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Preface

This book is based on one-semester graduate courses | gave at Michigan in 1994
and 1998, and at Harvard in 1999. A part of the book is borrowed from an earlier
version of my lecture notes which were published by the Seoul National Univer-
sity [22]. The main changes consist of including several chapters on algebraic
invariant theory, simplifying and correcting proofs, and adding more examples
from classical algebraic geometry. The last Lecture of [22] which contains some
applications to construction of moduli spaces has been omitted. The book is lit-
erally intended to be a first course in the subject to motivate a beginner to study
more. A new edition of D. Mumford’s boo&eometric Invariant Theorwith ap-
pendices by J. Fogarty and F. Kirwan [75] as well as a survey article of V. Popov
and E. Vinberg [91] will help the reader to navigate in this broad and old subject
of mathematics. Most of the results and their proofs discussed in the present book
can be found in the literature. We include some of the extensive bibliography of
the subject (with no claim for completeness). The main purpose of this book is
to give a short and self-contained exposition of the main ideas of the theory. The
sole novelty is including many examples illustrating the dependence of the quo-
tient on a linearization of the action as well as including some basic constructions
in toric geometry as examples of torus actions on affine space. We also give many
examples related to classical algebraic geometry. Each chapter ends with a set of
exercises and bibliographical notes. We assume only minimal prerequisites for
students: a basic knowledge of algebraic geometry covered in the first two chap-
ters of Shafarevich’s book [104] and/or Hartshorne’s book [46], a good knowledge
of multilinear algebra and some rudiments of the theory of linear representations
of groups. Although we often use some of the theory of affine algebraic groups,
the knowledge of the group Glis enough for our purpose.

| am grateful to some of my students and colleagues for critical remarks and
catching numerous mistakes in my lecture notes. Special thanks go to Ana-Maria
Castravet, Mihnea Popa, Janis Stipins and Ivan Arzhantsev.
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Introduction

Geometric invariant theory arises in an attempt to construct a quotient of an al-
gebraic varietyX by an algebraic action of a linear algebraic gra@xipin many
applicationsX is the parametrizing space of certain geometric objects (algebraic
curves, vector bundles, etc.) and the equivalence relation on the objects is defined
by a group action. The main problem here is that the quotient s§aceémay

not exist in the category of algebraic varieties. The reason is rather simple. Since
one expects that the canonical projectjpn X — X/G is a regular map of al-
gebraic varieties and so has closed fibres, all orbits must be closed subsets in the
Zariski topology ofX. This rarely happens whe# is not a finite group. A pos-

sible solution to this problem is to restrict the action to an invariant open Zariski
subset/, as large as possible, so thiat— U/G exists. The geometric invariant
theory (GIT) suggests a method for choosing such a set so that the quotient is a
quasi-projective algebraic variety. The idea goes back to David Hilbert. Suppose
X = Vis a linear space an@ is a linear algebraic group acting dn via its

linear representation. The set of polynomial functiond/oinvariant with respect

to this action is a commutative algebtaover the ground field. Hilbert proves that

A is finitely generated it = SL,, or GL,, and any set of generatoys, . . ., fx

of A defines an invariant regular map frakhto some affine algebraic variety
contained in affine spacgé”™ whose ring of polynomial functions is isomorphic

to A. By a theorem of Nagata the same is true for any reductive linear algebraic
group. The mapf : X — Y has a universal property far-invariant maps of

X and is called the categorical quotient. The inverse image of the origin is the
closed subvariety defined by all invariant homogeneous polynomials of positive
degree. It is called the null-cone. Its points cannot be distinguished by invariant
functions; they are called unstable points. The remaining points are called semi-
stable points. When we pass to the projective sfgdé) associated td/, the
images of semi-stable points form an invariant open suB&€é)*s and the map

f induces a regular map : P(V)s* — Y, whereY (denoted byP(V)%/G) is

iX
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a projective algebraic variety with the projective coordinate algebra isomorphic
to A. In applications considered by Hilbelt(1V') parametrizes projective hyper-
surfaces of certain degree and dimension, and the projective algebraic Variety

Is the “moduli space” of these hypersurfaces. The hypersurfaces represented by
unstable points are left out from the moduli space; they are “too degenerate”. A
nonsingular hypersurface is always represented by a semi-stable pointYSce

a projective variety, it is considered as a “compactification” of the moduli space
of nonsingular hypersurfaces. The fibres of the P )%> — P(V)%/G are

not orbits in general; however, each fibre contains a unique closed orbit so that
P(V')%%) G parametrizes closed orbits in the set of semi-stable points.

Since the equations of the null-cone are hard to find without computing expli-
citly the ring of invariant polynomials, one uses another approach. This approach
is to describe the set of semi-stable points by using the Hilbert—Mumford numer-
ical criterion of stability. In many cases it allows one to determine th&gé}ss
very explicitly and to distinguish stable points among semi-stable ones. These are
the points whose orbits are closedf(V')%* and whose stabilizer subgroups are
finite. The restriction of the map(1)** — P(V)%%/G to the set of stable points
P(V)%is an orbit mag@P(V')* — P(V)$/G. It is called a geometric quotient.

More generally, ifG is a reductive algebraic group acting on a projective al-
gebraic varietyX, the GIT approach to constructing the quotient consists of the
following steps. First one chooses a linearization of the actiar;euivariant
embedding ofX into a projective spac@(1) with a linear action of+ as above.

The choice of a linearization is a parameter of the construction; it is defined by
a G-linearized ample line bundle alf. Then one setX** = X N P(V) and
defines the categorical quotiekit®* — X5/ G as the restriction of the categorical
quotientP(V)* — P(V)%3/G. The image varietyX >/ G is a closed subvariety

of P(V)%3/G.

Let us give a brief comment on the content of the book.

In Chapters 1 and 2 we consider the classical example of invariant theory in
which the general linear group GV) of a vector spac&” of dimensionn over
a field k acts naturally on the space of homogeneneous polynomiajs\Pobf
some degred. We explain the classical symbolic method which allows one to
identify an invariant polynomial function of degree on this space with an ele-
ment of the projective coordinate algelr@r(n, m)| on the Grassmann variety
Gr(n, m) of n-dimensional linear subspacesiifi in its Plucker embedding. This
interpretation is based on the First Fundamental Theorem of Invariant Theory. The
proof of this theorem uses a rather technical algebraic tool, the so-called Clebsch
omega-operator. We choose this less conceptual approach to show the flavor of the
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invariant theory of the nineteenth century. More detailed expositions of the clas-
sical invariant theory ([65], [123]) give a conceptual explanation of this operator
via representation theory. The Second Fundamental Theorem of Invariant Theory
is just a statement about the relations between thekiel coordinates known in
algebraic geometry as theileker equations. We use the available computations
of invariants in later chapters to give an explicit description of some of the GIT
quotients arising in classical algebraic geometry.

In Chapter 3 we discuss the problem of finite generatedness of the algebra of
invariant polynomials on the space of a linear rational representation of an alge-
braic group. We begin with the Gordan—Hilbert theorem and explain the “unitary
trick” due to Adolf Hurwitz and Hermann Weyl which allows one to prove the
finite generatedness in the case of a semisimple or, more generally, reductive com-
plex algebraic group. Then we introduce the notion of a geometrically reductive
algebraic group and prove Nagata’s theorem on finite generatedness of the alge-
bra of invariant polynomials on the space of a linear rational representation of a
reductive algebraic group.

In Chapter 4 we discuss the case of a linear rational representation of a nonre-
ductive algebraic group. We prove a lemma due to Grosshans which allows one to
prove finite generatedness for the restriction of a representation of a reductive al-
gebraic grouf- to a subgrougd provided the algebra of regular functions on the
homogeneous spacé/ H is finitely generated. A corollary of this result is a clas-
sical theorem of Weitzeriizk about invariants of the additive group. The central
part of this chapter is Nagata’s counterexample to Hilbert's Fourteenth Problem.
It asks about finite generatedness of the algebra of invariants for an arbitrary al-
gebraic group of linear transformations. We follow the original construction of
Nagata with some simplifications due to R. Steinberg.

Chapter 5 is devoted to covariants of an action. A covariant of an affine al-
gebraic groug acting on an algebraic variety is aG-equivariant regular map
from X to an affine space on which the group acts via its linear representation. The
covariants form an algebra and the main result of the theory is that this algebra is
finitely generated it~ is reductive. The proof depends heavily on the theory of lin-
ear representations of reductive algebraic groups which we review in this chapter.
As an application of this theory we prove the classical Cayley-Sylvester formula
for the dimension of the spaces of covariants and also the Hermite reciprocity.

In Chapter 6 we discuss categorical and geometric quotients of an algebraic
variety under a regular action of an algebraic group. The material is fairly standard
and follows Mumford’s book.

Chapter 7 is devoted to linearizations of actions. The main result is that any
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algebraic action of a linear algebraic group on a normal quasi-projective algebraic
variety X is isomorphic to the restriction of a linear action on a projective space
in which X is equivariantly embedded. The proof follows the exposition of the
theory of linearizations from [66].

Chapter 8 is devoted to the concept of stability of algebraic actions and the
construction of categorical and geometric quotients. The material of this chapter
is rather standard and can be found in Mumford’s book as well as in many other
books. We include many examples illustrating the dependence of the quotients on
the linearization.

Chapter 9 contains the proof of Hilbert—Mumford’s numerical criterion of sta-
bility. The only novelty here is that we also include Kempf’s notion of stability
and give an example of its application to the theory of moduli of abelian varieties.

The remaining Chapters 10-12 are devoted to some examples where the com-
plete description of stable points is available. In Chapter 10 we discuss the case
of hypersurfaces in projective space. We give explicit descriptions of the moduli
spaces of binary forms of degree5, plane curves of degree 3 and cubic surfaces.

In Chapter 11 we discuss moduli spaces of ordered collections of linear subspaces
in projective space, in particular of points it or of lines inP3. The examp-

les discussed in this chapter are related to some of the beautiful constructions of
classical algebraic geometry. In Chapter 12 we introduce toric varieties as GIT
guotients of an open subset of affine space. Some of the constructions discussed
in the preceding chapters admit a nice interpretation in terms of the geometry of
toric varieties. This approach to toric varieties is based on some recent work of D.
Cox ([16]) and M. Audin ([3]).

We will be working over an algebraically closed figtdsometimes assumed
to be of characteristic zero.



Chapter 1

The symbolic method

1.1 First examples

The notion of an invariant is one of the most general concepts of mathematics.
Whenever a group: acts on a set we look for elements € S which do not
change under the action, i.e., which satigfys = s for anyg € G. For example,

if Sis a set of functions from a séf to a setY’, andG acts onS via its action on

X and its action orY” by the formula

(9-f@)=g-flg™" ),
then arequivariant functions a functionf : X — Y satisfyingg - f = f, i.e.,
flg-z)=g- f(z), VgeG VreX.

In the case whefy acts trivially onY, an equivariant function is called amvari-
ant function It satisfies

flg-z)= f(x), Vge€qG,VrelX.

Among all invariant functions there exists a universal function, the projection map
p: X — X/G from the setX to the set of orbitsX/G. It satisfies the property
that for any invariant functiorf : X — Y there exists a unique map: X/G —

Y such thatf = f op. So if we know the set of orbits(/G, we know all
invariant functions onX. We will be concerned with invariants arising in algebra
and algebraic geometry. Our sets and our greupill be algebraic varieties and
our invariant functions will be regular maps.

Let us start with some examples.
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Examplel.l Let A be a finitely generated algebra over a fiéldnd letG be a
group of its automorphisms. The subset

A9 ={ac A:gla) =a,VgeG} (1.1)

is ak-subalgebra ofA. It is called thealgebra of invariants This definition fits
the general setting if we leX = Spm(A) be the affine algebraic variety ovkr
with coordinate ring equal tel, and letY” = A be the affine line ovek. Then
elements ofd can be viewed as regular functioms X — A} between algebraic
varieties. A more general invariant function is an invariant niapX — Y be-
tween algebraic varieties. ¥ is affine with coordinate ring3, such a map is de-
fined by a homomorphism df-algebrasf* : B — A satisfyingg(f*(b)) = f*(b)
foranyg € G,b € B. Itis clear that such a homomorphism is equal to the com-
position of a homomorphism® — A® and the natural inclusion map® — A.
Thus if we takeZ = Spm(A“) we obtain that the ma — Z defined by the
inclusion A® — A plays the role of the universal function. So it is natural to
assume thatl“ is the coordinate ring of the orbit spage'G;. However, we shall
quickly convince ourselves that there must be some problems here. The first one
is that the algebral® may not be finitely generated overand so does not define
an algebraic variety. This problem can be easily resolved by extending the cate-
gory of algebraic varieties to the category of schemes. For any (not necessarily
finitely generated) algebra over k£, we may still consider theubring of invari-
ants A% and view any homomorphism of rings — A as a morphism of affine
schemes Sp¢d) — SpecB) . Then the morphism Sped) — Spe¢A®) is the
universal invariant function. However, it is preferable to deal with algebraic va-
rieties rather than to deal with arbitrary schemes, and we will later showithat
is always finitely generated if the groudp is a reductive algebraic group which
acts algebraically on Spi). The second problem is more serious. The affine
algebraic variety Spm%) rarely coincides with the set of orbits (unleSsis a
finite group). For example, the standard action of the general linear gropGL
on the spacé™ has two orbits but no invariant nonconstant functions.

The following is a more interesting example.

Examplel.2 Let G = GL, (k) act by automorphisms on the polynomial algebra

A = k[X11,..., X, in n? variablesX;;,i,j = 1,...,n, as follows. For any
g = (ai;) € G the polynomialy(X;;) is equal to the;jth entry of the matrix
Y=g Xy, (1.2)

where X = (Xj;;) is the matrix with the entries(;;. Then, the affine variety
Spm(A) is the affine space Mabf dimensiom:?. Its k-points can be interpreted



1.1 FIRST EXAMPLES 3

asn x n matrices with entries ik and we can view elements of as polyno-

mial functions on the space of matrices. We know from linear algebra that any
such matrix can be reduced to its Jordan form by means of a transformation (1.2)
for an appropriatg). Thus any invariant function is uniquely determined by its
values on Jordan matrices. LBtbe the subspace of diagonal matrices identified
with linear spacé™ and letk[A,, ..., A,] be the algebra of polynomial functions

on D. Since the set of matrices with diagonal Jordan form is a Zariski dense
subset in the set of all matrices, we see that an invariant function is uniquely
determined by its values on diagonal matrices. Therefore the restriction homo-
morphismA® — k[A,,...,A,] is injective. Since two diagonal matrices with
permuted diagonal entries are equivalent, an invariant function must be a sym-
metric polynomial inA;. By the Fundamental Theorem on Symmetric Functions,
such a function can be written uniquely as a polynomial in elementary symmetric
functionss; in the variables\q, ..., A,. On the other hand, let be the coeffi-
cients of the characteristic polynomial

det(X — t1,) = (=1)"" + 1 (=) + -+ + ¢,

considered as polynomial functions on Maite., elements of the ring. Clearly,
the restriction ofc; to D is equal to theith elementary symmetric functios.

So we see that the image df’ in k[A4, ..., A,] coincides with the polynomial
subalgebra][sy, . .., s,]. Thisimplies thatA is freely generated by the functions
c;. So we can identify Spi“) with affine spacé”. Now consider the universal
map SpniA) — Spm(A%). Its fibre over the point0,...,0) defined by the
maximal ideal(cy, ..., ¢,) is equal to the set of matriced with characteristic
polynomialdet(M —t1,,) = (—t)". Clearly, this set does not consist of one orbit,
any Jordan matrix with zero diagonal values belongs to this set. ThusA&Spm
is not the orbit set Sp) /G.

We shall discuss later how to remedy the problem of the construction of the
space of orbits in the category of algebraic varieties. This is the subject of the ge-
ometric invariant theory (GIT) with which we will be dealing later. Now we shall
discuss some examples where the algebra of invariants can be found explicitly.

Let E be a finite-dimensional vector space over a fiekhd let

p:G— GL(E)

be a linear representation of a grotdpn E. We consider the associated action of
G on the space Pgl E) of degreem homogeneous polynomial functions éh
This action is obviously linear. The value pfc Pol,,(F) at a vectow is given, in
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terms of the coordinates;, . . ., ¢,) of v with respect to some bas(§,, ..., &),
by the following expression:

f(tla cee >t7") = Z ai1~~irt7il to t??
T1yeeey i'rZO
11++Z7:m
or in the vector notation,

ft) =" ait’, (1.3)

The direct sum of the vector spaces Ral) is equal to the graded algebra of
polynomial functions P@IE'). Sincek is infinite (we assumed it to be algebraically
closed), PdIFE) is isomorphic to the polynomial algebkdT?, ..., 7,]. In more
sophisticated language, R@IE) is naturally isomorphic to theath symmetric
product S™(E*) of the dual vector spac&* and Po[F) is isomorphic to the
symmetric algebr&(E£™).

We will consider the case whefi = Pol,(1V) andG = SL(V') be the special
linear group with its linear action oR described above. Let = Pol(Pol,(1)).
We can take for coordinates on the space; 0] the functionsA; which assign
to a homogeneous form (1.3) its coefficient So any element froml is a poly-
nomial in theA;. We want to describe the subalgebra of invariatits

The problem of findingd“ is almost two centuries old. Many famous mathe-
maticians of the nineteenth century made a contribution to this problem. Complete
results, however, were obtained only in a few cases. The most complete results
are known in the caséim V' = 2, the case wher& consists obinary formsof
degreed. We write a binary form as

p(to, t1) = aotd + ait&t, + - - 4 aqtd.

In this case we havé + 1 coefficients, and hence elements/bare polynomials
P(Aq,...,A;) Ind+ 1 variables.

1.2 Polarization and restitution

To describe the ring P@Pol;(V))SH") one uses the symbolic expression of a
polynomial, which we now explain. We assume that ¢har 0.

A homogeneous polynomial of degree 2 on a vector sfgace a quadratic
form. Recall its coordinate-free definition: a m@p. &£ — k is a quadratic form
if the following two properties are satisfied:
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(i) Q(tv) =1t*Q(v), foranyv € F and anyt € k;

(i) the mapQ : E x E — k defined by the formula

Qv,w) = Qv+ w) —Qv) — Q(w)
is bilinear.

A homogeneous polynomi& € Pol,,(E) of degreen can be defined in a similar
way by the following properties:

(i) P(tv) =t"P(v), foranyv € E and anyt € k;

(i) the map polP) : E™ — k defined by the formula

pOI(P) (v, v) = 3 (-1 H# P (3w

IC[m] iel
is multilinear.

Here and throughout we uge| to denote the sdfl, ..., m}.
As in the case of quadratic forms, we immediately see that the m&p pisl
a symmetric multilinear form and also th&tcan be reconstructed from pél)
by the formula
m!P(v) = pol(P)(v,...,v).

The symmetric multilinear form poP) is called thepolarizationof P. For any
symmetric multilinear fron¥" : E™ — k the function regF') : £ — k defined by
reF)(v) = F(v,...,v)

is called therestitutionof F'. It is immediately checked that rgs) € Pol,, (V)
and
pol(req F')) = m!F.

Since we assumed that cliay = 0, we obtain that eack € Pol,,(F) is equal to
the restitution of a unique symmetrie-multilinear form, namely%poI(P).
Assume thatP is equal to the product of linear form® = L;---L,,. We

have
POI(P) (v, - o) = S (<1 Ly - L (S 0,)

IC[m] iel
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= Y (cyHL (ZI v Lm(ZI ) (1.4)

Ic[m} 1€ 1€

= () (3 )
IC[m] iel iel

= Y Li(veq)  Ln(om) = D, Loy(v1) -+ Lom) (vm)
O'Ezm O’EEm

HereX.,, denotes the permutation group onletters.

Let (&1, ...,&,) be abasis o and(¢4,...,t,) be the dual basis at*. Any
v € E can be written in a unique way as= > t;(v);. Let Sym,(E) be the
vector space of symmetrie-multilinear forms onE™. For anyvy, ..., v, € E
and anyF' € Sym,,(E), we have

F(vi,...,0p) = F(th(vl)&,,zm(vm)fz>
= ' Z til(vl).‘.ti'm(/Um)F<€il7"'7€im)'

Takingv; = - - - = v, = v, we obtain that

n

reqva) = ‘ Z til(v)"'tim(v)F<€i17"'7§im)

Thus any polynomiaP € Pol,,(E) can be written uniquely as a sum of mono-
mialst;, ---t;,. This is the coordinate-dependent definition of a homogeneous
polynomial. Since th@olarization map

pol : Pol,,(E) — Sym,,(E)

is obviously linear, we obtain that Syni£) has a basis formed by the polariza-
tions of monomials;, - - - ¢; . Applying (1.4), we have

pol(ti, - - L, ) (vi, -, vm) = Z ta(y(v1) -« to(m) (Vm)-

O'EEm
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If we denote by(tgj), . (J)) a jth copy of the basi¢ty, ..., t,) in E*, we can
rewrite the previous expressmn as
pol(t;, -+ -t;, ) (v1,. .., U Zt ) --0 vl,...,vm).
O’GZm

Here, we consider the product of linear forms onV as anm-multilinear form
on E™. We have

pol(t, -+ i, ) (§jrs - -+ &) = #{0 € Xt (1, Jm) = (i), -+ o)) }-
(1.5)
If we write t;, ---t;, = t' ...tk then the right-hand side is equalkg - - - k,!
if {i1,...,im} ={J1,-..,Jm} @and zero otherwise.
Note that the polarization allows us to identify ROE) with the dual to the
space Pgl(E*). To see this, choose a basis of Pat*) formed by the monomi-
als¢;, ---¢;,,. ForanyF € Sym (E) we can set

F(& &) = F(&Gy oo &)

and then extend the domain 6fto all homogeneous degree polynomials by
linearity. Applying (1.5), we get

kyleeo kb if (koo k) = (.o 1)
0 otherwise.

pol(ef? -+ ) (€1 - &) = {
This shows that the map from RdlE) x Pol,,(E*) to k defined by

1
(P,Q) = —pol(P)(Q) (L6)
is a perfect duality, i.e., it defines isomorphisms
Pol,.(E)* = Pol,,(E*), Pol,(E*)* = Pol,(E). 1.7)

Moreover, the monomial basig®) = (& --- &) of Pol,,(E*) is dual to the
baSiS(Wtkl . tﬁn) = (%tk)

Remarkl.1l Note that the coefficienis, of a polynomial

P = @aktk € Pol,,(E) (1.8)
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are equal to the value of, = ¢k = ¢ ... ¢k on P. We can view the expression
Pyeneral = Elk - ,’ Atk as a “general” homogeneous polynomial of degree
Thus we get a strange formula

Pyenera= Z _Aktk Z k! gktk (Z &tl)m
=1

|k|=m

This explains the classical notation of a homogeneous polynomial as a power of a
linear polynomial.

Remarkl.2 One can view a basis vectgr as a linear differential operator on
Pol(E') which acts on linear functions ky(t;) = J;;. It acts on any polynomial
P =", axtk as the partial derivative; = a%- Thus we can identify any poly-
nomial D(t, .. .,t,) € Pol(E*) with the differential operatoD (9, ..., d,) by
replacing the variablg, with 9;. In this way the duality PgJ(E*) x Pol,,(E) — k

is defined by the formula

(D, P) = %D(P).

Remarkl.3 For the reader with a deeper knowledge of multilinear algebra, we
recall that there is a natural isomorphism between the linear spagé¢/Poand

the mth symmetric powes™ (E£*) of the dual spacé&*. The polarization map is

a linear map from6™ (E*) to S™(E)* which is bijective wher{char(k), m!) = 1.

The universal property of tensor product allows one to identify the sp#ters)*

and Sym, (E).

Let us now consider the case when= Pol,(V'), wheredim V' = r.

First recall that anultihomogeneous functiaf multi-degreg(d;, . . ., d,,) on
V' is a function onl’™ which is a homogeneous polynomial function of degige
in each variable; when each = 1, we get the usual definition of a multilinear
function. We denote the linear space of multihomogeneous functions of multi-
degree(dy, ..., d,) by Pol,....a4,,(V ). The symmetric group:,, acts naturally

.....

-----

Lemma 1.1. We have a natural isomorphism of linear spaces

symb: Pol,,(Pol,(V)) — Sym, (V™).

.....
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Proof. The polarization map defines an isomorphism
Pol,,(Pol,(V)) = Sym,, (Pol(V)).

Using the polarization again we obtain an isomorphism;®ol* = Pol,(V*).
Thus any linear function on Pgl) is a homogeneous polynomial function of
degreed on V*. Thus a multilinear function on Pgll’) can be identified with a
multihomogeneous function dri* of multi-degre€(d, . . ., d). O

Let us make the isomorphism from the preceding lemma more explicit by

using a basi¢¢;, ..., &) in V and its dual basiét;, ..., t.) in V*. Let Ay, k| =

d, be the coordinate functions on R@V'), where we write eacl’ € Pol,(1') as

in (1.8) with m replaced byd, so thatA,(P) = ax. Any F' € Pol,(Pol;(V))

is a polynomial expression in thé, of degreem. Let (Af(l)), e (Al((m)) be

the coordinate functions in each copy of R&f). The polarization pglF’) is a
multilinear expression in thA{(. Now, if we replaceéll(f) with the monomiak )k

ina basis(fij), o ,fﬁj)) of the jth copy ofV, we obtain thesymbolic expression

of F

symb(F) (€W, ... ™)) € Poly_o(V*).

Remarkl.4. The mathematicians of the nineteenth century did not like super-
scripts and preferred to use different letters for vectors in different copies of the
same space. Thus they would write a general polynofiat ", ’fj—!’Aktk of

degreel as . .
P = (;aiti) = (;ﬁztz) =,

and the symbolic expression of a functidf. .., Ay,...) as an expression in
(070 ﬂi, e

Examplel.3 Letr = 2,d = 2. In this case Pg[V) consists of quadratic forms in
two variablesP = agx? + 2a,z07; + axx?. The discriminanD = Ay Agy — A2,

is an obvious invariant of Sl(k). We have

pol(D) = Ay Boa + AoaB2o — 2A11 B,
symh(D) = 043512 + a?ﬁ% — 20901001 = (o — a1 0)? = (04,5)2,

where
. Qp O
(o, B) = det <ﬁ0 51) :
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Examplel.4. Letr = 2, d = 4. The determinant (called thdankel determinant

Qo a1 Qag
det [ a1 as a3
az a3 a4

in coefficients of a binary quartic
f= aoxé + 4a1x8x1 + 6a2$(2):17% + 4a3x0x:{’ + a4x?

defines a functio € Pok(Pol,(k?)) on the space of binary quartics. Itis called
the catalecticant We leave as an exercise to verify that its symbolic expression is
equal to

symh(C) = (a, B)*(a,7)*(8, 7).
It is immediate to see that the group &k) acts onk[ay, . . ., a4] via its action on

a, 3,v by
«Q a b «Q
()~ (2 By (). w9

This implies that the catalecticant is invariant with respect to the groupc$L

1.3 Bracket functions

It is convenient to organize the variabd, ..., &, ... ™ . ¢ as ama-
trix of sizer x m:

SR

A=l o

O g

algebrak[¢\V, ... ¢M: et el™)] consisting of polynomials which are
homogeneous of degrelin each set of variabled” ..., ¢, Next, we identify
the algebrak[¢!V, ..., &V: . ;&™) . &™) with the algebra P¢Mat,,,) of
polynomial functions on the space of matrices MatThe value of a variablei(j)
at a matrixA4 is the (ij)-entry of the matrix. The groupk*)™ acts naturally on
the space Mat,, by

()\1, .. 7)\m) : [Cl, .. 7Cm] = [)\101, .. .,)\mCm],
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where we write a matrix4 as a collection of its columns. In a similar way the
group(k*)" acts on Mat,, by row multiplication. We say that a polynomi&l €
Pol(Mat, ,,,) is multihomogeneousf multi-degre€(d;, . . ., d,,,) if for any A € k*,
and anyA = [CY,...,C,,] € Mat, ,,,,

P([Cl, .. .,Cj,l,)\Cj,CjJrl, .. 7Cm]) == )\de([01, .. .,Cj, o 7Om])

We say thatP is multiisobaric of multi-weight (wy, . .., w,) if the polynomial
function A — P(A") on the space Mat, is multihomogeneous of multi-degree
(wy,...,w,). Let PolMat,,)a,. . dp ..., dENOte the linear space of polyno-
mial functions on the space Mat which are multihomogeneous of multi-degree
(dq,...,d,) and multisobaric of multi-weightw,, ..., w,). If dy = --- =d,, =

d we writed™ = (d, . .., d,,); we use similar notation for the weights.

It follows from the definition that the symbolic expression of any invariant
polynomial from Pol,(Pol,(1")) is multilinear. Let us show that it is also multi-
isobaric:

Proposition 1.1.
symk{Pol,,(Poly(V))*-")) € Pol(Mat, ;) am;ur,

where
rw = md.

Proof. We shall consider any’ € Pol,,(Pol;(V')) as a polynomial in coefficients
A; of the general polynomidl; ({) A;t! from Pol,(V'). For anyg € GL, (k) we
can write

g" = (detg)g,
whereg € SL.(k). Itis clear that the scalar matrix/,. acts on each elemegtof
the basis of by multiplying it by A\. Hence it acts on the coordinate functign
by multiplying it by A=* and on PqJ(V') via multiplication byA~<. Hence it acts
on Pol, (Pol;(V)) by multiplication byA™¢ (recall that(g - F')(P) = F(g~*- P)).
Therefore we get

g" - F = (detg)™'G- F = (det g)™F.

Since anyy’ € GL,(k) can be written as arth power, we obtain that - ' =
x(g)F for some homomorphisny : GL,.(k) — k*. Notice that when we fix
F and P € Pol,(V), the functiong — ¢ - F(P) is a polynomial function in
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entries of the matrixy which is homogeneous of degreel. Also, we know that
x(9)" = (det g)™?. Sincedet g is an irreducible polynomial of degre€n entries
of the matrix, we obtain that(g) is a nonnegative power @kt g. Comparing the
degrees we get, for anye GL,.(k),

g-F = (detg)“F.

Since the map symbPol,,(Pol;(V')) — Pol(Mat, ,,) is GL,(k)-equivariant, we
see that
g-Symi(F) = (det g)“F, Vg € GL.(k).

If we take g to be the diagonal matrix of the form didg...,1, A, 1,...,1] we
immediately obtain that synib’) is multiisobaric of multi-weightv”. Also, by
definition of the symbolic expression, syfib) is multihomogeneous of multi-
degreed™. This proves the assertion. Il

Corollary 1.1. Assume { md. Then, form > 0,
Pol,, (Pol(V))*") = {0}.

An example of a function from P@Wat., ). ;- is the determinant function
D, : A — det A. More generally we define tharacket functiordet; on Mat. ,,,
whose value on a matriA is equal to the maximal minor formed by the columns
from a subseV of [m] := {1,...,m}. If J = {jo,...,jn} we will often use its
classical notation for the minors

It is isobaric of weightl but not multihomogeneous ifi > r. Using these func-
tions one can construct functions from Bd&t, ,,,) 4= .- Whenevermd = rw.
This is done as follows.

Definition. A (rectangulartableauon the sefm]| = {1,2,...,m} of sizew x r
IS a matrix
™mT ... Tir
(1.10)
Twl --- Tuwr

with entries in[m] satisfying the inequalities;; < 7;;;. We say that the tableau
Is homogeneousf degreed if eachi, 1 < ¢ < m, occurs exactlyl times; clearly
d must satisfy the relatiomd = wr.
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An example of a tableau on the $éfof size2 x 2 and degree 2 is

2

1
2
3
1

A~ s W

For each tableau as above we define thableau function.. on Mat, ,,, by

w

My = H[Til, . 7Tir]-

=1

We say thaj:, is homogeneousf degreel if 7 is of degreel. It is clear that any
such function belongs to Rdfat, ,,,) 4 .,-. FOr example, the symbolic expression
of the determinant of a binary quadratic form from Example 1.3 is equabte.
The symbolic expressiofi2)?(23)2(13)? of the catalecticant corresponds to the
function i, where

— =N N

W W W W NN

Notice the way a tableau functign changes when we apply a transformation
g € GL,(k): each bracket functiofiy, . . ., ¢,] is multiplied bydet g. So for each
tableaur on the setm] of sizew x r the functionu., is multiplied bydet(g)®. In
particular, each such function is an invariant for the gréup SL,.(k) of matrices
with determinant equal to 1. Taking linear combinations of homogeneous degree
d tableau functions that are invariant with respect to permutation of columns, we
get a lot of examples of elements in FRbl(V))S-V). In the next chapter we
will prove that any element from this ring is obtained in this way.

Bibliographical notes

The symbolic method for expression of invariants goes back to the earlier days of
theory of algebraic invariants, which originates in the work of A. Cayley of 1846.
It can be found in many classical books on invariant theory ([28], [38], [39], [47],
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[98]). A modern exposition of the symbolic method can be found in [18], [65], [85].
The theory of polarization of homogeneous forms is a basis of many constructions
in projective algebraic geometry; see for example [14], [39], [99], [100]. For a
modern treatment of some of the geometric applications we refer to [24], [54].

Exercises

1.2Let W = Pok(V) be the space of quadratic forms on a vector sgaasf
dimensionr.

(i) Assume that chdk) # 2 or r is odd. Show that POF)S-") is generated
(as ak-algebra) by thaliscriminantfunction whose value at a quadratic form is
equal to the determinant of the matrix defining its polar bilinear form.

(if) Which level sets of the discriminant function are orbits of(8L. in W/?

1.3Let F' € Poly(V). Foranyw € V andt € k* consider the function ol x k*
defined by(v,t) — ¢ '(F(v + tw) — F(v)). Show that this function extends to
V x k and letP, (F') denote the restriction of the extended functiorvtex {0}.

(i) Show thatP, (F") € Pol;_1(V') and the pairing

V x Poli(V) — Poli_i(V), (w,F) — P,(F),

is bilinear.
(i) Assumed! # 0in k. Let P, : Poly(V) — Pol,_1(V) be the linear map
F — P,(F). Show that the functiofv? — k defined by

(W, ... W) —

coincides with pdlF).
(iii) Show thatP,,(F) = Y7 _, aig—g, where(ay, . . ., a,) are the coordinates of
w with respect to some bag(ig, . . ., &,).

1.4LetP(V) be the projective space associated to a vector spaafedimension
r. We consider each nonzetoe€ V' as a pointv in P(V'). The hypersurface
P; : P,(F) = 0in P(V) is called thepolar hypersurfaceof the hypersurface
Hp . FF = 0 with respect to the point. Show that for anyr € Hr N P; the

tangent hyperplane df» atx contains the point.
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1.5 Consider the bilinear pairing between ROV) and Pol,(V*) defined as in
(1.6). For anyF' € Pol,(V),® € Pol,(V*) denote the value of this pairing at
(F, ®) by Py (F'). Show that

(i) for fixed F' the assignmen® — Py (F') defines a linear map

ap, : Poly(V*) — Pol,,_s(V),

(i) for any @’ € Poly (V*), Ppe (F') = Po(Po (F)),

(iii)y Ps(F) = P,,0---0 P, (F) if ® is the product of linear polynomials
vy, L0 € Vo= (V)
1.6 In the notation of the preceding exercidec Pol,(V/*) is calledapolarto a
homogeneous form’ € Pol,,(V) if Ps(F) = 0. Show that

(i) O, a;&)™ is apolar toF if and only if F(ay, ..., a,) =0,

(i) O2i_, a;&)™ ! is apolar toF if and only if all partial derivatives of”
vanish atu = (ay, ..., a,).
1.7 Consider the linear map apefined in Exercise 1.5. The matrix of this map
with respect to the basis in BglV*) defined by the monomials and the basis
in Pol,, (V) defined by the monomiald is called thecatalecticant matrix Show
that

(i) Show that ifm = 2dim V' the determinant of the catalecticant matrix is an
invariant on the space BgplV) (it is called thecatalecticant invariant.

(i) Show that, ifdim V' = 2 andm = 4, the catalecticant invariant coincides
with the one defined in Example 1.4.

(i) Find the degree of the catalecticant invariant.

(iv) Show that the catalecticant invariant on the space(P9lcoincides with
the discriminant invariant.

(v) Compute the catalecticant matrix inthe cds@ V' =3, m = 4,s = 2.

1.8Let P € Pol,(V). Foranyvy,...,v,, € V and any\,..., A\, € k write

P(Muvi + -+ 4+ Apv) = Z AN NI Py (U1, U

(i) Show that the functioPy, 4, : (vi,...,Um) — Pay 4, (V1,...,0p) IS
multihomogeneous of multi-degréé, , . .., d,,).

(if) Show thatP, _; = pol(P).
1.9Find the symbolic expression for the polynomiak agay — 4aiaz + 3a3 on
the space of binary quartics REt?). Show that it is an invariant for the group
SLy (k).
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1.10Find the polarization of the determinant polynon#l.

1.11Let x : GL.(k) — k* be a homomorphism of groups. Assume thas
given by a polynomial in the entries gf € GL,.(k). Prove that there exists a
nonnegative integégrsuch that, for aly € GL,.(k), x(g9) = (det g)*.



Chapter 2

The First Fundamental Theorem

2.1 The omega-operator

We saw in the preceding chapter that the symbolic expressions of the discriminant
of a binary quadratic form and of the catalecticant of a binary quartic are polyno-
mials in the bracket functions. The theorem from the title of this chapter shows
that this is the general case for invariants of homogeneous forms of any degree
and in any number of variables. In fact we will show more: the bracket functions
generate the algebra PMlat, )5~ ). Recall that the group Sik) acts on this

ring via its action on matrices by left multiplication.

We start with some technical lemmas.

For any polynomialP (X1, ..., Xy) let P denote the (differential) operator on
k[X1,..., Xy obtained by replacing each unknowi with the partial derivative
operator;%- (cf. Remark 1.2).

In this section we will use only a special operator of this sort. We féke 2
with unknownsX;;.i,7 = 1,...,r, and letP be the determinant functioR, of
the matrix with entriesX;;. We denote the corresponding operakoby €. It is
called theomega-operatoor theCayley operator

Lemma 2.1.
QD) =s(s+1)...(s+r—1)Ds 1.

Proof. First observe that for any permutatienc >, we have

or
8X1(,(1) C OXW(T)

(D) = €(0), (2.1)

17



18 CHAPTER 2. THE FIRST FUNDAMENTAL THEOREM

wheree(o) is the sign of the permutation This immediately gives th&t(D,) =
rl. For any subsef = {ji, ..., jx} of [r] set

ak
0Xj0(i1) 0K o (i)
A(J,0) = QJ,0)(D,).

QJ,0) =

Analogously to (2.1) we get

A<J7 U)(DT‘> = €<J7 O')MJM7 (22)

where for any two subsefs, L of [r] of the same cardinality we denote Byx 5
the minor of the matriX.X;;) formed by the rows corresponding to the seand

the columns corresponding to the getThe bar denotes the complementary set

and

e(J,0) = Sigﬂ( H (o(a) — a(b))) :

a,beJ
a<b

Now applying the chain rule we get
oD

Q(lr], o)(Dy) = QIr = 1], 0) 55 .

sOD:LA({r}, o)
8AXVr—la(r—l)

= QI —2,0)(s(s - DDA} ) A({r — 1}h,0) + 5D A({r ~ 1,7}, 0))

= Q(fr - 1,0)(sD} ' A{r}, ) = Al — 2], 0)

r

= s(s — 1)(8—/{4—1)@7?_1’3( Z A(Jl,a)...A(Jk,J)).

k=1 J1L|---|_|Jk=[1”]

Now recall a well-known formula from multilinear algebra which relates the

minors of a matrixA and the minors of its adjoint (also calledjugatein classic
literature) matrixA = adj(A) (see [8], Chapter 311, exercise 10):

Ap e = det(A)MT1 A £, (2.3)
Applying (2.3) we obtain

k
A(Jb U) s A(ka U) = Dfir H€<Ji> O-)MJi»O'(Ji)'

=1
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Now recall the Laplace formula for the determinant of a square maitrat
sizer:

det(A) :E(Jl,...,Jk) Z 6([17"'7[]{)MJ1311"'MJk,Ikﬂ (24)

LU-UT=[r]
where

[T]:J1L|"'|_|Jk
is a fixed partition of the set of rows of ande(1, .. ., I;) is equal to the sign of

the permutation/, ... I;) where we assume that the elements of eacti;sate
listed in the increasing order. Applying this formulaX6 we find

Z E(U)E(Jl, 0) .. E(Jk7 U)AJLU(JI) ce AJk7U(Jk) = j1‘ .. .jk!D:_l,

UEE’I‘

wherej; = #J;,1 = 1,..., k. Thus, lettingo run through the set,, we sum up
the expressions(o)S2([r], o)(Dr) to get

n

QD= s(s—1)...(s—k)p(r,k)D: = c(r,s)D: 71,

where

p(r,k) = Z gt gkl

Jlu...qu:[T}

We leave to the reader as an exercise to verify that
c(r,s)=s(s+1)...(s+r—1).
The precise value of the nonzero constdnts) is irrelevant for what follows. [

Lemma2.2.LetF = P, --- P, € k[X14, ..., X,m], where eaclP, is equal to the

product ofm, linear formsZY) = 37 %X, j=1,...,m,. Then
N
Q(F):Zdet s (Pl/Lgh))'“(Pr/Lg”)),
PACEY) qUr)
rl T

where the sum is taken over the set {(j1,..., ) : 1 < j; < m;}.
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Proof. By the chain rule,

OF G .G p ) 4
= § ) g p LYY (P LU
0X14y -+ - 0X4, , @iy - @y (PLEE) - (B L77)

After multiplying by the sign of the permutatiofi,, ...,4,) and summing up

over the set of permutations, we get the desired formula from the assertion of the
lemma. [

2.2 The proof

Now we are ready to prove the First Fundamental Theorem of Invariant Theory:

Theorem 2.1. The algebra of invariant®ol(Mat, ,,,)S-*) is generated by the
bracket functionsjy, . . . , j.J.

Proof. Let Pol(Mat, ,,,)., be the subspace of polynomials which are multiisobaric
of multi-weightw”. Itis clear that

Pol(Mat, ,,)° " = P Pol(Mat, )., > *).

w>0

So we may assume that an invariant polynoniiat Pol(Mat. ,,,)S"*) belongs to
Pol(Mat, ,,,).,. Fix a matrixA € Mat, ,,, and consider the assignment-> F'(g- A)
as a function on Mat.. It follows from the proof of Proposition 1.1 that

F(g-A) = det(g)"F(A).

Since F' is multiisobaric, it is easy to see thalg - A) can be written as a sum
of products of linear polynomials as in Lemma 2.2, with = w. Applying the
omega-operator to the left-hand side of the identitiymes we will be able to get
rid of the variablesy;; and get a polynomial in bracket functions. On the other
hand, by Lemma 2.1 we get a scalar multipleFofThis proves the theorem.[]

Let Tah.,,,(w) denote the subspace of RGMat. ,,,) spanned by tableau func-
tions on[m| of sizew x r and let Tab,,,(w)nom b€ its subspace spanned by homo-
geneous tableau functions of degreeRecall that, as follows from the definition
of a tableauyw = md. The symmetric grouf:,, acts linearly on the space
Tab. ,,,(w) via its action on tableaux by permuting the elements of thésetWe
denote by Taj,,(w)*~ the subspace of invariant elements. Clearly,

Tab,,,(w)*™ C Tab.,,, (w)hom
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Corollary 2.1. Letw = ™4, We have

Pol( Matnm)?hrfr) = Tab.,, (W) hom-

By Proposition 1.1, the symbolic expression of any invariant polynomial
from Pol,, (Pol,(V))S-*) belongs to PdMat,,,)5~ '), and hence must be a lin-
ear combination of tableau functions from Iamw). The group,, acts natu-
rally on Mat. ,, by permuting the columns and hence acts naturally ofivRad}.,,, )

leaving the subspaces Pdlat, ,,,) 4 ., invariant. Applying Lemma 1.1, we get
Corollary 2.2.

symb(Pol,, (Poly(V))5-*)) = Tab,,,(w)im

hom»

whererw = md.

2.3 Grassmann varieties

The ring PolMat, ,,)S-*) has a nice geometric interpretation. Let(G#n) be
the Grassmann variety oefdimensional linear subspacestifi (or, equivalently,
(r — 1)-dimensional linear projective subspace®6f!). Using the Plicker map
L — N\'(L), we can embed Gr,m) in P(A\" (k™)) = P(")~1. The projective
coordinates in this projective space are thécRér coordinateg;, ;. ,1 < i; <
-+« < i, < m. Consider the set(r, m) of ordered--tuples injm/|. Letk[A(r, m)]
be the polynomial ring whose variables are thadRer coordinateg; indexed
by elements of the set(r,m). We view it as the projective coordinate ring of

P(A\"(k™)). Consider the natural homomorphism

¢ : k[A(r,m)] — Pol(Mat, ,,,)
which assigns t@;, ;. the bracket polynomidl,,...,i.]. By Theorem 2.1, the
image of this homomorphism is equal to the subring Mat, ,,,)S-*) of invariant

polynomials.

Theorem 2.2.The kernel,. ,,, of ¢ is equal to the homogeneous ideal of the Grass-
mann varietyGr(r, m) in its Plicker embedding.
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Proof. Let Mat,,, be the dense open subset of the affine space Mairmed
by matrices of maximal rank. Consider the may : Mat,, — A =
Spe¢k[A(r,m)]) given by assigning tod € Mat,,, the values of the bracket
functionsiy, ..., i,.] on A. Clearly, the corresponding map of the rings of reg-
ular functions coincides with. Also it is clear that the imag# of f is contained
in the affine conesr(r, m) over Gi(r, m). The composition off and the canoni-
cal projectionGr(r,m) \ {0} — Gr(r,m) is surjective. LetF’ be a homogeneous
polynomial from Ke(¢). Then its restriction tdZ is zero, and hence, since it is
homogeneous, its restriction to the wholeGi{r, m) is zero. ThusF belongs
to 7, ,,,. Conversely, iff’ belongs tol. ,,, its restriction toZ is zero, and hence
f*(F) = 0 becaus¢f : Mat,,, — Z is surjective. Since Gr,m) is a projective
subvariety,/. ., is @ homogeneous ideal (i.e. generated by homogeneous polyno-
mials). Thus it was enough to assume thas homogeneous. Il

Corollary 2.3.
Pol(Mat,,,)S ) = k[Gr(r, m)).

