PROBLEM
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The relationship between Hilbert’s Fourteenth Problem and the Zariski Problem
is discussed in [73]. The material about Grosshans subgroups was taken from
[41], see also [91]. The original proof of the Weitzenböck Theorem can be found
in [122]. The case char(k) 6= 0 is discussed in a paper of A. Fauntleroy [29].
The original example of Nagata can be found in [79] (see also [78]). We follow
R. Steinberg ([114]) who was able to simplify essentially the geometric part of
Nagata’s proof. The group law on an irreducible singular plane cubic is discussed
in [46], Examples 6.10.2, 6.11.4 and Exercises 6.6, 6.7.

An essentially new example of a linear action with algebra of invariants not
finitely generated can be found in [1]. It is based on an example of P. Roberts
([94]). Nagata’s conjecture on plane algebraic curves has not yet been proved.
It has inspired a lot of research in algebraic geometry (see [45] and references
there). It has also an interesting connection with the problem of symplectic sphere
packings (see [68]). It implies that the symplectic 4-ball of radius 1 and volume
1 containsn disjoint symplectically embedded 4-balls of total volume arbitrarily
close to 1.

Exercises

4.1Prove that the additive groupGa is not geometrically reductive.

4.2LetD1, . . . , Dn be divisors on a nonsingular varietyX. Consider the algebra

R∗(D1, . . . , Dn) = ⊕k1,...,kn≥0Γ(X,Lk1D1+···+knDn).

(i) Show that the algebraR∗(D1, . . . , Dn) is isomorphic to the algebraR∗(D)
for some divisorD on some projective bundle overX.

(ii) Let S = {(k1, . . . , kn) ∈ Zn : Γ(X,Lk1D1+···+knDn) 6= {0}}. Show thatS
is a finitely generated semigroup ifR∗(D1, . . . , Dn) is finitely generated.

(iii) Let X be a nonsigular projective curve of genus1, let a, b ∈ X be two
points such that the divisor class ofa − b is not a torsion element in the group of
divisor classes onX. Prove thatR∗(a, b) is not finitely generated.

4.3 Show that the algebra constructed in Nagata’s counterexample is isomorphic
to the algebraR∗(l,−E) wherel is the inverse image of a line under the blow-up
of n points in the projective plane andE is the exceptional divisor.
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4.4 Prove that the algebraR∗(D) is finitely generated if there exists a positive
numberN such that the complete linear system defined by the line bundleL⊗N

D

has no base points.

4.5Show that the algebra of regular functions on the coset spaceG/H is isomor-
phic to the subalgebraO(G)H whereH acts onG by left multiplication.

4.6 Let H be a closed reductive subgroup of an affine algebraic groupG which
acts onG by left translations. Show that the homogeneous spaceG/H is an affine
variety.

4.7Write explicitly the group law on the set of nonsingular points of a nodal cubic
over a field of characteristic different from 2.

4.8Show that the conjecture of Nagata is not true without the assumptionn ≥ 9.





Chapter 5

Algebra of covariants

5.1 Examples of covariants

Let G = SLn act on an affine algebraic varietyX = Spm(A). Let U be its
subgroup of upper triangular unipotent matrices. In this chapter we shall give a
geometric interpretation of the algebra of invariantsAU . Its elements are called
semiinvariants.

SupposeG = SL(V ) acts linearly on a vector spaceW . Fix a nonzero vector
v0 in V and letH be the stabilizer ofv0 in G. Let R ∈ Pol(W )H . For any
v ∈ V \ {0} there existsg ∈ SL(V ) such thatg · v = v0. Define a functionFR on
W × V \ {0} by

FR(w, v) = R(g · w). (5.1)

Sinceg−1 · v0 = g′−1 · v0 implies g′g−1(v0) = v0 and henceg′ = hg for some
h ∈ H, we have

R(g′ · w) = R(hg · w) = R(g · w).

This shows that this definition does not depend on the choice ofg and that the
functionFR is well-defined. Also, for anyg′ ∈ SL(V ) we have(gg′−1)g′ · v = v0

and hence

FR(g′ · w, g′ · v) = R(gg′−1 · (g′ · w)) = R(g · w) = FR(w, v).

ThereforeFR is invariant under the naturaldiagonal actionof G onW × V :

g(w, v) = (g · w, g · v).

65
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It is clear thatFR is a polynomial function in the first argument. Moreover, ifR
is homogeneous of degreem, thenFR is homogeneous of degreem in the first
variable. Let us see thatFR is also polynomial in the second argument. Choose
coordinates to assume thatv0 = (1, . . . , 0). Let v = (x0, . . . , xn) ∈ V \ {0}.
Assumex0 6= 0. Let

A =


x0 0 . . . . . . 0
x1 x−1

0 0 . . . 0
x2 0 1 . . . 0
...

...
...

... 0
xn 0 . . . 0 1

 .

Clearly,A belongs to SL(V ) andA · v0 = v. ThusA−1v = v0 andFR(w, v) =
R(A−1 ·w) is a regular function on the open setx0 6= 0. Similarly we see thatFR

is regular on the open setxi 6= 0. ThusFR is a rational function which is regular
onV \{0}. Hence it is regular on the whole ofV and so is a polynomial function.

Conversely, ifF is aG-invariant polynomial function onW × V , then the
functionw 7→ F (w, v0) is anH-invariant polynomial function onW . It is easy to
see that this establishes an isomorphism of vector spaces:

Pol(W )H ∼= (Pol(W )⊗ Pol(V ))SL(V ).

Note that the space Pol(W )⊗ Pol(V ) has a natural bigrading, so that

Polm(W )H ∼=
∞⊕

p=0

(Polm(W )⊗ Polp(V ))SL(V ).

Let us specialize this construction by takingW = Pold(V ).

Definition. A covariantof degreem and orderp on the space Pold(V ) is an ele-
ment of the space(Polm(Pold(V ))⊗Polp(V ))SL(V ). We shall denote this space by
Cov(V )m,p(d).

The geometric meaning of a covariantF (a, v) ∈ Cov(V )m,p(d) is very simple.
It can be considered as a polynomial map of affine spaces

F : Pold(V ) → Polp(V )

given by homogeneous polynomials of degreem. This map is SL(V )-equivariant
with respect to the natural actions of SL(V ) on the domain and the target space.
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In coordinates:
F
(∑
|i|=d

(
d
i

)
aix

i
)

=
∑
|j|=p

(
p
j

)
Ajx

j,

whereAj are homogeneous polynomials of degreem in the coefficientsai.

On can easily define the symbolic expression of covariants. By polarizing,
an element of Covm,p(d) = (Polm(Pold(V ))⊗Polp(V ))SL(V ) becomes an SL(V )-
invariant polynomial function on the space of matrices Matr,m+1 which is homoge-
neous of degreed in each column different from the last one, and is homogeneous
of degreep in the last column. Observe that each of the firstm columns corre-
sponds to a basis(ξ(j)

0 , . . . , ξ
(j)
n ) in V . The last one consists of the coordinates

(x0, . . . , xn) with respect to this basis. There is an analog of the First Fundamen-
tal Theorem which says that one can write this function as a linear combination of
products ofr-minors taken from the firstm columns and dot-products of the last
column with one of the firstm columns. In each product, each column, except the
last one, appearsd times, and the last column appearsp times. This implies that
the number of minors in each product must be equal to

w = max
{md
r
− p, 0

}
.

This number is called theweightof a covariant. It has the property that

F (g · a, g · v) = (det g)wF (a, v), ∀g ∈ GL(V ).

The symbolic expression for the products is

w∏
i=1

(τi1 . . . τir)

p∏
j=1

α(sj)
x ,

whereα(j)
x =

∑n
i=0 ξ

(j)
i xj. Here eachτij, sj ∈ [m], and each number from[m]

occur exactlyd times among them.

Example5.1. An invariant of degreem is a covariant of degreem and of order0.

Example5.2. The identity map Pold(V ) → Pold(V ) is a covariant of degree 1 and
orderd. Its weight is equal to zero. Its symbolic expression isαd

x.

Example5.3. Let F (x0, . . . , xn) ∈ Pold(kr) = k[x0, . . . , xn]d. Let

Fab =
∂2F

∂xa∂xb

, a, b = 0, . . . , n.
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TheHessianof F is the determinant

Hess(F ) = det

F00 . . . F0n
...

...
...

Fn0 . . . Fnn

 . (5.2)

The map Hess: F 7→ Hess(F ) is a covariant of degreer and order(d − 2)r. Its
symbolic expression is

Hess(F ) = (d(d− 1))r(12 . . . r)2(α(1)
x . . . α(r)

x )d−2.

We leave it to the reader to check this.
More generally, let(xij) be the square matrix with entriesxij considered as

a variables. TakeF as above and consider the product
∏n

i=0 F (xi1, . . . , xin) as a
polynomial function on Matr(k). Define therth transvectantas

(F )(r) = Ωr
( n∏

i=0

F (xi1, . . . , xin)
)∣∣

xij=xj

whereΩ is the omega-operator. The last subscript means that we have to replace
each unknownxij with xj. The mapT r : F → (F )(r) is a covariant of degreer
and orderr(m− r). For example,

T 0(F ) = F r, T 1(F ) = 0, T 2(F ) = Hess(F ).

Example5.4. One can combine covariants and invariants to get an invariant. For
example, consider the Hessian of a binary cubic. It is a binary quadric. Take its
discriminant. The result must be an invariant of degree 4; let us compute it. If
F = a0x

3
0 + 3a1x

2
0x1 + 3a2x0x

2
1 + a3x

3
1 we have

Hess(F ) = det

6a0x0 + 6a1x1 6a1x0 + 6a2x1

6a1x0 + 6a2x1 6a3x1 + 6a2x0

 ,

Discr(Hess(F )) = 36(a0x0 + a1x1)(a3x1 + a2x0)− (a1x0 + a2x1)
2

= 36((a0a3 − a1a2)
2 − 4(a0a2 − a2

1)(a1a3 − a2
2))

= 36(−6a0a1a2a3 + a2
0a

2
3 + 4a3

1a2 + 4a0a
3
2 − 3a2

1a
2
2).

This is (up to a constant factor) the discriminant of the binary cubic form from
Chapter 2, Example 2.1.
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Example5.5. For any two binary formsF ∈ Pold(k2), G ∈ Pold′(k2) define their
Jacobian

J(F,G) = det


∂F

∂x0

∂F

∂x1

∂G

∂x0

∂G

∂x1

 .

ThenF → J(F,Hess(F )) is a covariant of degree 3 and order3(d− 2).

5.2 Covariants of an action

The notion of a covariant of a homogeneous form is a special case of the notion
of a covariant of an arbitrary rational action of an affine algebraic groupG on an
affine varietyX = Spm(A). Let ρ : G → GL(W ) be a linear representation of
G in a finite-dimensional vector spaceW . We callW aG-module. Acovariant
of an actionwith values inW is an equivariant regular mapX → W , whereW
is considered as an affine space. Equivalently, it is aG-equivariant homomor-
phism of algebras Pol(W ) → A. Since any such homomorphism is determined
by the images of the unknowns, it is defined by a linear mapf : W ∗ → A. Let
Hom(W ∗, A) = A⊗W be the set of such maps. The groupG acts by the formula

g · (a⊗ w) = g∗(a)⊗ ρ(g)(w).

This corresponds to the action on morphismsX → W given by the formula

g · f(x) = ρ(g)(f(g−1 · x)).

A covariant is an invariant element of this space. In the previous section we

considered the caseG = SL(V ), X = Pold(V ) = A(n+d
d ) andW = Polk(V )

with the natural representation of SL(V ). If we takeW = Polk(V ∗) with the
natural action ofG on the space of linear functions, we obtain the notion of a
contravariantof order k on the space Pold(V ). Another special case is when
A = Pold1(V ) ⊗ · · · ⊗ Polds(V ) andW = Polp(V ). In this case a covariant
is called aconcomitantof orderp. A concomitant of order0 is called acombi-
nant. For example, theresultantR(F1, . . . , Fs) of s homogeneous polynomials is
a combinant.

Let Hom(W ∗, A)G = (W ⊗ A)G be the set of covariants with values in aG-
moduleW . It has an obvious structure of anAG-module. It is called themodule of
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covariantswith values inW . If char(k) = 0, we can identify the spaces Polm(W ∗)
and Pol(W )∗ so that the direct sum

Cov(G;A,W ) =
∞⊕

m=0

Hom(Polm(W ), A)G

=
∞⊕

m=0

(Polm(W ∗)⊗ A)G = (Pol(W ∗)⊗ A)G

has a natural structure of ak-algebra. It is called thealgebra of covariants. Ap-
plying Nagata’s Theorem we obtain

Theorem 5.1.AssumeG is a geometrically reductive group. Then the algebra of
covariantsCov(G;A,W ) is a finitely generatedk-algebra.

Corollary 5.1. SupposeG is a geometrically reductive algebraic group acting
rationally onX = Spm(A). Then the module of covariantsHom(W ∗, A)G is
finitely generated.

Proof. The algebra Cov(G;A,W ) is a graded finitely generatedk-algebra. We
identifyAG with the subalgebra of covariants Cov(G;A, k), wherek is the trivial
G-module. Obviously Cov(G;A,W ) is a finitely generatedAG-algebra. We may
assume that it is generated by a finite set of homogeneous elementsF1, . . . , Fn of
positive degreesq1, . . . , qn. Thus there is a surjective homomorphism of graded
AG-algebrasAG[T1, . . . , Tn] → Cov(G;A,W ), wheredeg Ti = qi. Since each
AG[T1, . . . , Tn]m is a finite freeAG-module, its image Cov(G;A,W )m is a finitely
generatedAG-module; hence Hom(W ∗, A)G = Cov(G;A,W )1 is finitely gener-
ated.

Here is another proof of this result in the case whenG is linearly reductive,
for example whenG is reductive overC. We use that any rational linear linear
representation ofG in a finite-dimensional linear spaceE is completely reducible
in the following sense.

Theorem 5.2. Any submoduleV of E admits a complementary submoduleV ′

(i.e.,E = V ⊕ V ′).

Proof. Without loss of generality, we may assume thatV 6= {0} and is an irre-
ducible submodule, i.e.,V does not contain any nontrivial proper submodules.
Consider the natural map ofG-modulesf : Homk(E, V ) → Homk(V, V ). By
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Schur’s Lemma, the subspaceL = Homk(V, V )G is one-dimensional. Its inverse
imageW = f−1(L) is a submodule of Homk(E, V ), and the restrictionf ′ of f
toW is a nonzero linearG-invariant function. By definition of linear reductivity
there exists a nonzeroG-invariant vectorφ ∈ W such thatf ′(φ) 6= 0. The linear
mapφ : E → V isG-invariant and its restriction toV is a nonzero automorphism
of irreducibleG-moduleV . The kernel of theG-invariant linear mapφ is the
desired complementary subspace ofV .

LetM = W ⊗A and letM ′ be theA-submodule ofM generated by invariant
elements. SinceA is noetherian andW ⊗A is a freeA-module of finite rank,MG

is a finitely generatedA-module. Letm1, . . . ,mn ∈ MG be its spanning set. For
anym ∈MG we can write

m = a1m1 + · · ·+ anmn (5.3)

for someai ∈ A. SinceG is linearly reductive theG-submoduleAG of A has a
complementary invariant submodule, i.e.,A = AG ⊕ N . This does not follows
directly from Theorem 5.2 becauseA is infinite-dimensional. One uses Lemma
3.4 to show thatA is the union of finite-dimensional invariant subspaces, and then
applies Theorem 5.2. Let

R : A→ AG

be the projection operator (called theReynolds operator). It has the property

R(ab) = bR(a), ∀a ∈ A,∀b ∈ AG.

In the casek = C we take forR the averaging operator over the compact form
of G. Let R̃ : MG ⊗AG A → MG be the map defined bym ⊗ a 7→ R(a)m.
By (5.3),MG is equal to the image under̃R of the finitely generatedAG-module∑n

i=1A
Gmi and hence it is finitely generated.

Let ρ : G → GL(W ) be a finite-dimensional linear rational representation
of a linearly reductive group. By Theorem 5.2,W can be decomposed into a
direct sum of irreducible representationsWi. WhenG is finite, there are only
finitely many irreducible representations (up to isomorphism); in generalG has
infinitely many nonisomorphic irreducible representations. LetW = ⊕n

i=1Wi be
a decomposition ofW into a direct sum of irreducible representations. We have
an isomorphism ofG-modules:

W ∼=
⊕

ρ∈Irr(G)

Hom(Wρ,W )G ⊗Wρ, (5.4)
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where Irr(G) is the set of isomorphism classes of finite-dimensional irreducible
G-modules,Wρ is a representative of the classρ, andG acts trivially on the space
of linear maps Hom(Wρ,W )G. This isomorphism is defined by the map∑

ρ

fρ ⊗ wρ 7→
∑

ρ

fρ(wρ), fρ ∈ Hom(Wρ,W )G, wρ ∈ Wρ.

Note that, by Schur’s Lemma, whenW = Wρ this gives Hom(Wρ,Wρ′)
G = k if

ρ = ρ′ and{0} otherwise. The dimension of the space Hom(Wρ,W )G is called
themultiplicity ofWρ inW and is denoted by multρ(W ). It is equal to the number
of direct irreducible summands (or factors) ofW isomorphic toWρ.

Recall that any element ofA is contained in a finite-dimensionalG-invariant
subspace ofA generated by itsG-translates (see Lemma 3.4). This allows us to
apply (5.4) to theG-moduleA. We have

A ∼=
⊕

ρ∈Irr(G)

Hom(Wρ, A)G ⊗Wρ. (5.5)

We consider both sides asAG-modules. By Corollary 5.1 each summand is a
finitely generatedAG-module. Thus we see that any module of covariants forA
is contained inA as a direct summand.

Example5.6. Let G be a finite abelian group of order prime to char(k). Then
any irreducible representation ofG is one-dimensional, and hence is defined by a
characterχ : G→ Gm = GLk(1). For eachχ, let

Aχ = {a ∈ A : g · a = χ(g)a, ∀g ∈ G}.

Then (5.5) translates into the equality

A =
⊕

χ:G→Gm

Aχ.

The subring of invariantsAG corresponds to the trivial character.

5.3 Linear representations of reductive groups

Let G be a linearly reductive connected affine algebraic group and letρ : G →
GL(W ) be its rational linear representation. LetU be a maximal unipotent sub-
group of a connected linearly reductive groupG. The reader unfamiliar with the
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notion may assume thatG = GLr or SLr, in which caseU is a subgroup con-
jugate to the group of unipotent upper triangularupper triangular matrices. We
have seen in section 5.1 that in the caseG = SL2 the algebra Pol(Pold(k2))U is
isomorphic to the algebra of covariants Cov(G; Pold(k2), k2). In this section we
shall give a similar interpretation of the algebraAU whereG acts rationally on a
finitely generatedk-algebraA.

For this we have to recall some basic facts about finite-dimensional linear
rational representations of a reductive groupG. We assume that char(k) = 0.
Let ρ : G → GL(W ) be such a representation. Choose a maximal torusT in G
(whenG = GLr it is a subgroup of diagonal matrices or its conjugate subgroup).
Restrictingρ to T we get a linear rational representationρ̄ : T → GL(W ). Since
T is commutative we can decomposeW into the direct sum of eigenspaces

W =
⊕

χ∈X (T )

Wχ,

whereX (T ) denotes the set ofrational characterof T , i.e., homomorphisms of
algebraic groupsT → Gm, and

Wχ = {w ∈ W : ρ̄(t)(w) = χ(t)w, ∀t ∈ T}.

Any rational characterχ : T → Gm is defined by a homomorphism of the algebras
of regular functions

k[Z,Z−1] ∼= O(Gm) → O(Gr
m) ∼= k[Z1, Z

−1
1 , . . . , Zr, Z

−1
r ].

It is easy to see that it is given by aLaurent monomialZa = Za1
1 · · ·Zar

r , where
a = (a1, . . . , ar) ∈ Zr. The monomial is the image ofZ. Also it is easy to see
that the product of characters corresponds to the vector sum of the exponentsa.
This gives us an isomorphism of abelian groups

X (T ) ∼= Zr.

Let
Wt(ρ) = {χ : Wχ 6= {0}}. (5.6)

SinceW is finite-dimensional, Wt(ρ) is a finite set. It is called the set ofweights
of ρ.

A rational characterα : T → G∗
m is called aroot if there exists a nontrivial

homomorphism of algebraic groupsfα : Ga → G such that, for anyt ∈ T and
anyx ∈ k,

t · fα(x) · t−1 = fα(α(t)x).
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For example, there arer(r − 1) roots forG = GLr. Each is defined by the
homomorphism which sendsx ∈ k to the matrixIr + xEij, where1 ≤ i, j ≤
r, i 6= j.

Let R be the set of roots. There is the notion of apositive root. We fix a
Borel subgroupB containingT (in the caseG = GLr we may takeB to be
the group of upper triangular matrices or its conjugate subgroup) and require that
the image offα is contained inB. Let R+ be the set of positive roots. Then
R = R+ t R−, whereR− = {−α, α ∈ R+} is the set ofnegative roots. There
is a finite set of roots∆ = {α1, . . . , αr} such that any root can be written as a
linear combination of theαi with nonnegative integer coefficients. They are called
simple roots. The numberr is called therank of G. In the case SLr these are the
roots with fαi

(a) = Ir + aEi(i+1), i = 1, . . . , r − 1. Under the isomorphism
X (T ) ∼= Zn they correspond to the vectorsei − ei+1, where(e1, . . . , er) is the
standard basis ofZr.

Let Uα denote the image of the homomorphismfα(Ga) corresponding to a
rootα. One can show that the subgroups

U+ =
∏

α∈R+

Uα, U− =
∏

α∈R−

Uα

are maximal unipotent subgroups ofG. In the caseG = SLr the groupU+ (resp.
U−) is the subgroup of upper triangular (resp. lower triangular) matrices.

We have the following.

Lemma 5.1. Let
W =

⊕
χ∈Wt(ρ)

Wχ.

For every rootα ∈ R, we have

ρ(Uα)(Wχ) ⊂
⊕
i≥0

Wχ+iα.

Proof. Let W → k[T ] ⊗W be the homomorphism defining the action ofUα on
W . For anyw ∈ Wχ its image is equal to

∑
i≥0 T

i ⊗ wi. This means that for any
x ∈ k,

ρ(fα(x))(w) =
∑
i≥0

xiwi. (5.7)

By definition of a root, we have

ρ(fα(α(t)x))(w) =
∑

i

α(t)ixiwi
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and

ρ(t)ρ(fα(x))(w) =
∑

i

xiρ(t)(wi)

= ρ(fα(α(t)x)ρ(t))(w) = ρ(fα(α(t)x))(χ(t)w)

= χ(t)
∑

i

α(t)ixiwi.

Comparing the coefficients ofxi we getwi ∈ Wχ+iα. Thus equation (5.7) gives

ρ(Uα)(w) ⊂
⊕
i≥0

Wχ+iα.

The setR+ defines an order on the set of characters. We say thatχ ≥ χ′ if χ−
χ′ is equal to a linear combination of positive roots with nonnegative coefficients.
Let λ ∈ Wt(ρ) be a maximal element (not necessary unique) with respect to this
order. Then, for anyα ∈ R+, we haveWλ+iα = {0} if i > 0. It follows from
(5.7) thatρ(Uα) acts identically onWλ. Thus the whole groupU+ acts identically
onWλ. On the other hand, by Lemma 5.1, we get

ρ(U−)(Wλ) ⊂
⊕
χ≤λ

Wχ.

Sinceρ(T )(Wλ) = Wλ, all elementsg ∈ G of the formu+ · t · u−, whereu± ∈
U±, t ∈ T , leave the subspace

W (λ) =
⊕
χ≤λ

Wχ

invariant. Since the subsetU+·T ·U− is Zariski dense inG (check this forG = SLr

or GLr, where this set consists of matrices with nonzero pivots), all elements ofG
leaveW (λ) invariant. ThusW (λ) is aG-submodule. Letv ∈ Wλ \{0}. Consider
theG-submoduleW (λ)v generated byv. Obviously it is contained inW (λ) and

W (λ)v ∩Wλ = kv.

In fact,U+ does not changev, T multiplies v by a constant, andU− sendsv to
the sumv +

∑
χ<λ vχ, wherevχ ∈ Wχ. We consider a complementary subspace
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toW (λ)v in W (λ) and choose again a nonzero vectorv′ in it to get a submodule
W (λ)v′. Continuing in this way we will decomposeW (λ) into the direct sum of
dimWλ submodules. Each summandV has the following properties:

(i) there exists a weightλ such thatV = ⊕χ≤λVχ,
(ii) dimVλ = 1 (a nonzero vector inVλ is called ahighest weight vector),
(iii) ρ(U+)|Vλ is the identity representation.
Such aG-moduleV is called ahighest weight module. It is determined

uniquely (up to isomorphism) by the characterλ (highest weight) and is denoted
byL(λ). Thus we infer from the above discussion the following:

Theorem 5.3. Every finite-dimensional rational representation of a connected
linearly reductive groupG is isomorphic to the direct sum of highest weight rep-
resentationsL(λ).

Not every weightχ occurs as a highest weight of someL(λ). The ones which
occur are calleddominant weights. This set is preserved under taking the dual
module, i.e.,L(λ)∗ = L(λ∗) for some dominant weightλ∗. We will describe
dominant weights in the next section.

Let us return to the situation when a reductive groupG acts regularly on an
affine algebraic varietyX = Spm(A). For every dominant weightλ a homomor-
phism ofG-modulesL(λ) → A is determined by the image of a fixed highest
weight vector ofL(λ). The set of such images forms anAG-submoduleA(λ) of
A. We have

(L(λ)⊗ A)G = Homk(L(λ∗), A)G = A(λ∗).

It is easy to see that, ifv is a highest weight vector ofL(λ) andv′ is a highest
weight vector ofL(λ′), the vectorv ⊗ v′ is a highest weight vector in an irre-
ducible summand of the representationL(λ) ⊗ L(λ′) isomorphic toL(λ + λ′).
This easily implies that the subalgebra of theAG-algebraA generated by the im-
ages of highest weight vectors is isomorphic to the direct sum of theAG-modules
A(λ), whereλ runs through the set of dominant weights. SinceU+ acts identically
on any highest weight vector we see that⊕

λ

A(λ) ⊂ AU+

.

Conversely, ifa ∈ AU+
, by (5.4)a can be written uniquely as a sum

∑
ρ aρ, where

eachaρ belongs to an irreducibleG-submodule ofA. This implies that eachaρ
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is U+-invariant and hence generates a submodule isomorphic toL(λ) for some
dominant weightλ. This shows that⊕

λ

A(λ) ∼= AU+

. (5.8)

Since every irreducible representation is isomorphic to some highest weight rep-
resentationL(λ), we can apply (5.4) to obtain an isomorphism ofAG-modules

A ∼=
⊕

λ

Homk(L(λ∗), A)G ⊗ L(λ∗).

This gives
AU+ ∼=

⊕
λ

Homk(L(λ∗), A)G ⊗ L(λ∗)U+

.

It follows from the definition ofL(λ) that L(λ∗)U+
= L(λ)λ is spanned by a

highest weight vector, and hence is one-dimensional. This gives

AU+ ∼=
⊕

λ

A(λ) ⊗k k ∼=
⊕

λ

A(λ).

We will see a little later thatAU+
is a finitely generated algebra.

5.4 Dominant weights

Let us now describe dominant weights. For every rootα there is thedual root α̌
which is a homomorphism̌α : Gm → T . It is characterized by the property that,
for anyt ∈ Gm andx ∈ Ga,

(i) α̌(t)fα(x)α̌−1(t) = fα(x),
(ii) α ◦ α̌(t) = t2.
For example, whenG = GL(r) andUα is the subgroup of matricesIr +

aEij, a ∈ k, whereEij denotes the matrix with1 as the(ij)th entry and 0 else-
where, the dual rooťα is given byt 7→ (Ir + (t− 1)Eii + (t−1 − 1)Ejj).

Note that the composition of a homomorphismf : Gm → T (calleda one-
parameter subgroup) of T and a rational characterχ : T → Gm can be identified
with an integer. We denote it by(f, χ).

Let X (T )∗ be the set of one-parameter subgroups. An element ofX (T )∗ is
given by a homomorphism of algebras of functions

k[Z±1
1 , . . . , Z±1

r ] ∼= O(T ) → O(Gm) ∼= k[Z,Z−1].
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It is defined by the images ofZi. Since it defines a homomorphism of groups it is
easy to see that the image of eachZi is a monomialZm for somem ∈ Z. Thus a
one-parameter subgroup is given by a vectorm = (m1, . . . ,mr) ∈ Zr. Since each
one-parameter subgroup takes values in a commutative group, we can multiply
them; this of course corresponds to the sum of vectors inZr. The composition of
a character and a one-parameter subgroup corresponds to the dot-product inZr.
So it is natural to distinguish the group of charactersX (T ) and the groupX (T )∗

of one-parameter subgroups by identifying one of them, sayX (T ), with Zr and
the other one with the dual group Hom(Zr,Z) = (Zr)∗. Then the pairing(f, χ)
from above is equal to(f, χ) = f(χ).

A characterλ : T → Gm is called adominant weightif for any positive root
α one has(α̌, λ) ≥ 0.

Finally, one defines afundamental weightas an elementωj of X (T )⊗Q with
the property(α̌i, ωj) = δij (the Kronecker symbol). In the case whenR spans the
group of characters ofT (e.g.G = SLr but not GLr), a fundamental weight is
uniquely determined by this property. LetX (T )0 be the subgroup ofX (T ) which
consists of charactersχ such that(α̌, χ) = 0 for all rootsα ∈ R. Choose a basis
(ω

(1)
0 , . . . , ω

(k)
0 ) of X (T )0 and letω1, . . . , ωr be the set of fundamental roots no

two of which are congruent modulo the subgroupX (T )0. Then any dominant
weight can be written uniquely in the form

λ = n1ω1 + · · ·+ nrωr + a1ω
(1)
0 + · · ·+ asω

(s)
0 , (5.9)

whereni ∈ Z≥0, i = 1, . . . , r, ai ∈ Z, i = 1, . . . , s.
Any dominant weightλ0 from X (T )0 defines a one-dimensional representa-

tion G → Gm. We haver = rank(G) fundamental representationsL(ωi) corre-
sponding to the fundamental weightsωi. If λ is as in (5.9), thenL(λ) is isomorphic
to an irreducible quotient of the tensor product⊗r

i=1V (ωi)
⊗ni tensored with the

one-dimensional representation defined by the vector
∑

i aiω
(i)
0 .

It follows from (5.9) that the semigroup of dominant weights is finitely gener-
ated. We will use this to prove the result which we promised earlier:

Theorem 5.4. LetU be a maximal unipotent group of a reductive groupG. As-
sume thatG acts rationally on a finitely generatedk-algebraA. Then the subal-
gebraAU ofU -invariant elements is finitely generated overk.

Proof. Since all maximal unipotent subgroups are conjugate, we may assume that
U = U+. Applying Nagata’s Theorem and Lemma 4.1, it suffices to show that
A = O(G)U+

is finitely generated. We know from (5.8) thatA = ⊕λA
(λ). Any
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homomorphism ofG-modulesφ : L(λ) → O(G)U is determined by the lin-
earU -invariant function onL(λ) defined by the formulav 7→ φ(v)(e). Since
dimL(λ∗)U = 1, we obtain that eachL(λ) enters inA(λ) with multiplicity 1,
i.e., dimA(λ) = dimL(λ). Thus we may assume that there is an isomorphism
of graded algebrasA = ⊕λL(λ). HenceA is generated by the subspacesL(λ)
corresponding to the generators of the semi-group of dominant weights.

5.5 The Cayley–Sylvester formula

In this section we give an explicit description of irreducible representations for
the group GLr. We choose the maximal torusT which consists of diagonal ma-
trices diag(t1, . . . , tr). The corresponding Borel subgroup is the group of upper
triangular matrices. We have, for any1 ≤ i, j ≤ r, i 6= j,

diag(t1, . . . , tr)(Ir + xEij)diag(t1, . . . , tr)
−1 = Ir + (ti/tj)xEij.

This shows that the charactersαij : diag[t1, . . . , tr] 7→ tit
−1
j are roots. Under the

isomorphismX (T ) ∼= Zr eachαij corresponds to the vectorei − ej. So we have
r(r − 1) roots. SinceIr + xEij ∈ B if and only if i < j, we see thatR+ consists
of rootsαij with i < j. Simple roots are

αi = αi(i+1), i = 1, . . . , r.

The dual roots are the homomorphismsαij : Gm → T defined byt 7→ Ir +
(t− 1)Eii + (t− 1)Ejj. Thus all dual roots can be identified with linear functions
Zr → Z defined bye∗i − e∗j where(e∗1, . . . , e

∗
r) is the dual basis to the standard

basis(e1, . . . , er). A dominant weightλ = (m1, . . . ,mr) must satisfy

λ · (ei − ei+1) ≥ 0

which translates into the inequalitiesmi ≥ mi+1. There arer − 1 fundamental
weights

ωi = e1 + · · ·+ ei, i = 1, . . . , r − 1,

andX (T )0 is generated by the weight

ω0 = e1 + · · ·+ er.

The irreducible representation corresponding toω0 is of course the natural repre-
sentation

det : GLr → Gm.
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We have
L(dω1) = Pold((k

r)∗).

Here the highest weight is the monomialξd
1 , where(ξ1, . . . , ξr) is the standard

basis ofkr. All other weights arei = (i1, . . . , ir) with i1 + · · · + ir = d. The
corresponding subspaceL(dω1)i is spanned by the monomialξi. We can write

i = de1 −
r−1∑
s=1

(d− i1 − · · · − is)(es − es+1)

= dω1 − (d− i1)α1 − · · · − (d− i1 − · · · − ir−1)αn,

L(dωi) = Pold((Λ
ikr)∗), i = 2, . . . , n.

Here the highest weight is(ξ1 ∧ · · · ∧ ξi)d. Wheni = r− 1 we get(Λr−1(kr))∗ ∼=
(kr)⊗ det and hence

Pold(k
r) = L(dωr−1)⊗ det−d.

The highest weight here is the monomialxd
0.

Consider the casen = 1. LetV be a two-dimensional vector space. SinceΛ2V
is isomorphic to the representationdet : GL(V ) → Gm, we have an isomorphism
of representations:

V ∼= V ∗ ⊗ det .

In particular,V ∼= V ∗ as representations of SL(V ). We have one fundamen-
tal weightω1 so that any irreducible representation with dominant weightλ =
(m1,m2),m1 ≥ m2, is isomorphic to

Sm1−m2(V )⊗ detm2 ∼= Sm1−m2(V ∗)⊗ detm1 ∼= Polm1−m2(V )⊗ detm1 .

Let us consider the representation Polm(Pold(V )). The space has a basis formed
by monomials in coefficients of a general binaryd-form

A0T
d
0 + dA1t

d−1
0 t1 + · · ·+ Adt

d
1 = (ξ0t0 + ξ1t1)

d.

So we can write any monomial of degreem in theAi as a monomial of degreemd
in the basis(ξ1, ξ2) of V :

Ai1 · · ·Aim = (ξd−i1
1 ξi1

2 ) · · · (ξd−im
1 ξim

2 ) = ξmd−w
1 ξw

2 ,

where
w = i1 + · · ·+ im
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is theweightof the monomialAi1 · · ·Aim. This shows thatAi1 · · ·Aim belongs to
the weight space with character(md− w,w). Let

P(m, d, w) = {(i1, . . . , im) : 0 ≤ i1 ≤ · · · ≤ im ≤ d, i1 + · · ·+ im = w}.

The cardinalitypw(m, d) of this set is equal to the number of monomials with
weightw. Let λ = (m1,m2) be a dominant weight. SupposeV (λ) is a direct
summand of Polm(Polm(V )). Then(m1,m2) = (md − w,w) for somew with
md − 2w ≥ 0. The weights ofV (λ) are the vectors(md − w − i, w + i), i =
0, . . . ,md− w. This shows that Polm(Polm(V )) contains

p0(m, d) = 1 summandV (md, 0) ∼= Polmd(V )⊗ detmd,

p1(m, d)− p(m, d) summandsV (md− 1, 1) ∼= Polmd−2(V )⊗ detmd−1,

p2(m, d)− p1(m, d) summandsV (md− 2, 2) ∼= Polmd−4(V )⊗ detmd−2,

and so on. It is known that the generating function for the numberspi(m, d) is
equal to the Gaussian polynomial

∞∑
i=0

pi(m, d)t
i =

[m+ d
d

]
,

where [a
b

]
=

(1− xa)(1− xa−1) · · · (1− xa−b+1)

(1− x)(1− x2) · · · (1− xb)
.

(see [113]). This gives us

Theorem 5.5. (Plethysm decomposition) LetdimV = 2. There is an isomor-
phism of representations ofGL(V ):

Polm(Pold(V )) ∼=
[md/2]⊕
w=0

(Polmd−2w(V )⊗ detmd−w)⊕N(m,d,w),

where

N(m, d, w) = coefficient ofxw in the polynomial(1− x)
[m+ d

d

]
.
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Restricting the representation to the subgroup SL(V ) we have an isomorphism
of SL(V )-representations

Polm(Pold(V )) ∼=
[md/2]⊕
w=0

Polmd−2w(V )⊕N(m,d,w).

As a corollary we obtain theCayley-Sylvester formulafor the dimension of
the space of covariants:

Corollary 5.2.
dim Covm,p(d) = N(m, d, (md− p)/2)

and it is zero ifmd− p is odd.

We also getHermite’s Reciprocity:

Theorem 5.6.There is an isomorphism ofSL(V )-modules

Polm(Pold(V )) ∼= Pold(Polm(V )).

Proof. This follows from the following symmetry property:

pw(m, d) = pw(d,m).

This can be checked by defining the bijectionP(m, d, w) → P(d,m,w) by send-
ing a vector(i1, . . . , im) fromP(m, d, w) to the vector(j1, . . . , jd), where

js = #{t : is ≥ s}, s = 1, . . . , d.

It follows also from the following property of the Gaussian polynomials:[m+ d
d

]
=
[m+ d

m

]
.

Corollary 5.3.

dim Polm(Pold(V ))SL(V ) = dim Pold(Polm(V ))SL(V ).
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Remark5.1. The covariant

Polm(Pold(V )) → Polmd(V ) (5.10)

admits a simple interpretation in terms of the Veronese map. LetV be a linear
space of dimensionn+ 1. Recall that theVeronese mapof degreed in dimension
n is a regular map

νd : P(V ∗) → P(Pold(V ))

given by l 7→ ld, where l ∈ V ∗ is a linear function onV . It is easy to see
that this map is SL(V )-equivariant, where SL(V ) acts naturally onP(V ∗) and on
P(Pold(V )). The inverse image undervd defines an equivariant linear map

vd(m)∗ : Polm(Pold(V )) → Polmd(V
∗).

Whenn = 1, there is an isomorphismV ∗ ∼= V of SL(V )-modules and the map
vd(m)∗ is the covariant (5.10). Note that the image of the Veronese map (called
theVeronese variety) is always defined by equations of degree 2 (see [104]). The
number of linearly independent equations is equal to

dim Pol2(Pold(V )∗)− dim Pol2d(V ) = 1
2

(
d+n

n

)
(1 +

(
d+n

n

)
)−

(
2d+n

n

)
.

Thus, ifm = 2 the kernel of the map (5.10) is a SL(V )-submodule of the dimen-
sion given by the above formula.

Remark5.2. One can strengthen Theorem 5.6 as follows (see [49]). LetV be a
vector space of dimensionr, and let

Sd,r = Pol(Polm(V )) =
∞⊕

m=0

Polm(Pold(V ))

be the algebra of polynomials on the space Polm(V )). Let

Ad,r =
∞⊕

m=0

Pold(Polm(V )). (5.11)

We use the symbolic expression to identify elements of Pold(Polm(V )) with mul-
tihomogeneous functions onV d of multi-degree(md) (see Lemma 1.1). The prod-
uct of functions defines bilinear maps

Pold(Polm(V ))× Pold(Poln(V )) → Pold(Poln+m(V ))
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which endowAd,r with a structure of a graded algebra. The natural action of
GL(V ) on V defines an action of GL(V ) on both algebrasSd,r andAd,r by au-
tomorphisms of graded algebras. Notice thatASL(V )

d,r is isomorphic to the alge-
bra k[Gr,d]

Σr×T (Corollary 2.4). Identifying the linear spaces Pol1(Pold(V )) =
Pol(V )∗ and Pold(Pol1(V )) = Pold(V ∗) (see (1.7)), we get a GL(V )-equivariant
algebra homomorphism:

hd,r : Sd,r → Ad,r. (5.12)

When r = 2, the homomorphismhd,2 is a GL(V )-equivariant isomorphism of
graded algebras. Hermite’s Reciprocity only states that all graded pieces are iso-
morphic as GL(V )-modules.

Example5.7. Takem = d = 2. We getp0(2, 2) = p1(2, 2) = 1, p2(2, 2) = 2.
Thus we have the following isomorphism of SL(V )-representations:

Pol2(Pol2(V )) ∼= Pol4(V )⊕ k.

Using the previous remark this has a simple geometric interpretation. In this case
the Veronese variety is a conic, and the kernel ofv2(2)

∗ is one-dimensional. It is
spanned by a quadratic polynomial vanishing on the conic.

Example5.8. Takem = 2, d = 3. Then we have an isomorphism of SL(V )-
modules

Pol2(Pol3(V )) ∼= Pol3(Pol2(V )).

Thus quadrics inP3 ∼= Pol3(V ) can be canonically identified with cubics inP2 ∼=
Pol2(V ). The Veronese curveC = v3(P1) is a rational space curve of degree
3. It is defined by three linearly independent quadric equations. Thus the kernel
of the projection Pol2(Pol3(V )) → Pol6(V ) is equal to the spaceN of quadrics
vanishing onC. Using the plethysm decomposition

Pol2(Pol3(V )) ∼= Pol6(V )⊕ Pol2(V )

we can identifyN , SL(V )-equivariantly, with the space of binary quadratic forms.

5.6 Standard tableaux again

Finally let us explain the tableau functions from the point of view of represen-
tation theory. Note that anyL(ωi) can be embedded (as a representation) into
some tensor power of some copies ofV = kr. So when we take their symmetric
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products and their tensor products we can embed each again into someV ⊗N . So
each irreducible representation is realized as an irreducible submodule ofV ⊗N for
someN . Let us find them by decomposingV ⊗N into a direct sum of irreducible
representations.

Fix a basis(ξ1, . . . , ξr) of V . For any ordered subsetI = (i1, . . . , iN) of [r] let
ξI denote the tensorξi1 ⊗ · · · ⊗ ξiN . A diagonal matrix diag[t1, . . . , tr] ∈ T acts
on ξI by multiplying it by the monomialtI = ti1 · · · tiN . Writing any element of
V ⊗N as a sum of tensorsξI we easily see that the weights of our representation
are the vectorseI = ei1 + · · · + eiN . The weight subspaceWeI

is spanned by the
tensorsξJ , whereJ is obtained fromI by a permutation of[N ]. A vectoreI is a
dominant weight if

eI · (ei − ei+1) ≥ 0, i = 1, . . . , r − 1.

This means that

eI = (m1, . . . ,mr), m1 ≥ m2 ≥ · · · ≥ mr ≥ 0,m1 + · · ·+mr = N.

Assume for the moment thatN = 1. Then the highest weight vector isξ1. Assume
thatN = 2. Thenξ1 ⊗ ξ2 is sent byfα1(1) = Ir + E12 to ξ1 ⊗ (ξ2 + ξ1) =
ξ1 ⊗ ξ2 + ξ1 ⊗ ξ1. Similarly, ξ2 ⊗ ξ1 is sent toξ2 ⊗ ξ1 + ξ1 ⊗ ξ1. So in order that
t = λξ1 ⊗ ξ2 + µξ2 ⊗ ξ1 be invariant underU+ we must haveλ + µ = 0, i.e., t
must be proportional toξ1 ⊗ ξ2 − ξ2 ⊗ ξ1 = ξ1 ∧ ξ2. If N = 3 we must have

t = ξ1 ⊗ (ξ1 ⊗ ξ2 − ξ2 ⊗ ξ1) = ξ1 ⊗ ξ1 ⊗ ξ2 − ξ1 ⊗ ξ2 ⊗ ξ1

or
t = ξ1 ⊗ ξ1 ⊗ ξ2 − ξ2 ⊗ ξ1 ⊗ ξ1,

or
t = ξ1 ⊗ ξ2 ⊗ ξ1 − ξ2 ⊗ ξ1 ⊗ ξ1.

Now in the case of arbitraryN we do the following: consider a matrix

E =

ξ
(1)
1 ξ

(2)
1 . . . ξ

(N)
1

...
...

.. .
...

ξ
(1)
r ξ

(2)
r . . . ξ

(N)
r

 .

Each column represents a basis(ξ1, . . . , ξr). We will be taking

p1 = m1 −m2 minors of order 1 from the first row,
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p2 = m2 −m3 minors of order 2 from the first 2 rows,

. . . . . . . . . . . .

pr = mr minors of orderr

in such a way that the minors do not have common columns. Of course we com-
pute the minors using the tensor product operation. We first take the product of
the minors in an arbitrary order, but then we reorganize the sum by permuting
the vectors in each decomposable tensor in such a way that each summand has
its upper indices in increasing order. These indices will be our highest weight
vectors.

It is convenient to describe such a vector by aYoung diagram. We view a
dominant vectorλ = (m1, . . . ,mr) as a partition ofN . It is described by putting
mi boxes in theith row. It haspj = mj −mj+1 columns of lengthj = 1, . . . , r
(mr+1 = 0). We fill the boxes with different numbersτij ∈ [N ]. Eachτij indicates
which column enters into the minor of the matrixE of the corresponding size.
A filled Young diagram is calledstandardif each row and each column are in
increasing order. Here is an example of a Young diagram for the partition(5, 3, 1)
of N = 9:

1 3 4 8 9

2 65

7

It turns out that the multiplicity of eachL(λ) in V ⊗N is equal to the number
of standard filled Young diagrams of the shape given by the vectorλ. It is given
by thehook formula

multλ(V
⊗N) =

N !∏
1≤i≤r,1≤j≤mi

(mi + r + 1− i− j)

(see [67]).

Example5.9. We described invariants in Polm(Pold(V )) by embedding this space
into V ⊗md via the polarization map. Since the space of invariants is contained
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in the representationdetw of GLr wherew = md/r, the corresponding dom-
inant vector isλ = (w, . . . , w) ∈ Zr. The representationL(λ) is of course
one-dimensional. The Young diagram is of rectangular shape withr rows and
w = md/r columns. The number of such diagrams is equal to the dimension
of the space(V ⊗N)SLr . It is not difficult to see that the hook formula gives the
formula

dim(V ⊗N)SLr = (md)!
r∏

i=1

(r − 1)!(r − 2)! · · · 1!

(w + r − 1)! · · ·w!
.

The standard tableaux on the set[m] of sizew × r defined in Chapter 1 cor-
respond to standard Young diagrams which are filled in such a way that if we
write the set[N ] = [md] as the disjoint union ofm subsets{1, . . . , d}, {d +
1, . . . , 2d}, . . . , {(m − 1)d, . . . ,md}, then each column consists ofr numbers
taken from different subsets of[md]. Moreover, for a homogeneous standard
tableau we have to take exactlyd numbers from each subset. The general for-
mula for the dimension of the space Polm(Pold(V ))SLr is not known forn > 1.

Bibliographical notes

The notion of a covariant of a quantic (i.e., a homogeneous form) goes back to A.
Cayley. It is discussed in all classical books in invariant theory. The fact that a
covariant of a binary form corresponds to a semiinvariant was first discovered by
M. Roberts in 1861 ([93]). It can already be found in Salmon’s book [99]. The
result that the algebra of covariants of a binary form is finitely generated was first
proved by P. Gordan [38] (see also classical proofs in [28], [39]). A modern proof
can be found in [115]. Theorem 5.4 applied to the action ofG = SL(V ) on the
algebra Pol(Pold(V )) is a generalization of Gordan’s Theorem. The first proof
of this theorem was given by M. Khadzhiev [62]. Our exposition of the modern
theory of covariants follows [91]. The algebra of covariants of binary forms of
degreed was computed by P. Gordan ford ≤ 6 ([38]) and by F. von Gall for
degreed = 7, 8 ([36], [35]) (the proof of completeness of the generating set for
d = 7 may not be correct). For ternary forms the computations are known only for
forms of degree 3 ([37], [42]) and incomplete for degree 4 ([100], [19]) (a thesis
of Emmy Noether was devoted to such computations). Combinants of two binary
forms of degrees(d1, d2) are known in the casesd1, d2 ≤ 4 ([98]; see a modern
account of the cased1 = d2 = 3 in [83]). Also known are combinants of two
ternary forms of degrees(d1, d2) = (2, 2), (2, 3) ([28]).
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The theory of linear representations of reductive groups is a subject of numer-
ous textbooks (see, for example, [34], [53]). For the historical account we refer
the reader to [7]. The Cayley-Sylvester formula was first proven by Sylvester in
1878 (see historical notes in [111]). Other proofs of the Cayley-Sylvester formula
can be found in [110], [111], [115]. Hermite’s Reciprocity goes back to 1854.
One can find more about plethysms for representations of GLn in [34]. The rela-
tionship between Young diagrams and standard tableaux is discussed in numerous
books (see [65], [115], [123]).

Exercises

5.1 Let Φ : Pold(F ) → Polp(V ) be a covariant of degreem and orderp and
I ∈ Polm′(Polp(V ))SL(V ) be an invariant. Consider the composition and compute
its degree and weight.

5.2Let Hess: Pol3(k3) → Pol3(k3) be the Hessian covariant. Show that it defines
a rational map of degree 3 from the projective space of plane cubic curves to
itself. [Hint: By a projective transformation reduce a plane cubic to aHesse form
x3

0 + x3
1 + x3

2 + ax0x1x2 = 0 and evaluate the covariant.]

5.3Using the symbolic expression of covariants describe all covariants of degree
r on the space Pol(kr).

5.4 Find a covariant of degree 2 and order 2 on the space Pol4(k
2). Describe the

locus of indeterminacy for the corresponding rational mapP4− → P2.

5.5Find the symbolic expression for the transvectantT r.

5.6Find all covariants of degree 3 for binary forms.

5.7 Define therth transvectant(f1, . . . , fr)
(r) of r homogeneous forms inr vari-

ables by generalizing the definition of the covariantT r. Prove that it is a concomi-
tant and find its multi-degree and order.

5.8 Consider the operation of taking the dual hypersurface in projective space.
Show that it defines a contravariant on the space Pold(V ). Find its order and
degree forn ≤ 2.

5.9 Let F = 0 be a plane curve of degree 4. Consider the set of lines which
intersect it in four points which make an anharmonic (or a harmonic) cross-ratio.
Show the set of such lines forms a plane curve in the dual plane. Find its degree
and show that this construction defines a contravariant on the space Pol4(k

3). Find
its degree.
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5.10 Let G be a finite group which acts on a finitely generated domainA. As-
sume that the action isfaithful (i.e., only g = 1 acts identically). Show that
for any irreducible representationWρ of G the rank of the module of covariants
Hom(W ∗

ρ , A)G is equal todimWρ. [Hint: Use the fact that each irreducible repre-
sentation is contained in the regular representation (realized in the group algebra
k[G] of G) with multiplicity equal to its dimension.]

5.11LetM be a finitely generated abelian group and letk[M ] be its group algebra
over a fieldk. Show

(i) D(M) = Spm(k[M ]) is an affine algebraic group.
(ii) D(M) ∼= Gr

m if and only ifM is free.
(iii) The group of rational homomorphismsD(M) → Gm is naturally isomor-

phic toM , and the group of rational homomorphismsGm → D(M) is isomorphic
toM∗ = HomZ(M,Z).

(iv) Each closed subgroup ofD(M) is isomorphic toD(M ′) whereM ′ is a
factor group ofM .

(v) There is a bijective correspondence between closed subgroupsH ofD(M)
and subgroups ofM .

5.12Find the roots, dual roots, dominant weights, and fundamental weights for
the groupG = SLr.

5.13LetL(λ) be a representation ofG with highest weight vectorv.
(i) Let l = kv be the line spanned byv. Show that the stabilizerGl = {g ∈

G : g · l = l} is a parabolic subgroupP (i.e., a closed subgroup containing a Borel
subgroup).

(ii) Show that the mapg → g · v defines a projective embedding of the homo-
geneous spaceG/P → P(L(λ)).

(iii) Consider the caseG = GLr andλ = ωi is one of the fundamental weights.
Show thatG/P is isomorphic to the Grassmann variety Gr(i, r) and the map de-
fined in (ii) is the Pl̈ucker embedding.

5.14In the notation of section 5.1 show thatV = L(ω1) for the groupG = SL(V ).
Show that there is an isomorphism of Pol(W )G-modules

Pol(W )H ∼=
∞⊕

p=0

Pol(W )(pωn).

5.15Let H be a subgroup ofG = SLr which contains the subgroupU of upper
triangular matrices.



90 CHAPTER 5. ALGEBRA OF COVARIANTS

(i) Show that for any highest weight moduleL(λ) one hasdimk L(λ)H ≤ 1
and the equality takes place if and only ifH is contained in the stabilizer of a
highest weight vector.

(ii) Let Λ(H) be the set ofλ for which the equality holds. Show that for any
action ofG on X = Spm(A) there is an isomorphism ofAG-modulesAH ∼=
⊕λ∈Λ(H)A

(λ).
(iii) Consider the example ofH from the previous problem and findΛ(H).

5.16 Let dimV = 2 and char(k) = 0. Show that there is an isomorphism of
SL(V )-modules

Pol2(Pold(V )) ∼=
⊕
i≥0

Pol2n−4i(V ).

5.17Let V be as in the previous exercise. Find the decomposition of the GL(V )-
module Poln(V )⊗Polm(V ) into irreducible summands (theClebsch–Gordan de-
composition).

5.18Find an irreducible representation of GL3 with highest weight equal toω1 +
ω2.



Chapter 6

Quotients

6.1 Categorical and geometric quotients

Let G be an affine algebraic group acting (rationally, as always) on an algebraic
varietyX over an algebraically closed fieldk. We would like to define the quotient
varietyX/G whose points are orbits. As we explained in Chapter 1 this is a
hopeless task due to the existence of nonclosed orbits. So we need to modify the
definition ofX/G; for this we look first at the categorical notion of a quotient
object with respect to an equivalence relation.

Let (X,R) be a set together with an equivalence relationR ⊂ X × X. The
canonical mapp : X → X/R has the universal property with respect to all maps
f : X → Y such thatR ⊂ X ×Y X = (f × f)−1(∆Y ). Also we haveR =
X ×X/R X = (p × p)−1(∆X/R). This equality expresses the property that the
fibres of the mapp are the equivalence classes. Let us express this in categorical
language. LetC be any category with fibred products. We define anequivalence
relation on an objectX as a subobjectR ⊂ X × X (or more generally just a
morphismR → X × X) satisfying the obvious axioms (expressed by means of
commutative diagrams). Then we define a quotientX/R as an object inC for
which there is a morphismp : X → X/R having the universal property with
respect to morphismsX → Y such thatR→ X ×X factors through a morphism
R→ X ×Y X. By definition there is a canonical morphism

R→ X ×X/R X. (6.1)

Note that, in general, there is no reason to expect that the morphism (6.1) will be
an isomorphism or an epimorphism.

91
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Let σ : G × X → X be an algebraic action. We say that the pair(X, σ) is
aG-variety and often dropσ from the notation. LetΨ : G × X → X × X be
the morphism(σ,pr2). This morphism should be thought of as an equivalence
relation onX defined by the action. AG-equivariant morphism ofG-varieties
corresponds to a morphism of sets with an equivalence relation. The definition of
aG-equivariant morphismf : X → Y can be rephrased by saying that the map
Ψ factors through the natural morphismX ×Y X → X ×X; this corresponds to
the property(f, f)(R) ⊂ ∆. This suggests the following definition.

Definition. A categorical quotientof aG-varietyX is aG-invariant morphism
p : X → Y such that for anyG-invariant morphismg : X → Z there exists
a unique morphism̄g : Y → Z satisfyingḡ ◦ p = g. A categorical quotient is
called ageometric quotientif the image of the morphismΨ equalsX ×Y X. We
shall denote the categorical quotient (resp. geometric quotient) byp : X → X//G
(resp.p : X → X/G). It is defined uniquely up to isomorphism.

A different approach to defining a geometric quotient is as follows. We know
how to define a geometric quotient as a set; we next discuss topological spaces.
We put the structure of a topological space onX/G so that the canonical pro-
jectionp : X → X/G is continuous. The weakest topology onX/G for which
this will be true is the topology in which a subsetU ⊂ X/R is open if and only
if p−1(U) is open. Then we examine ringed spaces, whose definition is given
in terms of choosing a class of functions onX (e.g. regular functions, smooth
functions, analytic functions). Ifφ ∈ O(U) is a function onU ⊂ X/R, then
the compositionp∗(φ) = φ ◦ p must be a function onp−1(U). It is obviously a
G-invariant function. Using this remark we can define the structure of a ringed
space onX/R by settingO(U) = O(p−1(U))G. This makesp : X → X/R a
categorical quotient in the category of ringed spaces. Finally, we want the fibres
of p to be orbits; this is the condition that the morphism (6.1) is an isomorphism.

Definition. A good geometric quotientof a G-varietyX is aG-invariant mor-
phismp : X → Y satisfying the following properties:

(i) p is surjective;

(ii) for any open subsetU of Y , the inverse imagep−1(U) is open if and only if
U is open;

(iii) for any open subsetU of Y , the natural homomorphismp∗ : O(U) →
O(p−1(U)) is an isomorphism onto the subringO(p−1(U))G of G-invariant
functions;
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(iv) the image ofΨ : G×X → X ×X is equal toX ×Y X.

Proposition 6.1. A good geometric quotient is a categorical quotient.

Proof. Let q : X → Z be aG-invariant morphism. Pick any affine open cover
{Vi}i∈I of Z. For anyVi the inverse imageq−1(Vi) will be an openG-invariant
subset ofX. Then we have the obvious inclusionq−1(Vi) ⊂ p−1(Ui), where
Ui = p(q−1(Vi)). Comparing the fibres over pointsy ∈ Y and using property
(iv) (which says that the fibres ofp are orbits), we conclude that in factq−1(Vi) =
p−1(Ui). By property (ii),Ui is open inY . Sincep is surjective we get an open
cover{Ui}i∈I of Y . The mapq−1(Vi) → Vi is defined by a homomorphism

αi : O(Vi) → O(q−1(Vi)) = O(p−1(Ui)).

Sinceq is aG-invariant morphism, the image ofαi is contained in the subring
O(p−1(Ui))

G of O(Ui). This defines a unique homomorphismO(Vi) → O(Ui),
and hence a unique morphism̄qi : Ui → Vi (becauseVi is affine). It is immediately
checked that the maps̄pi agree on the intersectionsUi ∩ Uj, and hence define a
unique morphism̄q : Y → Z satisfyingq = q̄ ◦ p.

Proposition 6.2. Let p : X → Y be aG-equivariant morphism satisfying the
following properties:

(i) for any open subsetU of Y , the homomorphism of ringsp∗ : O(U) →
O(p−1(U)) is an isomorphism onto the subringO(p−1(U))G ofG-invariant
functions;

(ii) if W is a closedG-invariant subset ofX thenp(W ) is a closed subset ofY ;

(iii) if W1,W2 are closed invariant subsets ofX withW1∩W2 = ∅, thenp(W1)∩
p(W2) = ∅.

Under these conditionsp is a categorical quotient. It is a good geometric quotient
if additionally

(iv) the image ofΨ : G×X → X ×X is equal toX ×Y X.

Conversely, a good geometric quotient satisfies properties (i)–(iv).

Proof. This is similar to the previous proof. With the same notation, let

Wi = X \ q−1(Vi).
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This is a closedG-invariant subset ofX, hence, by (ii),Ui = Y \ p(Wi) is an
open subset ofY . Clearly, p−1(Ui) ⊂ q−1(Vi). Since

⋂
iWi = ∅, by (iii) we

have
⋂

i p(Wi) = ∅, henceY =
⋃

i Ui. Now composing the homomorphisms
αi : O(Vi) → O(q−1(Vi))

G with the restriction homomorphismO(q−1(Vi))
G →

O(p−1(Ui))
G = O(Ui) we get a homomorphismO(Vi) → O(Ui). SinceVi is

affine this defines a morphismUi → Vi whose composition withp : p−1(Ui) → Ui

is the mapq : p−1(Ui) → Vi. Gluing together these morphisms we construct
Y → Z as in the proof of Proposition 6.1. This shows thatY is a categorical
quotient.

Let us check that under condition (iv)p : X → Y is a good geometric quo-
tient. First we see thatp is surjective. Indeed, (i) implies thatp is dominant and
(iii) implies thatp(X) is closed. Also property (ii) implies property (ii) of the def-
inition of a good geometric quotient. In fact, ifp−1(U) is open, thenX \ p−1(U)
is closed andG-invariant. Sincep is surjective, its image is equal toY \ U and is
closed. ThereforeU is open. This checks the definition.

Conversely, assumep : X → Y is a good geometric quotient. Properties (i)
and (iv) follow from the definition. Let us check properties (ii) and (iii). The
setU = X \ W is open and invariant. Since the fibres ofp are orbits,U =
p−1(p(U)) and hencep(U) is open. For the same reason,W = p−1(p(W )) and
hencep(W ) = Y \ p(W ) is closed. Furthermore,W1 ∩ W2 = p−1(p(W1)) ∩
p−1(p(W2)) = p−1(p(W1) ∩ p(W2)). This checks property (iii).

Corollary 6.1. Under the assumptions from the preceding Proposition, the map
p : X → Y satisfies the following properties:

(i) two pointsx, x′ ∈ X have the same image inY if and only ifG · x∩G · x′ 6=
∅;

(ii) for eachy ∈ Y the fibrep−1(y) contains a unique closed orbit.

Proof. In fact, the closures of orbits are closedG-invariant subsets inX. So if
G · x ∩ G · x′ = ∅, p(G · x) ∩ p(G · x′) = ∅. But both sets contain the point
p(x) = p(x′). Conversely, ifp(x) 6= p(x′), we get thatG · x andG · x′ lie in
different fibres. Since the fibres are closed subsets,G · x andG · x′ lie in different
fibres, and hence they are disjoint. This proves (i). To prove (ii) we notice that by
(i) two closed orbits in the same fibre must have nonempty intersection, but this is
absurd. Since each fibre contains at least one closed orbit, we are done.

Definition. A categorical quotient satisfying properties (i), (ii) and (iii) from
Proposition 6.2 is called agood categorical quotient.
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Remarks6.1. 1. Note that condition (ii) in the definition of a good geometric
quotient is satisfied if we require

(ii)’ for any closedG-invariant subsetZ ofX, the imagep(Z) is closed. Also,
together with condition (iii) this implies the surjectivity of the factor mapp. In
fact, condition (iii) ensures that the mapp is dominant, i.e., its image is dense in
Y . But by (ii)’, the image ofp must be closed.

2. SupposeX is an irreducible normalG-variety over an algebraically closed
field of characteristic0, andp : X → Y is a surjectiveG-invariant morphism such
thatY is normal and each fibre over any pointy ∈ Y is an orbit. Thenp : X → Y
is a geometric quotient. The proof is rather technical and we omit it (see [75],
Proposition 0.2).

3. The definitions of categorical and geometric quotients are obviously “local”
in the following sense: Ifp : X → Y is aG-equivariant morphism, and{Ui} is
an open cover ofY with the property that eachpi : p−1(Ui) → Ui is a categorical
(resp. geometric) quotient, thenp is a categorical (resp. geometric) quotient.

6.2 Examples

Let us give some examples.

Example6.1. Let G be a finite group considered as an algebraic group over a
field k. Assume thatX is quasi-projective. Then the geometric quotientX/G
always exists. In fact, assume first thatX is affine. By Theorem 3.1, the algebra
O(X)G is finitely generated overk. Let Y be an affine algebraic variety with
O(Y ) = O(X)G. By the theorems on lifting of ideals in integral extensions, the
mapp : X → Y = X/G satisfies properties (ii) and (iii) from Proposition 6.2.
Also, the groupG acts transitively on the set of prime ideals inO(X) which lie
over a fixed prime ideal ofO(Y ) (see, for example, [9], Chapter V,§2, Theorem
2). This shows thatΨ : G×X → X ×Y X is an isomorphism.

Now letX ⊂ Pn be quasi-projective but not necessarily affine. LetX̄ be the
closure ofX. Let O ⊂ X be an orbit and letF be a homogeneous polynomial
vanishing onX̄ \X but not vanishing at any point ofO. ThusO is contained in
an affine subsetU = X̄ \ V (F ). Recall that the complement of a hypersurface in
a projective space is an open affine subset. This implies thatU , being closed in an
affine set, is affine. LetU(O) =

⋂
g∈G(g · U). This is an openG-invariant affine

subset ofX containingO. By lettingO vary, we get an open affineG-invariant
covering{Ui} of X. We already know that each quotientpi : Ui → Ui/G = Vi
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exists. We will glue theVi together to obtain the geometric quotientp : X → X/G
(we refer to the gluing construction of algebric varieties in section 8.2). To do this
we observe first thatUi ∩ Uj is affine andUi ∩ Uj/G is open inVi andVj; this
follows from considering the affine case. Thus we can glueVi andVj together
along the open subsetVij = Ui ∩ Uj/G; we do this for alli andj. The resulting
algebraic varietyY is separated. In fact we use that in the affine situation

(X1 ×X2)/(G1 ×G2) ∼= X1/G1 ×X2/G2,

whereG1 × G2 acts onX1 × X2 by the Cartesian product of the actions. Thus
the image of∆X ∩ (Ui × Uj) in (Ui × Uj)/(G × G) ∼= Ui/G × Uj/G is closed,
and, as is easy to see, coincides with∆Y ∩ (Vi × Vj). This shows that∆Y is
closed. It remains to prove thatX/G is quasi-projective; we shall do this later.
Note that, ifX is not a quasi-projective algebraic variety,X/G may not exist in
the category of algebraic varieties even in the simplest case whenG is of order
2. The first example of such an action was constructed by M. Nagata ([77]) in
1956 and later a simpler construction was given by H. Hironaka (unpublished).
However, if we assume that each orbit is contained in aG-invariant open affine
subset, the previous construction works andX/G exists.

Example6.2. LetA =
⊕∞

i=0Ai be a finitely generatedk-algebra with a geometric
grading (see Example 3.1). Consider the corresponding action ofGm on X =
Spm(A). Let x0 be the vertex ofX defined by the maximal ideal

⊕∞
i=1Ai. Then

the open subsetX ′ = X \x0 is invariant and the geometric quotientX//Gm exists
and is isomorphic to the projective variety Projm(A). We leave the details to the
reader.

Example6.3. LetH be a closed subgroup of an affine algebraic groupG andG/H
be the coset space (see Example 3.3). The canonical projectionG → G/H is a
good geometric quotient. We omit the proof, referring the reader to [53], IV, 12,
where all conditions of the definition are verified.

Let us show now that the categorical quotient of an affine variety always exists.
We will need the following lemma.

Lemma 6.1. LetX be an affineG-variety, and letZ1 andZ2 be two closedG-
invariant subsets withZ1 ∩ Z2 = ∅. AssumeG is geometrically reductive. Then
there exists aG-invariant functionφ ∈ O(X)G such thatφ(Z1) = 0, φ(Z2) = 1.

Proof. First choose a functionϕ ∈ O(X), not necessarilyG-invariant, such that
ϕ(Z1) = 0, ϕ(Z2) = 1. This is easy: since the sum of the ideals definingZ1 and
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Z2 is the unit ideal, we can find a functionα ∈ I(Z1) and a functionβ ∈ I(Z2)
such that1 = α+β. Then we takeϕ = α. LetW be the linear subspace ofO(X)
spanned by the translatesg∗(ϕ), g ∈ G. We know that it is finite-dimensional
(Lemma 3.4); letϕ1, . . . , ϕn be a basis. Consider the mapf : X → An de-
fined by these functions. Clearly,f(Z1) = (0, . . . , 0), f(Z2) = (1, . . . , 1). The
groupG acts linearly on the affine space, defining a linear representation. By def-
inition of geometrically reductive groups, we can find a nonconstantG-invariant
homogeneous polynomialF ∈ k[Z1, . . . , Zn] such thatF (1, . . . , 1) = 1. Then
φ = f ∗(F ) = F (ϕ1, . . . , ϕn) satisfies the assertion of the lemma.

Now we are ready to prove the following main result of this chapter:

Theorem 6.1.LetG be a geometrically reductive group acting on an affine variety
X. Then the subalgebraO(X)G is finitely generated overk, and the canonical
morphismp : X → Y = Spm(O(X)G) is a good categorical quotient.

Proof. The first statement is Nagata’s Theorem proven in Chapter 3. To show that
p is a good categorical quotient, we apply Proposition 6.2. First of all, property
(i) easily follows from the fact that taking invariants commutes with localizations.
More precisely, iff ∈ O(X)G, then(O(X)f )

G = (O(X)G)f ; this is easy and
we skip the proof. Next letZ be a closedG-invariant subset ofX. Suppose
p(Z) is not closed. Lety ∈ p(Z) \ p(Z). ThenW1 = Z andW2 = p−1(y) are
two closedG-invariant subsets ofX with empty intersection. By the preceding
Lemma, there exists a functionφ ∈ O(X)G such thatφ(Z) = 0, φ(p−1(y)) = 1.
Sinceφ = p∗(ϕ) for someϕ ∈ O(Y ), we obtainϕ(p(Z)) = 0, ϕ(y) = 1. But this
is absurd sincey belongs to the closure ofp(Z). This verifies condition (ii). Now
let Z1 andZ2 be two disjointG-invariant closed subsets ofX. As above we find
a functionϕ ∈ O(Y ) with ϕ(p(W1)) = 0, ϕ(p(W2)) = 1. This obviously implies
thatp(Z1) ∩ p(Z2) = ∅. This verifies (iii).

Example6.4. We have already discussed this example in Chapter 1. LetG = GLn

act on itself by the adjoint action, i.e.g ·x = gxg−1. For each matrixg ∈ GLn we
consider the characteristic polynomial

det(g − tIn) = (−t)n + c1(g)(−t)n−1 + · · ·+ cn(g).

Define a regularG-equivariant mapc : GLn → An by the formulac(g) =
(c1(g), . . . , cn(g)). We claim that this is a categorical quotient. To check this it
is enough to verify thatO(G)G = k[c1, . . . , cn)] ∼= k[Z1, . . . , Zn]; this is what we
did in Chapter 1. It is clear that the fibre ofc does not consist of one orbit, so the
quotient is not a geometric quotient.
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6.3 Rational quotients

We know that neitherX/G nor X//G exists in general. So a natural problem
is to find all possible open subsets ofX for which the categorical or geometric
quotient exists. Geometric invariant theory gives a solution to this problem when
we additionally assume that the quotient is a quasi-projective algebraic variety.