The symmetric group,, acts naturally on Gr,m) by permuting the coor-
dinates in the spadeé™. This corresponds to the action Bf, on the columns of
matrices from Mat,,,. LetT" be the subgroup of diagonal matrices in,3k). It
acts naturally on Gr, m) by scalar multiplication of columns. L&{Gr(r, m)],
be the subspace generated by the cosets of homogeneous polynomials of degree
w. Applying Corollary 2.1 and Corollary 2.2, we obtain

Corollary 2.4. Letrw = md. Then
Pol,, (Poly(k"))%H®) = K[Gr(r, m)J;m*".

2.4 The straightening algorithm

We now describe a simple algorithm which allows one to construct a basis of the

space Tap,,(w).

Definition. A tableau on the sétn] of sizew x s

11 --- Tir

Twl --- Twr

is calledstandardif 7,; < 7(;,); for every: and;.
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For example,
3]
L 4_
is standard but i i
1 4
_2 3_

iS not.

Theorem 2.3. The tableau functiong, corresponding to standard tableaux form
a basis of the spacgab, ,,,(w).

Proof. We will describe thestraightening landue to A. Young. It is an algorithm
which allows one to write any tableau function as a linear combination of tableau
functions corresponding to standard tableaux.

We will use the following relation between the bracket functions:

r—+1
> (=1 [is i, el et ats o Jrsa] = 0. (2.5)
s=1
Here(i,...,i.—1) and(ji, ..., j-.1) are two fixed increasing sequences of num-

bers from the setn] and we assume that in the bracket functian. . . , i, 1, j|,
the sequencéi, ... ,i,._1,Js) is rearranged to be in increasing order or equal to
zero if two of the numbers are equal.

This relation follows from the observation that the left-hand side, considered
as a function on the subspa¢e’)"*! of Mat,,, formed by the columns with
indicesjy, . . ., jr+1, 1S (r+1)-multilinear and alternating. Since the exterior power
N (k") equals zero, the function must be equal to zero.

Suppose a tableau functign is not standard. By permuting the rows of
we can assume thaf, < 7;,,1); for all i. Let;j be the smallest index such that
Tij > Tai+1); for somei. We assume that,; < 7(;41); for & < i. We call the pair
(17) with this property themark of 7. Consider equation (2.5) corresponding to
the sequences

(ih ce ,ir—1) = (7'(@'+1)1, <oy T(i41)(G=1) T(i4+1)(G+1)y - -+ - 77-(1'-1-1)7“)7
<j17-~~7j7'+1> == (Tila---7Tij7-~~77-ir77-(i+1)j)-

Here we assume that the second sequence is put in increasing order. It allows us
to expressri, . . ., Tir) [Tii+1)15 - - -, T+1)r) @S @ sum of the products

[Tih cee s Tigy oo vy Tip, T(i+1)j][7_(i+1)17 e 77_(i+1)j7 e 7T(i+1)r7 Tis]-
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Substituting this in the produgt,. of the bracket functions corresponding to the
rows of 7, we expresg:, as a sum of the:,» such that the mark of eacH is
greater than the mark of (with respect to the lexicographic order). Continuing
in this way we will be able to write., as a sum of standard tableau functions.
This shows that the standard tableau functions span the spagce(Tab We
skip the proof of their linear independence (see, for example, [48], p. 381])J

Corollary 2.5. The homogeneous ide4l,,, definingGr(r, m) in its Plucker em-
bedding is generated by the quadratic polynomials

n—+2

s=1

wherel = (iy,...,4-1),J = (j1, ..., Jr11) @re increasing sequences of numbers
from the sefm].

Proof. It is enough to show that any homogeneous polynorhiditom I, ,, can

be expressed as a polynomial in tRg;. Let I/ be the ideal generated by the
polynomials theP; ;. It follows from the straightening algorithm that, modulo
I} ., the polynomialF” is equal to a linear combination of monomials which are
mapped to standard tableau functions in the dfigat,. ,,,|. Since the standard
tableau functions are linearly independent, we obtain khat 7} .. ]

Remark2.1 The equations’; ; = 0 defining the Grassmannian Grm) are

called thePlucker equationsCorollary 2.3 implies that the Btker equations de-
scribe the basic relations between the bracket functions. This result is sometimes
referred to as th&econd Fundamental Theorefinvariant Theory.

Now we are in business and finally can compute something. We start with the
caser = 2. Let us write any degre¢ homogeneous standard tableau in the form

a; @
1 2
ay  ag
T = A
1 2
CLm—l am

wherea! denotes a column vector with coordinates equal. tdet |a/| be the
length of this vector. It is clear that

al| = a2 =d, l|a}|+]a}|=d, 1<i<m,

m—1
S lafl = D el =w—d=(m-2)d/2.
1=2
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So if we setia)| = a;_1,7 = 2,...,m — 1, then a standard tableau is determined
by a point with integer coordinates inside of the convex polyttpé, d, m) in
R™~2 defined by the inequalities

m—2
0<a;<d, Z%‘ZUJ—d-
i=1

Example2.1 Letd = 3. We have

m—2

I1(1,3,m) = {(al,...,am_g) ER™2:.0< oy < B,Zai =3(m — 2)/2}.

=1

The first nontrivial case is» = 2. We have the unique solutidi, 0) for which
the corresponding standard tableau is

1 2
T= 11 2
1 2
The only nontrivial permutation of two letters changeso —y... Thus
Poh(Pok(k?))S2® = {0}.
Next is the casen = 4. We have the following solutions:

(o1, 02) = (0,3),(3,0), (1,2), (2, 1).

The corresponding standard tableaux are

™ = To — T3 = T4 =

W W W ==
= N NN
NN DN = = =
B W W w
W WN = ==
o W N
W NN ==
o W W N

Let us see how the group, acts on the space Tak(6)hom The groupXy is
generated by the transpositiof23), (12), (14). We have

(23>/LT1 = Uy (23),U7'3 = Hry (26)
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By the straightening algorithm,
[23][14] = [13][24] — [12][34],
so that

(12)M7’1 = —Hn,
(12)pr, = ([13][24] - [12][34])

= Hrp = Hry — 3/*67'4 + 3/“67'37

(12)un = [121[23)]14][34)
— [12P[13)[24)34° - [12P34P = e, — ir
(12 = —[12][23[14(34],

—[12][34][13]%[24]* + 2[12][34][13][24][12][34] — [12][34][12]*[34]*
= —Hr Tt 2:”‘1'3 = Hry-

Similarly, we get

(13)pery = —firy + 3ty — Bfbry + firy,
(13>N72 = —Hr,
(3)pry = —pry + 24, — fry.

This implies that any:,-invariant combination of the standard tableau functions
must be equal té&" = ap,, + byr, + cpiry + dpir,, Where

a=0b, c=d, 2c+3a=0.
This gives that Tah,(6)** is spanned by
= =27 = 24r, 4 3piry + 3,
= —2[12][34] — 2[13]3[24]® + 3[12]%[13][24][34]* + 3[12][13]*[24]*[34].
We leave to the reader to verify that this expression is equal to &mlbwvhere
D = 6apaazaz + 3ajas — 4ajasz — 4agai — aja;. (2.7)
This is the discriminant of the cubic polynomial

3 2 2 3
f = apry + a1y + 3asxox] + azwy.
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Bibliographical notes

Our proof of the First Fundamental Theorem based on the use of the omega-
operator (theCayley(2-proces$ is borrowed from [110]. Thé2-process is also
discussed in [7], [85], [115]. A proof based on the Capelli identity (see the ex-
ercises below) can be found in [65], [123]. Another proof using the theory of
representations of the group @L) can be found in [18] and [65]. Theorem
2.1 is concerned with invariant polynomial functions @nvectors in a vector
spaceV with respect to the natural representation of BLin V™. One can
generalize it by considering polynomial functionsinvectors inl” andm’ cov-
ectors, i.e. vectors in the dual spdcé. The First Fundamental Theorem asserts
that the algebra of SIV)-invariant polynomials or/®™ & (V*)®™' is gener-
ated by the bracket functions on the spate&”, bracket functions on the space
(V*)®™' and the functiongi|j],1 < i < m,1 < j < m/, whose value at
(V1 U By ey ) € VE™ @ (V)8 is equal tog;(v;). The proof can

be found in [18], [65], [123]. One can also find there a generalization of Theorem
2.1 to invariants with respect to other subgroups of, Gd).

There is a vast amount of literature devoted to the straightening algorithm and
its various generalizations (see, for example, [17]). We followed the exposition
from [48]. It is not difficult to see that the 8tker equations define set theoreti-
cally the Grassmann varieties in theiiileker embedding (see, for example, [40]).
Corollary 2.5 describes the homogeneous ideal of the Grassmannian. As far as |
know the only textbook in algebraic geometry which contains a proof of this fact
is [48]. We refer to [33] for another proof based on the representation theory.

Exercises

2.1Prove that; o 2, = Q, for any two polynomialsf, g € k[ X, ..., Xn].

2.2 Let () be the omega-operator in the polynomial riti@/at, ,.|. Prove that
HQUD:) =s(s+1)...(s+r — 1)D:~! for negative integers,
(i) Q((1-D,)7) =ri(1-D )‘T‘l,
(iii) the function f = >~ 7 m is a solution of the differential equation
Qf = f inthe ring of formal power serigs[(X;;)]].

2.3For eachi, j € [m] define the operatab;; acting in Po(Mat, ,,,) by the for-

mulaD,; f = ZS 1X5ZdX
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(i) Prove that the operatoS;; commute with each other and commute with
Qif i #£ 5.
(i) Check the following identity (theCapelli identity):

Dmm + (m - 1)|d Dm(m—l) e Dm1
D(m,l)m D(m,l)(m,l) + (m — Q)Id o D,._11
det z 5 5
Do, e Doy +id Doy
Dy, e Do Dyy

L ifm>r,

D ifm=r
2.4 Using the Capelli identity show that the operafor: Pol.(Pol;(V)) —
Pol.(Pol,—1(V)) defined by F = F’, where symbF’) = Q(symi(F)), is well-
defined and transforms an 8F)-invariant to an S[V')-invariant.

2.5 Show that Pal(Pol,(k?))S2(*) is spanned by the catalecticant invariant from
Example 1.4 in Chapter 1.

2.6Show that PdlPok(k?))S2(*) is generated (as/aalgebra) by the discriminant
invariant from Example 2.1.

2.7 Show that PdIPok(V))St(V) is equal tok[D], whereD : Poh(V) — k is the
discriminant of quadratic form. Find syriD).

2.8Let G = O, (k) be the orthogonal group of the vector spatequipped with
the standard inner product. Consider the actiot’ain Mat. ,,, by left multipli-
cation. Show that P¢Mat, ,,,)°-*) is generated by the functiofg] whose value
on a matrixA is equal to the dot-product of thih and;th columns.

2.9 With the notation from the preceding exercise let(®) = O, (k) N SL,.(k).
Show that PdMat,.,,, )% *) is generated by the functiofig] and the bracket func-
tions.

2.10Show that the field of fractions of the ring PMlat, ,,,)S-(¥) is a purely tran-
scendental extension éfof transcendence degreen — r) + 1.



Chapter 3

Reductive algebraic groups

3.1 The Gordan—Hilbert Theorem

In this chapter we consider a class of linear group actions on a vector Bdace
which the algebra of invariant polynomials PBl)“ is finitely generated. We start
with the case of finite group actions.

Theorem 3.1. Let G be a finite group of automorphisms of a finitely generated
k-algebraA. Then the subalgebrd€ is finitely generated ovek.

Proof. This follows easily from standard facts from commutative algebra. First
we observe thatl is integral overB3 = A“. Letz, ..., x, be generators of. Let

B’ be the subalgebra of generated by the coefficients of the monic polynomials
pi(t) € B[t] such thap;(x;) = 0. ThenA = B'[zy,...,z,] is a finite B’-module.
SinceB’ is noetherian is also a finiteB’-module. Sinces’ is finitely generated
overk, B must be finitely generated ovér Il

Let us give another proof of this theorem in the special case when the order
d of G is prime to the characteristic df and G' acts onA = Pol(E) via its
linear action on¥. In this cas&~ leaves invariant the subspace of homogeneous
polynomials of degree: so that

Pol(E)¢ = B Pol(E)S.
m=0
Let / be the ideal inA generated by invariant polynomials vanishing0afor,
equivalently, by invariant homogeneous polynomials of positive degree). Apply-

ing the Hilbert Basis Theorem, we obtain that the idea finitely generated by

29
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a finite set of polynomial$’, ..., F, in A“. We may assume that eaéhis ho-
mogeneous of degree; > 0. Then for any homogeneous € A“ of degreem
we can write

F=PFKN+ ---+PF,F, (3.1)

for some homogeneous polynomidbs of degreem — m;. Now consider the
operator av A — A defined by the formula

av(P) = %Z g(P).

Clearly,
avA® =id, av(A) = A°.

Applying the operator av to both sides of (3.1) we get
F=av(P)F, +---+av(P,)F,.

By induction we can assume that each invariant homogeneous polynomial of de-
gree< m can be expressed as a polynomiaFifs. Since ayF;) is homogeneous
of degree< m, we are done.

Let us give another application of the Hilbert Basis Theorem (it was proven
by Hilbert exactly for this purpose):

Theorem 3.2. (Gordan—Hilbert) The algebra of invarian®ol(Pol;(1))S-") is
finitely generated ovet.

Proof. Let £ = Pol,(V'). The proof uses the same idea as the one used in the
second proof of Theorem 3.1. Instead of the averaging operator av we use the
omega-operatd. Let F' € Pol,,(E£)SX"). Write

for someP,; € Pol(E),,_,,, andF; € Pol,,,(E)S-), By the proof of Proposition
1.1 there exists an integersuch that, for any € E,

F(g-v) = (det g)°F(v).
The numbee is called thewveightof F'.

Now, for a general matriy, we have the identity of functions on GV):

n

F(g-v) = (det g)°F(v) = > (det g)“ Pi(g - v)Fy(v).

=1
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Now let us apply the omega-operatoto both sides times. We get

cF(v) = Y 0 ((detg)“Pilg - v)) Fi(v)

wherec is a nonzero constant. Now the assertion follows by showing that the
value ofQ2¢((det g)% P;(g - v)) atg = 0 is an invariant and using induction on the
degree of the polynomial. O

Lemma 3.1. For any P € Pol(E) let
F(g,v) = Q" ((det g)*P(g - v)).
ThenF(0,v) is either zero or an invariant of weight— g.

Proof. This is nothing more than the change of variables in differentiationz Let
be a general square matrix of sixe We have

Flg,t-v) = O((detg)?P(gt-v))
= (dett)"Q"(det(gt)?!P(gt - v))
= (dett) 7 det(t) Uy (det(gt) Plgt - v)
= (dett)""1F(gt,v).

Here(4.(,r) denotes the omega-operator in the rig . X;;,...,Y};,.. .| corre-
sponding to the determinant of the mat(i¥;;) whereZ;; = >, X,,Y,;. We use
the formula

Q(D(Z)) = det(Vig) Qer(on(®(2)) (32)

for any polynomiakb(Z) in the variablesZ;;. This easily follows from the differ-
entiation rules and we leave its proof to the reader. Now pluggigg-#1 in (3.2)
(although it is not in GI(V') the left-hand side extends to the whole polynomial
ring in the matrix entries) we obtain

F(0,t-v) = (dett) " 7F(0,v).
This proves the assertion. m

Remark3.1 In fact, the same proof applies to a more general situation when
GL, (k) acts on a vector spade by means of a rational linear representation (see
the definition of a rational representation in the next section). We have to use that
in this casey - F = det(g)°F for anyg € GL, (k) andF € Pol(£)St=(k),
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Remark3.2 The proof shows that the algebra of invariants(Pof-(*) is gen-
erated by a finite generating sét, . . ., F}, of the ideal/ generated by invariant
homogeneous polynomials of positive degree. Xet V (/) C E be the subset
of common zeros of, ..., F,. Let.J be the ideal in PgIE)St ) of all polyno-
mials vanishing orZ. By Hilbert’s Nullstellensatz, for each= 1, ...,n, there
exists a positive integer; such thatF”* € J. LetG,, ..., Gx be homogeneous
generators of . Letd be the largest of the degrees of thieandr be the largest of
the numbers;. Then it is easy to see that any invariant homogeneous polynomial
of degree> drn can be expressed as a polynomialddp, ..., Gy. This implies
that the ring PqlE)S- () is integral over the subring[G, ..., G x| generated
by Gi,...,Gy. In fact, it can be shown that it coincides with the integral clo-
sure ofk[G, ..., Gy] in the field of fractions of P@IE) (see, for example, [115],
Corollary 4.6.2). In Chapter 9 we will learn how to describe the&éit will be
identified with the null-cone) without explicitly computing the ring of invariants.
This gives a constructive approach to finding the algebra of invariants.

3.2 The unitary trick

Let us give another proof of the Gordan—Hilbert Theorem using another device
replacing the averaging operator av due to A. Hurwitz (later called ting&ry
trick” by H. Weyl). We assume that = C.

Let G = SL,(C) and K = SU(n) be its subgroup of unitary matrices. L&t
act on PolE) via its linear representation: G — GL(FE).

Lemma 3.2. (Unitary trick)
Pol(E)¢ = Pol(E)¥

Proof. Let F' € Pol(E). For anyM < Mat, consider the function olR x E
defined by
o(t;v) = F(e™ -v).

Let (M, F') be the function ort’ defined by

do(t;
(. F) ) = P ()
Sinced(t + a;v) = ¢(t; e - v) we see thatM, F)(v) = 0 for all v € E if and

only if %4 (4) = 0 for alla € R and allv € E. The latter is equivalent to the
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condition thatF (e - v) = F(v) forallt € R and allv € E. Let denote the
space of complex matrices of sizex n with zero trace. Since any € SL,(C)
can be written ag = e for somelM € sl,,(C), we see that the condition

(M,F) =0, VM € sl,, (3.3)

is equivalent toF' being invariant. Next we easily convince ourselves (by using
the chain rule) that the majd — (M, F) is linear, so it is enough to check (3.3)
for the set of thel/ which spansl,,(C). Consider a basis aff,,(C) formed by
the matrices

Eij — Eji, vV=1(Ey+ Eji), V—1(Ei — Ejj),

wherel < i < j < n. Observe that the same matrices form a basis Bvef the
subspaceu(n) of s, (C) formed by skew-hermitian matricéd (i.e. satisfying
‘M = —M). Now we repeat the argument replaciigoy K = SU(n). We use
that anyg € K can be written in the form® for someM € su(n). We find that
F € Pol(E)X if and only if (M, F') = 0 for all M € su(n). Since the properties
(M, F)=0forall M € su(n)and(M, F') = 0forall M € sl,(C) are equivalent
we are done. L

The groupK = SU(n) is a compact smooth manifold. §f= (g¢;;) € K and
gij = 9i; + V—1gi;, whereg;,, g/ are real, thenk is a closed and a bounded

ij?
submanifold ofR2"* defined by the equations

S Guiis = dun 1 Sa <b<n, det(g) =1,
j=1

where,;, is the Kronecker symbol. This allows one to integrate over it. We
consider any polynomial complex valued function@ras a restriction of a poly-
nomial function on Gl,(C). For each such function(g) set

av(¢) = 'fo¢(z;d—g,

where ¢/ = H1§i,j§N dg;jdgz{;“
Lemma 3.3. For any F' € Pol(E) the functionF” defined by

F(v) = au(F(g - v))

is K-invariant.
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Proof. For any matrixg = (g;;) € K letg = (g;;) andg” = (gi;). For any
s,g,u € K withu = ¢ - s we have

s g
(ul u”) - (g, g”) : (8// s/ ) .

Here we use block-expressions of these matrices. It is easy to see that

is an orthogonal real matrix of siz& x 2n. Thus the jacobian of the change
of variablesg — u = ¢ - s is equal todet S = +1. SinceK is known to be a
connected manifold, the function— det S is constant; it takes the valueat
s = I,, sodet S = 1. Applying the formula for the change of variables in the

integration we get

| Flas-uids = [ Flg- s 0)dlos) = [ Flu-vjd,

hence

F(s-v) = avF(gs-v))

fK (gs-v)dg [ F(u-v)du

fK dg a fK dg

—av(F(u-v)) = F(uv).

]

One can generalize the preceding proof to a larger class of groups of com-
plex matrices. What is important in the proof is that such a giGupntains a
compact subgroux’ such that the complex Lie algebra@fis isomorphic to the
complexification of the real Lie algebra &f. Here are examples of such groups,
their compact subgroups, and their corresponding Lie algebras:

G =GL,(C), Lie(G) =gl,(C) = Mat, (C),
K =SU(n), Lie(K) =u(n)Nsl,(C).
2) G=0,(C), Lie(G)={Aecgl,(C):'A=-A},
K =0,(R), Lie(K)={Acgl,(R):'A=—-A}.
These groups satisfy the following property
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(LR) Letp : G — GL(V) be a homomorphism of complex Lie groups, and
VE\{0}. Then there exists an invariant subspéceuch that’ = Cva W,
Or, in other words, there exists@invariant linear functionf on V' such

that f(v) # 0.

One checks this property by first replaci@gwith its compact subgroufl” as
above. Taking any linear functiofiwith f(v) > 0 we average it by integration
over K to find a nonzerds-invariant function with the same property. Then we
apply Lemma 3.3 to ensure thAis G-invariant.

3.3 Affine algebraic groups

Next we observe that property (LR) from the preceding section can be stated over
any algebraically closed fiekd Instead of complex Lie groups, we will be dealing
with affine algebraic group& overk.

Definition. An affine algebraic groug- over a fieldk is an affine algebraic variety
overk with the structure of a group on its set of points such that the multiplication
mapu : G x G — G and the inversion mag : G — G are regular maps.

Although we assume that the reader is familiar with some rudiments of alge-
braic geometry, we have to fix some terminology which may be slightly different
from the standard textbooks (for example, [104]). We shall use an embedding-
free definition of an affine algebraic variety over an algebraically closed#ield
Namely, a sefX := Spm(A) of homomorphisms of a finitely generateehlgebra
A without zerodivisors td:. The algebraA is called thecoordinate algebraof
X and is denoted by (X) (or k[ X]). An elementa € A can be considered as
a k-valued function onX whose value at a point : A — k is equal toz(a).
Functions onX of this form are calledegular functions A point = is uniquely
determined by the maximal ideal, of functions vanishing at. A choice of
generatorsy, ..., z,, of O(X) defines a bijection fronX to a subset of the affine
space\™ = Spmk|[T, ..., T,]) identified naturally with the sdt". This subset is
equal to the set of common zeros of the ideal of relations between the generators.
A regular map (or morphismj : X — Y of affine algebraic varieties is defined
as a map given by composition with a homomorphism of the coordinate algebras
f*:0) — O(X). This makes a category of affine algebraic varieties over
k which is equivalent to the dual of the category of finitely generated domains
overk. This latter category has direct products defined by the tensor product of
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k-algebras. A subsét () of X of homomorphisms vanishing on an iddabf
O(X) is called a closed subset. It can be identified with an affine algebraic variety
Spm(A/J), whereJ = rad[ is the radical off. A pointz € X is a closed subset
corresponding to the maximal ideal, of A. Closed subsets define a topology
on X, the Zariski topology. Open subsefy f) = X \ V((f)),f € A, form a
basis of the topology. Each subdet/f) can be identified with an affine algebraic
variety SpmiA[1/f]).

A choice ofn generators of thé-algebraO (X ') defines an isomorphism from
X to a closed subset of the affine spat®. A morphism of affine varieties
SpmA) — Spm(B) corresponding to a surjective homomorphign— A of
k-algebras defines an isomorphism from $pito a closed subset of Sgm).
It is called a closed embedding.

The multiplication and the inversion morphismsg defining an affine alge-
braic groupG can equivalently be given by homomorphisms:edlgebras

po0(G) = 0(G) @, 0(G),  F7:0(G) = 0(G),

which are called theomultiplicationand thecoinverse

For anyk-algebrak” we define the seX (K) of K-pointsof X to be the set of
homomorphisms of-algebrasO(X) — K. In particular, if & = O(Y') for some
affine algebraic variety’, the setX (K') can be identified naturally with the set of
morphisms front” to X.

Here are some examples of affine algebraic groups which we will be using in
the book.

(@) GL,x = Spm(k[..., Xij, .. .][det((X;;))~!]) (ageneral linear groupverk):
GLuk(K) =GL(n,K), p'(Xy)=> XXy, B°(X;)=XY,
s=1
whereX " is equal to theij)th entry of the inverse of the matr{XX;;).
(b) G, = GLy . = Spmk[T, T~']) (themultiplicative groupover k):
Gui(K)=K*, p"(T)=T&T, B (T)=T"

(€) Gox = SpmMk[T]) (theadditive groupover k):

Gup(K)=K*, p*(T)=T®1+1xT, B(T)=-T.

Other examples of affine algebraic groups can be realized by taking direct prod-
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ucts or by taking a closed subvariety which is an affine algebraic group with re-
spect to the restriction of the multiplication and the inverse morphisrokoéed
subgroup. For example, we have

(d) 1} = Gy, ;. (anaffine torusoverk),

(e) SL, . (aspecial linear groupverk).

Affine algebraic groups overform a category. Its morphisms are morphisms
of affine algebraic varieties which induce homomorphisms of the corresponding
group structures. One can prove that any affine algebraic groagmits a mor-
phism to the group Gl such that it is a closed embedding. In other woress
isomorphic to dinear algebraic groupi.e., a closed subvariety of Gl, whose
K -points for anyk-algebra/k form a subgroup of GL(K'). If no confusion arises,
we will also drop the subscrigtin the notation of groups GLy, G, x, and so on.

From now on all of our groups will be linear algebraic groups and all of our
maps will be morphisms of algebraic varieties.

We define an action aff on a varietyX to be aregularmap : G x X — X
satisfying the usual axioms of an action (which can be expressed by the commuta-
tivity of some natural diagrams). We call such an actioateonal actionor, better,
aregular action In particular, a linear representatipn G — GL(V') = GL,, (k)
will be assumed to be given by regular functions on the affine algebraic véfiety
Such linear representations are callational representations

Let an affine algebraic grouf act on an affine variet = Spm(A). This
action can be described in terms of ttwaction homomorphism

" A= 0OG)® A,

whereO((G) is the coordinate ring ofr. It satisfies a bunch of axioms which are
“dual” to the usual axioms of an action; we leave their statements to the reader.

For anya € A we have
a*(a) = Z fi ® a;,

where f; € O(G),a; € A. An elementy € G is a homomorphisnO(G) —
k, f — f(g), and we set

g(a) = (g®@1)oa’(a) = Z fi(g)ai. (3.4)

A homomorphismu : G — Aut(A) arising in this way is called eational action
of G on ak-algebraA. We will continue to denote the subalgebra of invariant
elements byA“.

An important property of a rational action is the following.
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Lemma 3.4.For anya € A, the linear subspace of spanned by the “translates”
g(a), g € G, is finite-dimensional.

Proof. This follows immediately from equation (3.4). The set of elemenis a
spanning set. O

Note that not every homomorphism of grouffs— Aut(A) arises from a
rational action of= on X.

Example3.1 Let G = G,, act on an affine algebraic variefy = Spm(A). Let
a* 1 A— OG)® A= k[T, T~'] ® A be the corresponding coaction homomor-
phism. For any: € A we can write

a*(a) = ZTi ® a;. (3.5)
1EZ
It is easy to see, using the axioms of an action, that the mapd — A,a — a;
are the projection operators, i.g;(a;) = a;. Denoting the image;(A) by A; we
haveA;A; C A4, and
A=A (3.6)
1€EZ
This defines a grading oA. Conversely, given a grading of, we definea™ by
o*(a) = Y., T' ®a;, whereq;, is theith graded part of.. This gives a geometric
interpretation of a grading of a commutatiealgebra.

Assume now that grading (3.5) ohsatisfiesA; = {0} fori < 0 andA4, = k.
Such a grading is calledggeometric gradin@nd the corresponding action is called
agoodG,,-action In this case, the ideah, = > ,_, A, is a maximal ideal oA
and hence defines a poinf of X, called thevertex We set

X" = Spni(A) = Spm(A) \ {po}.

The groupG,, acts on the open séf*; the quotient set is denoted by Prdji)

and is called therojective spectrunef A. Assume thatd is a finitely generated
k-algebra with a geometric grading. Choose a set of its homogeneous generators
{zo, ...,z }. If z; € A, for somegy; > 0, then anyt € G,,, acts onA4 by sending

r; to t%z;. Use the generators to identify with a closed subset agf"! defined

by the homogeneous idealof relations betweeny, ..., z,. The vertex ofX
becomes the origifiin A"*!. We obtain a natural bijection from Projm) to the
set{(ao, ...,a,) € SpmA) \ {0}}/k*, wherek* acts by

t-(ag,...,a,) = (t*aq,...,t"a,). (3.7)
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In the special case when, . .., x,, are algebraically independent (i.é.= {0}),
so thatA = [Ty, . .., T,,] with grading defined by{/; € A,,, the set

P(do, -, qn) = Projm(A) = (A"*1\ {0}) /"

is called theweighted projective spacsith weightsqy, ..., ¢,. When all theg;
are equal to 1, we obtain the usual definition of théimensional projective space
P (k).

Let u,, be the closed subgroup 6f,, = Spmk[T, T~!]) defined by the ideal
(T™ — 1). As an abstract group it is isomorphic to the grouptif roots of 1 in
k. Let A be a graded-algebra ands,, — Aut(A) be the corresponding action.
It follows from the definition that

Al = A = Z A

1€Z

The inclusionA™ C A defines a natural map Spal) — Spni(A™) which
coincides with the quotient map for the action;gf on Spni(A) (use that:" €
A foranyx € A). LetG,, act on Spri A™ with respect to the grading defined
by

A = A, (3.8)

1

Then

Projm(A) = Spnt(A)/k" = (Spnt(A)/pu,)/k"
Sprri (A™)/k* = Projm(A™).

It is known that for any finitely generated geometrically graélealgebraA there
exists a number such thatd™ is generated by elements of degree 1 with respect
to the grading defined by (3.8) (see [9], Chap. §ll). This implies that Projitd)

is bijective to a subset of soni®" (k) equal to the set of common zeros of a
homogeneous ideal in the ring of polynomi&¥y, . .., 7] with the standard
grading.

One can make this statement more precise by defining the category of projec-
tive varieties. First of all we notice that for any nonzero homogeneous element
f ¢ my, the subseD(f) of Spm(A) of all points not vanishing orf does not
contain the vertex and is invariant with respect to the actio&,gfdefining the
grading. Since any ideal iA is contained in a homogeneous ideafthe union
of the setsD(f) is equal to Sp(A). So ProjniA) is equal to the union of the
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subsetD(f)* = D(f)/k*. If we identify D(f) with Spm(A[1/ f]), the action of
G, on D(f) corresponds to the (not necessarily geometric) grading defined by

A[l/f]z - {a/fs ta € Ai—i—sdeg(f)}'

Let Ay = A[l/f]o = A[1/f]%. Itis called thehomogeneous localizatioof

the graded ringd with respect tof. Any element ofA[l/f]Edeg(f)) can be written
uniquely in the formf“A ;. This implies that the image of any pointe D(f)
in D(f)* is determined by its restriction td[1/f],. Thus, any point inD(f)*
is uniquely determined by a homomorphisty,y — k. This shows that we can
identify D(f)* with Spm(A(s). Since the union of sets of the form(f)* is
the whole set Projit!l), we can define a topology on Prajr) in which an open
set is a set whose intersection with any 8¥tf)" is an open set in its Zariski
topology. The open subsef¥ /)" form a basis of the topology.

A quasi-projective algebraic varietgver k is defined to be a locally closed
subset (i.e., the intersection of an open subset with a closed subset) of some
Projm(A). A closed subset is calledmojective varietyoverk. For any open sub-
setU of Projm(A) we define a regular function dnas a functiorf : U — k such
that its restriction to any subsét(f)* C U is a regular function. Regular func-
tions onU form ak-algebra which we will denote b§(U). Let X C Projm(A)
andY C Projm(B) be two quasi-projective algebraic varieties o¥werA mor-
phism® : X — Y is defined to be a continuous map froxnto Y (with respect
to the induced Zariski topologies) such that for any open subsetY and any
¢ € O(U), the compositio o ® is a regular function orf = (U).

For example, any surjective homomorphism of graded algebrast — B
preserving the grading (the latter will be always assumed) defines a closed em-
bedding® : Spm(B) C Spm A) whose restriction to any subsBx f) is a closed
embedding of affine varieties. It corresponds to the homomorphism[1/f] —
B[1/a(f)]. This defines a closed embedding frémf) " to D(«(f))" and a mor-
phism® : Projm(B) — Projm(A). In particular, a choice of homogeneous gen-
erators of degrees, . . ., g, of A defines a morphism Proj) — P(qo, ..., qn)
which is aclosed embedding.e., an isomorphism onto a closed subset of the
target space).

One can show (see Exercise 3.6) that any projective algebraic variety is iso-
morphic to some Proji). Any affine algebraic variety is isomorphic to a quasi-
projective algebraic variety because the affine spgetes isomorphic to an open
subsetU; of P* = Projmk[Ty,...,T,]) whose complement is the closed sub-
set defined by the idedl’;). Thus any locally closed subset of an affine variety
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is a quasi-projective algebraic variety. We will employ topological terminology
dealing with the Zariski topology of a quasi-projective variety. For example, we
can speak about irreducible, connected quasi-projective algebraic varieties. We
refer the reader to textbooks in algebraic geometry for the notion of a nonsingular
guasi-projective variety.

Note that an algebraic group is irreducible if and only if it is connected; this
follows from Exercise 3.2.

Even when we study rational actions of an algebraic group on an affine alge-
braic varieties we have to deal with nonaffine quasi-projective algebraic varieties.

Example3.2 Leta : G x X — X be a rational action of an affine algebraic
groupG on an affine algebraic variety. For any pointr € X, we have a regular
mapa, : G — X defined bya,(g) = a(g,z). The fibre of this map over the
point = is a closed subgroup @, called thestabilizer subgroupf z. It is an
affine algebraic group. The imageg©) of this map is a subset of, called the
orbit of =, which is not necessarily closed. Howeverdifis irreducible, the orbit
O(x) is a locally closed subset of, and hence is a quasi-projective algebraic
variety. It follows from the Chevalley Theorem (see [46], p. 94), that the image of
a regular map is a disjoint finite union of locally closed subsets. However, &ince
is irreducible, the image is irreducible and hence must be a locally closed subset,
i.e., a quasi-projective variety. Of course, the image of an affine variety is not
always affine.

Example3.3 Let H be a closed subgroup of an algebraic grakp Consider
the subspac®& of O(G) spanned by thé'-translates of generators of the iddal
defining H. By Lemma 3.4V is finite-dimensional of some dimensiow. Let
W =V nIandn = dimW. ThenG acts rationally on the Grassmannian
variety Gi(n, N) of n-dimensional subspaces &f. One can show thak/ is
the subgroup ofz which fixesW € Gr(n, N). Thus we can identify the quasi-
projective algebraic variety @) C Gr(n, N) with the set of conjugacy classes
G/H.

3.4 Nagata’'s Theorem

Our goal is to prove the following theorem of M. Nagata

Theorem 3.3. Let G be a geometrically reductive group which acts rationally on
an affine variety8pm(A). ThenA¢ is a finitely generated-algebra.

Let us first explain the notion of a geometrically reductive group.
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Definition. A linear algebraic groug- is calledlinearly reductiveif for any ra-
tional representatiop : G — GL(V') and any nonzero invariant vectorthere
exists a linear7-invariant functionf on V" such thatf (v) # 0.

The unitary trick shows that GLand SL, and their products are linearly re-
ductive groups ove€. This is not true anymore for the same groups defined over
a field of characteristip > 0. In fact, even a finite group is not linearly reductive
if its order is not coprime to the characteristic. However, it turns biatboush’s
Theorem [44]) that all these groups are geometrically reductive in the following
sense.

Definition. A linear algebraic grouf is calledgeometrically reductivé for any
rational representation: G — GL(V') and any nonzero invariant vectoithere
exists a homogeneous-invariant polynomialf on'V' such thatf (v) # 0.

In fact, one can define the notion ofeductive algebraic groupver any field
which will include the groups Gl SL,, O,, and their products and Haboush’s
Theorem asserts that any reductive group is geometrically reductive. We are not
going into the proof of Haboush’s Theorem, but let us give the definition of a
reductive affine algebraic group (over an algebraically closed field) without going
into details.

A linear algebraic groufd’ is called analgebraic torus(or simply a torus)
if it is isomorphic toG:,. An algebraic group is calledolvableif it admits a
composition series of closed normal subgroups whose successive quotients are
abelian groups. Each algebraic gratipcontains a maximal connected solvable
normal subgroup. Itis called thhadical of G. A groupG is calledreductiveif its
radical is a torus. A connected linear algebraic grélig calledsemisimplef its
radical is trivial.

Each semisimple group isogeneousi.e., there exists a surjective homomor-
phism from one to another with a finite kernel) to the direct producimiple
algebraic groups. A simple algebraic group is a non-commutative algebraic group
characterized by the property that it does not contain proper closed normal sub-
groups of positive dimension.

There is a complete classification of semisimple affine algebraic groups. Ex-
amples of simple groups are the classical groups

There are also some simple grouperteptional typef typesF,, Go, Fs, Fr, Es.
Every simple algebraic group is isogeneous to one of these groups .
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We shall start the proof of Nagata’s Theorem with the following.

Lemma 3.5. Let a geometrically reductive algebraic groapact rationally on a
k-algebraA leaving an ideal invariant. ConsiderA“ /N A% as a subalgebra of
(A/IY by means of the injective homomorphism induced by the inclutioa
A. Foranya € (A/I)Y there existsl > 0 such thata? € A%/I N A“. If G is
linearly reductive therl can be taken to bé.

Proof. Let a be a nonzero element frof /1), leta be its representative id
and lety*(a) = >, a; ® a;. Let V' be theG-invariant subspace ot spanned by
the G-translates ofi. By Lemma 3.4V is finite-dimensional and is contained in
the subspace spanned by ths. Letv = ¢'(a) € V. We havey(v) = g(g'(a)) =
g99'(a) = a + w, wherew € W = I n'V. This shows that any € V' can be
written in the form

v=Aa+w

for some) € kandw € W. Letl : V — k be the linear map defined by— .
We have

9(v) = g(l(v)a +w) = l(v)g(a) + g(w) = l(v)a+ w' = l(g(v))a + w"

for somew, w’,w” € W. This implies that(g(v)) = l(v),w’ = w”, and, in
particular, the linear map: V' — k is G-invariant. Consider it as an element of
the dual spac& ™. The group’ acts linearly oi/* and! is aG-invariant element.
Choose a basiévy, ..., v,) of V with v; = a, andv; € W for i > 2. Then
we can identifyl* with the affine spac@™ by using the dual basis, so that
(1,0,...,0). By definition of geometrical reductiveness, we can fidetmvariant
homogeneous polynomidl(Zy, ..., Z,) of degreed such thatF'(1,0,...,0) #
0. We may assume thdt = Z¢ + -... Now we can identifyy; with the linear
polynomial Z;, hence(F — Z{)(vy, ... ,v,) = F(vy,...,v,) — a® belongs to the
ideal.J of A generated bys, ..., v,. Since each generator éfbelongs tdl’ C I,
we see that? = F(vy,...,v,) modulol. SinceF (vy,...,v,) € A% (becausd”
is G-invariant), we are done. O

Now we are ready to finish the proof of Nagata’s Theorem. To begin, by
noetherian induction, we may assume that for any nontriviahvariant ideal/
the algebrg A/1)¢ is finitely generated.
Assume first thatd = > _ A, is a geometrically graded-algebra (i.e.,
Ay = k) and that the action off preserves the grading. For examplecould be
a polynomial algebra on whict' acts linearly. The subalgebré” inherits the
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grading. Supposd® is an integral domain. Take a homogeneous elerientA“

of positive degree. We haved N A% = f A% since, foranys € A, g(xf) —xf =
f(g(x) — x) = 0 implies thatr € A“. Since(A/fA)¢ is finitely generated and
integral overA/fA% = A9/ fAN AY (Lemma 3.5), we obtain that®/f A“ is
finitely generated. Hence its maximal idéal/f A%), generated by elements

of positive degree is finitely generated. If we take the set of representatives of its
generators and adfito this set, we obtain a set of generators of the idel4l) ,

in A9. But now, using the same inductive (on degree) argument as in the second
proof of Theorem 3.1, we obtain thdt” is a finitely generated algebra.

Now assume thatl® contains a zero-divisof. Then fA and the annihilator
ideal R = (0 : f) := {a € A: fa = 0} are nonzerd7-invariant ideals. As
above AY/fAN A% andAY/ RN AY are finitely generated. Lg% be the subring
of A% generated by representatives of generators of both algebras. It is mapped
surjectively toA%/fAN A% and A /R N A%, Letc,...,c, be representatives
in A of generators of A/R)“ as aB/R N B-module. Sincey(c;) —c¢; € R
forall g € G, we getf(g(c;) —¢;) = 0, i.e., fe; € AY. Let us show that
A% = Blfci,..., fcu). Then we will be done. Ifi € A%, we can findb € B
such thats — b € fA (sinceB is mapped surjectively tal“/f A N A%). Then
a—b= frisG-invariantimplies that € (A/R)“. Thusr € ¥, Bc;. This implies
a=b+ fr=b+ fc € B[fec,..., fe,] as we wanted.

So we are done in the graded case.

Now let us consider the general case. tet. ., ¢, be generators ofl. Con-
sider thek-vector spacé” C A spanned by7-translates of the;. It follows from
Lemma 3.4 thal/ is finite-dimensional. Without loss of generality we may as-
sume now thatty, ..., t,) is a basis of this space. Let S = k[T},...,T,] = A
be the surjective homomorphism defined By+— t¢;,. The groupG acts onS
linearly by ¢(7;) = > o;;T;, whereg(t;) = > «ay;t;. Let I be the kernel ofp.

It is obviouslyG-invariant. We obtain thatl® = (S/I)“. By Lemma 3.5A€ is
integral overS©/I N S¢. Since we have shown already tit is finitely gener-
ated, we are almost done (certainly done in the case wherinearly reductive).

By a previous case we may assume tH&thas no zerodivisors. A result from
commutative algebra (see, for example, [26], Corollary 13.3) gives that the inte-
gral closureR of S¢/I N S¢ in the field of fractions)(A%) of A“ is a finitely
generated:-algebra provided thap(A®) is a finite extension of the field of frac-
tions of S¢/I N S¢. SinceR is integral overA® this would imply thatA“ is
finitely generated (see [26], Exercise 4.3.2). Thus it is enough to show that the
field Q(A) is a finite extension of the field of fractions §f'/I N S¢. SinceA“

is integral over this ring, it is enough to show tlatA“) is finitely generated as
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a field. If A is a domain this is obvious (a subfield of a finitely generated field
is finitely generated). In the general case we use the total ring of fractioAs of
the localizationA with respect to the séft of nonzerodivisors. For any maximal
idealm of A we havem N A = 0 since A“ is a domain. This shows that the
field of fractions ofA“ is a subfield ofA;-/m. But the latter is a finitely generated
field equal to the field of fractions of /m N A. The proof is now complete.

In the next chapter we will give an example (due to M. Nagata) of a ratio-
nal linear representation : G — GL(V) of a linear algebraic group such that
Pol(V)¢ is not finitely generated.

The algebra of invariantd®, whereG is a reductive algebraic group arids
a finitely generated algebra, inherits many algebraic propertids @fe shall not
go into this interesting area of algebraic invariant theory; however, we mention
the following simple but important result.

Proposition 3.1. Let G be a reductive algebraic group acting algebraically on a
normal finitely generated-algebra A. ThenA® is a normal finitely generated
algebra.

Proof. Recall that anormal ringis a domain integrally closed in its field of frac-
tions. LetK be the field of fractions ofl. It is clear that the field of fractions
L of A% is contained in the field(“ of G-invariant elements of<. We have to
check that the ringl® is integrally closed inL. Supposer € L satisfies a monic
equation

" Fa " - ag =0

with coefficientsy; € A®. SinceA is normalz € ANKY = A% and the assertion
is verified. O

Bibliographical notes

The proof of the Gordan—Hilbert Theorem follows the original proof of Hilbert
(see [47]). The proof using the unitary trick can be found in [64], [110], and
[123]. The original proof of Nagata’s Theorem can be found in [79]. Our proof
is rather close to the original one. It can be found in [31], [75], [82], and [111]
as well. Haboush’s Theorem was a culmination of efforts of many people. There
are other proofs of Haboush’s Theorem with more constraints on a group (see a
survey of these results in [75], p. 191).
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A good introduction to Lie groups and Lie algebras can be found in [34] or
[86] and [6]; [112], [53] are excellent first courses in algebraic groups.

We refer to [91],§3.9 for a survey of results in the spirit of Proposition 3.1.
An interesting question is when the algebra(P9F, whereV is a rational lin-
ear representation of a reductive grauipis isomorphic to a polynomial algebra.
When( is a finite group, a theorem of Chevalley [11] asserts that this happens if
and only if the representation 6f in V' is equivalent to a unitary representation
whereG acts as a group generated by unitary reflections. The classification of
such unitary representations is due to Shephard and Todd ([107]). The classifi-
cation of pairs(G, V') with this property wher is a connected linear algebraic
group group is known whefi is simple, or wheids is semisimple and is its irre-
ducible representation. We refer to [938.7 for the survey of the corresponding
results.

Exercises

3.1For any abstract finite groug construct an affine algebraiegroup such that
its group of K'-points is equal t@+ for any K /k.

3.2 Prove that any affine algebraic group is a nonsingular algebraic variety.
3.3Show that there are no nontrivial homomorphisms f@m; to G, ;, or in the
other direction.

3.4Prove that a finite grou@ over a field characteristijc > 0 is linearly reductive
if and only if its order is prime t@. Show that sucltz is always geometrically
reductive.

3.5 Give an example of a nonrational action of an affine algebraic group on an
affine space.

3.6Prove that any closed subset of Projm is isomorphic to ProjitA /), where
I is a homogeneous ideal df.

3.7Let GL, act on POF) via its linear representation ifi. A polynomial F' €
Pol(E) is called aprojective invariantof weightw > 0 if, for any ¢ € G and
anyv € E, F(g-v) = (detg)*F(v). Let PolE)Y be the space of projective
invariants of weightv. Show that the graded ring

é Pol(E)¢

w>0

is finitely generated.



Chapter 4

Hilbert's Fourteenth Problem

4.1 The problem

The assertions about finite generatedness of algebras of invariants are all related
to one of the Hilbert Problems. The precise statement of this problem (number 14
in Hilbert’s list) is as follows.