Let us first show that any open subsetU for which a geometric quotientU/G
exists must be contained in a certain open subsetXreg. We will assume in the
sequel thatG is connected. Otherwise, we consider its connected componentGo

containing the identity element. It is a normal closed subgroup ofG and the
quotientG/Go is a finite group. It is easy to see (see Exercise 6.11) that we can
divide byG in two steps: first divide byGo, and then divide the quotient by the
finite groupG/Go.

For any pointx ∈ X we have a regular map

σx : G→ X, g 7→ σ(g, x) := g · x.

Clearly the image of this map is theG-orbit O(x) of the pointx.
The set theoretical fibre of this map at a pointx is denoted byGx and is called

the isotropy subgroupof x in the actionσ. It is a closed subgroup ofG, hence
an affine algebraic group. If char(k) = 0, the set theoretical fibre ofσx coincides
with the scheme theoretical fibre (or, in other words, the latter is a reduced closed
subscheme ofG). We are not going to prove this; to do so we would have to go
into the theory ofgroup schemesand prove the fundamental result of the theory
that every group scheme over a field of characteristic zero is reduced.

Since all fibres ofσx over points in O(x) are isomorphic (they are conjugate
subgroups ofGx), the theorem on the dimension of fibres (see [104]) gives

dim O(x) = dimG− dimGx. (6.2)

If O(x) 6= O(x), the complementO(x) \ O(x) is a proper closed subset ofO(x),
hence its dimension is strictly less thandim O(x). Take anyy ∈ O(x) \O(x) and
consider its orbit O(y). Sincedim O(y) < dim O(x), applying (6.2) toy we see
that

dimGx < dimGy. (6.3)

Let
I = Φ−1(∆X) = {(g, x) ∈ G×X : σ(g, x) = x}.

This is a closed subset ofG × X. Consider the second projection pr2 : I → X.
Its fibre over a pointx ∈ X is isomorphic to the isotropy subgroupGx. By the
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theorem on the dimension of fibres applied to pr2, there exists an open subsetXreg

of X such thatdimGx = d for all x ∈ Xreg anddimGx > d for all x 6∈ Xreg.
Applying (6.2) we obtain that for anyx ∈ Xreg the orbit O(x) is closed inXreg

and has dimension equal todimG− d. Also, any other orbit inX has dimension
strictly less thandimG−d. LetU be anyG-invariant open subset ofX for which
a geometric quotientU → U/G exists. We assume thatX is irreducible. So
pU : U ∩ Xreg 6= ∅ and hence some of the orbits inU must be of dimension
dimG−d. By the theorem on dimension of fibres all fibres ofpU have dimension
greater than or equal todimG−d and hence all fibres ofpU have dimension equal
to dimG− d. Therefore they are contained inXreg and henceU ⊂ Xreg.

Thus we get a necessary condition for the existence ofU/G: U must be an
open subset ofXreg.

Theorem 6.2. (M. Rosenlicht) AssumeX is irreducible. ThenXreg contains an
open subsetU such that a good geometric quotientU → U/G exists with quasi-
projectiveU/G. The field of rational functions onU/G is isomorphic to the sub-
fieldk(X)G ofG-invariant rational functions onX.

Proof. The proof is easy if we assume additionally thatG is geometrically reduc-
tive andX is affine. LetY be an algebraic variety with field of rational functions
isomorphic tok(X)G; such aY always exists sincek(X)G is of finite transcen-
dence degree overk. Consider the rational dominant mapXreg→ Y defined by the
inclusion of the fieldsk(X)G ⊂ k(X). By deleting some subset fromXreg we find
aG-invariant open subsetU ⊂ Xreg and a regular map fromf : U → Y . Replac-
ing Y by an open subset we may assume thatf is surjective. This is condition (i)
from the definition of a good geometric quotient. For any open subsetV ⊂ U we
have an inclusionO(V ) ⊂ k(Y ) = k(X)G. Sincef ∗(O(V )) ⊂ O(f−1(V )) we
see thatf ∗(O(V )) ⊂ O(f−1(V ))G. ConverselyO(f−1(V ))G ⊂ k(X)G = k(Y )
and henceO(f−1(V ))G ⊂ O(V ). Thus we have checked condition (i) of Propo-
sition 6.2. SinceU isG-invariant, the fibres off are unions of orbits. Since any
orbit in Xreg is closed inXreg, it is closed inU . By Lemma 6.1 we can separate
closed invariant subsets by functions fromO(V ). This shows that the fibres off
are orbits. This checks condition (iv). The conditions (ii) and (iii) of Proposition
6.2 are checked by using the argument from the proof of Theorem 6.1.

Let us give an idea for the proof in the general case. For the details we refer
to the original paper of Rosenlicht ([95]; see also [91], 2.3). Since we do not
assume thatX is affine, even ifG is geometrically reductive we cannot separate
the closed orbits contained in the fibres of the mapf : U → Y . Consider the
generic fibre off as an algebraic varietyUη over the fieldK = k(Y ) = k(X)G.
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Let K̄ be the algebraic closure ofK. The groupG(K̄) acts onUη(K̄) and the field
of invariant rational functions is isomorphic tōK. All orbits of G(K̄) have the
same dimension. Suppose that a groupG acts on an irreducible quasi-projective
varietyX ⊂ PN such that all orbits are of the same dimension and closed. We
define a map fromX to the Chow variety parametrizing closed subsets ofPn of
the same dimensiond (see [75], Chapter 4,§6) by assigning to a pointx ∈ X the
closure of the orbitG · x. If the image is of positive dimension, we can construct
a nonconstant invariant function onX by taking the inverse image of a rational
function on the image. Otherwise the image is one point, and we obtain thatX
consists of one orbit. Applying this argument toUη(K̄) we see that it consists
of one orbit. This implies that there is an open subset ofY such that each fibre
consists of one orbit. Again deleting a closed subset fromY we may assume that
Y is nonsingular. Since the dimension of all orbits is the same, the morphismf is
open; this is calledChevalley’s criterion(see [6], p. 44). This verifies condition
(ii) of the definition of a good geometric quotient. The remaining conditions have
been checked already.

Corollary 6.2. The transcendence degree ofk(X)G is equal todimX−dimG+d,
whered = minx∈X{dimGx}.

Any model ofk(X)G is called arational quotientof X by G. We see that
X contains an open subset such that a good geometric quotientU/G exists and
coincides with a rational quotient.

Bibliographical notes

The notions of a categorical and geometric quotients are originally due to Mum-
ford ([75]). Many books discuss different versions of these notions (see [64],
[82]). Many interesting results about the structure of fibres of the quotient maps
have been omitted; we refer to [91] for a survey of these results.

Exercises

6.1 Let Ga act onA2 by the formulat · (z1, z2) = (z1, z2 + tz1). Consider the
mapA2 → A1, (z1, z2) 7→ z1. Is it a categorical quotient? If so, is it a geometric
quotient?
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6.2Let Gm act onAn by the formulat · (z1, . . . , zn) = (tq1z1, . . . , t
qnzn) for some

positive integersq1, . . . , qn coprime to char(k). Let A = k[T1, . . . , Tn] with the
corresponding geometric grading defined by the action. Show that the geometric

quotient
(
An \ {0}

)
/Gm (see Example 6.2) is isomorphic to a quotient ofPn−1

by a finite group.

6.3 Let A =
⊕

i∈ZAi be a graded finitely generatedk-algebra, andA(e) =⊕
i∈ZAei. Show that, ife is coprime to char(k), A(e) = AG, whereG is a cyclic

group of ordere.

6.4Construct a counterexample to Lemma 6.1 whenG = Ga is the additive group.

6.5In the notation of Nagata’s Theorem show that for any open subsetU of Y , the
restriction mapp−1(U) → U is a categorical quotient with respect to the induced
action ofG.

6.6Describe the orbits and the fibres of the categorical quotient from Example 6.4
whenn = 2.

6.7 Show that the categorical quotient of Pol3(k
2) by SL2 is isomorphic toA1.

Describe the orbits and the fibres of the categorical quotient.

6.8 Let G act on an irreducible affine varietyX and letf : X → Y be aG-
invariant morphism to a normal affine variety. Assume that codim(Y \f(X), Y ) ≥
2 and that there exists an open subsetU of Y such that for ally ∈ U the fibre
f−1(y) contains a dense orbit. Show thatY ∼= X//G.

6.9 LetG be a finite group of automorphisms of an irreducible algebraic variety.
Prove thatk(X/G) = k(X)G.

6.10Show by example that in general the field of fractionsQ(AG) of the ring of
invariantsAG is not equal toQ(A)G. Prove thatQ(AG) = Q(A)G if A is a UFD
and any rational homomorphismG→ Gm is trivial.

6.11Let G be an algebraic group acting regularly on an algebraic varietyX and
letH be a closed invariant subgroup of finite index. Suppose that a geometric quo-
tientY = X/G exists. Show that geometric quotientsX/H and(X/H)/(G/H)
exist andX/G ∼= (X/H)/(G/H). Is the same true without assuming thatH is of
finite index?





Chapter 7

Linearization of actions

7.1 Linearized line bundles

We have seen already in the proof of Lemma 3.5 that a rational action of an affine
algebraic groupG on an affine varietyX can be “linearized”. This means that
we canG-equivariantly embedX in affine spaceAn on whichG acts via a linear
representation. We proved this by considering the linear space spanned by theG-
translates of generators of the algebraO(X). In this chapter we will do a similar
construction for a normal projective algebraic variety. This will be our main tool
for constructing quotients.

Recall that a regular map of a projective varietyX to the projective spacePn

is defined by choosing a line bundleL (or equivalently an invertible sheafL of
OX-modules, or a Cartier divisorD) and a set of its sectionss0, . . . , sn. The map
is defined by sendingx ∈ X to the point(s0(x), . . . , sn(x)) ∈ Pn. This point is
well-defined if for anyx ∈ X there is a sectionsi such thatsi(x) 6= 0. Often
we will be taking for(s0, . . . , sn) a basis of the space of sectionsΓ(X,L) of L.
The condition above says in this case that for anyx ∈ X there exists a section
s ∈ Γ(X,L) such thats(x) 6= 0. We say in this case thatL is base-point-free.
Let φL : X → Pn be a map defined by a base-point-freeL. Of course, it depends
on the choice of a basis; different choices define maps which are the same up to
composition with a projective transformation ofPn. If φL is a closed embedding,
L is calledvery ample. If LN := L⊗N is very ample for someN > 0, thenL is
calledample.

We will often identifyL with its total spaceV(L) , which comes with a pro-
jection π : V(L) → X; locally V(L) is the product ofX and the affine line
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A1.

Definition. A G-linearization ofL is an action̄σ : G× L→ L such that

(i) the diagram

G× L
σ̄−−−→ L

id×π

y π

y
G×X

σ−−−→ X

is commutative,

(ii) the zero section ofL isG-invariant.

A G-linearized line bundle (or aline G-bundle) over aG-varietyX is a pair
(L, σ̄) consisting of a line bundleL overX and its linearization. A morphism of
G-linearized line bundles is aG-equivariant morphism of line bundles.

It follows from the definition that for anyg ∈ G and anyx ∈ X the induced
map of the fibres

σ̄x(g) : Lx → Lg·x

is a linear isomorphism.
We can view the set of such isomorphisms as an isomorphism of line bundles

σ̄(g) : L→ g∗(L),

where we considerg ∈ G as an automorphismx→ g · x of X. The axioms of the
actions translate into the following 1-cocycle condition:

σ̄(gg′) = σ̄(g′) ◦ g′∗(σ̄(g)) : L→ g′∗(L) → g′∗(g∗(L)) = (gg′)∗(L). (7.1)

The collection of the isomorphisms̄σ(g) can also be viewed as an isomorphism
of vector bundles

Φ : pr∗2(L) → σ∗(L).

The cocycle condition (7.1) is translated into a condition onΦ which can be ex-
pressed by some commutative diagrams; this is left to the reader.

Using the definition of linearization by means of an isomorphismΦ it is easy
to define an abelian group structure on the set of lineG-bundles. IfΦ : pr∗2(L) →
σ∗(L) andΦ′ : pr∗2(L

′) → σ∗(L′) are two lineG-bundles, we define their tensor
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product as the line bundleL ⊗ L′ with theG-linearization given by the isomor-
phism:

Φ⊗ Φ′ : pr∗2(L⊗ L′) = pr∗2(L)⊗ pr∗2(L
′) → σ∗(L⊗ L) = σ∗(L)⊗ σ∗(L′).

Here we use the obvious property of the inverse image

f ∗(L⊗ L′) = f ∗(L)⊗ f ∗(L′).

The zero element in this group is the trivial line bundleX×A1 whose linearization
is given by the productσ × id : G × X × A1 → X × A1. This is called the
trivial linearization. The inverse(L,Φ) is equal to(L−1,Φ′) with Φ′ defined as
the inverse of the transpose ofΦ. One checks that this again satisfies the cocycle
condition. The structure of an abelian group which we have just defined induces
an abelian group structure on the set of isomorphism classes of lineG-bundles.
We denote this group by PicG(X). It comes with the natural homomorphism

α : PicG(X) → Pic(X)

which is defined by forgetting the linearization.
Let us now describe the kernel of the homomorphismα. Observe first that

if f : L → L′ is an isomorphism of line bundles andΦ : pr∗2(L) → σ∗(L)
is aG-linearization ofL, then we can define aG-linearization ofL′ by setting
Φ′ = σ∗(f)−1 ◦ Φ ◦ pr∗2(f). Thus, ifα((L, σ̄)) is isomorphic to the trivial bundle,
we can replace it by an isomorphic lineG-bundle to assume thatL is trivial. This
shows that Ker(α) consists of isomorphism classes of linearizations on the trivial
line bundleL = X × A1.

We denote a point ofX × A1 by (x, t). For anyg ∈ G,

σ̄(g)(x, t) = (g · x,Ψ(g, x)t),

whereΨ(g, x) ∈ k∗. The functionΨ : (g, x) 7→ Ψ(g, x) must be a regular function
onG × X which is nowhere vanishing. In other words,Ψ ∈ O(G × X)∗. The
axioms of the action give us that

Ψ(gg′, x) = Ψ(g, g′ · x)Ψ(g′, x). (7.2)

Let us see when two functionsΨ,Ψ′ define isomorphic linearizations. Leta :
X × A1 → X × A1 be an automorphism of the trivial bundle. It is defined by



106 CHAPTER 7. LINEARIZATIONS OF ACTIONS

a formula(x, t) 7→ (x, φ(x)t), whereφ ∈ O(X)∗. It commutes with the actions
defined byΨ andΨ′ if and only if

φ(g · x)Ψ(g, x) = φ(x)Ψ′(g, x).

Or, equivalently, for anyg ∈ G,

Ψ′(g, x) = Ψ(g, x)φ(g · x)/φ(x).

LetZ1
alg(G,O(X)∗) denote the group of functionsΨ satisfying (7.2) considered as

a subgroup of the groupO(G×X)∗ and letB1
alg(G,O(X)∗) be its subgroup con-

sisting of functions of the formg∗(φ)/φ for someφ ∈ O(X)∗. It follows from the
definition of the group structure on PicG(X) that the product inZ1

alg(G,O(X)∗)
corresponds to the tensor product of linearized lineG-bundles. So the above dis-
cussion proves the following.

Theorem 7.1.The kernel of the forgetful homomorphismα : PicG(X) → Pic(X)
is isomorphic to the group

H1
alg(G,O(X)∗) := Z1

alg(G,O(X)∗)/B1
alg(G,O(X)∗).

Note the special case when for any integralk-algebraK

(O(X)⊗k K)∗ = K∗ ⊗ 1.

This happens, for example, whenX is affine space, or whenX is connected and
proper overk. Then

O(G×X)∗ = pr∗1(O(G)∗)

and (7.2) gives that

Z1
alg(G,O(X)∗) ∼= Homalg(G,Gm) := X (G),

the subscript indicating that we are considering rational homomorphisms of al-
gebraic group. The latter group is called thegroup of rational charactersof G.
We studied this group whenG was a torus. Also we haveg∗(φ) = φ and hence
B1

alg(G,O(X)∗) = 0. Thus we obtain

Corollary 7.1. AssumeO(G×X)∗ = pr∗1(O(G)∗). Then

Ker(α) ∼= X (G).
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Remark7.1. According to a theorem of Rosenlicht ([95]), for any two irreducible
algebraic varietiesX andY over an algebraically closed fieldk, the natural ho-
momorphism

O(X)∗ ⊗O(Y )∗ → O(X × Y )∗

is surjective. Let us give a sketch of the proof. First we use that for any irreducible
algebraic variety the groupO(X)∗/k∗ is finitely generated. (This is not difficult
to prove by reducing to the case of a normal variety and then finding a complete
normal varietyX̄ containingX such thatD = X̄ \ X is a divisor. Then for
any f ∈ O(X)∗ the divisor off is contained in the support ofD and hence
is equal to a linear combination of irreducible components ofD. This defines an
injective homomorphism from the groupO(X)∗/k∗ to a finitely generated abelian
group.) Now assume we have an invertible functionφ(x, y) onX×Y . For a fixed
x ∈ X we have a functionφx(y) = φ(x, y) ∈ O(Y )∗. SinceO(Y )∗/k∗ is a
finitely generated group, the mapX → O(Y )∗/k∗, x 7→ φx(y) modulok∗ must
be constant. Of course to justify this we have to show that this map is given by
an algebraic function; this can be done. So assuming this, we obtain thatφ(x, y)
is equal to a functionψ(y) up to a multiplicative factorc(x) depending onx. So
φ(x, y) = c(x)ψ(y) as asserted.

7.2 The existence of linearization

To find conditions for the existence of aG-linearization of a line bundle we have to
study the image of the forgetful homomorphismα. This consists of isomorphism
classes of line bundles onX which admit someG-linearization. We start with the
following lemma.

Lemma 7.1. LetG be a connected affine algebraic group, and letX be an alge-
braic G-variety. A line bundleL overX admits aG-linearization if and only if
there exists an isomorphism of line bundlesΦ : pr∗2(L) → σ∗(L).

Proof. We already know that this condition is necessary, so we show that it is suf-
ficient. Assume that such an isomorphism exists. The problem is that it may not
satisfy the cocycle condition (7.1). Let us interpretΦ as a collection of isomor-
phismsΦg : L→ g∗(L). Wheng = e, the unity element, we get an automorphism
Φe : L → L. It is given by a functionφ ∈ O(X)∗. Composing allΦg with Φ−1

e ,
we may assume thatΦe = idL. Now the isomorphismsΦgg′ andg′∗(Φg) ◦ Φg′

differ by an automorphism ofL. Denote it byF (g, g′) so that we have

Φgg′ ◦ F (g, g′) = g′∗(Φg) ◦ Φg′ .
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The cocycle condition means thatF (g, g′) ≡ idL. So far we have only that
F (e, g) = F (g, e) = idL for any g ∈ G. Let us identify the automorphism
F (g, g′) with an invertible function onG×G×X. By Rosenlicht’s Theorem which
we cited in Remark 7.1, we can writeF (g, g′)(x) = F1(g)F2(g

′)F3(x). Since
F (e, g′, x) ≡ 1 andF (g, e, x) ≡ 1, the functionsF2(g)F3(x) andF1(g)F3(x) are
constants. ThusF3(x) is constant and henceF1 andF2 are constants. This implies
thatF ≡ 1. This proves the assertion.

Remark7.2. The existence of an isomorphismΦ : pr∗2(L) → σ∗(L) means thatL
is aG-invariant line bundle. So the preceding lemma asserts that anyG-invariant
line bundle admits aG-linearization provided thatG is a connected algebraic
group. The assertion is not true ifG is not connected. For example, assume
thatG is a finite group. The functionsF (g, g′) which we considered in the pre-
ceding proof form a 2-cocycle ofG with values ink∗ (with trivial action ofG in
k∗). The obstruction for the existence of aG-linearization lies in the cohomology
groupH2(G, k∗). The latter group is called the group ofSchur multipliersof G.
It has been computed for many groupsG and, of course, it is not trivial in general.
If we denote the subgroup ofG-invariant line bundles by Pic(X)G, then one has
an exact sequence of abelian groups

0 → Hom(G, k∗) → PicG(X) → Pic(X)G → H2(G, k∗). (7.3)

Lemma 7.2. Assume thatX is normal (for example, nonsingular) andG is a
connected affine algebraic group. Letx0 ∈ X. For any line bundleL onG ×X
we have

L ∼= pr∗1(L|G× x0)⊗ pr∗2(L|e×X).

Proof. It is enough to show thatL ∼= pr∗1(L1) ⊗ pr∗2(L2) for someL1 ∈ Pic(G)
andL2 ∈ Pic(X); then it is immediately checked thatL1

∼= L|G × x0 andL2
∼=

L|e×X. To do this we use the following fact about algebraic groups:G contains
an open Zariski subsetU isomorphic to(A1 \ {0})N . For GLn this follows from
the fact that any matrix with nonzero pivots can be reduced to triangular form by
elementary row transformations. We also use the fact that the homomorphism pr∗

2 :
Pic(X) → Pic(A1 \{0}×X) is an isomorphism (see [46], Chapter 2, Proposition
6.6). These two facts imply thatL|U ×X ∼= pr∗2(L2) for some line bundleL2 on
X. LetD be a Cartier divisor onG × X representingL (i.e.,L ∼= OG×X(D)).
Then the preceding isomorphism implies that there exists a Cartier divisorD2 on
X such thatD′ = D − pr∗2(D2)|U ×X = 0. For every irreducible componentD′

i

of D′ its image inG is contained in the closed subsetZ = G \U . By the theorem
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on the dimension of fibres, the fibres of pr1 : D′
i → Z must be of dimension equal

to dimX. This easily implies thatD′
i = pr∗1(Di), whereDi ⊂ Z. ThusD′ =

pr∗1(D1) for some Weil (and hence Cartier becauseG is nonsingular) divisor onG.
So we have the equality of Cartier divisorsD = pr∗1(D1)+pr∗2(D2). This translates
into an isomorphism of line bundlesL ∼= pr∗1(OG(D1))⊗ pr∗2(OX(D2)).

Define now a homomorphismδ : Pic(X) → Pic(G) by

δ(L) = (pr∗2(L)⊗ σ∗(L−1))|G× x0,

wherex0 is a chosen point inX. Supposeδ(L) is trivial. By the preceding lemma
applied toM = pr∗2(L) ⊗ σ∗(L−1) we obtain thatM = pr∗2(M |e × X). But the
restriction ofσ and pr2 to e × X are equal. This implies thatM is trivial, hence
there exists an isomorphismΦ : pr∗2(L) → σ∗(L). By Lemma 7.1,L admits a
G-linearization. This proves

Theorem 7.2. LetG be a connected affine algebraic group acting on a normal
varietyX. Then the following sequence of groups is exact

0 → Ker(α) → PicG(X)
α−→ Pic(X)

δ−→ Pic(G).

Corollary 7.2. Under the assumption of the theorem, the image ofPicG(X) in
Pic(X) is of finite index. In particular, for any line bundleL onX there exists a
numbern such thatL⊗n admits aG-linearization.

Proof. Use the fact that for any affine algebraick-groupG the Picard group
Pic(G) is finite (see [66], p.74).

Remark7.3. The assertion that Pic(G) is finite can be checked directly for many
groups. For example, the group is trivial forG = GLn,Gn

m,Ga since these groups
are open subsets of affine space. To compute Pic(G) for G = PGLn,SLn, we use
the following facts. LetV be an irreducible hypersurface of degreed in PN . Then

Pic(PN \ V ) ∼= Z/dZ. (7.4)

This isomorphism is defined by restricting a sheaf to an open subset. Another fact,
which is not trivial, is that

Pic(V ) = Zh, (7.5)

whereh is the class of a hyperplane section ofV , providedN ≥ 4. This is called
theLefschetz Theoremon hyperplane sections (see [40], p. 169).



110 CHAPTER 7. LINEARIZATIONS OF ACTIONS

Now notice thatG = PGLn is isomorphic toPn2−1 \ V , whereV is given by
the determinant equationdet(xij) = 0. This gives

Pic(PGLn) ∼= Z/nZ.

On the other hand, SLn is isomorphic to the complement of a hyperplane section
x00 = 0 of the hypersurface

det((xij)1≤i,j≤n)− xn
00 = 0

in Pn2
. So whenn ≥ 2 we can apply (7.4) to obtain

Pic(SLn) ∼= 0.

There is a notion of a simply connected semi-simple algebraic group (which
makes sense over an arbitrary algebraically closed field). For all such groups
Pic(G) is trivial. Any G is isomorphic to a quotient̃G/A, whereG̃ is simply
connected andA is a finite abelian group whose dual abelian group is isomorphic
to Pic(G). For example,G̃ = SLn for G = PGLn. For simple algebraic groups
Pic(G) is a subgroup of the abelian groupA(D) defined by the Cartan matrix of
the root system of the Lie algebra ofG. Here are the values ofA(D) for different
types of simple Lie algebras:

An Bn Cn D2k D2k+1 F4 G2 E6 E7 E8

Z/(n+ 1)Z Z/2Z Z/2Z (Z/2Z)2 Z/4Z 1 1 Z/3Z Z/2Z 1

We refer to [88] for a description of the Picard group of any homogeneous space
G/H.

7.3 Linearization of an action

Now we are ready to prove that any algebraic action on a normal quasi-projective
variety can be linearized. LetL be aG-linearized line bundle, letV = Γ(X,L)
be its space of sections, and letG be an affine algebraic group. The groupG acts
naturally and linearly onV by the formula

ρ(g)(s)(x) = σ̄(g, s(σ(g−1, x))),

or, in simplified notation,

(g · s)(x) = g · s(g−1 · x). (7.6)
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We know that any finite-dimensional subspaceW ′ of V is contained in aG-
invariant finite-dimensional subspaceW generated by the translates of a basis
of W ′. Thus we obtain a linear representation

ρ : G→ GL(W ).

Assume that the linear systemW is base-point-free(i.e., for anyx ∈ X there
existss ∈ W such thats(x) 6= 0). ThenW defines a regular mapφW : X →
P(W ∗) by the formula

φW (x) = {s ∈ W : s(x) = 0}.

Here we identify a point inP(W ∗) with a hyperplane inW . Note that although
“s(x)” does not make sense (since it depends on a local trivialization ofL), the
equalitys(x) = 0 is well-defined. The representation (7.6) inW defines a repre-
sentation inW ∗ and the induced projective representation inP(W ∗). It is given
by the formula

g ·H = g−1(H),

whereH is a hyperplane inW . Now

φW (g · x) = {s ∈ W : s(g · x) = 0}
= {s ∈ W : g−1s(g · x) = 0} = {s ∈ W : (g−1 · s)(x) = 0}

= g−1(φW (x)) = g · φW (x).

This shows that the mapφW isG-equivariant.
Choosing a basis(s0, . . . , sn) in W we obtain aG-equivariant rational map

f : X → Pn, x 7→ (s0(x), . . . , sn(x)).

If the rational map defined by a basis ofW ′ is an embedding, then this map is
an embedding too. Now leti : X ↪→ PN be an embedding ofX as a locally
closed subvariety of projective space. We takeL = i∗(OPN (1)). Whenn is large
enough,L⊗n = i∗(OPN (n)) admits aG-linearization. LetW ′ ⊂ Γ(X,L⊗n) be the
image ofΓ(PN ,OPN (n)) under the canonical restriction mapΓ(PN ,OPN (n)) →
Γ(X,L⊗n). Obviously,W ′ is a finite-dimensional base-point-free linear system.
It defines an embedding ofX into projective space which is the composition of

i and a Veronese mapvn : PN → P(N+n
n )−1 (obtained from the Veronese map

vd : P(kN+1) → P(Poln(kN+1)) by choosing bases). ReplacingW ′ with aG-
invariant linear systemW as above, we obtain a linearization of the action ofG
onX.
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Theorem 7.3. LetX be a quasi-projective normal algebraic variety, acted on by
an irreducible algebraic groupG. Then there exists aG-equivariant embedding
X ↪→ Pn, whereG acts onPn via its linear representationG→ GLn+1.

Example7.1. Let G = PGLn+1 act onX = Pn in the natural way. Let us see
that the line bundleOPn(1) is notG-linearizable butOPn(n+ 1) = OPn(1)⊗(n+1)

is. We viewG as an open subset of the projective spacePN(N = n2 + 2n =
dimG) whose complement is the determinant hypersurface∆ given by the equa-
tion det((Tij)) = 0. The actionσ : G×X → X is the restriction toG×X of the
rational mapσ′ : PN × Pn−→ Pn given by the formula

σ′((aij), (x0, . . . , xn)) =
( n∑

j=0

a1jxj, . . . ,

n∑
j=0

anjxj

)
.

Note that this map is not defined at any point(A, x) such thatdet(A) = 0, A ·x =
0. The restriction of the projectionPN ×X → PN to the setZ of such points is
a birational map onto the determinant hypersurface (it is an isomorphism over the
subset of matrices of corank equal to 1). SinceZ is of codimension≥ 2 in PN×Pn

the line bundleσ∗(OPn(1)) is the restriction of a line bundle onPN × Pn. The
formula for the action shows that this bundle must be pr∗

1(OPN (1))⊗pr∗2(OPn(1)).
Thusσ∗(OPn(1)) restricted to(PN \ ∆) × {x0} is isomorphic to the restriction
of OPN (1) to PN \ Z. If OPn(1) admits a linearization, we haveσ∗(OPn(1)) ∼=
pr∗2(OPn(1)), and hence the latter line bundle must be trivial. However, by (7.4),
it is a generator of the group Pic(PN \∆) ∼= Z/(n+ 1)Z.

Bibliographical notes

The existence of a linearization of some power of a line bundle on a normal com-
plete algebraic variety was first proven in [75] by using the theory of Picard vari-
eties for complete normal varieties. Our proof, which is borrowed from [66], does
not use the theory of Picard varieties and applies to any normal quasi-projective
varieties. One can also consider vectorG-bundles of arbitrary rank (see for exam-
ple [101]); however, no generalization of Corollary 7.2 to this case is known to
me.
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Exercises

7.1Let L be a line bundle over a connected affine algebraic group. Show that the
complementL∗ of the zero section ofL has the structure of an algebraic group
such that the projection mapπ : L∗ → G is a homomorphism of groups with
kernel isomorphic toGm.

7.2 LetG be a connected affine algebraic group. Show thatH1
alg(G,O(X)∗) is a

homomorphic image of the groupX (G). In particular it is trivial ifX is connected
and complete.

7.3Use Rosenlicht’s Theorem from Remark 7.1 to show that any invertible regular
functionf ∈ O(G)∗ on a connected affine algebraic groupG with value 1 at the
unity e ∈ G defines a rational character ofG.

7.4 Let X be a nonsingular algebraic variety and letG be its finite group of au-
tomorphisms. Show that the group PicG(X) is isomorphic to the group ofG-
invariant Weil divisors modulo linear equivalence defined byG-invariant rational
functions. [Hint: Use Hilbert’s Theorem 90 which asserts thatH1(G, k(X)∗) =
0.]

7.5LetGm act on an affine algebraic varietyX defining the corresponding grading
of O(X). Let M be a projective module of rank 1 overO(X) and letL be the
associated line bundle onX. Show that there is a natural bijective correspondence
betweenG-linearizations ofL and structures ofO(X)-graded modules onM .

7.6 Show that any line bundle on a normal irreducible varietyX on which SLn
acts admits a unique SLn-linearization.

7.7 Let f : X → P(V ) be aG-equivariant map, whereG acts onP(V ) via its
linear representation. Show thatL = f ∗(OP(V )(1)) admits aG-linearization and
the mapf is the map given by the line bundleL.

7.8Show that the total space of the line bundleL = OPn(1) is isomorphic to the
complement of a point inPn+1. Describe the unique SLn+1-linearization ofL in
terms of an action of the group SLn+1 on the total space.





Chapter 8

Stability

8.1 Stable points

From now on we will assume thatG is a reductive algebraic group acting on an
irreducible algebraic varietyX. In this chapter we will explain a general con-
struction of quotients due to D. Mumford. The idea is to coverX by open affine
G-invariant setsUi and then to construct the categorical quotientX//G by gluing
together the quotientsUi//G. The latter quotients are defined by Nagata’s Theo-
rem. Unfortunately, such a cover does not exist in general. Instead we find such a
cover of some open subset ofX. So we can define only a “partial” quotientU//G.
The construction ofU will depend on a parameter, a choice of aG-linearized line
bundleL.

Definition. LetL be aG-linearized line bundle onX andx ∈ X;

(i) x is calledsemi-stable(with respect toL) if there existsm > 0 ands ∈
Γ(X,Lm)G such thatXs = {y ∈ X : s(y) 6= 0} is affine and containsx.

(ii) x is calledstable(with respect toL) if there existss as in (i) and additionally
Gx is finite and all orbits ofG in Xs are closed.

(iii) x is calledunstable(with respect toL) if it is not semi-stable.

We shall denote the set of semi-stable (respectively stable, unstable) points by

Xss(L), Xs(L), Xus(L).

115
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Remark8.1. 1. ObviouslyXss(L) andXs(L) are openG-invariant subsets (but
could be empty).

2. If L is ample andX is projective, the setsXs are always affine, so this
condition in the definition of semi-stable points can be dropped. In fact, for any
n > 0, Xsn = Xs so we may assume thatL is very ample. Letf : X → PN

k

be a closed embedding defined by some complete linear system associated toL.
ThenXs is equal to the inverse image of an affine open subset inPN

k which is the
complement to some hyperplane. Since a closed subset of an affine set is affine
we obtain the assertion.

3. The restriction ofL to Xss(L) is ample. This is a consequence of the
following criterion of ampleness:L is ample on a varietyX if and only if there
exists an affine open cover ofX formed by the setsXs, wheres is a global section
of some tensor power ofL. For the proof we refer to [46], p. 155.

4. The definitions of the setsXss(L), Xs(L), Xus(L) do not change if we
replaceL by a positive tensor power (as aG-linearized line bundle).

5. AssumeL is ample. Letx ∈ Xss(L) be a point whose orbitG · x is closed
and whose isotropy subgroupGx is finite. I claim thatx ∈ Xs(L). In fact let
x ∈ Xs be as in the definition of semi-stable points. Then the setZ = {y ∈ Xs :
dim Gy > 0} is closed inXs and does not intersectG · x. SinceG is reductive,
there exists a functionφ ∈ O(Xs)

G such thatφ(G · x) 6= 0, φ(Z) = 0. One can
show that there exists some numberr > 0 such thatφs⊗r extends to a sections′

of some tensor power ofL (see [46], Chapter 2, 5.14). SinceX is irreducible,
this section must beG-invariant. Thusx ∈ Xs′ ⊂ Xs and all points inXs′ have
zero-dimensional stabilizer. This implies that the orbits of all points inXs′ are
closed inXs′. This checks thatx is stable.

6. In [75] a stable point is calledproperly stableand in the definition of sta-
bility the finiteness ofGx is omitted.

Let us explain the definition of stability in more down-to-earth terms. As-
sume thatL is very ample, and embedX equivariantly inP(V ). We have aG-
equivariant isomorphism of vector spaces

Γ(X,Lm) ∼= Polm(V )/Im,

whereIm is the subspace of Polm(V ) which consists of polynomials vanishing on
X. Passing to invariants, we obtain

Γ(X,Lm)G ∼= (Polm(V )/Im)G.

Let x∗ denote a point inV such thatkx∗ = x ∈ P(V ). Everys ∈ Γ(X,Lm)G

can be represented by a polynomialFs ∈ Polm(V ) which isG-invariant modulo
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Im. In particular,Fs is constant on the orbit ofx∗ for any pointx ∈ X. Clearly
s(x) 6= 0 if and only if Fs does not vanish onx∗. So the set of unstable points is
equal to the image inP(V ) of the set

N (G;V ) = {v ∈ V : F (v) = 0,∀F ∈
⊕
m>0

Polm(V )G}.

This set is called thenull-coneof the linear action ofG in V . It is an affine variety
given by a system of homogeneous equations (anaffine cone). Letv ∈ V and O(v)
be its orbit inV . Suppose0 ∈ O(v). Then for anyG-invariant polynomialF we
haveF (v) = F (O(v)) = F (0) = 0. Thus the corresponding pointx = kv in
X is unstable. Conversely, ifx is unstable,0 ∈ O(v). In fact, otherwise we can
apply Lemma 6.1 and find an invariant polynomialP such thatP (v) 6= 0 but
P (0) = 0. If we write P as a sum of homogeneous polynomialsPm of positive
degree, we find somePm which does not vanish atv. Thenx is semi-stable. This
interpretation of stability goes back to the original work of D. Hilbert ([47]).

8.2 The existence of a quotient

Let us show that the open subset of semi-stable (respectively stable) points admits
a categorical (respectively geometric) quotient.

First we have to recall the definition of the gluing construction of algebraic
varieties. Let{Xi}i∈I be a finite set of affine algebraic varieties. Thegluing data
is a choice of an open affine subsetUij ⊂ Xi for eachj ∈ I, and an isomorphism
φji : Uij → Uji for each pair(i, j) ∈ I × I. It is required that

(i) Uii = Xi, andφii is the identity for eachi ∈ I,
(ii) for any i, j, k ∈ I, φji(Uij ∩ Uik) ⊂ Ujk and

(φkj ◦ φji)|Uij∩Uik
= φki|Uij∩Uik

.

Let R be an equivalence relation on the set
⊔

i∈I Xi defined byx ∼ y if and
only if there exists a pair(i, j) ∈ I × I such thatx ∈ Uij, y ∈ Uij andy = φij(x).
The assumptions (i) and (ii) show that it is indeed an equivalence relation. Let
X be the corresponding factor set and letp :

⊔
i∈I Xi → X be the canonical

projection. We equipX with the topology for which a subsetV is open if and
only if p−1(V ) is open in the Zariski topology. The restrictionpi of p to Xi

defines a homeomorphism ofXi with an open subsetVi ofX so thatX =
⋃

i∈I Vi

andpi(Uij) = Vi ∩ Vj. We also introduce the notion of a regular function on an
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open subsetV ⊂ X. By definition, this is a collection of regular functionsfi

on p−1
i (V ) ⊂ Xi such that(fj|Uji

) ◦ φji = fi|Uij
for any i, j ∈ I. Let OX(V )

be thek-algebra of regular functions onV . The assignmentV → OX(V ) is
a sheaf ofk-algebras, called thestructure sheafof X. The pair(X,OX) is an
example of aringed space, i.e., a topological space equipped with a sheaf of
rings. Ringed spaces form a category. A morphism of ringed spaces(X,OX) →
(Y,OY ) is a continuous mapf : X → Y such that for any open subsetV ⊂ Y
andφ ∈ OY (V ), the compositionφ ◦ f ∈ OX(f−1(V )). Each open subsetV of
X is equipped with the structure of a ringed space whose structure sheafOV is
equal to the restriction ofOX toV . Each quasi-projective algebraic variety can be
considered as a ringed space, the structure sheaf is the sheaf of regular functions.
It follows from the definition that the ringed space(X,OX) obtained by gluing
of affine varieties is locally isomorphic to an affine variety, i.e., it admits an open
cover by subsets which are isomorphic to affine varieties as ringed spaces; in the
notation from above each open setVi is isomorphic toXi. Thus we are led to the
notion of anabstract algebraic varietywhich is a ringed space locally isomorphic
to an affine algebraic variety. One usually adds a separatedness property which
ensures that the intersection of two open affine subsets is an affine variety. An
abstract algebraic varietyX is isomorphic to a quasi-projective algebraic variety
if and only if there exists an ample line bundleL overX which is used to embed
X into projective space. We leave it to the reader to define the notion of a line
bundle over an abstract algebraic variety. A useful criterion of ampleness of a line
bundle was given in Remark 8.1.3.

Theorem 8.1.There exists a good categorical quotient

π : Xss(L) → Xss(L)//G.

There is an open subsetU in Xss(L)//G such thatXs(L) = π−1(U) and the
restriction ofπ toXs(L) is a geometric quotient ofXs(L) byG. Moreover there
exists an ample line bundleM onXss(L)//G such thatπ∗(M) = L⊗n, restricted
toXss(L), for somen ≥ 0. In particular,Xss(L)//G is a quasi-projective variety.

Proof. Since any open subset ofX is quasi-compact in the Zariski topology we
can find a finite set{s1, . . . , sr} of invariant sections of some tensor power ofL
such thatXss(L) is covered by the setsXsi

. Obviously we may assume that all
the si belong toΓ(X,L⊗N)G for some sufficiently largeN . Let Ui = Xsi

, i =
1, . . . , r. For everyUi, we consider the ringO(Ui)

G of G–invariant regular func-
tions and letπi : Ui → Yi := Ui//G with O(Yi) = O(Ui)

G as constructed in
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Nagata’s Theorem. For eachi, j we can considersi/sj as a regularG-invariant
function onUj. Let φij ∈ O(Yj) be the corresponding regular function on the
quotient. Consider the open subsetD(φij) ⊂ Yj. Obviously

π−1
j (D(φij)) = π−1

i (D(φji)) = Ui ∩ Uj.

This easily implies that both setsD(φij) andD(φji) are categorical quotients
of Ui ∩ Uj. By the uniqueness of categorical quotient there is an isomorphism
αij : D(φij) → D(φji). It is easy to see that the set of isomorphisms{αij}
satisfies the conditions of gluing. So we can glue together the quotientsYi and
the mapsπi to obtain a morphismπ : Xss(L) → Y , whereY = Xss(L)//G. To
show thatY is separated it is enough to observe that it admits an affine open cover
by the setsYi which satisfies the following properties:Yi ∩ Yj

∼= Ui ∩ Uj//G are
affine andO(Yi ∩ Yj) is generated by restrictions of functions fromO(Yi) and
O(Yj). The latter property follows from the fact thatO(Ui ∩ Uj) is generated by
restrictions of functions fromO(Ui) andO(Uj). In fact, the separatedness also
follows from the assertion thatY is quasi-projective. So let us concentrate on
proving the latter.

Note that the cover{Ui}i=1,...,r of Xss(L) is a trivializing cover for the line
bundleL′ obtained by restriction ofL to Xss(L). In fact, by Remark 8.1.3,L′ is
ample; hence we may assume that some tensor powerL′⊗t is very ample. This
implies thatL′⊗t is equal to the line bundlef ∗(OPn(1)) for some embeddingf :
Xss(L) → Pn. The sections⊗t

i of L′⊗t is equal to the sectionf ∗(h) whereh is
a section ofOPn(1). Thus the open subsetUi is equal tof−1(Vi) whereVi is an
open subset ofPn isomorphic to affine space. This shows thatL′ restricted toUi

is equal to(f |Ui
)∗(OPn(1)|Vi). However,OPn(1)|V is isomorphic to the trivial

line bundle since any line bundle over affine space is isomorphic to the trivial
bundle. By fixing some trivializing isomorphisms we can identify the functions
(si/sj)|Ui∩Uj

with the transition functionsgij of L′. As we have shown before,
si/sj = π∗(φij) for some functionsφij ∈ O(Yj). We use the transition functions
hij = φij|Yi ∩ Yj to define a line bundleM onY . Obviouslyπ∗(M) ∼= L′. Let us
show thatM is ample. First we define some sectionstj by settingtj|Yi

= φij for
a fixedj and variablei. Since for anyi1, i2

φi2j = φi1jφi2i1

the tj|Yi1
∩Yi2

differ by the transition function ofM , hencetj is in fact a section
of M . Clearlyπ∗(tj) = sj andYtj = Yj. As above, since allYj are affine, we
obtain thatM is ample. Sinceπ : Xss(L) → Y is obtained by gluing together
good categorical quotients, the morphismπ is a good categorical quotient.
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It remains to show that the restriction ofπ to Xs(L) is a geometric quotient.
By definitionXs(L) is covered by affine openG-invariant sets whereG acts with
closed orbits. Sinceπ is a good categorical quotient, for anyx ∈ Xs(L) the fibre
π−1(π(x)) consists of one orbit. Thusπ|Xs(L) is a good geometric quotient.

In the case whenL is ample andX is projective, the following construction of
the categorical quotientXss(L)//G is equivalent to the previous one.

Proposition 8.1. Assume thatX is projective andL is ample. Let

R =
⊕
n≥0

Γ(X,L⊗n).

Then
Xss(L)//G ∼= Projm(RG).

In particular, the quotientXss(L)//G is a projective variety.

Proof. First of all, we observe that by Nagata’s Theorem the algebraRG is finitely
generated. It also has a natural grading, induced by the grading ofR. Re-
placingL by L⊗d we may assume thatRG is generated by elementss0, . . . , sn

of degree1. Let Y = Projm(RG) be the projective subvariety ofPn corre-
sponding to the homogeneous idealI equal to the kernel of the homomorphism
k[T0, . . . , Tn] → RG, Ti 7→ si. (The reader should go back to Chapter 3 to recall
the definition of Projm(A) for any finitely generated gradedk-algebraA.) The
elementssi generate the idealm = RG

+ generated by homogeneous elements of
positive degree. Thus the affine open setsUi = Xsi

coverXss(L). On the other
hand the open setsYi = Y ∩ {Ti 6= 0} form an open cover ofY with the prop-
erty thatO(Yi) = O(Ui)

G. The mapsUi → Yi define a morphismXss(L) → Y
which coincides with the categorical quotient defined in the proof of the preceding
theorem.

Remark8.2. If we assume thatL is very ample, and embedsX in the projective
spaceP(Γ(X,L)∗) = P(V ), then we can interpret the null-cone as follows. The
sectionssi from the proof of the preceding proposition define aG-equivariant
rational mapX → Pn, x 7→ (s0(x), . . . , sn(x)). The closed subset ofX where
this map is not defined is exactly the closed subvariety ofX equal toX∩N (G;V ),
where the bar denotes the image of the null-coneN (G;V ) in P(V ). So dele-
ting this closed subset fromX we obtain the setXss(L) and the quotient map
Xss(L) → Xss(L)//G.
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Remark8.3. Note that the morphismXss(L) → Xss(L)//G is affine, i.e., inverse
image of an affine open set is affine. There is also the following converse of the
preceding proposition. LetU be aG-invariant open subset ofX such that the
geometric quotientπ : U → U/G exists and is an affine map. AssumeU/G is
quasi-projective. Then there exists aG-linearized line bundleL such thatU ⊆
Xs(L). For the proof we refer to [75], p. 41.

8.3 Examples

Example8.1. Let X = Pn andG = SLn+1 acting onPn naturally via its linear
representation. We know thatL = OPn(1) admits a unique SLn+1 linearization
(Exercise 7.7). We also know from Chapter 5 that Polm(kn+1) is an irreducible
representation forG. Therefore, for anym > 0,

Γ(X,OPn(m))G = Polm(kn+1)G = {0}.

This shows thatXss(L) = ∅.
Example8.2. LetX = Pn,G = Gm with action defined by the formula

t · (x0, . . . , xn) = (tq0x0, . . . , t
qnxn).

Hereq0, . . . , qn are some integers. We assume thatq0 ≤ q1 ≤ · · · ≤ qn. Since
Pic(Pn) = ZOPn(1) andX (Gm) ∼= Z we have PicG(Pn) ∼= Z2. A G-linearized
bundle must be of the formOPn(m); it defines aG-equivariantVeronese embed-
ding Pn → PN(m), whereN(m) = dim k[T0, . . . , Tn]m − 1 =

(
n+m

m

)
− 1. The

groupGm acts onPN(m) by the formulat : xi1...im 7→ tqi1
+···+qimxi1...im , where

xi1...im is the coordinate in the Veronese space corresponding to the monomial
xi1 . . . xim, i1 ≤ · · · ≤ im. Now the linearization is given by a linear representa-
tion of Gm in the space(k[T0, . . . , Tn]m)∗ which lifts the action in the correspond-
ing projective space. Obviously it is defined by the formula

t : xi1...im 7→ t−atqi1
+···+qimxi1...im , (8.1)

for some integera. Thus theG-linearized bundles can be indexed by the pairs
(m, a) ∈ Z2. Denote the corresponding line bundle byLm,a. RaisingLm,a to the
rth power as aG-linearized bundle corresponds to replacing(m, a) with (rm, ra).

We know thatXss(L) does not change if we replaceL by L⊗r. So we may
assume thatL = L1,p/q, where by definitionH0(Pn, L⊗N

1,p/q)
G is defined only forN
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divisible byq andH0(Pn, L⊗N
1,p/q) = H0(Pn, LN,Np/q)

G. In other words we permit
a to be a rational number in formula (8.1) and consider invariant polynomials of
degree a multiple of the denominator ofa. Here the invariance means that for any
t ∈ k∗,

F (t−a+q0x0, . . . , t
−a+qnxn) = F (x0, . . . , xn).

Assume now thatq0 ≤ 0. It is obvious thatΓ(Pn, L⊗N
1,a )G = 0 for all N > 0 if

a ≤ q0 or a ≥ qn. This implies thatXss(L1,a) = ∅ if a 6∈ [q0, qn].
Whena = q0, we have

∞⊕
N=0

H0(Pn, L⊗N
1,a )G = k[T0, . . . , Tm],

if q0 = · · · = qm < qm+1. Hence

Xss(L1,a) = Pn \ {x0 = · · · = xm = 0}

and
Xss(L1,a)//G = Projm(k[T0, . . . , Tm]) = Pm.

In particular, ifq1 > q0, the quotient is the point.
Next, we increase the parametera. If qm < a ≤ qm+1, we have further

invariant polynomials. For example, ifa = s/d, the monomialT dqm+1−s
0 T dq0−s

m+1

belongs to
⊕∞

N=0H
0(Pn, L⊗N

1,a )G. So the setXss(L1,a) becomes larger and the
categorical quotient changes. In fact one can show that the quotients do not change
whena stays strictly between two different weightsqi and do change otherwise.

Example8.3. Consider the special case of the previous example whereq0 = 0 and
q1 = · · · = qn = 1. The restriction of the action toAn is given by the formula

t · (z1, . . . , zn) = (t · z1, . . . , t · zn).

If we takeL = L1,a for a = 1/2 we get

∞⊕
m=0

Γ(Pn, L⊗2m
1,a )G = k[T0T1, . . . , T0Tn].

This shows thatXus(L) = V (T0) ∪ V (T1, . . . , Tn). In other words, the set of
semi-stable points is equal to the complement of the hyperplane at infinityT0 = 0
and the point(1, 0, . . . , 0). So it can be identified withAn \ {0}. The quotient
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is of coursePn−1. Since the groupG acts on this set with trivial stabilizers, we
obtain that all orbits are closed and the quotient is a good geometric quotient.

Similar conclusions can be made for any rationala ∈ (0, 1). If a = 1, we have

∞⊕
m=0

Γ(Pn, L⊗m
1,1 )G = k[T1, . . . , Tn].

Thus
Xus(L) = Pn \ V (T1, . . . , Tn) = Pn \ {(1, 0, . . . , 0)}.

The categorical quotient is the samePn but the set of semi-stable points is differ-
ent.

Example8.4. LetX = An andG = Gm. Every line bundle is isomorphic to the
trivial bundleL = X ×A1. As we saw in Chapter 7, itsG-linearization is defined
by the formula

t · (z, v) = (t · z, χ(t)v),

whereχ : Gm → Gm is a homomorphism of algebraic groups. It is easy to see
that any such homomorphism is given by the formulat 7→ tα for some integer
α. In fact χ∗ : k[T, T−1] → k[T, T−1] is defined by the image ofT , and the
condition that this map is a homomorphism implies that the image is a power of
T . So letLα denote theG-linearized line bundle which is trivial as a bundle and
whose linearization is given by the formula

t · (z, v) = (t · z, tαv).

A sections : X → Lα of Lα is given by the formula

s(z) = (z, F (z))

for some polynomialF (Z) ∈ k[Z] = O(An). The groupG acts on the space of
sections by the formulas 7→ ts, where

ts(z) = (z, tα · F (t−1 · z)).

Thuss ∈ Γ(X,L⊗m
α )G if and only if

F (t · z) = tmα · F (z) for all z ∈ kn, t ∈ k∗.

Whenα = 0, the constant polynomial1 defines an invariant section ofL⊗m for
anym. ThusXss(L0) = X and

X//G = Spm(O(X)G) = Spm(k[Z1, . . . , Zn]Gm).
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Recall that aGm-action on an affine variety is equivalent to aZ-grading of its ring
of regular functions; the ring of invariants is the subring of elements of degree 0
(see Example 3.1). In our caseO(X) ∼= k[Z1, . . . , Zn] but the variablesZi are not
necessarily homogeneous. If we can make a linear change of variables such that
they are homogeneous, then the action is given by a formula

t · (z1, . . . , zn) = (tα1z1, . . . , t
αnzn).

In this case we say that the action ofGm onAn is linearizable. It is an open prob-
lem (a very difficult one) whether any action ofGm on affine space is linearizable.
It is known to be true forn ≤ 3.

Assume now thatα > 0. Since we know that the set of semi-stable points
and the quotient do not change when we replaceL by its tensor power, we may
assume thatα = 1. Then

∞⊕
m=0

Γ(X,L⊗m
α )Gm =

∞⊕
m=0

k[Z1, . . . , Zn]m := k[Z1, . . . , Zn]≥0.

The subringk[Z1, . . . , Zn]≥0 is a finitely generated algebra overk[Z1, . . . , Zn]0.
Thus

∞⊕
m>0

Γ(X,L⊗m
α )Gm = k[Z1, . . . , Zn]>0

is a finitely generated ideal ink[Z1, . . . , Zn]≥0. Letf1, . . . , fm be its homogeneous
generators. Then

Xss(Lα) = D(f1) ∪ · · · ∪D(fm),

Xss(Lα)//Gm = D+(f1) ∪ · · · ∪D+(fm),

whereD+(fi) = Spm(k[Z1, . . . , Zn](fi)) (see Example 3.1).
Similar conclusion can be reached in the caseα < 0.

Example8.5. A special case of the previous example is whenGm acts onAn by
the formula

t · (z1, . . . , zn) = (tq1z1, . . . , t
qnzn),

whereqi > 0. If α = 0, we getk[Z1, . . . , Zn]0 = k so the quotient is one point.
If α < 0, we getk[Z1, . . . , Zn]<0 = {0}, so the set of semi-stable points is empty.
Finally, if α > 0, we get

Xss = D(Z1) ∪ · · · ∪D(Zn) = An \ {0},
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and the construction of the categorical quotient coincides with the construction
of the weighted projective spaceP(q1, . . . , qn) (see Example 3.1). So we see two
different ways to definePn: as a quotient ofPn+1 and as a quotient ofAn+1.

Example8.6. LetG be againGm andX = A4 with the action given by the formula

t · (z1, z2, z3, z4) = (tz1, tz2, t
−1z3, t

−1z4).

As in the previous example, eachG-linearized line bundle is isomorphic to the
trivial line bundle with theG-linearization defined by an integerα. We have

Γ(X,L⊗r
α )G = k[Z]rα.

However, this time the grading is weighted; the weights are(1, 1,−1,−1).
Assumeα = 0. Then for anyr > 0, 1 ∈ Γ(X,L⊗r

0 )G = Γ(X,L0)
G. Hence

X = Xss(L), and

O(X)G = k[Z]0 = k[Z1Z3, Z1Z4, Z2Z3, Z2Z4] ⊂ k[Z].

We have a surjectionk[T1, T2, T3, T4] → O(X)G, defined byT1 7→ Z1Z3, T2 7→
Z1Z4, T3 7→ Z2Z3, T4 7→ Z2Z4. This shows that

O(X)G ∼= k[T1, T2, T3, T4]/(T1T4 − T2T3).

ThusXss(L)//Gm is isomorphic to the closed subvarietyY0 of A4 given by the
equation

T1T4 − T2T3 = 0.

This is a quadric cone. It has one singular point at the origin.
Assumeα > 0. Again, without loss of generality we may takeα = 1. It is

easy to see that⊕
r>0

k[Z]r = k[Z]>0 = Z1k[Z]≥0 + Z2k[Z]≥0.

Thus
Xss(L1) = A4 \ V (Z1, Z2).

This set is covered byU1 = D(Z1) andU2 = D(Z2). We have

O(U1)
G = k[Z](Z1) = k[Z]0[Z2/Z1],

O(U2)
G = k[Z](Z2) = k[Z]0[Z1/Z2].
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We claim thatXss(L1)/G is isomorphic to a closed subvarietyY ′ of A4×P1
k given

by the equations

T1Z2 − T3Z1 = 0, T2Z2 − T4Z1 = 0, T1T4 − T2T3 = 0.

Here we use(Z1, Z2) for homogeneous coordinates inP1. In fact, this variety
is covered by the two affine open setsY ′

i given byZi 6= 0, i = 1, 2. It is easy
to see thatO(Y ′

i )
∼= O(Ui)

G. We also verify that these two sets are glued to-
gether as they should be according to our construction of the categorical quotient.
Thus we obtain an isomorphismY ′ ∼= Y+ := Xss(L1)//Gm. In fact, we have
Xss(L1) = Xs(L1) so thatY+ is a geometric quotient. Note that we have a canon-
ical morphism

f+ : Y+ → Y0

which is given by the inclusion of the ringsk[Z]0 ⊂ O(Ui)
G. Geometrically it

is induced by the projectionA4 × P1 → A4. Over the open subsetY0 \ {0} this
morphism is an isomorphism. In fact,Y0 \ {0} is covered by the open subsets
Ui = Y0 ∩ D(Ti), i = 1, . . . , 4. The inverse imageU1 = f−1

+ (U1) is contained
in the open subset whereZ1 6= 0. SinceZ2/Z1 = T3/T1 we see thatf+ induces
an isomorphismO(U1) → O(U1). Similarly we treat the other piecesUi. Over
the origin, the fibre off+ is isomorphic toP1. Also, we immediately check that
Y+ is a nonsingular variety. Thusf+ : Y+ → Y0 is a resolution of singularities of
Y0. It is called asmall resolutionbecause the exceptional set is of codimension
> 1. The reader familiar with the notion of the blowing up will recognizeY+

as the variety obtained by blowing up the closed subvariety ofY0 defined by the
equationsT1 = T3 = 0.

Assumeα < 0. Similar arguments show thatY− = Xs(L−1)/Gm is isomor-
phic to the closed subvariety ofA4 × P1

k given by the equations

T1Z4 − T2Z3 = 0, T3Z4 − T4Z3 = 0, T1T4 − T2T3 = 0.

We have a morphism
f− : Y− → Y0

which is an isomorphism overY0 \ {0} and whose fibre over{0} is isomorphic to
P1. The diagram

Y+ Y−
f+ ↘ ↙ f−

Y
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represents a type of birational transformations between algebraic varieties which
nowadays is called a “flip”. Note thatY+ is not isomorphic toY−, but they are
isomorphic outside the fibresf−1

± (0) ∼= P1.

Bibliographical notes

The theory of stable points with respect to an algebraic action was developed in
[75]. There is nothing original in our exposition. The examples given in the chap-
ter show the dependence of the sets of stable points on the choice of linearization
of the action. Although this fact was implicitly acknowledged in [75], the serious
study of this dependence began only recently; see [23], [117] and the references
there. One of the main results of the theory developed in these papers is the finite-
ness of the set of open subsets which can be realized as the set of semi-stable
points for some linearization.

Exercises

8.1LetX be a homogeneous space with respect to an action of an affine algebraic
groupG. AssumeX is not affine. Show that for anyL ∈ PicG(X) the setXss(L)
is empty.

8.2 A G-linearized line bundle is calledG-effectiveif Xss(L) 6= ∅. Show that
L⊗ L′ isG-effective if bothL andL′ areG-effective.

8.3 Let Gm act on an affine algebraic varietyX and letO(X) =
⊕

i∈ZO(X)i

be the corresponding grading. DefineA0 = O(X)0, A≥0 =
⊕

i≥0O(X)i and
similarly A≤0, A>0, A<0. Let L ∈ PicG(X) be trivial as a line bundle. Show
that there are only three possibilities (up to isomorphism):Xss(L) = X,X \
V (I+), X \ V (I−), whereI+ (resp.I−) is the ideal inO(X) generated byA+

(resp.A−). Show that in the first caseXss(L)//Gm is isomorphic to Spm(A0), in
the second (resp. the third) caseXss(L)//Gm is isomorphic to Projm(A≥0) (resp.
Projm(A≤0)).

8.4 In Example 8.6 show that the fibred productỸ = Y+ ×Y0 Y− is a nonsingular
variety. Its projection toY0 is an isomorphism outside the origin, and the inverse
imageE of the origin is isomorphic toP1 × P1. Show that the restrictions of the
projections fromỸ to Y± toE coincide with the two projection mapsP1 × P1 →
P1.
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8.5LetG be a finite group acting regularly onX. Show that for anyL ∈ PicG(X),
Xss(L) = Xs(L). AlsoXs(L) = X if L is ample. Show that the assumption of
ampleness is essential (even for the trivial group!).

8.6 Let G = SLn act by conjugation on the affine spaceMn of n × n matrices.
Consider the corresponding action ofG on the projective spaceX = P(Mn). Find
the setsXss(L), Xs(L) whereL ∈ PicG(X).

8.7Let i : Y ↪→ X be a closedG-invariant embedding, and letLY = i∗(L) where
L is an ampleG-linearized line bundle onX. Assume thatX is projective andG
is linearly reductive, e.g. char(k) = 0. Prove that, for anyy ∈ Y ,

y ∈ Y s(i∗(L)) ⇔ i(y) ∈ Xs(L),

y ∈ Y s(i∗(L))(0) ⇔ i(y) ∈ Xs(L)(0).

8.8Consider Example 8.1 withn = 3 andq0 = 0, q1 = 2, q2 = 2, q3 = 3. Find all
possible categorical quotients.



Chapter 9

Numerical criterion of stability

9.1 The functionµ(x, λ)

In this chapter we shall prove a numerical criterion of stability due to David
Hilbert and David Mumford. It is stated in terms of the restriction of the action
to one-parameter subgroups. The idea of the criterion is as follows. Suppose an
affine algebraic groupG acts on a projective varietyX ⊂ Pn via a linear represen-
tationρ : G→ GLn+1. This can be achieved by taking a very ampleG-linearized
line bundleL onX. As in Chapter 8, we denote byx∗ a representative inkn+1

of a pointx ∈ X. We know thatx ∈ Xus(L) if and only if 0 ∈ G · x∗. If H is
a subgroup ofG, thenH · x∗ ⊂ G · x∗, so one may detect an unstable point by
checking that0 ∈ H · x∗ for some subgroupH of G. Let us take forH the image
of a regular homomorphismλ : Gm → G (a one-parameter subgroupof G). In
appropriate coordinates it acts by the formula

λ(t) · x∗ = (tm0x0, . . . , t
mnxn).

Suppose allmi for whichxi 6= 0 are strictly positive. Then the map

λx∗ : A1 \ {0} → An+1, t 7→ λ(t) · x∗

can be extended to a regular mapλ̄x∗ : A1 → An+1 by sending the origin ofA1 to
the origin ofAn+1. It is clear that the latter belongs to the closure of the orbit of
x∗, hence our pointx is unstable. Similarly, if allmi are negative, we changeλ to
λ−1 defined by the formulaλ−1(t) = λ(t−1) to reach the same conclusion. Let us
set

µ(x, λ) := min
i
{mi : xi 6= 0}.

129
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So we can restate the preceding remark by saying that if there existsλ in the set
X (G)∗ of one-parameter subgroups ofG such thatµ(x, λ) > 0 or µ(x, λ−1) >
0, thenx is unstable. In other words, we have a necessary condition for semi-
stability:

x ∈ Xss(L) =⇒ µ(x, λ) ≤ 0, ∀λ ∈ X (G)∗. (9.1)

Assume the preceding condition is satisfied andµ(x, λ) = 0 for someλ. Let us
show thatx is not stable. In the preceding notation, letI = {i : xi 6= 0,mi > 0},
and lety = (y0, . . . , yn), whereyi = xi if i 6∈ I, andyi = 0 if i ∈ I. Obviously,
y belongs to the closure of the orbit ofx under the action of the subgroupλ(Gm).
If x were stable, then by definition of stability,y must be in this orbit. However,
obviouslyλ(Gm) fixesy, so thaty cannot be stable. Thus we obtain a necessary
condition for stable points:

x ∈ Xs(L) =⇒ µ(x, λ) < 0, ∀λ ∈ X (G)∗. (9.2)

We have to show first that the numbersµ(x, λ) are independent of a choice of
coordinates inAn+1, and also that the previous condition is sufficient for semi-
stability. Let us start with the former task and do the latter one in the next section.

Let x ∈ X andx∗ ∈ An+1 be as above. Take a one-parameter subgroup
λ : Gm → G; for any t ∈ k∗ the corresponding pointλ(t) · x is equal to the
point with projective coordinates(tm

′
0x0, . . . , t

m′
nxn), wherem′

i = mi − µ(x, λ)
if xi 6= 0 and anything otherwise. Thus when we lett go to0, we obtain a point
in X with coordinatesy = (y0, . . . , yn), whereyi 6= 0 if and only if xi 6= 0 and
mi = µ(x, λ). The precise meaning of “lett go to0” is the following. We have a
map

λx : A1 \ {0} → X, t 7→ λ(t) · x.

SinceX is projective this map can be extended to a unique regular map

λ̄x : P1 → X.

We set
lim
t→0

λ(t) · x := λ̄x(0), lim
t→∞

λ(t) · x := λ̄x(∞).

Obviously
lim
t→∞

λ(t) · x = lim
t→0

λ(t)−1 · x.

So our pointy is equal tolimt→0 λ(t) · x. Now it is clear that for anyt ∈ k

λ(t) · y = y,
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that is,y is a fixed point for the subgroupλ(Gm) of G. Also the definition ofy is
coordinate-free. Furthermore, for any vectory∗ overy,

λ(t) · y∗ = tµ(x,λ)y∗. (9.3)

This can be interpreted as follows. Restrict the action ofG on X to the ac-
tion of Gm defined byλ. ThenL has a naturalGm-linearization and, since
y is a fixed point,Gm acts on the fibreLy; this defines a linear representation
ρy : Gm → GL1 = Gm. We know the geometric interpretation of the total space
V(OPn(−1)) of the line bundleOPn(−1). It follows from this that the fibre of the
canonical projectionAn+1 \ {0} → Pn over a pointx ∈ X can be identified with
V(OPn(−1))x \ {0}. Thus from (9.3) we get thatGm acts on the fibreL−1

y by
the charactert 7→ tµ(x,λ). Hence it acts on the fibreLy by the rational character
t 7→ t−µ(x,λ). This gives us a coordinate-free definition ofµ(x, λ). In fact, this
allows one to define the numberµL(x, λ) for anyG-linearized line bundleL as
follows. Let y = limt→0 λ(t) · x. Thenλ(Gm) ⊂ Gy and, as above, there is a
representation ofGm on the fibreLy. It is given by an integer which is taken to be
−µL(x, λ).

In the case whenµ(x, λ) ≥ 0, we can give another coordinate-free geomet-
ric interpretation ofµ(x, λ). Let IX ⊂ k[T0, . . . , Tn] be the homogeneous ideal
definingX in Pn andA = k[T0, . . . , Tn]/IX be the homogeneous coordinate ring
of X. We haveX ∼= Projm(A). Let CX = Spm(A) ⊂ An+1 be the affine cone
overX. Let x andx∗ be as above. A one-parameter subgroupλ as above defines
a morphism

λ̄x∗ : A1 → CX .

Let φ : A → k[t] be the corresponding homomorphism of the rings of regular
functions. The image of the maximal idealm defining the vertex ofCX generates
a principal ideal(tm(λ)) ⊂ k[t]. I claim that

m(λ) = µ(x, λ). (9.4)

In fact, the composition ofφ : A → k[t] with the canonical homomorphism
k[T0, . . . , Tn] → A is given by the formulaTi 7→ tmi, where

λ̄x∗(t) = (tm0a0, . . . , t
mnan), x∗ = (a0, . . . , an).

Sincem is generated by the cosets of theTi, we see thatφ(m) is generated by the
monomialstmj such thataj 6= 0. Now the assertion follows from the definition of
µ(x, λ).
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9.2 The numerical criterion

Now we are ready to prove the sufficiency of conditions (9.1) and (9.2). The
following is the main result of this chapter.

Theorem 9.1.LetG be a reductive group acting on a projective algebraic variety
X. LetL be an ampleG-linearized line bundle onX and letx ∈ X. Then

x ∈ Xss(L) ⇔ µL(x, λ) ≤ 0 for all λ ∈ X (G)∗,

x ∈ Xs(L) ⇔ µL(x, λ) < 0 for all λ ∈ X (G)∗.

Before starting the proof of the theorem, let us recall the notion of properness
of a map between algebraic varieties. We refer to [46] for the details.

Definition. A regular mapf : X → Y of algebraic varieties over an algebraically
closed fieldk is calledproperif for any varietyZ overk the mapf×id : X×Z →
Y ×Z is closed (i.e., the image of a closed subset is closed). A varietyX is proper
(or complete) overk if the constant mapX → Spm(k) is proper.

We shall use thevaluative criterion of properness(see [46]). For any algebraic
varietyX overk, and anyk-algebraK, the set of morphisms of algebraic varieties
Spm(K) → X can be viewed as the setX(K) of points with values inK. If X
is affine,X(K) = Homk(O(X), K), as was defined in section 3.3. IfX is glued
together from affine varietiesXi, andK is a field, thenX(K) is glued together
from theXi(K).

LetR be a discrete valuation algebra overk with residuek-algebra isomorphic
to k (e.g.,R = k[[t]] is the algebra of formal power series overk) and letQ be
its field of fractions. IfX is glued together from affine varietiesXi, then it is
separated if and only if the natural mapX(R) → X(Q) is injective (thevaluative
criterion of separatedness). In particular, it is always injective for quasi-projective
algebraic varieties, with which we are dealing. A regular mapf : X → Y of
varieties overk defines a mapfK : X(K) → Y (K) of K-points. In particular,
the residue homomorphismR → k induces a mapX(R) → X(k), which is
called the residue map. Then the valuative criterion of properness asserts that a
regular mapf : X → Y is proper if for anyy ∈ Y (R) ⊂ Y (K), the natural map
(fR)−1(y) → (fQ)−1(y) is bijective.

Example9.1. Any closed subvarietyX of Pn is proper overk. First of all Pn is
proper overk. AnyQ-point ofPn comes from a uniqueR-point after multiplying
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its projective coordinates(x0, . . . , xn) by some power of a generatort of the max-
imal ideal ofR. Now, it follows immediately from the definition of properness
that a closed subvariety of a proper variety is proper. On the other hand, an affine
variety is obviously not proper. Let us show thatX = Pn \ {(1, 0, . . . , 0)} is
not complete. First notice that the point(t, . . . , t) ∈ An(Q) = Qn is aQ-point of
An\{0} = D(x1)∪· · ·∪D(xn). In fact, it belongs to any open subsetD(xi) since
it corresponds to a homomorphismφi : O(D(xi)) = k[x1, . . . , xn]xi

→ Q defined
by xj 7→ t. However, this point does not come from anyR-point of An \ {0}. In
factφi(x

−1
i ) = t−1 6∈ R for anyi = 1, . . . , n. NowAn\{0} ⊂ Pn\{(1, 0, . . . , 0)}

and(1, t, . . . , t) ∈ X(Q) but (1, t, . . . , t) 6∈ X(R).