Problem 1. Let £ be a field, and let(¢,,...,t,) be its purely transcendental
extension, and lek’/k be a field extension contained irit1, ..., t¢,). Is thek-
algebraK N klty, ..., t,] finitely generated?

Hilbert himself gave an affirmative answer to this question in the situation
whenK = k(t,,...,t,)S® where SL, acts linearly ork[t,, ..., t,] (Theorem
3.2 from Chapter 3). The subalgebkan k[t4, . .., t,] is of course the subalgebra
of invariant polynomials[t,, ..., t,]S**). A special case of his problem asks
whether the same is true for an arbitrary gradi@acting linearly on the ring of
polynomials. A first counterexample was given by M. Nagata in 1959; we shall
explain it in this chapter. For the reader with a deeper knowledge of algebraic
geometry, which we assume in this book, we give a geometric interpretation of
Hilbert’'s Fourteenth Problem due to O. Zariski.

For any subfield< C k(¢4,...,t,) we can find a normal irreducible algebraic
variety X over k with field of rational functionst(X) isomorphic toX. The
inclusion of the fields gives rise to a rational map

f:Pr——— X.

Let Z C P" x X be the closure of the graph of the regular map of the largest open
subset of™ on which f is defined. LetH be the hyperplane at infinity i" and

47
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D' = pr,(pry'(H)). This is a closed subset of. By blowing up, if necessary,
we may assume thd?’ is the union of codimension 1 irreducible subvarietigs
Let D be the Weil divisor onX equal to the sum of componeni$ such that
pr,(pry,* (D;)) C H; note thatD could be the zero divisor. Thus for any rational
function¢ € k(X), f*(¢) is regular onP" \ H if and only if ¢ has poles only
along the irreducible components 6f. Let L(mD) be the linear subspace of
k(X) which consists of rational functions such that(diy+ mD > 0. After
identifying £(X') with K andO(P™ \ H) with k[t ..., t,] (by means off*), we
see thatk’ N k[t4, . .., t,] is isomorphic to the subalgebra

R(D) =) L(mD)

m=0

of k(X). So the problem is reduced to the problem of finite generatedness of the
algebrask(D) whereD is any positive Weil divisor on a normal algebraic variety
X.

Assume now thak is nonsingular. Then each Weil divisor is a Cartier divisor
and hence can be given locally by an equatign= 0 for some rational function
¢y on X regular on some open subdét C X. These functions must satisfy
ou = guvoy onU NV for somegyy € O(U N V)*. We can take them to be the
transition functions of a line bundle,. Rational functions? with poles alongD
must satisfyay = Rop, € O(U) for somen > 0. This implies that the functions
ay satisfyay = gt-av, hence form a section of the line bundl&". This shows
that the algebrd& (D) is equal to the union of the linear subspatéx’, LF") of
the fieldk(X). Let

R*(D) = PT(X, L.

n>0

Recall that we can view (X, L5") as the space of regular functions on the line
bundle ;" whose restrictions to fibres are monomials of degredhis allows
one to identify the algebr&*(D) with the algebrad(L;'). Let P be the variety
obtained fromL ;' by adding the point at infinity in each fibre d@f;'. More
precisely, letOx be the trivial line bundle. Then the variefyycan be constructed
as the quotient of the rank 2 vector bun&l(aL,;1 @ Ox) with the deleted zero
section by the groufir,, acting diagonally on fibres; here the direct sum means
that the transition functions of the vector bundle are chosen to be diagonal matrices

guv 0O
o 1/)°
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Then we obtain thak*(D) is equal to the ring?(S) wheresS is the divisor at
infinity in P. In this way we are led to the following.

Problem 2. (O. Zariski) LetX be a nonsingular algebraic variety and &t be
an effective divisor oX. When is the algebr&*(D) finitely generated?

It can be shown that Nagata’s counterexample to the Hilbert problem is of the
form R*(D) (see Exercise 4.3). It turns out that the algel®a&D) are often not
finitely generated. However, if we impose certain conditiongoffor example,
that the complete linear system defined by has no base points) thar*(D)
is finitely generated. One of the fundamental questions in algebraic geometry is
the question of finite generatedness of the titigD), whereD is the canonical
divisor of X. This is closely related to the theory of minimal models of algebraic
varieties (see [70]).

4.2 The Weitzenlbck Theorem

Let us first discuss the case of algebras of invariants of algebraic groups that are
not necessarily reductive. We will later give an example of Nagata which shows
that A is not finitely generated for some nonreductive gréupNotice that ac-
cording to a result of V. Popov ([89]), it“ is always finitely generated, the
must be reductive. In fact, the proof of this result relies on Nagata’s counterexam-
ple.

Since any affine algebraic group is a closed subgroup of a reductive group
G, we may ask how the ringd® and A" are related. First of all we have the
following (see [41], [91)).

Lemma 4.1. Let an affine algebraic grou@ act on a finitely generatektalgebra
A. Then

A = (0(G)" @ A)°.

Here H acts onG by left multiplication and~ acts on itself by right multiplication.

Proof. Let X = Spm(A) be the affine algebraic variety with(X) = A. Let
flg,) € O(G x X) = O(G) ® A. Assumef € (O(G)! ® A)¢. This means
that f(hgg'~',g'z) = f(g,x) foranyg’ € G,h € H. Letp(x) = f(1,z). Then

¢(hz) = f(1,hx) = f(hh™' h-2) = f(1,2) = ¢().
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This shows thap € A. Conversely, ifp € A, the functionf(g,z) = ¢(g - x)
satisfies

f(hgg' ™', g -x) = ¢(hg - ) = d(h- (g~ x)) = ¢(g - =) = [f(g, ).
Thusf € (O(G)" ® A)“. We leave to the reader to check that the maps
(0(G)"® A — A", f(g,2) = f(L2),

AT S (0@ @AY, ¢lx) — ¢(g-x)
are inverse to each other. ]

Corollary 4.1. Assume that a rational action @f on an affine varietyX' extends
to an action of a geometrically reductive groGpcontaining and also assume
that O(G)" is finitely generated. The® (X )" is finitely generated.

The algebraD(G)" can be interpreted as the algebra of regular functions on
the quasi-projective algebraic varigty/ H (see Example 3.3). It could be affine,
for example wherf is a reductive subgroup of a reductive gratiplt also could
be a projective variety (for example, whéh= GL,, and H contains the subgroup
of upper triangular matrices, or more generally, wit€is aparabolic subgroup
of a reductive groug). A closed subgrougd of affine algebraic grou- is
calledobservablef G/H is quasi-affine(i.e., isomorphic to an open subvariety
of an affine variety). An observable subgrotpis called aGrosshans subgroup
if O(G)™ is finitely generated.

Theorem 4.1.Let H be an observable subgroup of a connected affine algebraic
groupG. The following properties are equivalent:

(i) Gis a Grosshans subgroup;

(i) there exist a rational linear representation 6fin a vector spacé’ of finite
dimension and a vectar € V such thatd = , and the orbitG - v of v is
of codimensior> 2 in its closureG - v.

Proof. (i) = (ii) Let A = O(G)" and letX = Spm(A). X is an irreducible
algebraic variety on whict acts (via the action aff on A). Consider the canoni-
cal morphismg : G/H — X such thaty* : O(X) — O(G/H) = O(G)" is

the identity. Since~/H is isomorphic to an open subset of an affine varigty
the restriction mag)(Y) — O(G/H) = O(X) defines a morphism of affine
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varietiesf : X — Y such that the compositiofio ¢ : G/H — X — Y

is the open embedding/H — Y. Since¢ is dominant, this easily implies
that ¢ is an open embedding. So we may assume @hatl is an open subset
of X and that the restriction homomorphist{X) — O(G/H) is bijective. Let

Z = X\(G/H). Thisis a closed subset &f. SinceG is a nonsingular irreducible
algebraic variety(5 is a normal affine variety, i.e., the rif@(G) is normal. By
Proposition 3.1 the rin@(G) has the same property and hen¢ds a normal
affine variety. In particularA is a Krull domain ([9], Chapter VII§1) and we
can apply the theory of divisors. It follows from the approximation theorem (loc.
cit., Proposition 9) that one can find a rational functi®on X such that it has a
pole only at one irreducible componentfof codimension 1. Thus the rational
function R is regular onGG/H but not regular onX. This contradiction shows
that each irreducible component Bfis of codimension> 2. Now, by Lemma
3.5, we can embed into affine space in such a way th@tacts onX via a
linear representation. The closure of eorbit of ¢(eH) is a closed subset of
X containingG/H, and hence the complement of the orbit in its closure is of
codimensior> 2.

(i) = (i) Let X be the closure of the orbit @ O(v). ReplacingX by its
normalization, we may assume thatOG / H is isomorphic to an open subset of a
normal affine algebraic variety{ with the complement of O of codimension2.

It remains to use that for each such open subsé#te restriction ma(X) —
O(U) is bijective (see [26]). O

Exampled4.1 Let G = SL, and H be the subgroup of upper triangular matrices
with diagonal entries equal to 1. Obviously,= G,. In the natural representation
of G in the affine planeA?, the orbit of G of the vectorv = (1,0) is equal to
A?\ {0} and the stabilizer subgrou@, is equal toH. ThusH is a Grosshans
subgroup ofG. More generally, any maximal unipotent subgroup of an affine
algebraic groug- is a Grosshans subgroup (see [41], Thm. 5.6).

Let G = G,. We know that’ is not geometrically reductive (Exercise 4.1).
However, we have the following classical result.

Theorem 4.2. (Weitzenbck’s Theorem) Assunehark) = 0. Letp : G, —
GL(V) be arational linear representation. Then the algelal(1/)®« is finitely
generated.

Proof. To simplify the proof let us assume that= C. We shall also identify
G, with its imageG in GL,,; which is isomorphic tdk. This can be done since
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k does not contain finite nontrivial subgroups in characteristic zegiseither
trivial or injective. Letg € GG be a nonzero element. Since there are no nontrivial
rational homomorphisms frorh to £*, all eigenvalues ofy must be equal to 1.
SinceG is commutative, there is a common eigenveetdor all ¢ € G. Con-
sider the induced action @ on k" /ke. Let f be a common eigenvector for all
g € G in this space. Then(f) = f + a4e for all g € G. Continuing in this way,
we find a basis ol such that each € £ is represented by a unipotent matrix
A(t). Consider the differential of the homomorphigm G — GL, (k) at the
origin. It is defined by — aB, whereB = dAd—f)(O). Clearly B is a nilpotent
matrix. SinceA(t +t') = A(t)A(t), itis easy to see that(t) = BA(t) and
henceA(t) = exp(tB). By changing basis of’, we may assume tha? is a
Jordan matrix. LeV = V; & --- @ V,, whereV; corresponds to a Jordan block
B; of B of sizen,. It is easy to see that the representatiorGoin V; defined
by t — exp(tB;) is isomorphic to the representation Gfin Pol,, (k*) obtained
by restriction of the natural representation of,8) in Pol,, (k?). Here we con-
siderG as a subgroufy of upper triangular matrices in Slk). ThusG acts on
V' by the restriction of the representation of $Lk) in the direct sum of linear
representations in Polk?). Now we can apply Lemma 4.1. Observe that any
a b

9=\, 4) € SL;(k) can be reduced after multiplication by somes U to a

matrix of the form

(2 _2_1) (c#0) or <d(;1 2) (c=0).

Thus anyU-invariant regular function on Slis uniquely determined by its val-
ues on such matrices. Since the set of such matrices forms a subvariety of SL
isomorphic toA? \ {0}, the restriction of functions defines an isomorphism

O(SLy)Y = O(A%\ {0}).

SinceO(A%\ {0}) = O(A?), we conclude thaD(SL,)Y is finitely generated. So
we can apply Lemma 4.1 to the pdi#, SL,) and the representation of Sbn
V = @!_,Pol,. (k?) to obtain the assertion of the theorem. O

4.3 Nagata’'s counterexample

Now we are ready to present Nagata’s counterexample to the Fourteenth Hilbert
Problem.



4.3. NAGATA’S COUNTEREXAMPLE 53

Let G’ be the subgroup of:” equal to the set of solutiong,,...,t,) of a
system of linear equations

n

> ayr;=0, i=1,2.3 (4.1)

j=1
We will specify the coefficients later. The grodp acts on the affine spacg’”
by the formula

(tb cee 7tn) : (xla Y1y, Tn, yn) = (.’13’1 + tlyla Y1, Tn + tnyna yn)

Now let us consider the subgroup

n

C:{(cl,...,cn)GG”m:Hcizl}

=1

of G",. It acts onA?" by the formula

(1, ycn) (T, Y1y - o Ty Un) = (11, 1YL, - - oy CoTy CYn)

Both of these groups are identified naturally with subgroups @f, &bhd we en-
large G’ by considering the grou¢ = G’ - C. The groupG is contained in the
subgroup of matrices of the form:

C1 01 0 0
0 ¢ O 0
0 0 Co (6] 0 0
00 0 e O 0 (4.2)
O 0 ... ... ... ... 0 ¢ ap
o 0 ... ... ... ... 0 0 ¢,

Theorem 4.3. For an appropriate choice of the system of linear equati@hg)
and the number the algebra of invariants

kX1, .., X, Y1, Y, ]9 = kX, Y]¢
is not finitely generated.

We start the proof with the following:
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Lemma 4.2. Assume that the determinant of the matix;);<; j<3 iS not equal
to zero. Then
(X, V)¢ = k(T, Z,, 2y, Zs3),

where

- X,T
T=Y,..Y,, Zizz%(%), i=1,2,3
j=1 J

Moreover,Z,, Z,, Z3, T are algebraically independent ovér

Proof. Under the action of, defined by the matrix (4.2) from above, we have

g (—]):77+ozj, g(T) =T,

J

and, since) | a;;a; = 0, we obtain thay*(Z;) = Z;,i = 1,2, 3. This shows that
=1

ji
the right-hand side is contained in the left-hand side. Using the assumption on
the coefficients:;;, we can writeX;7/Y;,7 = 1,2, 3, as a linear combination of
7, Zy, Z3 10 obtain

k(X)Y) = k(Z1,Z2, 75, X4,..., X0, Y1,...,Yy)
- k‘(T,Zl,ZQ,Zg,X4,...,Xn,}/l,...,Ynfl).

The first equality shows thdf;, 75, Z5,Y1, ..., Y,, are algebraically independent
overk, henceZ,, Z,, Z3, T are algebraically independent.

Let H be the subgroup of/ defined by the conditions; = --- = «, =
0,¢;, =1,i=1,...,n. Obviously it is isomorphic tds,. We see that

k(Xa Y)G - k(Ta 21722>Z3>X47 O 7Xn7}/17 <o 7Yn71)H
= k(Tv 217227237X57 e aXnayiv S aYn—l)-

Continuing in this way, we eliminat&’, . .., X, to obtain
k(X Y)Y Ck(T,Z1, Zo, Z3, Y1, ..., Yn_1).
Now we throw in the torus pa®’ which acts onY; by multiplying it by ¢;. It

is clear that any’-invariant rational function irY7, ..., Y, _; with coefficients in
k(T, Zy, Zs, Z3) must be equal to a constant. This proves the lemma. ]
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Consider now each colum{a,, as;, as;) of the matrix(a;;) as the homoge-
neous coordinates of a poif} in the projective plan&?. Let R(m) be the ideal
in k[Z,, Zs, Z3] generated by homogeneous polynomialwith multiplicity > m
at each pointP;. If char(k) = 0, this means that all partials df of order< m
vanish atP;. In the general case, it means the following. By a linear change of
variables we may assume that = (0,0, 1). ThenF has multiplicity> m at P;
if considered as a polynomial ifi; all its nonzero coefficients are homogeneous
polynomials inZ;, Z, of degree> m.

Lemma 4.3.

kX, Y]C = { i Fo(Z0, Zo, Z5)T™™ : Fyy € R(m)}.

m=0

Proof. By the preceding lemma;[ X, Y% = k[X,Y] N k(Z,, Zy, Z3,T). First
notice that, since; = Z;Y;/T fori = 1,2, 3, we have

kIXy, . X, Y Y = k2, 2o, s, Xy, X, YL LYY,

The intersection of the right-hand side with the fiéld", Z;, Z», Z3) is equal to
]{Z[T, T_17 21, Lo, Zg] Thus

kIX,YC = k[Z,Zy, Z3, T, T7"].

Write any invariant homogeneous polynomiak k[ X, Y1]$ as a sum of monomi-
alsZi' 72 ZirT—™, whereiy, iy, i3 > 0 andm € Z. Since eacl¥; is homogeneous
in X of degree 1 and it of degreen— 1, andT" is homogeneous of degreen Y,
we must haV¢Z'1 +19 +13) + (n— 1)(21 +19 —|—Zg> —mn = n(zl +19 +23) —mn = d.
This implies that we can writé" as a sund . F,,,(Z1, Z2, Z3)T~™, where each
F,, is homogeneous i, Z,, Z5 of degreei; + iy + i3 = m + %. Now write F'
as a polynomial inX whose coefficients are polynomials¥n Since the degree
of F'in X is equal toi; + is + i3, we obtain that each;,,(Z;, Z,, Z3)T~™ is the
X-homogeneous component®f and hencd,,, (7, Z,, Z3)T~™ is a polynomial
inX,)Y.

It remains to show that,,(Z,, Z2, Z3)T~™ € k[X,Y] if and only if each
F,, € R(m). Assume that none af;; is equal to zero. After a linear change of
variables, we obtain thdt,, € R(m) if and only if its coefficients as a polynomial
in Z3 are homogeneous polynomialsin= as;Z, — a;Z3, 2j = aszjZs — az; Z3
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of degree> m. Sincez; andz} are both divisible byy; in k[X, Y], we see that,
for any polynomialF’ € R(m), we have

FT™™ e kE[X,Y].
We leave to the reader to prove the converse. Il

Next, we need a lemma from algebraic geometry.

Let C' : F(T,,T1,T,) = 0 be an irreducible plane cubic curve in the projec-
tive planeP? over an algebraically closed field It is known that the sef of
nonsingular points of’ has the structure of an algebraic group (in the case when
C'is nonsingular this can be found for example in [104], Chapté&BR, If C'is
singular, this is easy to see. The normalizativof C is isomorphic ta?* and the
projection mapg” — C'is an isomorphism outside one point (a cuspidal cubic) or
two points (a nodal cubic). The complement of one poiriPiris isomorphic to
the affine line, and hence has a structure of an algebraic group isomorphic to the
additive groupG,. The complement of two points is isomorphicé \ {0} and
has a structure of an affine algebraic group isomorphic to the multiplicative group
G,,. For example, if chdak) # 3, any cuspidal cubic is isomorphic to the plane
curve given by the equation

TiTy — T =0 (4.3)

(see Chapter 10). Its singular point(is 0, 0) and the set of nonsingular points is
the subset of? defined by the equatiok® — Y = 0. The group law is given by
the formula

(z,y) + () = (x + 2/, (x +2)°).
Each irreducible plane cubic cur¢éhas at least one nonsingular inflection point,
l.e., a point where the tangent to the curve has multiplicity of intersection with the
curve is equal to 3 (the only exception are certain cuspidal cubics in characteristic
3, see Chapter 10). Any of these points can be chosen as the zero point of the group
law. In the example (4.3), the poifd, 0, 1) is the unique nonsingular inflection
point. We denote the sum of two pointsg € C' with respect to the group law by
pDyg.

Lemma 4.4. Let C' be an irreducible plane cubic curve with a nonsingular in-
flection pointo taken to be the zero of the group law on the@ebf nonsingular
points ofC. Letp,,...,py € C°. Then the order of the sum{_,p; in the group
law onC” is equal tom > 0 if and only if there exists a homogeneous polynomial
F of degree3m not vanishing identically o' with multiplicity m at each point

Di-
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Proof. We assume that' is nonsingular; however, everything we say is valid in
the singular case too. We use the following geometric interpretation of the group
law. Given two nonsingular poinggandq in C' the line joining them intersects
the curve at the point equal te(p & ¢). Also, for any pointp its negative—p is
the third point of intersection of the line joiningando with the curveC. This
immediately implies that the sum® ¢ is the unique point such that there exists
a rational function or”’ with divisor is equal t@ + ¢ — » — o. By induction, this
implies thatp; & ... @ p, is the unique point such that there exists a rational
function f on C' whose divisodiv(f) is equal top; + --- + p, — r — (n — 1)o.
Conversely, suppose sughexists. Letr’ = p; @ --- @ p,. By the above there
exists a rational functiop such thatliv(g) = pi + - + p, — 7" — (n — 1)o. But
thendiv(f/g) = " —r. This implies that = ' (otherwise the rational map from
C to P! defined by the functiorf is an isomorphism).

In particular, we obtain that, & --- & p,, is anm-torsion element if and
only if m(p; + -+ + p,) — mno is the divisor of a rational function. Let us
now taken = 9. Assume that there exists a polynomial,, as in the statement
of the lemma. LetL = 0 be the equation of the inflection tangent at the point
o. Then the restriction of the rational functid@¥,,/L>™ on P? to the curveC
defines a rational functiorf with div(f) = m(p1 + -+ + ps) — 9mo. Thus
p1 @ -+ D pn IS anm-torsion element in the group law. Conversely, assume that
the latter occurs. By the above there exists a rational functierth div(f) =
m(p1 + - - -+ p9g) — 9mo. By changing the projective coordinates if necessary, we
may assume that the equation/ofs 7, = 0 and that none of the poinjs is the
point with projective coordinated, 0,0). Then the rational functiof is regular
on the affine curve’ \ {7, = 0}. Hence it can be represented by a polynomial
G'(T, /Ty, T,/ T,) with nonzero constant term. Homogenizing this polynomial,
we obtain a homogeneous polynomézlwhich is not divisible byT; such that
the curveG = 0 cuts out the divisomn(p, + - -- + py). By Bézout’'s Theorem,
the degree of~ is equal to3m. Note thatG is not defined uniquely since we
can always add to it a polynomial of the forfh- H, whereH is a homogeneous
polynomial of degre@m — 3. The rational functiodG + F - H)/T3™ cuts out the
same divisor or’. Now we have to show thdf can be chosen in such a way that
G has multiplicitym at each poinp;. Let O; be the local ring of*? at the point
p; and letm; be its maximal ideal. Sinc€ was assumed to be nonsingular, one
can find a system of generatarsy of m; such thatz = 0 is a local equation of
C' atp;. We shall identify the formal completio®; of ©; with the ring of formal
power serie[[X, Y]] in such a way that under the inclusiéh c O, the image
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of x is equal toX and the image of is equal toY". Let
g = Z gn(Xv Y)
n=0

be the Taylor expansion of the rational functiGh' 7™, whereg, (X,Y) is a
homogeneous form of degreein X, Y. We denote byg], the sth Taylor poly-
nomial} "’ _, 9,(X,Y). The polynomialG has multiplicity> m atp; if and only
if [g]m—1 = 0. The local ringO;/(x) is isomorphic to the local rin@c,, of C at
pi» and its completiord.,, is isomorphic tak[[Y]]. The imagej of g in Oc,, is
equal toy_ >, 9,(0,Y) and the fact that the order of the restriction®f7;" to
C atp; is equal tom gives thatg, (0,Y) = 0,n < m. This implies that

[glm—1 = Xhi(X,Y)

for some polynomiakh; (X, Y") of degree< m —2. Now consider thé-linear map

9
¢ : k[To, Ty, Talsm—s — ED k[X, Y] <m

=1

which assigns to a homogeneous polynontiabf degree3m — 3 the element
(u1,...,uq), Whereu; is the(m — 2)th Taylor polynomial of the rational function
H/T3™* at the pointp;. We claim that this map is surjective. Computing the
dimensions of both spaces we find that

9
dim k[To, Ty, ToJsm—s — dim @D kX, Y]<pmo = (7 ") = 9(3) = L.

2 2
i=1

Thus it suffices to show that the kernel of the map is one-dimensional. An element
in the kernel defines a homogeneous polynomiadf degree3m — 3 which has
multiplicity > m — 1 at each poinp;. Since we assume that the order of the
sum of the points is exactly:, the polynomialH must vanish orC. Dividing

H by F and continuing the argument, we see that= ¢F™~! for somec € k.

This proves the surjectivity. Now, it remains to chod$an such a way that its
image undep is equal to(hy, . .., hg). Then the(m — 1)th Taylor expansion of
(G—FH)/T3™ atp; is equal tdg],,_1 — X h; = 0. ThusG — F H has multiplicity

m at each poinp;. O



4.3. NAGATA’S COUNTEREXAMPLE 59

Remark4.1 Let GG5,, = 0 be the equation of the curv@ cutting out the divisor
m(py + -+ + pg). Let F = 0 be the equation of’. For any\,u € k, the
polynomial\Gs3,, + nF™ defines a curvé (), 1) which cuts out the same divisor
m(p; + - -+ + po) onC. Whenm is equal to the order of the poipt @ - - - @ po,

the “pencil” of curvesD(\, u) is called theHalphen pencibf indexm (see [15],
Chapter 5). One can show that its general member is an irreducible curve with
m-tuple points aps, . .., pg. The genus of its normalization is equal to 1.

Lemma 4.5. Letpy, ..., py be nine distinct nonsingular points on an irreducible
plane cubicC' : F' = 0. Assume that their sum in the group law is not a torsion
element.

(i) A homogeneous polynomi&l of degree< 3m which has multiplicity> m
at each point; is divisible byF™.

(i) The dimension of the spadé; of homogeneous polynomials of degree

d > 3m which have multiplicity> m at eachp; is equal to(*}?) — 9("").

Proof. Assume( is not divisible byF'. By Bézout’s Theoremjeg G = 3m. Now
this contradicts Lemma 4.4, so we may write= F'G’ for some homogeneous
polynomial of degre&m — 3. Clearly, the multiplicity ofGG’ at eacty; is equal to
m — 1. Applying the lemma again, we find that the sum of then the group law
is a torsion element unlegs dividesG’. Continuing in this way we find that™
dividesG. This proves the first assertion.

Let us prove the second one. We may assume that all the pgitits in
the affine partl; # 0. Consider the linear function${,z' =1,...,9,7 =
1,..., (™), on the space of homogeneous polynomidi,, T;, T»], of degree
d which assign to a polynomiaP the partial derivatives of ordex m of the
dehomogenized polynomidt/T¢ at the pointp;, i = 1,...,9. Obviously,V;
is the space of common zeros of the functigiis To check assertion (ii) it suf-
fices to show that the functionﬂ are linearly independent. The subspace of
common zeros of the restriction of these functions to the spadermed by the
polynomialsT¢—3"G, whereG € k[Ty, Ty, Ts)sm, is of dimension 1 (by (i) it con-
sists of polynomials proportional t6", where ' = 0 is the curveC). Since
(*"F) —9(™F') = 1, the restriction of the functions/ to V; is a linearly inde-
pendent set. Therefore the functiqﬁ{sare linearly independent. Il

Now we are ready to prove Theorem 4.3.

Proof. We taken = 9 and in the equations (4.1) we take;, as;, as;) to be the co-
ordinates of the pointg; which lie in the nonsingular part of an irreducible plane
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cubic C' and which do not add up to an-torsion point for anymn > 0. Also, to
satisfy Lemma 4.2, we assume that the first three points do not lie on a line. This
can always be arranged unless ¢kar> 0 andC' is a cuspidal cubic. Assume
thatk[X, Y] is finitely generated. By Lemma 4.3, we can find a generating set
ofthe formF,,, /T™i,j = 1,..., N, whereF,, is a polynomial of some degreg
which has multiplicitym; at the pointg, ..., py. By Lemma 4.5(i)n; > 3m;.
Choosem larger than everyn; and prime to chdk). By Lemma 4.5(ii), the
dimension of the spadeg;,, ;1 of polynomials of degred&m + 1 which have mul-
tiplicity > m at eachp; is equal to(*","*) — 9("™}") = 3m + 3. On the other
hand the dimension of the subspace of polynomialg;jj, ; which vanish or””

is equal to(*") — 9("') = 3m. Thus there exists a polynomial € Vj,,,.; which
does not vanish on the cur¢é Let us show that’/7T™ cannot be expressed as a
polynomial in F,,/T™i. Consider any monomidl* - -- UL . After we replace

U; with F,, /1™, its degree inZy, Z,, Z3 is equal to)  n;d; and its degree in

T is equal toy _ m;d; (here we use that,, Z,, Z;, T are algebraically indepen-
dent). Suppose our monomial enters into a polynomial expressibBf in the
generators, /T™i. Thendm + 1 = Y n;d;, m = ) m;d;. Thus

Z(nj - Smj)dj =1.

J

SinceF’ does not vanish o6, we may assume that = 0 if n; = 3m,; (in this
casel),, = 0 definesC’). Thusn; > 3m; for all j with d; # 0, and we get that the
only possible case i8; = 1, n; = 3m; + 1 for one;j and all otherd; are equal to
zero. Thusn = ) m;d, = m; for somej. This contradicts the choice of. [

Remark4.2 If we takeC to be the cuspidal cubif; T, — 77 = 0 over a field of
zero characteristic, and the poinpts= (a?, a;, 1) with the first three points not on
a line, then the conditions gn will always be satisfied unless)’_, a; = 0. In
fact, the group law o@° has no nonzero torsion points.

Remark4.3. If we restrict the action only to the grou@ = G?¢ (not including

the torus), the algebra of invariants is also not finitely generated. This follows
from Nagata’'s Theorem since the torus is a reductive group. One may ask what
is the smallest such that there exists a rational action®f on a polynomial
algebra for which the algebra of invariants is not finitely generated. Recall that by
Weitzentdck’'s Theoremy > 1. Examples with- = 3 and4 were given recently

by S. Mukai ([71]).
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Finally we sketch Nagata’s original proof of Theorem 4.3, which leads to a
very interesting conjecture on plane algebraic curves. We keep the previous nota-
tions.

Lemma 4.6. For any homogeneous idealC k[Z,, Z,, Z3] let deg(I) denote the
smallest positive integet such thatl N k[Z,, Z5, Z3]q # {0}. Assume that is
chosen to be such thatg(R(m)) > m+/n for all m > 0. Then for any natural
numberm there exists a natural numbeé¥ such thatR(m)™ # R(mN).

Proof. Let R(m)qy = k[Z1, Z2, Z3]a N R(m) be the space of homogeneous poly-
nomials of degred in R(m). As we explained in the proof of Lemma 4.5, the
dimension of this space is greater than or equalite- 2)(d + 1)/2 — n(m +
1)m/2. Thus we see thaim,,, ...(deg(R(m))/m) < v/n. In view of our assump-
tion we must havéim,, ... (deg(R(m))/m) = /n. Since again by assumption
deg(R(m))/m > /n we see that for sufficiently larg¥,

deg R(mN) < mNy/n < N deg(R(m)) = deg R(m)".
This implies thatR(mN) is strictly larger thanz(m)™. O
Lemma 4.7. The assumptions of the previous lemma are satisfied whens?

wheres > 4 and the coordinates of the poings generate a field of sufficiently
high transcendence degree over

For the proof we refer to [80]. It is rather hard.

Let us show that the four preceding lemmas imply the assertion. Assume
that the algebra[X,Y]“ is generated by finitely many polynomial3(X,Y).
We can write them in the forn®, = > F, ,,7~™ as in Lemma 4.3. Let =
max; ,{deg F; ,,}. By Lemma 4.6, we can find' € R(rN) for sufficiently large
N such thatF ¢ R(r)". Obviously P = FT—N cannot be expressed as a
polynomial in theP;. This contradiction proves the assertion.

The assumption that = s> was crucial in Lemma 4.7. The following conjec-
ture of Nagata is still unsolved.

Conjecture. Letpy,...,p, ben > 9 general points in projective plane. Lét
be a plane curve of degreBwhich passes through eadh with multiplicity m;.
Then

i=1

Here “n general points” means that the sets of poii#ts . .., B,) for which
the assertion in the conjecture may be wrong form a proper closed sulB&yin
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The relationship between Hilbert’s Fourteenth Problem and the Zariski Problem
is discussed in [73]. The material about Grosshans subgroups was taken from
[41], see also [91]. The original proof of the Weitzéak Theorem can be found

in [122]. The case chék) # 0 is discussed in a paper of A. Fauntleroy [29].
The original example of Nagata can be found in [79] (see also [78]). We follow
R. Steinberg ([114]) who was able to simplify essentially the geometric part of
Nagata’s proof. The group law on an irreducible singular plane cubic is discussed
in [46], Examples 6.10.2, 6.11.4 and Exercises 6.6, 6.7.

An essentially new example of a linear action with algebra of invariants not
finitely generated can be found in [1]. It is based on an example of P. Roberts
([94]). Nagata’s conjecture on plane algebraic curves has not yet been proved.
It has inspired a lot of research in algebraic geometry (see [45] and references
there). It has also an interesting connection with the problem of symplectic sphere
packings (see [68]). It implies that the symplectic 4-ball of radius 1 and volume
1 contains: disjoint symplectically embedded 4-balls of total volume arbitrarily
close to 1.

Exercises

4.1 Prove that the additive group,, is not geometrically reductive.
42Let Dy,..., D, be divisors on a nonsingular variel§y. Consider the algebra

R*(Dlv e 7DTL> = Dy, ..., anOF<X7 Lk‘1D1+~-~+knDn>‘

(i) Show that the algebr&* (D, ..., D,,) is isomorphic to the algebr&* (D)
for some divisorD on some projective bundle ovex.

(i) Let S = {(k1,...,ky) € Z" : T'(X, L, py 44k, 0, ) # {0}}. Show thatS
is a finitely generated semigrouphf(Dy, ..., D,,) is finitely generated.

(i) Let X be a nonsigular projective curve of genudeta,b € X be two
points such that the divisor class®f- b is not a torsion element in the group of
divisor classes olX . Prove thatR*(a, b) is not finitely generated.

4.3 Show that the algebra constructed in Nagata’s counterexample is isomorphic
to the algebra?*(/, — E') wherel is the inverse image of a line under the blow-up
of n points in the projective plane ardis the exceptional divisor.
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4.4 Prove that the algebr&*(D) is finitely generated if there exists a positive
numberN such that the complete linear system defined by the line bukigle
has no base points.

4.5Show that the algebra of regular functions on the coset spaégis isomor-
phic to the subalgebr@(G) whereH acts onG by left multiplication.

4.6 Let H be a closed reductive subgroup of an affine algebraic g@wyhich
acts onG by left translations. Show that the homogeneous spadé is an affine
variety.

4.7Write explicitly the group law on the set of nonsingular points of a nodal cubic
over a field of characteristic different from 2.

4.8 Show that the conjecture of Nagata is not true without the assumption.






Chapter 5

Algebra of covariants

5.1 Examples of covariants

Let G = SL, act on an affine algebraic variety = Spm(A). Let U be its
subgroup of upper triangular unipotent matrices. In this chapter we shall give a
geometric interpretation of the algebra of invariadts. Its elements are called
semiinvariants

Supposes = SL(V') acts linearly on a vector spad®. Fix a nonzero vector
vo in V and letH be the stabilizer ofy, in G. Let R € Pol(W)#. For any
v € V'\ {0} there existg € SL(V) such thay - v = vy. Define a functionfz on
W x V\ {0} by

Fr(w,v) = R(g - w). (5.1)

Sinceg™! - vy = ¢! - vy implies ¢'g~*(vy) = vy and hencey = hg for some
h € H, we have
R(¢" - w) = R(hg - w) = R(g - w).

This shows that this definition does not depend on the choigearfd that the
function Fr is well-defined. Also, for any’ € SL(V) we have(gg'~1)g’ - v = vy
and hence

Fr(g'-w,q -v) = R(gg™" - (¢ - w)) = R(g - w) = Fr(w,v).
ThereforeF is invariant under the naturdiagonal actionof G onW x V:
g(w,v) = (g -w,g-v).

65
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It is clear thatFy is a polynomial function in the first argument. Moreoverhif

is homogeneous of degree, then Fir is homogeneous of degree in the first
variable. Let us see thdfy is also polynomial in the second argument. Choose
coordinates to assume that = (1,...,0). Letv = (zg,...,z,) € V \ {0}.
Assumer, # 0. Let

Ty xal 0 0
: : 0
z, 0 ... 0 1

Clearly, A belongs to SLV) and A - vy = v. ThusA~'v = vy and Fr(w,v) =

R(A™!.w) is aregular function on the open sgt= 0. Similarly we see that’z

is regular on the open sef # 0. ThusFk is a rational function which is regular

onV'\ {0}. Hence it is regular on the whole dfand so is a polynomial function.
Conversely, ifF' is a G-invariant polynomial function o x V, then the

functionw — F(w,vy) is an H-invariant polynomial function ofi’. It is easy to

see that this establishes an isomorphism of vector spaces:

Pol(W)# = (Pol(W) ® Pol(V))S-V).

Note that the space Rdl") @ Pol(V') has a natural bigrading, so that
Pol,,(W)" = @ (Pol,,(W) ® Pol,(V))S4").
p=0

Let us specialize this construction by takiig = Pol,(V).

Definition. A covariantof degreem and ordep on the space Pgll/) is an ele-
ment of the spacgPol,,(Pol,(V')) @ Pol,(V))S-(V). We shall denote this space by
Cov(V ) (d).

The geometric meaning of a covaridita, v) € Cov(V),,,(d) is very simple.
It can be considered as a polynomial map of affine spaces

F : Poly,(V) — Pol,(V)

given by homogeneous polynomials of degneeThis map is SLV')-equivariant
with respect to the natural actions of 8L) on the domain and the target space.
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In coordinates: . '
P30 (at) = 3 (A
li|=d lil=p
whereA; are homogeneous polynomials of degreén the coefficients;.

On can easily define the symbolic expression of covariants. By polarizing,
an element of Cay ,(d) = (Pol,,(Pol;(V)) ® Pol,(V))S*") becomes an SIV)-
invariant polynomial function on the space of matrices Mat; which is homoge-
neous of degreé in each column different from the last one, and is homogeneous
of degreep in the Iast column. Observe that each of the firstolumns corre-
sponds to a ba3|$§'O e ) in V. The last one consists of the coordinates
(xo, ..., z,) with respect to thls basis. There is an analog of the First Fundamen-
tal Theorem which says that one can write this function as a linear combination of
products ofr-minors taken from the first: columns and dot-products of the last
column with one of the first» columns. In each product, each column, except the
last one, appearstimes, and the last column appearsmes. This implies that
the number of minors in each product must be equal to

md
w = max{T —p,O}.
This number is called theeightof a covariant. It has the property that
F(g "4, g U) = (detg)wF(a,U), \V/g S GL(V)

The symbolic expression for the products is

w p

H(Tﬂ co Tir) Haésj)a

i=1 j=1
whereal) = " ¢Yz;. Here eachr;, s; € [m], and each number frorm]
occur exactlyl times among them.

Example5.1 An invariant of degreen is a covariant of degree and of ordei.

Examples.2 The identity map Pg(1) — Pol,(V) is a covariant of degree 1 and
orderd. Its weight is equal to zero. Its symbolic expressionds

Example5.3. Let F'(xo,...,x,) € POL(K") = k[zo, ..., x,]q. Let
0*F

Fa = )
b aZL’aaZL’b
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TheHessianof F'is the determinant

FOO ‘e FOn
HesgF)=det | + .. ¢ |. (5.2)
Fo ... Fu

The map Hess F' — HessF) is a covariant of degreeand order(d — 2)r. Its
symbolic expression is
Hesg$F) = (d(d — 1)) (12...r)%(all ... al7)d=2,

x x

We leave it to the reader to check this.

More generally, le(x;;) be the square matrix with entries; considered as
a variables. Také" as above and consider the prod{it , F(z;1,...,z;,) as a
polynomial function on Mat k). Define therth transvectants

(F)) = Q(f[ F(za,. .. ,xm)>

Tij=T;

where(? is the omega-operator. The last subscript means that we have to replace
each unknown:;; with x;. The mapl™ : F — (F) is a covariant of degree
and order(m — r). For example,

T°(F)y=F", TYF)=0, T*F)=HesgF).

Example5.4. One can combine covariants and invariants to get an invariant. For
example, consider the Hessian of a binary cubic. It is a binary quadric. Take its
discriminant. The result must be an invariant of degree 4; let us compute it. If
F = apzd + 3a;2271 + 3aszoz? + azx? we have

6agrog + 6a1xry 6ai;xy + 6asx;
HesgF) = det ,
60/133'0 + 6@23]1 6&35171 + 6(12.1'0
Discr(HessF)) = 36(apwo + a11)(asry + aswo) — (a170 + azzy)?
= 36((apaz — aras)* — 4(apay — ai)(aias — a3))
36(—6agarazas + agas + 4ajas + 4agas — 3ajas).

This is (up to a constant factor) the discriminant of the binary cubic form from
Chapter 2, Example 2.1.
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Example5.5. For any two binary formg” € Pol;(k?), G € Poly(k?) define their
Jacobian

oF oF

6m0 8301
J(F,G) = det

oG oc

65170 (9:131

ThenF — J(F,HesgF)) is a covariant of degree 3 and ordgt — 2).

5.2 Covariants of an action

The notion of a covariant of a homogeneous form is a special case of the notion
of a covariant of an arbitrary rational action of an affine algebraic gréugm an
affine varietyX = Spm(A). Letp : G — GL(WW) be a linear representation of

G in a finite-dimensional vector spa¢€. We calllW a G-module. Acovariant

of an actionwith values inl¥/ is an equivariant regular maj — W, wherelW/

is considered as an affine space. Equivalently, it (s-aquivariant homomor-
phism of algebras P@l’) — A. Since any such homomorphism is determined
by the images of the unknowns, it is defined by a linear nfiapV™* — A. Let
Hom(IW*, A) = A® W be the set of such maps. The grau@cts by the formula

g-(a®@w) = g"(a) @ p(g)(w).

This corresponds to the action on morphisikhs— W given by the formula

g f(@)=p(g)(flg" - 2)).

A covariant is an invariant element of this space. In the previous section we
considered the casé = SL(V), X = Pol(V) = ACT) andw = Pol, (V)

with the natural representation of S8f). If we takeWW = Pol,(V*) with the
natural action ofG on the space of linear functions, we obtain the notion of a
contravariantof order k£ on the space PglV'). Another special case is when

A = Pol, (V) ® --- @ Pol, (V) andW = Pol,(V). In this case a covariant

is called aconcomitantof orderp. A concomitant of ordef is called acombi-

nant For example, theesultantR(F}, . . ., F;) of s homogeneous polynomials is

a combinant.

Let Hom(W*, A)¢ = (W @ A)“ be the set of covariants with values irza
modulelV . It has an obvious structure of at¥"-module. Itis called thenodule of
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covariantswith values inl¥. If char(k) = 0, we can identify the spaces RgWW ™)
and Po[{I/)* so that the direct sum

Cov(G; A, W) = éHom(Polm(W),A)G

m=0

é Pol,,(W*) @ A)¢ = (PolW*)® A)°

has a natural structure offaalgebra. It is called thalgebra of covariants Ap-
plying Nagata's Theorem we obtain

Theorem 5.1. Assumé~ is a geometrically reductive group. Then the algebra of
covariantsCov(G; A, W) is a finitely generated-algebra.

Corollary 5.1. Suppos€- is a geometrically reductive algebraic group acting
rationally on X = Spm(A). Then the module of covariankbom(WW*, A)¢ is
finitely generated.

Proof. The algebra Co\(v; A, W) is a graded finitely generatédalgebra. We
identify A® with the subalgebra of covariants Q6% A, k), wherek is the trivial
G-module. Obviously ColG; A, W) is a finitely generated “-algebra. We may
assume that it is generated by a finite set of homogeneous elements, F,, of
positive degrees,, ..., q,. Thus there is a surjective homomorphism of graded
AC-algebrasA®[Ty, ..., T,] — Cov(G; A, W), wheredegT; = ¢;. Since each
ACTYy, ..., T,] . is afinite freeA“-module, its image Ca\iw; A, W),, is a finitely
generatedd“-module; hence HoiV*, A)¢ = Cov(G; A, W) is finitely gener-
ated. O

Here is another proof of this result in the case wiiers linearly reductive,
for example wher( is reductive overC. We use that any rational linear linear
representation aff in a finite-dimensional linear spadeis completely reducible
in the following sense.

Theorem 5.2. Any submodulé/ of £ admits a complementary submoddifé
(e, E=VeaV).

Proof. Without loss of generality, we may assume that {0} and is an irre-
ducible submodule, i.ely does not contain any nontrivial proper submodules.
Consider the natural map é¢f-modulesf : Hom,(E,V) — Hom,(V,V). By
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Schur's Lemma, the subspate= Hom,(V, V)¢ is one-dimensional. Its inverse
imageW = f~1(L) is a submodule of Hog{ E, V'), and the restrictiorf’ of f
to IV is a nonzero lineat-invariant function. By definition of linear reductivity
there exists a nonzei@-invariant vectorp € W such thatf’(¢) # 0. The linear
map¢ : E — V' is G-invariant and its restriction t& is a nonzero automorphism
of irreducible G-module V. The kernel of the&-invariant linear mapp is the
desired complementary subspacé/of Il

Let M = W ® A and letM’ be theA-submodule of\/ generated by invariant
elements. Sincd is noetherian antl’ ® A is a freeA-module of finite rank) ¢
is a finitely generatedi-module. Letn,, ..., m, € M% be its spanning set. For
anym € M¢ we can write

m=aymq+---+a,m, (5.3)

for somea; € A. SinceG is linearly reductive th& -submoduleA® of A has a
complementary invariant submodule, i.d.,.= A @ N. This does not follows
directly from Theorem 5.2 becauskis infinite-dimensional. One uses Lemma
3.4 to show that! is the union of finite-dimensional invariant subspaces, and then
applies Theorem 5.2. Let

R:A— A¢

be the projection operator (called tReynolds operatdr It has the property
R(ab) = bR(a), Va € A,Vbe A°.

In the casek = C we take forRR the averaging operator over the compact form
of G. LetR : MY ®,6 A — M¢ be the map defined byr ® a — R(a)m.

By (5.3), M€ is equal to the image undét of the finitely generatedi®-module
S A%m; and hence it is finitely generated.

Let p : G — GL(WW) be a finite-dimensional linear rational representation
of a linearly reductive group. By Theorem 5.B/ can be decomposed into a
direct sum of irreducible representatiol§. WhenG is finite, there are only
finitely many irreducible representations (up to isomorphism); in ger@rahs
infinitely many nonisomorphic irreducible representations. lket= &7, W; be
a decomposition ofV into a direct sum of irreducible representations. We have
an isomorphism of7-modules:

W= @ Hom(W,, W)° W, (5.4)
pelr(G)



72 CHAPTER 5. ALGEBRA OF COVARIANTS

where Ir(G) is the set of isomorphism classes of finite-dimensional irreducible
G-modules ¥V, is a representative of the clagsandG acts trivially on the space
of linear maps Hor(iV,, W)“. This isomorphism is defined by the map

S fo@w, =Y fo(w,),  f, € Hom(W,, W) w, € W,
P P

Note that, by Schur's Lemma, whéfi = W, this gives HonilV,, W, )¢ = k if
p = p and{0} otherwise. The dimension of the space Hdi), W) is called
themultiplicity of IV, in W and is denoted by muyitl’). It is equal to the number
of direct irreducible summands (or factors)ldfisomorphic tolV,,.

Recall that any element of is contained in a finite-dimension&l-invariant
subspace ofl generated by it§/-translates (see Lemma 3.4). This allows us to
apply (5.4) to theZ-moduleA. We have

A Hom(W,, A)¢ @ W, (5.5)
pElr(G)

We consider both sides at“-modules. By Corollary 5.1 each summand is a
finitely generatedd“-module. Thus we see that any module of covariantsAfor
is contained inA as a direct summand.

Example5.6. Let G be a finite abelian group of order prime to ctigr Then
any irreducible representation 6fis one-dimensional, and hence is defined by a
charactery : G — G,, = GLx(1). For eachy, let

A ={acA:g-a=x(g)a, Vg € G}.

Then (5.5) translates into the equality

A= P A,

x:G—Gm,

The subring of invariantgl“ corresponds to the trivial character.

5.3 Linear representations of reductive groups

Let G be a linearly reductive connected affine algebraic group and letq —
GL(W) be its rational linear representation. Létbe a maximal unipotent sub-
group of a connected linearly reductive grotdp The reader unfamiliar with the
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notion may assume that = GL, or SL., in which caseU is a subgroup con-
jugate to the group of unipotent upper triangularupper triangular matrices. We
have seen in section 5.1 that in the cése= SL, the algebra PéPol,(%?))V is
isomorphic to the algebra of covariants C6vPol;(k?), k%). In this section we
shall give a similar interpretation of the algebtd whereG acts rationally on a
finitely generated-algebraA.

For this we have to recall some basic facts about finite-dimensional linear
rational representations of a reductive grasip We assume that ch@r) = 0.
Letp : G — GL(WW) be such a representation. Choose a maximal tdrusG
(whenG = GL, itis a subgroup of diagonal matrices or its conjugate subgroup).
Restrictingp to 7' we get a linear rational representation 7’ — GL(1/). Since
T is commutative we can decompadgéinto the direct sum of eigenspaces

W = W,

XEX(T)

whereX (T') denotes the set ahtional characterof 7', i.e., homomorphisms of
algebraic group§’ — G,,, and

Wy, ={we W:p(t)(w) =x({t)w, VteT}.

Any rational charactey : T' — G,, is defined by a homomorphism of the algebras
of regular functions

KZ. 27 2 0G,) — OG) 2 k(2 27, ... Z,, 27,

It is easy to see that it is given bylaurent monomiall® = Z;* - -- Z%, where

a = (ay,...,a,) € Z". The monomial is the image df. Also it is easy to see
that the product of characters corresponds to the vector sum of the expanents
This gives us an isomorphism of abelian groups

X(T) 7"

Let
Wt(p) = {x : Wy # {0}}. (5.6)
SincelV is finite-dimensional, W) is a finite set. It is called the set afeights
of p.
A rational charactery : T — G, is called aroot if there exists a nontrivial
homomorphism of algebraic grougs : G, — G such that, for any € T and
anyz € k,

t- fa(m) ’ t71 = fa(@(t)x)'
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For example, there angr — 1) roots forG = GL,. Each is defined by the
homomorphism which sends € k to the matrix/, + zE;;, wherel < ¢,5 <
r i # 7.

Let R be the set of roots. There is the notion opasitive root We fix a
Borel subgroupB containing?” (in the caseG = GL, we may takeB to be
the group of upper triangular matrices or its conjugate subgroup) and require that
the image off, is contained inB. Let R, be the set of positive roots. Then
R =R, U R_,whereR_ = {—«,«a € R} is the set oinegative roots There
is a finite set of roote\ = {ay,..., .} such that any root can be written as a
linear combination of the; with nonnegative integer coefficients. They are called
simple roots The number- is called theank of G. In the case SLthese are the
roots with f,,(a) = I, + aF;i1),7 = 1,...,r — 1. Under the isomorphism
X(T) = Z™ they correspond to the vectots— e; 1, where(ey, ..., e,) is the
standard basis &f".

Let U, denote the image of the homomorphiginG,) corresponding to a
root . One can show that the subgroups

Ur=J[ V. U =1]] .

acRy acR_

are maximal unipotent subgroups@f In the cas&s = SL, the groupU™ (resp.
U~) is the subgroup of upper triangular (resp. lower triangular) matrices.
We have the following.

Lemmab5.1. Let

W= € W,

XEWL(p)
For every rootn € R, we have

P(Ua)(Wx) C @ Witia-

Proof. Let W — k[T] ® W be the homomorphism defining the action(df on
W. Foranyw € W, itsimage is equal t9 _,. T* ® w;. This means that for any

r ek, A
p(fal@)(w) =) z'w;. (5.7)
i>0
By definition of a root, we have

pfala(t)o)(w) = alt)a'w,

i
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and

p(t)p(fo(z))(w) = inl)(t}(wi)
= p(fala@)z)p(t))(w) = p(fala(t)z))(x(t)w)
= X(t)Za(t)ixiwi.

i

Comparing the coefficients of we getw; € W, ;.. Thus equation (5.7) gives

p(Ua)(w) € D Witia.

i>0
[

The setk, defines an order on the set of characters. We saythai’ if x —
X is equal to a linear combination of positive roots with nonnegative coefficients.
Let A € Wt(p) be a maximal element (not necessary unique) with respect to this
order. Then, for any € R, we havelW,,,, = {0} if ¢ > 0. It follows from
(5.7) thatp(U,,) acts identically oriV,. Thus the whole group’* acts identically
onW,. On the other hand, by Lemma 5.1, we get

p(U)(Wh) € P W,

X<A

Sincep(T)(Wy) = Wy, all elements; € G of the formu™ - ¢ - u~, whereu* €
U=*,t € T, leave the subspace

W) =P w,

XSA

invariant. Since the subsEt™-T-U~ is Zariski dense id: (check this foilG' = SL,

or GL,, where this set consists of matrices with nonzero pivots), all elemefts of
leavelV (\) invariant. Thus? (\) is aG-submodule. Let € W, \ {0}. Consider
the G-submoduldV (\), generated by. Obviously it is contained if’(\) and

W(A)y N Wy = kv.

In fact, Ut does not change, 7' multiplies v by a constant, ant/~ sendsv to

the sumv + > _, v,, wherev, € W,. We consider a complementary subspace
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to W (), in W(\) and choose again a nonzero veaibin it to get a submodule
W(A),. Continuing in this way we will decomposé&’(\) into the direct sum of
dim W) submodules. Each summahdhas the following properties:

(i) there exists a weight such that’ = @&, <,\V,,

(i) dim V, = 1 (a nonzero vector i, is called ahighest weight vectgr

(iii) p(U™)|V, is the identity representation.

Such aG-module V' is called ahighest weight module It is determined
uniquely (up to isomorphism) by the charactethighest weightand is denoted
by L()). Thus we infer from the above discussion the following:

Theorem 5.3. Every finite-dimensional rational representation of a connected
linearly reductive groug~ is isomorphic to the direct sum of highest weight rep-
resentationd.(\).

Not every weighty occurs as a highest weight of sorhe\). The ones which
occur are calledlominant weights This set is preserved under taking the dual
module, i.e.,L(\)* = L(\*) for some dominant weight*. We will describe
dominant weights in the next section.

Let us return to the situation when a reductive gréupcts regularly on an
affine algebraic varietX = Spm(A). For every dominant weight a homomor-
phism of G-modulesL(\) — A is determined by the image of a fixed highest
weight vector ofL()\). The set of such images forms ai¥-submoduleA® of
A. We have

(L(\) ® A)Y = Hom, (L(\*), A)¢ = AN,

It is easy to see that, if is a highest weight vector af(\) and’ is a highest
weight vector ofL()\'), the vectorv ® v’ is a highest weight vector in an irre-
ducible summand of the representatibi\) ® L(\’) isomorphic toL(A + \').
This easily implies that the subalgebra of the-algebraA generated by the im-
ages of highest weight vectors is isomorphic to the direct sum ofithenodules
AWM where) runs through the set of dominant weights. Sibiceacts identically
on any highest weight vector we see that

EB AN c AU
A

Conversely, itz € AU", by (5.4)a can be written uniquely as a suEp a,, where
eacha, belongs to an irreduciblé’-submodule ofA. This implies that each,



5.4. DOMINANT WEIGHTS a4

is U*-invariant and hence generates a submodule isomorphigXp for some
dominant weight\. This shows that

P AW = a7, (5.8)
A

Since every irreducible representation is isomorphic to some highest weight rep-
resentation’()\), we can apply (5.4) to obtain an isomorphismA$f-modules

A= @HHom (L(A"), A)¢ @ L(\").

This gives
AY" = P Homy,(L(A), A)¢ ® LX)V
A

It follows from the definition ofL()\) that L(\*)V" = L(\), is spanned by a
highest weight vector, and hence is one-dimensional. This gives

AT =2 P AV @ k= H AW,
A A

We will see a little later thatlV" is a finitely generated algebra.

5.4 Dominant weights

Let us now describe dominant weights. For every dhere is thedual root
which is a homomorphismt : G,, — T'. Itis characterized by the property that,
for anyt € G,, andz € G,,

() G(1) fal2)a () = fulx),

(i) o a(t) =t

For example, wherti = GL(r) and U, is the subgroup of matrices. +
aE;j,a € k, whereE;; denotes the matrix with as the(:j)th entry and 0 else-
where, the dual roat is given byt — (I, + (t — 1) Ey; + (t1 — 1) Ej;).

Note that the composition of a homomorphigm G,, — T (calleda one-
parameter subgroypof 7" and a rational character: 7' — G,, can be identified
with an integer. We denote it by, x).

Let X(T')* be the set of one-parameter subgroups. An element(@f)* is
given by a homomorphism of algebras of functions

k[ZEF. ., ZF 1 2 O(T) — O(G,,) = k[Z, Z7].
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It is defined by the images df;. Since it defines a homomorphism of groups it is
easy to see that the image of edths a monomialZz™ for somem € Z. Thus a
one-parameter subgroup is given by a veetor (m,,...,m,) € Z". Since each
one-parameter subgroup takes values in a commutative group, we can multiply
them; this of course corresponds to the sum of vecto¥& inThe composition of

a character and a one-parameter subgroup corresponds to the dot-prdduct in
So it is natural to distinguish the group of charact&(d") and the groupt (7)*

of one-parameter subgroups by identifying one of them,8é¥), with Z" and

the other one with the dual group H¢#T,Z) = (Z")*. Then the pairind f, x)

from above is equal tof, x) = f(x).

A character\ : T' — G, is called adominant weightf for any positive root
a one haga, \) > 0.

Finally, one defines tundamental weighis an element; of X'(7") ® Q with
the property(a;, w;) = d;; (the Kronecker symbol). In the case whBrspans the
group of characters df' (e.g.G = SL,. but not GL.), a fundamental weight is
uniquely determined by this property. L&(T"), be the subgroup ot’(7") which
consists of charactergsuch that¢, x) = 0 for all rootsae € R. Choose a basis
W, ... wly of X(T)o and letwy, . .., w, be the set of fundamental roots no
two of which are congruent modulo the subgro¥y7’),. Then any dominant
weight can be written uniquely in the form

A =nw; + -+ npw, + alw(()l) 44 aswé‘s), (5.9)
wheren; € Z>o,i=1,...,ra, € Z,i=1,...,s.

Any dominant weight\, from X'(T'), defines a one-dimensional representa-
tion G — G,,. We haver = rank(G) fundamental representatioigw;) corre-
sponding to the fundamental weights If Aisasin (5.9), ther () isisomorphic
to an irreducible quotient of the tensor product , V (w;)®™ tensored with the
one-dimensional representation defined by the ve@p«ziwé@.

It follows from (5.9) that the semigroup of dominant weights is finitely gener-
ated. We will use this to prove the result which we promised earlier:

Theorem 5.4. Let U be a maximal unipotent group of a reductive gratlp As-
sume thati acts rationally on a finitely generatéddalgebra A. Then the subal-
gebraAY of U-invariant elements is finitely generated over

Proof. Since all maximal unipotent subgroups are conjugate, we may assume that
U = U*. Applying Nagata’s Theorem and Lemma 4.1, it suffices to show that
A = O(G)V" is finitely generated. We know from (5.8) thdt= @, A™. Any
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homomorphism ofG-modules¢ : L(\) — O(G)Y is determined by the lin-
ear U-invariant function onZ(\) defined by the formula — ¢(v)(e). Since
dim L(A*)Y = 1, we obtain that eacti()\) enters inA™ with multiplicity 1,

i.e., dim AN = dim L()\). Thus we may assume that there is an isomorphism
of graded algebrad = @,L(\). HenceA is generated by the subspades\)
corresponding to the generators of the semi-group of dominant weights. [

5.5 The Cayley-Sylvester formula

In this section we give an explicit description of irreducible representations for
the group Gl.. We choose the maximal tordswhich consists of diagonal ma-
trices diadty, ..., t,). The corresponding Borel subgroup is the group of upper
triangular matrices. We have, for ahy< ¢, j < r,i # j,

diaqtl, . 7t7")(]r + :EE”)dIaQKtl, ce ,tr)_l = [7“ + (tl/tj)ZEEZ]

This shows that the characters : diadt,, ..., t.] — titj‘l are roots. Under the
isomorphismX (1) = Z" eachc;; corresponds to the vecter — e;. So we have
r(r — 1) roots. Sincd, + zE;; € Bifand only ifi < j, we see thaf?, consists
of rootsa;; with ¢ < j. Simple roots are

Cki:CYi(zurl), Z'Zl,...,T'.

The dual roots are the homomorphisms : G,, — T defined byt — I, +
(t—1)E; + (t—1)E;;. Thus all dual roots can be identified with linear functions
7" — Z defined bye; — e where(ej, ..., ey) is the dual basis to the standard
basis(es, . .., e.). A dominant weight\ = (my, ..., m,) must satisfy

A-(e;—e€i11) >0

which translates into the inequalities; > m,,;. There are- — 1 fundamental
weights
wi =€+ +e, izl,...,r—l,

andX(T), is generated by the weight
w0:61+---—|—er.

The irreducible representation corresponding¢as of course the natural repre-
sentation
det : GL, — G,,.
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We have
L(dwy) = Poly((k")").
Here the highest weight is the monomgl where (¢, ..., ¢,) is the standard

basis ofk”. All other weights ard = (iy,...,7,) withi; +--- + 4, = d. The
corresponding subspadédw, ); is spanned by the monomigll. We can write

r—1

i = dey— Y (d—iy— - —iy)(es — €pr)

s=1
= dwl—(d—il)al—---—(d—il—---—ir_l)an,

L(dw) = Pol((NK)), i=2,....n

Here the highest weight g, A - - - A &)4. Wheni = r — 1 we get(A™1(k"))* =
(k") ® det and hence

Poly(k") = L(dw,_,) ® det™®.

The highest weight here is the monomig!

Consider the case = 1. LetV be atwo-dimensional vector space. Sinéé&’
is isomorphic to the representatidat : GL(V') — G,,,, we have an isomorphism
of representations:

V=V"®det.

In particular,VV = V* as representations of §). We have one fundamen-
tal weightw; so that any irreducible representation with dominant weight
(my,mg), my > ms, iS isomorphic to

™ (V) @ det™ & S™TH (V) @ det™t 2 Poly, (V) @ det”.

Let us consider the representation Rdtol;(V')). The space has a basis formed
by monomials in coefficients of a general binarjorm

AoT + dAtg 't + -+ + Agt] = (&oto + &)™

So we can write any monomial of degreein the A; as a monomial of degreed
in the basig¢;, &) of V:

Ay Ay, = (608 (G = 60

where
W=14 +- -+,
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is theweightof the monomial4;, - - - A; . This shows thatl;, - - - A;  belongs to
the weight space with charactend — w, w). Let

Pim,d,w) ={(i1,. . im) :0<idy <+ <idp < dyig+ -+ + iy, = w}.

The cardinalityp,,(m, d) of this set is equal to the number of monomials with
weightw. Let A = (m;,m2) be a dominant weight. Suppo3g)\) is a direct
summand of Pgl(Pol,,(V)). Then(my,ms) = (md — w,w) for somew with
md — 2w > 0. The weights oft’()\) are the vector$md — w — i,w + i),i =
0,...,md — w. This shows that Pgl(Pol,, (1)) contains

po(m,d) =1 summand/(md,0) = Pol,,(V) ® det™,

pi(m,d) — p(m,d) summands/(md —1,1) = Pol,y_»(V) @ det"*,
pa(m,d) — pi(m,d) summands’(md — 2,2) = Pol,,q_4(V) ® det™ 2,

and so on. Itis known that the generating function for the numpgrs, d) is
equal to the Gaussian polynomial

S nomar =[5 ]

where

[a} O 2071) o (1 = ot
b (1—z)(1 —a2)--- (1 —ab)

(see [113]). This gives us

Theorem 5.5. (Plethysm decomposition) Léim V' = 2. There is an isomor-
phism of representations &L (V/):

[md/2]
Pol,.(Pok(V)) = €D (PObuu2u(V) @ det™ ) &N 0m ),
w=0
where
N(m,d,w) = coefficient ofc* in the polynomial1l — x) [m; d} :
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Restricting the representation to the subgroupiSlwe have an isomorphism
of SL(V')-representations

[md/2]

Pol,, (Pol,(V @ P09y (V) EN (M),

As a corollary we obtain th€ayley-Sylvester formultor the dimension of
the space of covariants:

Corollary 5.2.
dim Cov,, ,(d) = N(m,d, (md — p)/2)

and it is zero ifmd — p is odd.
We also geHermite’s Reciprocity
Theorem 5.6. There is an isomorphism &L(1')-modules
Pol,,(Poly(V)) = Poly(Pol,,(V)).
Proof. This follows from the following symmetry property:
Pu(m, d) = pu(d, m).

This can be checked by defining the bijectiBtvn, d, w) — P(d, m,w) by send-
ing a vector(iy, . . ., i,,) from P(m, d, w) to the vecton(ji, . . ., j4), where

Js=#{t:is>s},s=1,....d
It follows also from the following property of the Gaussian polynomials:

3T

Corollary 5.3.

dim Pol,, (Pol,(V))*") = dim Poly(Pol,,(V))*".
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Remarks.1 The covariant
Pol,,(Pol;(V)) — Pol,4(V) (5.10)

admits a simple interpretation in terms of the Veronese map.VLbe a linear
space of dimension + 1. Recall that th&/eronese mapf degreel in dimension
n IS a regular map

vg : P(V*) — P(Poly(V))

given byl — (¢, wherel € V* is a linear function onl/. It is easy to see
that this map is SUV/)-equivariant, where SIVV') acts naturally ofi?(V*) and on
P(Pol;(V')). The inverse image undey defines an equivariant linear map

va(m)* : Pol, (Poly(V)) — Pol,q (V™).

Whenn = 1, there is an isomorphisivi* = V' of SL(V')-modules and the map
va(m)* is the covariant (5.10). Note that the image of the Veronese map (called
the Veronese variedyis always defined by equations of degree 2 (see [104]). The
number of linearly independent equations is equal to

dim Pok(Pol;(V)*) — dim Poba(V) = (“") (1 + (“t")) — (***™).

n n n

Thus, ifm = 2 the kernel of the map (5.10) is a 8F)-submodule of the dimen-
sion given by the above formula.

Remark5.2 One can strengthen Theorem 5.6 as follows (see [49]).VLbe a
vector space of dimension and let

S1s = POIPOl(V)) = ) Pol,(Pok(1)

m=0

be the algebra of polynomials on the space,ffol)). Let
Adr = @5 Poly(Pol,, (V). (5.11)
m=0

We use the symbolic expression to identify elements of (Pall,,(V)) with mul-
tihomogeneous functions drf of multi-degregm?) (see Lemma 1.1). The prod-
uct of functions defines bilinear maps

Pol;(Pol,,(V)) x Pol(Pol,(V)) — Pol;(Pol,+,(V))
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which endow.A,, with a structure of a graded algebra. The natural action of
GL(V) onV defines an action of GIV) on both algebras,, and.A,, by au-
tomorphisms of graded algebras. Notice th@ﬁ;(v) is isomorphic to the alge-
bra k[G, 4> (Corollary 2.4). Identifying the linear spaces Rélol,(V)) =
Pol(V)* and Poj}(Pol, (V') = Pol(V*) (see (1.7)), we get a GL/)-equivariant
algebra homomorphism:

hd,r : Sd,r - Ad,r- (512)

Whenr = 2, the homomorphisnt, . is a GL(V')-equivariant isomorphism of
graded algebras. Hermite’s Reciprocity only states that all graded pieces are iso-
morphic as GI(V')-modules.

Example5.7. Takem = d = 2. We getpy(2,2) = p1(2,2) = 1,p2(2,2) = 2.
Thus we have the following isomorphism of 8L)-representations:

Pok(Pok(V)) = Pol,(V) & k.

Using the previous remark this has a simple geometric interpretation. In this case
the Veronese variety is a conic, and the kernel0®)* is one-dimensional. It is
spanned by a quadratic polynomial vanishing on the conic.

Example5.8 Takem = 2,d = 3. Then we have an isomorphism of 80)-
modules
Pok(Pok(V)) = Pok(Pok(V)).

Thus quadrics i?* = Pok (V') can be canonically identified with cubicsti =
Pok(V). The Veronese curvé’ = v3(P!) is a rational space curve of degree

3. It is defined by three linearly independent quadric equations. Thus the kernel
of the projection PaPok(V')) — Pok(V) is equal to the spack” of quadrics
vanishing onC'. Using the plethysm decomposition

Poh(Pok(V)) = Pok(V) @ Poh(V)

we can identifyV, SL(V')-equivariantly, with the space of binary quadratic forms.

5.6 Standard tableaux again

Finally let us explain the tableau functions from the point of view of represen-
tation theory. Note that any.(w;) can be embedded (as a representation) into
some tensor power of some copieslot= k". So when we take their symmetric
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products and their tensor products we can embed each again into/58heSo
each irreducible representation is realized as an irreducible submodufé'dbr
someN. Let us find them by decomposing®” into a direct sum of irreducible
representations.

Fix a basig¢y, . . ., &) of V. For any ordered subsét= (i, ...,iy) of [r] let
¢r denote the tens@;, ® - -- ® &;,,. A diagonal matrix diaf,, .. .,t,] € T acts
on &; by multiplying it by the monomiat; = ¢;, - - - t;,,. Writing any element of
VN as a sum of tensoig we easily see that the weights of our representation
are the vectors; = e;, + - - - + ¢;,,. The weight subspad#’., is spanned by the
tensorst;, where J is obtained fromy by a permutation of N]. A vectore; is a
dominant weight if

This means that
er=(my,...,my), my>mg>--->m,>0m+---+m,=N.

Assume for the moment that = 1. Then the highest weight vectorgs Assume
that N = 2. Then¢{ ® & issentbyf,, (1) = I, + E1pt0 6 @ (& + &) =
1 ®&+ & ®E&. Similarly, & ® & is senttaly, ® & + & ® &. So in order that
t = A\ ® & + pés @ & be invariant undet/ ™ we must have\ + i = 0, i.e.,t
must be proportional t§; ® & — & ® & = & A &. If N = 3 we must have

=606 ®LE—-6ERE)=6HRERE-EERLERE
or
=606 -6 &,

or
=6 @605 —HL®86 B .

Now in the case of arbitraryy we do the following: consider a matrix
SRS R

E=1: T
OO

T

Each column represents a bads . . ., &.). We will be taking

p1 = m1 — my minors of order 1 from the first row
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P2 = mo — ms Minors of order 2 from the first 2 rows

p, = m, minors of order

in such a way that the minors do not have common columns. Of course we com-
pute the minors using the tensor product operation. We first take the product of
the minors in an arbitrary order, but then we reorganize the sum by permuting
the vectors in each decomposable tensor in such a way that each summand has
its upper indices in increasing order. These indices will be our highest weight
vectors.

It is convenient to describe such a vector byy@ang diagram We view a
dominant vecton = (my,...,m,) as a partition ofV. It is described by putting
m; boxes in theth row. It hasp; = m; — m;,, columns of lengtly = 1,...,r
(m,41 = 0). We fill the boxes with different numberg € [N]. Eachr;; indicates
which column enters into the minor of the matiixof the corresponding size.
A filled Young diagram is callegtandardif each row and each column are in
increasing order. Here is an example of a Young diagram for the partitién1)
of N =0:

It turns out that the multiplicity of each()\) in V®V is equal to the number
of standard filled Young diagrams of the shape given by the vectdiris given
by thehook formula

N!
mult, (V&) =
Al ) H1<i<r1<j<mi(mi+r+1 —1i—7)

txhlsJ >

(see [67]).

Exampleb.9. We described invariants in BplPol;(V')) by embedding this space
into V®™4 via the polarization map. Since the space of invariants is contained
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in the representatiodet” of GL, wherew = md/r, the corresponding dom-
inant vector is\ = (w,...,w) € Z". The representatiod(\) is of course
one-dimensional. The Young diagram is of rectangular shape mittws and

w = md/r columns. The number of such diagrams is equal to the dimension
of the spacdV®")SLr. It is not difficult to see that the hook formula gives the
formula

, BNy _ ( (r—1)! r—2) 1
dim(V md'H wrr—1) :

The standard tableaux on the &ef of sizew x r defined in Chapter 1 cor-
respond to standard Young diagrams which are filled in such a way that if we
write the set{/N] = [md] as the disjoint union ofn subsets{1,...,d},{d +

5 2d}, ..., {(m — 1)d,...,md}, then each column consists efnumbers
taken from different subsets ofnd]. Moreover, for a homogeneous standard
tableau we have to take exactfynumbers from each subset. The general for-
mula for the dimension of the space RPol,(V))St is not known forn > 1.

Bibliographical notes

The notion of a covariant of a quantic (i.e., a homogeneous form) goes back to A.
Cayley. It is discussed in all classical books in invariant theory. The fact that a
covariant of a binary form corresponds to a semiinvariant was first discovered by
M. Roberts in 1861 ([93]). It can already be found in Salmon’s book [99]. The
result that the algebra of covariants of a binary form is finitely generated was first
proved by P. Gordan [38] (see also classical proofs in [28], [39]). A modern proof
can be found in [115]. Theorem 5.4 applied to the actiodrof SL(V') on the
algebra PdlPol,(1)) is a generalization of Gordan’s Theorem. The first proof
of this theorem was given by M. Khadzhiev [62]. Our exposition of the modern
theory of covariants follows [91]. The algebra of covariants of binary forms of
degreed was computed by P. Gordan fdr < 6 ([38]) and by F. von Gall for
degreed = 7,8 ([36], [35]) (the proof of completeness of the generating set for
d = 7 may not be correct). For ternary forms the computations are known only for
forms of degree 3 ([37], [42]) and incomplete for degree 4 ([100], [19]) (a thesis
of Emmy Noether was devoted to such computations). Combinants of two binary
forms of degrees$d;, d») are known in the cases, d; < 4 ([98]; see a modern
account of the casé, = d, = 3 in [83]). Also known are combinants of two
ternary forms of degredd/;, ds) = (2,2), (2, 3) ([28]).
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The theory of linear representations of reductive groups is a subject of numer-
ous textbooks (see, for example, [34], [53]). For the historical account we refer
the reader to [7]. The Cayley-Sylvester formula was first proven by Sylvester in
1878 (see historical notes in [111]). Other proofs of the Cayley-Sylvester formula
can be found in [110], [111], [115]. Hermite’s Reciprocity goes back to 1854.
One can find more about plethysms for representations @fiG[34]. The rela-
tionship between Young diagrams and standard tableaux is discussed in numerous
books (see [65], [115], [123]).

Exercises

51Let® : Pol(F) — Pol,(V) be a covariant of degree and orderp and
I € Pol,,(Pol,(V))St") be an invariant. Consider the composition and compute
its degree and weight.

5.2Let Hess: Pok(k?) — Pok(k?) be the Hessian covariant. Show that it defines
a rational map of degree 3 from the projective space of plane cubic curves to
itself. [Hint: By a projective transformation reduce a plane cubic ktease form

x3 + 23 + 23 + axrori2 = 0 @and evaluate the covariant.]

5.3 Using the symbolic expression of covariants describe all covariants of degree
r on the space P@l").

5.4 Find a covariant of degree 2 and order 2 on the spacg #9l Describe the
locus of indeterminacy for the corresponding rational ap — P2.

5.5Find the symbolic expression for the transvectéht
5.6 Find all covariants of degree 3 for binary forms.

5.7 Define therth transvectantf,, .. ., f.)) of » homogeneous forms invari-
ables by generalizing the definition of the covariant Prove that it is a concomi-
tant and find its multi-degree and order.

5.8 Consider the operation of taking the dual hypersurface in projective space.
Show that it defines a contravariant on the spacg(P9l Find its order and
degree fom < 2.

59Let FF = 0 be a plane curve of degree 4. Consider the set of lines which
intersect it in four points which make an anharmonic (or a harmonic) cross-ratio.
Show the set of such lines forms a plane curve in the dual plane. Find its degree
and show that this construction defines a contravariant on the spa¢gP.oFind

its degree.
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5.10Let G be a finite group which acts on a finitely generated domiinAs-
sume that the action ifaithful (i.e., only g = 1 acts identically). Show that
for any irreducible representatidf’, of G the rank of the module of covariants
Hom(IW7, A)%is equal tadim W,. [Hint: Use the fact that each irreducible repre-
sentation is contained in the regular representation (realized in the group algebra
k|G| of G) with multiplicity equal to its dimension.]
5.11Let M be afinitely generated abelian group anddgt/] be its group algebra
over a fieldk. Show

(i) D(M) = Spm(k[M]) is an affine algebraic group.

(i) D(M) = G, ifand only if M is free.

(iii) The group of rational homomorphism3(M) — G,, is naturally isomor-
phic to M, and the group of rational homomorphisfas — D (M) is isomorphic
to M* = Hom, (M, Z).

(iv) Each closed subgroup d?(M) is isomorphic toD(M') where M’ is a
factor group of)M.

(v) There is a bijective correspondence between closed subgfbop® (M)
and subgroups af/.

5.12Find the roots, dual roots, dominant weights, and fundamental weights for
the groupGG = SL,..
5.13Let L()\) be a representation ¢f with highest weight vectow.

(i) Let [ = kv be the line spanned hy. Show that the stabilize®;, = {g €
G : g-1 =1} is a parabolic subgroup (i.e., a closed subgroup containing a Borel
subgroup).

(i) Show that the mapg — ¢ - v defines a projective embedding of the homo-
geneous spadg/P — P(L()\)).

(iif) Consider the cas& = GL, and\ = w; is one of the fundamental weights.
Show that(z/ P is isomorphic to the Grassmann variety(Gr) and the map de-
fined in (ii) is the Plicker embedding.
5.14In the notation of section 5.1 show tHat= L(w; ) for the group = SL(V).
Show that there is an isomorphism of B&1)“-modules

Pol()" = € Pol(W) 7).
p=0

5.15Let H be a subgroup ofr = SL, which contains the subgroup of upper
triangular matrices.
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(i) Show that for any highest weight modulg ) one haslim; L(\)? < 1
and the equality takes place if and onlyAf is contained in the stabilizer of a
highest weight vector.

(i) Let A(H) be the set of\ for which the equality holds. Show that for any
action of G on X = Spm(A) there is an isomorphism of“-modulesA? =
DreacmAN.

(iii) Consider the example off from the previous problem and find H).

5.16 Let dim V' = 2 and chafk) = 0. Show that there is an isomorphism of
SL(V)-modules
Pok(Poly(V)) = @D Pob,_u(V).

i>0

5.17Let V be as in the previous exercise. Find the decomposition of th@ L
module Po} (V') ® Pol,,(V) into irreducible summands (tf@ebsch—Gordan de-
composition.

5.18Find an irreducible representation of &with highest weight equal to; +
wa.



Chapter 6

Quotients

6.1 Categorical and geometric quotients

Let G be an affine algebraic group acting (rationally, as always) on an algebraic
variety X over an algebraically closed field We would like to define the quotient
variety X/G whose points are orbits. As we explained in Chapter 1 this is a
hopeless task due to the existence of nonclosed orbits. So we need to modify the
definition of X /G; for this we look first at the categorical notion of a quotient
object with respect to an equivalence relation.

Let (X, R) be a set together with an equivalence relattorc X x X. The
canonical map : X — X/R has the universal property with respect to all maps
f:X — YsuchthatR ¢ X xy X = (f x f)"'(Ay). Also we haveR =
X xxg X = (p x p)""(Ax/r). This equality expresses the property that the
fibres of the map are the equivalence classes. Let us express this in categorical
language. LeC€ be any category with fibred products. We definesgnivalence
relation on an objectX as a subobjeck C X x X (or more generally just a
morphismR — X x X) satisfying the obvious axioms (expressed by means of
commutative diagrams). Then we define a quoti&rit? as an object irC for
which there is a morphismp : X — X/R having the universal property with
respect to morphism& — Y such thatR — X x X factors through a morphism
R — X xy X. By definition there is a canonical morphism

R—>X><X/RX. (61)

Note that, in general, there is no reason to expect that the morphism (6.1) will be
an isomorphism or an epimorphism.

91
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Leto : G x X — X be an algebraic action. We say that the gair, o) is
a G-variety and often dropr from the notation. Let : G x X — X x X be
the morphism(o, pr,). This morphism should be thought of as an equivalence
relation onX defined by the action. A7-equivariant morphism of/-varieties
corresponds to a morphism of sets with an equivalence relation. The definition of
a G-equivariant morphisnf : X — Y can be rephrased by saying that the map
VU factors through the natural morphiskh xy X — X x X; this corresponds to
the property(f, f)(R) C A. This suggests the following definition.

Definition. A categorical quotientf a G-variety X is a G-invariant morphism
p : X — Y such that for anyG-invariant morphisny : X — Z there exists
a unique morphisng : Y — Z satisfyingg o p = g. A categorical quotient is
called ageometric quotienf the image of the morphisn¥ equalsX xy X. We
shall denote the categorical quotient (resp. geometric quotient) by — X /G
(resp.p : X — X/@). Itis defined uniquely up to isomorphism.

A different approach to defining a geometric quotient is as follows. We know
how to define a geometric quotient as a set; we next discuss topological spaces.
We put the structure of a topological space ®)G so that the canonical pro-
jectionp : X — X/G is continuous. The weakest topology &G for which
this will be true is the topology in which a subdétC X/R is open if and only
if p~1(U) is open. Then we examine ringed spaces, whose definition is given
in terms of choosing a class of functions an(e.g. regular functions, smooth
functions, analytic functions). 1 € O(U) is a function onU C X/R, then
the compositionp*(¢) = ¢ o p must be a function op~!(U). It is obviously a
G-invariant function. Using this remark we can define the structure of a ringed
space onX/R by settingO(U) = O(p~1(U))“. This makegp : X — X/R a
categorical quotient in the category of ringed spaces. Finally, we want the fibres
of p to be orbits; this is the condition that the morphism (6.1) is an isomorphism.

Definition. A good geometric quotierdf a G-variety X is a G-invariant mor-
phismp : X — Y satisfying the following properties:

(i) pis surjective;

(i) for any open subsdt’ of Y, the inverse image—!(U) is open if and only if
U is open;

(iii) for any open subsety/ of Y, the natural homomorphisp : O(U) —
O(p~1(U)) is an isomorphism onto the subridp—1(U))¢ of G-invariant
functions;
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(iv) theimageoff : G x X — X x X isequal toX xy X.
Proposition 6.1. A good geometric quotient is a categorical quotient.

Proof. Letq¢ : X — Z be aG-invariant morphism. Pick any affine open cover
{Vi}ier of Z. For anyV; the inverse image—'(V;) will be an openG-invariant
subset ofX. Then we have the obvious inclusign'(V;) c p~!(U;), where
U; = p(¢ 1 (V;)). Comparing the fibres over poings€ Y and using property
(iv) (which says that the fibres gfare orbits), we conclude that in fagt!(V;) =
p~Y(U;). By property (i), U; is open inY. Sincep is surjective we get an open
cover{U,};c; of Y. The map;~*(V;) — V; is defined by a homomorphism

a; : O(Vi) = O(q~' (V) = O(p~ " (Us)).

Sinceq is a G-invariant morphism, the image of; is contained in the subring
O(p~1(U;))¢ of O(U;). This defines a unique homomorphigitV;) — O(U;),
and hence a unique morphigmn U, — V; (becausé’; is affine). Itis immediately
checked that the mags agree on the intersectiot§ N U;, and hence define a
unique morphisng : Y — Z satisfyingg = g o p. O

Proposition 6.2. Letp : X — Y be aG-equivariant morphism satisfying the
following properties:

(i) for any open subset/ of Y, the homomorphism of rings* : O(U) —
O(p~Y(U)) is anisomorphism onto the subridp~1(U))% of G-invariant
functions;

(i) if W is a closed>-invariant subset of thenp(11) is a closed subset af;

(iii) if Wy, W, are closed invariant subsets &fwith 1V, N, = (), thenp(W;)N

Under these conditionsis a categorical quotient. It is a good geometric quotient
if additionally

(iv) theimageofl : G x X — X x X isequal toX xy X.
Conversely, a good geometric quotient satisfies properties (i)—(iv).
Proof. This is similar to the previous proof. With the same notation, let

Wi=X\q (V).
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This is a closed~-invariant subset ofX, hence, by (ii),U; = Y \ p(W;) is an
open subset ot". Clearly,p~!(U;) C ¢ '(V;). Since(),W; = 0, by (iii) we
have(, p(W;) = 0, henceY = J,U;. Now composing the homomorphisms
a; : O(V;) — O(q¢~1(V;))€ with the restriction homomorphisi®(¢—*(V;))¢ —
O(p~HU;))¥ = O(U;) we get a homomorphisi®(V;) — O(U;). SinceV; is
affine this defines a morphisty — V; whose composition with : p~(U;) — U;

is the mapg : p~'(U;) — V;. Gluing together these morphisms we construct
Y — Z as in the proof of Proposition 6.1. This shows thais a categorical
quotient.

Let us check that under condition (iy): X — Y is a good geometric quo-
tient. First we see that is surjective. Indeed, (i) implies thatis dominant and
(iii) implies thatp(.X) is closed. Also property (i) implies property (i) of the def-
inition of a good geometric quotient. In fact,jif ' (U) is open, thenX \ p=(U)
is closed and--invariant. Since is surjective, its image is equal 16\ U and is
closed. Thereforé is open. This checks the definition.

Conversely, assume: X — Y is a good geometric quotient. Properties (i)
and (iv) follow from the definition. Let us check properties (ii) and (iii)). The
setU = X \ W is open and invariant. Since the fibresofre orbits,U =
p~!(p(U)) and hence(U) is open. For the same reasdit, = p—'(p(W)) and
hencep(W) = Y \ p(W) is closed. Furthermord}; N W, = p~(p(W1)) N
p H(p(Wy)) = p~t(p(W1) N p(Ws)). This checks property (iii). O

Corollary 6.1. Under the assumptions from the preceding Proposition, the map
p: X — Y satisfies the following properties:

(i) two pointsz, 2’ € X have the same image inif and only ifG - NG - &’ #
0;

(i) for eachy € Y the fibrep~!(y) contains a unique closed orbit.

Proof. In fact, the closures of orbits are closédinvariant subsets itk. So if
G-xNG-2 =0, p(G-z)Np(G-2/) = 0. But both sets contain the point
p(z) = p(a’). Conversely, ifp(z) # p(z’), we get thatG - z andG - 2’ lie in
different fibres. Since the fibres are closed subgeéts; andG - 2/ lie in different
fibres, and hence they are disjoint. This proves (i). To prove (ii) we notice that by
(i) two closed orbits in the same fibre must have nonempty intersection, but this is
absurd. Since each fibre contains at least one closed orbit, we are done.[]

Definition. A categorical quotient satisfying properties (i), (i) and (iii) from
Proposition 6.2 is called @good categorical quotient
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Remarks6.1 1. Note that condition (ii) in the definition of a good geometric
quotient is satisfied if we require

(i)’ for any closedG-invariant subsef of X, the imagey(Z7) is closed. Also,
together with condition (iii) this implies the surjectivity of the factor maplin
fact, condition (iii) ensures that the maps dominant, i.e., its image is dense in
Y. But by (i), the image ofp must be closed.

2. SupposeX is an irreducible normatr-variety over an algebraically closed
field of characteristio, andp : X — Y is a surjectivez-invariant morphism such
thatY” is normal and each fibre over any point Y is an orbit. Themp : X — Y
is a geometric quotient. The proof is rather technical and we omit it (see [75],
Proposition 0.2).

3. The definitions of categorical and geometric quotients are obviously “local”
in the following sense: Ip : X — Y is aG-equivariant morphism, anfl/;} is
an open cover of” with the property that each : p~!(U;) — U, is a categorical
(resp. geometric) quotient, thens a categorical (resp. geometric) quotient.

6.2 Examples

Let us give some examples.

Example6.1 Let G be a finite group considered as an algebraic group over a
field k. Assume thatX is quasi-projective. Then the geometric quotiéiftG
always exists. In fact, assume first thatis affine. By Theorem 3.1, the algebra
O(X)¢% is finitely generated ovek. LetY be an affine algebraic variety with
O(Y) = O(X)%. By the theorems on lifting of ideals in integral extensions, the
mapp : X — Y = X/G satisfies properties (ii) and (iii) from Proposition 6.2.
Also, the groupG acts transitively on the set of prime ideals@{X) which lie

over a fixed prime ideal oD (Y") (see, for example, [9], Chapter §2, Theorem

2). Thisshows that : G x X — X xy X is an isomorphism.

Now let X C P" be quasi-projective but not necessarily affine. Kebe the
closure ofX. LetO C X be an orbit and lef’ be a homogeneous polynomial
vanishing onX \ X but not vanishing at any point @». ThusO is contained in
an affine subsdt’ = X \ V(F). Recall that the complement of a hypersurface in
a projective space is an open affine subset. This impliegthiaging closed in an
affine set, is affine. Let/(O) = (,c(g - U). This is an opertz-invariant affine
subset ofX containingO. By letting O vary, we get an open affin@-invariant
covering{U;} of X. We already know that each quotient: U; — U;/G =V;
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exists. We will glue thé’; together to obtain the geometric quotipntX — X /G

(we refer to the gluing construction of algebric varieties in section 8.2). To do this
we observe first thal/; N U; is affine andU; N U;/G is open inV; andV}; this
follows from considering the affine case. Thus we can dglbandV; together
along the open subsé}; = U; N U,/G; we do this for all; and;j. The resulting
algebraic variety” is separated. In fact we use that in the affine situation

(Xl X XQ)/(Gl X Gg) = Xl/Gl X XQ/GQ,

whereG; x G5 acts onX; x X, by the Cartesian product of the actions. Thus
the image ofAx N (U; x U;) in (U; x U;)/(G x G) = U;/G x U;/G is closed,
and, as is easy to see, coincides with N (V; x V;). This shows that\y is
closed. It remains to prove thaf/G is quasi-projective; we shall do this later.
Note that, if X is not a quasi-projective algebraic variefy/ G may not exist in

the category of algebraic varieties even in the simplest case whisrof order

2. The first example of such an action was constructed by M. Nagata ([77]) in
1956 and later a simpler construction was given by H. Hironaka (unpublished).
However, if we assume that each orbit is contained @#-gvariant open affine
subset, the previous construction works aad~ exists.

Examples.2 Let A = ;- A; be afinitely generatekl-algebra with a geometric
grading (see Example 3.1). Consider the corresponding actid#,obn X =
Spm(A). Letz, be the vertex ofX defined by the maximal ide&b;, A;. Then
the open subset’ = X'\ z is invariant and the geometric quotiekiy/ G,,, exists
and is isomorphic to the projective variety Prdjf). We leave the details to the
reader.

Example5.3 Let H be a closed subgroup of an affine algebraic grétandG/ H

be the coset space (see Example 3.3). The canonical proj&ctionG/H is a
good geometric quotient. We omit the proof, referring the reader to [53], IV, 12,
where all conditions of the definition are verified.

Let us show now that the categorical quotient of an affine variety always exists.
We will need the following lemma.

Lemma 6.1. Let X be an affineG-variety, and letZ; and Z, be two closed>-
invariant subsets witl; N Z, = (). Assume_ is geometrically reductive. Then
there exists &-invariant functiony € O(X)% such thaip(Z,) = 0, ¢(Z,) = 1.

Proof. First choose a functiop € O(X), not necessarily--invariant, such that
©(Zy) = 0,¢(Zy) = 1. This is easy: since the sum of the ideals definifigand
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Zy is the unit ideal, we can find a function€ I(Z;) and a functions € 1(Z,)
suchthat = a+ . Then we take» = «. LetIV be the linear subspace 6 X)
spanned by the translate$(y),g € G. We know that it is finite-dimensional
(Lemma 3.4); letpy, ..., v, be a basis. Consider the mdp: X — A" de-
fined by these functions. Clearly(Z;) = (0,...,0), f(Z2) = (1,...,1). The
groupG acts linearly on the affine space, defining a linear representation. By def-
inition of geometrically reductive groups, we can find a nonconstaivariant
homogeneous polynomidl € k[Z;,..., Z,] such thatF'(1,...,1) = 1. Then

¢ = f*(F) = F(ypy,...,p,) satisfies the assertion of the lemma. O

Now we are ready to prove the following main result of this chapter:

Theorem 6.1.LetG be a geometrically reductive group acting on an affine variety
X. Then the subalgebr&®(X)¢ is finitely generated ovek, and the canonical
morphismp : X — Y = SpmO(X)%) is a good categorical quotient.