We will need the following fact.

Lemma 9.1. (Cartan-Iwahori-Matsumoto) LetR = k[[T ]] be the ring of formal
power series with coefficients ink and letQ = k((T )) be its field of fractions.
For any reductive algebraic groupG, any element of the set of double cosets
G(R)\G(Q)/G(R) can be represented by a one-parameter subgroupλ : Gm →
G in the following sense. One considersλ as ak(T )-point ofG and identifies
k(T ) with a subfield ofk((T )) by considering the Laurent expansion of rational
functions at the origin ofA1.

Proof. We prove this only for the caseG = GLn; we refer to the original paper of
Iwahori and Matsumoto for the case char(k) = 0 (see [56]). In the case of positive
characteristic one has to modify the lemma (see Appendix to Chapter 1 of [75] by
J. Fogarty).

A Q-point ofG is a matrixA with entries inQ. We can write it as a matrix
T rĀ, whereĀ ∈ GL(n,R). SinceR is a principal ideal domain, we can reduce
the matrixĀ to diagonal form so thatA = C̄1D̄C̄2, whereC̄i ∈ G(R), andD̄
is the diagonal matrix diag[T r1 , . . . , T rn ]. Now we can define a one-parameter
subgroup ofG by

λ(t) = diag[tr1 , . . . , trn ].

Thenλ represents the double coset of the pointA ∈ G(Q) as asserted.

9.3 The proof

Let us prove Theorem 9.1. We have already proved the necessity of the conditions.
First of all, by replacingL with a sufficiently high tensor power, we can place
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ourselves in the following situation:G acts on a projective spacePn by means of
a linear representationρ : G → GLn+1, X is aG-invariant closed subvariety of
Pn. We have to prove the following.

Let x ∈ X andx ∈ X \ Xs(L). Then there existsλ ∈ X (G)∗ such that
µL(x, λ) ≥ 0. Moreover, ifx ∈ Xus(L) then there existsλ ∈ X (G)∗ such that
µL(x, λ) > 0.

From now on we dropL from the notationµL(x, λ), remembering thatL =
i∗(OPn(n+ 1)).

Assumeµ(x, λ) < 0 for all λ ∈ X (G)∗. We have to show thatx ∈ Xs.
Supposex 6∈ Xs. Choose a pointx∗ over x. Then the mapa : G → V =
An+1, g 7→ g · x∗, is not proper. In fact, if it is proper,G · x∗ is closed and the
fibre of a over x∗ is proper overk (Exercise 9.4). Since the fibre is a closed
subvariety of an affine variety, it must consist of finitely many points (Exercise
9.3). This easily implies thatGx is finite andG · x is closed, so thatx is a stable
point, contradicting the assumption. By the valuative criterion of properness, there
exists anR-point of V which, viewed as aQ-point of V , has an inverse image
underaQ : G(Q) → V (Q) but does not arise from anyR-point ofG. In other
words, there exists an elementg ∈ G(Q) \ G(R) such thatg · x∗ ∈ V (R) =
Rn+1. By Lemma 9.1 we can writeg = g1[λ]g2, whereg1, g2 ∈ G(R), and
[λ] ∈ G(Q) which comes from a one-parameter subgroupλ. Let ḡ2 be the image
of g2 under the “reduction” homomorphismG(R) → G(k) corresponding to the
natural homomorphismR→ k,

∑
i aiT

i 7→ a0. We can write

ḡ−1
2 g−1

1 g = (ḡ−1
2 [λ]ḡ2)ḡ

−1
2 g2.

The expression in the parentheses is aQ-point ofG defined by a one-parameter
subgroupλ′ = ḡ−1

2 λḡ2 of G. Choose a basis(e0, . . . , en) in kn+1 such that the
action ofλ′(Gm) is diagonalized. That is, we may assume that

λ′(t) · ei = triei, i = 0, . . . , n.

This is equivalent to

[λ′] · ei = T riei, i = 0, . . . , n.

Thus, if we writex∗ = x∗0e0 + · · ·+ x∗nen, we obtain

(ḡ−1
2 g−1

1 g · x∗)i = ([λ′] · (ḡ−1
2 g2 · x∗))i = T ri(ḡ−1

2 g2 · x∗)i.

Sinceg · x∗ ∈ Rn+1, this tells us that

(ḡ−1
2 g2 · x∗)i = T−ri(ḡ−1

2 g−1
1 g · x∗)i ∈ T−riR. (9.5)
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This implies thatri ≥ 0 if x∗i 6= 0. In fact, the element̄g−1
2 g2 is reduced to the

identity modulo(T ), hence(ḡ−1
2 g2 · x∗)i modulo(T ) are constants equal tox∗i .

On the other hand, they are equal toT−riai modulo(T ) for someai ∈ R. This of
course implies thatri ≥ 0 if x∗i 6= 0.

Recalling our definition ofµ(x, λ′) we see thatµ(x, λ′) ≥ 0. This contradic-
tion shows thatx ∈ Xs if µ(x, λ) < 0 for all λ.

Assume now thatµ(x, λ) ≤ 0 for all λ. We have to show thatx ∈ Xss. If
x is unstable,0 ∈ G · x∗ and hence we can chooseg ∈ G(K) \ G(R) such that
g · x∗ ∈ Rn+1 is reduced to zero modulo(T ) (this follows immediately from the
proof of the valuative criterion of properness). Therefore the left-hand side of
(9.5) belongs toT−ri+1R and hence we getri > 0 if x∗i 6= 0. Thusµ(x, λ′) > 0.
This contradiction proves the theorem.

9.4 The weight polytope

Recall from Chapter 5 that a linear representation of a torusT = Gr
m in a vector

spaceV splits into the direct sum of eigensubspaces

V =
⊕

χ∈X (T )

Vχ,

where
Vχ = {v ∈ V : t · v = χ(t)v}.

Also recall from Chapter 5 that there is a natural identification between the sets
X (T ) andZr which preserves the natural structures of abelian groups on both
sets. We define theweight setof the representation spaceV by setting

wt(V ) = {χ ∈ X (T ) : Vχ 6= {0}}.

This is a finite subset ofZr. Its convex hull inRr is called theweight polytopeand
is denoted bywt(V ). Let us choose a basis ofV which is the sum of the bases of
theweight spacesVχ, χ ∈ wt(V ). In this basis our representation is defined by a
homomorphismρ : T → GLn given by a formula

ρ((t1, . . . , tr)) =


tm1 0 . . . . . . 0
0 tm2 0 . . . 0
...

...
...

...
...

0 . . . . . . 0 tmn

 , (9.6)
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where we use the vector notation for a monomialtm = tm1
1 · · · tmr

r .
Now let λ : Gm → T be a one-parameter subgroup ofT . It is given by a

formula t 7→ (ta1 , . . . , tar) for somea = (a1, . . . , ar) ∈ Zr. Composing the
representationρ with λ we have a representationρ ◦ λ : Gm → GLn given by the
formula

t 7→


ta·m1 0 . . . . . . 0

0 ta·m2 0 . . . 0
...

...
...

.. .
...

0 . . . . . . 0 ta·mn

 . (9.7)

Let x ∈ P(V ) with x∗ =
∑

χ vχ, vχ ∈ Vχ. We define theweight setof x by
setting

wt(x) = {χ ∈ X (G) : vχ 6= 0}. (9.8)

We define theweight polytopeof x by setting

wt(x) = convex hull of wt(x) in X (G)⊗ R ∼= Rn. (9.9)

If we choose coordinates inV as in (9.7) and writex∗ = (α1, . . . , αn) then

wt(x) = {mi : αi 6= 0}.

Sinceλ(t) · x∗ = (ta·m1α1, . . . , t
a·m2αn), we obtain that

µL(x, λ) = min{a ·mi : αi 6= 0} = min
χ∈wt(x)

〈λ, χ〉.

(Recall that the natural bilinear pairing(λ, χ) → 〈λ, χ〉 betweenX (T )∗ andX (T )
is defined by the compositionχ ◦λ ∈ X (Gm) = Z. When we identifyX (T )∗ and
X (T ) with Zr, it corresponds to the usual dot-product.)

Example9.2. Let T be the subgroup of diagonal matrices in GLn. Consider its
natural representation inV = kn. Then wt(V ) = {e1, . . . , en}, whereei are the
unit basis vectors. Eachei corresponds to the characterχi : diag[t1, . . . , tn] 7→ ti.
The weight spaceVχi

is the coordinate axiskei. The weight polytope ofV is the
standard simplex

∆n =
{

(x1, . . . , xn) ∈ Rn : 0 ≤ xi ≤ 1,
n∑

i=1

xi = 1
}
.

The weight set of a pointx ∈ Pn−1 with projective coordinates(a1, . . . , an) is the
set{ei : ai 6= 0}. Its weight polytope is the subsimplex{x ∈ ∆n : xi 6= 0}. If λ is
given bym = (m1, . . . ,mn) ∈ Zn corresponding tot 7→ diag[tm1 , . . . , tmn ], then

µOPn−1 (1)(x, λ) = min{mi : αi 6= 0}.
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Clearly, one can always findm such that this number is positive, so all points are
unstable.

In the case whenG is a torus we can restate Theorem 9.1 in the following way.

Theorem 9.2. LetG be a torus and letL be an ampleG-linearized line bundle
on a projectiveG-varietyX. Then

x ∈ Xss(L) ⇔ 0 ∈ wt(x),

x ∈ Xs(L) ⇔ 0 ∈ interior
(
wt(x)

)
.

Proof. We use a well-known fact from the theory of convex sets. Let∆ be a
closed convex subset ofRn. For any pointa ∈ Rn \ interior(∆) (resp. a ∈
Rn \ ∆) there exists an affine functionφ : Rn → R such thatφ(a) ≤ 0 (resp.
φ(a) < 0), andφ(∆) ⊂ R≥0. Moreover, the proof of this fact shows that one can
chooseφ with integral coefficients if∆ is the convex hull of a set of points with
integral coordinates. We refer for the proofs to any textbook on convex sets (see
for example [84]). The result follows.

Now letG be any reductive group acting linearly on a projective varietyX ⊂
Pn, andL be the restriction toX of some positive tensor power ofOPn(1). We
know that any one-parameter subgroup ofG has its image in a maximal torusT of
G, and hence can be considered as a one-parameter subgroup ofT . Now, applying
Theorem 9.1, we obtain

Xss(L) =
⋂

maximal toriT

Xss
T (LT ),

Xs(L) =
⋂

maximal toriT

Xs
T (LT ).

HereT runs over the set of all maximal tori ofG, and the subscriptT indicates
the restriction of the action (and the linearization) toT .

Let us fix one maximal torusT . Then for any other maximal torusT ′, we can
find g ∈ G such thatgT ′g−1 = T . From the preceding chapter we know thatx
is semi-stable (resp. stable) with respect toλ(Gm) if and only if 0 /∈ λ(Gm) · x∗
(resp.λ(Gm) · x∗ is closed and the stabilizer ofx∗ in λ(Gm) is finite). It immedi-
ately follows that this property is satisfied if and only ifg · x is semi-stable (resp.
stable) with respect togλg−1(Gm). This implies that

x ∈ Xss
T ′(LT ′) ⇔ g · x ∈ Xss

T (LT ),

and similarly for stable points. Putting these together we obtain
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Theorem 9.3.LetT be a maximal torus inG. Then

x ∈ Xss(L) ⇔ ∀g ∈ G, g · x ∈ Xss
T (LT ),

x ∈ Xs(L) ⇔ ∀g ∈ G, g · x ∈ Xs
T (LT ).

9.5 Kempf-stability

To finish this chapter we give a very nice necessary condition for a point to be
unstable in terms of its isotropy subgroup. This is a result due to G. Kempf which
is very important in applications to construction of various moduli spaces in alge-
braic geometry. LetX ⊂ P(V ), whereG acts onX via a linear representation in
V . Supposex ∈ X is unstable. Letv be its representative inV . We know that
there is a one-parameter subgroupλ : Gm → G such thatlimt→0 λ(t) · v = 0.
We callλ a destabilizing one-parameter subgroupof x. Among all destabilizing
one-parameter subgroups ofxwe want to consider those for whichµ(x, λ) is max-
imal. Sinceµ(x, λd) = dµ(x, λ), we should first normalizeµ(x, λ) by dividing
it by ‖ λ ‖ and show that the maximum is defined. Here‖ λ ‖ means the Eu-
clidean norm inRn if we choose to identifyX (T )∗ with Zr; of course, the image
of λ could belong to different maximal tori, so we have to proceed more carefully.
First we can fix one maximal torusT . For anyλ ∈ X (G)∗ we can findg ∈ G such
thatλ′ = g−1 · λ · g belongs toX (T )∗. Then we can set‖ λ ‖=‖ λ′ ‖ . However,
we have to check that this definition does not depend on the choice ofg as above;
equivalently, we have to check that‖ λ ‖=‖ λ′ ‖ if g−1 ·T · g = T (i.e.,g belongs
to the normalizerNG(T ) of T in G). The quotient groupNG(T )/T is called the
Weyl groupof G. It is a finite group which acts linearly onX (T )∗. If G = GLn

andT is the subgroup of diagonal matrices, we easily check thatW = NG(T )/T
can be represented by the permutation matrices. By conjugation,W acts onT by
permutation of the diagonal entries and hence it acts onX (T )∗ = Zn by permuta-
tion of the coordinates. In particular,‖ λ ‖ isW -invariant. In general we choose
a norm‖ λ ‖ onX (T )∗ which isW -invariant; this is always possible sinceW is
finite. This solves our problem of defining‖ λ ‖ for anyλ ∈ X (G)∗. So we set

νx(λ) =
µ(x, λ)

‖ λ ‖
.

For anyλ ∈ X (G)∗ we define

P (λ) =
{
g ∈ G : lim

t→0
λ(t) · g · λ(t)−1 exists inG

}
.
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Lemma 9.2. P (λ) is a subgroup ofG which contains a Borel subgroup. More-
over, for anyg ∈ P (λ),

lim
t→0

λ(t)gλ(t)−1 ∈ ZG(λ) := {h ∈ G : hλ(t)h−1 = λ(t),∀t ∈ k∗}.

Proof. Again we prove this only forG = GLn. Without loss of generality we may
assume thatλ is a one-parameter subgroup of the group of diagonal matrices and
is given byλ(t) = diag[tm1 , . . . , tmn ]. By a further change of basis we may also
assume thatm1 ≤ · · · ≤ mn. Let g = (aij). We have

λ(t)gλ(t)−1 = (tmi−mjaij).

The limit exists if and only ifaij = 0 whenmi < mj. Thusg ∈ P (λ) if and only
if aij = 0 wheneveri > j andmi 6= mj. It is easy to see thatP (λ) is a subgroup;
it contains the groupB of upper triangular matrices and is equal to this group if
m1 < · · · < mn. Now the limitslimt→0 λ(t) · g · λ(t)−1, g ∈ P (λ), form a set of
matrices(aij) ∈ P (λ) such thataij = 0 if mi > mj. It is immediately checked
that this is the subgroupZG(λ).

Lemma 9.3. For anyg ∈ P (λ),

µ(x, g−1λg) = µ(x, λ).

Proof. We have, for anyg ∈ P (λ),

lim
t→0

(g−1λ(t)g) · x = lim
t→0

(g−1λ(t)gλ(t)−1) · λ(t) · x

= lim
t→0

g−1(λ(t)gλ(t)−1)(λ(t) · x) = g−1 lim
t→0

(λ(t)gλ(t)−1) · y,

wherey = limt→0 λ(t) · x. It is easy to see thatµ(x, λ) = µ(limt→0 λ(t) · x, λ)
(see Exercise 9.2(iv)). Therefore, puttingh = limt→0(λ(t)gλ(t)−1), we obtain

µ(x, g−1λg) = µ(g−1h · y, g−1λg).

Now

µ(g−1h · y, g−1λg) = µ(h · y, λ) = µ(y, h−1λh) = µ(y, λ) = µ(x, λ).

Here we use thath centralizesλ andµ(x, g−1λg) = µ(g · x, λ) (see Exercise 9.2
(i)). This proves the assertion.
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Definition. Theflag complexof G is the set∆(G) of one-parameter subgroups of
G modulo the following equivalence relation:

λ1 ∼ λ2 ⇔ ∃n1, n2 ∈ Z>0, g ∈ P (λ1) such that λn1
2 = g−1λn2

2 g.

It follows from Lemma 9.2 that the functionνx(λ) is well-defined as a function
on∆(G). Also the functionλ 7→ P (λ) is well-defined on∆(G). Now the idea is
to find a maximum ofνx : ∆(G) → R. It is achieved at a point[λ] representing
the one-parameter subgroup which is “most responsible” for the instability ofx.
The existence of such a pointλ was conjectured by J. Tits and was proven by
G. Kempf ([60]) and G. Rousseau ([97]). The idea is to show thatνx is strictly
convex on the set of points in∆(G) representing destabilizing subgroups ofx and
achieves a maximum on this set.

Theorem 9.4.There exists a one-parameter subgroupλx ∈ X (G)∗ such that

νx(λx) = max{νx(λ) : λ ∈ X (G)∗}.

All such subgroups represent the same point in∆(G).

Definition. A one-parameter subgroupλ ∈ X (G)∗ is calledadaptedfor the point
x ∈ Xus(L) if it satisfies the assertion of the preceding theorem.

Let Λ(x) be the set of adapted one-parameter subgroups ofx. It is an equiv-
alence class representing one pointδ(x) ∈ ∆(G). We can assign to it the unique
parabolic subgroupP (δ) which we denote byP (x). Of course we have to remem-
ber that all of these objects depend on the linearization of the action.

Corollary 9.1. Assumex is unstable. Then

Gx ⊂ P (x).

Proof. For anyg ∈ Gx andλ ∈ Λ(x) we haveg−1λg ∈ Λ(x). Indeed

µ(x, λ) = µ(g · x, λ) = µ(x, g−1λg).

By Theorem 9.4, we must haveP (g−1λg) = P (λ). It follows from the defini-
tion thatP (g−1λg) = g−1P (λ)g. However, it is known that the normalizer of a
parabolic subgroup is equal to the subgroup.

Corollary 9.2. AssumeG is semisimple (e.g.G = SLn) andGx is not contained
in any proper parabolic subgroup ofG. Thenx is semi-stable with respect to any
linearization.
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Proof. We use thatP (x) 6= G if G is semisimple. Otherwise there is an adapted
one-parameter subgroup which belongs to the center ofG.

In fact, one can strengthen the preceding corollary by showing thatG · x∗ is
closed inV if Gx is not contained in any proper parabolic subgroup ofG. This is
due to Kempf ([60]). To prove it he considers a closed orbitG · y∗in O(x∗) and
proves the existence of a one-parameter subgroupλ with limt→0 λ(t) ·x∗ ∈ G ·y∗.
Next he defines the set of adapted subgroups with this property for which the limit
is reached the fastest. These subgroups define a unique proper parabolic subgroup
andGx is contained in this subgroup.

Definition. x ∈ X ⊂ P(V ) is calledKempf-stableif G · x∗ is closed inV .

This definition is obviously independent of the choice ofx∗ ∈ V representing
x. Note that

stability=⇒ Kempf-stability=⇒ semi-stability.

Indeed, ifG ·x is closed inXss thenG ·x∗ is obviously closed inV \N (G;V )
(otherwise the image inP(V ) of a point in the closure belongs to the closure of
G · x in Xss). Also G · x∗ is closed inV since otherwise a point in its closure
belongs to the null-cone and hence any invariant polynomial will vanish atx∗.
Now if x is Kempf-stable, the pointx∗ cannot belong to the null-cone. If it does,
we can find a one-parameter subgroupλ such thatlimt→0 λ(t) · x∗ = 0. But then
0 must belong toG · x∗, which is absurd since{0} is an orbit.

Thus we can generalize Corollary 9.2 to obtain:

Corollary 9.3. AssumeG is semisimple andGx is not contained in any proper
parabolic subgroup ofG. Thenx is Kempf-stable.

Example9.3. This is intended for the reader with some knowledge of the theory
of abelian varieties (see [74]). LetA be an abelian variety of dimensiong over
an algebraically closed fieldk and letL be an ample divisor onA. One defines
the subgroupK(L) of A which consists of all pointsa ∈ A such thatt∗a(L) ∼= L.
Hereta denotes the translation mapx 7→ x + a. AlthoughL is obviouslyK(L)-
invariant, it does not admit aK(L)-linearization. However, one defines a certain
extension groupG(L) → K(L) with kernel isomorphic toGm, with respect to
whichL admits a linearization. Of course, the subgroupGm of G(L) acts trivially
on A. The groupG(L) is called thetheta groupof L. The linear representa-
tion of G(L) in H0(A,L) is irreducible. As an abstract groupK(L) is isomor-
phic toK(D) = Zg/DZg ⊕ Zg/DZg, whereD = diag[d1, . . . , dg], d1| · · · |dg,
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is the type of the polarization ofL. For example, whenL = M⊗n, whereM
is a principal polarization, we haveK(L) = An, the group ofn-torsion points,
andK(L) ∼= (Z/nZ)2g. The vector spaceH0(A,L) is isomorphic to the vec-
tor spacek[Zg/DZg] of k-valued functions on the finite abelian groupZg/DZg,
and the representation ofG(L) on this space is called theSchr̈odinger represen-
tation. If we assume thatd1 ≥ 3, thenL is very ample and can be used to
define aG(L)-equivariant embedding ofA in P(H0(A,L)∗). Let us now con-
sider an abelian variety with polarization of typeD and level structure as a triple
(A,L, φ), whereA andL are as above, andφ : K(L) ∼= K(D) is an isomorphism
of abelian groups. Each such triple defines a pointh(A,L,φ) in the Hilbert scheme
of closed subschemes inPD = P(k[Zg/DZg]∗). We say that two triples(A,L, φ)
and(A′, L′, φ′) are isomorphic if there exists an isomorphism of abelian varieties
f : A → A′ such thatf ∗(L′) = L andφ ◦ f = φ′. It is easy to see from this
definition that(A,L, φ) ∼= (A′, L′, φ′) if and only if h(A,L,φ) = g · h(A′,L′,φ′) for
some projective transformation ofPD. One can show that there is an irreducible
componentX of the Hilbert scheme which contains the pointsh(A,L,φ). Since the
spacePD corresponds to an irreducible representationVD = k[Zg/DZg]∗ of the
groupK(D), the isotropy subgroup ofh(A,L,φ) (equal toK(D)) is not contained
in any proper parabolic subgroup of GL(VD) (see Exercise 9.8). Thush(A,L,φ) is
a Kempf-stable point inX. It is also a stable point since its isotropy subgroup is
finite. The set of points inX corresponding to smooth schemes is an open subset
U ofX, and is also a GL(VD)-invariant subset contained inXs. Thus we can con-
sider the geometric quotientU/GL(VD) which is a fine moduli scheme for abelian
varieties with polarization of typeD and a level structure.

Bibliographical notes

Most of the material of this chapter is taken from [75]. Our functionµL(x, λ)
differs by a minus sign from the one studied in Mumford’s book [75]. The numer-
ical criterion of stability goes back to D. Hilbert ([47]) who introduced it for the
description of the null-cone for the action of SLn on the space of homogeneous
polynomials.

One can give a criterion of stability in terms of themoment mapm : P(V ) →
Lie(K), whereK is a maximal compact subgroup ofG (SU(n) if G = SL(n,C)).
It is defined by the formulam(v) =‖ v ‖−2 dpv(1), where, for anyg ∈ G,
pv(g) =‖ g · v ‖2. Here we fixed aK-invariant hermitian norm‖ ‖ in V . The
criterion states thatx is semi-stable if and only if0 belongs to the closure of the
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moment map imagem(G · x) of the orbit ofx (see [61]). For more information
about the relationship between GIT and the theory of moment maps we refer to
[63] and Chapter 8 of the new edition of Mumford’s book.

One can considerµL(x, λ) as a function inL. One can also get rid of the
dependence onλ by showing that the functionML(x) = supλ∈X (G)∗

µL(x,λ)
‖λ‖ is

well-defined and can be extended to a functionl 7→ M l(x) on the vector space
l ∈ PicG(X)⊗ R. These functions are used in [23] to define walls and chambers
in the vector space PicG(X) ⊗ R which play an important role in the theory of
variation of GIT quotients.

A recent book of S. Mukai ([72]) discusses applications of invariant theory to
construction of various modili spaces in algebraic geometry. Other books on this
topic are [75] and [82].

Exercises

9.1 An algebraic groupG is calleddiagonalizableif O(G) is generated ask-
algebra by the charactersφ : G → Gm considered as regular functions onG.
Prove that a torus is a diagonalizable group and that every connected diagonaliz-
able group is isomorphic to a torus. Give examples of nonconnected diagonaliz-
able groups.

9.2Check the following properties of the functionµL(x, λ):

(i) µ(g · x, λ) = µ(x, g−1λg) for anyg ∈ G, λ ∈ X (G)∗;

(ii) for any x ∈ X,λ ∈ X (G)∗, the map PicG(X) → Z defined by the formula
L 7→ µL(x, λ) is a homomorphism of groups;

(iii) if f : X → Y is a G-equivariant morphism ofG-varieties, andL ∈
PicG(Y ), thenµf∗(L)(x, λ) = µL(f(x), λ);

(iv) µL(x, λ) = µL(limt→0 λ(t) · x, λ).

9.3 Prove that an affine variety over a fieldk is proper if and only if it is a finite
set of points.

9.4 Prove that a fibre of a proper map is a proper variety. Give an example of a
nonproper map such that all its fibres are proper varieties.

9.5Prove thatG acts properly onXs(L) (i.e., the mapΨ : G×Xs(L) → Xs(L)×
Xs(L) is proper).
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9.6LetT be anr-dimensional torus acting linearly on a projective spacePn. Show
that PicT (Pn) ∼= Zr+1 and the set ofL ∈ PicT (Pn) such that(Pn)ss(L) 6= ∅ is a
finitely generated semigroup ofZr+1.

9.7In the notation of Exercise 8.6 from Chapter 8, find the setsXss(L) andXs(L)
by using the numerical criterion of stability.

9.8 Supposex is Kempf-stable. Show that its isotropy groupGx is a reductive
subgroup ofG. [Hint: Use the following fact: ifH is a closed subgroup ofG with
G/H affine thenH is reductive.]

9.9LetX = P(Mn) be the projective space associated to the space of square ma-
trices of sizen. Consider the action of the group SLn onX defined by conjugation
of matrices. Using the numerical criterion of stability find the sets of unstable and
stable points.

9.10LetX ⊂ P(V ) and letG act onX via its linear representation. Consider the
flag complex∆(G). For any pointx ∈ X let C(x) = {δ ∈ ∆(G) : νx(δ) > 0}.
Show that this set is convex.



Chapter 10

Projective hypersurfaces

10.1 Nonsingular hypersurfaces

LetG = SLn+1 act linearly onAn+1 in the natural way. This action defines an ac-
tion ofG on the subspacek[Z0, . . . , Zn]d ⊂ O(An+1) of homogeneous polynomi-
als of degreed > 0. We view the latter as the affine spaceAN , whereN =

(
n+d

d

)
.

A point of the projective space

Hypd(n) := P(k[Z0, . . . , Zn]d) ∼= PN−1

is called ahypersurfaceof degreed in Pn. For each nonzeroF ∈ k[Z0, . . . , Zn]d
we denote the corresponding hypersurface byV (F ). WhenF is an irreducible
polynomial, it can be identified with the set of zeros ofF in Pn, which is an ir-
reducible closed subvariety ofPn of dimensionn − 1. In general,V (F ) can be
viewed as the union of irreducible subvarieties of dimensionn−1 taken with mul-
tiplicities. In this chapter we shall try to describe the sets of semi-stable and stable
points for this action. Note that there is no choice for a nontrivial linearization,
since Pic(PN−1) ∼= Z andX (G) = {1}; we must takeL = OPN−1(1).

Let
Cd(n) = Hypd(n)//SLn+1.

This is a normal unirational variety. According to a classical result of Jordan
and Lie, the group of projective automorphisms of an irreducible hypersurface of
degreed ≥ 3 is finite (see a modern proof in [87]). This implies that SLn+1 acts
on an open nonempty subset with finite stabilizer groups. By Corollary 6.2,

dimCd(n) = dim Hypd(n)− dim SLn+1 =
(

n+d
d

)
− (n+ 1)2. (10.1)

145
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Let n be arbitrary. Recall that a hypersurfaceV (F ) ∈ Hypd(n) defines a nonsin-
gular variety if and only if the equations

F = 0,
∂F

∂Ti

= 0, i = 0, . . . , n,

have no common zeros. Note that, by the Euler formula,

dF =
n∑

i=0

Ti
∂F

∂Ti

,

So if char(k) does not divided, the first equation can be eliminated. LetD be the
resultant of the polynomials∂F/∂Ti. It is a homogeneous polynomial of degree
(n + 1)(d − 1)n in the coefficients of the formF . It is called thediscriminantof
F . Its value atF is equal to zero if and only if the∂F/∂Ti have a common zero in
Pn. Since the latter property is independent of the choice of coordinates, the hy-
persurfaceV (D) ⊂ Hypd(n) is invariant with respect to the action ofG = SLn+1.
This means that for anyg ∈ G we haveg∗(D) = φ(g)D for someφ(g) ∈ k∗. One
immediately verifies that the functiong 7→ φ(g) is a character of SLn+1. Since
the latter is a simple group, its group of characters is trivial. This implies that
φ(g) = 1 for all g, and henceD is an invariant polynomial. SinceD does not van-
ish on the set of nonsingular hypersurfaces of degreed prime to the characteristic,
we obtain

Theorem 10.1.Assumechar(k) is prime tod. Any nonsingular hypersurface is a
semi-stable point ofHypd(n).

If d > 2, one can replace “semi-stable” with “stable”. This follows from the
previously observed fact that, under these assumptions, the group of projective
automorphisms of a nonsingular hypersurface is finite.

Example10.1. Assumed = 2 and char(k) 6= 2. Then Hyp2(n) is the space of
quadrics. The spacek[T0, . . . , Tn]2 is the space of quadratic forms

F =
n∑

i,j=0

aijTiTj,

or equivalently, the space of symmetric matrices

B = (bij)i,j=0,...,n, bii = 2aii, bij = bji = aij, i 6= j.
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A quadricV (F ) is nonsingular if and only if the rank of the corresponding matrix
is equal ton + 1. The determinant function onk[T0, . . . , Tn]2 is the resultantR
from above. Thus all nonsingular quadrics are semi-stable. We know that by
a linear change of variables every quadratic form can be reduced to the sum of
squaresX2

0 + · · · + X2
r , where the numberr is equal to the rank of the matrix

B from above. In our situation we are allowed to use only linear transformations
with determinant 1 but since we are considering homogeneous forms only up to a
multiplicative factor, the result is the same. We have exactlyn orbits for the action
of SLr on Hyp2(n); each is determined by the rank of the corresponding nonzero
quadratic form. In fact any invariant nonzero homogeneous polynomial vanishes
on an invariant subvariety of codimension 1 in Hyp2(d), which must consist of
all orbits except the unique open one representing nondegenerate quadratic forms.
By Hilbert’s Nullstellensatz, this invariant polynomial must be a power of the
discriminant of the quadratic form. The stabilizer of the quadratic formT n

0 +
· · · + T 2

n is the special orthogonal group SOn+1. Since it is of positive dimension
(if n > 0), there are no stable points.

10.2 Binary forms

Let us consider the casen = 1. The elements of the spacek[Z0, Z1]d are binary
forms of degreed. The corresponding hypersurfaces can be viewed as finite sub-
sets of points inP1 taken with multiplicities (or, equivalently, as effective divisors
D =

∑
nxx onP1). Let

F =
d∑

i=0

aiZ
d−i
0 Zi

1 ∈ K[Z0, Z1]d.

Let T be the maximal torus of SL2 which consists of diagonal matrices and is
equal to the image of the one-parameter group

λ(t) =

(
t 0
0 t−1

)
.

Let us first investigate the stability ofH = V (F ) with respect toT . For this
we will follow the last section of the preceding chapter. We have to compute the
weight set wt(H). We have

λ(t) · (a0, . . . , ad) = (a0t
d, a1t

d−2, . . . , adt
−d).
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The weight set is a subset of the set

S = {−d,−d+ 2, . . . , d− 2, d} ⊂ Z = X (T ).

Let αmin (resp.αmax) be the smallest (resp. largest) element of this set.
Obviously,αmin = −d + 2i, whereZi

0 is the maximum power ofZ0 which
dividesF . Similarly, αmax = d − 2i, whereZi

1 is the maximum power ofZ1

which dividesF .
By Theorem 9.2, we know thatH is semi-stable (resp. stable) with respect to

T if and only if

αmin ≤ 0 ≤ αmax (resp.αmin < 0 < αmax). (10.2)

This can be interpreted as follows:
H is semi-stable (resp. properly stable) with respect toT if and only if the

points(0, 1) and(1, 0) are zeros ofH of multiplicity ≤ d/2 (resp.< d/2).
From this we easily deduce

Theorem 10.2.Hypd(1)ss (resp. Hypd(1)s) is equal to the set of hypersurfaces
with no roots of multiplicity> d/2 (resp.≥ d/2).

Proof. SupposeH is semi-stable and has a root(z0, z1) ∈ P1 of multiplicity >
d/2. Let g ∈ G take this point to the point(1, 0). ThenH ′ = g · H has the
point (1, 0) as a root of multiplicity> d/2. This shows thatH ′ is unstable with
respect toT . HenceH is unstable with respect toG, contradicting the assumption.
Conversely, assumeH has no roots of multiplicity> d/2 and is unstable. Then
there exists a maximal torusT ′ with respect to whichH is unstable. LetgT ′g−1 =
T for someg ∈ G. Theng ·H is unstable with respect toT . But then it has one of
the points(1, 0) or (0, 1) as a root of multiplicity> d/2. ThusH hasg−1 · (1, 0)
andg−1 · (0, 1) as a root of multiplicity> d/2.

A similar argument proves the assertion about stability.

Corollary 10.1. Assumed is odd. Then

Hypd(1)ss = Hypd(1)s.

Now assumed is even and letH ∈ Hypd(1)ss \ Hypd(1)
s. This means that

H has a root of multiplicityd/2 but no roots of multiplicity greater thand/2.
Consider the fibre of the projection Hypd(1)ss → Hypd(1)

ss//G containingH.
Since our categorical quotient is good, the fibre contains a unique closed orbit.H
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belongs to this orbit if and only if its stabilizer is of positive dimension. Assume
H belongs to this orbit. Since any group element stabilizingH stabilizes its set
of roots, and it is easy to see that any subset ofP1 consisting of more than two
points has a finite stabilizer. Thus,H must have only two roots. Since one of
these roots is of multiplicityd/2, the other one is also of multiplicityd/2. Since
any two-point sets onP1 are projectively equivalent, this tells us that

Hypd(1)ss\ Hypd(1)s = G ·H0,

whereH0 is given by the equation(Z0Z1)
d/2 = 0. In particular,

Hypd(1)ss//G \ Hypd(1)s/G = {x0},

where the single pointx0 represents the orbit ofH0.
The varietyCd(1) := Hypd(1)ss//G is an irreducible normal projective variety

of dimensiond− 3: by construction of the categorical quotient,

Cd(1) = Projm(Pol(Pold(k
2))SL2).

So it can be explicitly computed if we know the algebra of invariant polynomials
on the space of binary forms of degreed.

Let us consider some special cases with smalld.
If d = 1 we have Hyp1(1)ss = ∅. If d = 2 we have Hyp1(2)

s = ∅ and
Hyp2(1)

ss consists of subsets of two distinct points inP1. There is only one orbit
of such subsets.

The set Hyp3(1)
ss consists of three distinct points inP1. By a projective trans-

formation they can be reduced to the points{0, 1,∞}. So the varietyCd(1) is
again one point. This also agrees with the fact that Pol(Pol3(k2))SL2 = k[D],
whereD is the discriminant invariant (see Exercise 2.6).

The set Hyp4(1)
s consists of subsets of four distinct points inP1 and the set

Hyp4(1)
ss consists of closed subsetsV (F ) whereF has at most double roots.

Since Hyp4(1)
s is an open Zariski subset of the projective spaceP4 (see Exercise

10.1), and the fibres of the projection Hyp4(1)s → Hyp4(1)
s/G are of dimension

3, we obtain thatC4(1) is a normal, hence nonsingular, curve. Since it is obviously
unirational, it must be isomorphic toP1. The image of the set of semi-stable but
not properly stable points is one point. If we consider the map

π : Hyp4(1)ss→ C4(1) ∼= P1

as a rational function on Hyp4(1)s then we can find its explicit expression as a
rational functionR(a0, . . . , a4) in the coordinates of a binary form. To do this we
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have first to find the algebra of invariants Pol(Pol4(k2))SL2 . We already know one
invariant, the catalecticant

T = a0a2a4 − a0a
2
3 + 2a1a2a3 − a2

1a4 − a3
2

(see Example 1.4). Its bracket expression is(12)2(13)2(23)2. Another invariant is
of degree 2:

S = a0a4 − 4a1a3 + 3a2
2.

Its bracket expression is(12)4. One can show that any other invariant must be
a polynomial inS andT . We will prove this in the next chapter. This agrees
with the fact thatC4

1 = P1. The discriminantD of a quartic polynomial is an
invariant whose bracket expression is equal to(12)2(13)2(14)2(23)2(24)2(34)2. It
is a polynomial of degree 6 in the coefficientsai and we have

D = S3 − 27T 2.

Thus the rational function

R(a0, . . . , a4) =
S3

S3 − 27T 2
(10.3)

is invariant with respect to SL2 and defines a regular map from Hyp4(1)s to A1.
This is the geometric quotient map. The map

Hyp4(1)
ss→ P1, (a0, . . . , a4) 7→ (S3 − 27T 2, S3)

is the categorical quotient map. Its fibre over(0, 1) = ∞ is equal to the union
of orbits of binary forms of degree 4 with double roots (up to a nonzero scalar
factor). The only closed orbit in this fibre is represented byV (Z2

0Z
2
1).

Consider the special case whenF = T0(T
3
1 + aT 2

0 T1 + bT 3
0 ). If char(k) 6= 3

then each orbit contains a representative of such a form. The value ofR onV (F )
is equal to

j =
a3

4a3 + 27b2
.

The expression in the denominator is the discriminant of the cubic polynomial
x3+ax+b. The reader familiar with the theory of elliptic curves will immediately
recognize this function; it is theabsolute invariantj of the elliptic curve given in
the Weierstrass form

y2 = x3 + ax+ b.
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This coincidence is not accidental. The equation above describes an elliptic curve
as a double cover ofP1 branched over four points: the infinity point and the three
roots of the equationx3 + ax + b = 0. In other words they are the zeros of the
binary formT0(T

3
1 +aT 2

0 T1+bT 3
0 ). Two elliptic curves are isomorphic if and only

if the corresponding sets of four points onP1 are in the same orbit with respect to
the action of SL2.

Let d = 5. The algebra of invariants

A = Pol(Pol5(k
2))SL2

can be computed explicitly (see [28]). Let us write a general binary quintic in the
form

f = at50 + 5bt40t1 + 10ct30t
2
1 + 10dt20t

3
1 + 5et0t

4
1 + ft51

(we assume that char(k) 6= 5). ThenA is generated by the following invariants:

I4 = (ae− 4bd+ 3c2)(bf − 4ce+ 3d2)− (af − 3be+ 2cd)2,

I8 = a2b2e2f 2 − 2a3e5 − 2b5f 3 + 27b4e4,

I12 = b2e2(a2b2e2f 2 − 4a3e5 − 4b5f 3 + 18ab3e3f − 27b4e4),

I18 = (a3e5 − b5f 3)[(af − 5be)(a3e5 + b5f 3)− 10a2b3e3f 2

+ 90ab4e3f 2 − 216b5e5].

There is also one basic relation between these invariants which expressesI2
18 as

a polynomialF (I4, I8, I12) in invariantsI4, I8, andI12. We will considerA as a
graded algebra whose grading is defined by the natural grading of Pol(Pol5(k2))
with the degree divided by 2. It follows that there is an isomorphism of graded
algebras

A ∼= k[T0, T1, T2, T3]/(T
2
3 − F (T0, T1, T2)),

wherek[T0, T1, T2, T3] is graded by setting

deg T0 = 2, deg T1 = 4, deg T2 = 6, deg T3 = 9,

andF is a weighted homogeneous polynomial. LetA(2) be the subalgebra ofA
generated by elements of even degree. ThenA(2) is generated by homogeneous
elements of even degreeT0, T1, T2. SinceT 2

3 can be expressed as a polynomial
in T0, T1, T2, we see thatA(2) is isomorphic to the graded polynomial algebra
k[T0, T1, T2]. This implies that

C5(1) ∼= Projm(A) ∼= Projm(A(2)) ∼= P(2, 4, 6) ∼= P(1, 2, 3).
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In particularC5(1) is a rational surface.
Note that the discriminant∆ of a binary quintic can be expressed via the basic

invariants as follows:
∆ = I8

4 − 128I8.

This shows that the locus of orbits of binary quintics with a double root is equal
to V (T 2

0 − 128T1) ⊂ P(1, 2, 3) and hence is isomorphic toP(1, 3) ∼= P1.

Let d = 6. We will use the explicit description of the algebra of invariants
A = Pol(Pol6(k2))SL2 due to A. Clebsch ([12]). For a modern treatment see [55].
A is generated by invariantsI2, I4, I6, I10, I15, where the subscript denotes the
degree. The only relation between the basic invariants is

I2
15 = F (I2, I4, I6, I10),

for some polynomialF . We will considerA as a graded algebra whose grading
is defined by the natural grading of Pol(Pol6(k2)). It follows that there is an
isomorphism of graded algebras

A ∼= k[T0, T1, T2, T3, T4]/(T
2
4 − F (T0, T1, T2, T3)),

wherek[T0, T1, T2, T3, T4] is graded by setting

deg T0 = 2, deg T1 = 4, deg T2 = 6, deg T3 = 10, deg T4 = 15,

andF is a weighted homogeneous polynomial. Arguing as in the preceding ex-
ample, we see that

C6(1) ∼= Projm(k[T0, T1, T2, T3]) ∼= P(1, 2, 3, 5).

In particularC6(1) is a rational three-dimensional variety.
Note that the invariantI10 is the discriminant of a binary sextic, so it vanishes

on the locus of binary sextics with a double root. The complement of this locus
in C6(1) represents reduced divisors of degree 6 inP1. It is isomorphic to the
moduli spaceM2 of genus 2 curves. The isomorphism is defined similarly by
assigning to a genus 2 curve the six branch points of its canonical degree 2 map to
P1. So we obtain thatM2 is isomorphic to the open subsetD(T4) of P(1, 2, 3, 5)
where the last coordinateT4 is not equal to zero. Since each point in this subset
is represented by a point(t0, t1, t2, t3) in A4 with t3 = 1, it follows from the
definition of weighted projective space that

M2
∼= A3/(Z/5),
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where a generator of the cyclic groupZ/5 acts onA3 by the formula

(t0, t1, t2) 7→ (ηt0, η
2t1, η

3t2), η = exp(2πi/5).

The image of the origin is the unique singular point ofM2. It represents the
isomorphism class of the hyperelliptic curve corresponding to the binary quintic
t0(t

5
0 + t51). It admits an automorphism of order 5.
Finally observe that the locusV (T4) of binary sextics with a multiple root and

C5(1) are both isomorphic toP(1, 2, 3).

10.3 Plane cubics

Let n = 2 andd = 3. Every homogeneous form of degree 3 in three variables (a
ternary cubic) can be written in the form:

F = a1T
3
0 + a2T

2
0 T1 + a3T

2
0 T2 + a4T0T

2
1 + a5T0T1T2

+a6T0T
2
2 + a7T

3
1 + a8T

2
1 T2 + a9T1T

2
2 + a10T

3
2 .

Now let us recall the classification of plane cubic curves. First of all it is easy to
list all reducible curves. They are of the following types:

(1) the union of an irreducible conic and a line intersecting it at two distinct
points;

(2) the union of an irreducible conic and its tangent line;

(3) the union of three nonconcurrent lines;

(4) the union of three concurrent lines;

(5) the union of two lines, one of them double;

(6) one triple line.

Since all nonsingular conics are projectively equivalent to the conicC : T0T2 +
T 2

1 = 0 and the group of projective automorphisms of the conicC acts transitively
on the set of tangents toC or on the set of lines intersectingC transversally, we
obtain that any curve of type (1) or (2) is projectively equivalent to the curve

(1) (T0T2 + T 2
1 )T1 = 0,
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(2) (T0T2 + T 2
1 )T0 = 0,

respectively. Since the group of projective transformation ofP2 acts transitively on
the set ofk lines withk ≤ 4, we obtain that any curve of type (3–6) is projectively
equivalent to the curve given by the equation

(3) T0T1T3 = 0,

(4) T 2
0 T1 + T0T

2
1 = 0,

(5) T 3
0 + T 2

0 T1 = 0,

(6) T 3
0 = 0,

respectively. Now let us assume thatF is irreducible. First let us assume thatC
is nonsingular. Choose a system of coordinates such that the point(0, 0, 1) is an
inflection point andT0 = 0 is the equation of the tangent line at this point. It is
known that any plane curve contains at least one inflection point. Then we can
write the equation as

T 2
2 T0 + T2L2(T0, T1) + L3(T0, T1) = 0,

whereL2 is a form of degree2 andL3 is a form of degree 3. Since the lineT0 = 0
intersects the curve at one point, we easily see that the coefficient ofL2 at T 2

1 is
equal to zero. Thus in affine coordinatesX = T1/T0, Y = T2/T0, the equation
takes the form

Y 2 + aY X + bY + dX3 + eX2 + fX + g = 0. (10.4)

Obviouslyd 6= 0, so after scaling we may assumed = 1.
Assume char(k) 6= 2. ReplacingY with Y + a

2
aX + b

2
, we may assume that

a = b = 0. If char(k) 6= 3, by a change of variablesX → X + e
3
, we may assume

thate = 0. Thus, we obtain theWeierstrass equationof a nonsingular plane cubic:

Y 2 +X3 + aX + b = 0, char(k) 6= 2, 3, (10.5)

Y 2 + aY X + bY +X3 + cX + d = 0, char(k) = 2, (10.6)

Y 2 +X3 + aX2 + bX + c = 0, char(k) = 3. (10.7)

The condition that the curve is nonsingular is expressed by∆ 6= 0, where∆ is the
discriminant defined by

∆ =


4a3 + 27b2, if char(k) 6= 2, 3,

a3b3 + b4 + a4(abc+ c3 + a2d), if char(k) = 2,

b3 + (b2 − ac)a2, if char(k) = 3.

(10.8)
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Two curves are isomorphic if and only if theirabsolute invariants

j =


a3/∆, if char(k) 6= 2, 3;

a12/∆, if char(k) = 2;

a6/∆, if char(k) = 3.

(10.9)

are equal.
Now supposeC is singular. We may choose(0, 0, 1) to be the singular point.

Then the equation is of the form

T2L2(T0, T1) + L3(T0, T1) = 0. (10.10)

By a linear transformation of variablesT0, T1 we reduceL2 to one of two forms:
L2 = T 2

0 or L2 = T0T1. Consider the first case. The singular point is a cusp; the
equation is

T2T
2
0 + aT 3

0 + bT 2
0 T1 + cT0T

2
1 + dT 3

1 = 0.

ReplacingT2 with T2 + aT0 + bT1, we may assume thata = b = 0. Since the
curve is irreducible we haved 6= 0; by scaling we may assume thatd = 1 and
c = 0 or 1.

If char(k) = 3, we see that there are two orbits of cuspidal curves, represented
by the equations

T2T
2
0 + T 3

1 = 0 and T2T
2
0 + T0T

2
1 + T 3

1 = 0.

All nonsingular points of the first curve are inflection points. The second curve
does not have nonsingular inflection points.

If char(k) 6= 3, then the curve has only one inflection point(1,− c
3
,− 2c

27
) with

tangent line given byT2+c( 1
27
T0+ 1

3
T1) = 0. Now change the coordinates in such

a way that(1, 0, 0) is the unique nonsingular inflection point, the lineT2 = 0 is
the tangent line at this point and the singular point is(0, 0, 1). Then, the equation
reduces to the form

T2T
2
0 + T 3

1 = 0.

Now we consider the case of nodal curves (when the quadratic formL2 in
(10.10) is equal toT0T1) so that the equation is

T2T0T1 + aT 3
0 + bT 2

0 T1 + cT0T
2
1 + dT 3

1 = 0.

ChangingT2 to T2 + bT0 + cT1 we reduce the equation to the form

T2T0T1 + aT 3
0 + dT 3

1 = 0.
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Clearly,a, d 6= 0, so by scaling, we reduce the equation to the form

T2T0T1 + T 3
0 + T 3

1 = 0.

We leave it to the reader to find a projective isomorphism between this curve and
the curve

T 2
2 T0 + T 2

1 (T1 + T0) = 0,

if char(k) 6= 2.
Summarizing, we get the following list of equations of irreducible plane curves

(up to projective transformation):

char(k) 6= 2, 3:
(7) nonsingular cubic

T 2
2 T0 + T 3

1 + aT1T
2
0 + bT 3

0 = 0, 4a3 + 27b2 6= 0;

(8) nodal cubic
T 2

2 T0 + T 2
1 (T1 + T0) = 0;

(9) cuspidal cubic:
T 2

2 T0 + T 3
1 = 0.

char(k) = 3:

(7) nonsingular cubic

T 2
2 T0 + T 3

1 + aT 2
1 T0 + bT1T

2
0 + cT 3

0 = 0, b3 + (b2 − ac)a2 6= 0;

(8) nodal cubic
T0T1T2 + T 3

0 + T 3
1 = 0;

(9) cuspidal cubic:

T 2
2 T0 + T 3

1 = 0, or T 2
2 T0 + T 2

1 (T1 + T2) = 0.

char(k) = 2:
(7) nonsingular cubic

T 2
2 T0 + aT1T2T0 + bT2T

2
0 + T 3

1 + cT1T
2
0 + dT 3

0 = 0,

wherea3b3 + b4 + a4(abc+ c2 + a2d) 6= 0;
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(8) nodal cubic
T0T1T2 + T 3

0 + T 3
1 = 0;

(9) cuspidal cubic
T 2

2 T0 + T 3
1 = 0.

LetT be the diagonal maximal torus in SL3. It consists of matrices of the form

t =

t1 0 0
0 t2 0
0 0 t−1

1 t−1
2

 .

The standard torusG2
m acts onV = Pol3(k3) via its natural homomorphism

G2
m → SL3, (t1, t2) 7→ diag(t1, t2, (t1t2)−1). For each monomialT a

0 T
b
1T

c
2 , a +

b+ c = 3, we have

(t1, t2) · T a
0 T

b
1T

c
2 = ta−c

1 tb−c
2 T a

0 T
b
1T

c
2 .

Thus each monomialT a
0 T

b
1T

c
2 belongs to the eigensubspaceVχa,b

, whereχa,b is
the character ofG2

m defined by the vector(a− c, b− c) = (2a+ b−3, 2b+a−3).
It is easy to see thatVχa,b

is one-dimensional and is spanned by the monomial
T a

0 T
b
1T

c
2 . Thus

wt(V ) = {(2a+ b− 3, 2b+ a− 3) ∈ Z2 : a, b ≥ 0, a+ b ≤ 3}.

It is a set of 10 lattice points inR2:

T
1
3

T
0

T
1

2

T
0

T
1
2

T
0

T
2

2

T
0

T
2
2

T
1

T
2
2

T
1

T
2

2

T
0

T
1

T
2
3

T
0
3T

2

SupposeV (F ) is unstable with respect toT . Then the origin lies outside of the
convex hull of wt(F ). It is easy to see that this is possible only if wt(F ) consists
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of lattice points on one edge of the triangle plus one point nearest to the edge but
not the interior point. After permuting the coordinates we may assume that

F = a1T
3
0 + a2T

2
0 T1 + a3T

2
0 T2 + a4T0T

2
1 + a7T

3
1 .

It is clear that(0, 0, 1) is a singular point ofV (F ). In affine coordinatesX =
T0/T2, Y = T1/T2, the equation looks like

F = a1X
3 + a2X

2Y + a3X
2 + a4XY

2 + a7Y
3.

From this we see that the singular point is not an ordinary double point.
It follows from the above classification of plane cubic curves that the following

curves are unstable:

(us1) irreducible cuspidal curve (two orbits if char(k) = 3);

(us2) the union of an irreducible conic and its tangent line;

(us3) the union of three concurrent lines;

(us4) the union of two lines, one of them double;

(us5) one triple line.

By looking at the equations of the remaining curves and drawing their weight
sets we see that any nonsingular cubic is stable and any singular curve not from
the above list is semi-stable. Note that it is enough to check the numerical criterion
only for one fixed torus. In fact, the property of being nonsingular or have at most
ordinary double points is independent of the chosen coordinates. Thus we have
the following list of semi-stable points:

(ss1) nonsingular cubic (stable point);

(ss2) irreducible nodal curve;

(ss3) the union of an irreducible conic and a line intersecting it at two distinct
points;

(ss4) the union of three non-concurrent lines.
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Consider the quotient map

π : Hyp3(2)ss→ Hyp3(2)ss//SL3.

The dimension of its fibres containing stable curves is equal to 8 (= dim SL3).
Note that in the process of the previous analysis, we found that curves of types
(ss1), (ss2) and (ss3), each form a single orbit represented by the curves

T0T1T2 + T 3
0 + T 3

1 = 0, T0T1T2 + T 3
1 = 0, T0T1T2 = 0,

respectively. Moreover the curves of types (ss2) and (ss3) have stabilizer of pos-
itive dimension. In fact the torusλ(Gm), whereλ(t) = (t, 1, t−1), stabilizes the
second curve, and the maximal diagonal torus stabilizes the third curve. This
shows that the orbits of curves of types (ss2) and (ss3) are of dimension≤ 7.
Thus they lie in the closure of some orbit of dimension 8. It cannot be a stable
orbit, hence the only possible case is that it is the orbit of curves of type (ss1).
Hence this orbit is nether closed nor stable.

Since Hyp3(2) is of dimension 9, we obtaindim Hyp3(2)
ss//SL3 = 1. It is a

normal projective unirational curve, hence we find that

Hyp3(2)ss//SL3
∼= P1.

Since there is only one closed semi-stable but not stable orbit, namely the set of
three non-concurrent lines, we obtain

Hyp3(2)s/SL3
∼= A1.

It is easy to see that the orbit of the curveT0T1T2 = 0 is of dimension6. In the
same fibre we find two other orbits: of nodal irreducible cubics (of dimension 8)
and of curves of type (ss2) (of dimension 7). The second orbit lies in the closure
of the first one, and the closed orbit lies in the closure of the second one.

If char(k) 6= 3, we have five unstable orbits: irreducible cuspidal cubics (of
dimension 8), curves of type (us2) (of dimension 6), of type (us3) (of dimension
5), of type (us4) (of dimension 4), and of type (us5) (of dimension 2). It is easy to
see that the orbit of type (usi) lies in the closure of the orbit of type (us(i-1)).

If char(k) = 3 we have two unstable orbits of type (us1), and four other
unstable orbits lying in the closure of these two orbits.

One can give the explicit formula for the quotient map similar to (10.3). In
characteristic6= 2, 3, it can be given by the following rational functionJ in the
coefficientsai (see [100], p. 189–192):

J =
16S3

T 2 + 64S3
,
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where

S = abcm− (bca2a3 + cab1b3 + abc1c2)−m(ab3c2 + bc1a3 + ca2b1)

− m4 + 2m2(b1c1 + c2a2 + a3b3)− 3m(a2b3c1 + a3b1c2)

+ (ab1c
2
2 + ac1b

2
3 + ba2c

2
1 + bc2a

2
3 + cb3a

2
2 + ca3b

2
1)

− (b21c
2
1 + c22a

2
2 + a2

3b
2
3) + (c2a2a3b3 + a3b3b1c1 + b1c1c2a2),

T = a2b2c2 − 6abc(ab3c2 + bc1a3 + ca2b1) + 12abcm(b1c1 + c2a2 + a3b3)

+ 36m2(bca2a3 + cab1b3 + abc1c2)− 3(a2b23c
2
2 + b2c21a

2
3 + c2a2

2b
2
1)

+ 4(a2bc32 + a2cb33 + b2ca3
3 + b2ac31 + c2ab31 + c2ba3

2)

− 24m(bcb1a
2
3 + bcc1a

2
2 + cac2b

2
1 + caa2b

2
3 + aba3c

2
2 + abb3c

2
1)

− 12(bcc2a3a
2
2 + bcb3a2a

2
3 + cac1b3b

2
1 + caa3b1b

2
3 + abb1c2c

2
1 + aba2c1c

2
2)

+ 6abca3b1c2 + 12m2(ab1c
2
2 + ac1b

2
3 + ba2c

2
1 + bc2a

2
3 + cb3a

2
2 + ca3b

2
1)

− 20abcm3 − 60m(ab1b3c1c2 + bc1c2a2a3 + ca2a3b1b3)

+ 12m(aa2b3c
2
2 + aa3c2b

2
3 + bb3c1a

2
3 + bb1a3c

2
1 + cc1a2b

2
1 + cc2b1a

2
2)

+ 6(ab3c2 + bc1a3 + ca2b1)(a2b3c1 + a3b1c2)− 6b1c1c2a2a3b3

+ 24(ab1b
2
3c

2
1 + ac1c

2
2b

2
1 + bc2c

2
1a

2
2 + ba2a

2
3c

2
2 + ca3a

2
2b

2
3 + cb3b

2
1a

2
3)

− 12(aa2b1c
3
2 + aa3c1b

3
3 + bb3c2a

3
3 + bb1a2c

3
1 + cc1a3b

3
1 + cc2b3a

3
2)

− 8m6 + 24m4(b1c1 + c2a2 + a3b3)− 36m3(a2b3c1 + a3b1c2)

+ 36m(a2b3c1 + a3b1c2)(b1c1 + c2a2 + a3b3) + 8(b31c
3
1 + c32a

3
2 + a3

3b
3
3)

− 12(b21c
2
1c2a2 + b21c

2
1a3b3 + c22a

2
2a3b3 + c22a

2
2b1c1 + a2

3b
2
3b1c1 + a2

3b
2
3c1a2)

− 12m2(b1c1c2a2 + c2a2a3b3 + a3b3b1c1)− 24m2(b21c
2
1 + c22a

2
2 + a2

3b
2
3)

+ 18(bcb1c1a2a3 + cac2a2b3b1 + aba3b3c1c2)− 27(a2
2b

2
3c

2
1 + a2

3b
2
1c

2
2)

+ 6abca2b3c1 − 12m3(ab3c2 + bc1a3 + ca2b1).

Here we use the following dictionary between our notation of coefficients and
Salmon’s:

(a1, a2, a3, a4, a5, a6, a7, a8, a9, a10) = (a, 3a2, 3a3, 3b1, 6m, 3c1, b, 3b3, 3c2, c).

In fact the algebra Pol(Pol3(k3))SL3 is freely generated byS andT . If one evalu-
atesS andT on the curve given in the Weierstrass form from above, we obtain

S =
a

27
, T =

4b

27
.
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In this special case the value of the functionJ is equal to

J =
a3

(4a3 + 27b2)
.

This is the absolute invariant of the elliptic curve. Note that we arrived at the same
function by studying the orbits of binary quartics.

10.4 Cubic surfaces

Consider the cased = 3, n = 3. It corresponds to cubic surfaces inP3. The al-
gebra of invariants Pol(Pol3(k4))SL4 was computed by G. Salmon and A. Clebsch
([99]). It is generated by invariantsI8, I16, I24, I32, I40, I100, where the subscript
indicates the degree. The square of the last invariant is expressed as a polynomial
in the first five invariants. In analogy with the case(d, n) = (6, 1), we find that

C3(3) ∼= P(1, 2, 3, 4, 5).

In particular,C3(3) is a rational variety. The invariantI32 corresponding to the
variableT3 with weight4 is the discriminant. Thus we obtain the following iso-
morphism for the moduli spaceMcubic of nonsingular cubic surfaces:

Mcubic
∼= A4/(Z/4Z),

where a generator of the cyclic groupZ/4 acts onA4 by the formula

(t1, t2, t3, t4) 7→ (ηt1, η
2t2, η

3t3, ηt4), η = exp(2πi/4).

The unique singular point ofMcubic corresponds to the following cubic surface
(see [81]):

T1(tT
2
0 + T1T2 + T1T3) + T2T3(T2 + (t2+1)2

4t2
T3) = 0,

wheret = 1 +
√

2. The automorphism group of this surface is isomorphic to the
dihedral group of order 8.

The subvariety ofC3(3) defined by the equationT3 = 0 is isomorphic to
P(1, 2, 3, 5). Recall that the latter is isomorphic toC6(1); this is not an accident.
If a point ofC6(1) represents six distinct points inP1, we consider the Veronese
map to identify them with six points on a nonsingular conic inP2. Then the linear
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system of cubics through these points defines a rational map fromP2 to P3. Its
image is a singular cubic representing a point ofC3(3). The singular point of
this cubic is the image of the conic. Thus we see that the moduli spaceM2 is
isomorphic to an open subset of the hypersurfaceT3 = 0 in C3(3).

The following are the other values of(d, n) for which the analysis of stability
has been worked out:

(d, n) = (2, 4), (2, 5), (3, 3)([75]), (2, 6)([105])

(3, 4)([106]), (3, 5)([2], [124]).

Bibliographical Notes

The examples of explicit computation of the the quotient spacesCd(n) given in
this lecture have been known since the nineteenth century (see [30], [38], [98]).
The other known cases are(n, d) = (1, 7), (1, 8) (see [36], [35] and also [109],
[20]). A modern proof of the completeness of the Clebsch-Salmon list of funda-
mental invariants of cubic surfaces was given by Beklemishev ([4]). These are
probably the only examples where one can compute the spacesCd(n) explicitly.
In fact, one can show that the number of generators of the algebra of invariants
on the space of homogeneous polynomials of degreed grows very rapidly withd
(see [90]).

It is conjectured that all the spacesCd(n) are rational varieties. In the case of
binary forms, this was proven by F. Bogomolov and P. Katsylo ([5]). The spaces
Cd(2) are known to be rational only in some cases (see [58], [59], [108] and also
a survey of results on rationality in [21]).

Exercises

10.1Show that Hypd(1) ∼= Pd. Desribe the sets of semi-stable and stable points
as subsets ofPd.

10.2Let (ai, bi), i = 1, 2, 3, 4, be four distinct roots of a binary quarticF . Let [ij]
denote the determinant of the matrix with columns(ai, bi), (aj, bj). The expres-
sionr = [12][34]/[13][24] is called thecross-ratioof the four points. Prove that
two binary quartics define the same orbit in Hyp4(1) if and only if the correspond-
ing cross-ratios coincide after we make some permutations of the roots.



EXERCISES 163

10.3LetX be the complement of the quarticV (D) in P3, whereD is the discrim-
inant of a binary cubic form. Show thatX is isomorphic to a homogeneous space
SL2/H, whereH is a subgroup of order 12.

10.4Show that there are exactly two orbits in Hyp4(1)s with non-trivial stabilizer.
Show that the closures of these orbits in Hyp4(1) are given by the equationsS = 0
andT = 0, whereS, T are the polynomials of degree 2 and 3 defined in section
10.2.

10.5Show that Hyp4(1)
us is isomorphic to a surface of degree 6 inP4. Its singular

set is isomorphic to a Veronese curve of degree 4.

10.6Construct a rational map fromCd(1) toCd+1(1) whose image is equal to the
locus of zeroes of the discriminant invariant. Describe the points of indeterminacy
of this map and its inverse.

10.7Find the orbits of the binary quintics which correspond to singular points of
C5(1).

10.8 Find the group of projective automorphisms of a nonsingular cubic curve
(you may assume that char(k) 6= 2, 3).

10.9Find all projective automorphisms of an irreducible cuspidal cubic.

10.10Perform the analysis of stability in the case(d, n) = (3, 3) and compare the
result with the answer in [75].

10.11Prove that nonsingular quadrics are semi-stable in all characteristics.

10.12Show that a plane curve of degreed is unstable if it has a singular point of
multiplicity > 2d/3.





Chapter 11

Configurations of linear subspaces

11.1 Stable configurations

In the last two chapters, for typographical reasons, we denote the Grassmannian
Gr(r+ 1, n+ 1) of r-dimensional linear projective subspaces inPn by Grr,n. The
groupG = SLn+1 acts naturally on Grr,n via its linear representation inkn+1. In
this lecture we investigate the stability for the diagonal action ofG on the variety

Xr,n =
m∏

i=1

Grri,n,

wherer = (r1, . . . , rm). First we have to describe the possible linearizations of
this action.

Lemma 11.1.
PicG(Grr,n) ∼= Pic(Grr,n) ∼= Z.

A generator of this group is the line bundleOGrr,n(1) corresponding to a hyper-
plane section in the Plücker embedding ofGrr,n in P(Λr+1(kn+1)) = PN , N =(

n+1
r+1

)
− 1.

Proof. We will represent a pointW ∈ Grr,n as a matrix

A =

a00 a01 . . . a0n
...

...
...

...
ar0 ar1 . . . arn

 .

165
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Its rows form a basis ofW . The Pl̈ucker coordinatespi0...ir of W are the maximal
minors of this matrix formed by the columnsAi0 , . . . , Air . The open subset of
Grr,n with p12...r+1 6= 0 is the affine spaceA(r+1)(n−r). The restriction of any
L ∈ Pic(Grr,n) to this open subset is trivial, soL is isomorphic to the line bundle
associated to a divisor equal to a multiple of a hyperplane section. Since any line
bundle admits a unique linearization with respect to SLn+1, the assertion follows.

We use the notationZi0,...,ir to denote the projective coordinates inPN (we
order them lexicographically). The value of this coordinate at anyW ∈ Grr,n
is equal to the Plücker coordinatepi0...ir of W . Since Grr,n is not contained in a
linear subspace ofPN , the restriction map

Γ(PN ,OPN (1)) → Γ(Grr,n,OGrr,n(1))

is injective. One can also show that it is surjective.
For any vectork = (k1, . . . , km) ∈ Zm we define a line bundle onXr,n

Lk =
m⊗

i=1

pr∗i (OGrri,n(1)⊗ki),

where pri : Xr,n → Grri,n is thei-th projection. It follows from Lemma 11.1 that
any line bundle onX is isomorphic toLk for somek (use [46], p. 292). Since each
pri is an SLn+1-equivariant morphism,Lk admits a canonical SLn+1-linearization.
Thus

PicSLn+1(Xr,n) ∼= Zm.

Also Lk is ample if and only if allki are positive. In fact, if some tensor power
of Lk defines a closed embeddingXr,n → PM , then the restriction ofLk to any
subvariety isomorphic to a factor is an ample line bundle. But it is obvious that
this restriction is isomorphic toOGrr,n(1)⊗ki. The latter is ample if and only if
ki > 0. Conversely, anyLk with positivek (meaning that allki’s are positive)
is very ample. It defines a projective embedding ofXr,n which is equal to the
composition

Xr,n → (PN)m →
m∏

i=1

P
(

N+ki

N

)
−1 → P

mQ
i=1

(
N+ki

N

)
−1
,

where the first map is the product of the Plücker embeddings, the second map is
the product of the Veronese embeddings, and the last map is the Segre map.
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Now we are ready to describe semi-stable and stable configurations of linear
projective subspaces

W = (W1, . . . ,Wm) ∈ Xr,n.

Theorem 11.1. Let k = (k1, . . . , km) ∈ Zm
+ . ThenW ∈ Xss

r,n(Lk) (resp. ∈
(Xr,n)s(Lk)) if and only if for any proper linear subspaceW of Pn

(n+ 1)
m∑

j=1

kj[dim(Wj ∩W ) + 1] ≤ (dimW + 1)
m∑

i=1

ki(ri + 1)

(resp. the strict inequality holds).

Proof. Let T be the maximal diagonal torus in SLn+1. Each one-parameter sub-
group ofT is defined byλ(t) = diag[tq0 , . . . , tqn ], whereq0 + · · · + qn = 0. By
permuting coordinates we may assume that

q0 ≥ q1 ≥ · · · ≥ qn. (11.1)

SupposeW = (W1, . . . ,Wm) is semi-stable. LetEs, s = 0, . . . , n, be the linear
space spanned by the unit vectorse0, . . . , es and letEs be the corresponding pro-
jective subspace. For anyW ∈ Grr,n and any integerj, 0 ≤ j ≤ r, there is a
unique integerνj for which

dim(W ∩ Eνj
) = j, dim(W ∩ Eνj−1) = j − 1.

To see this we list the numbersas = dim(W ∩Es), s = 0, . . . , n, and observe that
0 ≤ as − as−1 ≤ 1, an = r, since eachEs−1 is a hyperplane inEs andEn = Pn.
Then we see that eachj occurs among these numbers and we defineνj to be the
first s with as = j.

With this notation we can representW by a matrixA of the form

A =


a00 . . . a0ν0 0 . . . . . . . . . . . . . . . 0
a10 . . . . . . a1ν1 0 . . . . . . . . . . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
ari0 . . . . . . . . . . . . . . . arνr 0 . . . 0

 , (11.2)

whereajνj
6= 0 for all j. It is clear from viewing the maximal minors of this

matrix thatpi0...ir(Wi) = 0 if ij > νj for any value ofj andpν0...νr(W ) 6= 0.
Now we notice that the projective coordinates ofW = (W1, . . . ,Wm) in the

embedding defined by the line bundleLk are equal to the product ofmmonomials
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of degreeki in the Pl̈ucker coordinates ofWi. Since for eachλ as in (11.1) we
have

pi0...ir(λ(t) ·W ) = tqi0
+···+qirpi0...ir(W ),

it is easy to see that

µLk(W , λ) =
m∑

i=1

ki

( ri∑
j=0

q
ν
(i)
j

)
.

Hereν(i)
0 , . . . , ν

(i)
ri are defined for eachWi, i = 1, . . . ,m, as in the above. Using

thatdim(Wi∩Ej)−dim(Wi∩Ej−1) = 0 if j 6= ν
(i)
j , we can rewrite the previous

sum as follows:

µLk(W , λ) =
m∑

i=1

ki

( n∑
j=0

qj

(
dim(Wi ∩ Ej)− dim(Wi ∩ Ej−1)

))
=

m∑
i=1

ki

(
(ri + 1)qn +

n−1∑
j=0

(dim(Wi ∩ Ej) + 1)(qj − qj+1)
)

= qn

m∑
i=1

ki(ri + 1) +
n−1∑
j=0

( m∑
i=1

ki(dim(Wi ∩ Ej) + 1)(qj − qj+1)
)
.