Proof. The first statement is Nagata’'s Theorem proven in Chapter 3. To show that
p is a good categorical quotient, we apply Proposition 6.2. First of all, property
(i) easily follows from the fact that taking invariants commutes with localizations.
More precisely, iff € O(X)Y, then(O(X);)¢ = (O(X)%);; this is easy and

we skip the proof. Next leZZ be a closed~-invariant subset off. Suppose
p(Z) is not closed. Ley € p(Z) \ p(Z). ThenW, = Z andW, = p~(y) are

two closedG-invariant subsets ok with empty intersection. By the preceding
Lemma, there exists a functione O(X)“ such thaty(Z) = 0,6(p~1(y)) = 1.
Sincep = p*(¢) for somep € O(Y'), we obtainpy(p(Z)) = 0, p(y) = 1. But this

is absurd sincg belongs to the closure @f Z). This verifies condition (ii). Now

let Z; and Z, be two disjointG-invariant closed subsets &f. As above we find

a functiony € O(Y') with o(p(W1)) = 0, o(p(W>)) = 1. This obviously implies
thatp(Z,) N p(Zy) = 0. This verifies (iii). O

Example6.4. We have already discussed this example in Chapter 1G1etGL,,
act on itself by the adjoint action, i.¢- x = gxg~'. For each matrixy € GL, we
consider the characteristic polynomial

det(g —tI,) = (=t)" + c1(g)(—t)" " + -+ + culyg).

Define a regulaiG-equivariant map: : GL,, — A" by the formulac(g) =
(c1(g9),...,cn(g)). We claim that this is a categorical quotient. To check this it
is enough to verify thah (G)¢ = klcy, ..., c,)] = k[Zy, ..., Z,]; this is what we
did in Chapter 1. It is clear that the fibre ©floes not consist of one orbit, so the
quotient is not a geometric quotient.
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6.3 Rational quotients

We know that neithetX/G nor X//G exists in general. So a natural problem
is to find all possible open subsets &ffor which the categorical or geometric
guotient exists. Geometric invariant theory gives a solution to this problem when
we additionally assume that the quotient is a quasi-projective algebraic variety.

Let us first show that any open subgefor which a geometric quotiertf /G
exists must be contained in a certain open subSgf We will assume in the
sequel that7 is connected. Otherwise, we consider its connected compé#fent
containing the identity element. It is a normal closed subgroupr @nd the
quotientG/G? is a finite group. It is easy to see (see Exercise 6.11) that we can
divide by G in two steps: first divide by=°, and then divide the quotient by the
finite groupG/G°.

For any pointz € X we have a regular map

0,:G—X, g—o(g,x):=g-z.

Clearly the image of this map is tlig-orbit O(x) of the pointz.

The set theoretical fibre of this map at a pains denoted by-,. and is called
the isotropy subgroumf z in the actionos. It is a closed subgroup af, hence
an affine algebraic group. If ch@rn = 0, the set theoretical fibre ef, coincides
with the scheme theoretical fibre (or, in other words, the latter is a reduced closed
subscheme ofr). We are not going to prove this; to do so we would have to go
into the theory ofgroup schemeand prove the fundamental result of the theory
that every group scheme over a field of characteristic zero is reduced.

Since all fibres otr,, over points in @x) are isomorphic (they are conjugate
subgroups of7,), the theorem on the dimension of fibres (see [104]) gives

dim O(z) = dim G — dim G,. (6.2)

If O(z) # O(x), the complemen®(x) \ O(z) is a proper closed subset Ofz),

hence its dimension is strictly less thdim O(z). Take anyy € O(z) \ O(x) and

consider its orbit Qy). Sincedim O(y) < dim O(x), applying (6.2) toy we see
that

dim G, < dim G, (6.3)

Let
I =3 (Ax)={(g,2) € Gx X :0(g,7) = x}.

This is a closed subset 6f x X. Consider the second projection,pr/ — X.
Its fibre over a point: € X is isomorphic to the isotropy subgrodp,. By the



6.3. RATIONAL QUOTIENTS 99

theorem on the dimension of fibres applied tg, pinere exists an open subsegt,
of X such thadim G, = d for all z € Xeganddim G, > dforall x & Xeq.

Applying (6.2) we obtain that for any € X,eqthe orbit Qz) is closed inX,eq
and has dimension equal dom G — d. Also, any other orbit inX has dimension
strictly less thanlim G — d. LetU be anyG-invariant open subset of for which
a geometric quotient/ — U/G exists. We assume tha& is irreducible. So
pu : U N Xeg # 0 and hence some of the orbits &h must be of dimension
dim G — d. By the theorem on dimension of fibres all fibreppfhave dimension
greater than or equal tim GG — d and hence all fibres gf;; have dimension equal
todim G — d. Therefore they are contained Mg and hencé/ C Xieq.

Thus we get a necessary condition for the existenc€ /@f: U must be an
open subset oK eg.

Theorem 6.2. (M. Rosenlicht) Assum& is irreducible. ThenX,¢, contains an

open subsel/ such that a good geometric quotigit— U/G exists with quasi-
projectivelU /G. The field of rational functions obi /G is isomorphic to the sub-
field k(X )¢ of G-invariant rational functions onX .

Proof. The proof is easy if we assume additionally thaits geometrically reduc-
tive andX is affine. LetY” be an algebraic variety with field of rational functions
isomorphic tok(X)“; such aYy” always exists sincé(X)“ is of finite transcen-
dence degree ovér Consider the rational dominant maj., — Y defined by the
inclusion of the fields:(X)“ C k(X). By deleting some subset froiie, we find
aG-invariant open subsét C X.gand a regular map frornfi: U — Y. Replac-
ing Y by an open subset we may assume thet surjective. This is condition (i)
from the definition of a good geometric quotient. For any open subsetU we
have an inclusio®(V) C k(Y) = k(X)“. Sincef*(O(V)) Cc O(f~1(V)) we
see thatf*(O(V)) c O(f~4(V))“. ConverselyO(f~1(V))% C k(X)¢ = k(Y)
and hence)(f~1(V))¢ c O(V). Thus we have checked condition (i) of Propo-
sition 6.2. Sincd/ is G-invariant, the fibres of are unions of orbits. Since any
orbit in X4 is closed inXieq, it is closed inU. By Lemma 6.1 we can separate
closed invariant subsets by functions fr@il”). This shows that the fibres g¢f
are orbits. This checks condition (iv). The conditions (ii) and (iii) of Proposition
6.2 are checked by using the argument from the proof of Theorem 6.1.

Let us give an idea for the proof in the general case. For the details we refer
to the original paper of Rosenlicht ([95]; see also [91], 2.3). Since we do not
assume thak is affine, even ifG' is geometrically reductive we cannot separate
the closed orbits contained in the fibres of the nfap U — Y. Consider the
generic fibre off as an algebraic variety, over the fieldK = k(Y) = k(X)C.
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Let K be the algebraic closure &f. The group(K) acts onl, (K ) and the field

of invariant rational functions is isomorphic 6. All orbits of G(K) have the
same dimension. Suppose that a grétipcts on an irreducible quasi-projective
variety X c PV such that all orbits are of the same dimension and closed. We
define a map fromX to the Chow variety parametrizing closed subsetB’obf

the same dimensioth (see [75], Chapter 46) by assigning to a point € X the
closure of the orbit7 - x. If the image is of positive dimension, we can construct
a nonconstant invariant function oxi by taking the inverse image of a rational
function on the image. Otherwise the image is one point, and we obtaikthat
consists of one orbit. Applying this argumentf(K) we see that it consists

of one orbit. This implies that there is an open subset’ afuch that each fibre
consists of one orbit. Again deleting a closed subset frome may assume that

Y is nonsingular. Since the dimension of all orbits is the same, the morphism
open; this is callechevalley’s criterion(see [6], p. 44). This verifies condition
(i) of the definition of a good geometric quotient. The remaining conditions have
been checked already. Il

Corollary 6.2. The transcendence degreexofX )¢ is equal todim X —dim G+d,
whered = min,c x{dim G, }.

Any model of k(X )¢ is called arational quotientof X by G. We see that
X contains an open subset such that a good geometric québtj€ntexists and
coincides with a rational quotient.

Bibliographical notes

The notions of a categorical and geometric quotients are originally due to Mum-
ford ([75]). Many books discuss different versions of these notions (see [64],
[82]). Many interesting results about the structure of fibres of the quotient maps
have been omitted; we refer to [91] for a survey of these results.

Exercises

6.1 Let G, act onA? by the formulat - (21,22) = (21,22 + t2z;). Consider the
mapA? — Al (z1,20) — 2. IS it a categorical quotient? If so, is it a geometric
guotient?
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6.2LetG,, actonA™ by the formulat - (zy, ..., 2,) = (t% 2z, ..., t"z,) for some
positive integersg, . . ., g, coprime to chaik). Let A = k[T, ..., T,] with the
corresponding geometric grading defined by the action. Show that the geometric
quotient(A” \ {O}) /G,, (see Example 6.2) is isomorphic to a quotienf6f!

by a finite group.

6.3Let A = @, , A; be a graded finitely generatédalgebra, andA®) =

D, Aei- Show that, ife is coprime to cha), A© = A, whereG is a cyclic
group of ordet.

6.4Construct a counterexample to Lemma 6.1 wen G, is the additive group.

6.5In the notation of Nagata’s Theorem show that for any open subsét’, the
restriction mag—!(U) — U is a categorical quotient with respect to the induced
action ofG.

6.6 Describe the orbits and the fibres of the categorical quotient from Example 6.4
whenn = 2.

6.7 Show that the categorical quotient of R@F) by SL, is isomorphic toA®.
Describe the orbits and the fibres of the categorical quotient.

6.8 Let G act on an irreducible affine variety and letf : X — Y be aG-
invariant morphism to a normal affine variety. Assume that coliy (X),Y) >
2 and that there exists an open subSeof Y such that for ally € U the fibre
f~(y) contains a dense orbit. Show that~ X /G.

6.9 Let GG be a finite group of automorphisms of an irreducible algebraic variety.
Prove thati(X/G) = k(X)“.

6.10Show by example that in general the field of fractiénsA“) of the ring of
invariantsA“ is not equal taQ(A4)“. Prove that)(A%) = Q(A)“ if Aisa UFD

and any rational homomorphish — G,, is trivial.

6.11Let G be an algebraic group acting regularly on an algebraic vaegnd

let H be a closed invariant subgroup of finite index. Suppose that a geometric quo-
tientY = X/G exists. Show that geometric quotiedts H and(X/H)/(G/H)
existandX/G = (X/H)/(G/H). Is the same true without assuming titats of

finite index?






Chapter 7

Linearization of actions

7.1 Linearized line bundles

We have seen already in the proof of Lemma 3.5 that a rational action of an affine
algebraic groug on an affine varietyX can be “linearized”. This means that
we canG-equivariantly embed in affine spacé\” on whichG acts via a linear
representation. We proved this by considering the linear space spanned®y the
translates of generators of the algetitaX ). In this chapter we will do a similar
construction for a normal projective algebraic variety. This will be our main tool
for constructing quotients.

Recall that a regular map of a projective varigéfyto the projective space”
is defined by choosing a line bundle(or equivalently an invertible shedf of
Ox-modules, or a Cartier divisdp) and a set of its sections, . . ., s,,. The map
is defined by sending € X to the point(so(z),...,s,(x)) € P". This point is
well-defined if for anyx € X there is a section; such thats;(z) # 0. Often
we will be taking for(so, ..., s,) a basis of the space of sectiongX, L) of L.
The condition above says in this case that for ang X there exists a section
s € T'(X, L) such thats(x) # 0. We say in this case thdt is base-point-free
Letor, : X — P” be a map defined by a base-point-fieeOf course, it depends
on the choice of a basis; different choices define maps which are the same up to
composition with a projective transformation®f. If ¢, is a closed embedding,
L is calledvery ample If LY := L®" is very ample for som&/ > 0, thenL is
calledample

We will often identify L with its total spacéV(L) , which comes with a pro-
jectiont : V(L) — X; locally V(L) is the product ofX and the affine line

103
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Al
Definition. A G-linearization ofL is an actiors : G x L — L such that

(i) the diagram
GxL —2— L

idxwl Wl
G x X # X
is commutative,

(ii) the zero section of. is G-invariant.

A G-linearized line bundle (or Bne G-bundlg over aG-variety X is a pair
(L, o) consisting of a line bundlé over X and its linearization. A morphism of
G-linearized line bundles is @-equivariant morphism of line bundles.

It follows from the definition that for any € G and anyx € X the induced
map of the fibres

0.(9) : Ly — Ly

is a linear isomorphism.
We can view the set of such isomorphisms as an isomorphism of line bundles

a(g): L — g"(L),

where we considey € G as an automorphism — ¢ - x of X. The axioms of the
actions translate into the followingdocycle condition

a(99) =a(g')og™(a(g): L — g™ (L) — g™ (9"(L)) = (9¢')"(L). (7.1)

The collection of the isomorphisnig g) can also be viewed as an isomorphism
of vector bundles
1 pry(L) — o*(L).

The cocycle condition (7.1) is translated into a conditionfowhich can be ex-
pressed by some commutative diagrams; this is left to the reader.

Using the definition of linearization by means of an isomorphdsihis easy
to define an abelian group structure on the set ofdideundles. If : pr;(L) —
o*(L) and®’ : pri(L') — o*(L’) are two lineG-bundles, we define their tensor
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product as the line bundle @ L’ with the G-linearization given by the isomor-
phism:

D@ @ pry(Le L) =pr(L) @ pr(L) — o (L® L) = o™(L) @ o*(L').
Here we use the obvious property of the inverse image
ff(LeL)=f(L)® f(L).

The zero element in this group is the trivial line bundlex A whose linearization

is given by the product x id : G x X x Al — X x A!. This is called the
trivial linearization. The inversg L, @) is equal to(L~!, ®') with &’ defined as

the inverse of the transpose ®f One checks that this again satisfies the cocycle
condition. The structure of an abelian group which we have just defined induces
an abelian group structure on the set of isomorphism classes of-Hmendles.

We denote this group by Pi¢.X). It comes with the natural homomorphism

o : PicY(X) — Pig(X)

which is defined by forgetting the linearization.

Let us now describe the kernel of the homomorphismObserve first that
if f: L — L'is an isomorphism of line bundles add : pr;(L) — o*(L)
is a G-linearization of L, then we can define &-linearization of L’ by setting
¢ =o*(f) oD opri(f). Thus, ifa((L,a)) is isomorphic to the trivial bundle,
we can replace it by an isomorphic liaGebundle to assume thétis trivial. This
shows that Kefr) consists of isomorphism classes of linearizations on the trivial
line bundleL = X x Al

We denote a point ok x A! by (x,t). For anyg € G,

a(g)(x,t) = (g-x,9(g,2)t),

where¥ (g, z) € k*. The functionV : (¢, z) — (g, z) must be aregular function
on G x X which is nowhere vanishing. In other wordg,c¢ O(G x X)*. The
axioms of the action give us that

U(gg',x) = ¥(g,g" - 2)¥(g', x). (7.2)

Let us see when two functiong, U’ define isomorphic linearizations. Let:
X x Al — X x A! be an automorphism of the trivial bundle. It is defined by
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aformula(z,t) — (z,¢(x)t), whereg € O(X)*. It commutes with the actions
defined byl andV’ if and only if

o(g-2)V(g, ) = ¢(x)¥'(g,2).

Or, equivalently, for any € G,

V'(g,x) = U(g,2)p(g - x)/d(x).

Let Za{lg(G, O(X)*) denote the group of functioni satisfying (7.2) considered as
a subgroup of the grouf(G' x X)* and letB,,(G, O(X)*) be its subgroup con-
sisting of functions of the form*(¢)/¢ for somegp € O(X)*. It follows from the
definition of the group structure on FigX) that the product IZ,(G,O(X)*)
corresponds to the tensor product of linearized Gihbundles. So the above dis-
cussion proves the following.

Theorem 7.1. The kernel of the forgetful homomorphiam Pic” (X)) — Pic(X)
is isomorphic to the group

Hag(G, O(X)") := Zuo(G, O(X)") | Bg(G, O(X)").
Note the special case when for any intedrallgebraik
(OX)@r K)*=K"®1.

This happens, for example, whénis affine space, or wheNX is connected and
proper overk. Then
O(G x X)" =pri(0(G)")

and (7.2) gives that
Zao(G, O(X)") = Homug(G, Gr) == X(G),

the subscript indicating that we are considering rational homomorphisms of al-
gebraic group. The latter group is called tpy@up of rational charactersf G.

We studied this group whefi was a torus. Also we havwg (¢) = ¢ and hence
Bay(G,O(X)*) = 0. Thus we obtain

Corollary 7.1. Assume) (G x X)* = pr;(O(G)*). Then

Ker(a) = X(Q).
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Remark7.1 According to a theorem of Rosenlicht ([95]), for any two irreducible
algebraic varieties{ andY over an algebraically closed field the natural ho-
momorphism

OX)e@0(Y) - O0(X xY)*
is surjective. Let us give a sketch of the proof. First we use that for any irreducible
algebraic variety the grou@(X)*/k* is finitely generated. (This is not difficult
to prove by reducing to the case of a normal variety and then finding a complete
normal varietyX containingX such thatD = X \ X is a divisor. Then for
any f € O(X)* the divisor of f is contained in the support dP and hence
is equal to a linear combination of irreducible component®ofThis defines an
injective homomorphism from the grodp( X )*/k* to a finitely generated abelian
group.) Now assume we have an invertible functidm, y) on X x Y. For a fixed
x € X we have a function,(y) = ¢(z,y) € O(Y)*. SinceO(Y)*/k* is a
finitely generated group, the map — O(Y)*/k*,x — ¢.(y) modulok* must
be constant. Of course to justify this we have to show that this map is given by
an algebraic function; this can be done. So assuming this, we obtain(that)
is equal to a function)(y) up to a multiplicative factor(z) depending orx. So
o(z,y) = c(x)(y) as asserted.

7.2 The existence of linearization

To find conditions for the existence ofalinearization of a line bundle we have to
study the image of the forgetful homomorphismThis consists of isomorphism
classes of line bundles o¥i which admit somé&--linearization. We start with the

following lemma.

Lemma 7.1. Let G be a connected affine algebraic group, andXebe an alge-
braic G-variety. A line bundle. over X admits aG-linearization if and only if
there exists an isomorphism of line bundlespr;(L) — o*(L).

Proof. We already know that this condition is necessary, so we show that it is suf-
ficient. Assume that such an isomorphism exists. The problem is that it may not
satisfy the cocycle condition (7.1). Let us interpdets a collection of isomor-
phisms®, : L — ¢*(L). Wheng = e, the unity element, we get an automorphism
., : L — L. Itis given by a functions € O(X)*. Composing altb, with ®_!,

we may assume that, = id;. Now the isomorphisme,, andg*(®,) o ¢,

differ by an automorphism af. Denote it byF'(g, ¢') so that we have

Dyg 0 F(gagl) = 9,*((1)9) oDy
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The cocycle condition means that(g,¢’) = id,. So far we have only that
F(e,g) = F(g,e) = id, for anyg € G. Let us identify the automorphism
F(g,¢') with an invertible function o1t x G x X. By Rosenlicht’s Theorem which
we cited in Remark 7.1, we can writ€(g, ¢')(x) = Fi(g)Fs(¢')Fs5(z). Since
F(e,¢',z) =1andF(g,e, x) = 1, the functionsF,(g) F5(z) and Fi(g) F3(x) are
constants. Thusj(x) is constant and hendg andF; are constants. This implies
that /' = 1. This proves the assertion. O

Remark7.2 The existence of an isomorphisin: prs(L) — ¢*(L) means thal.

Is aG-invariant line bundle. So the preceding lemma asserts thatzainyariant
line bundle admits &:-linearization provided thaf~ is a connected algebraic
group. The assertion is not true @ is not connected. For example, assume
that G is a finite group. The functiong'(g, ¢') which we considered in the pre-
ceding proof form a 2-cocycle @ with values ink* (with trivial action of G in
k*). The obstruction for the existence otalinearization lies in the cohomology
group H*(G, k*). The latter group is called the group 8€hur multipliersof G.

It has been computed for many grou@sind, of course, it is not trivial in general.
If we denote the subgroup @#-invariant line bundles by P{& )¢, then one has
an exact sequence of abelian groups

0 — Hom(G, k*) — Pic®(X) — Pic(X)% — H?*(G, k). (7.3)

Lemma 7.2. Assume thatX is normal (for example, nonsingular) ar@ is a
connected affine algebraic group. Lat € X. For any line bundlel, on G x X
we have

L 2 prj(L|G x z9) @ pry(Lle x X).

Proof. It is enough to show that = pri(L,) ® pry(L,) for someL, € Pic(G)
andL, € Pic(X); then it is immediately checked thaf = L|G x zo and Ly =

Lle x X. To do this we use the following fact about algebraic grodpsontains

an open Zariski subsét isomorphic to(A! \ {0})". For GL, this follows from

the fact that any matrix with nonzero pivots can be reduced to triangular form by
elementary row transformations. We also use the fact that the homomorpkjism pr
Pic(X) — Pic(A!\ {0} x X)) is an isomorphism (see [46], Chapter 2, Proposition
6.6). These two facts imply thdt|U x X = pri(Ls) for some line bundld., on

X. Let D be a Cartier divisor oz x X representing. (i.e., L = Ogxx(D)).
Then the preceding isomorphism implies that there exists a Cartier divison

X such thatD’ = D — pri(D,)|U x X = 0. For every irreducible component,

of D’ its image inG is contained in the closed subsét= G \ U. By the theorem
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on the dimension of fibres, the fibres of prD; — Z must be of dimension equal
to dim X. This easily implies thaD, = pr;(D;), whereD; C Z. ThusD' =
pri(D;) for some Weil (and hence Cartier becatsis nonsingular) divisor ofy.
So we have the equality of Cartier divisdps= pr;(D;)+prs(Ds). This translates
into an isomorphism of line bundlds= pr; (Og(D1)) ® prs(Ox(D,)). O

Define now a homomorphisi: Pic(X) — Pic(G) by
0(L) = (pry(L) @ 0" (L™H)|G x o,

wherez, is a chosen point itk. Supposé (L) is trivial. By the preceding lemma
applied toM = pr;(L) ® o*(L~") we obtain thatV/ = pry(M|e x X). But the
restriction ofo and py, to e x X are equal. This implies that/ is trivial, hence
there exists an isomorphist : pr;(L) — o*(L). By Lemma 7.1,L admits a
G-linearization. This proves

Theorem 7.2. Let G be a connected affine algebraic group acting on a normal
variety X. Then the following sequence of groups is exact

0 — Ker(a) — Pic?(X) % Pic(X) 2 Pic(G).

Corollary 7.2. Under the assumption of the theorem, the imag®idf (X) in
Pic(X) is of finite index. In particular, for any line bundle on X there exists a
numbern such thatZL®" admits aG-linearization.

Proof. Use the fact that for any affine algebrategroup G the Picard group
Pic(G) is finite (see [66], p.74). Il

Remark7.3. The assertion that Ri€) is finite can be checked directly for many
groups. For example, the group is trivial I6r= GL,,, G}, G, since these groups
are open subsets of affine space. To comput@Ritor G = PGL,, SL,,, we use
the following facts. Let’ be an irreducible hypersurface of degreie PV. Then

Pic(PY \ V) = Z/dZ. (7.4)

This isomorphism is defined by restricting a sheaf to an open subset. Another fact,
which is not trivial, is that
Pic(V) = Zh, (7.5)

wherelh is the class of a hyperplane sectionlgfprovidedN > 4. This is called
the Lefschetz Theorewn hyperplane sections (see [40], p. 169).
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Now notice thati = PGL, is isomorphic taP™*~! \ V, whereV is given by
the determinant equatiatet(z;;) = 0. This gives

Pic(PGL,) = Z/nZ.

On the other hand, SLis isomorphic to the complement of a hyperplane section
xoo = 0 of the hypersurface

det((i;)1<ij<n) — 6o = 0
in P**. So whem: > 2 we can apply (7.4) to obtain
Pic(SL,,) = 0.

There is a notion of a simply connected semi-simple algebraic group (which
makes sense over an arbitrary algebraically closed field). For all such groups
Pic(@) is trivial. Any G is isomorphic to a quotient:/A, whereG is simply
connected andl is a finite abelian group whose dual abelian group is isomorphic
to PigG). For example(s = SL, for G = PGL,. For simple algebraic groups
Pic(G) is a subgroup of the abelian grouliD) defined by the Cartan matrix of

the root system of the Lie algebra@f Here are the values of(D) for different

types of simple Lie algebras:

An Bn Cn D2k: D2k+1 F4 GQ EG E7 ES
Z/(n+1)Z ZJ27 Z)27 (ZJ2Z)* ZJAZ 1 1 Z/3Z ZJ2Z 1

We refer to [88] for a description of the Picard group of any homogeneous space
G/H.

7.3 Linearization of an action

Now we are ready to prove that any algebraic action on a normal quasi-projective
variety can be linearized. Ldt be aG-linearized line bundle, let¥’ = I'(X, L)

be its space of sections, and &te an affine algebraic group. The grodacts
naturally and linearly o by the formula

p(9)(s)(x) = (g, s(a(g™", x))),
or, in simplified notation,

o). (7.6)
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We know that any finite-dimensional subspdé€ of V' is contained in aG-
invariant finite-dimensional subspa¢€ generated by the translates of a basis
of W’. Thus we obtain a linear representation

p: G — GL(W).

Assume that the linear systeW is base-point-fredi.e., for anyx € X there
existss € W such thats(z) # 0). ThenWV defines a regular mapy : X —
P(W*) by the formula

ow(z) ={s € W :s(z) =0}.

Here we identify a point irP(W*) with a hyperplane ifV. Note that although
“s(x)” does not make sense (since it depends on a local trivializatidr),ahe
equalitys(z) = 0 is well-defined. The representation (7.6)lin defines a repre-
sentation ini* and the induced projective representatio®{i’*). It is given
by the formula

g-H=yg"'(H),

whereH is a hyperplane im/’. Now

ow(g-z) = {s€eW:s(g-z)=0}
={seW:g's(g-2)=0} = {seW:(¢g"' s)(x)=0}
=g ' (ow(x) = g-ow(x).

This shows that the map,, is G-equivariant.
Choosing a basigsy, . . ., s,) in W we obtain a&-equivariant rational map

f: X =P z (so(x),...,s0(x)).

If the rational map defined by a basis bf’ is an embedding, then this map is
an embedding too. Now lgt: X — PV be an embedding ok as a locally
closed subvariety of projective space. We tdke- i*(Opn~ (1)). Whenn is large
enough L®" = i*(Opn (n)) admits aG-linearization. LetV’ C T'(X, L®") be the
image of '(PY, Op~ (n)) under the canonical restriction magPY, Op~ (n)) —
I'(X, L®™). Obviously,IW" is a finite-dimensional base-point-free linear system.
It defines an embedding of into projective space which is the composition of
i and a Veronese map, : PV — p("")-1 (obtained from the Veronese map
vg : P(KNTY) — P(Pol,(kN*1)) by choosing bases). Replacif’ with a G-
invariant linear systenil” as above, we obtain a linearization of the actiorGof
onX.
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Theorem 7.3.Let X be a quasi-projective normal algebraic variety, acted on by
an irreducible algebraic grougs. Then there exists &-equivariant embedding
X — P, whereG acts onP" via its linear representatio’ — GL,, .

Example7.1 Let G = PGL,,; act onX = P” in the natural way. Let us see
that the line bundl@s. (1) is notG-linearizable butp. (n + 1) = Opx (1)2+1)
is. We viewG as an open subset of the projective spBRCEN = n? + 2n =
dim G) whose complement is the determinant hypersurfaggven by the equa-
tiondet((7;;)) = 0. The actioro: G x X — X is the restriction t&7 x X of the
rational mapy’: PV x P"— — P" given by the formula

n n

o' ((aij), (xoy ..., xy)) = (Z ATy, ..., Z anjxj>.

j=0 7=0

Note that this map is not defined at any pdidt ) such thatlet(A) =0, A-x =

0. The restriction of the projectio®” x X — P¥ to the setZ of such points is

a birational map onto the determinant hypersurface (it is an isomorphism over the
subset of matrices of corank equal to 1). Side of codimension> 2 in PV x P?

the line bundles*(Op« (1)) is the restriction of a line bundle d¥¥ x P". The
formula for the action shows that this bundle must Gg@g~ (1)) @ prs(Opn (1)).
Thuso*(Op« (1)) restricted to(PY \ A) x {z} is isomorphic to the restriction

of Opn (1) to PV \ Z. If Opn(1) admits a linearization, we have' (Opn (1)) =
pr;(Op- (1)), and hence the latter line bundle must be trivial. However, by (7.4),
it is a generator of the group PRV \ A) = Z/(n + 1)Z.

Bibliographical notes

The existence of a linearization of some power of a line bundle on a normal com-
plete algebraic variety was first proven in [75] by using the theory of Picard vari-
eties for complete normal varieties. Our proof, which is borrowed from [66], does
not use the theory of Picard varieties and applies to any normal quasi-projective
varieties. One can also consider veatbbundles of arbitrary rank (see for exam-
ple [101]); however, no generalization of Corollary 7.2 to this case is known to
me.
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Exercises

7.1Let L be aline bundle over a connected affine algebraic group. Show that the
complementL* of the zero section of. has the structure of an algebraic group
such that the projection map : L* — G is a homomorphism of groups with
kernel isomorphic tds,, .

7.2Let G be a connected affine algebraic group. Show #igi(G, O(X)*) is a
homomorphic image of the groud(G). In particular it is trivial if X is connected
and complete.

7.3Use Rosenlicht's Theorem from Remark 7.1 to show that any invertible regular
function f € O(G)* on a connected affine algebraic grodpwith value 1 at the
unity e € G defines a rational character Gf

7.4 Let X be a nonsingular algebraic variety anddébe its finite group of au-
tomorphisms. Show that the group Pi&) is isomorphic to the group ofi-
invariant Weil divisors modulo linear equivalence defined®bynvariant rational
functions. [Hint: Use Hilbert's Theorem 90 which asserts tHa{G, k(X)*) =
0.]

7.5LetG,, act on an affine algebraic variely defining the corresponding grading
of O(X). Let M be a projective module of rank 1 ovél(X') and letL be the
associated line bundle o¥i. Show that there is a natural bijective correspondence
betweenG-linearizations ofL and structures o (X )-graded modules ofi/.

7.6 Show that any line bundle on a normal irreducible vari&tyon which SL,
acts admits a unique Stlinearization.

7.7Let f : X — P(V) be aG-equivariant map, wheré&' acts onP(V') via its
linear representation. Show that= f*(Op(1)) admits aG-linearization and
the mapf is the map given by the line bundle

7.8 Show that the total space of the line bundle= Op-(1) is isomorphic to the
complement of a point ifP**!. Describe the unique Sl -linearization ofL in
terms of an action of the group SL; on the total space.






Chapter 8
Stability

8.1 Stable points

From now on we will assume thét is a reductive algebraic group acting on an
irreducible algebraic varietX. In this chapter we will explain a general con-
struction of quotients due to D. Mumford. The idea is to ca¥eby open affine
G-invariant setd/; and then to construct the categorical quoti&tG by gluing
together the quotientsS; /G. The latter quotients are defined by Nagata's Theo-
rem. Unfortunately, such a cover does not exist in general. Instead we find such a
cover of some open subset&f So we can define only a “partial” quotietit/ G.

The construction of/ will depend on a parameter, a choice affdinearized line
bundleL.

Definition. Let L be aG-linearized line bundle oX andx € X;

() =z is calledsemi-stablgwith respect tol) if there existsm > 0 ands €
['(X, L™) such thatX, = {y € X : s(y) # 0} is affine and contains.

(i) xis calledstable(with respect td.) if there exists; as in (i) and additionally
G, is finite and all orbits of7 in X, are closed.

(i) « is calledunstable(with respect td) if it is not semi-stable.

We shall denote the set of semi-stable (respectively stable, unstable) points by

XS(L), XS(L), X“S(L).

115
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Remark8.1 1. ObviouslyX®YL) and X5(L) are openG-invariant subsets (but
could be empty).

2. If L is ample andX is projective, the setX; are always affine, so this
condition in the definition of semi-stable points can be dropped. In fact, for any
n > 0, X;» = X, SO we may assume thatis very ample. Letf : X — P¥
be a closed embedding defined by some complete linear system associated to
Then X is equal to the inverse image of an affine open subs@{imhich is the
complement to some hyperplane. Since a closed subset of an affine set is affine
we obtain the assertion.

3. The restriction ofL. to X®%L) is ample. This is a consequence of the
following criterion of amplenessL is ample on a varietX if and only if there
exists an affine open cover af formed by the setX,, wheres is a global section
of some tensor power di. For the proof we refer to [46], p. 155.

4. The definitions of the setX (L), X5(L), X“S(L) do not change if we
replacel by a positive tensor power (agalinearized line bundle).

5. Assumel is ample. Letr € X5 L) be a point whose orbit' - x is closed
and whose isotropy subgroup, is finite. | claim thatz € XS(L). In fact let
r € X, be as in the definition of semi-stable points. Then theZset {y € X :

dim G, > 0} is closed inX, and does not interse¢t - z. SinceG is reductive,
there exists a functiop € O(X,)% such that)(G - z) # 0,¢(Z) = 0. One can
show that there exists some number 0 such thaips®" extends to a sectiosi

of some tensor power at (see [46], Chapter 2, 5.14). Sincé is irreducible,
this section must bé&-invariant. Thust € X, C X, and all points inX, have
zero-dimensional stabilizer. This implies that the orbits of all pointXinare
closed inX,. This checks that is stable.

6. In [75] a stable point is calledroperly stableand in the definition of sta-
bility the finiteness of~, is omitted.

Let us explain the definition of stability in more down-to-earth terms. As-
sume thatl is very ample, and embed equivariantly inP(V'). We have aG-
equivariant isomorphism of vector spaces

I'(X,L™) 2 Poly(V)/ I,

wherel,, is the subspace of Pg{V") which consists of polynomials vanishing on
X . Passing to invariants, we obtain

(X, L™% = (Pol,(V)/I,)°.

Let z* denote a point i/ such thatkz* = » € P(V). Everys € I'(X, L™)¢
can be represented by a polynomigl € Pol,, (V') which is G-invariant modulo
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I,,. In particular,F is constant on the orbit of* for any pointz € X. Clearly
s(z) # 0if and only if F; does not vanish om*. So the set of unstable points is
equal to the image if?(1") of the set

N(G;V)={veV:F(v)=0VF € @ Pol,(V)}

m>0

This set is called theull-coneof the linear action of7 in V. Itis an affine variety
given by a system of homogeneous equationsfine cong Letv € V and Qv)
be its orbit inV". Supposé € O(v). Then for anyG-invariant polynomialF’ we
have F(v) = F(O(v)) = F(0) = 0. Thus the corresponding point= kv in
X is unstable. Conversely, if is unstable) € O(v). In fact, otherwise we can
apply Lemma 6.1 and find an invariant polynomflsuch thatP(v) # 0 but
P(0) = 0. If we write P as a sum of homogeneous polynomi&ls of positive
degree, we find somg,, which does not vanish at Thenx is semi-stable. This
interpretation of stability goes back to the original work of D. Hilbert ([47]).

8.2 The existence of a quotient

Let us show that the open subset of semi-stable (respectively stable) points admits
a categorical (respectively geometric) quotient.

First we have to recall the definition of the gluing construction of algebraic
varieties. Let{ X, }.c; be a finite set of affine algebraic varieties. Tdieing data
is a choice of an open affine sub$gf C X, for eachj € I, and an isomorphism
¢ji « U;; — Uj; for each pair(é, j) € I x 1. Itis required that

() U;; = X;, andg;; is the identity for each € I,

(i) forany i, j,k € I, ¢;;(U;; N Uy,) C Uy, and

(érj © Hi)

Let R be an equivalence relation on the ¢t , X; defined byr ~ y if and
only if there exists a paifi, j) € I x I suchthat € U;;,y € U;; andy = ¢;;(x).
The assumptions (i) and (ii) show that it is indeed an equivalence relation. Let
X be the corresponding factor set and et | |,_, X; — X be the canonical
projection. We equipX with the topology for which a subséf is open if and
only if p~(V) is open in the Zariski topology. The restrictign of p to X;
defines a homeomorphism &f with an open subseéf of X so thatX = J,., V;
andp;(U;;) = V; Nn'V;. We also introduce the notion of a regular function on an

UijﬂUik = ¢]€Z UijﬂUik'



118 CHAPTER 8. STABILITY

open subset C X. By definition, this is a collection of regular functiorfs

onp; (V) C X; such that(f;|u,,) o ¢;; = filu, foranyi,j € I. LetOx(V)

be thek-algebra of regular functions oWi. The assignment’ — Ox (V) is

a sheaf ofk-algebras, called thstructure sheafof X. The pair(X, Ox) is an
example of aringed spacei.e., a topological space equipped with a sheaf of
rings. Ringed spaces form a category. A morphism of ringed sgace8y) —

(Y, Oy) is a continuous map : X — Y such that for any open subsétc Y

and¢ € Oy (V), the compositionp o f € Ox(f~(V)). Each open subsét of

X is equipped with the structure of a ringed space whose structure &hemsf

equal to the restriction @Dy to V. Each quasi-projective algebraic variety can be
considered as a ringed space, the structure sheaf is the sheaf of regular functions.
It follows from the definition that the ringed spac&, Ox) obtained by gluing

of affine varieties is locally isomorphic to an affine variety, i.e., it admits an open
cover by subsets which are isomorphic to affine varieties as ringed spaces; in the
notation from above each open 3éts isomorphic taX;. Thus we are led to the
notion of anabstract algebraic varietyhich is a ringed space locally isomorphic

to an affine algebraic variety. One usually adds a separatedness property which
ensures that the intersection of two open affine subsets is an affine variety. An
abstract algebraic variety{ is isomorphic to a quasi-projective algebraic variety

if and only if there exists an ample line bundleover X which is used to embed

X into projective space. We leave it to the reader to define the notion of a line
bundle over an abstract algebraic variety. A useful criterion of ampleness of a line
bundle was given in Remark 8.1.3.

Theorem 8.1. There exists a good categorical quotient
m: X¥L)— X¥L))G.

There is an open subsét in X(L)/G such thatXs(L) = =~ *(U) and the
restriction ofr to X5(L) is a geometric quotient oX3(L) by G. Moreover there
exists an ample line bundl® on X*%(L)//G such thatr* (M) = L®", restricted
to X3 L), for somen > 0. In particular, X35 L) /G is a quasi-projective variety.

Proof. Since any open subset af is quasi-compact in the Zariski topology we
can find a finite se{sy, ..., s, } of invariant sections of some tensor power/of
such thatXs$(L) is covered by the set&, . Obviously we may assume that all
the s; belong tol' (X, L®N)¢ for some sufficiently largeV. LetU; = X,,,i =
1,...,r. For everyU;, we consider the rin@(U;)“ of G—invariant regular func-
tions and letr; : U; — Y; := U; /G with O(Y;) = O(U;)“ as constructed in
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Nagata’'s Theorem. For eachj we can consides;/s; as a regulatz-invariant
function onU;. Let ¢,; € O(Y;) be the corresponding regular function on the
quotient. Consider the open subg#ip;;) C Y;. Obviously

m  (D(¢i5)) = m; (D(¢ji)) = U N U

This easily implies that both sef®(¢,;) and D(¢;;) are categorical quotients

of U; N U;. By the uniqueness of categorical quotient there is an isomorphism
a;; + D(¢i;) — D(¢j). Itis easy to see that the set of isomorphisfns; }
satisfies the conditions of gluing. So we can glue together the quotieatisd

the mapsr; to obtain a morphismr : X3%(L) — Y, whereY = X5%(L)/G. To
show thatY” is separated it is enough to observe that it admits an affine open cover
by the sets; which satisfies the following propertie$; NY; = U, N U, /G are
affine andO(Y; N'Y;) is generated by restrictions of functions fraf{Y;) and
O(Y;). The latter property follows from the fact th&(U; N U;) is generated by
restrictions of functions fron®(U;) andO(U;). In fact, the separatedness also
follows from the assertion that is quasi-projective. So let us concentrate on
proving the latter.

Note that the covefU,},—, . of X5(L) is a trivializing cover for the line
bundle L’ obtained by restriction of to X% L). In fact, by Remark 8.1.3 is
ample; hence we may assume that some tensor pbivéiis very ample. This
implies thatZ'®" is equal to the line bundl¢*(Op- (1)) for some embedding :
XS(L) — P". The sections?" of L'® is equal to the sectiofi*(h) whereh is
a section of0p.(1). Thus the open subsét is equal tof ~1(V;) whereV; is an
open subset dP™ isomorphic to affine space. This shows tharestricted toU;
is equal to(f|y,)*(Op-(1)]V;). However,Op-(1)|V is isomorphic to the trivial
line bundle since any line bundle over affine space is isomorphic to the trivial
bundle. By fixing some trivializing isomorphisms we can identify the functions
(54/5)|v,nu, With the transition functiong,; of L. As we have shown before,
si/s; = m*(¢;;) for some functions;; € O(Y;). We use the transition functions
hij = ¢ij|Y; N'Y; to define a line bundlé/ onY". Obviouslyr*(M) = L'. Letus
show that)/ is ample. First we define some sectiandy settingt;|y, = ¢;; for
a fixed; and variable. Since for anyiy, i,

¢i2j = ¢’i1j¢i2i1
the ;]y; ny;, differ by the transition function of\/, hencet; is in fact a section
of M. Clearlyr*(t;) = s; andY;, = Y;. As above, since alt; are affine, we

obtain thatM is ample. Sincer : X3%(L) — Y is obtained by gluing together
good categorical quotients, the morphisiis a good categorical quotient.
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It remains to show that the restriction ofto XS(L) is a geometric quotient.
By definition X5(L) is covered by affine ope@i-invariant sets wheré&' acts with
closed orbits. Since is a good categorical quotient, for amyc X(L) the fibre
7~ !(m(z)) consists of one orbit. Thus| xs(1 is a good geometric quotient. [

In the case whelh is ample andX is projective, the following construction of
the categorical quotients(L) /G is equivalent to the previous one.

Proposition 8.1. Assume thak is projective and. is ample. Let

R=@r(x, L.

n>0

Then
XS(L) )G = Projm(R%).

In particular, the quotientX*(L) /G is a projective variety.

Proof. First of all, we observe that by Nagata’s Theorem the alg&tés finitely
generated. It also has a natural grading, induced by the grading oRe-
placing L by L®¢ we may assume that® is generated by elements, .. ., s,

of degreel. LetY = ProjmR“) be the projective subvariety @&" corre-
sponding to the homogeneous idéag¢qual to the kernel of the homomorphism
k[Ty, ..., T, — RE T; — s;. (The reader should go back to Chapter 3 to recall
the definition of ProjmA) for any finitely generated gradédalgebraA.) The
elementss; generate the ideah = RS generated by homogeneous elements of
positive degree. Thus the affine open déts= X, cover Xs%L). On the other
hand the open set§ = Y N {T; # 0} form an open cover of" with the prop-
erty thatO(Y;) = O(U;)¢. The mapd/; — Y; define a morphisnkXsS(L) — Y
which coincides with the categorical quotient defined in the proof of the preceding
theorem. [

Remark8.2 If we assume thak is very ample, and embeds in the projective
spaceP(I'(X, L)*) = P(V), then we can interpret the null-cone as follows. The
sectionss; from the proof of the preceding proposition defingraequivariant
rational mapX — P,z — (so(x),...,s,(x)). The closed subset of where
this map is not defined is exactly the closed subvariety efjual toX "N (G; V),
where the bar denotes the image of the null-cang=; V') in P(V). So dele-
ting this closed subset frofX we obtain the seXs%(L) and the quotient map

X3%(L) — X3%(L) ) G.
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Remark8.3. Note that the morphisiX (L) — X35 L)/ G is affine, i.e., inverse
image of an affine open set is affine. There is also the following converse of the
preceding proposition. Ldl be aG-invariant open subset of such that the
geometric quotient : U — U/G exists and is an affine map. Assui¢G is
quasi-projective. Then there existszalinearized line bundld. such thaty C
X?(L). For the proof we refer to [75], p. 41.

8.3 Examples

Example8.1 Let X = P* andG = SL,.; acting onP™ naturally via its linear
representation. We know that = Op. (1) admits a unique Sl linearization
(Exercise 7.7). We also know from Chapter 5 that,Rél'"!) is an irreducible
representation fofz. Therefore, for anyn > 0,

['(X, Opn(m))“ = Pol, (k") = {0}.

This shows thaf*(L) = ().
Example8.2 Let X = P", G = G, with action defined by the formula

t-(xo,...,x,) = (tPxo,...,t7"z,).

Hereqo, ..., q, are some integers. We assume thak ¢; < --- < ¢,. Since
Pic(P") = ZOp(1) and X (G,,) = Z we have Pit(P") = 72, A G-linearized
bundle must be of the forr@®- (m); it defines aG-equivariantveronese embed-
dingP" — PN(™, whereN(m) = dimk[Ty, ..., Tp)m — 1 = ("I™) — 1. The
groupG,, acts onP™™ by the formulat : z;, ;, + t%t Fmg, . where

x;, .4, 1S the coordinate in the Veronese space corresponding to the monomial
Ty Ty, 01 < - < i,,. Now the linearization is given by a linear representa-
tion of G,, in the spacék|Ty, ..., T,]»)* which lifts the action in the correspond-

ing projective space. Obviously it is defined by the formula

t: Liy iy, t_atqi1+'..+QimZL’i1_..im, (81)

for some integern. Thus theG-linearized bundles can be indexed by the pairs
(m,a) € Z*. Denote the corresponding line bundle by ,. RaisingL,, , to the
rth power as & -linearized bundle corresponds to replacing a) with (rm, ra).

We know thatX*%(L) does not change if we repladeby L®". So we may

assume that = L, ,,, where by definitiort°(P", LY ) is defined only forV
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divisible byq and H° (P, L®]\;q) H°(P"™, Ly np/q)©- In other words we permit
a to be a rational number in formula (8.1) and consider invariant polynomials of
degree a multiple of the denominatorcofHere the invariance means that for any
t e k",
F(t= g, ... 7 g ) = F(xg, ..., 2,).

Assume now that, < 0. It is obvious thaiI‘(IP’”,L%iV)G =0forall N > 0 if
a < qoOora > g, Thisimplies thatXs5(L, ,) = 0 if a & [qo, ).
Whena = ¢y, we have

@HO (P", LYN)E = k[Ty, ..., Tl

if go ="+ = qm < gms1. HENCE
XSS<L17CL> =pP" \ {IO = =Ty = O}

and
X(Ly1,) /G = Projmk[Ty, ..., T,,]) = P™.

In particular, ifq; > qo, the quotient is the point.

Next, we increase the parameter If ¢,, < a < ¢,.1, We have further
invariant polynomials. For example, if = s/d, the monomiaTéqu+1_STi‘lﬁfs
belongs toPy_, H*(P", LYY )C. So the setX*Y(L,,) becomes larger and the
categorical quotient changes. In fact one can show that the quotients do not change
whena stays strictly between two different weightsand do change otherwise.

ExampleB.3. Consider the special case of the previous example wjgere0 and
¢1 = -+- = q, = 1. The restriction of the action td™ is given by the formula

te(z1,0 oy 2n) = (t- 21, .t 2p).

If we takeL = L, , for a = 1/2 we get
PreE, Lim e = kLT, ... TyT,).
m=0

This shows thatX"S(L) = V(7Ty) U V(13,...,T,). In other words, the set of
semi-stable points is equal to the complement of the hyperplane at irfinity0
and the point(1,0,...,0). So it can be identified witlA™ \ {0}. The quotient
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is of courseP™ . Since the groug: acts on this set with trivial stabilizers, we
obtain that all orbits are closed and the quotient is a good geometric quotient.
Similar conclusions can be made for any rationa (0,1). If « = 1, we have

reE, Ly =k, ... T,
m=0

Thus
X(L)=P"\V(Ty,...,T,,) =P"\ {(1,0,...,0)}.

The categorical quotient is the saifie but the set of semi-stable points is differ-
ent.

Example8.4. Let X = A" andG = G,,. Every line bundle is isomorphic to the
trivial bundleL = X x A'. As we saw in Chapter 7, itS-linearization is defined
by the formula

t-(z,0) = (-2 x(t)v),

wherey : G,, — G,, is a homomorphism of algebraic groups. It is easy to see
that any such homomorphism is given by the formula> t* for some integer

a. Infacty* : k[T, T7'] — k[T, T'] is defined by the image d¢f, and the
condition that this map is a homomorphism implies that the image is a power of
T. So letL, denote the7-linearized line bundle which is trivial as a bundle and
whose linearization is given by the formula

t-(z,v)=(t-zt%).
A sections : X — L, of L, is given by the formula
s(z) = (2, F(2))

for some polynomial'(Z) € k[Z] = O(A"). The groupG acts on the space of
sections by the formula— *s, where

ts(2) = (2,t* - F(t7' - 2)).
Thuss € I'(X, LE™)C if and only if
F(t-z)=t""-F(z) forallz € k™ teck*.

Whena = 0, the constant polynomial defines an invariant section éf*™ for
anym. ThusX®%(L,) = X and

X)G = SpmO(X)Y) = Spmk|[Zy, ..., Z,]°™).
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Recall that &,,,-action on an affine variety is equivalent t@agrading of its ring

of regular functions; the ring of invariants is the subring of elements of degree 0
(see Example 3.1). In our ca¥ X ) = k[Z,, ..., Z,] but the variableg/; are not
necessarily homogeneous. If we can make a linear change of variables such that
they are homogeneous, then the action is given by a formula

(21,0, 2n) = (%21, .., 19 2).

In this case we say that the action®f, on A" is linearizable. It is an open prob-
lem (a very difficult one) whether any action@f,, on affine space is linearizable.
It is known to be true fon < 3.

Assume now thatv > 0. Since we know that the set of semi-stable points
and the quotient do not change when we repladsgy its tensor power, we may
assume thak = 1. Then

o

@FXL@”” =@z, Zalm = k21, ... Zo]s0.

m=0

The subringk[Z, ..., Z,]>¢ is a finitely generated algebra ovellZ,, . . ., Z,]o.
Thus

rx, L™ = k2, ..., Zu]so

m>0

is afinitely generated ideal 71, . . ., Z,|>o. Let f1, ..., f be its homogeneous
generators. Then

X¥(La) = D(fi)U---UD(fn),
X¥Lo))Gr = Di(fi)U---UDy(fm),
whereD, (f;) = Spmk[Z, ..., Z,|,)) (see Example 3.1).
Similar conclusion can be reached in the case 0.

Example8.5. A special case of the previous example is wiigp acts onA™ by
the formula

te(z1y.0y2n) = (t12, ..t 2y),
whereg; > 0. If « = 0, we getk[Z,,. .., Z,]o = k so the quotient is one point.
If « <0, weqgetk[Z,...,Z,|<0 = {0}, so the set of semi-stable points is empty.

Finally, if « > 0, we get

X=D(Z)U---UD(Z,) = A"\ {0},
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and the construction of the categorical quotient coincides with the construction
of the weighted projective spaé¥q, ..., ¢,) (see Example 3.1). So we see two
different ways to defin®”: as a quotient oP"*! and as a quotient of"*!.

ExampleB.6. Let G be agairis,, andX = A* with the action given by the formula
t- (Zly 29y %3, 24) == (tZl, tZQv t_lz37 t_lz4)~

As in the previous example, eachlinearized line bundle is isomorphic to the
trivial line bundle with theiz-linearization defined by an integer We have

(X, LE)C = k[Z]ra.

However, this time the grading is weighted; the weights(aré, —1, —1).
Assumea = 0. Then for anyr > 0,1 € I'(X, Ly")¢ = T'(X, Ly)¢. Hence
X = X3(L), and

O(X) = k[Z)o = k[Z1Z3, Z1Zs, ZaZ3, Za Z4) C k|Z)].

We have a surjectioh[Ty, Ty, T3, Ty] — O(X)¢, defined byl — 7,75, T, —
le4, T5 +— ZQZg, Ty — ZyZy. This shows that

O(X)C = k[T, Ty, Ts, Ty] /(T\ Ty — ToTs).

Thus X L) /G,, is isomorphic to the closed subvariety of A* given by the
equation
T1T4 - T2T3 == O

This is a quadric cone. It has one singular point at the origin.
Assumea > 0. Again, without loss of generality we may take= 1. It is
easy to see that

B k2], = k[ Z)o0 = Z1k[Z) 0 + Zok[Z] 0.
Thus
XS(Ly) = A*\ V(Z1, Zy).
This set is covered by, = D(Z,) andU,; = D(Z,). We have

O = k[Z)(z) = k[Z]o[ %2/ Z1],
OUL)C = k[Z)(z,) = k[Z)[21/Z5).
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We claim thatX®S(L,)/G is isomorphic to a closed subvariéty of A* x P} given
by the equations

T1Z2 - T3Z1 = O, TQZQ - T4Zl - O, T1T4 - TQTg = O

Here we us€Z;, Z,) for homogeneous coordinates. In fact, this variety
is covered by the two affine open sétsgiven by Z; # 0,7 = 1,2. Itis easy
to see thaO(Y;) = O(U;)“. We also verify that these two sets are glued to-
gether as they should be according to our construction of the categorical quotient.
Thus we obtain an isomorphisiy = Y, = X°9(L,)/G,,. In fact, we have
X%(Ly) = X*(L,) so thatY, is a geometric quotient. Note that we have a canon-
ical morphism

J+: Y =Y

which is given by the inclusion of the ring§Z], ¢ O(U;)“. Geometrically it
is induced by the projectioA* x P! — A?*. Over the open subs&} \ {0} this
morphism is an isomorphism. In facty \ {0} is covered by the open subsets
Ui = YyN D(Ty),i = 1,...,4. The inverse imag€&, = f.'(U,) is contained
in the open subset whet® # 0. SinceZ,/Z; = T3/T; we see thaf, induces
an isomorphisnO(U;) — O(U,). Similarly we treat the other piecé§. Over
the origin, the fibre off, is isomorphic taP!. Also, we immediately check that
Y, is a nonsingular variety. Thug : Y, — Y} is a resolution of singularities of
Yy. Itis called asmall resolutionbecause the exceptional set is of codimension
> 1. The reader familiar with the notion of the blowing up will recognize
as the variety obtained by blowing up the closed subvariefy, afefined by the
equationsl; = 73 = 0.

Assumen < 0. Similar arguments show that = X*(L_,)/G,, is isomor-
phic to the closed subvariety &f' x P} given by the equations

T124 - T2Z3 = 0, T3Z4 - T4Z3 - O, T1T4 - TQTg - O

We have a morphism
Y. =Y,

which is an isomorphism oveéf, \ {0} and whose fibre ove{0} is isomorphic to
P'. The diagram
Y, Y.
JEURN /-
Y
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represents a type of birational transformations between algebraic varieties which
nowadays is called a “flip”. Note that, is not isomorphic tar"_, but they are
isomorphic outside the fibreg ' (0) = P*.

Bibliographical notes

The theory of stable points with respect to an algebraic action was developed in
[75]. There is nothing original in our exposition. The examples given in the chap-
ter show the dependence of the sets of stable points on the choice of linearization
of the action. Although this fact was implicitly acknowledged in [75], the serious
study of this dependence began only recently; see [23], [117] and the references
there. One of the main results of the theory developed in these papers is the finite-
ness of the set of open subsets which can be realized as the set of semi-stable
points for some linearization.

Exercises

8.1Let X be a homogeneous space with respect to an action of an affine algebraic
groupG. AssumeX is not affine. Show that for ang € Pic”(X) the setXsY(L)

IS empty.

8.2 A G-linearized line bundle is calle@-effectiveif X°5(L) # (. Show that

L ® L'is G-effective if bothL and L’ are G-effective.

8.3 Let G,, act on an affine algebraic variety and letO(X) = ,., O(X);
be the corresponding grading. Defidg = O(X)y, A>o = @,~, O(X); and
similarly A<y, A~o, Aco. Let L € Pic“(X) be trivial as a line bundle. Show
that there are only three possibilities (up to isomorphistfS(L) = X, X \
V(I,),X \ V(I.), wherel, (resp.l_) is the ideal inO(X) generated by4 ,
(resp.A_). Show that in the first cas&® L) /G,, is isomorphic to Sprfd,), in
the second (resp. the third) ca¥€%( L)/ G,, is isomorphic to Projrpd-,) (resp.
Projm(A<)).

8.41n Example 8.6 show that the fibred prod@ét: Y, Xy, Y_ is a nonsingular
variety. Its projection td is an isomorphism outside the origin, and the inverse
imageFE of the origin is isomorphic t&" x P'. Show that the restrictions of the
projections fromy” to Y. to E coincide with the two projection majs x P! —
P!,
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8.5Let G be afinite group acting regularly oxi. Show that for any. € Pic”(X),
X3%(L) = X3(L). Also X5(L) = X if L is ample. Show that the assumption of
ampleness is essential (even for the trivial group!).

8.6 Let G = SL,, act by conjugation on the affine spatg, of n x n matrices.
Consider the corresponding action@®bn the projective spac¥ = P(M,,). Find
the setsXs(L), X5(L) whereL € Pic®(X).

8.7Leti : Y — X be a closed+-invariant embedding, and lé&t, = i*(L) where

L is an ample&-linearized line bundle oX. Assume thaiX is projective and~

is linearly reductive, e.g. char(= 0. Prove that, forany € Y,

yeY(i'(L) & i(y) € X3(L),
y €Y' (L))o < i(y) € X*(L)o).

8.8 Consider Example 8.1 with = 3 andgy = 0,91 = 2,92 = 2,93 = 3. Find all
possible categorical quotients.



Chapter 9

Numerical criterion of stability

9.1 The function u(x, \)

In this chapter we shall prove a numerical criterion of stability due to David
Hilbert and David Mumford. It is stated in terms of the restriction of the action
to one-parameter subgroups. The idea of the criterion is as follows. Suppose an
affine algebraic groupr acts on a projective varietyf C P" via a linear represen-
tationp : G — GL, ;. This can be achieved by taking a very am@ldinearized
line bundleL on X. As in Chapter 8, we denote by a representative ih"+!

of a pointz € X. We know thatr € X“(L) ifand only if0 € G -z*. If H is

a subgroup of7, thenH - x* C G - z*, SO one may detect an unstable point by
checking thad € H - x* for some subgroup/ of GG. Let us take forH the image

of a regular homomorphism : G,, — G (a one-parameter subgroupf ). In
appropriate coordinates it acts by the formula

At) - x* = (t™xg, ..., t""xy,).
Suppose alin; for which z; # 0 are strictly positive. Then the map
Age t AT\ {0} — AL s A (2) - 2

can be extended to a regular map : A' — A™*! by sending the origin oA! to

the origin of A", It is clear that the latter belongs to the closure of the orbit of
x*, hence our point is unstable. Similarly, if alln; are negative, we changeto

A~! defined by the formula=!(¢) = A(¢~!) to reach the same conclusion. Let us
set

(e, N) == miin{mi cx; £ 0}

129
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So we can restate the preceding remark by saying that if there axistthe set
X (G)* of one-parameter subgroups @fsuch thatu(x, \) > 0 or u(z, A7) >
0, thenz is unstable. In other words, we have a necessary condition for semi-
stability:
r e XL) = p(x,\) <0, Ve X(G)". (9.1)

Assume the preceding condition is satisfied ad, \) = 0 for some\. Let us
show thatr is not stable. In the preceding notation, Iet {i : z; # 0, m; > 0},

and lety = (yo,...,yn), Wherey, = z; if i ¢ I, andy; = 0if ¢ € 1. Obviously,

y belongs to the closure of the orbit efunder the action of the subgrowpG,,,).

If = were stable, then by definition of stabilitymust be in this orbit. However,
obviously \(G,,) fixesy, so thaty cannot be stable. Thus we obtain a necessary
condition for stable points:

z € X5(L) = p(z,\) <0, YA€ X(G). (9.2)

We have to show first that the numberge, \) are independent of a choice of
coordinates inA"*!, and also that the previous condition is sufficient for semi-
stability. Let us start with the former task and do the latter one in the next section.

Letz € X andz* € A""! be as above. Take a one-parameter subgroup
A G, — G, foranyt € k* the corresponding point(¢) - = is equal to the
point with projective coordinate&™ox,, . .., t" x,), wherem/ = m; — u(z, \)
if x; # 0 and anything otherwise. Thus when weiejo to0, we obtain a point
in X with coordinates; = (yo, - .., yn), Wherey; # 0 if and only if z; # 0 and
m; = u(x, A). The precise meaning of “letgo to0” is the following. We have a
map

Aot AT\{0} = X, t—= A1)

SinceX is projective this map can be extended to a unique regular map

AP — X,
We set B -
2lfil% A(t) - x = X (0), tlim A(t) - @ := Ay(00).
Obviously

lim A(t) - x = lleir% NG IEE?

t—o0

So our pointy is equal talim; ., A\(¢) - z. Now it is clear that for any € &

At) -y =y,
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that is,y is a fixed point for the subgrou(G,,,) of G. Also the definition ofy is
coordinate-free. Furthermore, for any vecjorovery,

M) -y = tHENy, (9.3)

This can be interpreted as follows. Restrict the actiorGobn X to the ac-
tion of G,, defined byA. Then L has a naturafls,,-linearization and, since
y is a fixed point,G,, acts on the fibre,; this defines a linear representation
py : G, — GL; = G,,. We know the geometric interpretation of the total space
V(Opr(—1)) of the line bundlede- (—1). It follows from this that the fibre of the
canonical projectiod\"*! \ {0} — P" over a pointz € X can be identified with
V(Opn(—1)), \ {0}. Thus from (9.3) we get that,, acts on the fibre., " by
the charactet — t*(*»). Hence it acts on the fibrg, by the rational character
t — t~#@N_ This gives us a coordinate-free definitiongfr, \). In fact, this
allows one to define the numbgf (z, \) for any G-linearized line bundld. as
follows. Lety = lim; o A(¢) - . Then\(G,,) C G, and, as above, there is a
representation df,,, on the fibreL,,. It is given by an integer which is taken to be
_:uL (ZL‘, )‘)

In the case whem(z, \) > 0, we can give another coordinate-free geomet-
ric interpretation ofu(z, \). Let Iy C k[Ty,...,T,] be the homogeneous ideal
defining X in P" andA = k[T, ..., T,]/Ix be the homogeneous coordinate ring
of X. We haveX = Projm(A). LetCx = Spm(A) c A" be the affine cone
over X. Letx andz* be as above. A one-parameter subgrawgs above defines
a morphism

A - A — Cy.
Let ¢ : A — Ek[t] be the corresponding homomorphism of the rings of regular
functions. The image of the maximal idealdefining the vertex of’'x generates
a principal idealt™™) c k[t]. | claim that

m(A) = u(x, \). (9.4)

In fact, the composition o : A — k[t] with the canonical homomorphism
k[To, ..., T,] — Ais given by the formuld; — ¢™:, where

Ao (1) = (t™ag, ..., t"a,), 2°=(ag,...,a,).

Sincem is generated by the cosets of thg we see that(m) is generated by the
monomialst™ such that:; # 0. Now the assertion follows from the definition of

p(z, A).
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9.2 The numerical criterion

Now we are ready to prove the sufficiency of conditions (9.1) and (9.2). The
following is the main result of this chapter.

Theorem 9.1.Let G be a reductive group acting on a projective algebraic variety
X. LetL be an ampl&7-linearized line bundle oX and letx € X. Then

re XNL) & phx,\) <0 forall Ae X(G)"

r€ XS(L) & pF(x,\) <0 forall \e X(G).

Before starting the proof of the theorem, let us recall the notion of properness
of a map between algebraic varieties. We refer to [46] for the details.

Definition. A regular mapf : X — Y of algebraic varieties over an algebraically
closed fieldk is calledproperif for any varietyZ overk the mapf xid : X x Z —

Y x Z is closed (i.e., the image of a closed subset is closed). A vaXiesyproper
(or completg overk if the constant magX’ — Spm(k) is proper.

We shall use thealuative criterion of propernegsee [46]). For any algebraic
variety X overk, and anyk-algebrak’, the set of morphisms of algebraic varieties
SpmK) — X can be viewed as the s&t(K') of points with values inkK. If X
is affine, X (K) = Hom,(O(X), K), as was defined in section 3.3.Xf is glued
together from affine varietieX;, and K is a field, thenX (K) is glued together
from the X, (K).

Let R be a discrete valuation algebra o¥ewith residuek-algebra isomorphic
to k (e.g.,R = k[[t]] is the algebra of formal power series ovgrand let be
its field of fractions. IfX is glued together from affine varietie’;, then it is
separated if and only if the natural mag R) — X (Q) is injective (thevaluative
criterion of separatednegsin particular, it is always injective for quasi-projective
algebraic varieties, with which we are dealing. A regular nfap X — Y of
varieties over: defines a magx : X(K) — Y(K) of K-points. In particular,
the residue homomorphistR — k induces a mapX(R) — X(k), which is
called the residue map. Then the valuative criterion of properness asserts that a
regular mapf : X — Y is proper if for anyy € Y (R) C Y(K), the natural map
(fr)"'(y) = (fg)~*(y) is bijective.

Example9.1 Any closed subvarietX of P" is proper over. First of allP" is
proper overk. Any Q-point of P comes from a uniqu&-point after multiplying



9.3. THE PROOF 133

its projective coordinates:, . . ., x,,) by some power of a generatoof the max-

imal ideal of R. Now, it follows immediately from the definition of properness
that a closed subvariety of a proper variety is proper. On the other hand, an affine
variety is obviously not proper. Let us show th&t = P™ \ {(1,0,...,0)} is

not complete. First notice that the point. .. t) € A"(Q) = Q™ is a@-point of

A"\ {0} = D(z1)U---UD(z,). Infact, it belongs to any open subgetz;) since

it corresponds to a homomorphisin: O(D(x;)) = k[xy, ..., x,]., — Q defined

by z; — t. However, this point does not come from aRypoint of A™ \ {0}. In
facte;(z;') =t~' ¢ Rforanyi = 1,...,n. NowA™\ {0} c P"\{(1,0,...,0)}
and(1,t,...,t) € X(Q) but(1,¢,...,t) € X(R).

We will need the following fact.

Lemma 9.1. (Cartan-lwahori-Matsumoto) LeR = £[[T']] be the ring of formal
power series with coefficients inand let@ = k((7)) be its field of fractions.
For any reductive algebraic groupr, any element of the set of double cosets
G(R)\G(Q)/G(R) can be represented by a one-parameter subgtbufs,, —

G in the following sense. One considersas ak(T')-point of G and identifies
k(T with a subfield of((T")) by considering the Laurent expansion of rational
functions at the origin of\!.

Proof. We prove this only for the casé = GL,,; we refer to the original paper of
Iwahori and Matsumoto for the case ctiar= 0 (see [56]). In the case of positive
characteristic one has to modify the lemma (see Appendix to Chapter 1 of [75] by
J. Fogarty).

A @Q-point of G is a matrixA with entries inQ). We can write it as a matrix
TT A, whereA € GL(n, R). SinceR is a principal ideal domain, we can reduce
the matrix A to diagonal form so thatt = C,DC,, whereC; € G(R), andD
is the diagonal matrix did@™,...,7"|. Now we can define a one-parameter
subgroup of7 by

A(t) = diagt™, ..., t™].

Then represents the double coset of the polnt G(Q) as asserted. [

9.3 The proof

Let us prove Theorem 9.1. We have already proved the necessity of the conditions.
First of all, by replacingl with a sufficiently high tensor power, we can place
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ourselves in the following situatiorz acts on a projective spaé® by means of
a linear representation: G — GL,,,;, X is aG-invariant closed subvariety of
P™. We have to prove the following.

Letz € X andz € X \ X3(L). Then there existd € X(G)* such that
pl(x, \) > 0. Moreover, ifx € XY(L) then there exista € X (G)* such that
pt(x, \) > 0.

From now on we drog. from the notatiorn.”(x, \), remembering that =
i*(Opn(n +1)).

Assumep(z,\) < 0 forall A € X(G)*. We have to show that € X*.
Supposer ¢ X5 Choose a point* overz. Thenthe mam : G — V =
A" g +— ¢ - 2%, is not proper. In fact, if it is propek; - z* is closed and the
fibre of a over z* is proper overk (Exercise 9.4). Since the fibre is a closed
subvariety of an affine variety, it must consist of finitely many points (Exercise
9.3). This easily implies tha¥, is finite andG - x is closed, so that is a stable
point, contradicting the assumption. By the valuative criterion of properness, there
exists ank-point of V' which, viewed as &)-point of V, has an inverse image
underag : G(Q) — V(Q) but does not arise from ang-point of G. In other
words, there exists an elemepte G(Q) \ G(R) such thaty - 2* € V(R) =
R™1. By Lemma 9.1 we can writg¢ = g;[\|g2, Whereg;, 9> € G(R), and
[A] € G(Q) which comes from a one-parameter subgraupet g, be the image
of g, under the “reduction” homomorphisti(R) — G(k) corresponding to the
natural homomorphism® — &, >". ;7" — a,. We can write

92 919 = (92" [\32)g2 ' 9.
The expression in the parentheses {g-goint of G defined by a one-parameter

subgroup\ = g,'\g, of G. Choose a basi&y, ..., e,) in k"*! such that the
action of \'(G,,) is diagonalized. That is, we may assume that

N(t)-e;=t"e;, i=0,...,n.
This is equivalent to
N]-e;=T"e;, i=0,...,n.
Thus, if we writez* = xfeg + - - - + e, we obtain
(@91 g2 = (N (G292 - 2))i = T7(35 g2 - )i
Sinceg - x* € R™!, this tells us that

(G5 g2 - %) =T " (g5 g7 g - 2*); € T R. (9.5)
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This implies that; > 0 if 7 # 0. In fact, the elemeny; ' g, is reduced to the
identity modulo(T'), hence(g, g, - #*); modulo (T) are constants equal td'.
On the other hand, they are equallto™a; modulo(T") for somea; € R. This of
course implies that; > 0 if « # 0.

Recalling our definition of:(x, \') we see thaf(xz, \’) > 0. This contradic-
tion shows that € X®if p(xz, A) < 0 for all A.

Assume now thap(z, A) < 0 for all A. We have to show that € XS5 If
x is unstablep) € G - x* and hence we can chooges G(K) \ G(R) such that
g-z* € R""is reduced to zero moduld@") (this follows immediately from the
proof of the valuative criterion of properness). Therefore the left-hand side of
(9.5) belongs t&" "' R and hence we get > 0 if 7 # 0. Thusu(z, \') > 0.
This contradiction proves the theorem.

9.4 The weight polytope

Recall from Chapter 5 that a linear representation of a térus G/, in a vector
spacelV splits into the direct sum of eigensubspaces

V= Vi,
(T)

XEX

where
Vi={veV:t-v=x(t)o}

Also recall from Chapter 5 that there is a natural identification between the sets
X(T) andZ" which preserves the natural structures of abelian groups on both
sets. We define thweight sef the representation spateby setting

wt(V) = {x € X(T) : Vi # {0}}.

This is a finite subset ¢f". Its convex hull inR" is called thewveight polytopeand
is denoted byvt(V). Let us choose a basis bf which is the sum of the bases of
theweight space¥’, x € wt(V'). In this basis our representation is defined by a

homomorphismy : T"— GL,, given by a formula

t 0 ... ... 0
0O t™ 0 ... 0
ot ot =| . . L ] (9.6)

0O ... ... 0 tm



136 CHAPTER 9. NUMERICAL CRITERION

where we use the vector notation for a mononafal= ¢ - - - 7.

Now let A : G,, — T be a one-parameter subgroupof It is given by a
formulat — (t*,...,t%) for somea = (ay,...,a,) € Z". Composing the
representatiop with A\ we have a representatigm A : G,, — GL,, given by the
formula

tam 0 e 0
0 trm2 (L. 0
t— . } . . . . (9-7)
0 .. ... 0 trmn

Letz € P(V) withz* = Y v\, v, € Vy. We define theveight sebf = by
setting
wt(z) = {x € X(G) : v, # 0}. (9.8)

We define theveight polytopef x by setting

wt(z) = convex hull of wt¢) in X(G) @ R = R™. (9.9)
If we choose coordinates ¥ as in (9.7) and write* = («y, ..., a,) then
wt(z) = {m; : a; # 0}.
SinceA(t) - z* = (t*™ ay, ..., t*"™q, ), we obtain that

pX(z,\) =min{a-m; : a; # 0} = min (), x).

XEWt(x)
(Recall that the natural bilinear pairifig, x) — (), x) betweenX (T)* andX (T')
is defined by the compositiopo A € X(G,,,) = Z. When we identifyX'(7")* and
X (T) with Z", it corresponds to the usual dot-product.)
Example9.2 Let T" be the subgroup of diagonal matrices in GLConsider its
natural representation i = £". Then wt{V') = {ey,...,e,}, wheree; are the
unit basis vectors. Each corresponds to the character: diagty, ..., t,] — t;.
The weight spac#’,, is the coordinate axige;. The weight polytope oV is the
standard simplex

=1

The weight set of a point € P"~! with projective coordinateguy, . . ., a,) is the
set{e; : a; # 0}. Its weight polytope is the subsimpléx € A,, : z; # 0}. If Xis
given bym = (my,...,m,) € Z" corresponding to — diagt™, ..., t""], then

Mopn_ﬂl)(x’ A) = min{m, : a; # 0}.
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Clearly, one can always finoh such that this number is positive, so all points are
unstable.

In the case whetyr is a torus we can restate Theorem 9.1 in the following way.

Theorem 9.2. Let G be a torus and le. be an ample~-linearized line bundle
on a projectiveG-variety X. Then

reX¥L) & 0ewt(z),
r € XL) < 0 € interior(wt(z)).

Proof. We use a well-known fact from the theory of convex sets. Nebe a
closed convex subset @". For any pointa € R™ \ interior(A) (resp. a €

R™ \ A) there exists an affine functiop : R™ — R such thatp(a) < 0 (resp.

¢(a) < 0), andgp(A) C R>o. Moreover, the proof of this fact shows that one can
choosep with integral coefficients ifA is the convex hull of a set of points with
integral coordinates. We refer for the proofs to any textbook on convex sets (see
for example [84]). The result follows. Il

Now let G be any reductive group acting linearly on a projective varigty
P", and L be the restriction toY of some positive tensor power 6fp- (1). We
know that any one-parameter subgroug-dfas its image in a maximal tordsof
G, and hence can be considered as a one-parameter subgfbuNodv, applying
Theorem 9.1, we obtain

XD = () XN,

maximal tori T

X = () XL
maximal tori T’

HereT runs over the set of all maximal tori ¢f, and the subscrigf’ indicates
the restriction of the action (and the linearizationyYto

Let us fix one maximal torug’. Then for any other maximal tords, we can
find ¢ € G such thaty7’g~! = T. From the preceding chapter we know that
is semi-stable (resp. stable) with respech{®:,,) if and only if 0 ¢ A(G,,,) - 2*
(resp.\(G,,) - z* is closed and the stabilizer of in A(G,,,) is finite). It immedi-
ately follows that this property is satisfied if and onlyif = is semi-stable (resp.
stable) with respect tohg ' (G,,,). This implies that

r € Xp/(Lr) & g v € XP(Lr),

and similarly for stable points. Putting these together we obtain
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Theorem 9.3.Let7T be a maximal torus ild7. Then

reX¥L) & Vged, g-xe X (Lr),
reX(L) & Vged, g-xe€ X3(Lr).

9.5 Kempf-stability

To finish this chapter we give a very nice necessary condition for a point to be
unstable in terms of its isotropy subgroup. This is a result due to G. Kempf which
IS very important in applications to construction of various moduli spaces in alge-
braic geometry. LeX C P(V'), whereG acts onX via a linear representation in

V. Supposer € X is unstable. Let be its representative if. We know that
there is a one-parameter subgroup G,, — G such thatim; ., A(t) - v = 0.

We call \ adestabilizing one-parameter subgroapx. Among all destabilizing
one-parameter subgroups:ofve want to consider those for whighiz, ) is max-

imal. Sinceu(z, A\Y) = du(x, \), we should first normalize(x, \) by dividing

it by || A || and show that the maximum is defined. Hére || means the Eu-
clidean norm inR" if we choose to identifyX’(7")* with Z"; of course, the image

of A could belong to different maximal tori, so we have to proceed more carefully.
First we can fix one maximal tords. For any\ € X (G)* we can findy € G such
that\' = g=' - X - g belongs ta¥ (T)*. Then we can set A ||=| X' || . However,

we have to check that this definition does not depend on the choicasébove;
equivalently, we have to check that ||=|| ' ||if g='-T-g =T (i.e., g belongs

to the normalizetN¢(T') of T'in ). The quotient grougN(7")/T is called the
Weyl groupof G. Itis a finite group which acts linearly ok’ (7)*. If G = GL,
andT is the subgroup of diagonal matrices, we easily checkithat N (T")/T

can be represented by the permutation matrices. By conjugdticacts onl’ by
permutation of the diagonal entries and hence it act& §h)* = Z" by permuta-

tion of the coordinates. In particuldf,) || is W-invariant. In general we choose
anorm| A || on X(T")* which isW-invariant; this is always possible sintg is
finite. This solves our problem of defining\ || for any A € X' (G)*. So we set

, oz, A)
=TT

For any\ € X (G)* we define

P\ = {g €G: 11_{% A(t) - g- A(t)! exists inG}.
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Lemma 9.2. P()\) is a subgroup of7 which contains a Borel subgroup. More-
over, for anyg € P()\),

Hm A(H)gA(t) ™ € Za(N) :={h € G : hA(H)h ™ = \(t),Vt € k*}.

t—0

Proof. Again we prove this only fo& = GL,,. Without loss of generality we may
assume thak is a one-parameter subgroup of the group of diagonal matrices and
is given by\(t) = diagt™, ..., t™]. By a further change of basis we may also
assume thaty; < --- <m,,. Letg = (a;;). We have

AB)g ) = (™M ayy).

The limit exists if and only ifa;; = 0 whenm,; < m;. Thusg € P()) if and only

if a;; = 0 wheneveri > j andm; # m;. Itis easy to see thd?(\) is a subgroup;

it contains the grouB of upper triangular matrices and is equal to this group if
my < -+ < m,. Now the limitslim; .o A(t) - g - A(t)7!, g € P(\), form a set of
matrices(a;;) € P()) such thatu;; = 0 if m; > m;. Itis immediately checked
that this is the subgroufq (). O

Lemma 9.3. For anyg € P(\),

p(z, g~ Ag) = p(x, \).
Proof. We have, for any; € P()\),

lim(g~'A0)g) = = lim(g ABGAD) ) - A(D) -2

=limg ' (AB)gA®) AW -2) = g Em(AB)gAE) ) -y,

t—0

wherey = lim;_g A(f) - z. Itis easy to see that(xz, \) = p(limy_o A(¢) - x, \)
(see Exercise 9.2(iv)). Therefore, putting= lim; .o(\(t)gA(t)~!), we obtain

w(x,g " Ag) = (g 'h-y, g ' Ag).
Now
(g™ h-y, g7 Ag) = p(h-y, N) = ply, IAR) = p(y, A) = ple, A).

Here we use that centralizes\ andu(z, g ' A\g) = u(g - =, \) (see Exercise 9.2
(1)). This proves the assertion. ]
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Definition. Theflag complexf G is the setA(G) of one-parameter subgroups of
G modulo the following equivalence relation:

A~ A Elnl,ng € Z>0,g S P()\l) such that )\7211 = gil)\;mg.

It follows from Lemma 9.2 that the functian. (\) is well-defined as a function
on A(G). Also the function\ — P(\) is well-defined omA(G). Now the idea is
to find a maximum of, : A(G) — R. Itis achieved at a poirt\] representing
the one-parameter subgroup which is “most responsible” for the instability of
The existence of such a pointwas conjectured by J. Tits and was proven by
G. Kempf ([60]) and G. Rousseau ([97]). The idea is to show thas strictly
convex on the set of points it (G) representing destabilizing subgroupscaind
achieves a maximum on this set.

Theorem 9.4. There exists a one-parameter subgroype X (G)* such that
Vy(Ay) = max{v,(\) : A € X(G)"}.
All such subgroups represent the same poinhid).

Definition. A one-parameter subgroupe X'(G)* is calledadaptedor the point
r € XY(L) if it satisfies the assertion of the preceding theorem.

Let A(x) be the set of adapted one-parameter subgroups tifis an equiv-
alence class representing one paifit) € A(G). We can assign to it the unique
parabolic subgroup’(d) which we denote by’(x). Of course we have to remem-
ber that all of these objects depend on the linearization of the action.

Corollary 9.1. Assumer is unstable. Then
G, C P(x).
Proof. For anyg € G, and\ € A(z) we haveg~*\g € A(z). Indeed
p(x, A) = plg -, A) = (e, g~ Ag).

By Theorem 9.4, we must havé(g~'\g) = P()). It follows from the defini-
tion thatP(g~'\g) = g~ 'P()\)g. However, it is known that the normalizer of a
parabolic subgroup is equal to the subgroup. m

Corollary 9.2. Assume?= is semisimple (e.gZ = SL,,) and G, is not contained
in any proper parabolic subgroup @f. Thenz is semi-stable with respect to any
linearization.
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Proof. We use that’(z) # G if G is semisimple. Otherwise there is an adapted
one-parameter subgroup which belongs to the centét. of Il

In fact, one can strengthen the preceding corollary by showing®hat* is
closed inV if G, is not contained in any proper parabolic subgroup/ofThis is
due to Kempf ([60]). To prove it he considers a closed ofbity*in O(z*) and
proves the existence of a one-parameter subghowiph lim; .o A(¢) -2* € G- y*.
Next he defines the set of adapted subgroups with this property for which the limit
is reached the fastest. These subgroups define a unique proper parabolic subgroup
andG,, is contained in this subgroup.

Definition. =z € X C P(V) is calledKkempf-stablef G - z* is closed inV'.

This definition is obviously independent of the choicerdfe V' representing
x. Note that

stability = Kempf-stability—- semi-stability

Indeed, ifG - z is closed inX**thenG - z* is obviously closed iV \ N (G; V)
(otherwise the image if?(V') of a point in the closure belongs to the closure of
G - xin X%). Also G - x* is closed inV since otherwise a point in its closure
belongs to the null-cone and hence any invariant polynomial will vanistt.at
Now if = is Kempf-stable, the point* cannot belong to the null-cone. If it does,
we can find a one-parameter subgroupuch thatim; .o A(¢) - z* = 0. But then
0 must belong t@~ - =*, which is absurd sinc€0} is an orbit.

Thus we can generalize Corollary 9.2 to obtain:

Corollary 9.3. Assumég’ is semisimple and, is not contained in any proper
parabolic subgroup ofz. Thenz is Kempf-stable.

Example9.3. This is intended for the reader with some knowledge of the theory
of abelian varieties (see [74]). Let be an abelian variety of dimensignover

an algebraically closed field and letZ be an ample divisor odl. One defines
the subgroup’ (L) of A which consists of all points € A such that’ (L) = L.
Heret, denotes the translation map— x + a. Although L is obviously K (L)-
invariant, it does not admit & (L)-linearization. However, one defines a certain
extension grouj(L) — K (L) with kernel isomorphic tds,,, with respect to
which L admits a linearization. Of course, the subgréup of G(L) acts trivially

on A. The groupG(L) is called thetheta groupof L. The linear representa-
tion of G(L) in H°(A, L) is irreducible. As an abstract group(L) is isomor-
phic to K(D) = Z9/DZ9 & 7°/DZ9, whereD = diadd,,...,d,],di|---|dg,
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is the type of the polarization af. For example, wher, = M®", where M

is a principal polarization, we havE (L) = A, the group ofn-torsion points,
and K(L) = (Z/nZ)*. The vector spacé/’(A, L) is isomorphic to the vec-
tor spacek|Z?/ DZ9] of k-valued functions on the finite abelian gro#p/ D7,
and the representation gf L) on this space is called tHechibdinger represen-
tation. If we assume thatl; > 3, thenL is very ample and can be used to
define ag(L)-equivariant embedding ofl in P(H°(A, L)*). Let us now con-
sider an abelian variety with polarization of typeand level structure as a triple
(A, L, »), whereA and L are as above, angl: K(L) = K(D) is an isomorphism

of abelian groups. Each such triple defines a pbint; » in the Hilbert scheme
of closed subschemeslty, = P(k[Z?/DZ9]*). We say that two triple§A, L, ¢)
and(A’, L', ¢') are isomorphic if there exists an isomorphism of abelian varieties
f: A— A suchthatf*(L') = Land¢ o f = ¢'. Itis easy to see from this
definition that(A, L, ¢) = (A', L', ¢') if and only if hia 14y = g - har, 1,4 fOr
some projective transformation Bf,. One can show that there is an irreducible
componentX of the Hilbert scheme which contains the poihts . 4). Since the
spaceP, corresponds to an irreducible representalipn= k[Z9/DZ¢]* of the
group K (D), the isotropy subgroup df 4 ., (equal tok (D)) is not contained

in any proper parabolic subgroup of Glp) (see Exercise 9.8). Thug, 1) is

a Kempf-stable point inX. It is also a stable point since its isotropy subgroup is
finite. The set of points ik’ corresponding to smooth schemes is an open subset
U of X, and is also a GU/p )-invariant subset contained Xi°. Thus we can con-
sider the geometric quotiett/ GL (V) which is a fine moduli scheme for abelian
varieties with polarization of typ® and a level structure.

Bibliographical notes

Most of the material of this chapter is taken from [75]. Our functidr(z, \)
differs by a minus sign from the one studied in Mumford’s book [75]. The numer-
ical criterion of stability goes back to D. Hilbert ([47]) who introduced it for the
description of the null-cone for the action of Sbn the space of homogeneous
polynomials.

One can give a criterion of stability in terms of tment mapn : P(V) —
Lie(K), whereK is a maximal compact subgroup@f(SU(n) if G = SL(n, C)).
It is defined by the formulan(v) =|| v ||~* dp,(1), where, for anyg € G,
po(9) =|| g - v ||*>. Here we fixed aK-invariant hermitian norni || in V. The
criterion states that is semi-stable if and only ii belongs to the closure of the
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moment map image:(G - x) of the orbit ofx (see [61]). For more information
about the relationship between GIT and the theory of moment maps we refer to
[63] and Chapter 8 of the new edition of Mumford’s book.

One can consider’(z, \) as a function inL. One can also get rid of the
dependence on by showing that the functiod/*(z) = sup,cx ) % IS
well-defined and can be extended to a functior M!(x) on the vector space
| € Pic“(X) ® R. These functions are used in [23] to define walls and chambers
in the vector space Pi¢X) ® R which play an important role in the theory of
variation of GIT quotients.

A recent book of S. Mukai ([72]) discusses applications of invariant theory to
construction of various modili spaces in algebraic geometry. Other books on this
topic are [75] and [82].

Exercises

9.1 An algebraic group= is calleddiagonalizableif O(G) is generated as-
algebra by the characters: G — G,, considered as regular functions 6h

Prove that a torus is a diagonalizable group and that every connected diagonaliz-
able group is isomorphic to a torus. Give examples of nonconnected diagonaliz-
able groups.

9.2 Check the following properties of the functigr (x, \):
() p(g-z,\) = p(x, g 'Ag) foranyg € G, A € X(G)*;

(i) foranyz € X, A € X(G)*, the map Pi€(X) — Z defined by the formula
L — p*(x, \) is a homomorphism of groups;

@i if f : X — Y is aG-equivariant morphism of7-varieties, andl. &
Pic?(Y'), thenp/ () (2, X) = p*(f(2), N);

(iv) pf(x,\) = pE(lime_g A(t) - 2, N).

9.3 Prove that an affine variety over a fields proper if and only if it is a finite

set of points.

9.4 Prove that a fibre of a proper map is a proper variety. Give an example of a
nonproper map such that all its fibres are proper varieties.

9.5Prove thats acts properly orX3(L) (i.e., the mapl : G x X3(L) — X3(L) x

X3(L) is proper).
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9.6Let7T be anr-dimensional torus acting linearly on a projective spateShow
that Pid (P") = Z'*! and the set of, € Pic’ (P") such thatP")s{(L) # 0 is a
finitely generated semigroup a@f .

9.71In the notation of Exercise 8.6 from Chapter 8, find the SE8$L) and X5(L)

by using the numerical criterion of stability.

9.8 Supposer is Kempf-stable. Show that its isotropy grodfy. is a reductive
subgroup of~. [Hint: Use the following fact: ifH is a closed subgroup &f with
G/ H affine thenH is reductive.]

9.9Let X = P(M,,) be the projective space associated to the space of square ma-
trices of sizen. Consider the action of the group Sbn X defined by conjugation

of matrices. Using the numerical criterion of stability find the sets of unstable and
stable points.

9.10Let X C P(V) and letG act onX via its linear representation. Consider the
flag complexA(G). For any pointz € X let C(z) = {§ € A(G) : v,(6) > 0}.
Show that this set is convex.



Chapter 10

Projective hypersurfaces

10.1 Nonsingular hypersurfaces

Let G = SL,,; act linearly onA™"! in the natural way. This action defines an ac-
tion of G on the subspade 7, . . ., Z,]s € O(A™"!) of homogeneous polynomi-
als of degreel > 0. We view the latter as the affine spat&, whereN = ("1%).

A point of the projective space
Hyp,(n) := P(k[Z, . .., Zn]a) = PV

is called ahypersurfaceof degreed in P". For each nonzeré' € k[Z, ..., Z,]q
we denote the corresponding hypersurface/tfy¥’). When F' is an irreducible
polynomial, it can be identified with the set of zerostoin P, which is an ir-
reducible closed subvariety &f* of dimensionn — 1. In general,V (F') can be
viewed as the union of irreducible subvarieties of dimensierl taken with mul-
tiplicities. In this chapter we shall try to describe the sets of semi-stable and stable
points for this action. Note that there is no choice for a nontrivial linearization,
since Pi¢PV ') = Z and X (G) = {1}; we must take. = Opn-1(1).

Let

Ca(n) = Hyp,(n) /'SLos1.

This is a normal unirational variety. According to a classical result of Jordan
and Lie, the group of projective automorphisms of an irreducible hypersurface of
degreed > 3 is finite (see a modern proof in [87]). This implies that,SL acts
on an open nonempty subset with finite stabilizer groups. By Corollary 6.2,

dim Cy(n) = dim Hyp,(n) — dim SL,41 = ("%) — (n + 1) (10.1)

145



146 CHAPTER 10. PROJECTIVE HYPERSURFACES
Letn be arbitrary. Recall that a hypersurfac¢r’) € Hyp,(n) defines a nonsin-
gular variety if and only if the equations

OF
oT,

F=0, 0, i=0,...,n,

have no common zeros. Note that, by the Euler formula,

dF:ﬁ;ﬂ%;

So if chafk) does not dividel, the first equation can be eliminated. Lietbe the
resultant of the polynomial8F'/0T;. It is a homogeneous polynomial of degree
(n+ 1)(d — 1)™ in the coefficients of the forn#’. It is called thediscriminantof

F. Its value atF’ is equal to zero if and only if théF'/JT; have a common zero in
P". Since the latter property is independent of the choice of coordinates, the hy-
persurfacd’ (D) C Hyp,(n) is invariant with respect to the action 6f= SL,, ;.

This means that for any € G we havey*(D) = ¢(g)D for someg(g) € k*. One
immediately verifies that the function — ¢(g) is a character of SL,;. Since

the latter is a simple group, its group of characters is trivial. This implies that
®(g) = 1forall g, and hence is an invariant polynomial. SincB does not van-

ish on the set of nonsingular hypersurfaces of dedn@eéme to the characteristic,
we obtain

Theorem 10.1.Assumeshark) is prime tod. Any nonsingular hypersurface is a
semi-stable point dflyp,(n).

If d > 2, one can replace “semi-stable” with “stable”. This follows from the
previously observed fact that, under these assumptions, the group of projective
automorphisms of a nonsingular hypersurface is finite.

Examplel0.1 Assumed = 2 and chafk) # 2. Then Hyp(n) is the space of

quadrics. The spaddTy, . .., T,]; is the space of quadratic forms
F = Z aijTiTja
1,j=0

or equivalently, the space of symmetric matrices

B = (bij)i,jzo ny by = 2aii>bij = bji = aij,i 7"é J-

.....
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A quadricV (F) is nonsingular if and only if the rank of the corresponding matrix

is equal ton + 1. The determinant function ok(Ty, ..., T,] is the resultanf?

from above. Thus all nonsingular quadrics are semi-stable. We know that by
a linear change of variables every quadratic form can be reduced to the sum of
squaresX? + --- + X?2, where the number is equal to the rank of the matrix

B from above. In our situation we are allowed to use only linear transformations
with determinant 1 but since we are considering homogeneous forms only up to a
multiplicative factor, the result is the same. We have exactiybits for the action

of SL,. on Hyp,(n); each is determined by the rank of the corresponding nonzero
guadratic form. In fact any invariant nonzero homogeneous polynomial vanishes
on an invariant subvariety of codimension 1 in Hig), which must consist of

all orbits except the unique open one representing nondegenerate quadratic forms.
By Hilbert's Nullstellensatz, this invariant polynomial must be a power of the
discriminant of the quadratic form. The stabilizer of the quadratic f@fm+

.-+ + T? is the special orthogonal group $Q. Since it is of positive dimension

(if n > 0), there are no stable points.