Since we want this number to be non-positive (resp. negative) for allλ, we can
take the special one-parameter subgroupλs given by

q0 = · · · = qs = n− s, qs+1 = · · · = qn = −(s+ 1), 0 ≤ s ≤ n− 1.

It is easy to see that anyλ satisfying (11.1) is a positive linear combination of such
one-parameter subgroups. Plugging in these values ofqj, we find

−
m∑

i=1

ki(ri + 1)(s+ 1) + (n+ 1)

( m∑
i=1

ki(dim(Wi ∩Es) + 1)

)
≤ 0 (resp.< 0).

(11.3)
Since anys-dimensional linear subspace ofPn is projectively equivalent toEs, we
obtain the necessary condition for semi-stability or stability stated in the theorem.
It is also sufficient. In fact, if it is satisfied but(W1, . . . ,Wm) is not semi-stable,
we can find someλ ∈ X ∗(SLn+1) such thatµLk(W , λ) > 0. By choosing appro-
priate coordinates, we may assume thatλ ∈ X (T )∗ and satisfies (11.1). Then we
write λ as a positive linear combination ofλs’s to obtain thatµLk(W , λs) > 0 for
somes. Then the above computations show that (11.2) does not hold, contradict-
ing our assumption.
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Corollary 11.1. Assume that the numbers
m∑

i=1

ki(ri + 1) andn + 1 are coprime.

Then
Xss

r,n(Lk) = Xs
r,n(Lk).

Let us rewrite Theorem 11.1 in the case where allri andki are equal (in this
case the linearization is calleddemocratic). We set

Xss
rm,n = Xss

rm,n(Lkm), Xs
rm,n = Xs

rm,n(Lkm),

Pm
r,n = Xss

rm,n//SLn+1.

Corollary 11.2.

W ∈ Xss
rm,n ⇔

m∑
i=1

(dim(Wj ∩W ) + 1) ≤ (dimW + 1)
m(r + 1)

n+ 1
,

for any proper subspaceW of Pn. Also,

W ∈ Xs
rm,n ⇔

m∑
i=1

(dim(Wj ∩W ) + 1) < (dimW + 1)
m(r + 1)

n+ 1

for any proper subspaceW of Pn.

Let us consider some examples.

Example11.1. Let n = 1,k = 1m. TakingW to be a point, we get thatW can
be equal to at mostm/2 points amongW = (p1, . . . , pm) ∈ (P1)m if W is semi-
stable with respect toL1m. This is similar to the stability criterion for a binary
form of degreen. This is not surprising, since Hypm(1) = (P1)m/Σm andL1m

is equal to the inverse image ofO(1) under the projection(P1)m → Hypm(1).
Note that if we changeL1m to Lk, wherek1 + · · · + km−1 < km, we get that
(p1, . . . , p1, pm) is semi-stable.

Example11.2. Let us taken = 2, ri = 0,k = (1, . . . , 1). Then

(p1, . . . , pm) is semistable⇔ no point is repeated more than

m/3 times and no more than2m/3 points are on a line.

Semi-stability coincides with stability when3 does not dividem.
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For instance, let us taken = 6. Then stable sextuples of points are all dis-
tinct and have at most three collinear. On the other hand, semi-stable but not
stable sextuples have either two coinciding points or four collinear points among
them. It is easy to see that minimal closed orbits of semi-stable but not stable
points are represented by sextuples(p1, . . . , p6), wherepi = pj for somei 6= j
with the remaining four points on a line. Among them there are special orbits
Oij,kl,st corresponding to the sextuples withpi = pj, pk = pl, ps = pt, where
{1, . . . , 6} = {i, j} t {k, l} t {s, t}. SoXss

16,2//G is a four-dimensional vari-
ety, and(Xss

16,2//G) \ (Xs
16,2/G) is isomorphic to the union of 15 curvesCij each

isomorphic toXss
14,1//SL2

∼= P1. Each curveCij contains three pointsPij,kl,mn rep-
resented by the orbits Oij,kl,mn. Each pointPij,kl,mn lies on three curvesCij, Ckl

andCmn.
Let us consider the subsetZ of Xs

16,2 of sextuples(p1, . . . , p6) such that there
exists an irreducible conic containing the pointsp1, . . . , p6. Since all irreducible
conics are projectively equivalent, the orbit spaceXs

16,2/SL3 is isomorphic to the
orbit space((P1)6)s/SL2 of sextuples of distinct points onP1. However, as we
will see later, its closure inP 6

0,2 = ((P2)6)ss//SL3 is not isomorphic toP 6
0,1 =

((P1)6)ss//SL2.

Example11.3. Let us taker = 1, n = 3,k = (1, . . . , 1). Then we are dealing with
sequences(l1, . . . , lm) of lines inP3. Let us apply the criterion of semi-stabilty,
takingW to be first a point, then a line, and finally a plane. In the first case we
obtain

#{i : W ∈ Wi} ≤ m/2;

that is, no more thanm/2 lines intersect at one point.
TakingW to be a line, we obtain

2#{i : W = Wi}+ #{i : Wi 6= W,W ∩Wi 6= ∅} ≤ m;

in particular, no more thanm/2 lines coincide and no more thanm− 2t linesWi

intersect a lineWj which is repeatedt times.
Finally, takingW to be a plane, we get

2#{i : Wi ⊂ W}+ #{i : Wi 6⊂ W} ≤ 3m/2;

that is, no more thanm/2 lines are coplanar.
For example, there are no stable points ifm ≤ 4. This follows from the fact

that for any four lines inP3 there is a line intersecting all of them. There are no
semi-stable points form = 1. If m = 2, a pair of lines is semi-stable if and only
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if they don’t intersect. It is easy to see that by a projective transformation a pair
of skew lines is reduced to the two lines given by the equationsx0 = x1 = 0
andx2 = x3 = 0. Thus we have one orbit. Similarly, ifm = 3 we get one
semi-stable orbit represented by the linesx0 = x1 = 0, x2 = x3 = 0, and
x0 + x2 = x1 + x3 = 0. If m = 4, the formula for the dimension of the quotient
space gives us thatdimXss//G = 1 + dimGx, whereGx is the stabilizer of a
generic point inXss. In our casedimGx > 0 since there are no stable orbits. It is
easy to see thatdimGx = 1 (use that there is a unique quadricQ through the first
three lines, and the fourth line is determined by two points of intersection with the
quadric; the subgroup of the automorphisms of the quadric which fix two points
and three lines in one ruling is isomorphic toGm). We will show later, by explicit
computation of invariants, that

P 4
1,3 = Xss

14,3//SL4
∼= P2. (11.4)

Let us give a geometric reason why this can be true. For any four skew lines in
general position, there exist two lines which intersect them all (they are called
transversals). This is a classical fact which can be proven as follows. Consider
the unique quadricQ through the first three linesl1, l2, l3. They belong to one
ruling of lines onQ. The fourth linel4 intersectsQ at two pointsq1, q2. The two
transversals are the lines from the other ruling ofQ which pass throughq1, q2.
If the fourth line happens to be tangent toQ, so thatq1 = q2, we get only one
transversal. Now lett1, t2 be the two transversals. Then we have two ordered sets
of four points onP1:

(p1, p2, p3, p4) = (l1 ∩ t1, l2 ∩ t1, l3 ∩ t1, l4 ∩ t1),

(p′1, p
′
2, p

′
3, p

′
4) = (l1 ∩ t2, l2 ∩ t2, l3 ∩ t2, l4 ∩ t2).

This defines a rational map

P 4
1,3− → (P 4

0,1 × P 4
0,1)/Σ2

∼= (P1 × P1)/Σ2
∼= P2.

The proof that this map extends to an isomorphism consists of the study of how
this construction can be extended to degenerate configurations.

11.2 Points inPn

Let us consider configurations ofm points inPn. We have
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Theorem 11.2.LetP = (p1, . . . , pm) ∈ (Pn)m. Then

P ∈ ((Pn)m)ss(Lk) (resp.P ∈ ((Pn)m)s(Lk))

if and only if for every proper linear subspaceW of Pn

∑
i,pi∈W

ki ≤
dimW + 1

n+ 1

( m∑
i=1

ki

)
(resp. the strict inequality holds).

In particular, if allki = 1, the last condition can be rewritten in the form

#{i : pi ∈ W} ≤ dimW + 1

n+ 1
m (resp.< ).

Corollary 11.3.

((Pn)m)ss(Lk) 6= ∅ ⇔ ∀i = 1, . . . ,m, (n+ 1)ki ≤
m∑

i=1

ki,

((Pn)m)s(Lk) 6= ∅ ⇔ ∀i = 1, . . . ,m, (n+ 1)ki <
m∑

i=1

ki.

Proof. If m ≤ n, the left-hand side is empty and the assertion is obviously true in
this case. We assume thatm > n. Let

((Pn)m)gen =
{

(p1, . . . , pm) : each subset ofn+ 1 points spansPn
}
.

This is an open nonempty subset of(Pn)m. We know that((Pn)m)ss(Lk) is an
open subset. So if it is not empty it has nonempty intersection with((Pn)m)gen.
If we take a set of pointsP = (p1, . . . , pm) in the intersection, we obtain, since

no two pointspi coincide,(n + 1)ki ≤
m∑

i=1

ki for eachi = 1, . . . ,m. Conversely,

if this condition is satisfied then each pointP = (p1, . . . , pm) ∈ ((Pn)m)gen is
semi-stable with respect toLk. In fact, each subspaceW of dimensions contains
at mosts+ 1 pointspi. Hence∑

i,pi∈W

ki ≤ (dimW + 1) max{ki : i = 1, . . . ,m} ≤ dimW + 1

n+ 1

( m∑
i=1

ki

)
.

This proves the assertion about the semi-stability. We prove the second assertion
similarly.
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Let

∆n,m =
{
x = (x1, . . . , xm) ∈ Rm :

m∑
i=1

xi = n+ 1, 0 ≤ xi ≤ 1, i = 1, . . . ,m
}
.

This is called an(m−1)-dimensionalhypersimplexof typen. One can restate the
preceding corollary in the following form. Consider the cone over∆n,m in Rm+1

C∆n,m = {(x, λ) ∈ Rm × R+ : x ∈ λ∆n,m}.

We have the injective map

PicSLn+1((Pn)m) → Rm+1, Lk 7→
(
k1, . . . , km, (n+ 1)−1

m∑
i=1

ki

)
,

which allows us to identify PicSLn+1((Pn)m) with a subset ofRm+1. We have

PicSLn+1((Pn)m) ∩ C∆n,m =
{
L ∈ PicSLn+1((Pn)m) : ((Pn)m)ss(L) 6= ∅

}
.

In fact, if the firstm coordinates of a pointx ∈ Rm+1 from the left-hand side
are all positive, this follows immediately from Corollary 11.3. Suppose some
of the first coordinates ofx are equal to zero, say the firstt coordinates. Then
Lk = pr∗(L′k), where pr: (Pn)m → (Pn)m−t is the projection to the lastm − t
factors, andk′ = (kt+1, . . . , km). By applying Corollary 11.3 toL′k, we obtain
that((Pn)m−t)ss(L′k) 6= ∅. It is easy to see that

((Pn)m)ss(Lk) = pr−1(((Pn)m−t)ss(L′k))

and we have a commutative diagram

((Pn)m)ss(Lk)
pr−−−→ ((Pn)m−t)ss(L′k)y y

((Pn)m)ss(Lk)//SLn+1
pr−−−→ ((Pn)m−t)ss(L′k)//SLn+1

where the vertical arrows are quotient maps and the mappr is an isomorphism.
Note that the relative boundary of the convex coneC∆n,m consists of points

with one of the firstm coordinates equal to zero, and of points(x, λ) ∈ Rm+1

satisfying(n + 1)xi = λ for somei, 0 ≤ i ≤ m. The intersection of the latter
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part of the boundary with PicSLn+1((Pn)m) consists of line bundlesLk such that

(n + 1)ki =
m∑

i=1

ki for somei. This shows that all points from((Pn)m)gen are

semi-stable but not stable (with respect toLk). Since the set of stable points must
be open, it must be empty.

Observe thatP ∈ ((Pn)m)ss(Lk) \ ((Pn)m)s(Lk) if and only if there exists a
subspaceW of dimensiond, 0 ≤ d ≤ n− 1, such that

(n+ 1)
∑
pi∈W

ki = (dimW + 1)
m∑

i=1

ki.

This is equivalent to the condition thatLk belongs to the hyperplane

HI,d :=
{

(x1, . . . , xm, λ) ∈ Rm :
∑
i∈I

xi = λd
}
,

whereI is a nonempty subset of{1, . . . ,m}. LetC be a connected component of
C∆n,m \

⋃
I,dHI,d (called achamber). One can show that any two line bundles

from the same chamber have the same set of semi-stable points. SupposeLk

belongs to someHI,d and does not lie on other hyperplanesHJ,d′. Then there
are two chambersC−, C+ with common boundaryHI,d. We have a commutative
diagram

((Pn)m)s(C+)/SLn+1 − → ((Pn)m)s(C−)/SLn+1

↘ ↙
((Pn)m)ss(Lk)//SLn+1

Here((Pn)m)s(C±) means that we define the stability with respect to anyLk from
C±. The corner maps are birational morphisms, and the upper arrow is a birational
map (aflip). We refer the reader to [23] for more general and precise results on
this subject.

The spaces
Pm

n := Pm
0,n = ((Pn)m)ss(L1m)//SLn+1

can be described explicitly in a few cases. It follows from the construction of the
quotient that

Pm
n = Projm(

⊕
d≥0

Γ((Pn)m, L⊗d
1m)SLn+1) = Projm(

⊕
d≥0

(Pold(V
∗)⊗m)SLn+1),
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wherePn = P(V ). Let us denote the graded algebra
⊕

d≥0(Pold(V ∗)⊗m)SLn+1 by
Rm

n .
The First Fundamental Theorem tells us how to compute generators of the

graded algebraRm
n . We have

(Rm
n )d = Pol(Matn+1,m)

SLn+1

dm,wn+1 . (11.5)

Thus the space is generated by standard tableau functionsµτ of size(n+ 1)×w,
degreed with w = md

n+1
.

Remark11.1. Note that the symmetric groupΣm acts naturally onPm
n , via per-

muting the factors. It acts on the graded algebraRm
n via its action on the columns

of matrices of size(n + 1) × m. The quotientPm
n /Σm is the moduli space of

(unordered) sets ofm-points inPn. In the special casen = 1, an unordered set of
m-points is the set of zeros of a binary form of degreem. Recall that, by the First
Fundamental Theorem, we have an isomorphism

Polm(Pold(V ))SL(V ) ∼= (Pol(Matn+1,m)
SLn+1

dm,wn+1)
Σm .

In view of (11.5) we obtain an isomorphism

(Rm
n )Σm

d
∼= Polm(Pold(V ))SL(V ).

Now, if we use Hermite Reciprocity (Theorem 5.6), we get an isomorphism

φm : (Rm
n )Σm

d
∼= Pold(Polm(V ))SL(V ). (11.6)

It can be shown (see Remark 5.2) that the isomorphismsφm define an isomor-
phism of graded algebras( ∞⊕

d=0

(Rm
n )d

)Σm

∼=
m⊕

d=0

Pold(Polm(V ))SL(V ).

The projective spectrum of the left-hand side is the varietyPm
1 /Σm. The projec-

tive spectrum of the right-hand side is the variety Hypm(1)//SL2. Thus

Pm
1 /Σm

∼= Cm(1).

Example11.4. Let us start with the casen = 1,m = 4. Then the degree 1 piece of
(R4

1) is spanned by the two functions[12][34] and[13][24]. The value of the ratio
r = [12][34]/[13][24] on the set(p1, p2, p3, p4) defined by the coordinate matrix

A =

(
a0 b0 c0 d0

a1 b1 c1 d1

)
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is equal to

r(p1, p2, p3, p4) =
(a0b1 − a1b0)(c0d1 − c1d0)

(a0c1 − a1c0)(b0d1 − b1d0)
.

This is called thecross-ratioof four ordered points. Two distinct ordered quadru-
ples of points inP1 are projectively equivalent if and only if they have the same
cross-ratio. If we choose coordinates in the form(1, xi), i = 1, . . . , 4, assuming
that none of the points is the infinity point, we obtain

r(p1, p2, p3, p4) =
(x2 − x1)(x4 − x3)

(x3 − x1)(x4 − x2)
.

If p = (0, 1,∞, x) = ((1, 0), (1, 1), (0, 1), (1, x)) we get

r(0, 1,∞, x) = 1− x.

Note that the cross-ratio of four distinct points never takes the values0, 1,∞.
The quadruples(p1, p2, p3, p4) go to0 if p1 = p2 or p3 = p4. The only closed orbit
in the fibre over0 consists of configurations withp1 = p2, p3 = p4. Similarly,
one describes the fibres over1 and∞. It is easy to see that the graded algebraR4

1

is equal tok[[12][34], [13][24]] and hence is isomorphic to the polynomial algebra
k[x, y] (prove this by following the next example). The permutation groupΣ4 acts
on this algebra as follows:

(12) = (34) : x 7→ −x, y 7→ y − x,

(23) : x 7→ y, y 7→ x.

This easily implies that

Pol(Pol4(k
2))SL2 ∼= k[x, y]Σ4 = k[A,B],

where
A = x2 − xy + y2, B = −2x3 + 3xy2 − 2y3 + 3x2y.

Using (11.6) we can identify (up to a constant factor) these invariants with the
invariantsS andT from section 10.2 of Chapter 10.

Example11.5. Let n = 1,m = 5. The computations here are more involved
than in the casem = 6 which we will discuss in the next example. Here we
only sketch a proof that the spaceP 5

1 is isomorphic to a Del Pezzo surfaceD5 of
degree 5 isomorphic to the blow-up ofP2 with center at four pointsp1, p2, p3, p4
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no three of which are on a line. The linear system of conics defines a morphism
f : D5 → P1. Its fibres are conics through the four pointspi. There are three
singular fibres corresponding to three reducible conics. There are four sections of
f corresponding to the exceptional curvesEi blown up from the pointspi. Let
us construct a mapΦ : D5 → P 5

1 . If x ∈ D5 lies on a nonsingular fibreF , we
consider the fibre asP1 and assign tox the orbitΦ(x) of the five points(E1 ∩
F, . . . , E4 ∩ F, x) in P1. If x lies on a singular fibre, say on the proper transform
l of the linel12 passing through the pointsp1, p2 we assign tox the orbit of(E1 ∩
l, E2 ∩ l, a, a, x), wherea is the inverse image of the pointl12 ∩ l34. If x = a we
assign to it the unique orbit of(0, 0, 1, 1,∞). Note that under this assignment the
fibration mapf corresponds to the natural mapP 5

1 → P 4
1 defined by the projection

(x1, x2, x3, x4, x5) 7→ (x1, x2, x3, x4). The three points inP1 over which the fibre
is singular are the three special orbits of(a, a, b, b), (a, b, a, b) and(a, b, b, a). The
sectionEi corresponds to the set of orbits of(x1, x2, x3, x4, x5), wherex5 = xi.

Example11.6. Let n = 1,m = 6. A standard tableau of degreed and size2× 3d
is given by a table 

a1
1 a2

2

a1
2 a2

3

a1
3 a2

4

a1
4 a2

5

a1
5 a2

6

 , (11.7)

where we use the notation from section 2.4. We have

| a1
1 |=| a2

6 |= d, | a1
i | + | a2

i |= d, 2 ≤ i ≤ 5,

| a1
2 | + | a1

3 | + | a1
4 | + | a1

5 |= 2d.

Set
l2 =| a1

2 |, l3 =| a1
3 |, l4 =| a1

4 | .

These numbers satisfy the following inequalities:

0 ≤ l2, l3, l4 ≤ d, d ≤ l2 + l3 + l4 ≤ 2d,

d ≤ 2l2 + l3, 2d ≤ 2l2 + 2l3 + l4.

The last two inequalities say that each row consists of two different numbers, so
that

d+ | a1
2 | ≥ | a2

2 | + | a2
3 |, d+ | a1

2 | + | a1
3 | ≥ | a2

2 | + | a2
3 | + | a2

4 | .
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Settingx = l2, y = l2+l3, z = l2+l3+l4, we obtain that our tableau is completely
determined by a vector(x, y, z) satisfying

0 ≤ x ≤ d, 0 ≤ y − x ≤ d, 0 ≤ z − y ≤ d,

d ≤ x+ y, y + z ≥ 2d, d ≤ z ≤ 2d.

When0 ≤ y ≤ d these inequalities are equivalent to

y ≥ x ≥ d− y, 2d− y ≤ z ≤ y + d.

This gives
∑d

i=d/2(2i− d+1)2 solutions. When2d ≥ y ≥ d we havey ≤ z ≤ 2d

which gives
∑2d

i=d(2d− i+ 1)2 solutions. Summing up, we get

dim(R6
1)d =

1

2
(d3 + 3d2 + 4d) + 1.

Thus the Hilbert function of the graded ringR6
1 is equal to

∞∑
d=0

(1
2
(d3 + 3d2 + 4d) + 1)td =

1− t3

(1− t)5
.

This suggests thatP 6
1 is isomorphic to a cubic hypersurface inP4. This is true.

First of all we have the following generators ofR6
1:

t0 = [12][34][56], t1 = [13][24][56], t2 = [12][35][46],

t3 = [13][25][46], t4 = [14][25][36].

For every(i, j) 6= (0, 3), (0, 4), the producttitj is a standard tableau function from
(R6

1)2. Applying the straightening algorithm, we find

t0t3 = −[12][13][23][45][46][56] + t1t2,

t0t4 = [12][14][24][35][36][56]− t1t2 + t0t1 + t0t2 − t20.

So the standard monomials

y1 = [12][13][23][45][46][56], y2 = [12][14][24][35][36][56]

can be expressed as polynomials of degree 2 in theti. Counting the number of
standard tableau functions of size2 × 6, we find that(R6

1)2 = (R6
1)

2. In fact, we
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have(R6
1)n = (R6

1)
n for anyn. If we take a tableau functionµa,b,c,k corresponding

to tableau (11.7) withl1 = a, l2 = b, l3 = c, we can write it as

µa,b,c,k =

{
t2k−2a−b−c
0 tk−c

1 tc2y
a+b−k
2 if a+ b ≥ k,

t2k−2a−b−c
0 t2a+b−k

1 t2a+2b+c−2k
2 yk−b−a

1 if a+ b ≤ k,

whenever2a+ b+ c ≤ 2k, and similarly

µa,b,c,k =


t2k−2a−b−c
1 tk−a

2 ta+c−k
3 ta+b−k

4 if a+ b ≥ k, a+ c ≥ k,

tk−b
1 tc1t

2a+b+c−2k
3 yk−c−a

2 if a+ c ≤ k,

tk−c
1 tb1t

2a+b+c−2k
3 yk−b−a

1 if a+ b ≤ k,

whenever2a+ b+ c ≤ 2k. It is easy to verify that

t3y2 = t1t2t4

which gives us the cubic relation

t1t2t3 − t3t0t4 + t3t1t2 + t3t0t1 + t3t0t2 − t3t
2
0 = 0.

Let
F3 = T1T2T3 − T3T0T4 + T3T1T2 + T3T0T1 + T3T0T2 − T3T

2
0 .

There is a surjective homomorphism of the graded algebras

k[T0, T1, T2, T3, T4]/(F3(T0, T1, T2, T3, T4)) → R6
1

and comparing the Hilbert functions we see that it is bijective. ThusP 6
1 =

Projm(R6
1) is isomorphic to the cubic hypersurfaceF3(T0, T1, T2, T3, T4) = 0.

If we change the variables,

Z0 = 2T0 − T1 − T2 + T3 + T4, Z1 = T1 − T2 − T3 + T4,

Z2 = −T1 + T2 − T3 + T4, Z3 = T1 + T2 − T3 − T4,

Z4 = −T1 − T2 + T3 − T4, Z5 = −2T0 + T1 + T2 + T3 − T4,

we obtain thatP 6
1 can be given by the equations

5∑
i=0

Zi = 0,
5∑

i=0

Z3
i = 0
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in P5 which manifest theΣ6-symmetry. The cubic hypersurface defined by these
equations is called theSegre cubic primal. It contains 10 nodes (the maximum
possible number for a cubic hypersurface inP4) and 15 planes. The nodes cor-
respond to the minimal closed orbits of semi-stable but not stable points. The
singular points can be indexed by the subsets{i, j, k} of {1, . . . , 6}. For example,
p123 = (1, 1, 1,−1,−1,−1). The planes correspond to the orbits of sextuples with
two coinciding points. They have equations of the formZi + Zj = Zk + Zl =
Zm + Zn = 0, where{i, j, k, l,m, n} = {1, . . . , 6}. Each plane contains four
singular points. Each point is contained in 6 planes. The blow-up of the plane at
the four points is naturally isomorphic toP 5

1 (see Exercise 11.7).

Example11.7. Let n = 2 andm = 6. Again we takek = (1, . . . , 1) and try to
compute the graded algebraR6

2 explicitly. We skip the computations ([25], p.17)
and give only the results. First we compute the Hilbert function of the graded
algebraR6

2:
∞∑

k=0

dim(R6
2)kt

k =
1− t4

(1− t)5(1− t2)
.

This suggests thatR6
2 is generated by five elements of degree 1 and one element

of degree 2 with a relation of degree 4. We have the following.

Generators:
degree 1

t0 = [123][456], t1 = [124][356], t2 = [125][346], t3 = [134][256], t4 = [135][246];

degree 2

t5 = [123][145][246][356]− [124][135][236][456].

Relation:
t25 + t5(t2t3 + t1t4 + t0t1 + t0t4 + t0t2 + t0t3 + t20)

+t0t1t4(t0 + t1 + t2 + t3 + t4).

This shows thatP 6
2 is isomorphic to a hypersurface of degree 4 in the weighted

projective spaceP(1, 1, 1, 1, 1, 2) given by the equation

F4 = T 2
5 + T5(−T2T3 + T1T4 + T0T1 + T0T4 − T0T2 − T0T3 − T 2

0 )

+T0T1T4(−T0 + T1 − T2 − T3 + T4) = 0.
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If char(k) 6= 2 this can be transformed into the equation

F4 = T 2
5 + (−T2T3 + T1T4 + T0T1 + T0T4 − T0T2 − T0T3 − T 2

0 )2

+4T0T1T4(−T0 + T1 − T2 − T3 + T4) = 0.

The equation is again symmetric with respect to a linear representation ofΣ6 in
the variablesT0, . . . , T4 (but not with respect to the standard permutation repre-
sentation ink5). The quartic hypersurfaceV4 in P4 given by the equation

(−T2T3 + T1T4 + T0T1 + T0T4 − T0T2 − T0T3 − T 2
0 )2

+4T0T1T4(−T0 + T1 − T2 − T3 + T4) = 0

is called theSegre quartic primal(or Igusa quartic). It corresponds to the relation

[123][145][246][356]− [124][135][236][456] = 0.

If we fix the pointsp1, . . . , p5 and varyp6 we see that this is of degree 2 in the
coordinates ofp6 and vanishes whenp6 = pi for somei = 1, . . . , 5. Thus it
describes the conic through the pointsp1, . . . , p5 and expresses the condition that
the six points are on a conic. Using the equationF4 = 0, we can exhibitP 6

2 as a
double cover ofP4 branched along the Segre quartic hypersurface. In other words,
there is an involution onP 6

2 whose fixed points are the sextuples lying on a conic.
This is theself-association involution. We have a remarkable isomorphism, the
association isomorphism:

a : Pm
n
∼= Pm

m−n−2.

It is defined by the isomorphism of the graded algebrasRm
n → Rm

m−n−2 defined
on tableau functions by replacing each determinant[i1, . . . , in+1] with the deter-
minant[j1, . . . , jm−n−1], where{j1, . . . , jm−n−1} = {1, . . . ,m} \ {i1, . . . , in+1}.
In the casem = 2n+ 2, we get an involutive automorphism of the algebraR2n+2

n

which defines the self-association involution of the varietyP 2n+2
n . We refer to [25]

and [27] for the details and for some geometric interpretations of the association
isomorphism.

11.3 Lines inP3

Let us give an algebraic proof of the existence of the isomorphism (11.4). Recall
that Gr1,3 is isomorphic to a nonsingular quadric inP5. Its automorphism group
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is the complex projective orthogonal group PO(6) = O(6)/(±1). The natural ac-
tion of SL4 on Gr1,3 defines an injective homomorphism from PSL(4) to PO(6).
Counting the dimensions we see that the image is the connected component of
the identity of the group PO(6). It is the subgroup PO(6)+ whose elements are
represented by orthogonal matrices with determinant 1. Now the analysis of sta-
bility for lines in P3 shows that a semi-stable configuration of lines, considered
as an ordered set of points inP5, is semi-stable with respect to the action of SL4

in P5. ThusPm
1,3 is a closed subset of the quotient((P5)m)ss//O+(6). The latter

can be computed using the First and the Second Fundamental Theorem of invari-
ant theory for the orthogonal group. The symmetric bilinear form on the space
Λ2(k4) ∼= k6 defined by the Grassmannian quadric is the wedge product. IfV is a
vector space equipped with a nondegenerate symmetric bilinear form〈v, w〉, then
the algebra of polynomial invariants of O(V ) in the spaceV ⊕m is generated by the
functions[ij] defined by[ij](v1, . . . , vm) = 〈vi, vj〉 (see Exercise 2.9, or [123]).
This algebra is equal to the algebra of invariants for O(V )+ unlessm ≥ dimV ,
when additional invariants are the basic invariants for SL(V ), i.e., the bracket
functions. Form < dimV , there are no relations between the basic invariants.
Now

(P(V )m)ss//O+(V ) ∼=
∞⊕

d=0

Γ(P(V )m, Ld
1m)O+(V ) ∼=

∞⊕
d=0

(Pold(V )⊗m)O+(V ).

As we saw in Chapter 2, elements of Pold(V )⊗m are polynomial functions onV ⊕m

which are homogeneous of degreed in each factor. Thus the space of invariants
(Pold(V )⊗m)O+(V ) is spanned by monomials[i1j1] . . . [isjs] in [ij] such that each
indexa = 1, . . . ,m appears amongi1, . . . , is, j1, . . . , js exactlyd times. In our
casem = 4 we have 10 basic invariants[ij]. For d = 1 we have three mono-
mials [ij][kl], where{i, j, k, l} = {1, 2, 3, 4}. For d > 2, we have products of
these three monomials plus additionally the monomials which contain one of the
monomials[ii] as its factor. Now observe that the restriction of the function[ii] to
the subset of points inP(V ) lying on the quadricQ : 〈v, v〉 = 0 is obviously zero.
Thus, the restriction of the algebra

∞⊕
d=0

Γ(P(V )4, Ld
14)O+(V )

to Q4 is freely generated by[12][34], [13][24], [14][23]. Its projective spectrum is
P2.
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Note that a similar computation can be made in the casem = 5 andm = 6
(see [119]). In the casem = 6, the algebra

∞⊕
d=0

Γ((Gr1,3)
6, Ld

16)O+(6)

is generated by the 15 functionspij,kl,mn = [ij][kl][mn], where{i, j, k, l,m, n} =
{1, 2, 3, 4, 5, 6}, and the determinant functionD = [123456]. The square ofD2 is
the determinant of the Gram matrix([ij]1≤i,j≤6) and hence can be expressed as a
polynomial in thepij,kl,mn. The subalgebra generated by the functionspij,kl,mn is
isomorphic to the projective coordinate algebra of a certain nine-dimensional toric
varietyY (see the next chapter), so thatP6

1,3 is isomorphic to a double cover ofY
branched along a hypersurface defined by the equationD = 0. The locus of sex-
tuples of lines defined by this hypersurface coincides with the locus of self-polar
sextuples, i.e., the sextuples(l1, . . . , l6) for which there exists a nondegenerate
quadric inP3 such that the set of the polar lines(l⊥1 , . . . , l

⊥
6 ) is projectively equiv-

alent to(l1, . . . , l6). Note the remarkable analogy with the structure of the variety
P 6

2 , where the analog of the polarity involution is the association involution.
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can be. Examples 11.6 and 11.7 are taken from [25]. They go back to Coble [13]
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sults of Coble. The invariants of lines inP3 are discussed in the book of Sturmfels
([115]). The algebra of SLn+1-invariants on the tensor product of the projective
coordinate algebras of four Grassmannians Grri,n+1, i = 1, 2, 3, 4 was studied by
R. Howe and R. Huang ([52], [50]). They show that this ring is isomorphic to a
polynomial algebra. In the case whenn + 1 = 2r1 = · · · = 2r4 this was first
proved by H. W. Turnbull ([118]). Note that the GIT quotientXr,n(Lk)//SLn+1

considered in this chapter is isomorphic to the projective spectrum of a subalge-
bra of the algebra of invariants in the tensor product of the projective coordinate
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algebras of the Grassmannians; so one needs additional work to compute the quo-
tients. One can also describe all orbits of four lines inP3 (see [22]). The moduli
spaces of five and six lines inP3 and their relationship to the classical algebraic
geometry are discussed in the Ph. D. thesis of D. Vazzana ([119], [120]).

The rationality of the configuration spacesPm
n of points is obvious. It is not

known whether the spacesXss
r,n//SLn+1 are rational in general. This is known for

lines inP3 ([125]) and, more generally, in the case when(r1 + 1, . . . , rm + 1, n+
1) ≤ 3 (see [102]).

Exercises

11.1Prove that the orbit ofp = (p1, . . . , pm) in ((Pn)m)ss(Lk) is closed but not
stable if and only if there exists a partition of{1, . . . ,m} into subsetsJs, s =
1, . . . , r, such that for anys one can find a proper subspaceWs of Pn such that∑
i∈Js,pi∈Ws

ki = (dimWs + 1)(
m∑

i=1

ki)/(n+ 1).

11.2For whatk is the quotient((P1)5)ss(Lk) isomorphic toP2?

11.3Draw a picture of the hypersimplex∆1,4 and describe the chambers of the
coneC∆1,4.

11.4 Consider the action of the permutation groupΣ4 on P 4
1 and show that the

kernel of this action is isomorphic to the group(Z/2Z)2. Find the orbits whose
stabilizers are of order strictly larger than4. Compute the corresponding cross-
ratio.

11.5Prove that the algebraR5
1 can be generated by six elements of degree 5 satis-

fying five linearly independent quadric relations.

11.6 Show that each projectionπ : (Pn)m → (Pn)m−1 defines a rational map
π̄ : Pm

n → Pm−1
n .

(i) Find the points of indeterminacy of̄π.
(ii) Show thatπ̄ is a regular map if(n+ 1,m) = 1.
(iii) Constructm− 1 rational sectionsPm−1

n → Pm
n of π̄.

11.7Find the equation (in terms of functions[ij]) of the closure of the locus of
quadruples of lines inP3 which have only one transversal line.

11.8 Prove that the closure of the locus of(W1, . . . ,W5) ∈ Gr51,3 which admit
a common transversal line is of codimension 1. Find its equation in terms of
functions[ij].
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11.9 Show that Grr,n is a homogeneous space isomorphic toG/P , whereG =
SLn+1 andP is its parabolic subgroup of matrices(aij) with entriesaij = 0 for
r + 1 < i ≤ n+ 1, 0 ≤ j ≤ r + 1.

11.10Consider the action of SL2 on P3 via its linear representation ink4 equal
to the direct sum of the two standard two-dimensional representations of SL2.
Find stable and semi-stable points of the diagonal action of SL2 onX = P3 × P3

with respect to the line bundleL1,1. Using the Fundamental Theorem of Invariant
Theory show thatXss/SL2

∼= P3.