10.2 Binary forms

Let us consider the case= 1. The elements of the spa&€Z, 7, |, are binary
forms of degreel. The corresponding hypersurfaces can be viewed as finite sub-
sets of points ifP! taken with multiplicities (or, equivalently, as effective divisors

D =3 n,ronP!). Let

d
F=> aZ 7 € K[Z, Z1)a.

=0

Let 7" be the maximal torus of SLwhich consists of diagonal matrices and is
equal to the image of the one-parameter group

A(t) = (é t91) |

Let us first investigate the stability df = V' (F") with respect tol'. For this
we will follow the last section of the preceding chapter. We have to compute the
weight set wtH ). We have

)\(t) . (&0, Ce ,ad) = (Gotd, &1td72, Ce ,adt*d).



148 CHAPTER 10. PROJECTIVE HYPERSURFACES

The weight set is a subset of the set
S={-d—d+2,...,d—2,d} CZ=X(T).

Let aynin (resp.anmq.) be the smallest (resp. largest) element of this set.
Obviously, @i, = —d + 2i, whereZ} is the maximum power of, which
divides F. Similarly, a0, = d — 2i, whereZ! is the maximum power of/;
which dividesF'.
By Theorem 9.2, we know thd{ is semi-stable (resp. stable) with respect to
T if and only if

Qmin S 0 S Omax (resp-amin < 0 < amax)- (102)

This can be interpreted as follows:

H is semi-stable (resp. properly stable) with respeci'tih and only if the
points(0, 1) and(1,0) are zeros off of multiplicity < d/2 (resp.< d/2).

From this we easily deduce

Theorem 10.2.Hyp,(1)® (resp. Hyp,(1)®) is equal to the set of hypersurfaces
with no roots of multiplicity> d/2 (resp.> d/2).

Proof. Supposef is semi-stable and has a roat, 2;) € P of multiplicity >
d/2. Letg € G take this point to the pointl,0). ThenH’ = g - H has the
point (1,0) as a root of multiplicity> d/2. This shows that{’ is unstable with
respecttd’. HenceH is unstable with respect t@, contradicting the assumption.
Conversely, assumA has no roots of multiplicity> d/2 and is unstable. Then
there exists a maximal tordd with respect to which{ is unstable. LeyT" g~ =
T for someg € G. Theng - H is unstable with respect 6. But then it has one of
the points(1,0) or (0, 1) as a root of multiplicity> d/2. ThusH hasg= - (1,0)
andg~!- (0, 1) as a root of multiplicity> d/2.

A similar argument proves the assertion about stability. Il

Corollary 10.1. Assumel is odd. Then

Hyp,(1)*° = Hyp,(1)°.

Now assumel is even and let? € Hyp,(1)%\ Hyp,(1)*. This means that
H has a root of multiplicityd/2 but no roots of multiplicity greater thad/2.
Consider the fibre of the projection Hy@ )% — Hyp,(1)%%/G containing H.
Since our categorical quotient is good, the fibre contains a unique closedmrbit.
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belongs to this orbit if and only if its stabilizer is of positive dimension. Assume
H belongs to this orbit. Since any group element stabilizihgtabilizes its set

of roots, and it is easy to see that any subsédb'otonsisting of more than two
points has a finite stabilizer. Thu&l must have only two roots. Since one of
these roots is of multiplicity//2, the other one is also of multiplicity/2. Since
any two-point sets o' are projectively equivalent, this tells us that

Hyp,(1)*\ Hyp,(1)* = G - Ho,

whereH, is given by the equatiofZ,Z,)%? = 0. In particular,

Hyp,(1)%/ G\ Hypy(1)*/G = {xo},

where the single point, represents the orbit df.
The varietyC,(1) := Hyp,(1)%%/G is an irreducible normal projective variety
of dimensiond — 3: by construction of the categorical quotient,

C4(1) = Projm(Pol(Pol;(£?))3").

So it can be explicitly computed if we know the algebra of invariant polynomials
on the space of binary forms of degrée

Let us consider some special cases with siaall

If d = 1 we have Hyp(1)** = (. If d = 2 we have Hyp(2)* = @ and
Hyp, (1)% consists of subsets of two distinct pointsfih There is only one orbit
of such subsets.

The set Hyp(1)® consists of three distinct points . By a projective trans-
formation they can be reduced to the poifits1,00}. So the varietyCy(1) is
again one point. This also agrees with the fact thatali(£?))S = k[D],
whereD is the discriminant invariant (see Exercise 2.6).

The set Hyp(1)® consists of subsets of four distinct pointsith and the set
Hyp,(1)%° consists of closed subset F') where F' has at most double roots.
Since Hyp(1)® is an open Zariski subset of the projective spBtésee Exercise
10.1), and the fibres of the projection Hyp)®> — Hyp,(1)%/G are of dimension
3, we obtain tha€’;(1) is a normal, hence nonsingular, curve. Since it is obviously
unirational, it must be isomorphic B'. The image of the set of semi-stable but
not properly stable points is one point. If we consider the map

7 Hyp, (1) — Cy(1) = P!

as a rational function on Hypl)® then we can find its explicit expression as a
rational functionR(ay, . . ., a4) in the coordinates of a binary form. To do this we
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have first to find the algebra of invariants FRbl (£2))S2. We already know one
invariant, the catalecticant

T = apasay — aoag + 2aqaa3 — a%a4 — a%
(see Example 1.4). Its bracket expressiofli5?(13)?(23)2. Another invariant is
of degree 2:

S = agay — 4ayas + 3a’.

Its bracket expression ig2)*. One can show that any other invariant must be
a polynomial inS and7. We will prove this in the next chapter. This agrees
with the fact thatC! = P!. The discriminantD of a quartic polynomial is an
invariant whose bracket expression is equall)?(13)2(14)%(23)%(24)%(34)2. It

is a polynomial of degree 6 in the coefficiemtsand we have

D =S8 —27T?.

Thus the rational function

53

R(CLO,...,CL;L) :W

(10.3)

is invariant with respect to SLand defines a regular map from Hyp)® to A'.
This is the geometric quotient map. The map

Hyp,(1)>*— P',  (ag,...,a4) — (S* — 2777 S?)

is the categorical quotient map. Its fibre oyér1) = oo is equal to the union
of orbits of binary forms of degree 4 with double roots (up to a nonzero scalar
factor). The only closed orbit in this fibre is represented/ 2 7?).
Consider the special case When= T,(T? + aT3 Ty + VTE). If char(k) # 3
then each orbit contains a representative of such a form. The valReof/ (F)

is equal to

CL3

 dad + 270

The expression in the denominator is the discriminant of the cubic polynomial
23 +ax+0b. The reader familiar with the theory of elliptic curves will immediately
recognize this function; it is thabsolute invariany of the elliptic curve given in

the Weierstrass form

J

y? = 2° + ax +b.
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This coincidence is not accidental. The equation above describes an elliptic curve
as a double cover @' branched over four points: the infinity point and the three
roots of the equation® + ax + b = 0. In other words they are the zeros of the
binary formT, (T} +aT3 T, + b1} ). Two elliptic curves are isomorphic if and only

if the corresponding sets of four points Bhare in the same orbit with respect to

the action of Sk.

Letd = 5. The algebra of invariants
A = Pol(Pok(k?))3"

can be computed explicitly (see [28]). Let us write a general binary quintic in the
form
f = at) + 5btgty + 10ctit] + 10dt5t] + Setot] + ft;

(we assume that chi@r) # 5). ThenA is generated by the following invariants:

I, = (ae — 4bd + 3¢*)(bf — 4ce + 3d*) — (af — 3be + 2cd)?,
Iy = a®b*e % — 2a%e® — 20° f3 + 27b% e,
Iy = b2*(a®V?e f? — 4aPe® — 4b° 3 4 18ab®e® f — 27h%e?),
Lis = (a®e® — b f*)[(af — 5be)(a’e® + b° f3) — 10a%be® f2

+ 90ab*e® f2 — 216b°¢°].

There is also one basic relation between these invariants which expréssss
a polynomial F'(1y, Is, I;2) in invariantsiy, Is, and/;,. We will considerA as a
graded algebra whose grading is defined by the natural grading @@dgk?))
with the degree divided by 2. It follows that there is an isomorphism of graded
algebras

A= KTy, Ty, Ty, Ts) /(T3 — F(Ty, Ty, T3)),

wherek[Ty, 11, T, T3] is graded by setting
degTy = 2,degT) = 4,degT, = 6,degT5 =9,

and F is a weighted homogeneous polynomial. 4% be the subalgebra of
generated by elements of even degree. THenis generated by homogeneous
elements of even degrég, 77, T>. SinceT; can be expressed as a polynomial
in Ty, Ty, T>, we see thatd® is isomorphic to the graded polynomial algebra
k[T, Ty, T5]. This implies that

C5(1) = Projm(A) = Projm(A®) > P(2,4,6) = P(1,2,3).
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In particularCs (1) is a rational surface.
Note that the discriminank of a binary quintic can be expressed via the basic
invariants as follows:
A =TI} — 12815.

This shows that the locus of orbits of binary quintics with a double root is equal
to V(T3 — 128Ty) C P(1,2,3) and hence is isomorphic (1, 3) = P

Letd = 6. We will use the explicit description of the algebra of invariants
A = Pol(Pok(k?))St due to A. Clebsch ([12]). For a modern treatment see [55].
A is generated by invariants, 14, I, 119, I15, Where the subscript denotes the
degree. The only relation between the basic invariants is

I}y = F(Iy, 14, Is, I1o),

for some polynomial’. We will considerA as a graded algebra whose grading
is defined by the natural grading of PBbL(k?)). It follows that there is an
iIsomorphism of graded algebras

A = k[T07 TIJ T27 T37 T4]/(T42 - F(T07 T17 T27 T3))7
wherek[Ty, T, T,, T3, T, is graded by setting
deg T() = 2, deg T1 = 4, deg T2 = 6,deg T3 = 10, deg T4 = ]_57

and F' is a weighted homogeneous polynomial. Arguing as in the preceding ex-
ample, we see that

Cs(1) = Projm(k[Ty, Ty, T3, T3]) = IP(1, 2,3, 5).

In particularCg(1) is a rational three-dimensional variety.

Note that the invariani;, is the discriminant of a binary sextic, so it vanishes
on the locus of binary sextics with a double root. The complement of this locus
in Cs(1) represents reduced divisors of degree @in It is isomorphic to the
moduli spaceM, of genus 2 curves. The isomorphism is defined similarly by
assigning to a genus 2 curve the six branch points of its canonical degree 2 map to
P. So we obtain that1, is isomorphic to the open subsB{T}) of P(1,2,3,5)
where the last coordinafg, is not equal to zero. Since each point in this subset
is represented by a poirtty, ¢, 1., t3) in A* with ¢t3 = 1, it follows from the
definition of weighted projective space that

My = A°/(Z)5),
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where a generator of the cyclic grog5 acts onA?® by the formula
(to, t1, t2) — (nto, n°t1,n’t2), 1 = exp(2mi/5).

The image of the origin is the unique singular point/ef,. It represents the
isomorphism class of the hyperelliptic curve corresponding to the binary quintic
to(ty + t3). It admits an automorphism of order 5.

Finally observe that the locus(T;) of binary sextics with a multiple root and
C5(1) are both isomorphic t&(1, 2, 3).

10.3 Plane cubics

Letn = 2 andd = 3. Every homogeneous form of degree 3 in three variables (a
ternary cubig can be written in the form:

F = a\ T3 + apTETy + asTETy + asToT? + asToTh Ty

+agToTy + a7 TP + asTTy + agTyTy + aioTs.

Now let us recall the classification of plane cubic curves. First of all it is easy to
list all reducible curves. They are of the following types:

(1) the union of an irreducible conic and a line intersecting it at two distinct
points;

(2) the union of an irreducible conic and its tangent line;
(3) the union of three nonconcurrent lines;

(4) the union of three concurrent lines;

(5) the union of two lines, one of them double;

(6) one triple line.

Since all nonsingular conics are projectively equivalent to the cOnicl1s +

T? = 0 and the group of projective automorphisms of the ca@hcts transitively
on the set of tangents @ or on the set of lines intersecting transversally, we
obtain that any curve of type (1) or (2) is projectively equivalent to the curve

Q) (VT + T3 Ty =0,
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(2) (LT +T1)To = 0,

respectively. Since the group of projective transformatidf’afcts transitively on
the set oft lines withk < 4, we obtain that any curve of type (3-6) is projectively
equivalent to the curve given by the equation

(3) T, TiT; = 0,

(4) TT + T, 1% = 0,
(5) Tg’ + T¢Ty = 0,
(6) 75 =0,

respectively. Now let us assume thats irreducible. First let us assume thét

is nonsingular. Choose a system of coordinates such that the(pointl) is an
inflection point andl;, = 0 is the equation of the tangent line at this point. It is
known that any plane curve contains at least one inflection point. Then we can
write the equation as

T3Ty + Ty Ly(Ty, Th) + Ls(Tp, Ty) = 0,

whereL, is a form of degre@ andL; is a form of degree 3. Since the lifig = 0
intersects the curve at one point, we easily see that the coefficidnt atf7? is
equal to zero. Thus in affine coordinat&s= T, /Ty, Y = Ty/Ty, the equation
takes the form

Y24+aYX +bY +dX? +eX?*+ fX +g=0. (10.4)

Obviouslyd # 0, so after scaling we may assume- 1.
Assume chdlk) # 2. Replacingy” with Y + 2aX + ¢, we may assume that
a = b= 0. If char(k) # 3, by a change of variable¥ — X + £, we may assume
thate = 0. Thus, we obtain theé/eierstrass equatioof a nonsingular plane cubic:
Y24+ X3 4+aX+b = 0, charfk) # 2,3, (10.5)
Y2+aYX +bY + X?+cX +d = 0, chafk) =2, (10.6)
Y2+ X?+aX?+bX +c = 0, chafk) = 3. (10.7)
The condition that the curve is nonsingular is expressed B 0, whereA is the
discriminant defined by

4a® + 27b%, if char(k) # 2, 3,
A = ¢ @V’ +b* + a*(abe + ¢ + a?d), if char(k) = 2, (10.8)
v + (b* — ac)a?, if char(k) = 3.
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Two curves are isomorphic if and only if theibsolute invariants

a®/A, ifchar(k) # 2, 3;
Jj=<a?/A, ifchark) =2; (10.9)
a®/A, if char(k) = 3.

are equal.
Now supposé&' is singular. We may choos#, 0, 1) to be the singular point.
Then the equation is of the form

T3 Ls(To, Th) + Ls(To, T1) = 0. (10.10)

By a linear transformation of variabld$, 7} we reducel, to one of two forms:
Ly = T¢ or Ly = TyT;. Consider the first case. The singular point is a cusp; the
equation is

TyTy + aTy + bIET, + cIyTE + dT7 = 0.

ReplacingT; with Ty + aTy + b1, we may assume that= b = 0. Since the
curve is irreducible we haveé # 0; by scaling we may assume that= 1 and
c=0orl.

If char(k) = 3, we see that there are two orbits of cuspidal curves, represented
by the equations

LI +T) =0 and ToT7 4+ TyT? + T = 0.

All nonsingular points of the first curve are inflection points. The second curve
does not have nonsingular inflection points.

If char(k) # 3, then the curve has only one inflection pafiht— £, —2¢) with
tangent line given by“2+c(§To+ %Tl) = 0. Now change the coordinates in such
a way that(1,0,0) is the unique nonsingular inflection point, the lifig = 0 is
the tangent line at this point and the singular poiri®), 1). Then, the equation
reduces to the form

TTy + T =0.

Now we consider the case of nodal curves (when the quadratic fgrm
(10.10) is equal tdT}) so that the equation is

TTTy + aTy + bTyTy + Ty TE + dT = 0.
Changingl; to T, + b1y + <17 we reduce the equation to the form
TQToTl + CZTB3 + dTld = 0.
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Clearly,a, d # 0, so by scaling, we reduce the equation to the form
T, + Ty + T} = 0.

We leave it to the reader to find a projective isomorphism between this curve and
the curve
TyTy + TE(Ty + Ty) = 0,

if char(k) # 2.
Summarizing, we get the following list of equations of irreducible plane curves
(up to projective transformation):

chark) # 2, 3:
(7) nonsingular cubic

TiTo + TP +aTVTE + 013 =0, 4a® + 27 # 0;

(8) nodal cubic
T5To + TH(Ty + Tp) = 0;

(9) cuspidal cubic:
T3y + TP = 0.

charfk) = 3:
(7) nonsingular cubic

TiTo + TP + aT?Ty + 0TV + ¢T3 =0, b* + (b* — ac)a® # 0;

(8) nodal cubic
Ty Ty + T + T2 = 0;

(9) cuspidal cubic:

TiTo+ T} =0, or TiTy+THT) + Ty) = 0.

chark) = 2:
(7) nonsingular cubic

T2To + a Ty Ty + bIyTE + TP + ¢V TE + dT3 =0,

wherea®b® + b* + a*(abc + ¢ + a*d) # 0;



10.3. PLANE CUBICS 157

(8) nodal cubic
T Ty + Ty + T = 0;

(9) cuspidal cubic
T3Ty + TP = 0.

Let T be the diagonal maximal torus in SLt consists of matrices of the form

tt 0 0
t=[0 t, 0
0 0 t; "

The standard toru&?, acts onV = Pok(k?*) via its natural homomorphism
G2, — SLs, (t1,t2) — diag(ty,ta, (t1t2) ). For each monomidl $TP7Ts, a +
b+ c = 3, we have

(tr,to) - ToTVTs = 145 TSIV Ty.

Thus each monomid @ 7T?Ts belongs to the eigensubspakcg, ,, wherex, is

the character of2, defined by the vectaiu — ¢, b —c) = (2a+b—3,2b+a — 3).

It is easy to see that, , is one-dimensional and is spanned by the monomial
TeTTS. Thus

wt(V) ={(2a+b—3,2b+a—3)€Z’:a,b>0,a+b < 3}.

It is a set of 10 lattice points iR?:

Supposé/(F') is unstable with respect fB. Then the origin lies outside of the
convex hull of wF'). It is easy to see that this is possible only if W) consists
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of lattice points on one edge of the triangle plus one point nearest to the edge but
not the interior point. After permuting the coordinates we may assume that

F=aT; + aT3Ty + azTy Ty + adTyT} + a7 Ty

It is clear that(0,0,1) is a singular point of’(F’). In affine coordinates{ =
To/ T2, Y = Ty /T3, the equation looks like

F=a X34 @ X?Y +as X2+ a, XY? + a;Y3.

From this we see that the singular point is not an ordinary double point.
It follows from the above classification of plane cubic curves that the following
curves are unstable:

(usl) irreducible cuspidal curve (two orbits if chiay = 3);
(us2) the union of an irreducible conic and its tangent line;
(us3) the union of three concurrent lines;

(us4) the union of two lines, one of them double;

(us5) one triple line.

By looking at the equations of the remaining curves and drawing their weight
sets we see that any nonsingular cubic is stable and any singular curve not from
the above listis semi-stable. Note that it is enough to check the numerical criterion
only for one fixed torus. In fact, the property of being nonsingular or have at most

ordinary double points is independent of the chosen coordinates. Thus we have
the following list of semi-stable points:

(ss1) nonsingular cubic (stable point);
(ss2) irreducible nodal curve;

(ss3) the union of an irreducible conic and a line intersecting it at two distinct
points;

(ss4) the union of three non-concurrent lines.
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Consider the quotient map

™ : Hyp;(2)** — Hyp;(2)*/SLs.

The dimension of its fibres containing stable curves is equal te 8ifn SL;).
Note that in the process of the previous analysis, we found that curves of types
(ssl), (ss2) and (ss3), each form a single orbit represented by the curves

T+ T+ TP =0, Ty, + TP =0, TyTyT, =0,

respectively. Moreover the curves of types (ss2) and (ss3) have stabilizer of pos-
itive dimension. In fact the torus(G,,), whereX(t) = (¢,1,¢t71), stabilizes the
second curve, and the maximal diagonal torus stabilizes the third curve. This
shows that the orbits of curves of types (ss2) and (ss3) are of dimegdsion
Thus they lie in the closure of some orbit of dimension 8. It cannot be a stable
orbit, hence the only possible case is that it is the orbit of curves of type (ssl).
Hence this orbit is nether closed nor stable.

Since Hyp(2) is of dimension 9, we obtaidim Hyp,(2)%%/SL; = 1. Itis a
normal projective unirational curve, hence we find that

Hyp,(2)%%/SL; = P'.

Since there is only one closed semi-stable but not stable orbit, namely the set of
three non-concurrent lines, we obtain

Hyp,(2)°/SL; = A'.

It is easy to see that the orbit of the cufigl'T; = 0 is of dimensior6. In the
same fibre we find two other orbits: of nodal irreducible cubics (of dimension 8)
and of curves of type (ss2) (of dimension 7). The second orbit lies in the closure
of the first one, and the closed orbit lies in the closure of the second one.

If char(k) # 3, we have five unstable orbits: irreducible cuspidal cubics (of
dimension 8), curves of type (us2) (of dimension 6), of type (us3) (of dimension
5), of type (us4) (of dimension 4), and of type (us5) (of dimension 2). Itis easy to
see that the orbit of type (t)dies in the closure of the orbit of type (us(i-1)).

If char(k) = 3 we have two unstable orbits of type (usl), and four other
unstable orbits lying in the closure of these two orbits.

One can give the explicit formula for the quotient map similar to (10.3). In
characteristicZ 2, 3, it can be given by the following rational functiohin the
coefficientsq; (see [100], p. 189-192):

1653

S = T2 + 6453’
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S = abem — (bcagsas + cabibs + abeycy) — m(absey + beyas + caghy)
m4 + 2m2(b101 “+ coa9 + (lgbg) - 3m(a2b361 + a3b102)
+  (abic3 + acibi + bayc] + begal + chzas + cazby)

— (b?cf + C%CL; + a§b§> + (02a2a363 + a3b3b101 + blclcgag),

T = a**c® — 6abc(abscy + beyas + caghy) + 12abem(bicy + coay + asbs)
+  36m?(bcagas + cabybs + abeicy) — 3(a’bics + bciai + cCasbi)
+ 4(a*bcy + a®cbs + bPcal + b*ac; + c*ab} + c*baj)
—  24m(bebyai + beeyai + cacsh? + caashi + abascs 4 abbsc?)
— 12(6002a3a§ + bcb3a2a§ + caclbgbf + caagblbg + abblcgc% + abagclcg)
+  6abcasbicy + 12m?(abics + acibi + bagc] + begas + chzas + cazb?)
—  20abem® — 60m(abybscicy + becgagas + casasbibs)
+  12m(aasbsc; + aascobs + bbscia3 + bbiasc: + ccrashi + ceobiaj)
+  6(abscy + bepas + caghy)(agbser + azbica) — 6bycycaazazbs
+ 24(abib3ct + acicab} + beacias + bagaics + cazajbi + chsbial)
— 12(aaghics + aascibi + bbscaal + bbiascs + cciazh’ + ceabsas)
—  8m® 4 24m* (bicy + caay + asbs) — 36m>(azbscy + asbicy)
+  36m(agbscy + asbicy)(bicy + coay + azbs) + 8(bic + cial + a3bl)
— 12(bicicyag + bicasbs + caasasbs + caazbicy + azbibicy + azbicias)
— 12m2(bicicaan + caasasbs + asbsbicy) — 24m*(B2ct + cia3 + aib3)
+  18(bebycrazas + cacyasbsby + abasbscicy) — 27(a3bic: + a3bics)

4+ 6abcagbsc, — 12m?(abscy + beyas + caghy).

Here we use the following dictionary between our notation of coefficients and
Salmon’s:

(ala az, as, a4, as, g, A7, g, Ay, alO) = (G, 3&2, 3@3, 3b17 6m7 3617 b7 3b37 3627 C)'

In fact the algebra P@Pok(k?))St: is freely generated by andT'. If one evalu-

atesS andT on the curve given in the Weierstrass form from above, we obtain
a 4b

S 27’ 27
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In this special case the value of the functidis equal to

CL3

(4a® 4 270)°

This is the absolute invariant of the elliptic curve. Note that we arrived at the same
function by studying the orbits of binary quatrtics.

10.4 Cubic surfaces

Consider the casé = 3,n = 3. It corresponds to cubic surfacesi?. The al-

gebra of invariants P@Pok(k*))5*+ was computed by G. Salmon and A. Clebsch
([99]). Itis generated by invariantg, 114, I24, 132, 140, I100, Where the subscript
indicates the degree. The square of the last invariant is expressed as a polynomial
in the first five invariants. In analogy with the cagen) = (6, 1), we find that

C5(3) 2 P(1,2,3,4,5).

In particular,C3(3) is a rational variety. The invariart, corresponding to the
variableT; with weight4 is the discriminant. Thus we obtain the following iso-
morphism for the moduli spac®1yic of nonsingular cubic surfaces:

Mcubic = A4/(Z/4Z)7
where a generator of the cyclic groég4 acts onA* by the formula
(tr, ta, b3, ta) — (ntr, n’to, n’ts, mta), 1 = exp(2mi/4).

The unique singular point aM i corresponds to the following cubic surface
(see [81)):

Ty(tT2 + T\Ty + T Ts) + ToT(Th + EH2Ty) — 0,
wheret = 1 + /2. The automorphism group of this surface is isomorphic to the
dihedral group of order 8.
The subvariety ofC;(3) defined by the equatioff; = 0 is isomorphic to
P(1,2,3,5). Recall that the latter is isomorphic &(1); this is not an accident.
If a point of Cs(1) represents six distinct points i, we consider the Veronese
map to identify them with six points on a nonsingular coni@®t Then the linear
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system of cubics through these points defines a rational mapffotm P3. Its
image is a singular cubic representing a point’gf3). The singular point of
this cubic is the image of the conic. Thus we see that the moduli spacées
isomorphic to an open subset of the hypersurféce: 0 in C5(3).

The following are the other values @1, n) for which the analysis of stability
has been worked out:

(d7 n) = (27 4)? (27 5)7 (37 3)([75])7 (27 6)([105)
(3,4)([1086), (3,5)([2], [124).

Bibliographical Notes

The examples of explicit computation of the the quotient spatgs) given in

this lecture have been known since the nineteenth century (see [30], [38], [98]).
The other known cases afe,d) = (1,7),(1,8) (see [36], [35] and also [109],
[20]). A modern proof of the completeness of the Clebsch-Salmon list of funda-
mental invariants of cubic surfaces was given by Beklemishev ([4]). These are
probably the only examples where one can compute the spaces explicitly.

In fact, one can show that the number of generators of the algebra of invariants
on the space of homogeneous polynomials of dedrg®ws very rapidly withi

(see [90]).

It is conjectured that all the spac€s(n) are rational varieties. In the case of
binary forms, this was proven by F. Bogomolov and P. Katsylo ([5]). The spaces
C4(2) are known to be rational only in some cases (see [58], [59], [108] and also
a survey of results on rationality in [21]).

Exercises

10.1Show that Hyp(1) = P?. Desribe the sets of semi-stable and stable points
as subsets df’.

10.2Let (a;,b;),7 = 1,2, 3,4, be four distinct roots of a binary quartic. Let [ij]
denote the determinant of the matrix with coluntas b;), (a;,b;). The expres-
sionr = [12][34]/[13][24] is called thecross-ratioof the four points. Prove that
two binary quartics define the same orbit in Hyp if and only if the correspond-
Ing cross-ratios coincide after we make some permutations of the roots.
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10.3Let X be the complement of the quarlig D) in P3, whereD is the discrim-
inant of a binary cubic form. Show thaf is isomorphic to a homogeneous space
SL,/H, whereH is a subgroup of order 12.

10.4Show that there are exactly two orbits in Hyp)® with non-trivial stabilizer.
Show that the closures of these orbits in Hyip are given by the equatioris= 0
andT = 0, whereS, T are the polynomials of degree 2 and 3 defined in section
10.2.

10.5Show that Hyp(1)“sis isomorphic to a surface of degree @ih Its singular

set is isomorphic to a Veronese curve of degree 4.

10.6Construct a rational map frod,;(1) to Cy.;(1) whose image is equal to the
locus of zeroes of the discriminant invariant. Describe the points of indeterminacy
of this map and its inverse.

10.7Find the orbits of the binary quintics which correspond to singular points of
Cs(1).

10.8 Find the group of projective automorphisms of a nonsingular cubic curve
(you may assume that chiay # 2, 3).

10.9Find all projective automorphisms of an irreducible cuspidal cubic.

10.10Perform the analysis of stability in the cagen) = (3, 3) and compare the
result with the answer in [75].

10.11Prove that nonsingular quadrics are semi-stable in all characteristics.

10.12Show that a plane curve of degréés unstable if it has a singular point of
multiplicity > 2d/3.






Chapter 11

Configurations of linear subspaces

11.1 Stable configurations

In the last two chapters, for typographical reasons, we denote the Grassmannian
Gr(r +1,n + 1) of r-dimensional linear projective subspace®inby Gr, ,,. The
groupG = SL,; acts naturally on Gr, via its linear representation #f*. In
this lecture we investigate the stability for the diagonal actio@&’ @i the variety

m

Xr,n = H Grn-,n;

=1
wherer = (rq,...,r,). First we have to describe the possible linearizations of
this action.

Lemma 11.1.
Pic”(Gr,,,) = Pic(Gr,.,,) = Z.

A generator of this group is the line bundig,, , (1) corresponding to a hyper-
plane section in the Rcker embedding d&r,,, in P(A™T1 (k")) = PV, N =
n+1

(ril) - L

Proof. We will represent a pointl” € Gr,,, as a matrix

Qoo @1 ... Qon

A — . . .

Arg  Gp1 ... Gpp

165
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Its rows form a basis ofi’. The Plicker coordinateg;, ;. of W are the maximal
minors of this matrix formed by the column§,, ..., A;.. The open subset of
Gr,,, With pi»._ .11 # 0 is the affine spacé "+~ The restriction of any
L € Pic(Gr,,,) to this open subset is trivial, Sois isomorphic to the line bundle
associated to a divisor equal to a multiple of a hyperplane section. Since any line
bundle admits a unique linearization with respect tq_Sl-the assertion follows.

H

We use the notatioty;, ;. to denote the projective coordinatesif (we
order them lexicographically). The value of this coordinate at Bhy= Gr,,
is equal to the Ricker coordinate;, ;. of W. Since Gy, is not contained in a
linear subspace d#", the restriction map

D(BY, Opx (1)) — D(Gly, Oy, , (1)

Is injective. One can also show that it is surjective.
For any vectok = (k,. .., k,) € Z™ we define a line bundle oX, ,,

Lic = @ pr: (Ocr,,,, (D7),

=1

where pf: X, ,, — Gr,, ,, is thei-th projection. It follows from Lemma 11.1 that
any line bundle orX is isomorphic ta.y for somek (use [46], p. 292). Since each
pr; is an SL,;-equivariant morphisny,, admits a canonical Sk ;-linearization.
Thus

Pic*t "+ (X, ) = 2™

Also Ly is ample if and only if allk; are positive. In fact, if some tensor power
of Ly defines a closed embeddidg.,, — P, then the restriction of to any
subvariety isomorphic to a factor is an ample line bundle. But it is obvious that
this restriction is isomorphic t@g;, , (1)®*. The latter is ample if and only if

k; > 0. Conversely, any., with positivek (meaning that alk;'s are positive)

is very ample. It defines a projective embeddingXgf,, which is equal to the
composition

Ntk i (V) -1

er - (PN)m — HIP)( N )_1 — ]Pji:l( N ,

1=1

where the first map is the product of thaiBker embeddings, the second map is
the product of the Veronese embeddings, and the last map is the Segre map.
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Now we are ready to describe semi-stable and stable configurations of linear
projective subspaces
W == (Wl, e ,Wm) & Xr,n'

Theorem 11.1.Letk = (ki,...,k,) € ZT. ThenW € X35 (Lx) (resp. €
(Xrn)%(Ly)) if and only if for any proper linear subspad€ of P"

m

(n+ 1) ky[dim(W; N W) + 1] < (dim W +1) Y " ki(ri + 1)
7=1

=1
(resp. the strict inequality holds).

Proof. Let T' be the maximal diagonal torus in SL;. Each one-parameter sub-
group of T is defined by\(t) = diagt®, ..., t?], whereqy + --- + ¢, = 0. By
permuting coordinates we may assume that

QO =>q =2 (11.1)

SupposeV = (Wy,..., W,,) is semi-stable. Lef/,,s = 0,...,n, be the linear
space spanned by the unit vectess. . ., e, and letE, be the corresponding pro-
jective subspace. For arfy’ € Gr,.,, and any integey,0 < j < r, there is a
unique integer; for which

dm(WNE,)=j dm(WNE, _1)=j—1

To see this we list the numbets = dim(W N E;),s = 0,...,n, and observe that
0<a,—as_1 <1,a, =r,since eacht,_; is a hyperplane irt/, andE,, = P".
Then we see that eaghoccurs among these numbers and we defin® be the
first s with a, = j.

With this notation we can represéiit by a matrixA of the form

app .- Aoy 0 0
A — ailg .- A1, 0 0 : (112)
¢ S5 O R

wherea;,, # 0 for all j. Itis clear from viewing the maximal minors of this
matrix thatp,, ;. (W;) = 0if ¢; > v, for any value ofj andp,,_,, (W) # 0.

Now we notice that the projective coordinatesf= (Wy,...,W,,) in the
embedding defined by the line bundlg are equal to the product ef monomials
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of degreek; in the Plicker coordinates off;. Since for each\ as in (11.1) we
have
Doy (A(t) - W) =t F iy, 5 (W),

it is easy to see that
v =3k (L)
(4) (4)

Herey,’, ..., vy, are defined for eac;,i = 1,...,m, as in the above. Using
thatdim(W; N E;) —dim(W,; N E;_1) = 01if j # z/(.’), we can rewrite the previous
sum as follows:

m n

bew, \) = Zk (Z 4 (dlm (W; N E;) — dim(W; N Ej—l)))

1 7=0

.

n—1

— Zm:k;l( qn+z (dim(W; N E;) 4+ 1)(g; QJ+1>>

=1 7=0

— ank; ri+1) +Z<ij (dim(W; N E;) + 1)(g; %+1)>

Since we want this number to be non-positive (resp. negative) fox, alle can
take the special one-parameter subgraygiven by

Q=""=¢=n—8Gn=""=¢=—(5+1),0<s<n—-1

It is easy to see that anysatisfying (11.1) is a positive linear combination of such
one-parameter subgroups. Plugging in these values wofe find

m

— Z Ei(ri+1)(s+1)+(n+1) (i k;(dim(W; N Ey) + 1)) <0 (resp.<0).

- - (11.3)
Since any-dimensional linear subspacel®f is projectively equivalent t&,, we
obtain the necessary condition for semi-stability or stability stated in the theorem.
It is also sufficient. In fact, if it is satisfied byti, ..., W,,) is not semi-stable,
we can find some € X*(SL, ) such thafu’<(W, \) > 0. By choosing appro-
priate coordinates, we may assume that X' (7)* and satisfies (11.1). Then we
write \ as a positive linear combination af’s to obtain thafu’x (W, \,) > 0 for
somes. Then the above computations show that (11.2) does not hold, contradict-
ing our assumption. O
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Corollary 11.1. Assume that the numbeJs k;(r; + 1) andn + 1 are coprime.

=1
Then
X (L) = X5, (Lag).

Let us rewrite Theorem 11.1 in the case where-alindk; are equal (in this
case the linearization is callemocrati¢. We set

X;S",n = Xfrsn,n(Lkm)> X:m,n:Xfm,n(Lkm)7
PZZL = XSTS"JL//SL’H-H'

Corollary 11.2.

m(r+ 1)

WeXE, &> (dm(W;nW)+1) < (dimW + 1) T

=1

)

for any proper subspace’ of P". Also,

m(r + 1)

S . ) .
We XS, & ;(dlm(m NW)+1) < (dim W+ 1) ==

for any proper subspaci’ of P".

Let us consider some examples.
Examplell.l Letn = 1,k = 1™. Taking\W to be a point, we get that” can
be equal to at most:/2 points amongV = (py,...,pn) € (PY)™if W is semi-
stable with respect td,;». This is similar to the stability criterion for a binary
form of degreen. This is not surprising, since Hyg1) = (P')™/%,, and Lin
is equal to the inverse image 6%(1) under the projectioiP!)™ — Hyp, (1).
Note that if we changd.;~» to Ly, wherek; + --- + k,,_1 < k,,, we get that
(p1,--..p1,pm) is semi-stable.

Examplell.2 Letustaken = 2,7, =0,k =(1,...,1). Then

(p1,-..,pm) IS semistable= no point is repeated more than
m/3 times and no more than2m/3 points are on a line

Semi-stability coincides with stability whehdoes not dividen.
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For instance, let us take = 6. Then stable sextuples of points are all dis-
tinct and have at most three collinear. On the other hand, semi-stable but not
stable sextuples have either two coinciding points or four collinear points among
them. It is easy to see that minimal closed orbits of semi-stable but not stable
points are represented by sextuples, ..., ps), wherep, = p; for somei # j
with the remaining four points on a line. Among them there are special orbits
O, 1,5+ corresponding to the sextuples with = p;,pr = pi,ps = pi, Where
{1,...,6} = {i,7} u{k, 1} U {s,t}. SoX},/G is a four-dimensional vari-
ety, and(X35,/G) \ (X3s ,/G) is isomorphic to the union of 15 curves; each
isomorphic taX 7} | /SL, = P!. Each curve’;; contains three point8;; i .., rep-
resented by the brbitsigﬂl,mn. Each pointP;; ;.. lies on three curve§’;;, Cy;
andC,,,.

Let us consider the subs&tof X7, , of sextuplegp,, ..., ps) such that there
exists an irreducible conic containing the poipts. .., ps. Since all irreducible
conics are projectively equivalent, the orbit spaqeg/SLg is isomorphic to the
orbit space((P*)%)%/SL, of sextuples of distinct points of'. However, as we
will see later, its closure itPj, = ((IP?)°)*/SLs is not isomorphic toPj, =
((P"))*5/SL.

Examplell.3 Letustake = 1,n =3,k = (1,...,1). Then we are dealing with
sequence§ly, ..., 1) of lines inP3. Let us apply the criterion of semi-stabilty,
taking W to be first a point, then a line, and finally a plane. In the first case we
obtain

#{i W e W;} <m/2;

that is, no more tham /2 lines intersect at one point.
Taking W to be a line, we obtain

2#{0 - W =Wt +#{i - W, W, WNW, £ 0} <m;

in particular, no more tham /2 lines coincide and no more tham — 2¢ linesW;
intersect a lindV; which is repeatedtimes.
Finally, takingl' to be a plane, we get

2#{i W, CWE+#{i - W, ¢ W} < 3m/2;

that is, no more tham /2 lines are coplanar.

For example, there are no stable pointsif< 4. This follows from the fact
that for any four lines if?? there is a line intersecting all of them. There are no
semi-stable points for = 1. If m = 2, a pair of lines is semi-stable if and only
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if they don’t intersect. It is easy to see that by a projective transformation a pair
of skew lines is reduced to the two lines given by the equatigns- =; = 0
andx, = z3 = 0. Thus we have one orbit. Similarly, i = 3 we get one
semi-stable orbit represented by the lings= =, = 0, =z, = z3 = 0, and

To + 12 = 11 + 23 = 0. If m = 4, the formula for the dimension of the quotient
space gives us thatim X%5/G = 1 + dim G,, whereG,, is the stabilizer of a
generic point inX*, In our caselim G, > 0 since there are no stable orbits. Itis
easy to see thalim G, = 1 (use that there is a unique quadfjahrough the first
three lines, and the fourth line is determined by two points of intersection with the
guadric; the subgroup of the automorphisms of the quadric which fix two points
and three lines in one ruling is isomorphic@g,). We will show later, by explicit
computation of invariants, that

Py = X3%,/SL, = P2 (11.4)

Let us give a geometric reason why this can be true. For any four skew lines in
general position, there exist two lines which intersect them all (they are called
transversaly. This is a classical fact which can be proven as follows. Consider
the unique quadric) through the first three linek, [5, 3. They belong to one
ruling of lines on@. The fourth linel; intersects) at two pointsg;, ¢g2. The two
transversals are the lines from the other rulingiofvhich pass througly, ¢..

If the fourth line happens to be tangent@y so thatg; = ¢», we get only one
transversal. Now let;, ¢, be the two transversals. Then we have two ordered sets
of four points onP!:

(p1,p2,p3,p1) = (L Nty Lo Nty s Nty lg N Ey),

(p/17p/27pg7pil) = (ll N t27 l2 N t27 l3 N t27 l4 N t2>
This defines a rational map

Ply— — (Pyy x Fyp) /% = (P! x P1) /5, 2 P2,

The proof that this map extends to an isomorphism consists of the study of how
this construction can be extended to degenerate configurations.

11.2 Points inP"

Let us consider configurations of points inP". We have
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Theorem 11.2.LetP = (p1,...,pm) € (P™)™. Then
P e ((P*)")* (L) (resp.P € ((P")™)%(Lx))
if and only if for every proper linear subspatg of P"
dimW +1
Z ki < Cn41 <Z ki )
i,p; EW
(resp. the strict inequality holds).

In particular, if allk; = 1, the last condition can be rewritten in the form

dimW +1
LD < . .
#i:pe Wi < 1™ (resp.<)

Corollary 11.3.

(P S(Li) 0 & Vi=1,....m, (n+1k<> k,

Proof. If m < n, the left-hand side is empty and the assertion is obviously true in
this case. We assume that> n. Let

(Pmym)9en= {(pl, ...,pm) : €ach subset of + 1 points span@”}.

This is an open nonempty subset(&")™. We know that((P")™)%%(Ly) is an
open subset. So if it is not empty it has nonempty intersection (ith)™)%".
If we take a set of point® = (py, ... ,pm) in the intersection, we obtain, since

no two pointsp; coincide,(n + 1)k; < Z k; for eachi = 1,...,m. Conversely,

if this condition is satisfied then each pofﬁt (p1,--.,pm) € ((P")™)%"is
semi-stable with respect . In fact, each subspad& of dimensions contains
at mosts + 1 pointsp,;. Hence

d 14

This proves the assertion about the semi-stability. We prove the second assertion
similarly. [
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Let
Ay = {x:(xl,...,xm) ERm:inzn%—l,ngig 1,i:1,...,m}.
i=1

This is called arm — 1)-dimensionahypersimplexf typen. One can restate the
preceding corollary in the following form. Consider the cone a¥gr,, in R™*!

CApp={(x,\) eR" xRy 1z € NA, i}

We have the injective map
PIC 1 (B)") — B, Ly (i, K (041 Z k),

which allows us to identify P+ ((P")™) with a subset oR™*'. We have
PIcS+1 (P")™) N O Ay = {L € PicSl+1 (B™)™) : ((B™)™)5(L) # @}.

In fact, if the firstm coordinates of a point € R™*! from the left-hand side
are all positive, this follows immediately from Corollary 11.3. Suppose some
of the first coordinates aof are equal to zero, say the firstoordinates. Then

Ly = prt(L;), where pr: (P*)™ — (P")™! is the projection to the last — ¢
factors, andk’ = (ky41,..., k). By applying Corollary 11.3 td.;, we obtain
that ((P™)™~*)*(L;) # 0. Itis easy to see that

((P™)™)%(Li) = pr ((P")™ ) (L))
and we have a commutative diagram
(F)™)S(L)  —— ()" ")(L})
((P)™)*(La) f SLoss —— ((B")™")*(L) /'Sl

where the vertical arrows are quotient maps and the pnagpan isomorphism.
Note that the relative boundary of the convex cdéng,, ,, consists of points

with one of the firstm coordinates equal to zero, and of poifiis\) € R™"!

satisfying(n + 1)z; = X for somei,0 < i < m. The intersection of the latter
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part of the boundary with P¥%+((P*)™) consists of line bundles, such that
(n + 1)k; = >_ k; for somei. This shows that all points fror(IP")™)%" are

semi-stable blut1 not stable (with respectig. Since the set of stable points must
be open, it must be empty.

Observe thaP € ((P™)™)5(Lx) \ ((P™)™)%(Ly) if and only if there exists a
subspacél’ of dimensiond,0 < d < n — 1, such that

m

(n+1) Y k= dmW+1)) k.

piEW =1

This is equivalent to the condition thaf belongs to the hyperplane

Hpg:= {(xl,...,xm,)\) cR™: sz = )\d}7

iel

wherel is a nonempty subset éf, ..., m}. LetC' be a connected component of
CAnm \ U; 4 Hria (called achambe). One can show that any two line bundles
from the same chamber have the same set of semi-stable points. Suppose
belongs to somé?;; and does not lie on other hyperplands,. Then there
are two chamber€’_, C'; with common boundary{; ;. We have a commutative
diagram

((F")™)3(C)/Sknta . ((P")™)3(C-)/Sknta

N /
((P")™)*X(Lac) [ St

Here((P")™)%(C+) means that we define the stability with respect to Apyrom
C'.. The corner maps are birational morphisms, and the upper arrow is a birational
map (aflip). We refer the reader to [23] for more general and precise results on
this subject.

The spaces

P = Py = ((B")™) (L) JSLot

can be described explicitly in a few cases. It follows from the construction of the
guotient that

Py = Proim( @ T(B")", Li)Sh+t) = Projm(D) (Poli(V)*™)%+1),

d>0 d>0
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whereP” = P(V). Let us denote the graded algekBy,.,(Pol,(V*)®™)Sk+1 by
R™. -

The First Fundamental Theorem tells us how to compute generators of the
graded algebr#)". We have

(RI)a = POlMat, 1 1) o s (11.5)
Thus the space is generated by standard tableau fungtiaofssize (n + 1) x w,

degreel with w = <.

Remark11.1 Note that the symmetric group,, acts naturally onP”*, via per-
muting the factors. It acts on the graded algelfavia its action on the columns
of matrices of sizé&n + 1) x m. The quotientP”"/%,, is the moduli space of
(unordered) sets ofi-points inP". In the special case = 1, an unordered set of
m-points is the set of zeros of a binary form of degreeRecall that, by the First
Fundamental Theorem, we have an isomorphism

Pol,, (Poly(1))*") = (Pol(Mat, 1) wh 1)
In view of (11.5) we obtain an isomorphism
(Ri)3™ = Pol, (Poly(V))*HY).
Now, if we use Hermite Reciprocity (Theorem 5.6), we get an isomorphism
O+ (Ry)5™ = Poli(Pol,, (1))SHY). (11.6)

It can be shown (see Remark 5.2) that the isomorphigpnslefine an isomor-
phism of graded algebras

(é(&%) s é Pol,(Pol,, (V))SHV).

d=0

The projective spectrum of the left-hand side is the varigty/y,,,. The projec-
tive spectrum of the right-hand side is the variety Hyp) /SL,. Thus

Pl /S, = Ch(1).

Examplell.4 Letus start with the case= 1, m = 4. Then the degree 1 piece of
(R}) is spanned by the two functiofis2][34] and[13][24]. The value of the ratio
r = [12][34]/[13][24] on the setp:, p2, p3, p4) defined by the coordinate matrix

[ Qo by co dy
A_(al by dl)
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is equal to
(a0b1 — albo)(COdl — Cldo)

(aocl - alCo)(bodl - bldo)'
This is called theross-ratioof four ordered points. Two distinct ordered quadru-
ples of points inP! are projectively equivalent if and only if they have the same

cross-ratio. If we choose coordinates in the farimz;),7 = 1,...,4, assuming
that none of the points is the infinity point, we obtain

T(p1,p2,p3,p4) =

(29 — @1) (24 — 73)
(23 — 1) (24 — 29)

T(plap27p37p4) =

If p=1(0,1,00,2) = ((1,0),(1,1),(0,1),(1,x)) we get
r(0,1,00,2) =1 — .

Note that the cross-ratio of four distinct points never takes the valuiesc.
The quadruple$py, ps, ps, p4) g0 to0 if p; = py Or p3 = py. The only closed orbit
in the fibre over0 consists of configurations withy = p,, p3 = p4. Similarly,
one describes the fibres oveandco. It is easy to see that the graded algebta
is equal tok[[12][34], [13][24]] and hence is isomorphic to the polynomial algebra
k|x,y| (prove this by following the next example). The permutation griypcts
on this algebra as follows:

(12) =(34) : z— -z, y—y-u,
(23) @ Ty, Yy

This easily implies that
Pol(Poly(k?))>" = k[x,y** = k[A, B],
where
A=z —zy+y?, B=-20+32y° — 2° + 32%y.

Using (11.6) we can identify (up to a constant factor) these invariants with the
invariantsS and7 from section 10.2 of Chapter 10.

Examplell.5 Letn = 1,m = 5. The computations here are more involved
than in the casen = 6 which we will discuss in the next example. Here we
only sketch a proof that the spaé® is isomorphic to a Del Pezzo surfagg of
degree 5 isomorphic to the blow-up Bf with center at four pointg;, p», ps, p4
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no three of which are on a line. The linear system of conics defines a morphism
f : Ds — P! lts fibres are conics through the four poipts There are three
singular fibres corresponding to three reducible conics. There are four sections of
f corresponding to the exceptional curvEsblown up from the pointg;. Let

us construct a mag : Ds — P}. If x € D5 lies on a nonsingular fibré’, we
consider the fibre aB' and assign ta: the orbit®(z) of the five points(E; N
F,...,E,;NF,z)inP. If z lies on a singular fibre, say on the proper transform

[ of the linel;, passing through the pointg, p, we assign ta: the orbit of(£; N

[, E; NI, a,a,x), wherea is the inverse image of the poift N l34. If 2 = a we
assign to it the unique orbit @0, 0, 1, 1, c0). Note that under this assignment the
fibration mapf corresponds to the natural m&p — P! defined by the projection

(w1, T2, T3, T4, T5) — (71,72, T3, 4). The three points if?! over which the fibre

is singular are the three special orbit efa, b,b), (a, b, a,b) and(a, b,b,a). The
sectionE; corresponds to the set of orbits (@f;, 25, x3, x4, z5), wherexs = z;.

Examplell.6 Letn = 1,m = 6. A standard tableau of degréeand size2 x 3d
is given by a table

al o (11.7)

where we use the notation from section 2.4. We have

lal |=|a2|=d, |a'|+]|d®|=d 2<i<5,
lag |+ [az |+ |ag]+|az|=2d
Set
lb=lay |, ls=|az|, ls=|ay]|.

These numbers satisfy the following inequalities:

127l37l4§d7 d§l2+l3+l4§2d7

<
< ytly, 2d < 2+ 205+ 4.

0
d
The last two inequalities say that each row consists of two different numbers, so
that

d+lay| = a3l +lagl, dtlay|+laz] = Jag|+ag|+]ai].
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Settingr = I,y = lo+13, 2 = I+ 13+ 14, we obtain that our tableau is completely
determined by a vectdr:, y, z) satisfying

d < x4y, y+z>2d, d<z<2d.

When(0 < y < d these inequalities are equivalent to
yzr>d—-y, 2d-y<z<y+d

This givest:d/Q(Qi —d+1)% solutions. Wherad > y > d we havey < z < 2d
which givesZ?id@d — 1+ 1)? solutions. Summing up, we get

1
dim(R{)y = 5(az?’ +3d* +4d) + 1.

Thus the Hilbert function of the graded ririgf is equal to

1—t
(1—1t)>

D (3(d* +3d” + 4d) + 1)t =
d=0

This suggests thal! is isomorphic to a cubic hypersurfacelid. This is true.
First of all we have the following generators Bf:

to = [12][34][56], t = [13][24][56], t» = [12][35][46],
ty = [13][25][46], t4 = [14][25][36].

For every(s, j) # (0,3), (0,4), the product;t; is a standard tableau function from
(R%),. Applying the straightening algorithm, we find

tots = —[12][13][23][45][46][56] + t1t,
tots = [12][14][24][35][36][56] — tits + tots + tota — to.

So the standard monomials
y1 = [12][13][23][45][46][56], y» = [12][14][24][35][36][56]

can be expressed as polynomials of degree 2 in;th€ounting the number of
standard tableau functions of sizex 6, we find that(R?), = (R?)?. In fact, we
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have(R?),, = (R?)" for anyn. If we take a tableau functiom, ; ., corresponding
to tableau (11.7) witlh, = a,ls = b, I3 = ¢, we can write it as

t2k—2abeyhmeyeq abk if a+0b>k,
b,e,k — .
Ha,b,e, t%k—2a—b—ct%a+b—kt3a+2b+c—2kyllc—b—a if a + b S kf,

whenevera + b + ¢ < 2k, and similarly

Rt ekt et i a+ b > koa+c >k,
Hab,c.k = tllgibt'itgmrlwc*%ygicia ifa+c < k’
tlf_ctlitga+b+c_2kyf_b_a |f a-+ b S k’

whenevera + b + ¢ < 2k. Itis easy to verify that
lsyo = t1tats
which gives us the cubic relation
titots — tatoty + tstity + tatoty + tstoty — tsty = 0.

Let
By =TLT; — TTT, + TN + LT + LT — TiT;.

There is a surjective homomorphism of the graded algebras
k[T()? T17 T27 T37 T4]/(F3(TO7 T17 T27 T37 T4)) - R?

and comparing the Hilbert functions we see that it is bijective. TRfis=
Projm(R%) is isomorphic to the cubic hypersurfadg(Ty, Ty, T», T3, T,) = 0.
If we change the variables,

Zy = 2Iy—-Th —To+T5+Ty, Zy=T1—-Ty—T5+ 1Ty,
Ly = “TN1+To—T3+T,, Z3=T,+1T5—1T3—"1Ty,
Zy = "N —=To+T5-T,, Zs=-2T0+T+To+T5—-1T},

we obtain that?? can be given by the equations

5 5

Y zi=0, Y Z}=0
=0

=0
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in P> which manifest th&g-symmetry. The cubic hypersurface defined by these
equations is called thBegre cubic primal It contains 10 nodes (the maximum
possible number for a cubic hypersurfacePit) and 15 planes. The nodes cor-
respond to the minimal closed orbits of semi-stable but not stable points. The
singular points can be indexed by the subgeéts &} of {1,...,6}. For example,

pi2s = (1,1,1,—1,—1,—1). The planes correspond to the orbits of sextuples with
two coinciding points. They have equations of the fathw- Z;, = Z;, + Z; =

Zm + Z, = 0, where{i, j, k,l,m,n} = {1,...,6}. Each plane contains four
singular points. Each point is contained in 6 planes. The blow-up of the plane at
the four points is naturally isomorphic & (see Exercise 11.7).

Examplell.7. Letn = 2 andm = 6. Again we takek = (1,...,1) and try to
compute the graded algebR§ explicitly. We skip the computations ([25], p.17)
and give only the results. First we compute the Hilbert function of the graded
algebraRs:

N e 1—
Zdlm(Rz)ktk Tl )

k=0

This suggests thaks is generated by five elements of degree 1 and one element
of degree 2 with a relation of degree 4. We have the following.

Generators:
degree 1

to = [123][456], t; = [124][356], to = [125][346)], t5 = [134][256], t, = [135][246];
degree 2

ts = [123][145][246][356] — [124][135][236][456].
Relation:
t2 + t5(tats + tity + tot1 + tots + tota + tots + t3)
+iotrta(to + t1 + to + t3 + tg).

This shows that? is isomorphic to a hypersurface of degree 4 in the weighted
projective spac®(1,1,1,1, 1, 2) given by the equation

Fy = T2+ Ts5(-ToTs+ 0Ty + ToTy + ToTy — ToTy — ToTs — T)
+TOT1T4(—Tg + Tl - T2 - T3 + T4) == 0
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If char(k) # 2 this can be transformed into the equation

Fy = T2+ (-ToTs+T\Ty + ToTy + ToTy — ToTy — ToTs — T2)?
HATYVT Ty (—Ty + Ty — Ty — Ty + Ty) = 0.

The equation is again symmetric with respect to a linear representatiog iof
the variablesly, . . ., T, (but not with respect to the standard permutation repre-
sentation irk®). The quartic hypersurfadg, in P* given by the equation

(=TT + Ty Ty + ToTy + ToTy — ToTs — ToTs — T2)?
AT T (~To+ Ty — Ty — T3+ Ty) = 0

is called theSegre quartic primafor Igusa quartig. It corresponds to the relation
[123][145][246][356] — [124][135][236][456] = 0.

If we fix the pointsp,, ..., ps and varyps we see that this is of degree 2 in the
coordinates ofps and vanishes wheps; = p; for some: = 1,...,5. Thus it
describes the conic through the poipis. . ., ps and expresses the condition that
the six points are on a conic. Using the equatian= 0, we can exhibit? as a
double cover o* branched along the Segre quartic hypersurface. In other words,
there is an involution oy whose fixed points are the sextuples lying on a conic.
This is theself-association involutianWe have a remarkable isomorphism, the
association isomorphism

a:P"=P"

m—n—2°

It is defined by the isomorphism of the graded algeld®fis— R defined

m—n—2
on tableau functions by replacing each determiriant. ., i,.;] with the deter-
minant[jy, ..., jm-n—1), Where{ji, ..., jm-n-1} = {1, ....m}\ {1, ..., ins1}.
In the casen = 2n + 2, we get an involutive automorphism of the algel# >
which defines the self-association involution of the variéy™2. We refer to [25]
and [27] for the details and for some geometric interpretations of the association
isomorphism.

11.3 LinesinP?

Let us give an algebraic proof of the existence of the isomorphism (11.4). Recall
that Gr 5 is isomorphic to a nonsingular quadricii. Its automorphism group
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is the complex projective orthogonal group BP= O(6)/(+1). The natural ac-

tion of SL, on Gr, 5 defines an injective homomorphism from R8).to PO(6).
Counting the dimensions we see that the image is the connected component of
the identity of the group P@). It is the subgroup P@)" whose elements are
represented by orthogonal matrices with determinant 1. Now the analysis of sta-
bility for lines in P* shows that a semi-stable configuration of lines, considered
as an ordered set of pointsIii, is semi-stable with respect to the action of,SL

in P°. Thus Py is a closed subset of the quotigitP°)™)%/O" (6). The latter

can be computed using the First and the Second Fundamental Theorem of invari-
ant theory for the orthogonal group. The symmetric bilinear form on the space
A?(k*) = kS defined by the Grassmannian quadric is the wedge produktisfa
vector space equipped with a nondegenerate symmetric bilinearform, then

the algebra of polynomial invariants of @) in the spacé& ®™ is generated by the
functions[ij] defined by[ij|(v1,...,v,) = (v;,v;) (See Exercise 2.9, or [123]).
This algebra is equal to the algebra of invariants fgF'Q" unlessm > dim V,

when additional invariants are the basic invariants fo(18L. i.e., the bracket
functions. Form < dim V, there are no relations between the basic invariants.
Now

(B(V)")=)OH(V) = P @(V)™, LE,)° g@ (Poly(V)®™)O" (),

d=0

As we saw in Chapter 2, elements of R&)®™ are polynomial functions ol ©™

which are homogeneous of degr@e each factor. Thus the space of invariants
(Poly(V)®™)°" (V) is spanned by monomial ji] . . . [isjs] in [ij] such that each
indexa = 1,...,m appears among, ..., i, ji,. .., Js €xactlyd times. In our
casem = 4 we have 10 basic invarian{gj]. Ford = 1 we have three mono-
mials [ij][kl], where{i, j, k,(} = {1,2,3,4}. Ford > 2, we have products of
these three monomials plus additionally the monomials which contain one of the
monomialgjii] as its factor. Now observe that the restriction of the functigrto

the subset of points iRR(V) lying on the quadri@) : (v,v) = 0 is obviously zero.
Thus, the restriction of the algebra

@F 0*( )

d

e
=0

to Q* is freely generated b 2][34], [13][24], [14][23]. Its projective spectrum is
P2
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Note that a similar computation can be made in the case 5 andm = 6
(see [119]). In the case = 6, the algebra
Pr((Gns), L)

d=0

is generated by the 15 functiops ki, m» = [ij][kl][mn], where{i, j, k,l,m,n} =
{1,2,3,4,5,6}, and the determinant functiab = [123456]. The square of? is

the determinant of the Gram matri¥;]:<; j<¢) and hence can be expressed as a
polynomial in thep;; ... The subalgebra generated by the functipfg; ..., is
isomorphic to the projective coordinate algebra of a certain nine-dimensional toric
variety Y (see the next chapter), so thiﬁ‘gg is isomorphic to a double cover &f
branched along a hypersurface defined by the equétien(0. The locus of sex-
tuples of lines defined by this hypersurface coincides with the locus of self-polar
sextuples, i.e., the sextuplék, ..., ls) for which there exists a nondegenerate
quadric inP? such that the set of the polar linfls, . . ., [;-) is projectively equiv-
alentto(ly, ..., ls). Note the remarkable analogy with the structure of the variety
PJ, where the analog of the polarity involution is the association involution.

Bibliographical notes

The stability criterion for configurations of linear spaces (with respect to the
democratic linearization) was first given by Mumford ([75], Chapter 3). He also
proved that the quotient map for stable configurations of poin'iis a princi-

pal fibration of the group SL. ;. The generalization of the criterion to the case of
arbitrary linearization is straighforward. The cross-ratio invariant is as classical as
can be. Examples 11.6 and 11.7 are taken from [25]. They go back to Coble [13]
who found a beautiful relationship between the moduli spaces of poiiftsamd
classical geometry. The book [25] gives a modern exposition of some of the re-
sults of Coble. The invariants of linest are discussed in the book of Sturmfels
([115]). The algebra of Sl ;-invariants on the tensor product of the projective
coordinate algebras of four Grassmannians G1,¢ = 1,2, 3,4 was studied by

R. Howe and R. Huang ([52], [50]). They show that this ring is isomorphic to a
polynomial algebra. In the case whert- 1 = 2r; = --- = 2r, this was first
proved by H. W. Turnbull ([118]). Note that the GIT quotiekt ,,(Lx)/SL,11
considered in this chapter is isomorphic to the projective spectrum of a subalge-
bra of the algebra of invariants in the tensor product of the projective coordinate
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algebras of the Grassmannians; so one needs additional work to compute the quo-
tients. One can also describe all orbits of four line®i(see [22]). The moduli
spaces of five and six lines iP* and their relationship to the classical algebraic
geometry are discussed in the Ph. D. thesis of D. Vazzana ([119], [120]).

The rationality of the configuration spac€g' of points is obvious. It is not
known whether the spaces’$, /SL, ;1 are rational in general. This is known for
lines inP? ([125]) and, more generally, in the case whep+1,...,r, +1,n+
1) < 3 (see [102]).

Exercises

11.1Prove that the orbit op = (p1,...,pm) In ((P™)™)%*(Ly) is closed but not

stable if and only if there exists a partition ¢f, ..., m} into subsets/, s =

1,...,r, such that for any one can find a proper subspadé of P" such that
> k= (dim W+ 1)(3 ki)/(n+1).

1€Js,pi €W =1

11.2For whatk is the quotient (P')%)%%( Ly ) isomorphic taP??

11.3Draw a picture of the hypersimpleX, , and describe the chambers of the
coneCA, 4.

11.4 Consider the action of the permutation gratip on P! and show that the
kernel of this action is isomorphic to the gro(/27)?. Find the orbits whose
stabilizers are of order strictly larger than Compute the corresponding cross-
ratio.

11.5Prove that the algebr&} can be generated by six elements of degree 5 satis-
fying five linearly independent quadric relations.

11.6 Show that each projection : (P*)™ — (P")™! defines a rational map
7 Pm— pmol

() Find the points of indeterminacy af.

(if) Show thatr is a regular map ifn + 1,m) = 1.

(iii) Constructm — 1 rational sectiong>™~! — P™ of 7.
11.7Find the equation (in terms of functiofg]) of the closure of the locus of
quadruples of lines i?* which have only one transversal line.

11.8 Prove that the closure of the locus @¥7,...,Ws) € Gri3 which admit
a common transversal line is of codimension 1. Find its equation in terms of
functions]ij].
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11.9 Show that Gy,, is a homogeneous space isomorphi@:toP, whereG =
SL,+1 and P is its parabolic subgroup of matricés;;) with entriesa;; = 0 for
r+l1<i<n+1,0<7<r+1.

11.10Consider the action of SLon P via its linear representation ikt equal

to the direct sum of the two standard two-dimensional representations,of SL
Find stable and semi-stable points of the diagonal action efdBLX = P? x P3

with respect to the line bundlg, ;. Using the Fundamental Theorem of Invariant
Theory show thafs$/SL, = P3.

11.11Find stable and semi-stable pointsih= (IP*)* x Gr} , with respect to the
group Sl and linearization_s (three lines and two points i#?).

11.12Prove that

(i) the Segre cubic primal; is isomorphic to the image @® under the rational
map tolP* given by the linear system of quadrics through five pojnts. ., ps in
general position;

(i) the nodes ofl; are the images of the lin€s; joining two pointsp;, p;,

(iii) the planes ofl; are the images of the planes;, through three points
DPi, Pjs Pk N

(iv) the blowing upP? at the pointgy, ..., ps IS a resolution of singularities
of V5 with inverse image of each node isomorphidto

11.13Let V; be the Segre quartic primal if. We use the notation from the
preceding exercise. Prove that

(i) V, is isomorphic to the image & under the rational magp : P3— — P*
given by the linear system of quartics which pass through the pgints. , ps
with multiplicity 2 and contain the 10 lines;,

(i) V4 contains 15 double lines, each line is intersected by three other dou-
ble lines (find the meaning of the double lines and the corresponding points of
intersection in terms of the quotie((tP?)%)%%/SLs),

(iii) the double lines are the images of the plangs under the rational map
D,

(iv) the blowing upP? at the pointg., . .., p; followed by the blowing up of
the proper transforms of the linég is a resolution of singularities df,,

(v) V} is isomorphic to the dual hypersurface of the Segre cubic primal

11.14Describe the orbits of Slin its diagonal action on @75. Match the minimal
orbits of semi-stable points with points 3.






Chapter 12

Toric varieties

12.1 Actions of a torus on an affine space

In this chapter we consider an interesting class of algebraic varieties which arise
as categorical quotients of some open subsets of affine space. These varieties are
generalizations of the projective spaces and admit a very explicit description in
terms of some combinatorial data of convex geometry. In algebraic geometry they
are often used as natural ambient spaces for embeddings of algebraic varieties and
for compactifying moduli spaces. In combinatorics of convex polyhedra they have
served as a powerful tool for proving some of the fundamental conjectures in the
subject.
LetT = GJ, act linearly onA™ by the formula

(t1y o ty) (21,000, 20) = (8% 2y, ..., 77 2,),
where
a; = (ay,...,a,;) EL", t3 =177 - 079,

As always we will identify the groug’(T") with Z" so that we consider the vectors
a; as characters @f. Since Pi¢A") is trivial andO(A™)* = k*, we have a natural
isomorphism (see Chapter 5)

Pic’(A") = X(T) = 7.

Let us fixa = (ay,...,q,) € Z" and denote by., the corresponding linearized
line bundle. It is the trivial line bundl&™ x A! with the linearization defined by
the formula

t-(z,w) = (t-z,t"w).

187
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We identify its sections with polynomials € k[Zy,..., Z,]. A polynomial F’
defines an invariant section of some nonnegative tensor pbieif

F(t™Zy, .. t*7Z,) =t®F(Z,,...,Z,).

Heret = (¢4,...,t,) are independent variables. It is clear thatbelongs to
HO(A™, LE2NT if and only if F' is equal to a linear combination of monomia®
such thatn,a; + - - - + m,a, = da, or, equivalently,

A-m = da.

Let S be the set of nonnegative integral solutions of the system

(A — a) - (‘f;) —0, (12.1)

where the matrix of coefficients is obtained framby adding to it one more
column formed by the vectora.

The set of real nonnegative solutions of a linear system of equations forms a
convex polyhedral condy definition, this is a subset @&" given by a system of
linear inequalities

c1-x>0,...,¢c-x>0. (12.2)

Obviously any linear equation- x = 0 can be considered as a pair of inequalities
(—c) -x < 0,c-x < 0. A convex polyhedral cone is calledrational convex
polyhedral conef the vectorsc; can be chosen fror@™ (or equivalently from
7). For every polyhedral cone one can define the dual cone:

c={yeR":x-y>0,Vx €0}

It is equal to the convex hull of the rays.,c, ..., R>qc,. It can be shown that
the dual of a rational convex polyhedral cone is a rational convex polyhedral cone.
We have

g =o.

This shows that any rational polyhedral cone can be defined as a convex hull of a
finite set of positive rays spanned by vector&in

So we see that the set of vectdrs, d) € Z%{' satisfying the system of linear
equations (12.1) is equal to a set of the farm Z"+! for some rational convex
polyhedral coner in R™*1, Now we use
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Lemma 12.1. (P. Gordan) LetC' be a rational convex polyhedral cone Ri".
ThenC' N Z" is afinitely generated submonoid &t.

Proof. Let C' be spanned by some vectess. . ., v,. The set

is compact and hence its intersection with is finite. Let{w;,...,w,} be this
intersection. This obviously includes the vectoys We claim that this set gen-
erates the monoidt = C'N Z". In fact we can write eachw € M in the form
m = Y_.(z; + m;)v;, wherem, is a nonnegative integer afid< x; < 1. Thus
m = (D>, xv;) + >, (mv;) is the sum of some vectar; and a positive linear
combination of vectors;. This proves the assertion. O

For any commutative monoid1 we denote by:[M] its monoid algebra. This
is the k-linear space freely generated by elementsvofwith the multiplication
law given on the generators by the monoid multiplication Mf = Z™ we can
identify £[M] with the algebra of Laurent polynomial§Zi=!, ..., Z*'] by as-
signing to eachm = (my, ..., m,) the monomialz™. If M is a submonoid of
7" we identify k[M] with the subalgebra df[Z;*!, ..., Z*'] which is generated
by monomialsZ™, m € M.

Now we can easily construct a natural isomorphism of graded algebras

Prar, LgH" = k[S) = ) k[Sd, (12.3)

d>0 d>0

whereS' is the monoid of nonnegative vectans which satisfy (12.1) for some
d > 0, andk[S] is the linear span of the subsgf C S of monomialsZ™ with
A-m = da. By Gordan’s Lemmak[S] is a finitely generated graded algebra. Its
homogeneous part of degréés k[S,].

Let k[S]-, be the ideakp,. , k[S],4. It can be generated by monomials and
we choose a minimal set of monomial generaté?s, ..., Z™. For eachm,; =
(maj,...,my;) letl; .= {i: m;; # 0}. For each subsetof {1,... , n}letZ; =
[L.c; Zi. Obviously, the open set®(Z™) = A"\ {Z™ = 0} andD(Z;,) =
A"\ {Z;, = 0} coincide. By definition of semi-stability

(A")(La) = | DI(Z1).



190 CHAPTER 12. TORIC VARIETIES

Foranyj =1,...,s,let

B =0z ~{T8 pz0r@e @) 24
where
Sp={mez:A m=0}. (12.5)

We know that the categorical quotient is obtained by gluing together the affine
algebraic varieties(; with O(X;) = R;. We will now describe these rings and
their gluing in terms of certain combinatorial structures.

12.2 Fans

LetZ" — Z" be the map given by the matri%, and letM be its kernel. Itis a
free abelian group of rank= n — rank(A). Let

(Z")* — N = M* (12.6)

be the map given by the restriction of linear functions\fo Let (e3,. .., e") be
the dual basis of the standard ba&is, .. ., e,) of Z", and lete;, ..., e be the
images of these vectors 1*. For each/; let o; be the convex cone in the linear
space
Ng =N@R~R
spanned by the vectoes, i ¢ I;.
More explicitly, let B = (b;;) be the matrix of sizé x n whose rows are

formed by a basi¢v,, . .., v;) of M. If we choose to identifyV with Z' by means
of the dual basigvy, . .., v}), then

!
e -
ei—g bjv;, i1=1,...,n.
Jj=1

This shows thatr; is spanned iR’ = N by the columnsB; of B with i & I;.
Lemma 12.2.Let R; be as in (12.4). Then

R; = k[g; N M].
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Proof. Obviously R; is isomorphic tok[M], where

M:{mEM:m—i-pZeiEZgo forsomepzo}.

ielj

For eachi € [;,

éj(m%—p ei>:éf(m):m,»20<:>m€./\/l.
i

On the other hand
me ;< e (m)>0,Viel.

]

Lemma 12.3.LetX be the setof convexconesj = 1,...,s. Foranyo,o’ € ¥,
o No'is aface of botlr ando’.

Proof. Let I = 1,,J = I,. We want to show that, N 0, is a common face
of o, ando,. Recall that a face of a convex seis the intersection of with a
hyperplane such thatlies in one of the two halfspaces defined by the hyperplane.
We know thatO(D(Z;Z;))" is equal to the localizatio®(D(Z;))L., wherec =
(c1,...,¢,) € M andc; = 0fori ¢ I U J. Considering: as a linear function on
M* we have

c(e])=ei(c)=0 forigIU.J.

)

This shows that is identically zero o, N o,. On the other hand, it follows from
Lemma 12.2 that is nonnegative on, and ono,,. This proves the assertion[]

Definition. A finite collectionYX = {o;};c; of rational convex polyhedral cones
in R™ such that; N o, is a common face of; ando; is called afan.

In a coordinate-free approach one replaces the sRacey any real linear
spacé/ of finite dimension, then chooses a latti¥an V/, i.e., a finitely generated
abelian subgroup of the additive groupléfwith N ® R = V/, and considersy-
rational convex polyhedral cones, i.e., cones spanned by a finite subgéeToken
an N-fan X is a finite collection ofN-rational polyhedral cones il satisfying
the property from the above definition. A version of this definition includes in the
fan all faces of all cones € ..

Let M = N* be the dual lattice in the dual spakcé. By Gordan’s Lemma, for
eacho € ¥ the algebrad, = k[g N M] is finitely generated. LeX, = Spm(A,)
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be the affine variety witlO(.X,,) isomorphic tok[c N M]. Since for any, o’ €
3,0 N o' is a face in both cones, we obtain thato N o’) N M] is a localization

of each algebral, and A’ . This shows that Sptk[(c N ¢’) N M]) is isomorphic

to an open subset oX, and X/. This allows us to glue together the varieties
X, to obtain a separated (abstract) algebraic variety. It is denotedsbgnd is
called thetoric varietyassociated to the fan. It is not always a quasi-projective
algebraic variety.

By definition Xy, has a cover by open affine subsétsisomorphic toX,.
Since each algebrd, is a subalgebra of[M] = k[Z{!, ..., Z*'] we obtain a
morphism(G,,)! — Xs. Itis easy to see that this morphism @, )!-equivariant
if one considers the action ¢f5,,)! on itself by left translations and oy, by
means of theZ"-grading of each algebrd,. If no cones € ¥ contains a linear
subspace, the morphis(,,) — Xy is an isomorphism onto an open orbit. In
general X, always contains an open orbit isomorphic to a factor groui@&af)’.
All toric varieties X5, are normal and, of course, rational.

Keeping our old notations we obtain

Theorem 12.1.Let(Z")* — M* be the transpose of the inclusion map— 7"
and letV be its image. LeE be theN-fan formed by the cones,j =1,...,s.
Then

(A")(La) JT = Xx.

Recall that a cone in a linear spakés called simplicial if it is spanned by a
part of a basis of/. A fan is calledsimplicial if eacho € ¥ is simplicial. The
geometric significance of this property is given by the following result, the proof
of which can be found in [32].

Lemma 12.4. A fanX is simplicial if and only if each affine open subsgt o
3, is isomorphic to the product of a torus and the quotient of an affine space by a
finite abelian group.

In our situation, we have

Proposition 12.1. Let X, be the toric varietfA™)*X(L,)//T. Assume the kernel
of the action homomorphistfii — Aut(A") is finite. Then® is simplicial if and
only if

(A")™(La) = (A")*(La)-
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Proof. Assume some < ¥ is not simplicial. We have to show that there exists a
semi-stable but not stable point. L&t i ¢ I, be the spanning vectors of Since

o is not simplicial,zm c;ef = 0 for some integers; not all of which are zero.
This implies that ., c;e; belongs to the annihilatab/+ of M in (Z")*. If we
identify (Z")* with Z", thenM+ is isomorphic to the submodule spanned by the
rows A; of the matrixA. Thus we can write

Zciei:blA1+"'+brAr:b'A
il
for someb = (by,...,b,) € Z". This implies thab - a; = 0 for j € I.
Let us consider the one-parameter subgridypg X (7')* corresponding to the

vectorb. It is defined by
Ao(t) = (¢, ... tbr).

For anyt € k* andz € k™ we have
No(t) -z = ("2, tP%2,). (12.7)

Take a poinp = (z1,...,2,), wherez; = 1if j € I and= 0 otherwise. Since
Zi(p) # 0, we see thap € (A")(L,). On the other handy(\,,p) = 0 and
hencep is not stable.
Conversely, assume that there exists a semi-stable but not stable point. Argu-

ing as above, we find a one-parameter subgraypuch that\, - a; = 0 for all

j € I whereg; € X. Then(cy,...,c,) = Ao - A has not all coordinates equal

to zero forj ¢ I andc; = Oforall j € I. This givesy_,,, c;&; = 0, henceo; is

not simplicial. O

Since every line bundle on an affine variety is ample, we obtain that the toric
varietiesXy = (A")(L,)/T are always quasi-projective. Let us find out when
they are projective.

Definition. A fan X in a linear spac#’ is calledcompletsf

V:Ua.

oeY

For the proof of the following basic result we refer to [32].

Lemma 12.5. A fanY is complete if and only if the toric varietyy, is complete.
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Theorem 12.2. Assume that., is not the trivial linearized bundle (i.ea # 0)
and (A"™)%%(L,) # 0. The toric variety(A")%%(L,) /T is projective if and only i
is not contained in the convex hull of the character vectgrg = 1,...,n.

Proof. It follows from the construction ofA™)%%(L,)/T that it is equal to the
projective spectrum Proj[S]), whereS is the monoid of solutions of the system
(12.1). We havé:[S]y = k[M N ZZ,] and the inclusiork[S], C k[S] defines a
surjective map Projiik[S]) — Spm(k[S],). It is easy to see that Proji|S])

is projective if and only if this map is constant, i.¢[S], = k. The latter is
equivalent toM N Q%, = {0}, i.e., the only nonnegative rational combination of
the columns ofA which is equal t@) must be the zero combination. If this is not
true, ther) = mya; +- - - +m,a, for some nonnegative integers, and dividing
both sides by) °, m; we see thao is in the convex hulC' = c.h(ay,...,a,) of
the vectorsa;. Conversely assume thate C'. Without loss of generality we can
assume thai, .. ., a, spanR™. We can subdivid€’ into simplices to assume that
0 belongs to the convex hull efvectorsa,,, ..., a; such that. among them are
linearly independent. Then the space of solutions of the system of linear equations
25:1 Aja;; = 0 is one-dimensional and is generated by a vecter Z". Since

0 € C, we can assume thathas nonnegative coordinates, and hehcg, # k.
This proves the assertion. [

Assume(A™)%(L,) /T is projective. Sincé is not in the convex hull of the
character vectors;, there exists a linear functiofi: R” — R such thatf(a;) >
0,2 = 1,...,n. This is a well-known assertion from the theory of convex sets
(called the Theorem on a Supporting Hyperplane). Obviously we can choose
f to be rational, i.e., defined by(xy,...,z,) = bjzy + -+ + b,z, for some
b = (by,...,b,) € Q". Assume thak[S] # k, i.e., there exists a solution of
A-m = daforsomed > 0. Theng =a-b > 0. Let

¢ =b-a, 1=1,...,n.
We can choosb such thaf(q, . . ., ¢,,q) € Z'. For anym € S; we have
mya; + - - - + mpa, = da. (12.8)
Taking the dot-product of both sides with we obtain

miqr + -+ + mpg, = dq. (12.9)
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Consider the action df’ on the weighted projective spafe= P(1,q1,...,qx)
given by the formula

(tr, .. ty) - (o, 1y ..y @) = (7 2mg, tOtVI—mag, - platDan—anay,
(12.10)
The restriction of this action to the open subg¥tX,) =~ A" of P(1,q1,...,q,)
coincides with the action

(t,. o tn) - (w1, ... ) = (t@FDRgy o platDang

This action contains in its kernel the finite subgrddpof 7" equal to the group of
points(ty, ..., t.) such thaf:fJrl =1,i=1,...,r. Theinduced action of the torus
T’ = T/H is isomorphic to our old action. Clearly eaéhe k[X,, ..., X,]l isa
linear combination of monomial¥ ™ - - - X such that

m0+mIQI+"'+ann :l,
mo(—a) +mi((q + )a; — qra) + -+ my,((¢ + 1)a, — gpa)

= (q+1)2miai—la:(d(q+1)—l)a:0.

Comparing this with equations (12.8) and (12.9) we find an isomorphism of vector
spaces

k[Sa) — H(B, Op(d(q +1)))", 27" - Zym = XgXT™ - X,
and also an isomorphism of graded algebras

D 1B, Oc(dlg + 1)))" = k[s].

Thus we obtain

P(1,q1,-.-,62)(Op(q+ 1)) )T = (A")*(La) JT. (12.11)

Obviously (A™)%X(L,) = P(1,q,...,¢,)°(Op(q + 1)) since each point in the
weighted projective spac®(1,q,...,q,) lying on the hyperplane{, = 0 is
unstable (because eaghe H(P, Op(d(q+ 1)))* with d > 0 is divisible byTy).
To summarize we obtain
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Proposition 12.2.LetC be the convex hull of the vectass, . . ., a,,. Assume that
0 ¢ C. Then(A™)%(L,) /T is projective and

(A")™La) =P(L,q1, .- 4n)*(Op(q + 1)),

whereq = b-a > 0,¢; = b-a; > 0forsomeb € Z" andT acts onP(1, ¢, ..., q,)
by the formulg(12.10)

Applying the numerical criterion of stability we can find the set of unstable
points inP(1,q,...,q,). It follows from Chapter 9 (up to some modifications
using a weighted projective linearization, i.e.Gaequivariant embedding of a
variety into a weighted projective space) that a paist (zo, ..., z,) iS unstable
if and only if the setl = {iy,...,4x} such thatr; # 0,i € I, satisfies the
property that) does not belong to the convex hull of the vectets (¢ + 1)a; —
qa,...,(¢+ Da, — ga.

12.3 Examples

Let us give some examples.

Examplel2.1 LetG,, act onA"*! by the formula
t- (20, 2n) = (tz0,...,tz,),
We have

A= (1 ... ..1),

M = {(mo,...,mn) S/ Zmz :O}.
i=0

It is easy to see that vectovrs=e; — ¢;,1,7 = 1,...,n, form a basis of\/. If we
choose the dual basfs;, . .., v?) of N = M*, the vectorg; are equal to

)

* * *

—% kook 0k * — _ =X ¥
€] =V1,6g = =V +Vg,...,6, = =V 1 +V,,€6,,1 = —0

We can take for a new basis 8f* the vectors},i = 2,...,n + 1. Then

& = (@ + ).
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Let us linearize the action by taking the line bundlg wherea = 1. Then we
have an isomorphism of graded rings

Pratt LN = kZ,. .., Z).

d>0

Obviously the minimal generators of the idéab]., are the unknowng;. Thus
the cones of our fal are

_ ok —k p— ¢ .
oj=spafe], ..., 1, € 0,5ty J=1,,n+ 1
e
43
01
02 R
O3
€1

This is the fan defining the projective spake(see [32]). Let us see the cor-
responding gluing. We can take for a basis\éfthe dual basis ofes, . .., €}, )
which is the set of vectors

We easily find

k[élﬂM] :k[%v"'a%L R k[6n+1mM] :k[g_z7""zg;1]'

These are the coordinate rings of the standard open subdéts of
Examplel2.2 Consider the action df,, on A* by the formula

t-(z1,29,23,24) = (tzl,tzg,t’lzg,t’lz4).
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We have
A=(11 -1 -1),

M = {(m1, mg, m3,my) € Zh  my + my —mg —my = 0}.

Let us choose the following basis of:
vy = —€1 + €3,V = €1 +e3,V3 = €1 + ey.

We can express the vectarsin terms of the dual basiss, . .., v;) of N = M*
as follows:
€] = —v] + vy + U5, €5 =07, €5 =V, € = Us.
Choosel. = L, and consider the monoifi of nonnegative solutions of the equa-
tion
my+mo—mg—my—d=0, m; >0,d>0.

For any(m, d) € S we haved < m; + may. If d < 'm; ord < my we can subtract
d(1,0,0,0,1) ord(0,1,0,0,1) from (m, d) to obtain a vector frons,. If d > m,
we havel —m; < msy, and we do the same by subtractialg- m4)(0,1,0,0,1)+
m1(1,0,0,0,1). This shows that[S] is generated ovet[S], by Z; andZ,. This
means that the unknowris, , 7, are the minimal generators of the idéa&b]- .
Thus the fark consists of two cones

o1 = spare;, e;, €, }, oo = spar{éj, é3, €, }.
The dual cones are
o1 = spar{—e; + ey, e1 +e3,61 + €4}, Go = Spar{—ey + €1, e + e3,62 + €4}

The quotientXy; is obtained by gluing together two nonsingular algebraic varieties
with the coordinate algebras

7
k@ﬂM]%k%&JJM;}
1

7
k@mM]gk%@Jﬂﬂf]

2

Similarly if we takeL = L_; we get that the fai. consists of two cones

o, = spar e}, é;, €, }, oo = sparé], €5, e5}.
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The quotientXy is obtained by gluing together two nonsingular algebraic varieties
with the coordinate algebras
Zs

7
ko1 N M) = k[Z,Zs, Zo75) [74] k[&a 0 M) = k[Z1 Z4, ZoZ4] [Z}
3

If we now change the linearization by takifig= L, we getL = L§® = L, for
all d > 0, hencek[S]-, is generated by. Then we have only one cone spanned
by the four vectorg;. The toric quotient is isomorphic to the affine variety with
the coordinate algebra

k(o O M) 2 k[Z1 25, 2174, 2273, ZoZa) = KTy, Ty, Ty, Ta] (T2 Ty — ToTs).

One should compare this with our previous computation of this quotient in
Example 8.6 from Chapter 8. We see here a general phenomenon: two toric vari-
eties Xy, and X§{, whose fans have the same set of one-dimensional edges of their
cones (called the gkeletonof a fan) differ by a special birational modification.

We refer the interested reader to [92] for more details.

Examplel2.3 Let X consist of the following four cones iR?:

oy = Spar{el, 62}, 09 = Spar{el, —62},
o3 = spaf—e;, —ez}, 04 =Spaf—ey,ea}.

This is shown in the following figure.

o

O4 AGZD 1

3 e

e, €
O, V_eg g,
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We have

= A"\ {Z32,= 2,2y = ZyZy = Z,Z; = 0},
1 010
= (O 10 1), a=(1,1).

hence the action is given by
(t1,t2) - (21, 20, 23, 24) = (t121, ta20, L1253, ta24).

The variety Xy is obtained by gluing four affine planes with coordinate rings
k[Zy, Zy), k| Zy, Zy Y, k[ 27, 251, K[ 20, Z,).

It is easy to see thaXy; is isomorphic to the produd! x P!. This is also seen by
observing that

U/T = (A2\{Z) = Z5 = 0}) /Gy x (A2\ {Zo = Zy = 0})/G,, = P! x P.

Examplel2.4 Recall that the coordinate ring of the Grassmanniap, Gt is
isomorphic to PqMat, , 1 ,,,)t+!. Itis generated by the bracket functigns C
{1,...,m}. The torus of diagonal matricés = (G,,)™ in GL,, acts naturally
on k[Mat,; ,,,| by multiplying a matrix on the right by a diagonal matrix. It is
easy to see that each functipp spans an eigensubspace corresponding to the
charactet — t®7, wheree; = Zjel e;. Consider the conér,, ,,,_; over Gr, ,,,_4
as a closed subvariety of = AT, Then the torug” acts onX by multiplying
each coordinate functigmy by t°2. Thus the action is given by the mattixwith
columns equal te;. Let the linearized line bundle bk,, wherea = (1,...,1).
It is easy to see that

[(X, L2 = k[S,),
where S, is the set of vectors;, + --- + e;, where eacly € {1,...,m} ap-
pears exactly/ times in the setd;, ..., . In other words,S, is in a bijective
correspondence with the set of tableaux of degraad size(n + 1) x w, where
(n 4 1)w = md. Let L, be the restriction of., to évrn’m_l. Then

T(Glym-1, Ly")% 22 POMat, 41,)5 7 2 (Poly(k"+1)=m)Stor,

,,,,,

This shows that
Glom-1 /T = B = ((B")")%/SLas1.
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Also, we see that there is a natural closed embedding
(™
P (Al ) (L),
The latter quotient is a toric varietysy, of dimension(nﬁl) —m, whereX depends

only on(n,m). Let us denote it byi(n,m). For example, take = 1,m = 4.
We have

111000
100110
A=10101 01

001011

It is easy to see that the mona#] of nonnegative integer solutions of the equa-
tion A - m = n(1,1,1,1) consists of vectorgm, ms, ms, ms, ms, my) With
my, ma,mg > 0,m1 + me + mg = n. Thusk[S], = k[Xi, Xs, X3], and
k[S] = k[X;, X3, X3]. Thus

Xy =P

The embedding’}! — P? is of course the Veronese embedding.

One can go in the opposite direction by identifying any toric varitywith
a categorical quotient of some open subset of an affine space. We state without
proof the following result of D. Cox ([16]).

Theorem 12.3.Let X5, be a toric variety determined by &'-fan X. To each
one-dimensional edge of theskeleton of assign a variableZ; and consider the
polynomial algebrak|Z,, ..., Z,] generated by these variables. For each cone
ceXletZy, € k[Zy,...,Z,] ,wherel(c) C {1,...,n} is the complementary
set to thel-skeleton ofr. LetU = A"\ V({Z;()}sex). Lete; be the primitive
vectors of the latticéZ! which span one-dimensional edges of the cones fom
Let B be the matrix whose columns are the vectgtsi = 1,...,n, and letA be
an (r x n) matrix whose rows form a basis of the modiell(B) N Z". Assume
that the vectorg;* spanZ'. Then

(i)

Xy 2 UJT,

with the action ofl” = (G,,,)" given by the formula

te(zyeey2n) = (B2 2y, .., 177 2y),

wherea; are the columns aof,
(i) Xy is simplicial if and only ifU )T = U/T.
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Remark12.1 Note that applying this construction to the toric varietiés ob-
tained as the quotients\")*%(L,)/ /T we obtainU = (A")%%(L,) and the action
is isomorphic to the one we started with. However, in genérak (A™)(L,) for
anya € 7Z". One reason for this is that our quotients are always quasi-projective
and there are examples of nonquasi-projective toric varieties. Another reason is
simpler. The fans we are getting from our quotient constructions are “full” in the
following sense. One cannot extend them to larger fans with the same 1-skeleton.
The torusl” which acts orU has a very nice interpretation. Its character group
X (T) is naturally isomorphic to the group (i) of classes of Weil divisors on
Xz.
Also, if the vectorss; do not spar¥!, the assertion is true if we replageby a
diagonalizable algebraic group, an extensioff'afith the help of a finite abelian

group.

Bibliographical notes

The theory of toric varieties is a subject of many books and articles. We refer to
[32] and [84] for the bibliography. The fact that any toric variety can be obtained
as a categorical quotient of an open subset of affine space was first observed by M.
Audin ([3]) and D. Cox ([16]). The relationship between solutions of systems of
linear integral equations, @bner bases and toric varieties is a subject of the book
[113]. The systematic study of quotients of toric varieties by a torus can be found
in [57]. We refer to [51] and [10] for the theory of variation of a torus quotient
with respect to the linearization.

Exercises

12.1Consider the action- (21, 29, z3) = (tz1,1 29, t23) and takel, = L,. Show
that the quotientXy; is isomorphic to the blow-up ofi? at the origin. Draw the
corresponding fan.

12.2LetT = (G,,)* act onA® by the formula
t-z = (tity ' taz, tataly ' 2o, tazs, t32a, tazs, t126).

TakeL = L,, wherea = (1,1,1,1,1,1). Show that the quotient is isomorphic to
the blow-up of the projective plane at three points. Draw the picture of the fan.
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12.3Take a fan® in R? formed by three one-dimensional cones spanned by the
unit vectorsey, es, e3. Using Cox’s Theorem represent the toric varigfy as a
geometric quotient.

12.4A toric variety Xy, is nonsingular if and only if each € ¥ is spanned by a
part of a basis of the lattic¥. Show that//T" = Xy, is nonsingular if and only if
the stabilizer of each point @f is equal to the same subgroupiof

12.5Describe the faX(1, 5) and the corresponding toric variel 5).

12.6Show that the moduli space of six lineskfis isomorphic to a double cover
of the toric varietyXy,; ).

12.7Consider the isomorphism Gy, = Gr,,,_,,_2 ,,—1 defined by assigning to a
linear subspace of a linear spac# its annihilatorL* in the dual spac&™*. Show

that this isomorphism commutes with the action of the tdgf5 and induces
an isomorphism of the quotient3™ = P .. Show that this isomorphism

coincides with the association isomorphism defined in Chapter 11.
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