11.11Find stable and semi-stable points inX = (P3)2 ×Gr31,3 with respect to the
group SL4 and linearizationL15 (three lines and two points inP3).

11.12Prove that
(i) the Segre cubic primalV3 is isomorphic to the image ofP3 under the rational

map toP4 given by the linear system of quadrics through five pointsp1, . . . , p5 in
general position;

(ii) the nodes ofV3 are the images of the lines`ij joining two pointspi, pj,
(iii) the planes ofV3 are the images of the planesπijk through three points

pi, pj, pk,

(iv) the blowing upP̃3 at the pointsp1, . . . , p5 is a resolution of singularities
of V3 with inverse image of each node isomorphic toP1.

11.13Let V4 be the Segre quartic primal inP4. We use the notation from the
preceding exercise. Prove that

(i) V4 is isomorphic to the image ofP3 under the rational mapΦ : P3− → P4

given by the linear system of quartics which pass through the pointsp1, . . . , p5

with multiplicity 2 and contain the 10 lines̀ij,
(ii) V4 contains 15 double lines, each line is intersected by three other dou-

ble lines (find the meaning of the double lines and the corresponding points of
intersection in terms of the quotient((P2)6)ss//SL3),

(iii) the double lines are the images of the planesπijk under the rational map
Φ,

(iv) the blowing upP̃3 at the pointsp1, . . . , p5 followed by the blowing up of
the proper transforms of the lines`ij is a resolution of singularities ofV4,

(v) V4 is isomorphic to the dual hypersurface of the Segre cubic primalV3.

11.14Describe the orbits of SL4 in its diagonal action on Gr4
1,3. Match the minimal

orbits of semi-stable points with points inP2.





Chapter 12

Toric varieties

12.1 Actions of a torus on an affine space

In this chapter we consider an interesting class of algebraic varieties which arise
as categorical quotients of some open subsets of affine space. These varieties are
generalizations of the projective spaces and admit a very explicit description in
terms of some combinatorial data of convex geometry. In algebraic geometry they
are often used as natural ambient spaces for embeddings of algebraic varieties and
for compactifying moduli spaces. In combinatorics of convex polyhedra they have
served as a powerful tool for proving some of the fundamental conjectures in the
subject.

Let T = Gr
m act linearly onAn by the formula

(t1, . . . , tr) · (z1, . . . , zn) = (ta1z1, . . . , t
anzn),

where
aj = (a1j, . . . , arj) ∈ Zr, taj = t

a1j

1 · · · tarj
r .

As always we will identify the groupX (T ) with Zr so that we consider the vectors
aj as characters ofT . Since Pic(An) is trivial andO(An)∗ = k∗, we have a natural
isomorphism (see Chapter 5)

PicT (An) ∼= X (T ) ∼= Zr.

Let us fixa = (α1, . . . , αr) ∈ Zr and denote byLa the corresponding linearized
line bundle. It is the trivial line bundleAn × A1 with the linearization defined by
the formula

t · (z, w) = (t · z, taw).

187



188 CHAPTER 12. TORIC VARIETIES

We identify its sections with polynomialsF ∈ k[Z1, . . . , Zn]. A polynomialF
defines an invariant section of some nonnegative tensor powerL⊗d

a if

F (ta1Z1, . . . , t
anZn) = tdaF (Z1, . . . , Zn).

Here t = (t1, . . . , tr) are independent variables. It is clear thatF belongs to
H0(An, L⊗d

a )T if and only ifF is equal to a linear combination of monomialsZm

such thatm1a1 + · · ·+mnan = da, or, equivalently,

A ·m = da.

Let S be the set of nonnegative integral solutions of the system

(A| − a) ·
(
m
d

)
= 0, (12.1)

where the matrix of coefficients is obtained fromA by adding to it one more
column formed by the vector−a.

The set of real nonnegative solutions of a linear system of equations forms a
convex polyhedral cone. By definition, this is a subset ofRn given by a system of
linear inequalities

c1 · x ≥ 0, . . . , cs · x ≥ 0. (12.2)

Obviously any linear equationc ·x = 0 can be considered as a pair of inequalities
(−c) · x ≤ 0, c · x ≤ 0. A convex polyhedral cone is called arational convex
polyhedral coneif the vectorsci can be chosen fromQn (or equivalently from
Zn). For every polyhedral coneσ one can define the dual cone:

σ̌ = {y ∈ Rn : x · y ≥ 0,∀x ∈ σ}.

It is equal to the convex hull of the raysR≥0c1, . . . ,R≥0cs. It can be shown that
the dual of a rational convex polyhedral cone is a rational convex polyhedral cone.
We have

ˇ̌σ = σ.

This shows that any rational polyhedral cone can be defined as a convex hull of a
finite set of positive rays spanned by vectors inZn.

So we see that the set of vectors(m, d) ∈ Zn+1
≥0 satisfying the system of linear

equations (12.1) is equal to a set of the formσ ∩ Zn+1 for some rational convex
polyhedral coneσ in Rn+1. Now we use
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Lemma 12.1. (P. Gordan) LetC be a rational convex polyhedral cone inRn.
ThenC ∩ Zn is a finitely generated submonoid ofZn.

Proof. LetC be spanned by some vectorsv1, . . . , vk. The set

K =
{∑

i

xivi ∈ Rn : 0 ≤ xi ≤ 1
}

is compact and hence its intersection withZn is finite. Let{w1, . . . , wn} be this
intersection. This obviously includes the vectorsvi. We claim that this set gen-
erates the monoidM = C ∩ Zn. In fact we can write eachm ∈ M in the form
m =

∑
i(xi + mi)vi, wheremi is a nonnegative integer and0 ≤ xi ≤ 1. Thus

m = (
∑

i xivi) +
∑

i(mivi) is the sum of some vectorwj and a positive linear
combination of vectorsvi. This proves the assertion.

For any commutative monoidM we denote byk[M] its monoid algebra. This
is thek-linear space freely generated by elements ofM with the multiplication
law given on the generators by the monoid multiplication. IfM = Zn we can
identify k[M] with the algebra of Laurent polynomialsk[Z±1

1 , . . . , Z±1
n ] by as-

signing to eachm = (m1, . . . ,mn) the monomialZm. If M is a submonoid of
Zn we identifyk[M] with the subalgebra ofk[Z±1

1 , . . . , Z±1
n ] which is generated

by monomialsZm,m ∈M.
Now we can easily construct a natural isomorphism of graded algebras⊕

d≥0

Γ(An, L⊗d
a )T ∼= k[S] =

⊕
d≥0

k[Sd], (12.3)

whereS is the monoid of nonnegative vectorsm which satisfy (12.1) for some
d ≥ 0, andk[Sd] is the linear span of the subsetSd ⊂ S of monomialsZm with
A ·m = da. By Gordan’s Lemma,k[S] is a finitely generated graded algebra. Its
homogeneous part of degreed is k[Sd].

Let k[S]>0 be the ideal
⊕

d>0 k[S]d. It can be generated by monomials and
we choose a minimal set of monomial generatorsZm1 , . . . , Zms . For eachmj =
(m1j, . . . ,mnj) let Ij := {i : mij 6= 0}. For each subsetI of {1, . . . , n} let ZI =∏

i∈I Zi. Obviously, the open setsD(Zmj) = An \ {Zmj = 0} andD(ZIj
) =

An \ {ZIj
= 0} coincide. By definition of semi-stability

(An)ss(La) =
s⋃

j=1

D(ZIj
).
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For anyj = 1, . . . , s, let

Rj = O(D(ZIj
))T =

{
F (Z)

(ZIj
)p

: p ≥ 0, F (Z) ∈ (ZIj
)pk[S0]

}
, (12.4)

where
S0 = {m ∈ Zn

≥0 : A ·m = 0}. (12.5)

We know that the categorical quotient is obtained by gluing together the affine
algebraic varietiesXj with O(Xj) ∼= Rj. We will now describe these rings and
their gluing in terms of certain combinatorial structures.

12.2 Fans

Let Zn → Zr be the map given by the matrixA, and letM be its kernel. It is a
free abelian group of rankl = n− rank(A). Let

(Zn)∗ → N = M∗ (12.6)

be the map given by the restriction of linear functions toM . Let (e∗1, . . . , e
∗
n) be

the dual basis of the standard basis(e1, . . . , en) of Zn, and letē∗1, . . . , ē
∗
n be the

images of these vectors inM∗. For eachIj let σj be the convex cone in the linear
space

NR := N ⊗ R ∼= Rl

spanned by the vectors̄e∗i , i /∈ Ij.
More explicitly, letB = (bij) be the matrix of sizel × n whose rows are

formed by a basis(v1, . . . , vl) of M . If we choose to identifyN with Zl by means
of the dual basis(v∗1, . . . , v

∗
l ), then

ē∗i =
l∑

j=1

bjiv
∗
j , i = 1, . . . , n.

This shows thatσj is spanned inRl = NR by the columnsBi of B with i 6∈ Ij.

Lemma 12.2.LetRj be as in (12.4). Then

Rj
∼= k[σ̌j ∩M ].



12.2. FANS 191

Proof. ObviouslyRj is isomorphic tok[M], where

M =
{
m ∈M : m+ p

∑
i∈Ij

ei ∈ Zn
≥0 for somep ≥ 0

}
.

For eachi ∈ Ij,

ē∗i

(
m+ p

∑
i∈Ij

ei

)
= ē∗i (m) = mi ≥ 0 ⇔ m ∈M.

On the other hand
m ∈ σ̌j ⇔ ē∗i (m) ≥ 0,∀i ∈ I.

Lemma 12.3.LetΣ be the set of convex conesσj, j = 1, . . . , s. For anyσ, σ′ ∈ Σ,
σ ∩ σ′ is a face of bothσ andσ′.

Proof. Let I = Ia, J = Ib. We want to show thatσa ∩ σb is a common face
of σa andσb. Recall that a face of a convex setσ is the intersection ofσ with a
hyperplane such thatσ lies in one of the two halfspaces defined by the hyperplane.
We know thatO(D(ZIZJ))T is equal to the localizationO(D(ZI))

T
Zc , wherec =

(c1, . . . , cn) ∈ M andci = 0 for i 6∈ I ∪ J . Consideringc as a linear function on
M∗ we have

c(ē∗i ) = e∗i (c) = 0 for i /∈ I ∪ J.

This shows thatc is identically zero onσa∩σb. On the other hand, it follows from
Lemma 12.2 thatc is nonnegative onσa and onσb. This proves the assertion.

Definition. A finite collectionΣ = {σi}i∈I of rational convex polyhedral cones
in Rn such thatσi ∩ σj is a common face ofσi andσj is called afan.

In a coordinate-free approach one replaces the spaceRn by any real linear
spaceV of finite dimension, then chooses a latticeN in V , i.e., a finitely generated
abelian subgroup of the additive group ofV with N ⊗ R = V , and considersN -
rational convex polyhedral cones, i.e., cones spanned by a finite subset ofN . Then
anN -fan Σ is a finite collection ofN -rational polyhedral cones inV satisfying
the property from the above definition. A version of this definition includes in the
fan all faces of all conesσ ∈ Σ.

LetM = N∗ be the dual lattice in the dual spaceV ∗. By Gordan’s Lemma, for
eachσ ∈ Σ the algebraAσ = k[σ̌ ∩M ] is finitely generated. LetXσ = Spm(Aσ)



192 CHAPTER 12. TORIC VARIETIES

be the affine variety withO(Xσ) isomorphic tok[σ̌ ∩M ]. Since for anyσ, σ′ ∈
Σ, σ ∩ σ′ is a face in both cones, we obtain thatk[( ˇσ ∩ σ′) ∩M ] is a localization
of each algebraAσ andA′σ. This shows that Spm(k[( ˇσ ∩ σ′) ∩M ]) is isomorphic
to an open subset ofXσ andX ′

σ. This allows us to glue together the varieties
Xσ to obtain a separated (abstract) algebraic variety. It is denoted byXΣ and is
called thetoric varietyassociated to the fanΣ. It is not always a quasi-projective
algebraic variety.

By definitionXΣ has a cover by open affine subsetsUσ isomorphic toXσ.
Since each algebraAσ is a subalgebra ofk[M ] ∼= k[Z±1

1 , . . . , Z±1
l ] we obtain a

morphism(Gm)l → XΣ. It is easy to see that this morphism is(Gm)l-equivariant
if one considers the action of(Gm)l on itself by left translations and onXΣ by
means of theZr-grading of each algebraAσ. If no coneσ ∈ Σ contains a linear
subspace, the morphism(Gm)l → XΣ is an isomorphism onto an open orbit. In
general,XΣ always contains an open orbit isomorphic to a factor group of(Gm)l.
All toric varietiesXΣ are normal and, of course, rational.

Keeping our old notations we obtain

Theorem 12.1.Let (Zn)∗ →M∗ be the transpose of the inclusion mapM → Zn

and letN be its image. LetΣ be theN -fan formed by the conesσj, j = 1, . . . , s.
Then

(An)ss(La)//T ∼= XΣ.

Recall that a cone in a linear spaceV is called simplicial if it is spanned by a
part of a basis ofV . A fan is calledsimplicial if eachσ ∈ Σ is simplicial. The
geometric significance of this property is given by the following result, the proof
of which can be found in [32].

Lemma 12.4. A fanΣ is simplicial if and only if each affine open subsetUσ, σ ∈
Σ, is isomorphic to the product of a torus and the quotient of an affine space by a
finite abelian group.

In our situation, we have

Proposition 12.1.LetXΣ be the toric variety(An)ss(La)///T . Assume the kernel
of the action homomorphismT → Aut(An) is finite. ThenΣ is simplicial if and
only if

(An)ss(La) = (An)s(La).
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Proof. Assume someσ ∈ Σ is not simplicial. We have to show that there exists a
semi-stable but not stable point. Letē∗i , i /∈ I, be the spanning vectors ofσ. Since
σ is not simplicial,

∑
i/∈I ciē

∗
i = 0 for some integersci not all of which are zero.

This implies that
∑

i/∈I cie
∗
i belongs to the annihilatorM⊥ of M in (Zn)∗. If we

identify (Zn)∗ with Zn, thenM⊥ is isomorphic to the submodule spanned by the
rowsĀi of the matrixA. Thus we can write∑

i/∈I

ciei = b1Ā1 + · · ·+ brĀr = b · A

for someb = (b1, . . . , br) ∈ Zr. This implies thatb · aj = 0 for j ∈ I.
Let us consider the one-parameter subgroupλ0 ∈ X (T )∗ corresponding to the

vectorb. It is defined by
λ0(t) = (tb1 , . . . , tbr).

For anyt ∈ k∗ andz ∈ kn we have

λ0(t) · z = (tb·a1z1, . . . , t
b·anzn). (12.7)

Take a pointp = (z1, . . . , zn), wherezj = 1 if j ∈ I and= 0 otherwise. Since
ZI(p) 6= 0, we see thatp ∈ (An)ss(La). On the other hand,µ(λ0, p) = 0 and
hencep is not stable.

Conversely, assume that there exists a semi-stable but not stable point. Argu-
ing as above, we find a one-parameter subgroupλ0 such thatλ0 · aj = 0 for all
j ∈ I whereσI ∈ Σ. Then(c1, . . . , cn) = λ0 · A has not all coordinatescj equal
to zero forj /∈ I andcj = 0 for all j ∈ I. This gives

∑
j /∈I cj ē

∗
j = 0, henceσI is

not simplicial.

Since every line bundle on an affine variety is ample, we obtain that the toric
varietiesXΣ = (An)ss(La)//T are always quasi-projective. Let us find out when
they are projective.

Definition. A fan Σ in a linear spaceV is calledcompleteif

V =
⋃
σ∈Σ

σ.

For the proof of the following basic result we refer to [32].

Lemma 12.5.A fanΣ is complete if and only if the toric varietyXΣ is complete.
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Theorem 12.2.Assume thatLa is not the trivial linearized bundle (i.e.,a 6= 0)
and(An)ss(La) 6= ∅. The toric variety(An)ss(La)//T is projective if and only if0
is not contained in the convex hull of the character vectorsaj, j = 1, . . . , n.

Proof. It follows from the construction of(An)ss(La)//T that it is equal to the
projective spectrum Projm(k[S]), whereS is the monoid of solutions of the system
(12.1). We havek[S]0 = k[M ∩ Zn

≥0] and the inclusionk[S]0 ⊂ k[S] defines a
surjective map Projm(k[S]) → Spm(k[S]0). It is easy to see that Projm(k[S])
is projective if and only if this map is constant, i.e.,k[S]0 = k. The latter is
equivalent toM ∩Qn

≥0 = {0}, i.e., the only nonnegative rational combination of
the columns ofA which is equal to0 must be the zero combination. If this is not
true, then0 = m1a1 + · · ·+mnan for some nonnegative integersmi, and dividing
both sides by

∑
imi we see that0 is in the convex hullC = c.h.(a1, . . . , an) of

the vectorsaj. Conversely assume that0 ∈ C. Without loss of generality we can
assume thata1, . . . , an spanRn. We can subdivideC into simplices to assume that
0 belongs to the convex hull ofr vectorsai1 , . . . , air such thatn among them are
linearly independent. Then the space of solutions of the system of linear equations∑r

j=1 λjaij = 0 is one-dimensional and is generated by a vectorv ∈ Zn. Since
0 ∈ C, we can assume thatv has nonnegative coordinates, and hencek[S]0 6= k.
This proves the assertion.

Assume(An)ss(La)//T is projective. Since0 is not in the convex hull of the
character vectorsai, there exists a linear functionf : Rr → R such thatf(ai) >
0, i = 1, . . . , n. This is a well-known assertion from the theory of convex sets
(called the Theorem on a Supporting Hyperplane). Obviously we can choose
f to be rational, i.e., defined byf(x1, . . . , xn) = b1x1 + · · · + bnxn for some
b = (b1, . . . , bn) ∈ Qn. Assume thatk[S] 6= k, i.e., there exists a solution of
A ·m = da for somed > 0. Thenq = a · b > 0. Let

qi = b · ai, i = 1, . . . , n.

We can chooseb such that(q1, . . . , qn, q) ∈ Zn+1
+ . For anym ∈ Sd we have

m1a1 + · · ·+mnan = da. (12.8)

Taking the dot-product of both sides withb, we obtain

m1q1 + · · ·+mnqn = dq. (12.9)
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Consider the action ofT on the weighted projective spaceP = P(1, q1, . . . , qn)
given by the formula

(t1, . . . , tr) · (x0, x1, . . . , xn) = (t−ax0, t
(q+1)a1−q1ax1, . . . , t

(q+1)an−qnaxn).
(12.10)

The restriction of this action to the open subsetD(X0) ∼= An of P(1, q1, . . . , qn)
coincides with the action

(t1, . . . , tn) · (x1, . . . , xn) = (t(q+1)a1x1, . . . , t
(q+1)anxn).

This action contains in its kernel the finite subgroupH of T equal to the group of
points(t1, . . . , tr) such thattq+1

i = 1, i = 1, . . . , r. The induced action of the torus
T ′ = T/H is isomorphic to our old action. Clearly eachF ∈ k[X0, . . . , Xn]Tl is a
linear combination of monomialsXm0

0 · · ·Xmn
n such that

m0 +m1q1 + · · ·+mnqn = l,

m0(−a) +m1((q + 1)a1 − q1a) + · · ·+mn((q + 1)an − qna)

= (q + 1)
n∑

i=1

miai − la = (d(q + 1)− l)a = 0.

Comparing this with equations (12.8) and (12.9) we find an isomorphism of vector
spaces

k[Sd] → H0(P,OP(d(q + 1)))T , Zm1
1 · · ·Zmn

n 7→ Xd
0X

m1
1 · · ·Xmn

n ,

and also an isomorphism of graded algebras

∞⊕
d=0

H0(P,OP(d(q + 1)))T ∼= k[S].

Thus we obtain

P(1, q1, . . . , qn)ss(OP(q + 1))//T ∼= (An)ss(La)//T. (12.11)

Obviously (An)ss(La) = P(1, q1, . . . , qn)ss(OP(q + 1)) since each point in the
weighted projective spaceP(1, q1, . . . , qn) lying on the hyperplaneX0 = 0 is
unstable (because eachF ∈ H0(P,OP(d(q+ 1)))T with d > 0 is divisible byT0).
To summarize we obtain
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Proposition 12.2.LetC be the convex hull of the vectorsa1, . . . , an. Assume that
0 /∈ C. Then(An)ss(La)//T is projective and

(An)ss(La) = P(1, q1, . . . , qn)ss(OP(q + 1)),

whereq = b·a > 0, qi = b·ai > 0 for someb ∈ Zr andT acts onP(1, q1, . . . , qn)
by the formula(12.10).

Applying the numerical criterion of stability we can find the set of unstable
points inP(1, q1, . . . , qn). It follows from Chapter 9 (up to some modifications
using a weighted projective linearization, i.e. aG-equivariant embedding of a
variety into a weighted projective space) that a pointx = (x0, . . . , xn) is unstable
if and only if the setI = {i1, . . . , ik} such thatxi 6= 0, i ∈ I, satisfies the
property that0 does not belong to the convex hull of the vectors−a, (q + 1)a1 −
q1a, . . . , (q + 1)an − qna.

12.3 Examples

Let us give some examples.

Example12.1. Let Gm act onAn+1 by the formula

t · (z0, . . . , zn) = (tz0, . . . , tzn),

We have

A =
(
1 . . . . . . 1

)
,

M =
{

(m0, . . . ,mn) ∈ Zn+1 :
n∑

i=0

mi = 0
}
.

It is easy to see that vectorsvi = ei− ei+1, i = 1, . . . , n, form a basis ofM . If we
choose the dual basis(v∗1, . . . , v

∗
n) of N = M∗, the vectors̄e∗i are equal to

ē∗1 = v∗1, ē
∗
2 = −v∗1 + v∗2, . . . , ē

∗
n = −v∗n−1 + v∗n, ē

∗
n+1 = −v∗n.

We can take for a new basis ofM∗ the vectors̄e∗i , i = 2, . . . , n+ 1. Then

ē∗1 = −(ē∗2 + · · ·+ ē∗n+1).
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Let us linearize the action by taking the line bundleLa, wherea = 1. Then we
have an isomorphism of graded rings⊕

d≥0

Γ(An+1, L⊗d
1 )Gm = k[Z0, . . . , Zn].

Obviously the minimal generators of the idealk[S]>0 are the unknownsZi. Thus
the cones of our fanΣ are

σj = span{ē∗1, . . . , ē∗j−1, ē
∗
j+1, . . . , ē

∗
n+1}, j = 1, . . . , n+ 1.

σ1

σ2

σ3

e
3

e1

e
2

This is the fan defining the projective spacePn (see [32]). Let us see the cor-
responding gluing. We can take for a basis ofM the dual basis of(ē∗2, . . . , ē

∗
n+1)

which is the set of vectors

e2 − e1, . . . , en+1 − e1.

We easily find

k[σ̌1 ∩M ] = k[Z1

Z0
, . . . , Zn

Z0
], . . . , k[σ̌n+1 ∩M ] = k[ Z0

Zn
, . . . , Zn−1

Zn
].

These are the coordinate rings of the standard open subsets ofPn.

Example12.2. Consider the action ofGm onA4 by the formula

t · (z1, z2, z3, z4) = (tz1, tz2, t
−1z3, t

−1z4).



198 CHAPTER 12. TORIC VARIETIES

We have
A =

(
1 1 −1 −1

)
,

M = {(m1,m2,m3,m4) ∈ Z4 : m1 +m2 −m3 −m4 = 0}.

Let us choose the following basis ofM :

v1 = −e1 + e2, v2 = e1 + e3, v3 = e1 + e4.

We can express the vectorsē∗i in terms of the dual basis(v∗1, . . . , v
∗
3) of N = M∗

as follows:
ē∗1 = −v∗1 + v∗2 + v∗3, ē

∗
2 = v∗1, ē

∗
3 = v∗2, ē

∗
4 = v∗3.

ChooseL = L1 and consider the monoidS of nonnegative solutions of the equa-
tion

m1 +m2 −m3 −m4 − d = 0, mi ≥ 0, d > 0.

For any(m, d) ∈ S we haved ≤ m1 +m2. If d ≤ m1 or d ≤ m2 we can subtract
d(1, 0, 0, 0, 1) or d(0, 1, 0, 0, 1) from (m, d) to obtain a vector fromS0. If d ≥ m1

we haved−m1 ≤ m2, and we do the same by subtracting(d−m1)(0, 1, 0, 0, 1)+
m1(1, 0, 0, 0, 1). This shows thatk[S] is generated overk[S]0 byZ1 andZ2. This
means that the unknownsZ1, Z2 are the minimal generators of the idealk[S]>0.
Thus the fanΣ consists of two cones

σ1 = span{ē∗2, ē∗3, ē∗4}, σ2 = span{ē∗1, ē∗3, ē∗4}.

The dual cones are

σ̌1 = span{−e1 + e2, e1 + e3, e1 + e4}, σ̌2 = span{−e2 + e1, e2 + e3, e2 + e4}.

The quotientXΣ is obtained by gluing together two nonsingular algebraic varieties
with the coordinate algebras

k[σ̌1 ∩M ] ∼= k[Z1Z3, Z1Z4]
[Z2

Z1

]
,

k[σ̌2 ∩M ] ∼= k[Z2Z3, Z2Z4]
[Z1

Z2

]
.

Similarly if we takeL = L−1 we get that the fanΣ consists of two cones

σ1 = span{ē∗1, ē∗2, ē∗4}, σ2 = span{ē∗1, ē∗2, ē∗3}.
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The quotientXΣ is obtained by gluing together two nonsingular algebraic varieties
with the coordinate algebras

k[σ̌1 ∩M ] ∼= k[Z1Z3, Z2Z3]
[Z4

Z3

]
, k[σ̌2 ∩M ] ∼= k[Z1Z4, Z2Z4]

[Z3

Z4

]
.

If we now change the linearization by takingL = L0 we getL = L⊗d
0 = L0 for

all d ≥ 0, hencek[S]>0 is generated by1. Then we have only one cone spanned
by the four vectors̄e∗i . The toric quotient is isomorphic to the affine variety with
the coordinate algebra

k[σ̌ ∩M ] ∼= k[Z1Z3, Z1Z4, Z2Z3, Z2Z4] ∼= k[T1, T2, T3, T4]/(T1T4 − T2T3).

One should compare this with our previous computation of this quotient in
Example 8.6 from Chapter 8. We see here a general phenomenon: two toric vari-
etiesXΣ andX ′

Σ whose fans have the same set of one-dimensional edges of their
cones (called the 1-skeletonof a fan) differ by a special birational modification.
We refer the interested reader to [92] for more details.

Example12.3. Let Σ consist of the following four cones inR2:

σ1 = span{e1, e2}, σ2 = span{e1,−e2},
σ3 = span{−e1,−e2}, σ4 = span{−e1, e2}.

This is shown in the following figure.

σ 1

σ
2σ

3

e
2

e
1- e

1

σ
1

*

∗

e2-

∗

∗

2
e∗

∗

-

σ
4



200 CHAPTER 12. TORIC VARIETIES

We have

U = A4 \ {Z3Z4 = Z1Z2 = Z2Z3 = Z1Z4 = 0},

A =

(
1 0 1 0
0 1 0 1

)
, a = (1, 1).

hence the action is given by

(t1, t2) · (z1, z2, z3, z4) = (t1z1, t2z2, t1z3, t2z4).

The varietyXΣ is obtained by gluing four affine planes with coordinate rings

k[Z1, Z2], k[Z1, Z
−1
2 ], k[Z−1

1 , Z−1
2 ], k[Z−1

1 , Z2].

It is easy to see thatXΣ is isomorphic to the productP1×P1. This is also seen by
observing that

U/T = (A2 \ {Z1 = Z3 = 0})/Gm × (A2 \ {Z2 = Z4 = 0})/Gm = P1 × P1.

Example12.4. Recall that the coordinate ring of the Grassmannian Grn,m−1 is
isomorphic to Pol(Matn+1,m)SLn+1 . It is generated by the bracket functionspI , I ⊂
{1, . . . ,m}. The torus of diagonal matricesT ∼= (Gm)m in GLm acts naturally
on k[Matn+1,m] by multiplying a matrix on the right by a diagonal matrix. It is
easy to see that each functionpI spans an eigensubspace corresponding to the
charactert 7→ teI , whereeI =

∑
j∈I ej. Consider the conẽGrn,m−1 over Grn,m−1

as a closed subvariety ofX = A( m
n+1). Then the torusT acts onX by multiplying

each coordinate functionpI by teI . Thus the action is given by the matrixA with
columns equal toeI . Let the linearized line bundle beLa, wherea = (1, . . . , 1).
It is easy to see that

Γ(X,L⊗d
a )T ∼= k[Sd],

whereSd is the set of vectorseI1 + · · · + eIw where eachj ∈ {1, . . . ,m} ap-
pears exactlyd times in the setsI1, . . . , Iw. In other words,Sd is in a bijective
correspondence with the set of tableaux of degreed and size(n + 1)× w, where
(n+ 1)w = md. LetLa be the restriction ofLa to G̃rn,m−1. Then

Γ(G̃rn,m−1, L
⊗d

a )G ∼= Pol(Matn+1,m)
SLn+1

d,...,d
∼= (Pold(k

n+1)⊗m)SLn+1 .

This shows that
G̃rn,m−1//T ∼= Pm

n = ((Pn)m)ss//SLn+1.
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Also, we see that there is a natural closed embedding

Pm
n ↪→

(
A
(

m
n+1

))ss
(La)//T.

The latter quotient is a toric varietyXΣ of dimension
(

m
n+1

)
−m, whereΣ depends

only on (n,m). Let us denote it byΣ(n,m). For example, taken = 1,m = 4.
We have

A =


1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

 .

It is easy to see that the monoidSn of nonnegative integer solutions of the equa-
tion A · m = n(1, 1, 1, 1) consists of vectors(m1,m2,m3,m3,m2,m1) with
m1,m2,m3 ≥ 0,m1 + m2 + m3 = n. Thus k[S]n ∼= k[X1, X2, X3]n and
k[S] ∼= k[X1, X2, X3]. Thus

XΣ(1,4)
∼= P2.

The embeddingP 4
1 → P2 is of course the Veronese embedding.

One can go in the opposite direction by identifying any toric varietyXΣ with
a categorical quotient of some open subset of an affine space. We state without
proof the following result of D. Cox ([16]).

Theorem 12.3. Let XΣ be a toric variety determined by aZl-fan Σ. To each
one-dimensional edge of the1-skeleton ofΣ assign a variableZi and consider the
polynomial algebrak[Z1, . . . , Zn] generated by these variables. For each cone
σ ∈ Σ letZI(σ) ∈ k[Z1, . . . , Zn] , whereI(σ) ⊂ {1, . . . , n} is the complementary
set to the1-skeleton ofσ. LetU = An \ V ({ZI(σ)}σ∈Σ). Let ē∗i be the primitive
vectors of the latticeZl which span one-dimensional edges of the cones fromΣ.
LetB be the matrix whose columns are the vectorsei

∗, i = 1, . . . , n, and letA be
an (r × n) matrix whose rows form a basis of the moduleNull(B) ∩ Zn. Assume
that the vectorsei

∗ spanZl. Then
(i)

XΣ
∼= U//T,

with the action ofT = (Gm)r given by the formula

t · (z1, . . . , zn) = (ta1z1, . . . , t
anzn),

whereaj are the columns ofA,
(ii) XΣ is simplicial if and only ifU//T = U/T.
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Remark12.1. Note that applying this construction to the toric varietiesXΣ ob-
tained as the quotients(An)ss(La)///T we obtainU = (An)ss(La) and the action
is isomorphic to the one we started with. However, in general,U 6= (An)ss(La) for
anya ∈ Zr. One reason for this is that our quotients are always quasi-projective
and there are examples of nonquasi-projective toric varieties. Another reason is
simpler. The fans we are getting from our quotient constructions are “full” in the
following sense. One cannot extend them to larger fans with the same 1-skeleton.

The torusT which acts onU has a very nice interpretation. Its character group
X (T ) is naturally isomorphic to the group Cl(XΣ) of classes of Weil divisors on
XΣ.

Also, if the vectors̄ei do not spanZl, the assertion is true if we replaceT by a
diagonalizable algebraic group, an extension ofT with the help of a finite abelian
group.

Bibliographical notes

The theory of toric varieties is a subject of many books and articles. We refer to
[32] and [84] for the bibliography. The fact that any toric variety can be obtained
as a categorical quotient of an open subset of affine space was first observed by M.
Audin ([3]) and D. Cox ([16]). The relationship between solutions of systems of
linear integral equations, Gröbner bases and toric varieties is a subject of the book
[113]. The systematic study of quotients of toric varieties by a torus can be found
in [57]. We refer to [51] and [10] for the theory of variation of a torus quotient
with respect to the linearization.

Exercises

12.1Consider the actiont · (z1, z2, z3) = (tz1, t
−1z2, tz3) and takeL = L1. Show

that the quotientXΣ is isomorphic to the blow-up ofA2 at the origin. Draw the
corresponding fan.

12.2Let T = (Gm)4 act onA6 by the formula

t · z = (t1t
−1
3 t4z1, t2t3t

−1
4 z2, t4z3, t3z4, t2z5, t1z6).

TakeL = La, wherea = (1, 1, 1, 1, 1, 1). Show that the quotient is isomorphic to
the blow-up of the projective plane at three points. Draw the picture of the fan.
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12.3Take a fanΣ in R3 formed by three one-dimensional cones spanned by the
unit vectorse1, e2, e3. Using Cox’s Theorem represent the toric varietyXΣ as a
geometric quotient.

12.4A toric varietyXΣ is nonsingular if and only if eachσ ∈ Σ is spanned by a
part of a basis of the latticeN . Show thatU/T = XΣ is nonsingular if and only if
the stabilizer of each point ofU is equal to the same subgroup ofT .

12.5Describe the fanΣ(1, 5) and the corresponding toric varietyXΣ(1,5).

12.6Show that the moduli space of six lines inP3 is isomorphic to a double cover
of the toric varietyXΣ(1,6).

12.7Consider the isomorphism Grn,m−1
∼= Grm−n−2,m−1 defined by assigning to a

linear subspaceL of a linear spaceV its annihilatorL⊥ in the dual spaceV ∗. Show
that this isomorphism commutes with the action of the torusGm

m, and induces
an isomorphism of the quotientsPm

n
∼= Pm

m−n−1. Show that this isomorphism
coincides with the association isomorphism defined in Chapter 11.
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[4] N. Beklemishev, Invariants of cubic forms of four variables,Vestnik
Moskov. Univ., Ser. I Mat. Mekh.1982, no. 2, 42–49; English translation:
Moscow Univ. Bull.37, 1982, 54–62.

[5] F. Bogomolov, P. Katsylo, Rationality of some quotient varieties,Mat.
Sbornik (N.S)126, 1985, 584–589.

[6] A. Borel, Linear Algebraic Groups, W. A. Benjamin Inc., 1969 (new edi-
tion: Springer-Verlag, 1991).

[7] A. Borel, Essays in the History of Lie Groups and Algebraic Groups, His-
tory of Mathematics, vol. 21, Amer. Math. Soc., London Math. Soc., 2001.

[8] N. Bourbaki,Algebra, Springer-Verlag, 1989.

[9] N. Bourbaki,Commutative Algebra, Springer-Verlag, 1989.

[10] M. Brion, C. Procesi, Action d’un tore dans une variét́e projective, inOper-
ator Algebras, Unitary Representations, Enveloping Algebras, and Invari-
ant Theory, Progress in Math. vol. 192, Birkhäuser, 1990, pp. 509–539.
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